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Abstract Many recent studies on first-order methods (FOMs) focus on composite non-convex non-smooth
optimization with linear and/or nonlinear function constraints. Upper (or worst-case) complexity bounds
have been established for these methods. However, little can be claimed about their optimality as no lower
bound is known, except for a few special smooth non-convex cases. In this paper, we make the first attempt
to establish lower complexity bounds of FOMs for solving a class of composite non-convex non-smooth
optimization with linear constraints. Assuming two different first-order oracles, we establish lower complexity
bounds of FOMs to produce a (near) e-stationary point of a problem (and its reformulation) in the considered
problem class, for any given tolerance ¢ > 0. In addition, we present an inexact proximal gradient (IPG)
method by using the more relaxed one of the two assumed first-order oracles. The oracle complexity of the
proposed IPG, to find a (near) e-stationary point of the considered problem and its reformulation, matches
our established lower bounds up to a logarithmic factor. Therefore, our lower complexity bounds and the
proposed IPG method are almost non-improvable.
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1 Introduction

First-order methods (FOMs) have attracted increasing attention because of their efficiency in solving large-
scale problems arising from machine learning and other areas. The recent studies on FOMs have focused
on non-convex problems, and one of the actively studied topics is the oracle complexity for finding a near-
stationary point under various assumptions. In this paper, we explore this topic for problems with a composite
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non-convex non-smooth objective function and linear equality constraints, formulated as

min Fy(x) := fo(x) + g(x), s.t. Ax+b=0. (P)
x€R?

Here, A € R"*4 b € R", fy: R? — R is smooth, and g : R — R U {+00} is a proper lower semicontinuous

convex function but potentially non-smooth. We assume the following properties throughout this paper.

Assumption 1 The following statements hold.

(a) Vfo is Ly-Lipschitz continuous, i.e., |V fo(x) — Vfo (xX)|| < Ls|x —x'||, Vx, x' €R?.

(b) infx Fp(x) > —o0.

(c) g(x) = g(Ax +b), where A € R"*4 b c R" and g : R" — RU {400} is a proper lower semicontinuous
convez function but potentially non-smooth.

Due to non-convexity, computing or even approximating a global optimal solution for problem (P) is
intractable in general [25]. Hence, we focus on using an FOM to find a (near) e-stationary point of problem (P)
for a given tolerance € > 0; see Definition 1. An FOM finds a (near) e-stationary point by querying information
from some oracles, which typically dominates the runtime of the method, so its efficiency can be measured by
the number of oracles it queries, which is defined as the method’s oracle complezity. The goal of this paper
is to establish a lower bound for the oracle complexity of a class of FOMs to find a (near) e-stationary point
of problem (P) and, additionally, to present an FOM that can nearly achieve this lower complexity bound.

Undoubtedly, an algorithm’s oracle complexity depends on what oracle information the algorithm can
utilize and what operations it can perform by using the oracle. Since we focus on FOMs, we assume that a
first-order oracle is accessible and each generated iterate is a certain combination of the oracle information.
More specifically, we make the following assumption that is standard for an FOM to solve problem (P).

Assumption 2 There is an oracle such that given any x and & in R?, it can return (ATb, V fo(x), AT Ax)
and proxng(é') for any m > 0. In addition, the sequence {X(t)}tio generated by the underlying algorithm

satisfies that, for any t > 1, x(Y) € span ({E(t), C(t)}>, where

S(t) € span ({ATb} U U’;;é {x(s), Vfo(x(s)), ATAx(S)}> , C(t) € {proxng(ﬁ(t)) | n > 0} .

Here, span(S) represents the set of all linear combinations of finitely many vectors in a set S. Under the
linear-span assumption above, an algorithm can access V fy at any historical solutions and can compute
matrix-vector multiplications with A and AT as well as the proximal mapping of g, i.e.,

prox,, (x) := arg min {g(x’) + g lIx — XHQ} (1.1)

for any x € R? and > 0. We say x() is generated by the t-th iteration' of the algorithm.

It should be noted that the above linear-span assumption allows the algorithm to compute the proximal
mapping of ¢ but does not permit the projection onto the affine set {x € R? | Ax +b = 0}. It is also worth
noting here that computing the proximal mapping of g is more difficult than computing a subgradient of
g. In fact, if we disallow computing the proximal mapping of g but instead give the algorithm access to its

1 Without further specification, one iteration of an FOM will call the oracle once. We will specify the type of iteration if this
does not hold, e.g., by outer- or inner-iteration.
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subgradients, the algorithm is limited to the class of subgradient methods for non-smooth optimization, in
which case finding an e-stationary point is impossible with finite oracle complexity [39].

FOMs under Assumption 2 have been developed with theoretically proved oracle complexity for finding
an e-stationary point of problem (P) under different settings. These results are stated as upper bounds for the
maximum number of oracles those algorithms require to reach an e-stationary point. In two special cases of
problem (P), some existing algorithms’ oracle complexity is known to be non-improvable (also called optimal)
because the complexity matches, up to constant factors, a theoretical lower bound of oracle complexity [27],
which is the minimum number of oracles an algorithm in a class needs to find an e-stationary point. These
two cases are as follows.

1. When the linear constraint Ax + b = 0 does not exist, problem (P) becomes a composite non-smooth
non-convex optimization problem

m)zn fo(x) + g(x), (1.2)

for which the proximal gradient method finds an e-stationary point by O(Lfe~?) first-order oracles [28].
This oracle complexity cannot be improved because it matches the lower bound provided in [4, 5].
2. When g = 0, problem (P) becomes a linear equality-constrained smooth non-convex optimization problem

min fo(x), s.t. Ax+b=0. (1.3)

It is known that, if exact projection onto the feasible set {x | Ax+b = 0} is allowed, the projected gradient
method can find an e-stationary point in O(Lye?) iterations. When exact projection is prohibited, one
can perform inexact projection through the matrix-vector multiplications with A and AT, which are
allowed under Assumption 2. This way, with O(x(A)log(e~!)) multiplications, one can project any point
to the feasible set with a poly(e) error?. Here, x(A) is the condition number of A defined as

Amax(AAT)

Kk(A) = 7)\min(AAT)7

where Apin(AAT) and A\pax(AAT) are the smallest positive and the largest eigenvalues of AA T, respec-
tively. Using this inexact projection as a subroutine, one can easily develop an inexact projected gradient
method to this special case of (P) with oracle complexity of O(k(A)log(e™!)Lye2). This complexity
matches the lower bound O(k(A)Lse™2) in [35] up to a logarithmic factor and thus is nearly optimal.

These two examples suggest that a lower bound of oracle complexity is valuable as it informs algorithm
designers which algorithms can be potentially improved for higher efficiency and which are non-improvable
without additional assumptions. In literature, there exist multiple algorithms with the theoretically proved
oracle complexity for problem (P) or a more general problem. We refer readers to [2,12,16,17,24,31,40,41]
for problems with affine constraints and [6,7, 10, 18, 20, 34, 36, 37] for problems with nonlinear constraints.
However, to the best of our knowledge, there is no lower bound of the oracle complexity for finding a
(near) e-stationary point of problem (P) under Assumption 2. Although there are lower bounds established
for decentralized smooth optimization [35], linearly constrained smooth optimization [35], and non-convex
strongly-concave min-max problems [19,43], these lower bounds either cannot be applied to problem (P) or
can only be applied to a special case of problem (P), so they will not be tight enough as we will show later
in this paper. To fill this gap in literature, we pose the following question:

What is the minimum oracle complezity for a first-order method satisfying a linear-span assumption, e.g.,
Assumption 2, to find a (near) e-stationary point of problem (P) that satisfies Assumption 17

2 poly(e) denotes a polynomial of e.
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1.1 Contributions

Our first major contribution is to provide an answer to the question above by establishing a lower bound
of the oracle complexity of FOMs for finding a (near) e-stationary point of problem (P). This is achieved
by adapting the worst-case instance in [35] for affinely constrained smooth optimization to the affinely
constrained structured non-smooth problem (P). In particular, we use a subset of the affine constraints of
the instance in [35] to design the regularized term g(x) in problem (P) and leave the remaining constraints
in that instance as affine constraints in problem (P). We show that under Assumption 2, any algorithm
needs at least O(k([A; A])L;Age2) iterations/oracles to find a (near) e-stationary point of the instance
we design; see Theorem 2.1. Here

A < Amax ([A; AJ[A; A]T)
A] and x([A;A]) := \/Amin([A;A][A;A]T)' (1.4)

AFO = Fo(X(O)) — ilifFQ(X), [A,A] = |:

Our lower complexity bound for (P) can be viewed as a generalization of the lower bound O(k(A)Lre~2) for
problem (1.3) in [35]. Our result provides a new insight that the difficulty of finding a (near) e-stationary point
of problem (P) depends on the interaction between the affine constraints and the non-smooth regularization
term characterized by x([A; Al).

Under Assumption 2, an algorithm is allowed to call proxng(~), which may not be easy to compute,
especially when A in Assumption 1 is a generic matrix without a special structure. On the contrary, when
g in Assumption 1 is simple enough so that proxng(-) can be computed easily, one can apply a variable
splitting technique such as the one used in the alternating direction method of multipliers (ADMM) to find
a (near) e-stationary point of problem (P). To do so, we introduce a new variable y € R™ and reformulate
problem (P) to its Splitting Problem

i F = g 1. A b=0 =A b.
xeﬂgpﬁl;leu{ﬁ (x,¥) Jox) +3(y), s X+ =4 X+ (SP)

Fort=0,1,...,let (x®), y®) be the solution generated in the ¢-th iteration by an algorithm for solving (SP).
We assume they satisfy the following linear-span assumption (see [4,30]), instead of Assumption 2.

Assumption 3 There is an oracle such that given any x € R? and y, & in R™, it can return (b, ATb, ATb),

(Vfo(x),Ax,ATAx, ATAx,ATy), and prox, (&) for anyn > 0. In addition, the sequence {(X(t),y(t))}zo
generated by the underlying algorithm satisfies that, for all t > 1,

x® ¢ span ({ATb, A'b} U Uty {x(s), Vio(x®),ATAx®) ATAx®) ATy }) ,
y® € span ({5“’,5“}) , where

S(t) € span ({l:_)} U Uz;é {y(s),AATy(S), Ax(s)}) , C(t) € {proxng(ﬁ(t)) | n> 0} .

We say (x,y®) is generated by the t-th iteration of the algorithm. Our second major contribution is to
show that under Assumption 3, the minimum oracle complexity is O(k([A; A])LAre=?2) for an algorithm
to find an e-stationary point of problem (SP) that satisfies Assumption 1(a,c) and the condition

Ap = F(x y©) —inf F(x,y) < co.
Xy
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The lower bound can be proved by using the same worst-case instance as that we will use to prove the lower
bound for problem (P). Moreover, under Assumption 3, the minimum oracle complexity for an algorithm to
find a near e-stationary point of problem (P) is O(k([A; A])L;Ap,e2), the same as that we establish under
Assumption 2 which allows the more expensive operator prox,,,.

Given a lower bound of oracle complexity, a critical question is whether the bound is tight, or equivalently,
whether it can be achieved by an algorithm that meets the underlying assumptions upon which the lower
bound is established. To address this question and shed light on the tightness of our lower bounds, we make
a third significant contribution by introducing a novel method called the inezact prozimal gradient (IPG)
method. This method is specifically designed to solve problem (SP), while satisfying the conditions outlined
in Assumption 3. Remarkably, IPG is able to achieve an oracle complexity that matches our established
lower bound O(k([A; A])L;Ape=2) up to logarithmic factors for solving problem (SP). That is, the lower
complexity bound is tight for problem (SP). Meanwhile, IPG is able to find a near e-stationary point of
problem (P) by O(k([A; A])L;Ag,e?) iterations/oracles, up to logarithmic factors. This means that the
lower complexity bound is also tight for problem (P) under Assumption 3.

1.2 Related Work

The prozimal gradient (PG) method can find an e-stationary point of the composite non-smooth non-convex
problem (1.2) within O(Lse2) [28] iterations, which matches the lower bound in [4,5]. When there is no
affine constraints and g = 0 in problem (P), our lower-bound complexity result is reduced to the lower bound
in [4].

For the affinely constrained non-convex smooth problem (1.3), Sun and Hong [35] show a lower-bound
complexity of O(k(A)Lye™?) for finding an e-stationary point. In the same paper, they give an FOM that
achieves this lower bound. When g = 0, our complexity lower bound for problem (P) is reduced to their
lower bound.

Before our work, there only exist upper bounds of oracle complexity for finding a (near) e-stationary point
of (P) and (SP). For instance, Kong et al. [17] develop a quadratic-penalty accelerated inexact proximal
point method that finds an e-stationary point of problem (P) with oracle complexity O(¢~2). Lin et al. [20]
study a method similar to [17] and show that oracle complexity of O(e~/?) is sufficient. The augmented
Lagrangian method (ALM) is another effective approach for problem (P). The oracle complexity of ALM
for problem (P) has been studied by [13, 14, 24, 41]. For example, the inexact proximal accelerated ALM
by [24] achieves oracle complexity of O(¢~5/2) and, in a special case where g(x) is the indicator function of a
polyhedron, the smoothed proximal ALM by [41] improves the complexity to O(e~2). ADMM is an effective
algorithm for optimization with a separable structure like that in problem (SP). ADMM and its variants
have been studied by [9, 15, 16,23, 38,40, 41] for constrained non-convex optimization problems including
problem (SP). For example, it is shown by [9,16,38] that ADMM finds an e-stationary point of problem (SP)
with oracle complexity of O(e2).

The aforementioned methods for problem (P) all satisfy Assumption 2, and the aforementioned methods
for problem (SP) all satisfy Assumption 3. However, the oracle complexity of those methods for finding
an e-stationary point either does not match or is not comparable with our lower-bound complexity for
the corresponding problems. Specifically, the oracle complexity of ADMM in [38] for solving problem (SP)
depends on the Kurdyka-Lojasiewicz (KL) coefficient, which is not directly comparable with our lower
bound. The oracle complexity O(x%([A; A])L?»AFE’Q) of ADMM for solving problem (SP) is presented in [9],

under the assumption that [A; A] has a full-row rank. The results of [16] of ADMM are only applicable



6 Wei Liu et al.

to problems (P) and (SP) with a separable structure and A = I; or ¢ = 0, for which case their oracle
complexity is O(k*(A)L7Ae™?) with A = Ag, or Ap. Zhang and Luo in [41] study the complexity of
ALM for problem (P) when g is the indicator function of a polyhedral set and the exact projection onto
the polyhedral set can be computed. They obtained complexity of O(R*L}Ag,e™?), where & is a joint
condition number of the equality Ax + b = 0 and the inequality defining the polyhedral set. When g = 0,
their complexity is reduced to O(k*(A) L} Ap,e™?). Zhang et al. [42] further extend [40,41] to problems with
nonlinear convex inequality constraints. However, their algorithm requires exact projection to the set defined
by the inequality constraints, which is impractical for many applications and does not satisfy Assumption 2.

1.3 Notations and Definitions

For any a € R, we use [a] to denote the smallest integer that is no less than a. Null(H) represents the null
space of a matrix H. For any vector z, [z]; denotes its j-th coordinate. We denote 1, for an all-one vector
in R?, and O to represent an all-zero vector when its dimension is clear from the context. I, denotes a p X p

identity matrix and
-1 1

J, = o € RP-Dxp, (1.5)

—-11
A vector x is said w-close to another vector X if ||x — X|| < w. For any set X', we denote 1y as its indicator
function, i.e., ty(x) = 0 if x € X and 400 otherwise. We use ® for the Kronecker product, co(S) for the

convex hull of a set S and €6(S) for the closure of co(S). For a function f : RY — RU {+00}, its directional
derivative at x along a direction v € R? is defined as
flx+sv) = f(x)

f(xv) = lsiig . , (1.6)

where s | 0 means s — 0 and s > 0. g denotes the subdifferental of a closed convex function g.
Definition 1 Given € > 0, a point x* is called an e-stationary point of (P) if for some v € R",
max {dist (0, Vfo(x*) + ATy + dg(x")) , |[Ax* +b||} <, (1.7)
and a point (x*,y*) is called an e-stationary point of (SP) if for some z; € R and z; € R,
max {dist(0,9g(y*) — z1), [Vfo(x*) + ATz + ATz, |y* — Ax* — b|[,||Ax* +b||} <e. (1.8)

When e = 0, we simply call x* and (x*,y*) stationary points of problems (P) and (SP), respectively. We say
that X is a near e-stationary point of (P) if it is w-close to an e-stationary point x* of (P) with w = O(e).

1.4 Organization

The rest of this paper is organized as follows. In Section 2, we present lower-bound complexity results for
solving problem (P) of FOMs under Assumption 2. Then in Section 3, we show the lower-bound complexity
results for solving problems (P) and (SP) of FOMs under Assumption 3. In Section 4, we propose an inexact
proximal gradient algorithm for solving these two problems and present its worst-case oracle complexity,
which shows the tightness of our lower complexity bounds. Concluding remarks are given in Section 5.
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2 Lower Bound of Oracle Complexity for Problem (P) under Assumption 2

In this section, under Assumption 2, we derive a lower bound of the oracle complexity of an FOM to find a
(near) e-stationary point of problem (P) for a given ¢ > 0. Motivated by [4, 35], our approach is to design
a worst-case instance of (P) such that a large number of oracles satisfying Assumption 2 will be needed to
find a desired solution.

2.1 A Challenging Instance P of Problem (P)

Let m; and msy be positive_integers such that mymsz is even and my > 2. Let m = 3myms and d be an odd
positive integer such that d > 5. Also, set d = md, and let

» S m

x:(xlT,... XT)TERd, WithXiERg,i:1,...,m. (2.1)

Moreover, we define a matrix H € R(m—Ddxmd by

-1 1
17 1
H:=mL;-J,I;=mL;- o m — 1 blocks. (2.2)
—131g
m blocks
Define
M= {im|i=1,2,...,3mg — 1}, M :={1,2,...,m —1}\M, 23)
n = (m—3msg)d, n=(3mg—1)d, .
and let
A=mL;- Jy®1;, A=mL;- Jyc®I;; b=0€R" b=0¢cR" (2.4)
where J o and J (¢ are the rows of J,, indexed by M and MY respectively.
Furthermore, we define g : R® — R and ¢ : R — R as
_ B T ‘ B
= = o S — ¢, 2.5
9(y) mi; [yl =max{u'y | [[uflo < mi; (2.5)
and -
9(x) = g(Ax) = B> [Ix; — xip1 1, (2.6)
ieEM
where x has the block structure in (2.1), M is defined in (2.3), and § is a constant satisfying
B> (50 + 1+ ||A]])v/me. (2.7)

Finally, we design the smooth function fy to complete the instance of (P). Let W : R— Rand ® : R— R
be defined as
0, if u <0,

| e ifu>0. and &(v) := 4arctanv + 2. (2.8)

W (u) = {
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In addition, for each j = 1,...,d, we define function ¢ (-, 7) : RY - R as

o 2.7) = { ~w (1) ([2)1), ifj =1, 29)

U (—z]j-1) @ (—[2l;) = ¥ ([z];-1) @ ([2];), ifj=2,....4d

and for i =1,...,m, we define h; : R? 5 R as
0(2,1) +35 M o (2,25),  itie 1],
hi(z) =< ¢ (z,1), ifie[2+1,2], (2.10)

<p(z,1)+3z}i/l2j<p(z,2j—|—1), ifie 2 +1,m].

Now for a given € € (0,1) and Ly > 0, for i = 1,...,m, we define f; : R?Y 5 R as

30071'62 \/ELJ"Z d
i = h; , R%, 2.11
file) = ( 150e ) vz e (2.11)
and let fo : R? — R be
fo(x) == Z fi(x:),¥x € R? with the structure in (2.1). (2.12)
i=1

Putting all the components given above, we obtain a specific instance of (P). We formalize it in the
following definition.

Definition 2 (instance P) Given ¢ € (0,1) and Ly > 0, let my,my and d be integers such that m; > 2
is even and d > 5 is odd. We refer to as instance P the instance of problem (P) where fo is given in (2.12)
with each f; defined in (2.11), g is given in (2.6) with f satisfying (2.7), and (A, A, b, b) is given in (2.4).

2.2 Properties of Instance P

In order to show the challenge of instance P for an algorithm under Assumption 2, we give a few facts and
properties about P. First, notice that A and A in (2.4) are two block submatrices of H in rows. It is easy
to obtain the following proposition.

Proposition 2.1 By the definitions in (2.1) through (2.6), it holds

(a) X1 =Xo2 =+ =Xy, if and only if Hx = 0;

(b) x; = xi41 for i € M if and only if Ax =0 or equivalently g(x) = 0;
(c) x; = Xi11 fori € MC if and only if Ax = 0;

(d) x1 =%x2 =+ =X, if and only if Ax =0 and g(x) = 0.

Second, it is straightforward to have the partial derivatives {ag[iz(]z_)} based on three cases of j.
J

Case i) When j =1,

Ohi(z) {—!17(1)95'([2]1) +3 [0 (—[2]1)®(~[z]2) — ¥'([z])P([z)2)] , if i€ [1, 5],

~¥(1)®'([z]1), ifie[Z+1,m].
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Case ii) When j is even,

=<0, ifi e [%11,2—7"], (2.14)
B[~ (—z];)P(~[2]j4+1) — ¥'([2];)0([2]j+1)], if i€ [3 +1,m].
Case iii) When j is odd and j # 1,

) B[~ (=[z]))(~[2]j11) — ¥'([2];)8([2]; 1)), if i€ [1,5],
=10, ifie[2+1,23], (2.15)

Thirdly, instance P satisfies Assumption 1. By (2.6), Assumption 1(c) clearly holds. To verify Assump-
tions 1(a) and 1(b), we need the next lemma.

Lemma 2.1 Let ¥, & and h; be given in (2.8) and (2.10). The following statements hold:

(@) T(u) =0 and ¥'(u) =0 for allu <0, and 0 < ¥(u) < 1, 0 < ¥'(u) < /2/e, 0 < H(v) < 4r, and
0< P (v) <4 for allv eR.

(b) T(uw)®'(v) > 1 for all w and v satisfying u > 1 and |v| < 1.
(c) hi(0) —inf, h; (z) < 107d fori=1,2,...,m

(d) Vh; is 7bm-Lipschitz continuous for i =1,2,.

(e) h; is 257V d- d-Lipschitz continuous for i =1, 2, co,m

Proof. (a)-(d) are directly from [35, Lemma 3.1]. By derivatives (2.13)-(2.15), we obtain that, for any z € R%,

‘% i(2)
0zl

< max {sup |7 (1)@ (u)| + 6 sup |¥'(u)| sup [@(v)], 6 sup |¥(u)| sup |€I>’(v)|} < 25m,Vi,7, (2.16)

where the second inequality is from Lemma 2.1(a) and the fact that sup, [¥(1)®'(v)] < 4(1 —e™1) < 7 by
the definition of @. Hence, ||Vh;(z)| < 257Vd. Thus () holds, and we complete the proof. O

From the definition of f; in (2.11) and the chain rule, we have

[Vfi(z)]j—\/ﬁ{Vh <\é;)l7’riz>L Vi=1,...,m, (2.17)

which together with Lemma 2.1 clearly indicates the properties below about {f;}™,.

Lemma 2.2 Let {f;}, be defined in (2.11) and (2.12). Then

(a) fi(0) —infy, f; (z) < 300072de®/mLy fori=1,...,m, and fo(0) — infx fo (x) < 300072de®/L;.
(b) Vf; is Ly-Lipschitz continuous for i =0,1,...,m

(c) fiis %—Lipschitz continuous for i =1,...,m, and fo is 50meV'md-Lipschitz continuous.

By Lemma 2.2 and g > 0, we immediately have the following proposition.

Proposition 2.2 Instance P given in Definition 2 satisfies Assumption 1.
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The following lemma characterizes the joint condition number of A and A defined in (1.4), which will
appear in our lower bound of oracle complexity.

(3m1m271)w)

Sln( 6mqmo

- <m.
sm(—6m1"7712 )

Lemma 2.3 Let A and A be given in (2.4). Then 2 < x([A; A]) = k(H) =

Proof. The first equality holds because H are split into A and A in rows. Let
-11
I:I:mLf E]R(m—l)xm'
-11

We then have HHT = (He I)(HeI;)" = (HH") ® (I;1}) = (HH") ® I;. Let A\;(HH") be the i-th
largest eigenvalue of HH . Since HH ' is tridiagonal and Toeplitz, its eigenvalues have closed forms [11]:

A (HAT) :4m2L‘;sm2( in ),Vi —1,2,...,m—1.

6mimo

. (3 -1
sm(i( 7%1:;%”2 )”)

It then yields that x([A;A]) = k(H) = x(H) = . Because sin(z) < 1,V z, sin(z) > % for

sin(ﬁ)
z € [0,7/12], and mimsg > 2, we have
sin(Pgr ) 1 sm
: b = = = — <m.
Sln(ﬁmlmz) 9m1m2 Q
Also, because z > sin(z) > 5 for z € [0, 7/2] and mymsy > 2, we have
sin(%) —(m4_ni)w m—1_m
- - > —0— = > —.
sin(grns) 5 2 4
Hence, we have obtained all desired results and complete the proof. O

2.3 An Auxiliary Problem and Its Properties

To establish a lower bound of the oracle complexity for solving (P) under Assumptions 1 and 2, we consider
an auxiliary problem of instance P in this subsection and analyze its properties. The Auxiliary Problem is
given as follows:
min fo(x), st. Hx =0, (AP)

where H and fy are defined in (2.12) and (2.2), respectively. An e-stationary point x* of problem (AP)
satisfies

max{|Hx*||, min HVfo(x*)—l-HT'y’H} <e (2.18)

,Y/eR(m—l)d

The next lemma characterizes the relationship between the (near-)stationary points of instance P and the
auxiliary problem (AP). The proof techniques have been utilized in [21,22].
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Lemma 2.4 Let € > 0 be given in Definition 2 for instance P. Then for any € € [0, €], an €-stationary point
of instance P is also an €-stationary point of the auziliary problem (AP).

Proof. Suppose x* is an é-stationary point of instance P, i.e., for some v € R" and & € dg(x*) such that
IVfo(x) +&+ATy| <€ and [JAX"[| <@ (2.19)

By the definitions of g in (2.5) and (2.6), there exists u € R™ such that £ = A Tu and thus the first condition
in (2.19) becomes

IVfo(x*)+ ATu+ATy| <% (2.20)

Hence, in order to show that x* is an é-stationary point of problem (AP), we only need to prove |[Hx*|| < €.
To show this, we first notice from the definition in (1.6) that, for any v € Null(A),

Fo(x*sv) = vV fo(x") +¢'(x"5v) 2 vIVfo(x") + v E=vT (Vfo(x") +E+ATy) > —¢v], (2.21)
where the first inequality follows from [8]

gd(x;v)= sup v'¢,Vxedom(g),Vv, (2.22)
§'€0g(x)

and the second inequality is by (2.19) and the Cauchy-Schwarz inequality.
Second, we claim Ax* = 0, namely, x; = x;,; for all i € M, where M is defined in (2.3). Suppose this
claim is not true. Then for some i € M, it holds x; # x7, ;. We let

£:=xi,,—x #0, (2.23)
and v* = (viT,v3', ..., v:])T where each v} € R? is defined as
vi=¢, ifi <i, and vi =0, if i > .
It is easy to see that v} = v}, for any i # i. Thus by Proposition 2.1(b), Av* = 0 and, for any s € (0,1),

g(x" +sv') =BY |Ixi + s€ = xiiy = sl + Blxi +s€ = xi o+ B % - xiall,

i<i i>1
=B _|Ixr = x5l + B0 = 9)lIxs = x5l + 8D % — x5, =9 (%) — sBl€l, (2.24)
i<i >

where the first and last equalities follow from (2.6) and the definition of v*, and the second one is by (2.23)
and s € (0,1). In addition, from (2.11) and (2.16), we have that, for any z € R%,

2e vmLyz 50me
Vfi o = ——||Vh < . 2.25
Vi@l = 7 ‘ < 150me >HOO NG (2.25)
Moreover, by the definition of v for i = 1,...,m, we have
. (2.25) 50sme

filxi +svi) = fi(xi) = sV filx] +5'vi) Vi < slIVEi(xS +5'vi)lloo Vil < €],

Jm
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where the equality holds from the mean value theorem for some s’ € (0, s). The inequality above, together
with (2.12) and (2.24), implies

(B vy = Fu) ) = 3l 57 = o) + g+ sv7) = 907

S

- (Z (fi(x} 4 sv]) = filx])) + g(x* + sv") — g(x*)>
i=1

A
| — o

(50msev/ml[€[lr — Bsl€]l1) = (50me/m — B) [I€]lx-

»

Taking the limit of the left-hand side of the inequality above as s approaching zero, we have
(50mev/m — B) [[€llh > Fo(x*;v).

Thus by (2.21) and the choice of v*, we have

(50mev/m — B) [|€]lx = —ellv*|| = eVl = —ev/m] €]

This leads to a contradiction as 8 > (507 + 1)ey/m from (2.7) and € < e. Therefore, the claim Ax* = 0 is
true. Thus the second condition in (2.19) indicates ||Hx*|| <€, and we complete the proof. O

By Lemma 2.4, if x* is not an e-stationary point of the auxiliary problem (AP), it cannot be an e-
stationary point of instance P. In other words, the number of oracles needed to find an e-stationary point
of P is at least the number of oracles needed to find an e-stationary point of problem (AP). Note that
the auxiliary problem (AP) of instance P is the worst-case instance used in [35] to establish the lower-
bound complexity for affinely constrained smooth optimization. In fact, according to [35], any algorithm
that can access V fy and matrix-vector multiplication with H and HT at any historical solutions needs at
least O(rk(H)LfAf e 2) oracles to find an e-stationary point of (AP), where Af, := fo(x(9) — infy fo(x).
However, we cannot directly apply the lower bound here because the problem (P) that we consider has both
affine constraints and a non-smooth term, and our algorithms cannot apply H and HT for matrix-vector
multiplications but instead can use A and AT as well as the proximal mapping of g (see Assumption 2).
Next, we show that any algorithm under Assumption 2 also needs at least O(k(H) LAy e~2) oracles to find
an e-stationary point of problem (AP).

To do so, we need the following lemma, which is a direct consequence of [35, Lemma 3.3] and the proof
is provided for the sake of completeness.

Lemma 2.5 Let {fi}", be defined in (2. 11) with € > 0. For any z € R, if |[z 51 < \1/5;7702? for some
je{1,2,...,d}, then HE > Vii(z ||
Proof. Let z = ‘{?Oiféz. We first consider the case where |[z];| < \1/57’73’23 for all j = 1,2,...,7. In this case,

lz]1] = VmLllzhl By (2.11), we have

150me
1 m
E;vfi(z)

=S VA,

i=1

(2.26)
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In addition, according to (2.13), we have

%Z [Vhi(2)], = —#(1)®'([2]1) + [~ (= [2])2(~[2]2) — ¥'([2]1)P([z]2)] < -2 (1)@'([z]1) < —1,

i=1
(2.27)
where the first inequality comes from the non-negativity of ¥’ and ¢ by Lemma 2.1(a), and the second
inequality is by Lemma 2.1(b) and |z1| < 1. Combing (2.26) and (2.27) yields the desired inequality.
Second, we consider the case where there exists j € {2,...,j} such that |[z];| < 122Z¢ < |[z];_1]|. In this

VmLy
case, |[z];] <1 <|[z];-1]- By (2.11) again, we have

LN Vi) >
=1

According to (2.14) and (2.15), we have

m

[Vfi(z

i=1

(2.28)

1
m

%Z[Vh

% > [Vhi(2)]; = = 0(=[2];1)® (~[z];) — ¥((2];- )P ([2];) — &' (—[2];)P(—[2);41) — ¥'([2];)D([2];41)

i=1
<~ W[ 1)@ (~[2]) — W ([a);-1)@ ([2);) =~z )@ ([2);) < 1,

(2.29)
where the first inequality comes from the nonnegativity of ¥’ and @ by Lemma 2.1(a), the second equality
holds by the fact that &'(u) = &'(—u) and ¥(u) = 0 for all v < 0 from (2.8) and Lemma 2.1(a), and
the second inequality is by Lemma 2.1(b) and the fact that |[z];—1| > 1 and |[z];] < 1. Combining (2.28)
and (2.29) yields the desired inequality and completes the proof. g

The following lemma provides a lower bound to the stationarity measure of a point x as a solution to
problem (AP).

Lemma 2.6 Let x € R? be given in (2.1), H in (2.2), and {fi}" in (2.11) and (2.12). Then
lin-()‘() withi'—lix-
M= Z 7 Som i=1 )

Proof. By simple calculation and the fact Null(H) = {lm Qu:ue€ RJ}, we obtain

max{||Hx| ,rr}yin |V fo(x) + HT»yH} > vm

2

mmHVfO )+ H || —HPI“OJNuu(H)(Vfo H vaz x| (2.30)
m—1
2 2
x| =m?L} Y flxi = x| (2.31)
i=1

By the L ¢-Lipschitz continuity of V fj, we have

m 2 m
LS VAR - = V)
=1 i=1

2 2

1 m
5 Z V(%) =V fi (x:))




14 Wei Liu et al.

1 n ?_ m m
<— > IV (%) = Vi () <—ZL2 s — QZZij—sz
i=1 i=1 j=1
(b L2 ™™ max{4,j}—1 (¢) L2 ™ m—1 m—1
. . 2 3
S—];ZZ l7 — 1] Z Ixx — xpt1]|”| < m—J;ZZm Xk — Xpy1l|” = mL} Z [Ix: — i1l
=1 j=1 k=min{4,j} i=1j=1 k=1 i=1

where (a) comes from [|x — x;[|> = L | DXy — x|?< 2 ZJ 1 Ix; = xi 1%, (b) results from the fact that

I = xil2 < 15— i Zpeltd i = xi41 (1%, (e) holds by |j —i| < m, max{i, j} < m and min{i, j} > 1,
Hence, by (2.30) and (2.31) and the fact a+b < 2max{a, b} for any a,b € R, we obtain the desired result

from the inequality above and complete the proof. 0

The previous two lemmas imply that if there exists j € {1,2,...,d} such that [X]; = 0, wherex = LY x;.
Then x cannot be an e-stationary point of the auxiliary problem (AP) of instance P.

2.4 Lower Bound of Oracle Complexity

In this subsection, we provide a lower bound of the oracle complexity of FOMs for solving problem (P) under
Assumptions 1 and 2, by showing that a large number of oracles will be needed to find a (near) e-stationary
point of instance P.

For any integer ¢ > 0, let

x® = x{"T L xOT)T with each x'” € R?, and ) = Zx (2.32)

be the t-th iterate of an algorithm and the block average. Without loss of generality, we assume x(*) = 0.
Otherwise, we can change variable? x in instance P to x — x(?), and process the rest of the proof with
this new resulting instance. Our lower bound will be established based on the fact that, if ¢ is not large
enough, supp(x®) c {1,...,j — 1} for some j € {1,2,...,d}. Hence, [x®]; = 0 and x*) cannot be a
(near) e-stationary point due to Lemmas 2.5 and 2.6. According to Assumption 2, supp(x®) is influenced
by supp(V fi(x; (¢ ))), which is characterized by the following lemma.

Lemma 2.7 Let {f;}™, be defined in (2.11). Given any j € {1,...,d} andz € R? with supp(z) C {1,...,j—
1}*, it holds that

1. When j =1, supp(V fi(z)) C {1}, for any i € [1,m];
2. When j is even,
{17"'73}7 Zfle[la%]a

supp(V fi(z)) C {{17'_'7]- —1}, if ie[Z+1,m];

3 This involves changing functions f(x) to f(x —x(), g(x) to g(x —x(?), and Ax = b to A(x — x(°)) = b in instance P.
Then, the resulted instance becomes min, cpa Fo(x) := fo(x — x) + g(x —x), st. A(x —x©)+b=0.
4 When j = 1, this means supp(z) = () and z = 0.
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3. When j is odd and j # 1,

{1,...,j -1}, if ie[1,2]

supp(V fi(z)) C {{1,...,j}, if i€ [E+1,m].

Proof. Denote z = \/1?0?6 Z and recall definition (2.17). By Lemma 2.1(a), we have

v (—[z];) =¥ ([z];) =¥ (—[2];) =¥ ([2];) = 0,¥j > j.

(2.33)

Therefore, by definitions (2.13)—(2.15), the support of z leads to the following structure of [V f;(z)]; for j > j:

-1 j=1,[Vfi(z)]; = —¥(1)®' ([z];), for any i € [1,m];
— If j is even,

S {—3% W (~[2lj—0) ¥ (~[2l,) + ¥ ([2];) @' (1@],)], forie [1,%],

— If jis odd and j # 1,

0, for i € [1,22],
2

Jm

Ve = { S [ (<[al-) @ (—[a)) + ¥ (2, ¥ ()] for i €[22+ 1m].

%
0, forie[%—l—l,m];

Since ¥ (—[z]j—1) = ¥ ([z]j—1) = 0 for any j > j, the structures above imply [V f;(z)]; = 0,Vj > j and thus

give the desired claims.

O

According to the structure of A given in (2.4), supp((A T Ax);) is determined by supp(x;_1), supp(x;)
and supp(x;1). Also, supp(prox,,(x)) has a similar property according to the definition of g in (2.6). These

properties are formally stated in the following lemma.

Lemma 2.8 Let x be the structured vector given in (2.1), A in (2.4), and g be given in (2.6). Define

X0 =Xm+1 =0¢€ RY, The following statements hold:

(a) Let x = ATAx = (X],...,X1)T with each X; € R%. Then

supp(X;) C supp(xi—1) U supp(x;) Usupp(x;11), Vi € [1, m].
(b) For anyn >0, let X = prox,,(x) = (X],...,X,,) | with each X; € R?. Then

supp(X;) C supp(x;—1) U supp(x;) Usupp(x;11), Vi € [1, m].
Proof. (a) The relation in (2.34) immediately follows from the observation

I -1,

B —1; 2I; -1

B
ATA = ' 3ms blocks, with B = m2Lfc S
' —IJ 21(; —Ig
-1; I

m1 blocks

m1 blocks.

(2.34)

(2.35)
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(b) Given any 7 and x3 in R and any ¢ > 0, consider the following optimization problem in R:
~ = 1 2, 1 2
(T1,Z2) = argmin —(z1 — x1)" + = (22 — 22)” + ¢|z1 — 22|
21,22€R 2

The optimal solution of this problem is

o ((x1 + x2)/2, (x1 + 22)/2), if |x1 — x2] < 2¢
(1'171'2) = . . . (236)
(x1 — ¢ -sign(xy — x2),x2 + ¢ - sign(x; — x2)), if |1 — x2| > 2¢.
Recall the definition of g in (2.6) and prox, , we obtain that
. 1
prox,,(x) = argming8 y  |xi = xia 1 + 5llx = y|*
y ;
ieM
It then holds that
argming, (/x; — yill?, ifi—1,i¢ M,
x; = ¢ argming nfllx; —x; 1|1 + 5llx —yil?, ifi—1e M,
argming, nf|x; — X1l + 5llxi —yill?, if i € M.
By (2.36) and the separability property of || - ||1 and || - ||?, we have that for any j € {1,...,d},
[Xi]j7 1f’L—1,Z¢M,
~ ([ei—1ls + [xil;)/2, ifi =1 Mand [[xi1l; — [xil;| <nB,
(xil; = (xalj + [xival;)/2, ifi e Mand |[xi]; — [xial;| < nb,
[Xi]j +np- Sign([xi_l]j - [Xi]j), ifi—1€ M and |[Xi_1]j - [Xi]jl > ng,
[(xil; —nB - sign(xia]; — [x];), if i € Mand |[xi]; — [x];| > nB,
which implies
supp(x; ), ifi—1,1¢ M,
supp(X;) C § supp(x;—1) Usupp(x;), if 1 —1€ M,
supp(x;) Usupp(x;+1), if i € M.
The proof is then completed. |

Now we are ready to show the following result on how fast supp(i(t)) can expand with ¢.

Proposition 2.3 Under Assumption 2, suppose an algorithm is applied to instance P from x9 = 0 and
generates a sequence {x};>o. By notations in (2.32), it holds for any j € {2,3,...,d} that

supp(xgt)) C{l,...,j—1} fori=1,....mand t <1+m(j—2)/6. (2.37)

Proof. We prove the claim by induction on j. Let W = ( gt)‘r7 e ,ég)T)T with EZ(-t) € R? and ¢® =
(Cgt)—r, .. .,CS,'?T)T with CZ(-t) € R be the vectors defined in Assumption 2 for ¢ > 1. Since x(9 = 0, we
have supp(Vfi(xz(-O))) C {1},Vi from Lemma 2.7. Notice b = 0. Hence, supp(é’z(-l)) C {1},Vi, which further

indicates supp(Cl(-l)) C {1},Vi by Lemma 2.8(b), and thus supp(xl(-l)) C {1},Vi. This proves the claim
in (2.37) for j = 2. Now suppose that the claim (2.37) holds for some j > 2. We go to prove it for j + 1.
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According to the hypothesis of the induction, we have
supp(x\”) C {1,...,j —1},Vi € [l,m] and Vr < L :=1+m(j — 2)/6. (2.38)

Below we let X(") = A_TAX(T) for any 7 > 0 and consider two cases: j is even and j is odd.
Case 1: Suppose j is even. We claim that, for s =0,1,..., %,
1.5, ifie[1,m 4 26], )
{ 7h b [1 5 +2s] Vr<i+s (2.39)
{1,...,5—1}, ifi € [%+2s+1,m},

supp(x!”)) C {

Notice (2.38) implies (2.39) for s = 0. Suppose (2.39) holds for some integer s € [0, %]. Then by Lemma 2.7
and % +2s < QTm, it holds

{1,...,7}, if i e [1,2 +2s], _
Vf; (r) C - 3 Vr<t+s.
supp(V fi(x;)) {{1,...,j—1}, ifie[Z42s+1m], |
In addition, by Lemma 2.8(a), we have from (2.39) that
o 1.7, ifie[1,m4+25+1], )
supp(xl(» ))C { Z} o [ 3 ] Vr <t+s.
{1,...,5 -1}, 1fz€[%+25+2,m],

Hence, by Assumption 2, we have
- {1,....7}, ifie[l,m+25+1],
e+ < f Lk e
{1,...,5—1}, ifi e [§—|—2$—|—2,m},
and thus it follows from Lemma 2.8(b) that

supp(cFHHDY ¢ {1,...@}, ifie[l,2+2s+2],
g {1,...,5—1}, ifie [2 +2s+3,m].

Now since XEHSH) € span ({Egﬂs“), CEHSH)}) by Assumption 2, we have

- 1,...,5}, ifie[l,m+42s+2],
supp(efitesy ¢ [ Bodh el ]
{1,...,5 -1}, 1fz€[%+25+3,m],

which means (2.39) holds for s+1 as well. By induction, (2.39) holds for s =0, 1, ...

6
We have supp(x\"”) c{l,....j}foranyiand r <t4+ 2 =1+m(j—2)/6+ % =1+m(j —1)/6.
Case 2: Suppose j is odd. We claim that, for s =0,1,..., %,

- ap - 2m

(r) {17"-7]_1}7 leE[l,T_Zﬂv t

My o J Vr <f+s. 2.40
supp(x; ) {{17_,_73»}, ifie [2—2s+1,m], e 0

Again (2.38) implies (2.40) for s = 0. Suppose it holds for an integer s € [0, ]. Then by Lemma 2.7,

1,...,5—1}, ifie[1,22 —2s], _
¢ -1 15 ) Vr<t+s.

(r)
Vfi(x")) - =
supp(V fi(x;'")) {{1,...,j}, ifie[QTm—QS-l-l,m},
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In addition, by Lemma 2.8(a) and (2.40), we have

{1,...,j—1}, ifie 1,2 —2s—1], B
{17"'75}7 ifi e [277”—2577%}7 VTSt_FS'

supp(X Z( ) C {
Hence, by Assumption 2, we have

= o 2m
(+s+1) {1,....j—1}, ifie 1,2 —2s—1],
) C _
Supp(€,; ) {{1,...,j}, if i€ [22 — 25,m)

and then it follows from Lemma 2.8(b) that

supp(¢IF D) {1...@—1} ifie[l,2—2s—2],
{1,...,5}, ifi €[22 —2s—1,m].

Again since x( B+ ¢ span ({EEHSH), CEHSH)}) by Assumption 2, we have

s 1,.. —1}, ifie 1——25—2,
supp(x ) ¢ t =1k [ :
{1,...,j}, 1fz€[T—2$—1,m},

which means (2. 40) holds for s+ 1 as well. By induction, (2.40) holds for s = 0,1,..., %. Let s = %% in (2.40).

We havesupp( )C {1,...,j} foranyiand r <t+ 2 =14m(j —2)/6 + L = 1+m(j —1)/6.
Therefore, we have proved that (2.37) holds for j + 1 when j is either even or odd. By induction, (2.37)
holds for any integer j € [2,d], and we complete the proof. |

Finally, we are ready to give our main result about the lower bound of oracle complexity.

Theorem 2.1 Let ¢ > 0 and Ly > 0 be given. Suppose an algorithm is applied to problem (P) that satisfies
Assumption 1 and generates a sequence {x(t)}tzo that satisfies Assumption 2. Then for any w € [0, 150;“),
there exists an instance of problem (P), i.e., instance P in Definition 2, such that the algorithm requires
at least [7'{([A;A])LfAF° —2
3600072

where Ap, = Fo(x(0)) — inf, Fy(x).

—‘ oracles to obtain a point that is w-close to an e-stationary point of instance P,

Proof. As we discussed below (2.32), we assume x(0) = O without loss of generality. Thus by notation in (2.32),
Proposition 2.3 indicates that supp(x (t)) c {1,. — 1} for any ¢ 6 [1,m] and any t < 1+ m(d — 2)/6,

which means [x()]); =0ift <1 +m(d 2)/6, Where b x\.
On the other hand, suppose x* with the structure as in (2 32) 1s an e-stationary point of instance P.
Then by Lemma 2.4, it must also be an e-stationary point of (AP). Hence, by Lemmas 2.5 and 2.6, we

have |[x*];] > \1/5—025 for all j = 1,...,d, where x* = L 3™ x*. Therefore, by the convexity of the square
function, it follows that

o e 7 2 1507e
[x® — x*||2 > ; ([xgt)]g - [Xi]ci) > m ([X(t)]fz_ [ ]g> =m (\/ﬁLf) >

and thus x®) is not w-close to x* if t <14 m(d — 2)/6.
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Moreover, by Lemma 2.2(a) and the fact that g(x(?)) = 0 and g(x) > 0,Vx, it holds that

gs L (Fo(x) — infy Fy (x)) 2 _ Lidm

- 300072 300072

In other words, in order for x(® to be w-close to an e-stationary point of instant P, the algorithm needs at
least t = 2+ m(d — 2)/6 oracles. We complete the proof by noticing

- - mLfAF _ H([A A])LjAF
2 d—2)/6 > md/12 > "9k —2  FUA AL AR
+Hm(d=2)/6 2 mdf12 > S € > oo

where the first inequality is because d > 5, and the last one is by Lemma 2.3. O

3 Lower Bound of Oracle Complexity for Problems (P) and (SP) under Assumption 3

Under Assumption 2, an algorithm is allowed to call the operator proxng(-) that may not be easy when ¢
has the structure as that in Assumption 1. Calculating proxng( -) to a high accuracy or exactly may require
many (or even infinitely many) calls to A and b. In contrast, § is simpler than g, making proxng(-) easier
to compute such as when g(-) = A|| - |1 for some A > 0 as in instance P. These observations motivate us to
reformulate (P) into (SP) and seek an e-stationary point of (SP) under Assumption 3 which only requires the
computation of prox,;(-). Furthermore, the approach that is designed based on (SP) exhibits the potential
to find a near e-stationary point of problem (P), as shown in the next section.

Consequently, two intriguing questions arise: (i) whether finding an e-stationary point of (SP) under
Assumption 3 is easier or more challenging compared to finding an e-stationary point of (P) under Assump-
tion 2, and (ii) whether finding a near e-stationary point of (P) under Assumption 3 is easier or harder
compared to that under Assumption 2. We provide an answer to the first question, by showing that the
same-order lower bound of complexity in Theorem 2.1 holds for finding an e-stationary point of (SP) under
Assumption 3. Moreover, we provide an answer to the second question, by showing that the lower bound
of oracle complexity for finding a near e-stationary point of (P) is O(k([A;A])L;Ar,e"2) under either
Assumption 2 or 3; see Theorem 2.1 and Corollary 3.1.

Before we give our main results in this section, we introduce an instance of (SP) that is a reformulation
of instant P in Definition 2. We show that an e-stationary point of the reformulation (SP) of instant P is a
2e-stationary point of the auxiliary problem (AP) of instant P. This is formally stated in the lemma below.

Lemma 3.1 Let € > 0 be given in Definition 2 for instance P, and let € € [0,€]|. Suppose (x*,y*) is an
e-stationary point of the reformulation (SP) of instant P. Then xX* is a 2€e-stationary point of the auziliary
problem (AP) of instant P.

Proof. By Definition 1, there exist z; € R™ and z2 € R™ such that the conditions in (1.8) hold. Hence, for
some & € 9g(y*), we have ||€ — z1|| <€, and

IV fo(x*) + ATE + ATza|| < [V fox*) + ATzi + ATzl + |Af€< €+ [|Alfe (3.1)
Moreover, (1.8) implies that, for any v € Null(A), we have
F'(x*,y*; v, Av) =V Vfo(x*) + 7' (y*; Av)
>vIVfo(x) +vIATE= v (Vfo(x") + ATE+ATz) > —e(1 + [A])]v],
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where the first inequality follows from (2.22) with g replaced by g, and the second one is by Cauchy-Schwarz
inequality and (3.1).
Below we prove y* = 0. We write it into the block-structured form

Y = yima1) | with y; € RLVi=1,2,...,3my — 1.

If y* # 0, then y* # 0 for some i € {1,2,...,3my — 1}. Let v* = (viT, VQT,...,V*T) where v} =
y;/(mLy) for i < imy, and vi = 0 0therw1se We then have vi = v, for any i # imy, so Av* = 0 by
Proposition 2.1(c). Moreover, let u* = Av* = (u ’{T,. u§;2 )7 with uf € R? for i = 1,2,...,3ms — 1.

We must have uj = —y? for i = i and uj = 0 for ¢ # i. Therefore by (2.5), for any s € (0,1),

sB .
g(y" +su*) leyz ||1+—||yf — 5y} ||1+—Z|Iyz lh=90") = ——lyili. (33

i<i i>7 Y
Now by (2.25), the choice of v}, and the mean value theorem, we have for any ¢ =1,...,m that
50sme (el

filsi + svi) = filx}) = sV filx) + ') Tvi < slIVFilx] + s'vi)lloo Vil <

\/ﬁ mLf ’

where s € (0, s). The inequality above, together with (3.3) and the definition of fy in (2.12), implies

o
(P vy o) = Py ) = 1 (ol v = o)+ gty sut) — gy
é(z o o) = fix0) 4900+ su) - (") )

(0meymi — B) Iyl

mLf

SmL (50msev/mlly; [l — Bsllyilh) =

(50me/m—pB)llys 1

Letting s | 0 in the inequality above gives Ly

> F/(x*,y*;v*,u*). Recall Av* = 0 and
u* = Av*. Hence, we have from (3.2) and the choice of v* that

(50W6\/E—B)Hy;‘|\1 \/Hy H

L —e(L+ [|A]D V] > —e1 + A —F= x/—lly I
mdijg

—e(1+ A ———

Since 8 > (507 + 1 + ||A||)v/me, € > € and |A| > HA|| the inequalities above can hold only when y7 =
This contradicts to the hypothesis y* # 0. Hence, y* = 0, which together with (1.8) gives [|Ax* | <Ee
Furthermore, ||Ax*|| < € from (1.8). Thus |[Hx*|| < ||Ax*| + [|Ax*|| < 2€, which, together with ||V fo(x*) +
ATz + ATz <€from (1.8), indicates that x* a 2e-stationary point of (AP). O

0.

With Lemma 3.1, we can establish the lower-bound complexity for solving problem (SP) in a similar
way to show Theorem 2.1. In particular, Lemma 3.1 indicates that a solution (x(t),y(t)) cannot be an
¢/2-stationary point of the reformulation (SP) of instant P, if x(¥) is not an e-stationary point of (AP)

By Lemmas 2.5 and 2.6, if there exists j € {1,2,...,d} such that [x®]; = 0, where x¥) = L3 x; ®

then x(¥) cannot be an e-stationary point of problem (AP) and thus cannot be an €/2- statlonary point of the
reformulation (SP) of instant P. Finally, similar to Proposition 2.3, we can show that, for any algorithm that is
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applied to the reformulation (SP) of instance P, if it starts from (x(?), y(®)) = (0, 0) and generates a sequence
{(x®, y®)};>0 satisfying Assumption 3, then supp(x®) C {1,...,7—1} for some j € {1,2,...,d} if ¢ is not
large enough. Hence, x(*) cannot be w-close to any e-stationary point of instance P for any w € [0, 15L0;T€),
according to the proof of Theorem 2.1. This way, we can obtain a lower bound of oracle complexity to
produce an e-stationary point of (SP) and also a lower bound to obtain a near e-stationary point of (P).
Since the aforementioned arguments are similar to those for proving Theorem 2.1, we simply present the

lower complexity bounds in the theorem and the corollary below and put the proofs in Appendix A.

Theorem 3.1 Lete > 0 and Ly > 0 be given. Suppose an algorithm is applied to problem (SP) that satisfies
Assumption 1(a, c¢) and infy y F(x,y) > —o0. Suppose the generated sequence {(x®,y®)}i>o satisfies As-
sumption 3. Then there exists an instance of problem (SP), i.e., the reformulation (SP) of instance P given

AANL;Ap , ,
%6 2—‘ oracles to obtain an e-stationary

point of that instance, where Ap = F(x(0),y(©)) —inf, y F(x,y).

in Definition 2, such that the algorithm requires at least [

Corollary 3.1 Let € > 0 and Ly > 0 be given. Suppose an algorithm is applied to problem (P) that satisfies
Assumption 1 and generates a sequence {(x(t),y(t))}tzo that satisfies Assumption 3. Then for any w €
[0, 1397€) " there exists an instance of problem (P), i.e., instance P in Definition 2, such that the algorithm

Ly -
%6’21 oracles to obtain a point x*) that is w-close to an e-stationary point of

instance P, where Ap, = Fo(x(©)) — inf, Fy(x).

requires at least [

4 Tightness of Lower Bounds of Oracle Complexity under Assumption 3

As we discussed in Section 1.2, various existing FOMs can be applied to (P) and (SP) under a non-smooth
non-convex setting. However, the best-known upper bound of oracle complexity is O (K2([A; A])L?»Ae_2)
(see [9]) with A = Ag, or Ap, which does not match our lower bounds. To close the gap between the upper
and lower complexity bounds, we present a new inezact prozimal gradient (IPG) method in this section that
falls in the class of algorithms under Assumption 3. The oracle complexity of the IPG matches the lower
bounds in Theorem 3.1 and Corollary 3.1, up to logarithmic factors, under a few more assumptions. More
precisely, we will need Assumption 4 and either (but not necessary both) of Assumptions 5 and 6 below?®.

Assumption 4 infx , F(x,y) > —oo; fo is lp-Lipschitz continuous; § is ly-Lipschitz continuous; A has a
full-row rank. There exists a feasible point (X,y) of (SP) such that 'y is in the relative interior of dom(g).
Assumption 5 [A;A] has a full-row rank.

Assumption 6 j(y) = max{u'y:Cu <d,u € R"} for some C and d.

We point out that instance P given in Definition 2 satisfies Assumptions 1, 4, 5 and 6. By Lemma 2.2, f,
is 50mev'md-Lipschitz continuous. Since d = O(e72) as mentioned in Theorem 2.1, the Lipschitz constant
of fy is independent of €. Also, the Lipschitz constant of g is Iy = 1/ (3mg — 1)&% = O(\/3made//m),
which is not dependent on ¢ either. In addition, dom(g) is the whole space. These observations, together with
Lemmas 2.1 and 2.2, imply that Assumption 4 is satisfied by instance P. Moreover, it can be easily checked

5 To claim (near) tightness of our lower bounds, we also need b = 0 and b = 0 under Assumptions 4 and 6.
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that Assumptions 5 and 6 are also satisfied by instance P. Hence, the lower bound O(k([A; A])L;Ae~2) with
A = Ap or Ap, remains valid for problems (P) and (SP) even with these additional assumptions, indicating
that the oracle complexity of the IPG method (resp. the established lower bound) under these assumptions
is optimal (resp. tight).

4.1 A New Inexact Proximal Gradient Method

The TPG method we propose generates a sequence {(x(k), y(k))} by

2
(xk+D) y(E+D) ~ arg min <Vfo(x(k)),x - x(k)> + % Hx —x®) H +4(y)

X,y
—Fo (4.1)

st. y=Ax+b, Ax+b=0,

for each k > 0, where 7 > L. Solving the minimization problem in (4.1) exactly can be difficult due to the
coexistence of affine constraints and the regularization term. To obtain the inexact solution (x(+1) y(k+1))
efficiently to a desired accuracy, we consider the following Lagrangian function of the problem in (4.1)

Li(x,y,2) = f(x) +4(y) — 2] (y — (Ax+Db)) +23 (Ax+b), (4.2)
where z = (z{ ,z9 )"
function®, i.e.,

, z1 € R" and zy € R" are dual variables. Let Dy be the negative Lagrangian dual

- _
Di(z) := —min Lk (x,y,2) = 2—HATZ1 + ATz + Vio(x®) —7x®) |2 + 5*(21) — 2/ b — 24 b,V z,
X,y T

where g* is the convex conjugate function of g, i.e., §*(z1) = maxy{y 'z — g(y)}. We then define

QFHD .= ArgminDy(z) and D := min Dy (z). (4.3)

Note that prox, . (z1) = z1 —Prox, ., (z1) = z1 —nprox, ;) (z1/n) [33]. Thus the proximal operator
prox, ;. (z) can be calculated easily if Prox, ., (z1) can be. Moreover, when Assumption 5 holds, the
objective function in (4.3) is strongly convex composite, so an accelerated proxzimal gradient (APG) method,
e.g., the one in [29], can approach 2*+1 in (4.3) at a linear rate. When Assumption 6 holds, it is shown
in [26, Theorem 10] that the objective function in (4.3) has a quadratic growth, so a restarted APG method
can approach an optimal solution at a linear rate. This motivates us to apply a (restarted) APG method to
find a nearly optimal solution of problem in (4.3), which is then used to obtain (x(+1) y(k+1)),

More specifically, we find a near-optimal point z**+1) = ((zgkﬂ))—r, (zékﬂ))—r)—r of min, Dy (z) such that
2" € dom(g*) and dist(z*tD, Q*HD) < g, (4.4)

where § is a small number (to be specified). Then, we obtain a primal solution from z*+%) by

1 /-
<D — (k) _ - (AngkJrl) + ATzékJrl) + vfo(x(k))) 7 (4.5)

6 For ease of discussion, we formulate the Lagrangian dual problem into a minimization one by negating the dual function.
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yFth) = prox,i; (o_lzgkﬂ) + AxFHD 4 B) . (4.6)

This procedure is presented in Algorithm 1.

Algorithm 1 An inexact proximal gradient (IPG) method for problem (SP)

1: Input: a feasible initial point (x(o),y(o))7 0c>0,e>0,and 7> Ly.

2: Choose 6 > 0 and let k < 0.

3: while an e-stationary point of problem (SP) is not obtained do

4: Calculate a near-optimal point z(¥71) of problem min, Dy (z) that satisfies the conditions in (4.4).
5: Set x(**+1) by (4.5) and y(*+1) by (4.6).

6: Let k + k+ 1.

7: end while

8: Output: (x(k),y(k)).

4.2 Number of Outer Iterations for Finding an e-stationary Point

To characterize the convergence property of Algorithm 1, we need the following two lemmas.
Lemma 4.1 Suppose that Assumption 4 holds. For any o > 0 and any z*+t1) € QU+ et (x(k+1) 5 (k+1))

be the optimal solution of the strongly convex problem

. B o — _ o
min { £106,y,207) + Zlly - (Ax+ B + 2| Ax + b|I*} (4.7)

where Ly, and Q¥ are defined in (4.2) and (4.3), respectively. Then it holds that for any k > 0,

gD _ (Ax* ) L by =0, Ax*D +b=0, (4.8)
1 /-
<D _ (k) _ - (Ang/H-l) L AT 4 Vfo(x(k))) , (4.9)
and _ _
y* D = prox, -1, (a—lz§k+” + Ax(HD 4 b) : (4.10)

Proof. Let (X*+1) §(*+1)) be an optimal solution of the problem in (4.1). Under Assumption 4, the strong
duality holds [3, Section 5.2.3]. Then the optimal objective value of the minimization problem in (4.1) is
max, L, (X*+D §(*k+1) '2) By the definition of zZ(**1) and the strong duality, it holds that

Ly (i(kﬁ-l),y(k—kl),z(lﬁ-l)) > rin;l Ly (ijji(ml)) = max gk(§(k+1)7§(k+1)7z) > L (i(k+1)7§(1€+1)7i(;€+1))'

Hence, the inequalities above must hold with equalities. Thus (x(**1 §(*+1)) € Argmin, , L;(x,y,z*+D).
By this fact and also that (X*+1), $(*+1)) solves the problem in (4.1), we obtain
‘Ck (ﬁ(k+1) ) §(k+1)7 Z(k+1)) = min Ek (Xa Y, Z(k+1)) < Lk (X(k+1) ) y(k+1) ) Z(k+1))
x,y
< ﬁk()—((kJrl),y(kJrl)’Z(kJrl)) + %”y(kJrl) _ (Ax(kJrl) +b)|2+ %HA)T:(’“H) + b2

= min {£(x,y,254Y) + Zly — (Ax+B)|[* + || Ax + b|*}
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~ —~ _ O\~ T~ = o ~
< ﬁk(x(kJrl),y(kJrl)’Z(kJrl)) + 5”y(kJrl) _ (AX(kJrl) + b)”Q + EHAX(k+1) + b||2

= ‘Ck (ﬁ(k+1) ) §(k+1)7 Z(k+1))7

where the second equality is by the definition of (X (k+1) y(]”‘l)). Hence all the inequalities above must
hold with equalities. Thus (4.8) follows and (x(k+1),y(k+1)) € Argmin, , Li(x,y,z*V), the optimality
condition of which gives (4.9) and (4.10). This completes the proof. O

Remark 4.1 The proof of Lemma 4.1 also implies that (x(**1), y(*+1)) is an optimal solution of the problem
n (4.1). The lemma below bounds the inexactness of (x (k“),y(k"’l)) generated in Algorithm 1.

Lemma 4.2 Suppose that Assumption 4 holds. Let {(x*t1 y -+, o be generated from Algorithm 1.
Denote the vector used to produce (x*+1) y*+1)) in (4.4)-(4.6) by zFtD) = ((z gkﬂ)) , (z ékﬂ)) )T, Let
(x40 5E+D) be defined as in Lemma 4.1 with 251D = projousn (z#1D). Then the following inequalities
hold for all k > 0:

=440 —x+0) < DA AL 6, [0~y < A& Al 5407 (1)
[y ® D — (Ax*HD b)H +[|Ax* D 4 b < By, (4.12)
2N <1y, 128V < By + Bao, (4.13)
[x*+1 — x®)) <B4+—H [A; Al|| Bsd, (4.14)

where By, Ba, B3, By are some constants defined by

Bi =LAl ||[A;A]|| + o7+ 2(JA] + || , By = [[(AAT)TTA|(ly + || Ally),
By = (1+[[(AAT) A |[[As A]|]), Ba:=2 (5 +||[A; A]l| (Iy + B2)).

Proof. By (4.4), we have ||z(*t1) — z(*+1D|| < §. Then we obtain from (4.5) and (4.9) that

1, -
Hx(kJrl) (k+1)H <z H A A H ” (k+1) (kJrl)H < ; H[A7A]
and from (4.4), (4.6) and (4.10) that
H}—,(kJrl) _y(kJrl)H < HAHH)—((kJrl) _x(k+1)” +071||z(k+1) —(k+1)|| <z HAH H A A H S+o~ s,

Hence, the two inequalities in (4.11) hold.
In addition, by (4.8), we have

ly*+Y — (AxHD 4 b)| + [ AxETY + b
_ Hy(kJrl) (Axt+D) by — g+ 4 (Aglk+D) 4 B)H I H(Ai(kﬂ) +b) — (AxEHD 4 b)H
< Hy(k-i-l) _ }—,(k-i-l)H i HAX(IH-I) _ Ai(k-i-l)H i HAx(k—i-l) _ A}—((k-i-l)H

< [y = gD | AN+ A x5 -t < aBy,
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where the last inequality is from (4.11) and the definition of By. Hence, the claim in (4.12) holds.

gkﬂ) € dom(g*) in (4.4). Since g is l,-Lipschitz continuous by Assumption 4, we must

Moreover, recall z _
have ||z§k+1)|| <1, [33]. Write zFt1) = ((ngﬂ))—r, (Zékﬂ))'r)'r. Then ngﬂ) € dom(g*). Thus for the same
reason, we have |\z§’“+1) | <l,4. By Assumption 4, AAT is non-singular, so the optimality condition of (4.3)
implies

Zék“) = (AAT)f1 (AATing) + AV fo(x®) — 7Ax®) — Tb) . (4.15)

For k > 1, we obtain from the second inequality in (4.8) and the first inequality in (4.11) that

I (AAT) " (Ax®) £ b)| =|| (AAT) " (Ax®) + b — Ax® —b)|

_ _ 1 _ _
<[(AAT) A |x® — x| < ;H(AAT) "A|[[[A; Al 6.
Since Ax(9) +b = 0, the inequality above also holds for k = 0. Hence,

Iz <l = 2 2 < 6+ [ (AAT) T (AATEY 4 AV o(x®) — rAxD — 7 )|
<6+ [|(AAT) AN + [AlL) + [ (AAT) A [|[As Al[| 6 < By + Bas,

Thus both inequalities in (4.13) hold.
Finally, it follows from the updating rule in (4.5) and the inequalities in (4.13) that

1 _
I = x ) =~ [[A; A] T2+ 4 9 o)
L ira k A k
<= (JIEAs | 28| + 145 Al |28 + |[95062)])
1 1.~ 1,
<=ly+ = ||[A; A]|| Iy + = |[[A; A]|| (B2 + Bsd).
T T T
Hence by the definition of By, (4.14) is obtained, and we complete the proof. O

With Lemmas 4.1 and 4.2, we can characterize the number of outer iterations that Algorithm 1 needs to
find an e-stationary point of problem (SP).

Theorem 4.1 Suppose that Assumptions 1 and 4 hold. Given € > 0, in Algorithm 1, let T =2L¢ and § = d,
2

with
€ € € €2

§ei=min{ ——, < _ , — (416

mm{Bla By’ 48L; By (By + o||A|[Bs + 1) \/48LfBlBg(1+;o||A||H[A;A]H)} (4.16)

where B1, Ba, By and By are given in Lemma 4.2. Let

K= [12L;Ape?]. (4.17)

.....

Then (x(kurl),y(k,*l)) is an e-stationary point of problem (SP).
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Proof. Since § < - from (4.16), we obtain from inequality (4.12) that, for any k > 0,
[y* ) — (Ax*HD) 4 b)|| + [ AxFTD) 4+ b|| < 6By <. (4.18)

In addition, by (4.6), it holds for any k& > 0 that
0 € Hg(y*+D) — zngrl) +o (y(k—i-l) — (Ax+D 4 B)) 7 (4.19)

which implies that there exists E(’Hl) € Bg(y(k“)) such that

_ _ o (412) (4.16)
€D — gD = o)y D — (AxFHD £ b)|| < 6Bio < e (4.20)
Moreover, it holds by (4.5) that for any k > 0,
0 = Vio(x®™) 4+ [A; ATz 4 7 (xF+D — x(R)), (4.21)

Hence, by the L¢-Lipschitz continuity of V fy and the fact that 7 = 2L, we have for any k > 0,
y f f y
Vo (xFD) 4 1A AT 2D || < [[W £ (x®)) + [A: Al T 23D || 4+ L | FHD — x(®)
fo( )+ [As Al < || Vio(x™) + [A; A fll |
=(7 + Lp)||x*+D — x®) || = 3L |x*+D) — x®)). (4.22)

Below we bound the average of the square of the right-hand side of (4.22) over K terms. First, by (4.12)
and the feasibility of (x(9),y(®)) ie, Ax(® +b =0 and y® = Ax(®) + b, we have for any k > 0,

Hy(k"'l) —y® — AxED X(k))H = Hy(k"'l) — (Ax*HD 4 p) —y® 4 (Ax) 4 B)H <20B;, (4.23)
HA(chH) - x<k>)H - H (Ax® +b) — (AxED 4 p) H <26B;.  (4.24)

Second, it follows from the L-Lipschitz continuity of V fy that

L+ 2
Fo(x® D) = fo(x®)) < <Vf0(x<k>),x<’f+1> _ X<k>> 4 7f Hx<k+1> _ x(® H
(4.21) <_T (X(k+1) _ x(k)) _ AngkJrl) _ ATzékJrl),x(kJrl) _ x(k)> i % HX(kH) _ X(k)H
:# Hx<k+1> _ ) H2 _ <AT€<k+1>,X<k+1> _ X<k>> _ <ng+1>7 A+ — x(k))>

_ <AT(z§k+1) _ gDy D) X(k)>

2

IN

N % Hx(k-i-l) _ X(k)H2 N <AT€(k+1),X(k+1) _ X(k)> + 208, |25V | 4 26Bro | AfIx D — x®)|

IN

2 _
- % Hx<k+1> ~x(® H — (AT XD (0 4 98B, (B, + Byo)

+ 26Bo|A| (34 e H[A;A]HBP,(S) | (4.25)
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where the second inequality holds from 7 = 2Ly, (4.20) and (4.24), and the last inequality follows from (4.13)
and (4.14). Third, by the convexity of g and the fact that gD ¢ dg(y*+1), we have

Gy*D) — gy®) < <€<k+1>,y<k+1>_y<k>>

< gD A (x (D) x(k))> I <€<k+1>,y<k+1> —y® A (xKHD) x(k))>
< (k+1) JA(x (k+1) _x(k))>+2531||£(k+1)”

<€(k+l),A(X(k+1) _ X(k))> +20B4l,, (4.26)

IN

IN

where the second inequality is from (4.23), and the last one holds by [|€*+V| < ly from the [4-Lipschitz
continuity of g. Adding (4.25) and (4.26) and combining terms give

fox® ) 4+ g(y* ) — fo(x®)) — g(y™®)

3Ly 2 _ 1 . - _
< — Tj Hx<k+1> —x® H +26By (B2 + o||A||By + 1) + 26°B1 B3 (1 + —o||Al ||[A; A]||) .
T

Multiplying 3L to the inequality above and summing it over kK = 0,1,..., K — 1, we obtain

K-1 .
(3Ly)” 3 [+ _X<k)"2 _ 6Ly (P, y®) — infyy F(x,y))
- K

(4.27)
_ 1 _
+12L;6B; (By + o||A||Bs+1y) + 12L;6°B1 B3 (1 + ;UHAH |[A; A]H) VK >1.
Let K = K, in (4.27). Since K. > 12L; (F(x©,y©) —inf, y F(x,y)) € 2 it holds that
L (F(x©, y©) _inf, , F
6 f ( (X Y ) m NS (X7 Y)) S 162 (428)
K. 2
Moreover, the choice of § = ¢, in (4.16) ensures
_ 1 1,
12L¢0B; (Bs + o||A||Bs + 1) < 162 and 12L;6°B; B3 <1 + a||A|| |[A; A] ||> < Z (4.29)
Applying the bounds in (4.28) and (4.29) to (4.27) with K = K gives
5 Kc—1
BLy)* 3 men _X<k>H? ce (4.30)

K.

Hence, it follows that 3L, ming—o .. x. -1 Hx(k‘H) — x(k)H < €. Then it results from the definition of k" and
(4.22) that

vao(x(k’Jrl)) [A:A] 2 k+1)H<3L H (K'+1) _ (k)

W xze

which together with (4.18) and (4.20) shows that (x(k,H),y(k,H)) is an e-stationary point of problem (SP)
by Definition 1. This completes the proof. 0
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Theorem 4.1 above only shows that Algorithm 1 can produce an e-stationary point of problem (SP). In
fact, with a ¢ that is slightly smaller than J. in Algorithm 1, we can also show that Algorithm 1 can produce
a near e-stationary point of (P) with an outer-iteration number similar to that in Theorem 4.1. This result
is presented in the following theorem.

Theorem 4.2 Suppose that Assumptions 1 and 4 hold. Given € > 0, in Algorithm 1, let T = 2Ly and

§ =10 = min{ 2y

m, W,éé}, where By is given in Lemma 4.2 and 0. is given in (4.16). Let

K= [192L;Ape 2],
For each k > 0, let (x®), y®)) and 2*) be generated from Algorithm 1, (x*+D 5*+DY be defined as in

Lemma 4.1 with Z*TY) = projousn (25V). Let k' = argmin  ||x**1) — x®)||. Then (x(FH1) [y (1) g
k=0,...,K.—1

an e-stationary point of problem (SP), xK'+1) s an e-stationary point of problem (P), and xK+1) s g near

e-stationary point of problem (P). More specifically, |x*+1) —x(*++1)|| < ﬁ € [o, %)

Proof. Notice 0 = V fo(x*))+[A; A]TzF+D) 4 7(x(++1) —x(R)) from (4.9). Hence through the same arguments
to obtain (4.22), we arrive at

HVfo(Sc(k“)) +A; A]Tz<k+1>H <3L; Hx<k+1> — x® H Yk > 0. (4.32)

By the triangle inequality, it holds ||x(k+1) — x(®)|| < ||g*+1) — xF+1 || 4 ||x*+1) — x®)||. Thus from (4.11),
we have ||xFF1) — x®) || < ||x*+D) — x(*)|| + L||[A; A]|| 6, which together with (4.32) and T = 2L gives

|V fo(xHHD) + [A; A]TZzEHD || < 3Ly [|x* 1) — x®)|| 4 2 {|[A; A]|| 6,V k > 0. (4.33)
By using the same method to obtain argument (4.27) and the definition of &, we have

6L+ (F(x© vy _ (K+1)Y o ~((K+1) 2
£ (F(x©,y) [f;éx )+ aly )])+%7VK21' (4.34)

9 K—1
PR [ —x <
k=0

Recall that (x(9), y(9) is a feasible point of problem (SP). We have
F(x©,y0) = [ fo(x 1) 4 gy E+1)]
= (fotx®) + g(Ax + b) = | fox ") + g(Ax "D 1 )| ) + [g(Ax "D 4 b) - gy )|
<Ap, + 1| AXEFD 4 p — y(EHD)|
<Ap, + Ap, =24F,, VK 2>1,

where the first inequality is because g is l4-Lipschitz continuous by Assumption 4 and the second inequality

is because |[yE+TD — (Ax(E+D L b)|| < 6.B; < Aljf’ according to (4.18) and the definition of 6. Now

substituting the above inequality into (4.34) with K = K. = [192L;Ag, e 2], we obtain

€ €
S 192LApe?2 2 16 2 16

K—-1
(3Lf)2ZHx(k+1)_x(k)H2< 12L;Ap, @ _ @ &9
K

k=0
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same arguments in the proof of Theorem 4.1 that (x*+1) y(*'+1)) is an e-stationary point of problem (SP).
Also, we obtain from (4.33) and the choice of § that

HVfo(x<k’+1>) +[A; A]Tz<k’+1>H <e (4.35)
On the other hand, we have from (4.8) and (4.10) that
gD = (Ax*F+D 1 b), AxW Dy b =0, 2 e ggy* ). (4.36)

Recall g(x) = §(Ax+b). By [8], it holds that dg(x* t1)) = o ({ATﬁ L€ € og(AxF D) l_))}) ; and thus
from (4.36), it follows ATigk/H) € 9g(x*¥'+1). Then by (4.35), we have

dist (O7vf0(5((k/+1)) +3g(>’c(k’+1)) +ATZ§]§/+1)) < vao(i(k/ﬂ)) +ATZ§1€/+1) +ATZ§;C/+1)H <e

which, together with Ax*'+1) 4 b = 0 from (4.36), indicates that x(*'*1) is an e-stationary point of (P).
By (4.11), [|x*+D — x4+ < L |l1As Al 6 < 1377 Where the second inequality is from the definition

of 6, which ensures . < STAAT O

4.3 Number of Inner Iterations for Finding z(*t1) Satisfying (4.4)

To obtain the total number of inner iterations of Algorithm 1 to find an e-stationary point of (SP), we still
need to evaluate the number of iterations for computing z(**1) that satisfies the criterion in (4.4) for each
k > 0. The problem in (4.3) has the convex composite structure. Additionally, the gradient of the smooth
function Dy (z) — §*(z1) in the objective function Dy, in (4.3) is Lp-Lipschitz continuous with

Lp := Amax([A; A][A; A]T)/T.

Hence, we apply the APG method in [1] with a standard restarting technique to (4.3) to find z(**. The
restarted APG algorithm instantiated on (4.3) is presented in Algorithm 2. The algorithm has double loops
and, in addition to the main iterate zUF) it also generates an auxiliary iterate ZU-%). In the algorithm, we use
GJ and GJ to represent the gradients of Dy (z) — g*(z1) with respect to z; and zs, respectively, at z = ().
The algorithm is restarted after every ji, APG steps. We call each APG step, i.e., Line 5-9 in Algorithm 2,
as one inner iteration of Algorithm 1.



30 Wei Liu et al.

Algorithm 2 Restarted accelerated proximal gradient method for (4.3)

1: Input: an initial point z™ = ((y()T, (AxO)T)T where (x(?),y(®) is the same as in Algorithm 1.
2: z(0F)  gini Z(0k) o 2(0.k) g 1.

3: fort=0,...,ix —1do

4: for =0,...,jx — 1 do

5 G « LA (AT2" + ATEN 4+ Vfo(xM) — rx(V)) b
6: G — LA (AT + ATEPN 1+ 9 fo(x) — 7<) — b,

(G+1,k) =(4,k) 1 5 (G+1.k) , =(5,k) GJ
7 le — pI'OXL;Dlg* (zlJ — gg{)7 z2J — z2J — ﬁgé

1+,/1+4a?
8: Qi1 fj
9: ZUHLE)  ZG+1k) 4 (F) (2U+1R) — 5(R)).
j+1

10: end for
11: 2(0F)  zUk:k) GOk  7(0.K) oh 1.
12: end for

13: Output: z(k+1) = z(0:k)

The number of APG steps performed in Algorithm 2 to find a point satisfying (4.4) is known when
Assumption 4 and either one of Assumptions 5 and 6 hold. We first present the result when Assumptions 4
and 5 hold.

Theorem 4.3 Suppose Assumptions 1, 4 and 5 hold. Given any § > 0, if ju = [2v2k([A;A])] and
o= 1 2(Dy (2™)—Dy)
ik 08y (=)

)\min([A; A] [A7 A]T)/T
Proof. With Assumption 5, the problem in (4.3) is pp-strongly convex. Consider the end of the first inner

loop (i.e., @ = 0) of Algorithm 2. According to [1, Theorem 4.4.], after j, APG steps, the APG method
generates an output zU**) satisfying

—‘ in Algorithm 2, the output z*tV) satisfies the criteria in (4.4). Here, up =

t ot 2 (ini k+1 ini * 2(TA . ini *

Py (a0) < LD OD)  ALo[D() ~ D) _ 4 (As DD D)
Jk HDIE Jie

where the second inequality is by the up-strong convexity of Dy. Since j. = [2v/2k([A; A])], we have

Dk(z(j’“k)) -D; < % (Dk(zi“i) — D,’;), meaning that we can reduce the objective gap by a half with each

inner loop of Algorithm 2. Since the next inner loop is started at z7#**) according to Line 11 of Algorithm 2,

M)] times and show that the final output z(*+1) satisfies

we repeat this argument iy = [logz( D07

Dy (z+D) —D; < “DT‘? and thus

2(Di(25+V) — D)
HD

<

)

diSt(Z(k+1), Q(k+l)) < \/
which means z(**1) satisfies (4.4). O
Below we derive the number of APG steps performed in Algorithm 2 to find a point satisfying (4.4)

under Assumptions 4 and 6. In this case, §*(21) = tcz,<d(z1) because the conjugate of tcz,<a(z1) is
max{u'z; : Cu < d} = g(z;) and the conjugate of the conjugate of a closed convex function is just the
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function itself. In this case, the minimization problem in (4.3) may not be strongly convex, but it is a
quadratic program for which a restarted APG method can still have a linear convergence rate as shown

in [26]. Recall that 2(*+1) is the solution set in (4.3). Since || - || is strongly convex, by the same proof of
Eqn. (40) in [26], there exists v(*) € R? such that
[A; A]TZ0FD L U f(x0)) — 7x(B) = p(B) |y z(k+D) ¢ kD), (4.37)

As a result, we have
— 1
_(ngJrl))Tb . (ngJrl))Tb =D — Z”VUC)H{ vzt ¢ (k+1) (4.38)

Therefore, 2+1) can be characterized as the solution set of the linear system as follows

(A ATz = v® -V fy(x®) + 7,
Q0 =Sz =(al2])" | —z[b-alb=Di - £v®2 . (4.39)
CZ1 S d

The Hoffman constant is a constant (A, A, b, b, C) such that

- [A; A]T 2+ Vfo(x®) — mx(®) — p®
dist(z, 2¢*+Y) < 9(A,A,b,b,C) —z{b —2z] b —Dj + = |v®)]? Vz. (4.40)

(CZl — d)Jr

Note that §(A, A,b,b, C) does not depend on the right-hand sides of the linear system in (4.39). As shown
n [26], the linear convergence rate of the APG depends on §(A, A, b, b, C). In a special case where b = 0
and b = 0, we drop the equality —z{ b —zJ b = Dj — 2= |[v®||? from (4.39) and denote the corresponding
Hoffman constant by 6(A, A, C) which satisfies

Vz. (4.41)

X A; AT B)y — 7x(F) — (k)
diSt(Z, Q(k—i—l)) < H(A,A, C) H |:[A7A] zZ + VfO(X ) TX v :| }

(CZl — d)

Jr
With these notations, the number of APG steps to obtain zF*! satisfying (4.4) is characterized as follows.
Theorem 4.4 Suppose Assumptions 1, 4 and 6 hold. Given any § > 0, if ji = [2 2Lp/pk] and iy =

[logz(%)—‘ in Algorithm 2, the output z*tY) satisfies the criteria in (4.4). Here,

_ _ L « -1 .
e = { [0°(A, A, b,b, C)(7 + Dy(2") — Dj + 27([v™[*)] " ifb#0 orb#0, (4.42)

[02(A,A,C)r] " ifb=0 andb =0,
with v®) defined in (4.37) for k > 0.
Proof. According to [26, Theorem 10], D (z) has a quadratic growth on the level set
2y, == {2|Cz < d, Di(z) < Di(z™)}.
More specifically, it holds that

p—;dist2(z, QFY < Dy(z) —DE, Vze 2, (4.43)
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where py, is defined in (4.42).
Consider the end of the first inner loop (i.e., ¢ = 0) of Algorithm 2. According to [1, Theorem 4.4], after
jr APG steps, the APG method generates an output z\**) satisfying

- 2Lpdist? (2™, QD) (4.43) 4Lp[Dy(2™) — Dj]

Dk Z(jk;k) — D* : :
( )= Di j? Prj2

Since ji = [2 2Lp/pk—‘, we have Dk(z(j’wk)) —-D; < % (Dk(zi“i) — D};), meaning that we can reduce the

objective gap by a half with each inner loop of Algorithm 2. Since the next inner loop is started at z(x*)

2(Dy,(z™) - Dj)

according to Line 11 of Algorithm 2, we repeat this argument i, = [logQ( )—‘ times and show

p102
that the final output z(*+1) satisfies Dy, (z(*+1)) — D} < % and thus
=< o <
which means z(**1) satisfies (4.4). The proof is then completed. 0

4.4 Total Number of Inner Iterations for Finding an e-stationary Point

Combining Theorems 4.1, 4.3 and 4.4, we derive the total number of inner iterations for computing an
e-stationary point of (SP) as follows.

Corollary 4.1 Suppose Assumptions 1 and 4 hold and Algorithm 1 uses Algorithm 2 at Step 4. Let T = 2Ly
and 0 = §¢ in Algorithm 1 with §¢ defined in (4.16). Then the following statements hold.

(a) If Assumption 5 holds, Algorithm 1 finds an e-stationary point of problem (SP) with total number

0 (w(1As Al 1o (32) 227 ) (1.44)

€2

of inner iterations (i.e, APG steps), where Ap = F(x9,y(©) —inf, y F(x,y).
(b) If Assumption 6 holds and, in addition, b = 0,b = 0, the same conclusion in statement (a) holds except
that the total number of inner iterations becomes

= - - LiAp
O (N[5 AJ &7 ATT)0% (8, A, C) g (42) £157 ). (1.45)
where O(A, A, C) is the Hoffman constant given in (4.41).

(c) If Assumption 6 holds and, in addition, the sequence {x¥)} > is bounded, the same conclusion in state-
ment (a) holds except that the total number of inner iterations becomes

€2

OW Ao ([A; A][A; A]T)62(A, A, b, b, C)(1+ By /7 + 2B5) log (Z2) L"AF)’ (4.46)
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where H(A,A,B,b, C) is the Hoffman constant given in (4.40), By and Bg are constants’ independent
of € such that

[v®™|2 < Bs, Dy(z™)—Dj < Bs, Vk=>0, (4.47)
with v®) defined in (4.37).

Proof. According to Theorem 4.1, Algorithm 1 needs K. outer iterations to find an e-stationary point of
problem (SP), where K. is given in (4.17). Moreover, in each outer iteration of Algorithm 1, Algorithm 2
needs iyj, APG steps to find a point z(*+1) satisfying (4.4) with 4 and j specified in Theorems 4.3 and 4.4
for different assumptions. Hence, the total number of inner iterations by Algorithm 1 is EkK;al ]k

Below we prove statement (c) first. In this case, i, and ji are given in Theorem 4.4 and they depend on py,
in (4.42) which further depends on ||[v® || and Dy (z™) — Dj. Using (4.47) and the fact that log + = O(log 1).
We can bound i; and jj from above and obtain (4.46).

To prove statements (a) and (b), we only need to derive an upper bound for D (z™) — D; that appears
in the formula of i in Theorems 4.3 and 4.4. First, we observe that, for any k < K., it holds that

k—1 Ke—1
M <[+ D [ = x| < x4 Y = xEFY)
s=0 s=0
& e 1A

<< + VK- Z ) — x40 )2 < O + VK

< x| +—=,  (4.48)
€

where the third inequality is by the Cauchy—Schwarz inequality, the fourth one is by (4.30), and the last one
follows from (4.17). Recall that Higkﬂ)ﬂ <, and thus from (4.15) and (4.48), we have

47'AF> ‘

1250 <1, + (zf+7|x<0 |+ ] (AAT)™ AH+TH (AAT)” bH (4.49)

where we have used the [¢-Lipschitz continuity of f; from Assumption 4.
Moreover, for any z, we have

IV(Dr. — g%)(2)|| =

% ([A; AJ([A; A] Tz + Vfo(x®)) — Tx<k>)) — [b; b]H

4TAF) + H[B,b]” = ﬁ(z) (4.50)

| A

—II[A Al ||zl + —H[A All (lf+T||X O+
Hence, it follows from the convexity of Dy that for any & € 9g*(z™),
ini = ini ini 5 (., ini ini k

Di(a™) — D} < (V(Dr - g")(2™) + &2 = 20+0) < (B(a™) + l]) (1127 + 1 + 28471

Keeping only the key quantities € and Ap, we then have Dy (z™) — D; = O (%) Applying this bound of
Dy (z™) — Dj to the ix’s in Theorems 4.3 and 4.4, we obtain (4.44) and (4.45). O

In the following corollary, we also derive from Theorems 4.2, 4.3 and 4.4 the required total number of
inner iterations for obtaining a near e-stationary point of (P). We skip its proof because it is essentially the
same as that of Corollary 4.1.

7 Such Bs and Bg exist because of the boundedness of {x(*)};>.
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Corollary 4.2 Suppose Assumptions 1 and 4 hold and Algorithm 1 uses Algorithm 2 at Step 4. Let T = 2Ly
and § = 6. in Algorithm 1 with 0. defined in Theorem 4.2. Then the following statements hold.

(a) If Assumption 5 holds, Algorithm 1 finds a point that is ﬁ—close to an e-stationary point of problem (P)
with total number

0 <A([A;A])log (“—F) ﬁ) (4.51)

€

of inner iterations (i.e, APG steps), where Ap, = Fy (x(0) — inf, Fy(x).
(b) If Assumption 6 holds and, in addition, b = 0,b = 0, the same conclusion in statement (a) holds except
that the total number of inner iterations becomes

m - - L¢A
O (N 1A5 AJIA; AT )07 (8, A, C) log (220) Z/55). (4.52)
€
where (A, A, C) is the Hoffman constant given in (4.41).

(c) If Assumption 6 holds and, in addition, the sequence {x®)}r>q is bounded, the same conclusion in state-
ment (a) holds except that the total number of inner iterations becomes

€2

O(V Amax ([A; A][A; A]T)62(A, A, b, b, C)(1 + Bs/T + 2Bs) log (£2) LfAF”), (4.53)

where (A, A, b, b, C) is the Hoffman constant given in (4.40), Bs and Bg are given in Corollary 4.1.

4.5 Oracle Complexity Matching the Lower Bounds

Suppose Algorithm 1 uses Algorithm 2 at Step 4 to find a point z**+1) satisfying (4.4). We can show that
Algorithm 1 satisfies Assumption 3, i.e., the iterate points of Algorithm 1 can be generated by only querying
the oracles and performing the operations given in Assumption 3. Then, we show that the oracle complexity
of Algorithm 1 matches the lower complexity bound presented in Section 3. To do so, we first present the

following observations.

Lemma 4.3 Let zU%) be the solution generated in the j-th inner iteration of the k-th outer iteration of
Algorithm 2. Let xU*) = ATzéj’k). It holds that, for all j > 1 and k > 0,

xU" ¢ ATA - span ({ ®) ¥ fo(x®),x© ATh }UUJ ! {x(ixk),Angi’k)}) (4.54a)

2% € span ( {¢UR) gk }) 7 (4.54b)
where ¢UF) e {proxng(é(j’k)) | n> O} and

£0 € span ({Ax®, AV fo(x®), b} [ JUiZ) {2 AL T2 Ax(D ). (4.55)
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Proof. Consider any j > 0 and k > 0. By Steps 2 and 9 in Algorithm 2, we have z2(0%) = z(0-F) and zU+1.k) =
ZUFLR) 4 (a]—_l) (zU+1R) — 2GR for j > 0. This further implies ATiéo"k) = x(0F) and ATiéjJrl’k) =

Q1

xUHLR) 4 (a_—l) (xUFLR) — x(G:R)) for j > 0.

QAjt+1

Hence, by Steps 5 and 7 in Algorithm 2,

Egjfl’k) — %éf_l € span ({Ax( ) AVfO }UU { (6,) AAT (l k) Ax(l k)})

and
zgj’k) = prox, 1. (Zgg Lk) 51@{—1) _ zgj Lk) 515{—1 _ LglpI‘OXLDg (Lpagj—l,k) _ 6{'71)
which means (4.54b) holds. Recall that b = —Ax(?). By Steps 6 and 7 in Algorithm 2,

ATGI™' e ATA -span ({X(k)aVfo(X(k)),X(O),ATB} UU{;& {X(i,k),Angi,k)})

and
(M) —AT, (J,k) ATEgj_l’k) _ Ll—leT@'fl
€ATA -span ({x(k), Vfo(x(k)), x(©) ATB} U Uf;é {x(i’k), ATZY’M })
which means (4.54a) holds. O

With these observations, we can formally show that Algorithm 1 follows Assumption 3.

Proposition 4.1 The updating schemes in Algorithm 1 using Algorithm 2 at Step 4 satisfy Assumption 5.

Proof. We first claim that Algorithms 1 and 2 can be both implemented by computing and updating Z(J k)

and xF) = ATz (] ) without explicitly computing z(J *) For Algorithm 2, this claim can be verified by its

updating steps. For Algorithms 1, updating steps (4. 5) and (4.6) can be also implemented directly based on
27" and xU+F) without knowing 25"t because ATz = ATZJR k) = x(nk),

Comparing (4.54) and (4.55) with the updating schemes allowed by Assumption 3, we can prove that
Algorithm 1 satisfies Assumption 3 by proving that x(%-%) = ATzéo’k) and x(®) for any k are generated only
by the updating schemes allowed by Assumption 3. We will prove this statement by induction on k.

Suppose k = 0. Consider x(*F) = AngO’k) in the first inner loop (i.e., © = 0) of Algorithm 2. Since

x(0:F) = ATzéo’k) = ATAx® %k is generated by the schemes allowed by Assumption 3. According
to (4.54) and (4.55) and the fact that k& = 0, we conclude that all iterates during the first inner loop of
Algorithm 2 are generated only by the updating schemes allowed by Assumption 3. Consider the second
inner loop (i.e., ¢« = 1) of Algorithm 2. Recall that the initial solution of this inner loop is created as
x(0F) = ATz O k) =ATz (“ - = xUrk)  where xUr*) is the outputs of the first inner loop of Algorithm 2
We then also conclude that all iterates during the second inner loop of Algorithm 2 are generated only by the
schemes allowed by Assumption 3. Specifically, all iterates during the second inner loop of Algorithm 2 can
be generated by accessing two oracles given in Assumption 3. Repeating this argument for all inner loops of
Algorithm 2, we prove the statement for k = 0.
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Suppose the statement is true for £ > 0. Then zgkﬂ) and ATzékH) are generated by the updating schemes

allowed by Assumption 3, so are x*t1) and y*+1) according to (4.5) and (4.6). By the same argument as
when k& = 0, we can prove that the statement is true for k + 1. The proof is completed by induction. 0

By Proposition 4.1 and its proof, we have that the oracle complexity of Algorithm 1 equals O(1) times of
the total number of inner iterations (i.e., APG steps) of Algorithm 1. We then finish the main body of this
paper with several remarks to point out that the lower bound of oracle complexity matches, up to a difference
of logarithmic factors, the oracle complexity in Corollaries 4.1 and 4.2 under two cases: (i) Assumptions 4

and 5 hold; (ii) Assumptions 4 and 6 hold and in addition, b =0 and b = 0.

Remark 4.2 A few remarks follow on the oracle complexity of FOMs for solving problem (SP).

(i) By Proposition 4.1, the oracle complexity of Algorithm 1 using Algorithm 2 at Step 4 is subject to the
lower bound established in Theorem 3.1 for finding an e-stationary point of (SP). We then assert that this
lower bound and the oracle complexity® in (4.44) are both not improvable (up to a logarithmic factor)
under Assumptions 4 and 5 by comparing their dependency on €, L and Ap and k([A; A)).

(ii) Suppose Algorithm 1 is applied to the reformulation (SP) of instance P given in Definition 2. By
Lemma 2.2, instance P satisfies Assumptions 4 and 6. In particular, for instance P, it holds that

— - B o T —x . . o - .
gly) = oy Iyl = mameHooSm;zf z,y and §*(z1) = LIIZlHooﬁmif' Moreover, since b =0 and b = 0 in

instance P, Algorithm 1 finds an e-stationary point of (SP) with oracle complexity given in (4.45). In
this case, 0(A, A, C) becomes the Hoffman constant of the linear system

{z= @)

[A;A]Tz = v®) — V(xR 4 7x*) }

-L£ < [z1]; < Vi

8
mLy mLyg’

for some v®) . According to Proposition 6 and the discussion on page 12 of [32], we can define a reference
polyhedron
R= {ZZ [z1;22] : __Bs <z]; < B Vi}
’ mLf - b= ’ITLLf7

and characterize (A, A, C) as

1
AT = %eigxgi‘r}{ﬂuﬂ [IHTv| =1, ve Kk, HH v -ue K"},

where H is defined in (2.2), £* is the dual cone of K, and
S ={K : K is a tangent cone of R at some point of R, and H'K is a linear space}.
Next we show S = {R?}. By the definition of R, any tangent cone of R must look like
K = {z = [21; 2] ’ [z1]; > 0,Vi € Jh,[z1]; <0,V € T}

for some disjoint index sets J; and Jo. Suppose K € S. Then, for any v € K, we must have —H v € H'K,
namely, there exists v/ € K such that —H"v = H'v’. Since H' has a full-column rank, v+ v’ = 0. This
means for any v € K, we must have —v € K. Since J; N J2 = ), this happens only if J; = J> = (. Thus
K =R? and K£* = {0}.

8 The dependency of oracle complexity in (4.44) on Iy and l4 is only logarithmic and has been suppressed in O(-).
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With this fact, we have

_ 1 1
9(A.A,C) = _ .
A O = HHV @)
v:i||HTv||=1

Hence by Corollary 4.1(b), the oracle complexity of Algorithm 1 becomes

o) coloma)

Again, we conclude that the lower bound given in Theorem 3.1 and the oracle complexity above are
neither improvable (up to a logarithmic factor) under Assumptions 4 and 6 when b = 0 and b = 0.

Remark 4.3 A few remarks follow on the oracle complexity of FOMs for solving problem (P).

(i) By Proposition 4.1 again, the oracle complexity of Algorithm 1 using Algorithm 2 at Step 4 is subject to
the lower bound established in Corollary 3.1 for finding a point x(*) that is w-close to an e-stationary point
of problem (P) for some w € [0, %f“) We then assert that this lower bound and the oracle complexity
in (4.51) (with w = ﬁ)
and 5 by comparing their dependency on €, Ly and Ap, and x([A; A]).

(ii) Suppose Algorithm 1 is applied to instance P given in Definition 2. We obtain from Remark 4.2(ii) that if
b =0 and b = 0, then Algorithm 1 finds a near e-stationary point of (P) with oracle complexity (4.52),

which equals O (/q( [A; A]) log(%)#) under Assumptions 4 and 6. Hence, the lower bound given in

are both not improvable, up to a logarithmic factor, under Assumptions 4

Corollary 3.1 and the oracle complexity above are neither improvable (up to a logarithmic factor) under
Assumptions 4 and 6 when b =0 and b = 0.

5 Conclusion and Open Questions

We present a lower bound for the oracle complexity of first-order methods for finding a (near) e-stationary
point of a non-convex composite non-smooth optimization problem with affine equality constraints. We also
show that the same-order lower bound holds for first-order methods applied to a reformulation of the original
problem. In addition, we design an inexact proximal gradient method for the reformulation. To find an e-
stationary point (that is also a near e-stationary point of the original problem), our designed method has
an oracle complexity that matches the established lower bounds under two scenarios, up to a difference of a
logarithmic factor. This shows that both the lower bound and the oracle complexity of the inexact proximal
gradient method are nearly not improvable.

Though we make the first attempt on establishing lower complexity bounds of first-order methods for
solving affine-constrained non-convex composite non-smooth problems, there are still a few open questions
that are worth further exploration. First, under Assumption 2, can the lower bound O(k([A; A])L;Ap,e2)
for problem (P) be achieved? The second question is whether the lower bound O(k([A;A])L;Ape=?) for
problem (SP) can be achieved by an algorithm satisfying Assumption 3 without Assumptions 4, 5 or 6.
Third, what will the lower bound look like if there are convex nonlinear inequality constraints?
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A Proofs of Theorem 3.1 and Corollary 3.1

In this section, we give a complete proof of Theorem 3.1 and Corollary 3.1. We first show a lemma and a proposition. According
to the structure of A and A given in (2.4), supp((A T Ax);) and supp((A T Ax);) are determined by supp(x;—1), supp(x;) and

supp(x;+1). Also, supp(proxng(y)), ATy and Ax have a similar property. They are stated in the following lemma.

Lemma A.1 Let x be the structured vector given in (2.1), A in (2.4), and g be given in (2.5). Define xg = Xm+1 =0 € R4,
The following statements hold:

(a) Letx=(X],...,%})" € span{AT Ax, AT Ax} with X; € R4, Then

supp(X;) C supp(x;—1) U supp(x;) Usupp(x;+1), Vi € [1,m]. (A1)
(b) Lety = (le, e ,y3Tm271)T with y; € R and %X = ATy. Then
0 ifi—1,i¢ M,

supp(X;) C ¢ supp(y;) ifi—1=jmi €M, Vi€ [l,m]. (A.2)
supp(y;) if i =jmi € M,
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(c) Lety=Ax and y = (3] ,... ,§3Tm271)T with y; € RY. Then
supp(¥;) C supp(Xjm, ) Usupp(Xjm,+1), Vj € [1,3mz — 1]. (A.3)
(d) It holds that
supp(y) = supp(AA 'y), Vy € R". (A.4)
(e) For any given n > 0, let y = prox,;(y) = (?I, . ,?;m271)T with y; € RY. Then
supp(y;) C supp(y;), Vj € [1,3mg — 1]. (A.5)

Proof. (a) Recall that H are split into A and A in rows. The relation in (A.1) immediately follows from (2.35) the observation

I; -1;
—1; 21 1
HTH:m2L? m—1blocks and ATA=H H-ATA, (A.6)
—1; 21 -1
-1 I
m — 1 blocks

(b) The relation in (A.2) immediately follows from the definitions of A and M in (2.3).

(c) The relation in (A.3) immediately follows from the definition of A and M in (2.3). ~

(d) The relation in (A.4) immediately follows from the fact that AAT = 2m? L?Iﬁ by the definition of A and M in (2.3).
(

e) Given any y € R and any ¢ > 0, consider the following optimization problem in R:

~ 1 .
g =argmin (= = y)° + clz| = sign(y) - (1y] = )+ (A7)
zE

Recall the definition of g in (2.5), we obtain that

~ . B / 1 / 2
y = prox,;(y) = arg min 7 Iyl + S lly" = yI%
Applying (A.7) to each coordinate of y above, we have (A.5) for j = 1,...,3ma — 1. The proof is then completed. ]

Now we are ready to show the following result on how fast supp(X(*)) and supp(§(?)) can expand with ¢.

Proposition A.1 Suppose an algorithm is applied to the reformulation (SP) of instance P started from an initial solution
x(0) = 0 and y(© = 0, and generates a sequence {(x),y())},>¢ that satisfies Assumption 3. By notations in (2.32) and

y® = (ygt)T, .. ,yéizgil)—r with y;t) eRe. It holds, for any j € {2,3,...,d}, that

supp(x{”) € {1,....j — 1} and supp(y|”) c {1,....7 - 1} (A.8)
fori=1,....m, j=1,...,3ma—1 and t <1+ m(j — 2)/3.

Proof. We prove this claim by induction on j. Let £(®) = (Egt)T, e 6;2;71)T with 6;-” € R? and ¢ = (Cgt)T, R {giz;il)T

with C§t) € RY defined as in Assumption 3 for ¢ > 1. Since the algorithm is initialized with x(9 = 0 and y(O) = 0, we have
supp(Vfi(xz(-O))) C {1} for any 4 according to Lemma 2.7. Notice b = 0 and b = 0. By Assumption 3 and (A.5), we have
supp(xgl)) C {1} for any i. Meanwhile, we have {El) = 0 and C;l) = 0 for any j. This implies y;l) = 0. Thus the claim in

(A.8) holds for j = 2. Suppose that we have proved the claim in (A.8) for all j > 2. We next prove it for j + 1. According to
the hypothesis of the induction, we have

supp(x{”) € {1,...,7 — 1} and Supp(yﬁ-t)) c{1,....5 -1}

z - (A.9)
Vie[l,m], Vj€[1,3ma — 1] and r <t:=1+m(j —2)/3.
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Below we let X(*) be any vector in span {ATAX(S),ATAX(S)}, %) = ATy() and 3(5) = Ax(®) for any s > 0, and we
consider two cases: j is even and j is odd.

Case 1: Suppose j is even. We claim that, fors:O,l,...,%,
(r) {1,....5),  ifie (L3 +s], _
supp(x; ') C {{1’“.’5_ 1, ific [% Ysaim], Vr € [t + s] and (A.10)
{17“'73}7 lf.]e 17m2+LiJ ) _
supp(y}”) € o M ] vr e [+ s, (A.11)
{0 G =1} 5 € [mat 5]+ 1,3ma — 1],

Notice (A.9) implies (A.10) and (A.11) for s = 0. Suppose (A.10) and (A.11) hold for an integer s satisfying 0 < s < 2.
According to Lemma 2.7 and % +s5< 2Tm’

(%) {1,....5},  ifie 1,7 +4], ;
supp(V fi(x; ))C{{L...,j—l}, itie[mGst1,m), "ELFs)

In addition, by Lemma A.1(a), we have from (A.2) that

supp(X; '), supp(X;

(r) (r) {t....5h ifie[l,2+s+1], )
)C{{lv---vj—l}, ifi e [%4_54_277”]7 Vr € [t + s].

Hence, by Assumption 3, we have

(F+s+1) {1,...,7} ifie[l,2
supp(x; )C{{L...,j—l}, ifie MY s+2,m].

This means the claim in (A.10) holds for s + 1 as well.
In addition, by the relation in (A.3), we have

—~ {17“'73}7 lf.]e 17m2+LiJ ) _
supp(¥\”) C - L M ] Vr € [f+s].
{1}, 5 € [mat 5]+ 1,3ma — 1],

Together with (A.11) and (A.4), the inclusion above implies that

t+s {17"'73}7 ifje -17m2+LmiJ )

supp(&; ) ¢ : . S )
{1,...,5—1}, ifj€ m2+|_m—lj+1,3m2—1].

It then follows from (A.5) that

(t+s+1) {17"'75}7 ifje |l,me+ LmilJ] ’
supp(¢FH V) ¢ e :
{1 j =1}, if 5 € [mo+ 155 ] +1,3m2—1].
By Assumption 3, we have
Supp(y({+s+1)) c {{17~~~7j}7 ifje |l,me+ LmilJ] ’
3 3 e o T s
{1,...,5—1}, 1fj€_m2+Lm—1J+1,3m2—1].

This means the claim in (A.11) holds for s + 1 as well. By induction, (A.10) and (A.11) hold for s = 0,1,..., . Let s =
in thorri. We have supp(xgr)) c{l,...,5} and supp(yg-r)) C{1,....jtforany i, jand r <T4+ 2 =14+m(j —2)/3+ 2
1+m(G—1)/3.

Case 2: Suppose j is odd. We claim that, for s = 0,1, ..., %,

I3

7._ . . 2_m_
supp(xgr))c{{l"“’J 1}, ifie [1, z s,

(L...5h  itie[2m™sq1,m], "€l and (A12)
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L7 -1}, it € [12me - [351], .
su (r) r s|. .
pp(y() {{1,...,j}, 1 foms— 2141, 3m2_1] Vr € [T+ s (A.13)

Again (A.9) implies (A.12) and (A.13) for s = 0. Suppose (A.12) and (A.13) hold for an integer s satisfying 0 < s < .
According to Lemma 2.7 and 2% — s > =,

) {1,...,5—1}, ifie 1,2 —s], _
supp(V fi(x; ') C {{1,,..,3}, ifie [T —s+1,m], Vre i+l
In addition, by Lemma A.1(a) and (A.2), we have
~ 1,...,5—1}, ifie [1,2 —s—1], _
supp(x\"), supp(E.”) C {%1 Y b c Li sym] I e,
Hence, by Assumption 3, we have
(t+s+1) {1 .. 1} if7 e [1 m g 1]
supp(x; ) {{1 ..,]} 1fz€[——sm].

This means claim (A.12) holds for s + 1 as well.
In addition, by (A.3), we have

= e s+1
,\(t+s+1))c {{17~~~7]_1}7 ifj e |1,2ma — [m_1.|j|7

supp(y -
J 1,....5), ifje 2m2—[jrj11]+1,3m2—1].

Together with (A.13), the inclusion above implies that

= e [ s+1
Supp(g(.{+s+1)) c {17 sy ] T 1}7 lf_] € _172m2 - |—m_1]j| )
J 1,....5), itje 2m2—[%]+1,3m2—1].

It then follows from (A.5) that

= P [ +1
supP(C(»{+S+1)) C {eeg =1}, iy € .17 2mz — [Sml 1]
j 1,....7}, ifje 2m2—[%]+1,3m2—1].

By Assumption 3, we have

t+s+1
supp(y )

{L,....G—1}, ifj e [1,2ma - ffiﬂ]
1,....5), ifje s 4, 3m2—1]

my

which means (A.13) holds for s+ 1 as well. By induction, (A.12) and (A.13) holds for s =0,1,..., 2. Let s = % in (A.13). We
have supp(xz(-r)) c{l,...,7} and supp(y(r)) c{1,...,j} forany i, j and r <t + =1 +m(j—2)/3+ 2 T = 1 +m(j —1)/3.
(

_ Therefore, we have proved that (A. 9) holds for j+ 1, when j is either even or odd. By induction, (A.9) holds for any integer
€ [2,d], and we complete the proof. ]

Now, we are ready to prove Theorem 3.1.
Proof.[of Theorem 3.1] As we discussed below (2.32), we assume x(?) = 0 and y(®) = 0 without loss of generality. Thus by
notation in (2.32), Proposition A.1 indicates that supp(xz(-t)) c{l,...,d—1} and supp(y(t)) c{l,....,d—1}fori=1,...,m
and j = 1,2,...,3ma — 1 for all t < 1+ m(d — 2)/3, which means [x()]; = 0if t < 14 m(d — 2)/3 Honcc by Lemmas 2.5
and 2.6, we have
max {HHx(t)H , min HVfo(x(t)) + HT’yH} >e, YVt <14+ m(d—2)/3.
Y

va (t)
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Hence, x(V) is not an e-stationary point of problem (AP) if ¢ < m(d — 1)/3. Thus, (x(¥),y(®)) cannot be an e/2-stationary
point of the reformulation (SP) of instance P according to Corollary 3.1. Moreover, by Lemma 2.2(a) and the facts that
infy g(y) = g(y®) = 0, infx,y[fo (x) + g (y)] > infx fo (x), it holds that

7 Lr (o) —infx fo (x)) 5 Ly (fo(x(?) +3(y'?) —infxy [fo () +3(M]) > _ LsAr
= 300072 = 300072 "~ 300072

In other words, in order for (x(*) y(*)) to be an €/2-stationary point of (SP), the algorithm needs at least t = 2 4+ m(d — 2)/3
oracles. Notice

mLfAF _2 H([A;A])LfAF572

2 d—2)/3>md/6 > , A.14

mld=2)/8 2 md/6 2 J500m € 1800072 (A.14)
where the second inequality is because d > 5 and the last inequality is by Lemma 2.3. The conclusion is then proved by replacing
€ in (A.14) to 2e. O

Finally, we give the proof to Corollary 3.1.
Proof.[of Corollary 3.1] As we discussed in Section 3, we assume x(®0 = 0 and y(® = 0 without loss of generality. Thus by
notation in (2.32), Proposition A.1 indicates that supp(xz(.t)) c {1,...,d—1} for any i € [1,m] and any ¢t < 1+ m(d — 2)/3,
which means [(V]; = 0if t <1+ m(d — 2)/3, where x(*) = % >m xgt).

On the other hand, suppose x* with the structure as in (2.32) is an e-stationary point of instance P. Then by Lemma 2.4,
it must also be an e-stationary point of (AP). Hence, by Lemmas 2.5 and 2.6, we have |[x*];| > %";f for all j = 1,...,d,

where x* = % it x¥. Therefore, by the convexity of the square function, it follows that

) m . Y B e \2 1507 \ 2
I =) 2 3 (2= bx1a)” 2 m (RO)a - %712) 2 m (mLf) >t

and thus x(!) is not w-close to x* if t < 1+ m(d — 2)/3.
Moreover, by Lemma 2.2(a) and the fact that g(x(?)) = 0 and g(x) > 0,Vx, it holds that

gs s (Fo(x) — infx Fo (x)) 2 _ Lidry o
- 300072 300072

In other words, in order for x(*) to be w-close to an e-stationary point of instant P, the algorithm needs at least ¢ = 2+m(d—2)/3
oracles. The proof is then completed, by observing

- - mLfAF _ H([A,A})LfAF
2 d—2)/3>md/6 > 0 =2 o
+m(d=2)/3 2md/6 = Tis e 1800072

)

where the first inequality is because d > 5, and the last one is by Lemma 2.3. dJ
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