
9th Thermal and Fluids Engineering Conference (TFEC)

April, 21-24, 2024

Partially Online Virtual and at Oregon State University, OR

TFEC-2024-50704

SUBGRID MODELING OF REACTION-RATE USING A MULTI-SCALE
STRATEGY FOR LARGE-EDDY SIMULATION OF TURBULENT

COMBUSTION

R. Smith,1,⇤ T. Elliott,1 R. Ranjan1

1Department of Mechanical Engineering, The University of Tennessee at Chattanooga
615 McCallie Ave, Chattanooga, TN, USA 37403

ABSTRACT

In this study, we examine the performance of a multi-scale model for large-eddy simulation (LES) of tur-
bulent combustion. The model referred to as RRLES performs the closure of the filtered reaction-rate term
in the species transport equation while performing LES by using the linear eddy mixing (LEM) model. The
RRLES model uses a multi-scale strategy to obtain the filtered reaction rate of the species and has been
shown to address some of the challenges associated with the well-established LEMLES approach. The orig-
inally proposed RRLES strategy used a multilevel adaptive mesh refinement (AMR) framework, which was
extended to use a single grid-based strategy to enable the application to complex geometries. Additionally,
a local dual-resolution grid strategy has also been developed and can potentially be used with different grid
topologies, without the need for the AMR. We assess the accuracy and efficiency of the single and dual-grid
RRLES approaches by considering a freely propagating turbulent premixed flame under two different initial
conditions corresponding to the thin reaction zone (TRZ) and the broken/distributed reaction zone (B/DRZ)
regimes.
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1. INTRODUCTION

Numerical investigation of turbulent flames can be performed using approaches with different levels of fidelity.
For example, direct numerical simulation (DNS), where all the relevant scales are captured, is typically used
for the investigation of fundamental features of turbulence-chemistry interaction [1, 26, 29, 33, 35]. However,
the large computational cost of DNS limits its usage to simplified geometries and lower-to-moderate Reynolds
number (Re) flows. Large-eddy simulation (LES), on the other hand, appears to be a viable alternative for the
simulation of practically relevant flows, where the large scales are resolved, and the subgrid-scale (SGS)
effects are modeled. A major focus of turbulent combustion modeling is on the closure of the filtered reaction-
rate term in the governing equations [24]. Although there exists a wide range of SGS models for turbulent
combustion, there are challenges in terms of their regime of applicability, the ability to account for finite-
rate kinetics effects, handling of different modes of turbulent combustion (premixed and non-premixed), etc.
These challenges have lead to the development of numerous SGS closures such as partially stirred reactor
(PaSR) [8], thickened flame model (TFM) [4], flame surface density (FSD) [2], conditional moment closure
(CMC) [15], conditional source estimation (CSE) [32], transported probability density function (TPDF) [5, 9],
multi-environment PDF (MEPDF) [7], one-dimensional turbulence (ODT) [6], and linear-eddy model (LEM)
[18, 20] and its variants [22, 28], etc. Here, we focus on the assessment of a multi-scale model for LES,
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referred to as RRLES where the subgrid reaction-rate closure is attained using LEM.

The RRLES approach [28] is a modification of the well-known LEMLES approach [18], a multi-scale strategy
that is used to obtain the filtered reaction rate term. The filtered LES equations are evolved on the 3D grid
and at every LES time step, the filtered species mass fractions and the filtered temperature fields are used to
reconstruct SGS variation on the 1D notional LEM domain inside each LES cell. After solving for the subgrid
reaction-diffusion equation and including the effect of turbulent mixing on the 1D LEM domain, the filtered
reaction rates are computed and projected back to the 3D grid. The originally proposed RRLES strategy used
a multilevel adaptive mesh refinement (AMR) framework. The approach was extended to use a single grid-
based strategy to enable the application to complex geometries [22]. Recently, a local dual grid-based strategy
has also been developed, which can potentially be used with different grid topologies, without the need for an
AMR [27]. In the present study, we focus on the assessment of the single- and dual-grid approaches for the
simulation of turbulent premixed flames.

We consider two temporally evolving methane/air flames with one pertaining to the thin reaction zone (TRZ)
regime and the other to the broken/distributed reaction zone (B/DRZ) regime. Note that turbulent premixed
flames can be classified into wrinkled flamelets (WF), corrugated flamelets (CF), thin reaction zone (TRZ),
and broken/distributed reaction zone (B/DRZ) [23, 25] regimes based on the length- and velocity-scale ratios
corresponding to turbulence and laminar flame properties. In general, the simulation of practically relevant
TRZ and B/DRZ flames is considered challenging, and therefore, is considered here for the model evaluation.

This article is arranged as follows. The next section describes the governing equations and the subgrid closure
formulations that are considered in this study. The numerical methodology and problem description are pre-
sented after that. The following section presents the discussion of results. Finally, the outcomes of this study
are summarized.

2. MATHEMATICAL FORMULATION

In this section, we first describe the governing equations. Afterward, we describe the SGS closure models
employed in this study.

2.1 Governing equations

The compressible LES equations are obtained by spatially filtering the Navier–Stokes equations using a top-
hat Favre filter, appropriate for finite volume schemes [34]. Here, f is the spatially filtered quantity for a
field variable f , and ef = ⇢f/⇢ is the Favre-filtered quantity where ⇢ represents the density. The filtered LES
equations can be written as:
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Here, ⇢ is the density, (ui)i=1,2,3 is the velocity vector in Cartesian coordinates, T is the temperature, P is
the pressure, and Yk is the mass fraction for the kth species. Additionally, Ns is the total number of species in
the flow. The total energy in the system is the sum of the internal energy and the kinetic energy. As a result,
the filtered total energy is presented as a sum of the filtered internal energy (ee), the resolved kinetic energy
(12 [euieuj ]), and the subgrid kinetic energy (ksgs = 1

2 [guiui � eui eui]). The thermally perfect gas equation of
state is used to close the equations as P = ⇢( eR eT + T

sgs). The filtered viscous stress tensor and the filtered
heat-flux vector are approximated as:
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where W is the mixture molecular weight, and Dk and eXk are the diffusion coefficient and mole fraction
of the kth species, respectively. The diffusion coefficient for a species is obtained through the well known
mixture-averaged formulation [25].

All of the subgrid-scale terms, denoted with a “sgs” superscript, are unclosed, and therefore, require specific
modeling. These terms are:
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Fig. 1 A typical workflow in the LEMLES and RRLES strategies [28].

The governing equations are complete after specifying closure models for the SGS terms, and initial and
boundary conditions for the specific problem. Next, we briefly describe the subgrid models.

2.2 Subgrid Modeling of SGS Stress and Scalar Flux

The subgrid stress and enthalpy flux and the subgrid viscous work terms are present even in non-reacting flows,
and their modeling follows past effort relying on eddy viscosity formulation [19]. The unclosed subgrid stress
term ⌧sgs

ij
is modeled as
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and the two unclosed terms in the energy equation, Hsgs
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Here we employ a one-equation model for the subgrid kinetic energy [13, 19] to determine the subgrid eddy
viscosity as ⌫t = Cv

p
ksgs�, where � is the grid filter width and Cv is a coefficient calculated using the

localized dynamic kinetic energy model (LDKM) [10, 13].

2.3 Subgrid Modeling of Filtered Reaction Rate

The RRLES approach [28] is a modification of the well-known LEMLES approach [18], where the filtered
reaction-rate terms (!̇i) are modeled using a multi-scale LEM framework. At every LES time step, the fil-
tered species mass fractions (Ỹi) and the filtered temperature (T̃ ) evolving at the resolved level are used to
reconstruct SGS variation on the 1D notional LEM domain inside each LES cell, and after solving for the sub-
grid reaction-diffusion equation and including the effect of turbulent mixing on the LEM domain, the filtered
reaction rates are computed and projected back to the LES grid. A workflow of the RRLES strategy compared
to LEMLES is shown in Fig. 1.

The first step is the reconstruction of the species mass fraction and the temperature field in the 1D LEM
domain, which is performed as
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Fig. 2 Schematic of the dual-grid strategy employed in the RRLES approach.
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co-ordinate along the 1D LEM domain, and � represents the LES filter size. After the reconstruction step,
the governing equations for the species mass-fraction and the temperature are solved on the notional 1D LEM
domain inside each LES computational cell as
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Each 1D LEM domain is discretized using NLEM cells to ensure the required spatial resolution of the scalar
fields. The processes involved in the subgrid evolution include molecular diffusion, turbulent transport by
the unresolved eddies, chemical reaction, and thermal expansion for the species at their respective spatial
and temporal scales. The terms Fk,stir and FT,stir represent the stochastic events, which simulate the effects
of turbulent mixing by the SGS eddies on the 1D LEM lines [12, 18]. Finally, after solving for the SGS
variations, the filtered reaction-rate term !̇i is obtained for the corresponding LES cell through:

!̇
i
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P
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The approach was extended to use a single grid-based strategy to enable the application to complex geometries
[22]. Recently, a local dual grid-based strategy has also been developed, which can potentially be used with
different grid topologies, without the need for an AMR [27]. We will assess the performance of both these
approaches.

A schematic of the local dual-grid strategy is shown in Fig. 2. In this strategy, the LEM subgrid fields evolve
on a coarser LES grid with resolution �LEM = 2�, while the LES governing equations are still resolved
on the much finer grid of resolution �. The coarser grid has more unresolved scales and its use leads to an
improved prediction by solving the subgrid LEM equations. Additionally, this strategy requires consistent
restriction operations for the resolved LES quantities needed by LEM. When compared to the single grid-
based strategy, the dual-grid strategy has the advantage in that the estimate for the SGS variation in the 1D
LEM (at �LEM ) can be constructed from the solution on the finer LES grid.
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Table 1 Initial turbulent premixed flame parameters
Case Closure Nx ⇥Ny ⇥Nz u0

/SL l/�L Re Ka Da
A1 DNS 192⇥ 192⇥ 192 10.0 0.74 62.8 12.6 0.63
A2 LEMLES 64⇥ 64⇥ 64 10.0 0.74 62.8 12.6 0.63
A3 RRLES 96⇥ 96⇥ 96 10.0 0.74 62.8 12.6 0.63
A4 DUAL-RRLES 64⇥ 64⇥ 64 10.0 0.74 62.8 12.6 0.63
B1 DNS 256⇥ 256⇥ 256 50.0 6.2 478.7 113.9 0.19
B2 LEMLES 96⇥ 96⇥ 96 50.0 6.2 478.7 113.9 0.19
B3 RRLES 96⇥ 96⇥ 96 50.0 6.2 478.7 113.9 0.19
B4 DUAL-RRLES 96⇥ 96⇥ 96 50.0 6.2 478.7 113.9 0.19

3. COMPUTATIONAL SETUP AND APPROACH

In this section the details of the numerical methodology and the computational setup for both premixed and
non-premixed cases are discussed.

3.1 Numerical methodology

The governing equations described in Sec. 2.1 are solved using a well-established three-dimensional (3D)
parallel, multi-species compressible reacting flow solver, referred to as AVF-LESLIE [14, 30]. It is a multi-
physics simulation tool capable of performing DNS and LES of reacting/non-reacting flows in canonical and
moderately complex flow configurations. It has been extensively used in the past to study a wide variety of flow
conditions, including acoustic flame-vortex interaction, premixed flame turbulence interaction, non-premixed
combustion, and compressible turbulence [3, 14, 16, 30, 36].

The solver utilizes a finite volume-based spatial discretization of the governing equations in their conservative
form on a structured grid using the generalized curvilinear coordinates. The spatial discretization is based on
the well-known second-order accurate MacCormack scheme [17]. The time integration of the semi-discrete
system of equations is performed by an explicit second-order accurate scheme. The solver can handle arbi-
trarily complex finite-rate chemical kinetics. The mixture-averaged transport properties, the finite-rate kinetics
source terms, and the thermally perfect gas-based thermodynamic properties are obtained using the Cantera
software [11]. The parallelization of the solver is based on the standard domain decomposition technique
based on the message-passing interface library.

3.2 Computational setup

The test cases correspond to the interaction of an initially premixed laminar flame with a decaying isotropic
turbulence. Figure 3a shows a schematic of the premixed planar flame configuration. The initial flame front is
specified near the center of the computational domain with reactants and products on its left and right sides,
respectively. The extent of the computational domain is Lx ⇥ Ly ⇥ Lz in the streamwise, transverse, and
spanwise directions, where L = 0.0055 m. The flow field is initialized using an isotropic turbulent flow field
and is superimposed with a one-dimensional planar flame solution obtained at � = 0.8, Tref = 570 K, and
Pref = 1 atm. Here, � denotes the equivalence ratio of the methane-air mixture, Tref is the temperature on the
reactants side, and Pref is the reference pressure. These conditions are based on past studies, which are typical
of many practical application devices [21, 29]. A characteristic-based inflow-outflow boundary condition is
used in the streamwise direction and a periodic boundary condition is used along the spanwise and transverse
directions.

The simulation parameters for all of the cases are presented in Table 1. Here l is the integral length scale, u0

is the turbulence intensity, SL is the laminar flame speed, � = ⌫/SL is the Zeldovich flame thickness, and
Re, Ka, and Da are the integral Reynolds number, the Karlovitz number, and the Damköhler number, which
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(a) (b)

Fig. 3 A schematic of the turbulent premixed flame configuration (a) and the premixed flame regime diagram
[23] (b) showing the cases considered in the present study.

are defined as Re = u
0
l

⌫ , Ka =
q

u03�
S

3
Ll

and Da = SLl

u0� , respectively. We conduct four simulations employing
DNS, LEMLES, RRLES, and dual-grid RRLES for each of the two flames. The cases corresponding to the
TRZ regime are labeled as Case Am where the subscript “m” corresponds to the different closure methods.
Similarly, the cases corresponding to the B/DRZ regime are labeled as Case Bm. The flames are estimated to
be in their respective regimes based on initial conditions and are indicated in Fig. 3b.

The grid resolution is chosen based on previous studies, and for the conditions considered here is more than
sufficient to reach kmax⌘ � 1 for DNS, where kmax is the largest wave number and ⌘ is the Kolmogorov
length scale. Specifically, kmax⌘ = 7.23 and 2.1 for Cases A1�4 and B1�4, respectively. With the grids
employed in the present study, it is estimated that the thermal flame thickness, �L = (Tb � Tu)/|rT |max, is
resolved by around by 20 points in DNS and 5 points in LES. The simulations are carried out long enough to
allow flame-turbulence interaction to properly evolve and all the results are compared after three initial eddy
turnover times where t0 = l/u

0 is the initial eddy turnover time.

4. RESULTS AND DISCUSSION

In this section we first compare the flame structure and its statistics predicted by different closures and then
assess the ability of various closures to capture the SGS effects on the flame-turbulence interactions.

4.1 Structural features of flames

The flame structure and its characteristics are assessed using a progress variable c, which is defined based on
the mass fraction of the fuel as

c =
YCH4,u � YCH4

YCH4,u � YCH4,b

(22)

where YCH4 denotes the mass fraction of methane, and subscripts “u” and “b” denote its value in the unburned
reactants and the burned products sides, respectively. The value of c ranges from 0 in the fresh reactants to
1 in the burned products. Just as in past studies [30, 31], we identify a notional flame surface by an iso-level
of c = 0.8 and the bounds of the flame brush correspond to c 2 [0.01, 0.99]. While comparing LEMLES and
RRLES predictions, the filtered progress variable ec is defined in a way similar to Eq. 22 but using the filtered
mass fraction of the fuel.
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(a) Case A1 (reactants side) (b) Case A1 (products side)

(c) Case B1 (reactants side) (d) Case B1 (products side)

Fig. 4 Structure of the flame brush for the two premixed flames obtained using DNS.

Figure 4 shows the instantaneous structure of the flame brush obtained from DNS for the three flames. Here we
can observe intense wrinkling and stretching of the initially planar flame surface by the turbulent eddies. The
effect of heat release and associated thermal expansion across the flame is apparent in terms of an increase in
the overall length scales associated with the protruding structures on both the reactants and the products sides.
Typically, turbulent eddies sustain the flame by transporting pockets of cold reactants toward the reaction zone.
As expected, the flame structure is continuous, thus preventing any local extinction. The width of the flame
brush varies spatially, due to the straining effect of the large-scale eddies, and the increased flame surface area
results in an increased fuel consumption rate [25, 30, 37].

Figure 5 compares the flame structure from three of the four simulated cases. The wrinkling and stretching of
the flame are predicted by all closures in a consistent manner. All simulations show a continuous flame struc-
ture and no sign of local extinction for these conditions. It is to be noted that there are noticeable qualitative
differences between the employed closures. Specifically, DNS and RRLES show more fine-grained features
compared to LEMLES, which is especially apparent in Case B. Additionally, the LEMLES results for the
scalar field differs from the other formulations due to its multi-scale nature, as the LEMLES-based resolved
scalar field corresponds to the resolved value of the corresponding LEM field on the LES grid, whereas in the
RRLES formulation the resolved scalar field is explicitly solved.

4.2 Flame statictics

The global flame structure is examined in terms of the spatially averaged quantities, where the spatial averag-
ing of a quantity q is performed along the homogeneous y- and z-directions through

hqi(x, t) ⌘ 1

L2

Z
L

0

Z
L

0
q(x, y, z, t) dy dz. (23)
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(a) Case A1 (b) Case A2 (c) Case A3

(d) Case B1 (e) Case B2 (f) Case B3

Fig. 5 Contours of filtered temperature field overlaid with the flame brush extents in the central x � y plane
identified using the filtered progress variable.

The streamwise profile of the spatially averaged quantities for all premixed cases at t = 3t0 is presented in
Fig. 6. In all the cases, we observe a good agreement of the results with the DNS data, and all the methods
are able to capture the global flame structure. RRLES shows an overall good agreement with the DNS results
for the cases, implying that the blending employed by the formulation allows it to include contribution from
LEM at the subgrid level as the turbulence level increases and with a decrease in turbulence level it takes
contributions from the quasi-laminar chemistry. In Case A with a lower value of Ka, LEMLES greatly under-
predicts the heat release rate and product mass fraction. At a higher value of Ka (Case B), we observe slight
under-prediction by LEMLES, but the overall flame structure compares well with the other closure methods.

Figure 7 shows the streamwise profile of the conditionally averaged quantities, which include temperature,
heat release rate, and mass fraction of product species (H2). Similar to the spatially averaged profile, the
asymptotic behavior of the RRLES closure is evident here, as we can observe that its prediction approaches
DNS when the turbulence level is relatively small (Case A). Here we again see evidence of the limitations of
the LEMLES formulation in Case A when the local flow conditions have a low subgrid-scale turbulence.

4.3 Single- and dual-grid strategy comparison

A direct comparison of the spatially averaged quantities for single- and dual-grid RRLES of Case A is pre-
sented in Fig. 8. Figure 9 shows the conditionally averaged quantities.

5. SUMMARY

Numerical investigations of subgrid-scale dynamics of premixed flame interaction with decaying isotropic
turbulence are carried out using single- and dual-grid RRLES strategies. We consider two premixed flames
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(a) Case A (b) Case B

(c) Case A (d) Case B

(e) Case A (f) Case B

Fig. 6 Streamwise profile of the spatially averaged scaled progress variable, heat release rate, and product
mass fraction.

10



TFEC-2024-50704

(a) Case A (b) Case B

(c) Case A (d) Case B

(e) Case A (f) Case B

Fig. 7 Streamwise profile of the conditionally averaged temperature, heat release rate, and product mass
fraction.

11



TFEC-2024-50704

(a) (b)

(c)

Fig. 8 Streamwise profile of the spatially averaged scaled progress variable (a), heat release rate (b), and
product mass fraction (c) for single- and dual-grid RRLES of the TRZ flame.

(a) (b)

(c)

Fig. 9 Streamwise profile of the conditionally averaged temperature (a), heat release rate (b), and product
mass fraction (c) for single- and dual-grid RRLES of the TRZ flame.
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at different levels of initial turbulence intensity and analyze flame-turbulence interactions. The strengths and
weaknesses of both strategies are assessed by comparison with DNS data.

Overall, both strategies capture the flame structure in reasonable agreement with the DNS data but with some
slight variations in quantitative predictions. The single-grid RRLES tends to under-predict all spatially and
conditionally averaged quantities while the dual-grid RRLES appears to slightly over-predict. This could be
explained by the dual-grid strategy having more unresolved scales available at the subgrid LEM level.
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