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Discrete Mechanics and Optimal Control for
Passive Walking with Foot Slippage
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Abstract—Forced variational integrators are given by the
discretization of the Lagrange-d’Alembert principle for systems
subject to external forces, and have proved useful for numerical
simulation studies of complex dynamical systems. In this paper
we model a passive walker with foot slip by using techniques
of geometric mechanics, and we construct forced variational
integrators for the system. Moreover, we present a methodology
for generating (locally) optimal control policies for simple
hybrid holonomically constrained forced Lagrangian systems,
based on discrete mechanics, applied to a controlled walker
with foot slip in a trajectory tracking problem.

I. INTRODUCTION

Passive-dynamic walkers [1], [2], [3], are templates for
human-like walking, describing its biomechanical and ener-
getic aspects. They are uncontrolled and unpowered mecha-
nisms that balance themselves as they walk, similarly to how
people walk down a slope. They are modeled as dissipative
dynamical systems since energy is lost when collisions are
made with the ground. Mastering passive dynamics helps
to understand the mechanics of walking. Passive dynamic
walkers are piecewise holonomic systems [4], [5], that is,
mechanical systems that change at each transition of the
dynamics, although they are holonomic within each stride
before impacts occur [5].

An implicit assumption for passive-dynamic walkers is
that the feet do not slip on contact with the ground. In
this paper, we model passive walkers with foot slippage
over a flat ground inspired by [6]. In comparison with the
model proposed by [6], our model avoids incrementing the
dimension of the configuration space to include Lagrange
multipliers. In our approach, we reduce the dynamics of
the system to the constraint submanifold generated by the
constraints associated with the proposed model for walking
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with foot slip, giving rise to motion equations with fewer
degrees of freedom than [6].

Trajectory optimization algorithms aim to find an input
trajectory that minimizes a cost function subject to a set
of constraints on the system’s states and inputs. Trajectory
optimization has been implemented extensively for systems
with continuous-time dynamics, but many applications in
control theory and robotics include impacts and friction
contacts making the dynamics non-smooth. In this paper,
we develop a trajectory optimization policy for a passive
walker experiencing foot slip by introducing controls into
the passive walker and by defining geometric integrators
for a class of hybrid mechanical systems- that is, (smooth)
dynamical systems together with a discrete transition (impact
map)- by using discrete (geometric) mechanics techniques.

Variational integrators has been applied to a wide range
of problems including optimal control [7], [8], constrained
systems [9], [10], nonholonomic systems [11], [12], [13],
multi-agent systems [14], [15], [16], etc. Variational integra-
tors for hybrid mechanical systems were used in [17] and
[18]. However, these works do not consider the problem
of trajectory generation. Such a problem is considered in
[19] but for the compass gait biped, while in this work we
consider passive walkers under foot slippage.

The remainder of the paper is structured as follows. In
Section II the constrained Lagrange-d’ Alembert principle is
used to derive forced Euler-Lagrage equations for mechanical
systems subject to holonomic constraints. After defining
simple hybrid holonomically constrained forced Lagrangian
system in II-A, we construct a model for a passive walker
with foot slip in Section II-B. In Section III, we derive the
corresponding variational integrators for this model. Finally,
in Section IV we introduce controls into the previous model
and together with a suitable discretization of the cost function
associated to an optimal control problem, we are able to
derive optimal control policies for trajectory generation in a
tracking problem.

II. A PASSIVE WALKER WITH FOOT SLIP

In this section we will examine a simple case of a passive
walker where the base is allowed to slide and we will formu-
late this system as a simple hybrid Lagrangian system. This
model is inspired by [6]. In comparison with that model ours
avoids incrementing the dimension of the configuration space
to include Lagrange multipliers. In our approch we reduce
the dynamics of the system to the constraint submanifold N.
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A. Simple hybrid holonomically constrained forced La-
grangian systems

Simple hybrid systems [20] (see also [21]) are character-
ized by the tuple H = (D, f,S,A), where D is a smooth
manifold, the domain, f is a smooth vector field on D, S
an embedded submanifold of D with co-dimension 1 called
switching surface, and A : § — D a smooth embedding
called the impact map. The submanifold S and the map A
are also referred to as the guard and reset map, respectively,
in [22]-[23]

The dynamics associated with a hybrid systems corre-
sponds to an autonomous system with impulse effects. We
denote by Xy the simple hybrid dynamical system generated
by H, that is,

N EOESCO)]
et ) = Al (1)

1) ¢S 0
x=(t)eS

with x : I CR — D and #—, x" the states just before and
after the moments when integral curves of f intersects S.

Remark 1: A solution of a simple hybrid system may
experience a Zeno state if infinitely many impacts occur in
a finite amount of time [22], [24], [25], [26]. However, by
considering the class of hybrid systems given by mechanical
systems with impulsive effects as in [21], we exclude such
behavior by considering that the set of impact times is
closed and discrete, meaning that there is no chatering about
an impact point and therefore excluding Zeno behavior.
Necessary and sufficient conditions for the existence of Zeno
behavior in the class of simple hybrid Lagrangian systems
have been explored in [27] and [25]. o

Let Q be an n-dimensional differentiable manifold with
local coordinates (¢), 1 < A < n, the configuration space
of a mechanical system. Denote by 7'Q its tangent bundle
with induced local coordinates (g, ¢*). Consider D = T'Q
and a hyper-regular Lagrangian L : T'QQ — R. Associated
with the dynamics generated by L, there exists a Lagrangian
vector field fr. Note that A : § — T'Q is continuous. If
we denote the closure of A(S) by A(S), then we must
assume A(S) NS = 0 and, therefore, an impact does not
lead immediately to another impact (see Section 4.1 [21] for
more details).

We further assume that S # ) and there exists an open
subset U C T'Q and a differentiable function h : U — R
such that S = {z € U | h(z) = 0} with 22(s) # 0 for all
s € S (that is, S is an embedded submanifold of T'() with
co-dimension 1) and the Lie derivative of the vector field fr,
with respect to h does not vanish on T'Q), that is £y, h(w) #
0, Vw € TQ. A trajectory v : [0,T] — TQ crosses the
switching surface S at t; = inf{t > 0|y(t) € S}. We allow
the trajectory ~y(¢) to be continuous but nonsmooth at ¢; .
That is, the velocity before the impact ¢~ is different from
the velocity g™ after the impact at S, namely, §(t; ) # ¢(t]").

Definition 2: A simple hybrid system H = (D, f, S, A)
is said to be a simple hybrid holonomically constrained
forced Lagrangian system if it is determined by HIN =
(TN, fn,SNn,AN), where fy : TN — T(T'N) is the

flow for the holonomically constrained forced Lagrangian
system as described in Section II-A, and Sy and Ay are
the switching surface and impact maps as described above
restricted to submanifolds N and T'INV, respectively.

The simple hybrid Lagrangian dynamical system generated
by HE¥ is given by

Yo ‘i't):fN(x(t))v ifx_(t)¢SN7
B et () = An(z= (1), if 2 (t) € S,

where x(t) = (q(t),q(t)) € TN.

That is, a trajectory of a simple hybrid holonomically
constrained forced Lagrangian system is determined by the
restricted forced Lagrangian dynamics until the instant when
the state attains the switching surface Sy . We refer to such
an instant as the impact time. The impact map Ay gives
new initial conditions from which fx evolves until the next
impact occurs. Solutions for the simple hybrid holonomically
constrained forced Lagrangian system HZ~ | are considered
right continuous and with finite left and right limits at each
impact with Sy.

B. Modeling passive walking with foot slip

We model a passive walker as a two-masses inverted
pendulum. The mass of the foot is denoted by m; and the
hip by ms. The length of the leg is given by ¢. The angles
of the leg are restricted to 6§ € [—a,a] C R (when 6 hits the
boundary, —a, a new step is taken and @ is reset to a). The
coordinates of the center of mass will be given by (x,y) and
the coordinates of the foot are (Z,y) (see Figure 1).

Y

(z,9)

X

Fig. 1: Leg and foot: The coordinates of the foot are given
by (Z,7), the center of mass are (z,y) and 6 is the angle
between the leg of length ¢ and the vertical axis.

Let us denote by m = my +mag, [ = L= éﬁz’

where [ is the moment of inertia about the center of mass
and r is the distance from the foot to the center of mass,
which is kept constant along the motion. Also, note that the
coordinates of the center of the mass satisfy x = T+ rsin 6,
y = Y + rcosf, so that the center of the mass is located
along the leg at some point between the foot and the hip.
In addition, we impose the constraint ¥ = 0 which means
that the foot will not leave the floor. With this notation, the
constraint implies that y — 7 cos § = 0.

€2m1 Mo
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Note that for this model, 6 is constrained to be in [—a, a].
If 6 crosses the negative boundary, we say a new step occurs
and 0 is reset to a. If 6 crosses the positive boundary,
specifically if 6 = g (i.e., x = T), we say that a crash
has occurred. In this case, the model stops walking and we
report a failure. This also implies that falling forwards is not
permitted; the only way to crash is by falling backwards.

Before deriving the hybrid dynamics, we first need to
determine the switching surface S. Assume that the leg takes
symmetric steps of angle a, that is, § € [a,—a]. When
0 = —a, the angle is reset to a (corresponding to a new
step taking place and the swing legs switching). Therefore,
we will take the switching surface S, to be § = {0 = —a}.

The continuous dynamics is determined by a Lagrangian
function L : T@QQ — R corresponding to a planar rigid
body, where @ = R? x S! is the configuration space locally
described by the coordinates ¢ = (x,y,0), and L(q,q) =
K(¢.4) - V(q), where

)2

. m., . . 16
K(q,q) = 5(962 +9%) + ER V(q) = mgrcos®,

together with the (holonomic) constraint y — rcosf = 0
defining the submanifold N which may be seen as diffeo-
morphic to R x S!. The restricted Lagrangian Ly defined
on coordinates (z, 0, &, 9) is given by the restricted kinetic
energy -
Ky = %(iQ + r?sin” 062) + v
minus the restricted potential function which remains the
same under the restriction to V.

We assume that the friction forces of the foot with
the ground are non-conservative forces (conservative forces
might be included into the potential energy V'), which are
determined by a fibered map F : TQQ — T*(Q. The forces
exerted from the friction on the foot in the configurations
q = (z,y,0) are given by

F, = —ki = —r(i +rcosh), F, =0,

Fy = —ki(rcos ) = —kr cos O(i + r0 cos 0).

This force is well-defined on the restriction to N.

At a given position and velocity, the force will act
against variations of the position (virtual displacements) and
the dynamics should also satisfy the holonomic constraint
®(q) =y —rcosf =0.

Euler-Lagrange equations for the restricted Lagrangian
Ly and forces Fy are given by

mi = —k(& + 6 cos ) )
0(I 4+ mr?sin® 0) = —kr cos 0(i 4 r6 cos 6)
+ rmsin (g — 762 cos 0) 3)
on the submanifold N.
The last step to describe the hybrid dynamics for the
simple hybrid holonomically constrained forced Lagrangian
system is to find the impact map A . We assume as in [28]

a rigid hip, that is, the horizontal position and velocity of
the foot do not change at impacts (see Figure 2), namely

T =z~ and 2T = z~. Additionally, we assume that the
angular momentum is conserved in the impact. Under these
assumptions (see [28], [3] for the case without foot slip and
horizontal ground), the impact map is defined as the map
Ay : 8§ = TN C TQ, where Sy = {6 = —a}, with
An(z=,—a,7,07) = (z,07,4T,07) given by
2T —rsindt =2~ — rsin(—a)
0t =0~ +2a
it —rft cos0t = &7 — 107 cos(—a)

0% = cos(2a)6~.

“

X

Fig. 2: Depiction of the impact. The position of the foot is
continuous at the impact. Resetting the angle forces a reset
on the position of the center of mass.

III. FORCED VARIATIONAL INTEGRATOR FOR A PASSIVE
WALKER EXPERIENCING FOOT SLIP

A discrete Lagrangian is a differentiable function Lg: @ %
@ — R, which may be considered as an approximation of the
action integral defined by a continuous regular Lagrangian
L:T@Q — R. That is, given a time step h > 0 small enough,

h
La(qo, 1) ~ / Liq(t), d(1)) dt,

where ¢(t) is the unique solution of the Euler-Lagrange
equations with boundary conditions ¢(0) = qo, q(h) = q1.

Construct the grid 7 = {tx = kh | k =0,..., N}, with
Nh =T and define the discrete path space Py(Q) == {qq :
{ti}_, — Q}. We identify a discrete trajectory g4 € Pa(Q)
with its image g4 = {qr}i_,, where gz = gqa(ty). The
discrete action A, : Py(Q) — R for this sequence of discrete
paths is calculated by summing the discrete Lagrangian on
each adjacent pair, and it is defined by

N-1
Ad(qa) = Aa(qo, - qn) =Y La(gr, tri1)-  (5)
k=0

The discrete variational principle [29], states that the
solutions of the discrete system determined by L, must
extremize the action sum given fixed points gy and qu.
Extremizing Ay over g with 1 < k < N — 1, we obtain the
following system of difference equations

D1 Lq(gk, qk+1) + DoLa(qr—1,qx) = 0. (6)
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These equations are usually called the discrete Euler—
Lagrange equations. Given a solution {q; }xen of Eq. (6)
and assuming the regularity hypothesis, i.e., the matrix
(D12L4(qk, qr+1)) is regular, it is possible to define implic-
itly a (local) discrete flow Ypr,: Uy C Q x Q = @ x Q
by Yr,(qk-1,9%x) = (qk,qr+1) from (6), where U is a
neighborhood of the point (g} _,, g} ).

A. Forced variational integrators for holonomically con-
strained forced Lagrangian systems

The key idea of variational integrators is that the varia-
tional principle is discretized rather than the resulting equa-
tions of motion. As we explained before, we discretize the
state space T'Q) as @ x () and consider a discrete Lagrangian
L; : Q@ x @ — R and, in addition, we consider discrete
“external forces” F di @ x Q@ — T*(Q approximating the
continuous-time action and non-conservative external forces
given by

/ L), 4(8) dt ~ Lqr, qur) )

ty

tht1
/ Fi(q(8), 4())6q dt ~F; (qu, qus1)54x

tr
+ Ff (ks @k+1)0qe41- - (8)

Alternatively, we can directly work with a discretized ver-
sion of the submanifold /N. Here, the restricted discrete
Lagrangian L% : N x N — R and discrete “external forces”
Fﬁ 4 N xN — T*N are approximating the continuous
time restricted Lagrangian and force map, respectively.

The discrete-time forced Euler—Lagrange equations on the
submanifold N are

0 =D1 L% (k- qrs1) + D2 LK (qr-1, ar) )

+ Fy a(qr qes1) + Fg(ar—1, ar)- (10)

B. Constrained forced variational integrator for a passive
walker under foot slip

Next, consider the midpoint (second order) discretization
rule, that is, q(t) ~ q”#, () ~ #5—4k and define the
discrete Lagrangian L; : R3 x R? — R as

La(qu, qosr) = hIL (% +2(Ik+17 Qk+1h_ Qk) 7
with h > 0 denoting the time step and g = (z, yx, 0x) for
k=0,...,N.

In our model, the discrete Lagrangian Lg : (R xS) x (R x
S) — R is given by

m 1 . ek + ek
Lqg :ﬁ(ka% —z)% + o <I + mr? sin? +12>
0, +06
X (Op+1 — F)k)Q — hmgr cos <k+2k+1) .

The discrete external forces are given by

h - — Q-
Fj:F(q:qk 1+Qk7q.:% 4k 1)7

(11

where F; is evaluated in (gy_1,gx) and F; is evaluated in
(qk, qk+1)- Note that the restricted discrete force maps have
the same expression.

The discrete Euler—Lagrange equations with forces are
then

0 :%(ka — Ty1 — Tp—1) + hmgsina + Fy+ F;z,
I
0 :E(%k —Or—1 — Oky1)
mr? g+ 01 Or + 0,1 2
+ o7 sin 5 cos 5 (0 —Ok—1)
mr? . 9k+1 + 0y, 9k+1 + 0y,
+ 5, St 5 coS 5 (Opi1 — 0)* + FI(,
h O + 05— 0, +0
—&—F(ZG _ g (sin(k +2 k 1) — sin(a — Tk T 7k +2 kil )) .

IV. DISCRETE MECHANICS AND OPTIMAL CONTROL FOR
A CONTROLLED WALKER UNDER FOOT SLIP

Next, we add control forces to the previous formalism.
The equations of motion are now given by

d L L —a
O @qﬁ:) - %TX =u Y4+ (Fn)a,  (13)
where Y = Y, (¢q)dg?, 1 < a < m < n are the control
forces, u(t) = (u1(%), ..., um(t)) € U are the control inputs,
and U is an open subset of R™, the set of admissible controls.

Let us suppose now that the control force is given by Y! =
dx and Y2 = d6. Hence, we have the following controlled

equations of motion on N

mi = —k(& + 6 cos 0) + ug, (14)
mr?(fsin? 0 + 62 cos O sin 0) + 10
= —krcos O(& + 10 cos 0) + ug, (15)

as long as 6 # —a.

Remark 3: Note that in the restricted configuration space
R x S! the system is fully actuated but in the ambient space
R? x S! the system is underactuated. o

Suppose that we would like to follow a known reference
trajectory 7, : [0,7] — @ denoted by ~,.(t) = (z,(t), 0, (t)).
We want to find a control strategy minimizing the cost
functional

a0 = [ elalP +all =l + ol — 31 dt,
with ~ satisfying the control equations (14) and (15). The
parameters €, 1 and p are the weights of the control in-
puts, the trajectory-tracking and the velocity-tracking terms,
respectively,

We may transpose the optimal control problem to a nonlin-
ear constrained optimization problem using a discretization
of the principle above. Indeed, after applying the discretiza-
tion procedure we come down to the problem of minimizing

2 2 h
__h Qe+ Q1 . Grt1 — Gk ey
P =5Fe=—7%""4=""- - (12) Ja(qa:va) = Caldh, Gri1, U, Ukg1),
k=0
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Authorized licensed use limited to: University of Michigan Library. Downloaded on June 21,2024 at 15:38:20 UTC from IEEE Xplore. Restrictions apply.



subject to the discrete dynamics
0 =D1 LY (qk: qrt1) + D2 LK (qr-1, q)
+ Fy a(@r Giv1) + Fry g(qr—1, qr)Fup—1 + ug,
with the boundary values g, gn given. Notice that Eq. (16)

correspond to the forced discrete Euler—Lagrange equations

(10) with Fy ;o (qrs Qo1 we) = Fiv Qi qrs) + e
Next, we discretize the optimal control problem. Fixing a
time step i > 0, we discretize the cost function so that

(k+1)h

(16)

Ca( s Qot1, Uk, Ut1) “/ C(q(t),q(t),u(t)) dt.

kh
Thus we set

Ca(qrs Qrt1, Uk, Upg1) = hC (

Gk + Qev1 Qhr1 — Gk v
2 ) h b k )

where u, = u (71‘/”;’““ .

The problem is subjected to the discrete dynamics
m

0=—
h

+ Ug k + Uz, k—1,

0 =mr {2gh <sin (W‘) + sin <ok+jk+l)>

+% [(6x—1 — Ok)? sin(6_1 + 61)
+2(0k—1 — Ok) cos(0x—1 + 6x)

(B — Op 1) Sin(Or + Opsr)
+2(0k+1 — Or) cos(Ok + Or41)]}

— %(9;@71 — 205 + O41) (21 + mr?)
+A(F g+ Fiy+ugn1+uor),

(ka — Tht1 7xk71)+Fd_’x +FJ:Q:

a7

and to the boundary conditions go = (zo,0p) and qn =
(zn, On) fixed. In addition, we have the following conditions
on the initial and final velocities:

FL(qo,do) = F"™.au Ly(qo, q1,u0),
. Ft

FL(qn,qn) = F"VauLa(gn-1,qN—-1,uN—1),
whire FL denotes the continuous Legendre transform and
FFN.a.u denotes the forced discrete Legendre transform, i.e.,
D2 L(qo, o) + D1La(qo, q1) + F; (g0, q1) +uo = 0, (19)

Dy L(gn,Gn) — DaLa(gn—1,9N)
— Ff(gn-1,qn) +un—1 = 0.

(18)

(20)

Remark 4: If we discretize the reference trajectory
by evaluating it at discrete time -, (hZEH) =
(zr (h2EEL) 6, (h#EL)) = (244, 0r.1,), then the midpoint
discrete cost function reads

h 2 Th41 + Tk 2
Ca(qrsGrt1, Uk, Uk1) = R R Gl
0 0 2 - 2
p (I g ) (T
2 h
Ops1 — 0 - \°
o (fmhk ~ gr’k)

The discrete optimal control problem consists on finding
a discrete trajectory {(z, 0, ux)} solution of the problem
N—-1
min Y Calgr, Grs1, tk, k1)
k=0
discrete equations (17)

21

boundary conditions (18)

Next, we incorporate impacts in the variational setting by
finding a discretization of the impact set S; C @ x ) and
of the impact map Ay : Sy — @ X Q. Let

Sa = {(x0,00,21,01)|00 = a}

and Ag(zg,—a,x7,07) is given by the discretization of
Egs. (4) via the midpoint rule:

+ + - - 9+ 9+
Lo ;xl ~ %o ;xl — rsin(—a) + rsin (0 _; L ),
96”:2a+90_,

0T +o0F
zf —af —r(0F —0F)cos <0J2rl> =z] —xo

—r (07 — ;) cos(—a),
01 — 05 = cos(2a)(; —by),

that is,
1
v =x5 — 57"(95 — 607 )(cosa — cos(2a) cos )
+ r(sina + sinv),

1
vl =] + 57“(95 — 07 )(cosa — cos(2a) cos )
+ r(sina + sinv),

0 = 2a+ 0y,

07 = cos(2a)(0] —6;) + a,
where ¢ = a + 1 cos(2a) (07 — 0;).

Note that the energy of the system is not preserved
between impacts. Indeed,
oy, 162

E;, = %(ﬁ + 72 sin% 06?) + 5 + mgr cos 6,
and then,
16°

1+)2
1e7) =+ 70052(2@ # Ep.

2

We have performed a Python numerical simulation with
N = 80 steps, time step h = 0.1, parameters g = 9.8, a =

EroA=- +

0, k=02, r=1m=11=205 a= 5%, ¢ =
0.1, n =100, p = 1; initial values zg = 0, 6 = §, 2o = 1,

and 0y = 0.1. The reference trajectory is given by ~,(t) =
(& (t) + rcos(0,(t)),0,(t)) for t;-1 < t < t;, where
.fr(t) =ZTr;—1+ LLUT)Z‘,lt and Hr(t) =a -+ e.nifl(t — tifl).
The values of the parameters are tg = 0, Z,0 =0, 0,9 =
a, Zro =1, 6,0 = —0.08 and t; for 4 > 1 is the instant
of the i-th impact (determined by the equation 0(t;) = —a).
The parameters =, ;, 0r;, Zr;, 9}71' are defined by (4).
The evolution of the z- and #-coordinates of the center
of mass are plotted in Figs. 3; comparing them with the
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reference trajectory. The curves described by the center of  [10]
mass, foot, leg and reference trajectory on the xy-plane are
represented in Fig. 4 (left) and the control inputs’ evolution [,
is represented in Fig. 4 (right). Note that the foot’s trajectory
approaches the reference one due to the activation of control ~ [12]
inputs responsible for tracking and maintaining speed.
[13]
Walker with slip Walker with slip
N (14
s NER A s
o] ~ : . Retorence
' ' [16]
Fig. 3: Left: Horizontal components of the position of the
center of mass and the reference trajectory as functions of 7,
time. Right: Angular components of the position of the center
of mass and the reference trajectory as functions of time. 18]
Walker with slip Walker with slip
10 mm 6 []9]
0 R ‘
&k : i . |
oo NS, U : V’\ Mgﬁi !} [20]
i i N
x § t [22]
Fig. 4: Left: Trajectories of the center of mass and the foot .
compared with the reference trajectory. Right: Horizontal [23]
and angular components of the control inputs as functions
of time. [24]
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