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Abstract

Training Deep Neural Networks (DNNs) with adversarial examples often results in poor gener-
alization to test-time adversarial data. This paper investigates this issue, known as adversarially
robust generalization, through the lens of Rademacher complexity. Building upon the studies by
Khim and Loh (2018); Yin et al. (2019), numerous works have been dedicated to this problem, yet
achieving a satisfactory bound remains an elusive goal. Existing works on DNNs either apply to a
surrogate loss instead of the robust loss or yield bounds that are notably looser compared to their
standard counterparts. In the latter case, the bounds have a higher dependency on the width m of
the DNNs or the dimension d of the data, with an extra factor of at least O(y/m) or O(v/d).

This paper presents upper bounds for adversarial Rademacher complexity of DNNs that match
the best-known upper bounds in standard settings, as established in the work of Bartlett et al.
(2017), with the dependency on width and dimension being O(In(dm)). The central challenge
addressed is calculating the covering number of adversarial function classes. We aim to construct
a new cover that possesses two properties: 1) compatibility with adversarial examples, and 2) pre-
cision comparable to covers used in standard settings. To this end, we introduce a new variant of
covering number called the uniform covering number, specifically designed and proven to reconcile
these two properties. Consequently, our method effectively bridges the gap between Rademacher
complexity in robust and standard generalization.'

Keywords: Adversarially Robust Generalization, Rademacher Complexity, Covering Number

1. Introduction

Deep neural networks (DNNs) are often highly susceptible to adversarial perturbations that are
imperceptible to the human eye (Goodfellow et al., 2015; Madry et al., 2018). This vulnerability
has received significant attention in the machine learning literature over recent years, and a large
number of defense algorithms have been proposed to improve robustness in practice (Gowal et al.,
2020; Rebuffi et al., 2021). Nonetheless, these methods still fail to deliver satisfactory performance.
One major challenge stems from adversarially robust generalization: DNNSs trained with adversarial
examples often struggle to generalize well to test-time adversarial data.
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Table 1: List of robust generalization analyses via ARC. Type I analysis cannot be applied to DNNGs.
Type II analysis is performed for surrogate losses rather than the robust loss. Type III
analysis yields looser bounds compared to their standard counterparts. Here, LP and CN
stand for layer peeling and covering number, respectively.

Impossible Trinity?

Type Methods
DNNs  Robust Loss Matching

Khim and Loh (2018) (Thm. 1) Optimal Attack 1-Layer v v

I Yinetal (2019) (Thm. 1) Optimal Attack 1-Layer v v
Awasthi et al. (2020) (Thm. 4) Optimal Attack 1-Layer v v

Khim and Loh (2018) (Thm. 2)  LP + Surrogate Loss v Tree-Loss v

I Yin et al. (2019) (Thm. 8) CN + Surrogate Loss ~ 2-Layer ~ SDP-Loss v

Gao and Wang (2021) CN + Surrogate Loss v FGSM-Loss -
Awasthi et al. (2020) CN + Optimal Attack  2-Layer v X
I Xiao et al. (2022a) CN on weight space v v X
Mustafa et al. (2022) CN on perturbation set v v X

Ours Uniform CN v v v

In classical learning theory, it is well-known that the generalization gap can be bounded by
the Rademacher complexity (Bartlett, 1998). A useful starting point is to consider linear predic-
tors f : x — w'x, which map the input z to the label y. For this class, the generalization gap
(with respect to Lipschitz losses ¢(-,)), given n training examples with norms bounded by B,
scales as O(B|w|/+/n). To further explore the generalization of deep learning, a series of works
aimed at providing better Rademacher complexity bounds for DNNs (Bartlett and Mendelson, 2002;
Neyshabur et al., 2015; Golowich et al., 2018), mainly using tools of layer peeling and covering
number. Covering numbers and Rademacher complexities are, in some usual settings, nearly tight
with each other (Telgarsky, 2021); however, in this paper, we will only focus on upper bounding
Rademacher complexity with covering numbers. We refer to the approaches for bounding stan-
dard Rademacher complexity as standard approaches. The tightest bound is given by Bartlett et al.
(2017). Since then, progress in the field of norm-based bounds for standard training has experienced
a temporary stall, with no tighter bounds being proposed in recent years.

To study the issue of adversarially robust generalization, Khim and Loh (2018) and Yin et al.
(2019) concurrently extended Rademacher complexity to adversarial settings. They showed that the
robust generalization gap can be bounded by adversarial Rademacher complexity (ARC), which is
defined by replacing the standard loss function ¢(f(x),y) in Rademacher complexity with the ad-
versarially robust loss max|j, /<. ¢ (f(«"),y), where ¢ is the attack intensity. However, providing
a satisfactory bound for ARC remains an unresolved challenge in the field. Existing research has
shown that harmonizing DNNs, robust loss, and a bound that matches its corresponding standard
bound appears to represent an impossible trinity, as listed in Table 1. Below, we provide the details.

Type (I): Robust Loss and Matching Bounds. To avoid the conflict between standard approaches
and the max operation, the ideal way is to find closed-form solutions for optimal attacks z* =
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arg max|;_g|<e £(f(2'),y). Then, it is able to apply standard approaches to £(f(x*),y). Using
this method, Khim and Loh (2018) and Yin et al. (2019) provided bounds for ARC in linear func-
tions, and Awasthi et al. (2020) further improved the linear bounds. Nonetheless, finding closed-
form solutions for optimal attacks in the context of DNNs is exceedingly complex. Consequently,
generalizing this approach to DNNs remains a significant challenge.

Type (II): DNNs and Matching Bounds. To apply standard approaches to DNNSs, several surro-
gate losses @(f(x), Yy) & max|,_u|<e £(f(2'),y) have been designed, where the surrogate losses
do not contain a max operation. These include tree-transformation loss (Khim and Loh, 2018),
SDP relaxation loss (Yin et al., 2019), and FGSM loss (Gao and Wang, 2021). However, this ap-
proach provides upper bounds for Rademacher complexity on surrogate losses rather than the actual
adversarially robust loss. Thus, it cannot provide a bound for ARC or the robust generalization gap.

Type (IIT): DNNs and Robust Loss. Awasthi et al. (2020) explored solutions for optimal attacks
in two-layer neural networks and provided two bounds: one (cf. Thm 7) for a general assumption,
but with an extra factor of O(y/m), and the other one (cf. Thm 10) is width-independent but
requires additional assumptions. In our earlier work (Xiao et al., 2022a), we provide the first bound
for ARC of DNNs. After that, Mustafa et al. (2022) introduced a different bound. These two bounds
are obtained by calculating the covering number of adversarial function classes: one based on the
weight space and the other on the perturbation set. However, they exhibit a higher dependency
on the width of the DNNs and the dimension of the data, respectively. Further discussion will be
provided later. We refer to the approaches for bounding ARC as adversarial approaches.

Due to the suboptimal nature of existing adversarial bounds, they are inadequate for compre-
hending robust generalization. Bridging the gap between Rademacher complexity in robust and
standard generalization is crucial for gaining a deeper understanding of robust generalization. In
this paper, we presents upper bounds for adversarial Rademacher complexity of DNNs that match
the best-known upper bounds in standard settings, as established in the work of Bartlett et al. (2017).
This provides a new insight on understanding robust generalization: the complexity of standard and
robust generalization is nearly identical.

1.1. Main Result

To state the bound, some notation is necessary. The notation mainly follows the work of Bartlett et al.
(2017). The networks will use L fixed activation functions (o1, - - ,or,), where o; is p;-Lipschitz
and 0;(0) = 0. Let ¢(-,y) be a p-Lipshitz function with respect to the first argument and takes
values in [0, 1]. Given L weight matrices W = (W7, --- , W) with W; € R™>*™i-1_]et the deep
neural networks be f(z) = oL Wror_1(Wr_1---o1(Wiz)---). The network output f(x) € R™L
(with mo = d and my, = k) is converted to a class label in {1, --- , k} by taking the arg max over
components, with an arbitrary rule for breaking ties. Whenever input data x,,--- ,z, € R? are
given with |lz;]]2 < B, collect them as columns of a matrix X € R%", Let B(x) be arbitrary
perturbation set around z. For example, for ¢, attack, we denote BE(z) = {2’ | ||z — 2/|, < £}.

Let y be the margin. The ¢, norm || - ||,, is always computed entry-wise. Thus, for a matrix, || - [|2
corresponds to the Frobenius norm. Finally, let || - ||, denote the spectral norm.

Theorem 1 Let nonlinearities (o1,--- ,01) be given as above. Let the network f : RY — RF
with weight matrices W = (Wy,--- , W) have spectral norm bounds (s1,--- ,sr) and {1-norm

bounds (ai,--- ,ar,). Then for S = {(x;,y;)}'_, drawn i.i.d. from any probability distribution D
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over R?% x {1,--- , k}, with probability at least 1 — 0 over S, the adversarially robust generalization
gap satisfies

BT pisi (<~ a?*\*? [
Ep max ((f(z'),y) — Es max é(f(x’),y)ﬁ@(MZ;lpZ(Z ;/3) 4! (1/5))7

=/ €B(x) z' €B(x) vn s n

2’|l < B, Va' € B(z) and x € {x;}},.

i

where B is the magnitude of adversarial examples, i.e.,

Theorem 1 not only improves upon the work referenced in Table 1 but also matches the standard
bounds: By replacing B with B, the upper bound in Theorem 1 becomes the standard bound es-
tablished in Bartlett et al. (2017), vl. The presence of B is necessary in adversarial settings, as
discussed in Yin et al. (2019).

Margin Bounds. By replacing p by 1/ in the right-hand side of the upper bound in Theorem 1,
we obtain a margin bounds for robust generalization gap of the perdition error defined as

n

! / 1 ! / !
.L ’ - — i i L i)y, S i)y’ |-
Ple,y)~D {3:6 € B(x) s.t y;éarggpeaﬁcc]f(m )y } - E IL(H:CZGB(:c)st f(x)y, ’y—&—;{lj?if(:c )y>

i=1
Magnitude of Adversarial Examples. The form of B depends on B(z). For ¢, attacks, i.e.,

~ 1 1
|z — 2'||, < e, wehave B < B + max{l,d2 ?}e. There exists an additional dependency on
the dimension-d within the magnitude B. It arises from the discrepancy between ¢, attacks and the
£5-norm of training samples. We defer the detailed discussion to Section 4.

1.2. Technical Overview

As previously stated, the generalization gap is upper bounded by the covering number of the func-
tion class. For simplicity, we refer to the cover and covering number of the adversarial function
class as the adversarial cover and adversarial covering number, respectively. This paper primarily
addresses the question: How can we estimate the adversarial covering number? We briefly dis-
cuss why it is challenging to extend two related lines of work to provide a strong estimate of the
adversarial covering number.

1) A key component in standard approaches is the Maurey sparsification lemma, which provides
a strong estimate of the covering number of the matrix product Wz, where W is the weight of a
layer and z is the input of the corresponding layer. In the adversarial setting, = is dependent on W
and the weights of deeper layers. It is unclear how the Maurey sparsification lemma can be applied
to this setting.

2) To ensure compatibility with adversarial examples, alternative approaches have been devised
in adversarial settings that do not rely on the matrix product Wz and thus do not use the Maurey
sparsification lemma. These approaches lead to bounds on the adversarial covering number with a
higher dependency on the width m or the data dimension d.

To remove the extra factors in the existing bounds of the adversarial covering number, we sus-
pect that the Maurey sparsification lemma is still needed. Thus, we set up the following goal: Can
we devise an approach that is amenable to the Maurey sparsification lemma and is compatible with
adversarial examples? We describe our approach to achieve this goal.

Firstly, we propose a new variant of the covering number called the uniform covering number.
Let W be a weight matrix space. Consider the matrix product Wz/, where 2’ € B(x) and W € W.
Informally, we say a subset C is a uniform cover of W with respect to B(z), if for all 2’ € B(z),
W'z’ : W' € C is always a cover of Wz' : W € W.
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This definition retains the matrix product form Wz', preserving the potential for utilizing the
Maurey sparsification lemma. Meanwhile, this variant of cover is designed to be uniform across the
perturbation set B(z) of the corresponding layer, regardless of z’s reliance on weights from deeper
layers. This design ensures its potential compatibility with adversarial examples. The following
task is to prove that a precise adversarial cover can indeed be established using the uniform cover
for the weight matrix space.

Next, we inductively determine the uniform cover C; of each layer, ¢ = 1,--- , L. Then, we
consider the function class parameterized by weight matrices in Cy, x --- X C1, which constitutes
a subset of the adversarial function class. To prove that this is an adversarial cover, the following
lemma is required: Informally, the distance between any two adversarial functions can be bounded
by the distance between two standard functions evaluated at an intermediate adversarial example,
which is proposed in our earlier work (Xiao et al., 2022a) and will be introduced later.

By the definition of uniform cover, for all 2/, W’/ is always a cover of Wx'. This remains valid
for any determined intermediate adversarial examples, regardless of their dependency on different
pairs of adversarial functions. Consequently, this allows us to inductively prove that the uniform
cover of each layer constitutes an adversarial cover.

Finally, we bound the uniform covering number using the Maurey sparsification lemma, ensur-
ing that such an adversarial cover is as precise as a standard cover. This approach results in a bound
that is not only tighter than existing adversarial bounds but also matches the bounds in standard
settings.

2. Covering in Standard Settings and Main Challenge in Adversarial Settings
2.1. Preliminaries

Function Class. We consider the function class (or hypothesis class) of neural networks as follow:
H={h:(x,y) = oWrop-1(Wr_1---o1(Wiz)---),y) | Wy € W;,i=1,--- ,L}.

Adversarial Function Class. The adversarial function class of neural networks is defined as fol-
low:

H ={h: (z, h(z,y) | h € H},
{h:(z y)%xggé) (z,y) | } (1)

Given a dataset S = {(z;,1;)}?,, the function classes H and H on S are defined as His =
{(h(xlay1)7’ o 7h(xnayn)) ’ h e H} and H|S = {(h’(‘rlayl)f o 7h(wnayn)) ’ h e H}’ respec-
tively.

Definition 2 (Covering Number) Let e > 0 and (W,|| - ||) be a normed space. We say C C W is
an e-cover® of W, if for any W € W, there exists W' € C s.t. ||[W — W'| < e. The least cardinality
of such subset C is called the e-covering number, denoted as N (W, e, || - ||).

We use AV (W) as an abbreviation to denote the covering number of VW when it does not cause
ambiguity. Since the main problem of this paper is how to compute the adversarial covering number
N (7:[), we will first focus on this problem in Section 2 and 3. As for the other preliminaries such
as the definition of robust generalization and how to covert adversarial covering number to robust
generalization, they follow existing work. We leave them to Section 4, where we complete the proof

of Theorem 1.

2. We use two different Greek alphabet: ¢ for adversarial attacks and e for covering number.
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2.2. Covering Number Bounds in Standard Settings

A well-known upper bound in standard settings is provided by Bartlett et al. (2017). We first give a
brief review of Bartlett et al. (2017)’s approach.

Step (I): Matrix Covering. The most important building block is the matrix covering of the affine
transformation WX, where W is the weight matrix, and X is the data passed through the network.
Denote the (g, s)-group norm ||W||,, s as the g-norm of the s-norm of the rows of W.

Lemma 3 (Bartlett et al. (2017), Lemma 3.2; Zhang (2002), Theorem 3) Let conjugate expone-
nts (p,q) and (r,s) be given with p < 2, as well as positive reals (a,b, €) and positive integer m.
Let matrix X € R™™ be given with || X ||, < b. Then

252, 2
1n/\/<{WX W e R™ W ||gs < a},e, |- HQ> < [M

< = w In(2dm).

The proof utilizes Maurey sparsification lemma (Pisier, 1981).

Step (II): Induction on Layers. Denote X; as the (fixed) output of the i** layer. It is proven by
induction that the covering number of the whole neural network function class # is bounded by the
sum of the matrix covering number of the output spaces of each of the i*" layers.

L
N Hs 6l ll2) <Y sup mNEWXi 1 W lgs <aibien |- 2. @
7 (Wi, W)

Step (III): Dudley’s Integral. Using the standard Dudley entropy integral, Rademacher complex-
ity is upper bounded by the covering number of the function classes (see e.g. Mohri et al. (2018)).

2.3. Main Challenge in Adversarial Settings

As discussed in the Introduction, standard approaches, including the approach of Bartlett et al.
(2017), cannot directly utilize the max operation in robust loss. Specifically, within this covering
number approach, only Step (III) can be directly applied to adversarial settings, namely ARC can
be bounded by the adversarial covering number via Dudley’s integral. The interaction between X
and W affects the application of the first two steps to adversarial settings. We refer to the challenge
of applying Step (I) and Step (II) as Challenge (I) and Challenge (II), respectively.

Challenge (I). Denote B(X) = [2},--- ,a}]: 2, € B(z;),i =1,--- ,n. The function W —
X (1)) can be written as X (W) = arg max yseg(x) {(WX',Y). Then, it is unclear how
to calculate the covering number of the matrix W X4 (W) through Lemma 3 or other related
approaches.

Challenge (II). Given that adversarial examples are not static, constructing a cover for adversarial
function classes inductively, as outlined in Step (II), is infeasible. Consequently, the inequality and
analogous formulations presented in Step (II) are not applicable in adversarial settings.
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2.4. Existing Adversarial Approaches for the Challenges

The challenges mentioned were initially highlighted by Yin, Kannan, and Bartlett (2019) in their
attempt to extend the standard bound (Bartlett et al., 2017) to adversarial settings. As a compromise,
they employed an SDP-relaxation loss as a surrogate for the adversarially robust loss and applied
Bartlett et al. (2017)’s bound to this SDP-relaxation loss. That work did not provide a bound for the
original robust loss on DNNSs.

The first bound that applies to the robust loss of DNNs was given by our earlier work (Xiao et al.,
2022a). We used a robustified weight perturbation bound to prove the following decomposition:

L
N (Fs e, ] l2) € SN Wi ]| - lop):
i=1
Here, the right-hand side is the covering number of the weight spaces W; of each layer, rather than
the output space of {W; x X;_1}. || - ||op represents the operator norm. This bound effectively
eliminates the effect of the interaction between W and X. However, the weight covering N (W)
cannot be bounded by the Maurey sparsification lemma.

Mustafa et al. (2022)’s idea is to take the covering number of the perturbation set B(z) into
account. Firstly, they considered a cover C for B(0) and defined an extended dataset S = {(zi +
8,yi),i € [n],6 € C}. Secondly, they considered the extended function class H = {(z,y,8) —
h(z+46,y), h € H}. Finally, they showed that the covering number of the adversarial function class

‘H can be bounded by the covering number of H,ie.,
~ - €
lnN(H|S767 ” ’ ”2) < lnN(,H\S? 57 ” ’ HQ)

Since H does not contain the max operation, the covering number on the right-hand side can be
bounded through the use of existing standard approaches. However, this approach necessitates the
determination of the Lipschitz constant for the function (§ — h(z + d,y)).

As aresult, these two methods result in suboptimal bounds.

3. Covering Number of Adversarial Function Classes

Bartlett et al. (2017)’s approach showed that the application of Maurey sparsification Lemma is a
key component to obtain a tighter bound, yet this approach seems incompatible with adversarial ex-
amples. The approaches introduced in Xiao et al. (2022a) and Mustafa et al. (2022) are compatible
with adversarial examples, yet the constructed covers are not as precise as Bartlett et al. (2017)’s
cover. These observations suggest that a matching adversarial bound could potentially be derived
by fulfilling both requirements: 1) compatibility with adversarial examples, and 2) the application
of Maurey sparsification Lemma. To this end, we introduce the concept of the uniform covering
number, designed to harmonize these two objectives.

3.1. Uniform Covering Number

Definition 4 (Uniform Covering Number) LetC be a subset of WW. We say C is an e-uniform cover
of W with respect to X, if VX € X, {WX : W € C} is always an e-cover of {WX : W € W}
with norm || - ||. The least cardinality of such subset C C W is called the uniform covering number,
denoted as

UNX(W7 €, ” : H)
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Our first observation is that the dependency of adversarial examples on deeper layers conflicts
with the definition of cover in Lemma 3. This discrepancy makes it challenging to determine how
to effectively bound the covering number of adversarial function classes in relation to the covering
number of individual layers. This dilemma has led us to propose a new kind of covering number
that is uniformly applicable across perturbation sets. Then, the ‘new cover’ of individual layers is
independent to the adversarial examples and to the weights from deeper layers. Uniform covering
number is such a new concept by choosing & to be the pertubation set of each layer. We will show
how to build a cover of adversarial function classes based on the uniform covers of each layers.

Secondly, based on the matrix product form in the definition of uniform covering number, we
bound uniform covering number using Maurey sparsification Lemma. Thus, uniform covering num-
ber serves as a bridge between the covering number of adversarial function classes and the upper
bound by Maurey sparsification Lemma. Consequently, it becomes possible to derive a matching
upper bound for the covering number of adversarial function classes.

By the definition of uniform covering number. We directly have N({W X : W € W},¢, ||-]]) <
UNx(W, e, | - ||), forall X € X. Therefore, we have

sup N{WX : W e Whe, |- |l) SUNrW, e, || - ).

Xex
In general, the above equality does not hold. The uniform covering number cannot be readily
simplified or directly expressed in terms of the covering number. Furthermore, the left-hand side
is used to bound the covering number of standard function classes, as presented in Eq. (2), yet its
application for bounding the covering number of adversarial function classes remains ambiguous.
This distinction necessitates the introduction of a new definition.

Finally, we present the subsequent Lemma, crucial for demonstrating that a uniform cover is

capable of constituting a cover for adversarial function classes.

Lemma 5 (Intermediate Adversarial Example (Xiao et al., 2022a)) Given (z,y) and perturba-
tion set B(x). For all h~1, h~2 € H with their standard counterparts hy,ho € H, there exists an
adversarial example x'(hy, hg) € B(x), s.t.

|1~11 (:L'v y) - INI2(:E7 y)| < |h1 (:L'/(ﬁh ]~I2)7 y) - h2($l(}~7’17 iL?)v y)|
We refer to this adversarial example x’ (i~11, i~12) € B(z) as intermediate adversarial example.

Lemma 5 plays a crucial role in bounding adversarial functions with standard functions, eliminating
the max operation to enable mathematical induction across layers. Notably, z’ (INzl, l~z2) varies based
on A1, ho, and their weights across all layers. Our concept of the uniform covering number is
designed to accommodate this dependency effectively.

3.2. Proof Sketch of Covering Number Bounds of Adversarial Function Class

Step (I): Uniform Covering. Our first step is to bound the uniform covering number via Maurey
sparsification Lemma.

Lemma 6 (Upper Bounds of Uniform Covering Number) Given positive reals (a,b, €) and pos-
itive integer (d,m). Let | X||2 < b, forall X € X. Let ||[W||1 < aforall W € W. Then

a?b?

InUN W, €] - ) < ’76—2-‘ In(2dm).

8
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The application of Maurey sparsification Lemma leads to a O(In(dm)) dependency on width and
dimension. Absorbing the logarithmic factors, the dependency is (’3(1) as presented in Theorem
1. In the first and second versions of Bartlett et al. (2017), two bounds are discussed: the first
one focuses on the 1-norm of the weight matrix W, while the second one is based on the 2, 1-
norm of W, with other factors remaining consistent between the two. The proof for the 2, 1-norm
bound constructs a cover that depends on the data by normalizing each row of X by the norms
of its respective rows. Consequently, the 2, 1-norm bound is data-dependent, and its applicability
is limited in adversarial contexts due to its reliance on the data X. However, this distinction is
relatively minor, as the two norms are close. Crucially, the key insight of reducing dependency on
m and d to In(dm) remains applicable in adversarial settings.

Step (II): Induction on Layers. The next lemma shows that the covering number of adversarial
classes can be bounded in terms of the uniform covering number.

Lemma 7 (Covering of Adversarial Function Classes) Let (¢1,--- ,€r,) be given, along with Lip-
schitz activation function o; (where o;(-) is p;-Lipschitz, i = 1,--- | L), fixed Lipschitz loss func-
tion ¢ (L is p-Lipschitz) and operator norm bounds (ci,--- ,cr). Suppose the matrices W =

(Wy, -+ ,Wp) lie within Wy X - -+ x Wp, where W; are arbitrary classes with the property that
each Wi € W; has ||Wil|lop < c¢;. Starting from the pertubation set, let Xy = B(X)). For
i =1,---,L —1, let X; = {Ui(WiXi—l) W, e W, X, € Xi—l}- Then, letting ¢ =
Py <L €iPj HlL: j+1 Pic1, the adversarial function class H have covering number bound

L
lnN(H\S767 ” ’ ”2) < ZIHUNXz‘fl (Wi76i7 ” ’ ”2)

i=1

The foundation of the proof combines the concept of uniform covering number, as outlined in Defi-
nition 4, with the principle of intermediate adversarial examples introduced in Lemma 5. The proof
is provided in Section 3.4. By combining Lemma 6 and Lemma 7, we obtain the upper bound for
the covering number of adversarial function classes. In this context, . = max{mq,--- ,mr}.

Theorem 8 Let nonlinearities (o1,--- ,0r) be given, where o; is p;-Lipschitz and 0;(0) = 0.
Let the loss function { be p-Lipschitz. Let the network f : R¢ — RF with weight matrices W =
(Wi, -+ ,Wr) have spectral norm bounds (s1,- -+ ,sr), and {1-norm bounds (a1, - - ,ar). Then,
the adversarial function class 7:[‘ s have covering number bound

) szln L 2/3 3/2
N (Hjs, e, ) < (Hmsz)(Z 2/3> 7

i=1 S

where B is the magnitude of adversarial examples, i.e.,

(x) and x € {x;}] .

Step (III): Dudley’s Integral. Using the standard Dudley entropy integral, ARC is upper bounded
by the covering number of the adversarial function classes.

3.3. Proof of Lemma 5
Proof: Let

x(hy) = arg max hi(z',y), x(hy) =arg max ho(z',y).
z'eB(x) z'eB(x)
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|7 (2,y) = ha(@,y)| < max {|h1(x(hn),y) = ha(@(hn), y)], [p1 (2(h2), y) — ha(x(h2), y)|}-

It is because

and
ha(z(h2),y) — hi(z(h1),y) < ha(x(h2),y) — hi(z(h2),y)
Let ~ ~ ~
h fh h > h h
(g o) 2(h1), if hn(z(h1),y) 2 ha(a(h2),y) 3)
ﬂj‘(hg), if hl(:E(hl)) y) <h ﬂi'(hg), y)
We have ~ ~ o o
|h1 (:Ev y) - h2($7 y)| < |h1 (:E/(hl’ h2)7 y) - h2($/(h17 h2)7 y)|
The expression in Eq. (3) is the intermediate adversarial examples.
3.4. Proof of Lemma 7
Fori=1,---, L, let C; be an ¢;-uniform cover of W; with respect to X;_1. This forms a subset of

the adversarial function class 7:[, denoted as

é:{ mg,zi)E(O'LWLO'L 1(WL 1° 1(W1/33/)"'),y)’Wi/ECi,i:1,--- ,L}.
z'e

Given (z, y),Nfor~ all hy € H and hy € C, by Lemma 5, there exist an intermediate adversarial
examples z’(hy, hs), such that

(2, y) — ha(z,y)| < |ha(2/ (R, ha),y) — ha(2 (ha, ha), y)|-

Given dataset S with data matrix X and Y, denotes X’ (hl, hg) € R4X" as the collection of interme-
diate adversarial examples of X . Finally, Let X;(h;, h2) and X;(h1, hy) be the output of X (hy, hy)
pass through the first to the (i — 1) layer of hi and hy, i.c.,

Xi(h1,ho) = oi 1 (W1 - o1 (Wi X' (h1,ho)) -+ ), i =2, , L,
Xi(hi,hy) = 03 1(W]_y -~ o1 (Wi X' (h1,ha)) -+ )i =2,--- L,
respectively. Then,
Aipr s =1 Xi(ha, ha) — Xi(ha, ho)|
< pilWiXiz1(ha, ha) — W) X1 (b1, ho) | “)
< pi([WilloAi + |WiXi—1(ha, ha) — W] Xi_1(h1, ho)]|).

By the definition of &X;_;, we have X,-_l (i~1~1, i~z~2) € X;_1. Since C; is a ¢;-uniform cover of }/\)Z ~with
respect to X;_1, it follows that {W!X;_1(h1,he) | W/ € C;} is an ¢;-cover for {W; X;_1(h1, ha) |
W; € W}, for all hy, hy. Then

IWiXi—1(h1, ha) — WiXi1(h1, ho)| < €. 5)
By combining Eq. (4) and Eq. (5), we have
Aip1 < pi([[Willo A + ). (6)

10
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Remark. Let X; denote the output of clean samples X after passing through the layers up to
the (i — 1)th layer. Substituting X; for Xi(izl, ilg) in Eq. (6) reproduces the recursive formulation
provided in Bartlett et al. (2017). The critical distinction between adversarial and standard scenarios
lies in the reliance on two functions, o and hsy. In the standard setting, the training data X remains
constant, allowing a standard ¢;-cover to facilitate Eq. (6). This method, however, is not viable when
X is dynamic. This dilemma has perplexed the research community for years. Conversely, our
concept of a uniform cover efficiently establishes a universally applicable cover for all adversarial
examples given hy and ho. Consequently, our approach addresses the primary issue, demonstrating
that the recursive form in Eq. (6) is applicable in the adversarial setting.

Finally, we complete the proof by mathematical induction. For all i~11(X YY) € 7:[‘5 and

izg(X, Y) e é|5, using Eq. (6), we have

L
P (X,Y) = hao(X,Y)| < pAr1 < p Y _eip; [ ma=e.
j<L I=j+1

Therefore, C~’| s 1s an e-cover of the adversarial function class 7:[‘ s- We have

L
lnN(H\Sv € H ’ H2) <In |C|S| = ZIDUNXF1 (le €, H ’ HQ)
i=1
4. Adversarial Robust Generalization

In this section, we complete the gap between adversarially robust generalization and covering num-
ber, which mainly follows classical learning theory (Mohri et al., 2018).

Robust Generalization Gap. Let the robust population risk and the robust empirical risk be

RD(h) = E(w,y)ND x’rélgé) h(dj/, y) and Eg(h) E(w y)~S /Iggé) h(:L' y)

respectively. The robust generalization gap is defined as Rp(h) — Rs(h).

Definition 9 (Adversarial Rademacher Complexity) Let the Rademacher random variables o;
equals to 1 and —1 with equal probability. ARC is defined by the Rademacher complexity of the
adversarial function class H, i.e.

R(Hs) = Eq {SupZJZ . y] E, 1[SupZUZ max h(z, y)}

heH i—1 heH 'eB(x)

Then, it is proved that adversarial robust generalization can be bounded by ARC.
Lemma 10 (Yin et al. (2019)) Suppose that the range of the loss function h(x,y) is [0,1]. Then,
forany 6 € (0,1), with probability at least 1 — 0, the following holds for all h € H,

~ ~ ~ log 2
Rp(h) < Rs(h) + 2R(H|3) +3 o

11
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Finally, we introduce the standard Dudley entropy integral bound on the empirical Rademacher
complexity (e.g. Mohri et al. (2018)), which is used in the proof of Theorem 1.

Lemma 11 (Dudley’s Integral) Ler H be a real-valued function class taking values in [0, 1], and
assume that 0 € ‘H. Then

R(Hs) < int <4\/—Oi L2 /aﬁ VInN (Hys, e, |- ||2)de>.

a>0 n n

Then, by combining Lemma 10, Lemma 11 and Lemma 8, we obtain our main result of Theorem 1.

Margin Bounds. Suppose a neural network computes a function f : R? — RF, where k is
the number of classes. The most natural way to convert this to a classifier is to select the output
coordinate with the largest magnitude, meaning # — arg max; f(«);. The margin, then, measures
the gap between the output for the correct label and other labels, defined as M (f(x),y) = f(z)y —
max;, f(x);. The function makes a correct prediction if and only if M (f(x),y) > 0. M(f(z),y)
is 2-Lipschitz. We consider a particular loss function ¢(f(x),y) = ¢, (M (f(x),y)), where v > 0
and ¢ : R — [0, 1] is the ramp loss:

1 t<0
P (t) = 1-% 0<t<r
0 t> 7.

¢~(t) € [0,1] and ¢,(-) is 1/~y-Lipschitz. The loss function ¢(f(z), y) satisfies:

I(y # arg max f(z)y) < (f(z),y) < L(f(z)y <7+ max f(z)y). (7
y'€lk] y'#y

0(f(x),y) is 2/~-Lipschitz w.r.t the first argument. Therefore, by replacing p by 1/~ in the right-
hand side of the upper bound in Theorem 1, we obtain a margin bounds for robust generalization of
the perdition errors:

n

Ple,y)~D {3 x' € B(z) sty # arg ;pea[i(] f(x')y/} — %; 1 (3 x; € B(x;) s.t. f(xh)y, < v+ ;{12; f(:c;)y/>
Magnitude of Adversarial Examples. We consider the magnitude of B in common settings. For
¢, attacks, i.e., ||z — /||, < &, we have B = sup ||2/|]2 < ||z[j2+ [z —2'||2 < B+max{1, d%_%}s.
There exists an additional dependency on the dimension-d within the magnitude B. It arises from
the discrepancy between ¢, attacks and the £2-norm of training samples. The impact of d is minimal
and can be mitigated by rescaling the norms. Furthermore, it is noteworthy that our analysis is
capable of providing bounds for a broad range of adversarial attacks, extending beyond merely /,,
attacks.

4.1. Comparison with Existing Bounds for DNNs

The bound proved for two-layer neural networks by Awasthi et al. (2020) is

@<Buw%w2uz4>.

12

®)



BRIDGING THE GAP: RADEMACHER COMPLEXITY IN ROBUST AND STANDARD GENERALIZATION

For a general assumption with a Lipschitz activation function and bounded weights,

A=1++/dm+1).

The dependency on width and dimension is O(v/md), which is larger than that of standard bounds.
With an additional assumption for ReLLU activation functions and special weights (cf. Theorem 9 in

Awasthi et al. (2020)),
A =Csy /1T,

In this setting, the bound is width- and depth-independent.
In our earlier work (Xiao et al., 2022a), we provided a bound for DNNs in

o BrvIs LTI, [Willo
=L .

The dependency on width O(m) can be further reduced to O(y/rm) in a low-rank scenario, where
r is the rank of each weight matrix. Even in this scenario, the dependency on width is still increased
by O(y/m) when compared to the standard bounds. Notably, the bound in Equation 9 has a lower
dependence on L, which seems to be a trade-off between depth and width, and the width is at least
no smaller than the data dimension. However, a model with good generalization ability should scale
with the data dimension. A width-independent bound is more desirable.

The bound proved by Mustafa et al. (2022) is

BLTIE [Willop IWill3.0\ 2 "
O( /n (Zuwzuo) . (L“’g) > (10
N—_——

Term 1 Term 2>O(v Ld)

d
Llog = log2 <<C’1BFn + sz>n<6€)\n> + 1> log(n),
Y Y

T = maxierr Ty [Willop it = maxieqpymi, A = 2 T, [1Willop % Wi [[1,00/m01,
and C7, C5 are some constants.
First of all, we consider the term 1 in Eq. (10). The functional form (E *1()2/3)3/2 appearing

®)

where

in Bartlett et al. (2017) may be replaced by the form L(Zi:l() )1/2 appearing above by using
llall2/3 < [Ja||2 which holds for any cv. Next, we switch our attention to term 2. Since the expression

of ﬂlog is rather complicated, we simplify it as

- BT d
Liog = log% <<Cl 5 "y C’gm>n<6€;\n> + 1> log(n)
d
> Q<log% <6€)\n> )
Y

13
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In conclusion, the bound proposed by Mustafa et al. (2022) introduce an additional order (at least)
in O(\/H) and many other factors when comparing to the bound of Bartlett et al. (2017), v2.

Notice that our bound reduces to the v1 version of Bartlett et al. (2017)’s bound. Comparing
our bound with Mustafa et al. (2022)’s bound reduces to comparing || W ||; with |[W||a,1 Liog. Since
W21 < W]l < Vd[|[W||a,1, our bound is strictly tighter.

5. Related Work

Adversarial Attacks and Defense. Since 2013, it has been well known that deep neural net-
works trained by standard gradient descent are highly susceptible to small corruptions to the input
data (Szegedy et al., 2014; Goodfellow et al., 2015; Chen et al., 2017; Carlini and Wagner, 2017;
Madry et al., 2018). One lines of work aimed at increasing the robustness of neural networks
(Wu et al., 2020; Gowal et al., 2020). Another line of works aimed at finding more powerful at-
tacks (Athalye et al., 2018; Tramer et al., 2020; Chen et al., 2017).

Robust Generalization. The work of Schmidt et al. (2018); Raghunathan et al. (2019); Zhai et al.
(2019) has shown that more data can help achieve better robust generalization. The work of
Attias et al. (2022); Montasser et al. (2019) explained generalization in adversarial settings using
VC-dimension. Neyshabur et al. (2017) used a PAC-Bayesian approach to provide a generaliza-
tion bound for neural networks. The work of Farnia et al. (2018); Xiao et al. (2023) extended the
PAC-Bayes analysis to adversarial settings. However, as pointed out in Bartlett et al. (2017), PAC-
bayes bound is not as tight as Rademacher complexity bound. There exist a trade-off between
standard and robust accuracy in adversarial training (Raghunathan et al., 2020; Javanmard et al.,
2020; Mehrabi et al., 2021; Javanmard and Soltanolkotabi, 2022; Javanmard and Mehrabi, 2023).
In another line of our research, we study the poor robust generalization through the lens of uni-
form stability (Xiao et al., 2022b,c,d). Even though adversarial training helps when enough data is
available, it may hurt robust generalization in the small sample size regime Clarysse et al. (2022).

Rademacher Complexity. Golowich et al. (2018) introduced an alternative layer peeling tech-
nique and obtained a size-independent bound. However, as pointed out in (Telgarsky (2021), Sec.
16.2), Golowich et al. (2018)’s Frobenius norm bound is still larger than Bartlett et al. (2017)’s spec-
tral norm bound, which is the best known Rademacher complexity and covering number bound for
DNNs in a standard setting.

6. Conlusion

This paper introduces upper bounds for ARC that match the upper bounds in standard scenarios
(Bartlett et al., 2017). The primary challenge we tackle is the computation of the covering number
for adversarial function classes. To address this, we propose a novel concept called the uniform
covering number, tailored specifically for adversarial examples. This approach successfully bridges
the gap between Rademacher complexity measures in both robust and standard generalization con-
texts. We believe that the introduced concept of the uniform covering number will be of significant
value to the theoretical community. For instance, it has the potential to be adapted for a variety of
machine learning problems and algorithms where the training samples are dynamic, not static.

14
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Appendix A. Details of Existing ARC Bounds

In this section, we provide the details of the adversarial bound listed in Table 1.

A.1. Type (I): Robust Loss and Matching Bounds

We first state the best-known result in linear cases from Awasthi et al. (2020).

Theorem 12 (Awasthi et al. (2020), Theorem 4) Let H = {y(w,z) | [|w[, < W} be be the
class of linear functions and H := {min, .|, < y{w, ) | [[w||, < W}. Then it holds that

1 1 1 1
W max{d' " » 7,1} ~ W max{d' " » 7,1}
< < .
max{R(’H),s o) } <RMH)<R(H)+e NG

Notice that when the perturbation is measured in {,.-norm, i.e. p = oo, Theorem 12 recovers
the bound of Yin et al. (2019), and provides a finer analysis of the dependence on the input di-
mensionality as compared to the recent work of Khim and Loh (2018) on linear hypothesis classes.
Furthermore, when € = 0, as expected, the ARC equals the standard Rademacher complexity of
linear models. -

By setting R(H) = O(BW/+/n), the bound becomes O((B + emax{d' » =, 11)W/\/n).
Here B+¢ max{dl_%_% 1} = B represents the magnitude of adversarial examples. Consequently,
B is an unavoidable term in the ARC bounds.

A.2. Type (II): DNNs and Matching Bounds
In this section, we introduce the surrogate losses listed in Table 1.

Tree Transformation Loss. The work of (Khim and Loh, 2018) introduced a tree transformation
T and showed that max|, o< £(f(2),y) < L(Tf(x),y). The tree transformation pushes the
maximization through each layer, thus multiplying the bound slack. Then, we have the following
upper bound for the adversarial population risk. For ¢ € (0, 1),

ST\

Ro(f) < Rp(Tf) < Rs(Tf) + 2pR(T o Fis) + 3 102%1 |

It gives an upper bound of the robust population risk by the empirical risk and the standard Rademac-
her complexity of T o f, i.e., R(T o Fs). However, the empirical risk Rs(7f) in the right-hand
side is not the objective in practice. This analysis does not provide a bound for robust generalization
gaps.

SDP Relaxation Surrogate Loss. In the work of (Yin et al., 2019), the authors defined the SDP
surrogate loss as

€

l?(f(x),y)ztbv(M(f(x),y)—— max  max <z@<w2,k,wl>,P>)

2 ke[K),z=+1 P*0,diag(P)<1

to approximate the adversarial loss for two-layer neural nets. Therefore, the ARC is approximated
by the Rademacher complexity on this loss function. The weakness of this approach is the same as
that of the previous one.
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FGSM Attack Loss. The work of (Gao and Wang, 2021) also considerd the Rademacher com-
plexity in adversarial settings. To deal with the max operation in the adversarial loss, they consider
FGSM adversarial examples. By some assumptions on the gradient, they provide an upper bound
for Rademacher complexity on the loss ¢(f(zrasar),y). They further assumed that the gradient
IVe(f(z),y)|| > k for all z in the domain. This is a strong assumption and the additional parame-
ter x is in the divider in the final bound. The bound is not controllable when x — 0. Similar to the
tree-transformation loss and SDP-relaxation loss, this approach cannot provide a bound for robust
generalization gap.

Appendix B. Proof of the Technical Results
B.1. Proof of Lemma 6

First recall the Maurey sparsification lemma.

Lemma 13 (Maurey, cf. (Pisier, 1981)) Fixed a Hilbert space H with norm || - ||, Let u € H
be given with representation u = Z;l:l ajvj where v; € H, ||vj|| < b a; > 0and a =

Z;l:l aj < 1. Then for any positive integer k, there exists a choice of nonnegative integers
(k1. ka), Z?:l k; = k, such that
d 2 2 2
1 ab” — [Jul|
U — T Z kv < — %
j=1

Then, we move to the proof of Lemma 6. Set N := 2dm, k = [“z—f], and define

{‘/17 7VN} = {geiej:ie {17 7m}7j € {17 7d}7g€ {_17+1}}7

a N N
C:{E;kim\hzo,;ki:k}.

For all X such that || X[ < band W € W,

m d m d
W. .
WX =% Wijee;X=ay Y —reiejX € a-conv{ViX, .- Vv X}
i=1 j=1 i=1 j=1

Additionally, ||V;X||2 < || X]|2 < b. Then, by Lemma 13, we have

a 2 a2 9
WX — = E Vi < <
H X ? kEViX| < oS¢

i=1

Therefore, {W'X : W’ € C} is always an e-cover of {IWX : W € W}, forall X € X =
{X | | X|]2 < b}. By the definition of e-uniform cover, C is the desired e-uniform cover of WW. The

022
uniform covering number is |C| = (2dm)* = (2dm) [“21 Thus we complete the proof that

ab?

InUN W, €] - ) < ’76—2-‘ In(2dm).

20



BRIDGING THE GAP: RADEMACHER COMPLEXITY IN ROBUST AND STANDARD GENERALIZATION

B.2. Proof of Theorem 8

First of all, we define

) (Smr)
€= ———>=—"\|—= - = |-
poi T2y pisi \8i) \Y7_ (a;/s))3
Based on the p-Lipschitz properties of the activation function and the inequality
Wz < [Wliellll2,
forall X; € A,

) [
1%l < BT il Wille < BT piss-
j=1 j=1

By, Lemma 6,

a2(BTT'ZY pjsj)?
N, Wi |1 < | (BlLiere) [ mezmmi-o

€

Then

a2(BTT'Z, pysj)?
[ i ( ngl Py ]) -‘ln(Qmimi_l)

€

B2?pIn(2m?) L L a?/g 3/2
< 2 <H0232><Z 2/3> :

i=1 i=1 5;
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