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Abstract

This paper is concerned with minimax conditional independence testing. In contrast to some
previous works on the topic, which use the total variation distance to separate the null from the
alternative, here we use the Wasserstein distance. In addition, we impose Wasserstein smooth-
ness conditions which on bounded domains are weaker than the corresponding total variation
smoothness imposed, for instance, by Neykov et al. [2021]. This added flexibility expands the
distributions which are allowed under the null and the alternative to include distributions which
may contain point masses for instance. We characterize the optimal rate of the critical radius
of testing up to logarithmic factors. Our test statistic which nearly achieves the optimal critical
radius is novel, and can be thought of as a weighted multi-resolution version of the U-statistic
studied by Neykov et al. [2021].

1 Introduction

This paper focuses on conditional independence (CI) testing using the Wasserstein distance.
CI testing is a fundamental problem in statistics. It has widespread applications in areas such
as causal inference and causal discovery [Zhang et al., 2011, Spirtes et al., 2000, Pearl, 2014]
and graphical models [Margaritis, 2005, Koller and Friedman, 2009]. In addition it is central to
classical statistical concepts such as sufficiency or ancillarity [Dawid, 1979]. On the other hand
the Wasserstein distance, and its associated theory of optimal transport, which was originally
introduced by Monge [1781], Kantorovich [1942], has recently seen multiple applications in ma-
chine learning, and statistical methodology and theory: see for instance [Blanchet and Murthy,
2019] for applications in robust machine learning, [Rubner et al., 2000, Sandler and Lindenbaum,
2011, Li et al., 2013] for applications in image analysis and [Chernozhukov et al., 2017, Hallin
et al., 2021, Ghosal and Sen, 2022, Manole et al., 2021] which study optimal transport maps and
use them to define multivariate analogues of the quantile of a distribution. Furthermore, also
of note are recent uses of optimal transport in nonparametric hypothesis testing problems [Deb
and Sen, 2021, Deb et al., 2021], distributional regression [Ghodrati and Panaretos, 2021], gen-
erative modeling [Finlay et al., 2020, Onken et al., 2021], fairness in machine learning [Gordaliza
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et al., 2019, Black et al., 2020, De Lara et al., 2021] and statistical applications in the sciences
[Komiske et al., 2020].

The Wasserstein distance is flexible and, unlike stronger metrics such as the total variation
distance, can be small even when one compares continuous to discrete distributions. This
versatility makes it attractive for problems in conditional independence testing where one may
not want to assume a priori that the distribution does not contain point masses for example.
It is in fact so natural to use the Wasserstein distribution in problems for CI that we are
not the first to look into this problem. Warren [2021] develops binning based tests for CI
testing problems where the underlying conditional distributions are assumed to be Wasserstein
smooth. On the surface, this is similar to what our paper is concerned with: under Wasserstein
smoothness assumptions we formulate a binning based statistic. The main difference between
our work and Warren [2021] is our goal: we aim to find a (nearly) minimax optimal test statistic
and characterize the minimax testing rate, whereas Warren [2021] simply controls the type I
and type II errors under certain sufficient conditions. This is a fundamental difference, and
our test statistic is markedly distinct from the one used by Warren [2021]: we use a weighted
multiresolution U-statistic, whereas Warren [2021] uses a plugin based statistic which compares
the Wasserstein distributions on binned samples. This of course makes our analysis quite distinct
from that of Warren [2021].

We will now give a high level overview of the minimax approach, inspired by Ingster [1982],
Ingster and Suslina [2003], which we undertake. If a null distribution is very close in a certain
metric (which in this paper we choose to depend on the Wasserstein distance), to an alternative
distribution, tests will have difficulty in distinguishing whether a distribution is coming from the
null or the alternative. To remedy this, one can remove distributions which are €,-close to the
null hypothesis. Our goal is then to discover how small &,, can be (as a function of the sample size
n), so that one can still distinguish the null from the alternative. In addition as we mentioned we
impose smoothness conditions both under the null and under the alternative hypothesis. This
additional requirement comes as no surprise, since Shah and Peters [2020] proved that under no
conditions CI testing is hard in the sense that the power under any alternative distribution of
any test that controls the type I error over all (smooth and non-smooth) CI distributions below
« is bounded by a.

1.1 Notation
We now summarize commonly used notation throughout the paper.

Definition 1.1 (Total Variation Metric). The total variation (TV) metric between two distri-
butions p, g on a measurable space (2, F) is defined as

dp dq
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where the last identity assumes v is a common dominating measure of p and q, i.e., p < v,
q < vand %, g—g denote the densities of p and ¢ with respect to v (note here that v can always

be taken as v = p + q).

We will now formalize our notation for conditional distributions. This notation is the same
as the one used in Neykov et al. [2021] but for completeness we provide details here. If the
triplet (X,Y,Z) has a distribution px y,z we will use px y|z—. to denote the conditional joint
distribution of X,Y|Z = 2. Additionally px|z—. and py|z—. will denote the marginal condi-
tional distributions of X|Z = z and Y|Z = z respectively. The marginal distributions will be
denoted with px,py,pz and joint marginal distributions will be denoted with px v, py,z,px,z-
Furthermore, with a slight abuse of notation, px y|z(z,y[z) and px|z(7|2) and py|z(y|z) will de-
note the densities of these distributions evaluated at the points z,y and z (or the corresponding
probability mass functions when X and Y are discrete).



In addition we will use < and 2 to mean < and > up to positive universal constants (which
may be different from place to place). If both < and 2 hold we denote this as <. For an integer
n € N we use the convenient shorthand [n] = {1,2,...,n}.

Finally, for a real number r € R let |r] be the largest integer smaller than or equal to r, and
let [r] be the smallest integer which is at least 7.

1.2 Problem Formulation and Related Works

In this section we formulate the problem precisely and mention some related works. Let X,Y, Z €
[0,1]3 be three random variables. We are interested in testing Hy : X 1 Y|Z versus the
alternative Hy : X L Y|Z. Define the Wasserstein-1 distance

Wi(p,v) = inf /Hx —yYll2dy(z,y),
"/EF(U’a”)

where I" denotes the set of all couplings between p and v i.e., all joint distributions with marginals
pand v and || - |2 denotes the Euclidean norm. Similarly one can define Wa(u, v) as

1/2
Wzm,u)[ wi [ ||xy||§dv<z7y>} .
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We will now state several well-known facts about the W7, Wy and TV distances which will
be helpful throughout this work.

Fact 1.2. The following statements hold true:
1. For any two probability distributions p, ¢ on [0, 1]%:

Wa(p,q) S TV(p,q).
2. For any two probability distributions p, ¢ on [0, 1]%:
Wi(p,q) < Wa(p, q).
3. Wasserstein distance is a proper metric, i.e., for three distributions p, ¢, 7 on [0, 1]2 we have
Wi(p,q) < Wi(q,r) + Wi(r,p), i€ {1,2}.

4. Squared Wasserstein-2 distance is sub-additive on product distributions, i.e., let p1, p2, g1, 2
be probability distributions on [0, 1], then

W3 (p1 % p2,q1 x q2) < Wi (p1,q1) + W3 (p2, q2).
5. If p, q are probability distributions on [0, 1] we have
W3 (p.q) < V2Wi(p, q).

We defer the proof of this result to the appendix. Let Py denote the set of all conditionally
independent distributions supported on [0,1]3, i.e. for all ¢ € Py: ax,y|z = 4x|z49v|z-

Assumption 1.3. Define the collection of probability distributions
P(YV(L) ={pePo: Wl(pX,Y|Z:zva,Y|Z:z’) < Llz— Zl|a for all z,2" € [0, 1]}.

Suppose that under the null hypothesis the distribution belongs to the class P} (L).



In this paper we work exclusively with W; smoothness conditions as in the definition of
PV (L) both under the null, and also under the alternative hypothesis as we will see shortly.
Similar smoothness conditions have been used previously to enable binning based approaches to
CI testing; see for instance Neykov et al. [2021], Kim et al. [2022b] for total variation smooth-
ness, and also Warren [2021] for Wasserstein smoothness akin to the one we used above. One
advantage of the W smoothness in comparison with total variation smoothness as in Neykov
et al. [2021], is that on compact domains the W, distance is smaller than the total variation
up to a constant [See Fact 1.2 (1), and also Lemma 3 and Theorem 6.15 Slawski and Sen,
2022, Villani, 2009, respectively], and therefore, all previous examples suggested in Section 6 of
Neykov et al. [2021], which are total variation smooth also satisfy Wasserstein smoothness as
defined in Assumption 1.3. Unlike total variation smoothness however, Wasserstein smoothness
allows for distributions containing point masses; in other words being a mixture of discrete and
continuous distributions may be Wasserstein smooth, while not being total variation smooth as
is also pointed out by Warren [2021].

Let P; denote the class of all non-conditionally independent distributions i.e., the laws of all
random variables X, Y, Z € [0,1]3 such that X £ Y|Z.

Assumption 1.4. Define the collection of alternative distributions P}¥ (L, ¢) as follows:

PV (Lye) i= {p € Pr Wi(px y|z=2:Px v|z=2) < LIz = 2|, for all z,2" € [0,1],
inf EZWQ(pX,Y\ZaQX,YlZ) > e}
q€Po

In the above definition, the expectation over Z is taken with respect to the distribution py
which is the Z-marginal of pxy z. We will henceforth assume that the distributions under the
alternative hypothesis belong to the class P}V (L, ).

We would like to underscore that the W, distance is a popular distance which is often
considered in practice. For instance Rigollet and Weed [2019] use it to estimate the mean
vector in the problem of uncoupled isotonic regression. As the reader can see we are using the
W1 distance to impose smoothness on the distributions while we are using the W5 distance to
impose separation between the null and the alternative. Using distinct measures of smoothness
and separation is standard.

See for instance Arias-Castro et al. [2018] where the authors use Holder smoothness on the
densities and Ly separation in goodness-of-fit problems. Furthermore, since the Wasserstein
distance is monotonic (i.e., Wi < W5), the assumed smoothness in W; distance is weaker than
the respective W5 smoothness, hence in order to support more distributions we focus on the
W7 smoothness requirement. One final remark that we would like to make on Assumption 1.4
is that for the same amount of separation — & (up to universal constants) — the Wasserstein
separation discards more distributions as compared to the total variation distance. Formally we
have

Proposition 1.5. If a distribution p satisfies inf,ep, EzWa(px v|z, 4x,v|z) > €, then we also
have infyep, TV(p, q) 2 €.

Proof of Proposition 1.5. To see this first observe that on bounded domains Wa(p, q) < TV(p, q)
by Fact 1.2 1, where we remind the reader that < denotes inequality up to absolute constant
factors. However, from Lemma B.4 of Neykov et al. [2021] we know

TV(p,q) > Ez TV (pxv|z,ax,v12)/2 2 EzWa(px,yv|z: 4x,v|2)-

Thus if two distributions p and ¢ € Py satisfy EzWa(px,yv|z,qx,v|z) > €, they also satisfy
TV(p,q) 2 €. O



To summarize, in comparison to Neykov et al. [2021], the Wasserstein separation is “stronger”
(by Proposition 1.5) than TV separation, while the Wasserstein smoothness requirement is
“weaker” than the corresponding TV smoothness. In order to characterize the complexity of CI
testing we use the minimax testing framework, introduced in the work of Ingster and co-authors
[Ingster, 1982, Ingster and Suslina, 2003], and which has since then been considered by many
authors (see for instance Lepski and Spokoiny [1999], Baraud [2002], Diakonikolas and Kane
[2016], Valiant and Valiant [2017], Canonne et al. [2018], Arias-Castro et al. [2018], Canonne
[2020], Balakrishnan and Wasserman [2018, 2019], Carpentier and Verzelen [2021], Neykov et al.
[2021], Kim et al. [2022a], Albert et al. [2022]). Formally, consider the testing problem

Ho:p e Py (L)vs Hy:p € PV (L,¢). (1.1)

We define the minimax risk of testing as

R.(e) = inf{ sup E,[v(Dn)]+ sup Ey[l-— w(Dn)}}l, (1.2)
pEPY (L) pEPV (L,e)

where the infimum is taken over all Borel measurable test functions ¢ : supp(D,) — [0,1]
(which gives the probability of rejecting the null hypothesis), and supp(D,,) is the support of
the random variables D,, = {(X1,Y1,21),...(Xn,Ys, Z,)}. In the development to follow, we
assume that L is a fixed non-zero constant which does not scale with n, and so we do not track
the dependence of the critical radius on L.

In the minimax framework our goal is to study the critical radius of testing defined as

en(PY (L), P (L,e)) inf{s  Ro(e) < ;} (1.3)
The constant % above is arbitrary, and can be chosen as any small constant. The minimax testing
radius or the critical radius, corresponds to the smallest radius € at which there exists some test
which reliably distinguishes distributions in Hg from those in H; which are appropriately far
from Hg. The critical radius provides a fundamental characterization of the statistical difficulty
of the hypothesis testing problem in (1.1).

1.3 Organization

The remainder of the paper is structured as follows. In Section 2, we formulate our test and
prove it controls the type I and type II errors under an appropriate condition on the radius of
separation. In Section 3, we state and prove our main lower bound. Finally, we conclude with
a brief discussion of future work in Section 4.

2 Wasserstein Testing

In this section we present the main result of the paper. Our goal is to characterize the critical
radius &,, defined in (1.3). This involves upper and lower bounding it. Upper bounds are
obtained by designing a test and analyzing its Type I and II errors (risk), and lower bounds
are obtained via an information theoretic argument. The intuition behind our test construction
is rooted in two propositions on the W5 and W distances given in the papers Weed and Bach
[2019], Indyk and Thaper [2003] respectively. These Wasserstein distances can be thought of
being approximately weighted “multiresolution” total variation distances (see Lemma 2.1 below).

'Here with a slight abuse of notation, we use E, to denote expectation under ii.d. data D, =
{(X1,Y1,21),...,(Xn,Yn, Z,)} where each observation is drawn from p.
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Figure 1: Collection of grids centered at n

Leveraging this result along with tests for distributions which are smooth in total variation
[Neykov et al., 2021], we consider a multiresolution test statistic in order to approximates the
Ws separation functional. As we will see, the resulting test yields a nearly (up to logarithmic
factors) minimax optimal Wasserstein CI test. The details on the upper bound are given below.

2.1 Upper Bound

Construct Q, a collection of rectangular grids Q¥, k € {1,...,[log,(d)]} with side Euclidean
length (mostly) 2% centered at a fixed point n € [0, 1]2. Here d is an integer defined as the number
of bins used for the Z variable. Each cell Afj € Q" is Afj = AF x A;k where AF and A;k are
intervals of size (mostly) 3¢ on [0, 1] centered at the projections — 7y and 1 — of the point 1 =
(m1,72) on the z and the y axis. We will now formally define the intervals A¥ for the convenience
of the reader. Here the index i ranges in the set [L] where L = 2+ [2Fn; | + [2¥(1 — n1)]. We
have

[ |27 |

Alf: Ov T — 2k
[ j— 2 — |2F j—1— |2F

AF — m+%7 m+’21}m),forie{27...7L—1}
r 2k177]1

Af = n1+¥, 1}

Similarly, one can define the interval A;-k for j € [L'] where L' = 2+ |21y ] + [25(1 — 1) ]. See
also Figure 1 for a visualization of three such grids. We now restate and prove a proposition of
[Weed and Bach, 2019] adapted to our setting.



Lemma 2.1. For any two distributions p and ¢ on [0, 1], we have the following inequality:

[logz(d)]
1 1
W2 Z k k
5(pa) < 92[log, (d)]+1 + § : 22k ‘p(Aij) - q(Aij)|‘ (2.1)
k=1 A EQ”

Since the proof of Proposition 2.1 follows directly from the result of Weed and Bach [2019],
we defer it to the appendix. We now describe the test used for establishing an upper bound.
First draw N ~ Poi(n/2) samples. If N > n, accept the null hypothesis. If N < n, take
the first NV samples out of the given n samples and discard the rest. We bin the Z support,
i.e., [0,1] in d bins of equal size which we denote by C1,...,Cy. This separates the sample
Dy ={(X1,Y1,Z1),..., (XN, YnN, Zn)} into smaller datasets D, = {(X;,Y;) : Z; € Cp,}. Let
|D,| = 0,n denote the sample size of the mth bin. Define the function ¢*((z,y)) = (4, 5) if and
only if (z,y) € Aj; € QF. Next define the sets Dy, = {¢*(X;,Yi) : Zi € Cp,} for m € [d] and
kEel,...,[logy(d)]. We now recall the definition of the U-statistic from Neykov et al. [2021].
For two observations ¢ and j and two indices x and y consider the following expression

bij(zy) = L(X; = 2,Y; = y) — (X, = 2)1(Y; = ).

Note that ¢ takes a value among {—1,0,+1}. Next take four observations 4, j, k, ! and consider
the kernel

h((Xi, Y%)’ (Xj> YJ)7 (X, Yk)7 (Xl’ Yi)) = % Z Z Py (xy)(b‘fram (*Ty)7

T wel4)] zy

where 7 is a permutation of ¢, j, k,l. Next, construct the corresponding U-statistic

. 1
Um(IDfn) = (o—m) Z h((Xi7Yi)7(XJ'?}/YJ')’(X’C’Y/CL(XhYl))?
47 i<j<k<l:(4,5,k,1)ESm

where the summation is over choosing 4 distinct elements from ¥.,,, where ¥, denotes the set
of distinct indices in the set D,,. We now define the test statistic:

[logs(d)] 1

T:=E, Y, 3% > UMDE)Lom > 4)om,
k=1 me[d]

where the expectation above over 7 is taken with respect to uniformly sampling 1 on the grid
points of a square grid of side Euclidean length equal to 1/(2M1°82(¥1+1) on [0,1]? centered at
0 = (0,0). We then define the test

U (Dy) = 1(T = 7)L(N < n). (2.2)

Remark 2.2 (On computing the test 1.(Dy)). According to a careful analysis in Section
3.3 of Kim et al. [2023] calculating U(D¥)) can be done in O(c,,) operations. This implies
that (for a fixed n) calculating 3, (4 U(DE)1(0, > 4)o,, takes at most O(n) time; then

Z,Digf(dﬂ Q%Zme[d] U(DE)1(0,, > 4)0,, takes O(logy(d)n) time. Since in the end we set
d = n?/5 for a fixed 1 we have O(nlog,(n)) operations. Finally, since n belongs to a grid of
at most 16d° points, we have that the computational cost is O(d?logy(d)n) = O(n*/®logy(n)).

This is bigger than linear complexity so it can be prohibitive for a large n. However we note
that the computational complexity of calculating T is better than quadratic time.

We are now ready to state the main result of the paper.



Theorem 2.3. Take d = fn2/5] and set 7 = (\/aloggd for a sufficiently large constant .

c(log, d)*/*

Suppose that £ > , for a sufficiently large constant c. Then

di/2
1
sup Epr(DN) S Ea
pEPV (L)
1
sup E,(1—-9.(Dn)) < 0 + exp(—n/8).
pEPY (Le) 0

Setting d = [n2/ ®], the above result establishes an upper bound for the critical radius as

(log, ”)3/4

en(PyV (L), PYV (L,e)) < 1 L

where c; is some positive constant. We now compare this rate to the rates given in Neykov et al.
[2021]. There are two main results in Neykov et al. [2021] regarding the separation radius.

1. First we comment on the “fully” continuous setting. In this setting, Neykov et al. [2021]
assume that the distributions are TV smooth, i.e. that the conditional distributions are
Lipschitz in the TV sense as a function of the conditioning variable Z. Additionally, they
assume that the distributions X,Y|Z = z have Holder continuous density functions with
exponent s for all z (see Definitions 2.3 and 2.4 in Neykov et al. [2021] for more details).
The critical radius in their work scales as n=25/(>s+t2) which is faster than the n=1/° rate
we obtain in this paper, for all sufficiently large s values. In this paper we assume that the
conditional distributions are Lipschitz in the W; sense, but in stark contrast to the work
of Neykov et al. [2021] we do not require additional smoothness on the distributions (such
as Holder smoothness). While this results in a slower rate, we earn flexibility in terms of
the allowed distributions. Indeed, this flexibility is the main benefit afforded by testing
using the Wasserstein distance. When testing under separation in the TV metric, even
problems simpler than CI testing, such as goodness-of-fit testing, are impossible without
additional smoothness assumptions [Balakrishnan and Wasserman, 2019]. This is however
not the case for testing with separation in the Wasserstein distance [Ba et al., 2011], which
is a tractable task even without smoothness assumptions.

2. The Wasserstein smoothness assumptions we impose can also support discrete distribu-
tions, and hence it is also sensible to compare our rates with the discrete case considered by
Neykov et al. [2021]. The rate in the TV smoothness setting is n~2/°, which is faster than
the n~'/® that we established above. We can conclude that even with stronger separation
requirement we impose, the problem of Wasserstein testing is harder than TV testing in
the discrete case considered by Neykov et al. [2021].

The remaining of this section is devoted to the proof of Theorem 2.3.

2.2 Proof of Theorem 2.3

Similarly to the proof of Theorem 5.2 of Neykov et al. [2021], it suffices to show the result
assuming that N ~ Poi(n). We will analyze the expectation and variance of T' in Section 2.2.1
and Section 2.2.3, respectively. We do so in order to apply Chebyshev’s inequality and control
the risk from above (see Section 2.3).

2.2.1 Analysis of the Expectation

In this section we are concerned with controlling the expectation ET from below and above
under the alternative and the null hypothesis respectively. Fix k € {1,..., [logy(d)]}. Starting



with the expectation, conditional on ¢, with ¢, > 4, we have that

E[U(D})lowm] = > _(al(m) — af (m)gls(m))?,

2%

where ¢f;(m) = Px y|zec,, (Alj|Z € Cn) and ¢f(m) = 3, q}5(m) = Px|zcc,,(Af|Z € Cm),
and similarly for q,kj (m). With a slight abuse of notation, we define the expression U (D)) :=
E[U(DE)|om) := Z”(qu(m) —qk (771)(]_’3—(771))2 even when o, < 4 even though in this case the
U-statistic U(DE)) is not well defined. This is a legitimate operation, since our test statistic
T does not “see” the values of the U-statistic for m such that o,, < 4. In other words, since
the indicator 1(o,, > 4)U(DE) = 0 when o0, < 4 we can define the value of U(DF)) to be

3.5 (m) — gi(m)qf;(m))?. Let pp = P(Z € Cpn).

Analysis under the Alternative Hypothesis. The goal of this section is to lower
bound ET" under the alternative. We start by looking into the following expression

> VEE VDSl lomlpm -3 e o () (m)) D

meld]

= E Z Z ql] - q’L )qkj(m))2pm

meld]

k
> Z Zzg ]Eﬁ‘qij(m) _qi-(m)q~j(m)|pm
2k +1
me[d]

E k(m)gk (m
= > Enla( 2)k+1 ;- (m)q:5( )Ipm (2.3)

me[d]

where we used Jensen’s inequality, the fact that \/Zl Lai > ZZ Lai/ V1 V1 for any real numbers
a; € R, and the fact that there are at most (2¥ + 1)? cells in Q* (here observe that L < 2% + 2
(as defined in the beginning of Section 2.1); however, L can be 2¥ 4+ 2 only when [2¥7;| and
|2¥(1—m1)] are both integers in which case A¥, A% are @ so that we effectively have 2* intervals
in that case; hence we have at most (2¥ 4 1)? cells in Q¥ since the same logic is valid for L'). We
will now need the following result which quantifies the error in approximation of the expected
Ws with its binned counterpart.

Lemma 2.4. Ifthe distribution px v,z is Wasserstein 1-smooth, i.e., Wi (px,y|z=z, Px,v|z=2') <
L|z — 2’| we have that

e< qlenf EzWa(px,y|z:9x,v|z) /W2(pX,Y\Z:z7pX\Z:sz|Z:z)dP(Z)
0

< Z WQ(pX,Y|Z€Cm7pX|Z€CmpY|Z€Cm )pm + “<Ln1?§il{] diam(cm)>1/2,
me[d]

where k is an absolute constant.

Remark 2.5. By the elementary inequality (a + b)? < 2a? 4 2b%, and the convexity of z +— z?



we have
2 : 2
e < (mf EZW2(pX,Y|Z7qX,Y\Z))
q€Po

2
= ( Z Wa(px,v|zeC, s PX|2€CPY|2C,, )Pm + KL'/? max diam(Cy, )1/2)

meld] mel
< Z W3 (px,v|ZeCs PX|2CnPY|Z2€C,, )Pm + KL el diam(Cp,). (2.4)
meld]

We defer the proof of Lemma 2.4 to the Appendix. Continuing the bound (2.3) we conclude
that

log, (d) Z E | k k
%7 q2]( ) z(m)QJ(m”
> > ok \/E UMD )lomlpm =3 > 92k+1 Pm
k=1 meld] k meld]
1
>C Z W3 (PX,¥|2Cm s PX|ZEC PY|ZECy, )Pm — =
meld)
C'L 1
> Ce? — - — =T, (2.5)

d d?

where C is some absolute constant from (2.1), and the —d% comes from the term m where

the term & dL comes from Lemma 2.4, and more specifically from the last term on the right hand

side of (2.4). Note also that the inequality of Lemma 2.1 holds for any 7, which means that it
also holds in expectation.
Next by Lemma 3.1 of Canonne et al. [2018] we have

Z oF > E[E,[U(DE)]|om]ElomL(om > 4)] >722% > EE,[UDE)om]npm

meld] m:(npm)>1

Y Y EEUDL ol wn)*,
k

m:(npy,)<1
108,2(d)
for an absolute constant ~. Since by (2.5) we have that 3, *1 >, <4 5% - VE[E, N o] pm >
T we have that either
IOgQ(d)
nY
Z 2k Z \/IE w)llom]npm > o o (2.6)
k=1 m:(npm)>1
log, (d)
1 nY
Z ok Z \/IE Elom]npy, > o (2.7)
k=1 m:(npy,)<1

‘We now consider two cases:

i. In the first case we assume (2.6) (where we remind the reader that Y is defined in (2.5)).
By the Cauchy—Schwarz inequality, we have

(Zm:(npm)>l \/E[]EVI[U(ID']fn)Ham]npm)Q
Zm:(npm)>1 NPpm
(Zm:(npm)>l \/E[]E"?[U(Dfn)ﬂgm]npmy

3" E[E,[UDE)low]npm >

m:(npm)>1

>

10



Hence

B[R, (U (D lonlnpn > 3

Zm:(npm )>1 2% \/]E [ETI [U

(Df)llom]npm)?

S X

n
k m:(npy,)>1 k
(Zk > (npm)>1 2F \/IE D )l|om]npm)?
nllog, Cﬂ
> _nY?
™~ [logy d]
ii. In the second case we suppose (2.7) holds. Note that for any non-negative sequences

{am}m—_1 and {b, }7_;, Jensen’s inequality yields

n n a1/3 4
2/3 4 m 1/6
Z n 1/3 Am bm = (Z 1/3 b ) ’

J 1% m=1 2.j=1%;
Taking
1
am =Y o BEUDS)lom] and by = npm,
k
we have
1/3\ 3 1
( ) (Z U(D)]ow)) ) Yo Y EE,UD
mi(npm)<L F S mimpm<1
4
2( Z Z 2k k)HJm]npm) )

m:(npm)<1

and therefore

)] [om] (npm)*

22% > EE, UMD

m:(npy,)<1

1
lonlomn) 2 (5 [Y e
m:(npm)<1 k

since E[E,[U(
over k reduces to a converging geometric series and finally |[{m :
by the Cauchy—Schwarz inequality,

\/Z 557 EIE (U (D5 lom] > Z2k\/E

so we conclude

S 2 ol ()t 2 — )

k m:(npm)<1

E[E, [U(D

Combining the above results, we have established that under the alternative,

nY? (nY)%
[logy d]|’ d*[log, d]? }

E[T] > min{

11

~ dflogy d*”

Uwz;)nam]npm) /.

Df%)]lffm] < ]En(Zmy | gy (m) — qz.(m)qy(m)\f < 4, and the summation
(npm) < 1}| < d. Now,

U(DE)]om])/ Nog, d]'/2

(2.8)



Analysis under the Null Hypothesis. Next we will upper bound the expectation of T
under the null hypothesis:

Y EE,[UD)]lonEloml(omn = 4)] <n Y EE,[UD},)]lompm.

meld] meld]
=n Yy B,y (afi(m) - gi(m)d(m))*pm,
me[d) ©,J
<n Z Z |qu - qz )qkj(m)|)2pm
me[d) i,
g n Z Z |qz] - qz )qkj(m)me?
me[d) i,

where we remind the reader that we assume E[U(D},)|om] = (¢f;(m) — ¢f (m)q”(m))? for all m

(even though the value of U (D)) is technically only defined for m : o,, > 4). We now remind
the reader that q”( m) = Px y|zec,, (AZ\Z € Cy,) and ¢F (m) = Zj qu (m) = Px|zec,, (A¥|Z €
Cyn), and similarly for q,kj (m). Next we will handle the expression

Z |qzj - qz )qkj(m)‘

P(AY|Z = 2)dP(z) —/C P(A¥|Z = 2)dP(z / P(AF|Z = 2)dP(z)

P(A¥Z = 2)P(A}|Z = 2)dP(z) — / P(A¥|Z = z)dﬁ(z)/ P(AF|Z = 2)dP(2)
Cm Cm

Px|z--(A / Px|z--(A M)dP(z)

dP(2),

PY\Z:AA;-’“)— /C Pz (A})dP(2)

m

by Jensen’s inequality and where P(z) = dP(z)/P(Z € C,).
We will now argue that the above is smaller than or equal to the product of total variations.
Take the first term. By Jensen’s inequality

Z‘PX|Z—Z(A§)—/C Px|z—=(

m

/ Z ‘PX|Z 2 — Px|z=(A})|dP(2)
= 2/ dTV(P)ké|Z:z7P)]?|Z:z’)dp(zl>7
Cm

where P¥ denotes the discretized distributions on the grid. We now have

12




55 g 3 (Sl —akmis )

1 - - _
<Y B gmn [ [ [ adrPh Pl (B P )dP AP AP,

meld] k
1
< 4dn Z/ / / (EmZdeTWP)’?v’P)’?z'))X
me[d] Cm Cm, Cm, k

1 ~ ~ ~
(Em Z kadTv(P{i‘Z, Pfﬁz”)> dP(2")dP(z")dP(2)pm
k

< n(logy d)?/d?,

since by Lemma 2.6, proved below, the summations are bounded as:

1
2E,, Z 1/2deV(P)]2'|z7P)k(:'|z’) < ([logy(d)] +1)4 <W1(PXza Px.r) + 2f10g2(dﬂ+1>
%

S logy d(L/d +1/d),

using the Wasserstein smoothness as in Assumption 1.3 and also inequality (A.2). Hence under
the null, we have

C(log, d)*n
B[] < <20

2.2.2 On a Lemma of Indyk and Thaper [2003]

We now prove a modified result of Indyk and Thaper [2003]. The main added twist is the fact
that n need not be uniform on [0, 1]%, ¢ € N but can be in fact taken to be uniformly distributed
on a sufficiently small grid. This has an important practical implication as it enables calculating
our test statistic. Although our result contains this additional complication, the proof still
follows the idea of Indyk and Thaper [2003]. Let

0= {Qk:kEO,l,...,DogQ(;ﬂ},

be a collection of grids on [0,1]7 for ¢ € N, with side (Euclidean) length 3¢, centered at the

point 1 € [0,1]? (we will only use the result when ¢ = 1). Here 7 lies on a grid of side length

BN newy centered at 0. Let E, denote the expectation with respect to 1 uniformly sampled
2 P

on the aforementioned grid.
Lemma 2.6. Then we have
1 1 1
E, > ok (€)= v(C)] < ([logy(—)] + 1)4Q<W1(M»V)/\/EI+ W)
keflQl] = ceqr g 2%

Proof. Define

S.={@): 5l <lo-vle< %2 |

" ok+1 ok

13



for k =0,1,..., [logz(%)], and let S[logrz(i)]—&-l = {(m,y) e =yl < \/6}. Let v be

gMoga (5)1+1
an optimal coupling for the Wasserstein distance Wi (u, ). By definition, we have the following
bound
Mog ()1
q q
e [ arte) = LS. (29)

£=0

£=0
We will now re-express the multi-resolution L; distance in terms of . We have

1
5 Y 5 X WO -w0= Y gt Y| [ an- [ )

ke[l Ql] CeQk keHQH CeQk

= > flE > / my)—/ dw(x,y)’
ké[\QH CeqQk CxCe cexC

< Z nz (C x C%) +~(C° x C))
weien? dear

= Z E, Y v(CxC9), (2.10)
ke 2 CeQr

where the last identity follows since each two distinct sets C;, Cy € Q¥ we have ~v(C1 x Cs) and
~v(Cy x C1) appearing once in each of the two summations. Next we will control the expression

Mogs(2)]+1
E, > CxC)=E, Y > yCxC°NS)
CeQk CeQk £=0
rlng(i).H‘l
S DI SENETCAY E PRENERMTERTEY
CceQk £=0
rlog2<$>1+1
= Z / " Z (z,y) € C x C)dy(z,y|Se).
£=0 CeQk

Note that E; > ccor L((z,y) € Cx C°) =Py((z,y) € UgeqgrC x C°) is the probability that the
edge (z,y) € S¢ “crosses” the grid Q. Let 21,. .., z, be the lengths of the Euclidean projections
of the vector y — x on the axis. The grid is crossed if and only if any of the projections crosses
a side of the grid. By the union bound this happens with probability at most

Z ZZ;FS :2kZzi—|—2kqs§2k\/§ Zziz—l—qus

i€lg] 2 i€[d] i€[d]

2*q
= 2"/gllz —ylla +2%¢s < 57 57 4 2hgs,

where the last bound holds since (z,y) € Sy and s = is the length of the grid for 7.

We conclude that

1
Mog2 (5)1+1

llog,(L)]+1 P
Z E,v(C x C°) < 2%gs + Z ’Y(Sg)?.
CeQk =0

14



Going back to (2.10) we have

Mog,(L)1+1 2kq
5 Y S OOl g (er X )
ke[\@\] erk keflQl] £=0

< (Dogz(éﬂ +1)2gs

Mog, (1)1

2d
+ D D (S e+1+ > V(Stog, (31+1) Syt

keflell  €=0 keflell
1 Wl(/‘v ) 1
< il
— (DogZ(gO)—l + 1)4(1 <8/2 + \/a + 2“0g2(i)‘|+2 ’

1

W, the above can be

where we used (2.9) in the above inequality. Recalling that s =

made smaller than

<nog2<;>1+1>4q(wl(“”’)+ ! )

NG oMoz (L)]+1

as claimed. O

2.2.3 Analysis of the Variance

We now turn to the analysis of the variance of the test statistic T'. First of all, the rule of total
variance ensures that
Var T = E[Var[T'|c]] + Var[E[T|o]],

where 0 = (0n)me[q)- The first term is
Var[T|o] = Y Cov(I™,TV|oy,05) = > Var(T™|oy),
m,j€[d] me|(d]
where T™ = 3", 1/22*E,U(D¥,)1(0y > 4)0y,. Since Var(3 e Xi) < k- Var(X;) (which
follows by the fact that Cov(X,Y) < Var(X)/2 + Var(Y)/2) we have

Var(T™ o) < (logy d) Y Var(1/22*E,U (D), ) L(0m > 4)om|om)
= (logyd) > 1(om > 4)o3, Var(1/2°*E,U(DE,)|om).
k
Now, Var(E,U(DE,)|0,,) < E,, Var(U(DE,)|o.n,n). This is so since
Var[E,U(DE)|om] = E({E, [U(DE,) — E(U(DE)|om,m)] }|owm)
<E(E,{[U(D},) - EUD})lom,n)]} lom)
[U( "

= E,E({[U(DL) — EU(D:)|om,1)] }lom: )
= E,{Var[U(DE) |0, 1] },

where we used the fact that n is independent of all other randomness. Now from Lemma 5.1 of
Neykov et al. [2021] we can conclude
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E[U(DE)|om, 1
Z Var(T™|om) < (logy d) Z o2 (o, > 4) CZ 2% (W 4 02>

mel[d] mel[d]

< (logy d) Z C<Z 1/22XE[U(DE)orm|om] + 1(om > 4))

me|(d] k
Taking expectation of the expression above we end up with
E[Var[T'|o]] < C(logy d ( [4+E > L(om >4) > < C(log, d)(E[T] + d).
meld]

For the second term we have

ETlo]= ) oml(om =4)) 1/2*E[E,[U(D},)]lom]

me[d]

k
= oml(om >4) 21/22’“ZE (ai(m) — gi(m)qls(m))?

meld]

Since the o, are independent we have

Var[E[T|o]] = Z Var[op (o > 4)](2 1/22kEn Z q” —qF (m)q,kj(m))2>

me[d) i,
By Claim 2.1 of Canonne et al. [2018], we have that Var[o,,1(c,, > 4)] < C'E[op, (0 > 4)],
and 32, (¢f;(m) — qf(m)g’;(m))? < (X, ; lai;(m) — ¢f (m)gl(m)])* < 4 thus

Var[E[T|o]] <4C" Y Eloml(om > 4)] Y 1/2°E, > (¢ (m) — ¢f (m)q’(m))* = 4C"E[T).
k 1,7

me[d)

Hence VarT < (log, d)C(E[T] + d).

2.3 Putting Things Together

Recall that the threshold 7 = ¢ \/a(logQ d)? while d =< n?/5. First we handle the null hypothesis.
By Chebyshev’s inequality we have

4 Var(T) _ Clog, d(E[T] + d) C'log, d (M +d)

P(IT - ET| > ) 3 <

1
72 - ¢dlogyd 10’

-
when ( is large enough. In this scenario we have that 7' < 3 + ET" which is of the order % +
\/Cdlogs d/2. Under the alternative, as we argued in (2.8): E[T] > min{ Moz dl I FIZQZP }

When T > M, simple algebra (using d =< n?/®) shows that min{ oas dl’ pE Flrjgfz);P} =

fr2
“gTzcﬂ, so that

P(|T — ET| > ET/2) < <

4VarT< (dlode log2d> 1
_107

ET)? = ET)? ' ET

since ET > C\/&logg d in order when d =< n?/®
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3 Lower Bound

In this section we consider a lower bound which nearly matches the upper bound from Theorem
2.3. The main result of this section is as follows.

Theorem 3.1 (Critical Radius Lower Bound). Let L € R be a fixed constant. Then for some
absolute constant cg > 0 the critical radius defined in (1.3) is bounded as
en(PY (D), PV (L,2) > .
n

One can see that the minimax rate given by Theorem 3.1 nearly matches (up to logarithmic
factors) the rate from the upper bound of Theorem 2.3. Here once again we would like to stress
the fact that the minimax optimal rate obtained here under W; smoothness and W5 separation
is slower compared to the rates obtained by Neykov et al. [2021]. Hence even though the
separation is stronger (see Proposition 1.5) the added flexibility from only imposing Wasserstein
smoothness drives the slower rate. The remaining of this section is dedicated to the proof of the
above theorem. The techniques we use are similar to those used by Neykov et al. [2021], but the
worst case is quite different. Unlike in Neykov et al. [2021] where the authors considered cases
where px y|z are discrete or continuous distributions and obtained different rates, here there is
no need for that. The worst case is achieved by a distribution which is discrete X,Y|Z = z for
all z € [0,1], and in fact is concentrated only on 4 points. Before we detail this construction we
will require the following lemma, which is useful when we establish the W, separation in the
alternative.

Lemma 3.2. For any distribution p = px v,z for X,Y,Z € [0,1], ¥(p) < zz(p) < Cy(p) for
some absolute constant C' where

b(p) = /WQ(pXY|Z:z,pX\Z:z X py|z=2)dpz(2),
and

Y(p) = inf /W2 DPXY|Z=214X|2=2 X @y |2=2)dDPz(2). (3.1)

Proof. Let p* = pﬁq 7 X le , be the minimizer of ¢(p) (if a minimizer does not exist we may
take a sequence of distributions that converges to it). Then

b(p) = /WQ(pXY|Z:z7pX|Z:z X Py|z=2)dpz(2)
< /Wz(pXY|Z:z7P§(|Z=Z X Py|z=2)dpz(2)

+ /WQ(pX|Z:z X PY|Z=2PX| 7=z X Dy|z=2)Dz(%)

by Lemma 3 Mariucci and Reif8 [2018]

< V(p) + / \/[Wg(px|zzzm}|z:z) + Wg(pY\z:z,p;}‘Z:z)}dpz(Z)
<(p) + /[W2(pX\Z:zap§qz:z) + Wa(py|z=2, Py |z=2)]dpz(2)

<(p /Wz Pxy|z= zapX\Z z ><10Y|Z 2)dpz(z) /Wz PXY|z= zva|Z z ><Py|z 2 )dpz(2)
= CY(p).

In the above we used that

/W2 Px|z= zapX\Z 2)dpz(z /W2 Pxy|z= zva|Z z Xpy\z 2)dpz(2),

which follows by similar arguments as in Lemma 2.4. O
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Let Z be U([0,1]). For the null distributions for each z we specify X,y |7=2 = 4X|Z2=24Y | Z==
as four point masses at (0,0),(0,1),(1,0) and (1,1) with equal probability i. Under the
alternative we specify px y|z—. as four point masses at (0,0),(0,1),(1,0) and (1,1), where
Px.v7=:(0,0) = px yiz=-(1,1) = 1 + 6£(2) and px y|z=.(0,1) = px,y|z=-(1,0) = I — 5¢(2),
where £(z) is specified as:

&(2)=p Y vihjal2),

J€ld]

where p > 0 is a constant, § € {—1,1} is a Rademacher random variable, d € N, v; € {—1,+1},
and h; q(z) = Vdh(dz—j+1) for z € [(j—1)/d, j/d], and h is an infinitely differentiable function
supported on [0, 1]

such that [h(z)dz = 0 and [h?(z)dz = 1. When perturbing, in order to ensure that we
create valid probability distributions, we need to satisfy the conditions that

1 1
1 pVd||hloe =0, —+pVi||h] < 1. (3.2)

- 4
Clearly, the second inequality in (3.2) is implied by the first one and is hence redundant. We
will ensure the first inequality by the choice of p and d to follow.
We need to show that the two distributions ¢ and p are Wasserstein smooth. This is obvious
for ¢ which does not change with 2. To see this for px y|z—. and px y|z—., we will use the dual
characterization of the Wasserstein distance. We have

Wi(px,v|z=2DPx,v|z==) = sup |f(0,0)+ f(1,1) = £(0,1) — f(1,0)|£(2) — &(=)]
f€eLip(1)
< 20¢(2) — &(2")]
< 2432 p||1 || 0|2 — 2],

since the derivative of £(z) is bounded by d*/?p||A||s. Next we will handle 1 (p) as defined in
(3.1). We will start by checking that W1(px y|z=z,Px|z=:Py|z==) is at least C|{(z)| for some
constant C. Once again we use the dual characterization of the Wasserstein distance to obtain

Wi(px,y|z=2Px|z==Py|z=2) = sup [f(0,0)+ f(1,1) — £(0,1) — f(1,0)[|{()]
feLip(1)
Take the function f(z,y) = %\x — y| where x,y € R. This is a 1-Lipschitz function in || - ||2

(since ||z —y| —|o/ —¢/|| < |z —a' + ¢/ —y| < e — 2|+ |y — /| < V2((@x —2)2+ (y —¢)?)).
It follows that

Wi(px,v|2=2PX|2=:PY|2=2) = V2IE(2).

Next we show that W3 (px,y|z=z, x| z=:Py|z=2) X Wi(Px,v|z=2,PX|2=:Py|z==)- This follows
since when z,y € {(0,0), (1, 1), (0,1), (1,0)} we have

lz = yll2 < llz = yl3 < V2|lz =yl

Hence if 7o is an optimal coupling for Wa(px y|z=-, Px|z=-Py|z=-) We have

Wg(pX,Y\Z:zapX\Z:sz|Z:z) :/Hw*y\@dw(x,y)

> / |z — yll2dya(z,y) > Wi(px,y|z=2: PX|2=2PY | 2==2)-
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On the other hand if v, is an optimal coupling for W1 (px y|z—:, Px|z=:Py|z=-) We have

W22(pX,Y\Z:zvpX\Z:sz|Z:z) < / |z — y||§d71(x7y)

< \/5/ 2 = yll2dv1(2,y) = V2W1(Dx | 222 PxX| 222DV | 2=2)-
(3.3)

As we argued earlier, \/Wl(PX,Y|Z:z,pX|Z:sz\Z:z) > \/|§(z)| = \/p|2j€[d] vih;a(2)]|,
where p > 0 is a constant, d € N, v; € {~1,+1} ,and h;4(2) = Vdh(dz — j + 1) for
z € [(j —1)/d,j/d]. Now, since the functions h;, have disjoint supports, it follows that
\/,0| Zje[d] vihja(z)| = \/ﬁzje[d] VIhj,a(z)]. Hence E\/|£(2)| = E\/IBZje[d] Vihja(Z)| =
d\/ﬁ{‘/cjé = cﬁ%, where we used the fact that f\/mdz = cf/&é, for some absolute

constant ¢. We conclude that

e=1(p) 2 p'/2dM ™.

From here the argument can proceed precisely as in Theorem 4.1 of Neykov et al. [2021] where

{1 = fy = 2. We conclude that one can select p =< d3—1/2 and é = 712% (for some sufficiently

small constants so that (3.2) are satisfied), to yield a lower bound on ¥ (p) 2 ﬁ 2 # This

completes the proof.

4 Discussion

In this paper we considered the problem of minimax Wasserstein conditional independence
testing. We proposed a novel test statistic which is nearly optimal in terms of the separation
radius. Despite this, there are interesting open questions that remain to be explored. Our
current theory allows only for 1-dimensional random variables X,Y, Z. It will be interesting
(yet also very challenging) to extend our results to the multivariate setting. Furthermore,
while in principle our test statistic is implementable in polynomial time, the computational cost
which is bigger than linear is likely high. It would be interesting to design fast computational
methods to compute our statistic, or propose a statistic which is different in nature altogether
yet is minimax optimal and easily computable. Another challenging open question is whether
one can come up with a calibration method for the test statistic such as the one proposed in
Kim et al. [2022b] which is based on local permutations. The difficulty here is the fact that
Wasserstein smoothness is not strong enough to apply a result such as Lemma 1 or Lemma 2 of
Kim et al. [2022b], which renders it almost impossible to argue directly that a local permutation
would control the type I error. Finally, while we have addressed minimax testing, it would be
interesting to study the corresponding estimation problem, possibly under W5 loss function with
W7 smoothness. We leave these important questions for future work.
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A Deferred Proofs

Proof of Fact 1.2.

1. On bounded domains Ws(p,q) < TV(p,q) [See Lemma 3 and Theorem 6.15 Slawski and
Sen, 2022, Villani, 2009, respectively] where < denotes inequality up to absolute constant
factors.

This result can be found in Equation (6.4) of Villani [2009].

The proof of this result can be found on page 77 of Villani [2009].
This follows from Lemma 3 of Mariucci and Reif3 [2018].

This follows as in (3.3).

AN

O

Proof of Lemma 2.1. Consider first ﬁ/;z(p, q) = infyer(u) il %d’y(z,y). The grid Q" with
side Euclidean lengths (mostly) 2% centered at the point 7 forms a dyadic partitioning (see

Definition 1 [Weed and Bach, 2019]) for the scaled norm ||z — y||2/v/2. The only condition that
we need to check is whether diam(Q) < v* for any Q € Q*. Since Q € QF, then we have for
2
(z,9) € Q: |z — yl|3 < 55 and hence w < 535, S0 it is a dyadic partitioning with v = 3.
By Proposition 1 of Weed and Bach [2019] we immediately conclude that
[logs(d)] 1

—~ 1
2 2 : § : k k
W2 (p> Q) < 22[10g2(dﬂ + 22(]@,1) |p(A’Lj) - Q(Aij>|'

k=1 Ak eQF

Multiplying back by 2 on both sides proves the desired result (with a multiplicative constant
4). O
Proof of Lemma 2.4. The first inequality is true by assumption. The second inequality simply
plugs in the distribution px|z—.py|z=. in place of ¢x y|z—.. We now prove the last inequality.

We will first show that the distributions px y|zec,, and px,y|z—.s for any 2’ € C,, are close

in the W, distance. To see this, fix a 2’ and suppose that v, (z,y,2’,y’) is an optimal coupling
between Px y|z(z,y[z') and Px y|z(,y|z) which minimizes the Wasserstein distance

W;(pX’Y‘Z:Z’,p)QY\Z:Z) = / ||(Z‘,y) - (Z‘/, y/)||§d72(x7y’x/7y,)a

and satisfies . (x,y,00,00) = Px y|z(z,y|2") and v.(00,00,2,y') = Px y|z(2',y'|2). Such an
optimal coupling exists due to Theorem 4.1 of Villani [2009]. Take the mixture of such distribu-
tions over z, i.e., consider the coupling me ’yz(x,y,m’,y’)dﬁ(z), where dﬁ(z) =dP(2)/P(Z €
Cm). Note that this is a coupling between the distributions Py y |z (z,y|2) and Px yz(z,y|z €
Cyn), since me 7. (1, 00, 00)dP(z) = Px y|z(z,y|2") and

/ VZ(OO,OO,x/ay/)dJB(Z) = / PX,Y|Z(x/7y/|Z)d]5(Z) = PX,Y\ZECm (93/7y/|2 € Cm)

m m

Now consider

W3 (px.,y|26C,PX,Y|2=2) S/H(I,y)*(fc’vy')llﬁd/c va(@,y, @',y )AP(z)

:/c / |(.9) — (/.9 3da .y, o )dP(2)

:/c W3 (px v\ 7=z DX,y |7=2)dP(2)

< Ldiam(C,,), (A1)
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where the last inequality follows from the fact that W; > W2, since we are on a bounded domain
and using Assumptions 1.3 and 1.4.

We will now show that Wi(px y|z=z,Px,v|z=+) = Wi(px|z=2,Px|z=2). Let y(z,y,2",y’)
denote an optimal coupling between px y|z—. and px y|z—... Note that y(z,00,2',00) =
fy’y, dvy(z,y,2',y’) is a coupling between px|z—. and px|z—.,. Thus we have

Wi(px,v|z==Px,y|2=2) = / (z,y) — (&, y)|l2dy(z,y, 2", y)

> [11@.0) - @' 0) o (.0, 0)
> Wi(px|z=2PX|2=2')- (A.2)

Similarly, one can argue that Wi (px,y|z=zPx,v|z==) = W1(Py|z=z,Py|z=-'). Hence by the
same reasoning as in (A.1) we may show that under the condition Wi(px y|z=:,Px,v|z=2) <
L|z — 2’| we have

max (W3 (px|z==,Dx|zec, ), W3 (Dy| 222, Dy| zec,,)) S L diam(Ch,).
Next we will show that for any z € C,, we have

. 1/2
[Wa(px,y|z=2DX|2=:Py | 2=2) — Wa(Px.v|zeC,,, PX| 260, Py|zec,,)| S (L diam(Cp,)) 2

First we observe that:

Wo(px|z=:Py|2=21 PX|2eC PY|2C,,) < \/sz(pX|Z=z,pX|ZECm) + W3 (py|z=2Dy|zeC,,)

where we used Lemma 3 of Mariucci and Reif} [2018], which shows that the Wasserstein distance
squared with a distance function equal to || - |2 norm, is sub-additive on product distributions.
Next, by the triangle inequality we have

|W2(pX,Y|Z=zapX|Z=sz\Z=z) - W2(pX,Y|ZeCmapX|ZECmpY|ZECm)|
< W, (pX,Y|Z:z7pX,Y\ZeCm) + Wa (pX|Z:sz|Z:zapX|Z€CmpY\ZeCm)

<Walpx,y|z=2Px,y|zec,,) + \/WQQ(pX\Z:zva\ZGCm) + W22(pY|Z:zapY|ZEC'm)
< (Ldiam(C,,)) "%

Integrating the above inequalities over z we obtain
/ Wa(px,v|2=2PX|2=2Py|2=2)dP(2) < [Wa(px,y|zeC, PX|2€CnPY|ZEC,,)
Cm
: 1/2
+ k(L diam(Cp,)) " “|pm,

where k > 0 is an absolute constant. Summing up over m gives the inequality that we wanted
to show. O
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