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Abstract

Why do brains have inhibitory connections? Why do
deep networks have negative weights? We propose an an-
swer from the perspective of representation capacity. We
believe representing functions is the primary role of both
(i) the brain in natural intelligence, and (ii) deep networks
in artificial intelligence. Our answer to why there are in-
hibitory/negative weights is: to learn more functions. We
prove that, in the absence of negative weights, neural net-
works with non-decreasing activation functions are not uni-
versal approximators. While this may be an intuitive result
to some, to the best of our knowledge, there is no formal
theory, in either machine learning or neuroscience, that
demonstrates why negative weights are crucial in the context
of representation capacity. Further, we provide insights on
the geometric properties of the representation space that
non-negative deep networks cannot represent. We expect
these insights will yield a deeper understanding of more so-
phisticated inductive priors imposed on the distribution of
weights that lead to more efficient biological and machine
learning.

1. Introduction
Are inhibitory connections necessary for a brain to func-

tion? Many studies on mammals answer yes: a balanced
excitatory/inhibitory (E/I) ratio is essential for memory [26],
unbalanced E/I lead to either impulsive or indecisive behav-
iors [22], such balance is closely tracked throughout learning
[33, 31], and imbalance is hypothesized to be the driving
force behind epilepsy [6, 18, 32]. These simulation results
and disease studies provide compelling evidence that E/I
balance is necessary for brains to function stably.

Intriguingly, when neurons first came into existence in
the long history of evolution, they were exclusively excita-
tory [20]. The Cnidarian jellyfish has a well-defined nervous
system that is made of sensory neurons, motor neurons,
and interneurons. Different from mammals, their synaptic
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connections are exclusively excitatory. Even though these
jellyfish are not equipped with inhibitory neurons, they are
perfectly capable of performing context-dependent behav-
iors: when they feed, they swim slowly through a weak,
rhythmic contraction of the whole bell; when they sense a
strong mechanical stimulus, they escape through a rapid,
much stronger contraction [20]. Cnidarian jellyfish behave
adaptively, not through sophisticated excitatory-inhibitory
circuits, but instead by modifying voltage-gated channel
properties (i.e., conductance). Cnidarian jellyfish prove to
us that without inhibitory connections the brain can still
function, albeit likely through alternative mechanisms. This
re-raises the fundamental question: are inhibitory connec-
tions necessary for brains to function?

In this paper, we explore the necessity of inhibitory con-
nections from the perspective of representation capacity. In-
stead of viewing the brain as a dynamical system to discuss
its functional stability, we think about the brain as a feed-
forward network capable of representing functions. For a
certain network structure, we are interested in characteriz-
ing the repertoire of functions such networks are capable of
representing. Specifically, to understand the importance of
inhibitory connections in networks’ representation capacity,
we ask what functions can non-negative networks represent?
We do so with the help of Deep Neural Networks (DNNs).
DNNs allow us to work at a level of abstraction where we
can stay focused on the connectivity between computation
units; they also allow us to completely take out inhibitory
connections by setting all weights to be non-negative. They
further allow us to build upon the well-celebrated DNN
theoretical result that DNNs are universal approximators
[16, 9, 15] (Theorem 3.2). We prove in this paper that DNNs
with all non-negative weights are not universal approxima-
tors (sec 3). We further prove three geometric properties
of the representation space for non-negative DNNs (sec 4).
These results show that networks without negative connec-
tions not only lose universality; in fact, they have extremely
limited representation space. We further extend our results
to convolutional neural networks (CNNs) and other struc-
tural variants (sec 5). Such theoretical results serve as a
plausible explanation for why purely excitatory nervous sys-
tems, along the history of evolution, were largely overtaken
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by brains containing both inhibitory and excitatory connec-

tions; the simpler systems may be able to perform interesting

functions, but they also have limited representation capac-

ity. Our work thus concludes that inhibitory connections are

necessary for a brain to represent more functions.

2. Related works
2.1. Optical neural network

The optical neural network literature [12, 11] has some

discussion on the representation capacity of non-negative

DNNs; however, the existing discussion is restricted to only

non-negative functions, i.e. f(x) � 0, ∀x ∈ X . Our work

does not impose any requirement on the network output since

we allow the bias terms to take any value and the output of

the network may be negative (dependent on the activation

function choice).

2.2. Partially monotone networks

Partially monotone networks exploited the monotone na-

ture of non-negative sub-networks to solve problems where

certain input features are known to stay monotone. One no-

table application is in stock prediction [10]. An independent

stream of research that falls into the category of partially

monotone networks is input-convex networks, which are

built for fast inference [1]. Our work is the first one using

the fact that non-negative DNNs are order-preserving mono-

tone functions to explicitly prove that they are not universal

approximators; we are also the first pointing out its geomet-

ric consequences and their implications in neuroscience, as

well as the first to extend these theoretical results to CNNs.

3. DNN+s are not universal approximators
DNNs are universal approximators [16, 9, 15] (para-

phrased in Theorem 3.2): given a large enough network,

it can learn (represent) a continuous function arbitrarily

well. Throughout this paper, we are not concerned about

the learning process per se, but more about its performance

upper bound. Given unlimited resources (e.g., time, en-

ergy, compute units), can networks of a certain structure

learn a function at all? If it can, we say such networks can

represent such a class of functions. We show below that

non-negative DNNs (all weights non-negative, abbreviated

as DNN+) are not universal approximators (Theorem 3.3);

thus, having both positive and negative weights is necessary

for universal approximation. We start by defining the prob-

lem and then follow with our key observation: DNN+s are

composed of order-preserving monotone functions (Defini-

tion 3.4, Lemma 3.1); therefore, non-negative DNNs are all

order-preserving monotone functions (Theorem 3.1). With

this key property of DNN+ in mind, we can then show that

DNN+s cannot solve XOR and are therefore not universal

approximators.

3.1. DNN+

Definition 3.1 (DNN). A feedforward fully-connected
(FC) neural network architecture is given by the tuple
(Φ, n0, n1, n2, . . . , nL), where L ∈ N

+ is the number of
layers, nl ∈ N is the number of units of layer l, l ∈ [L];
Φ : Rnl → R

nl is a point-wise nonlinear non-decreasing
function, and it defines the non-linear component of layer
l. We call Φ the activation function. The linear compo-
nent of the transformation from layer l − 1 to l is given
by the weight matrix W(l) ∈ R

nl×n(l−1) and bias vector
b(l) ∈ R

nl . Collectively, the function given by a DNN with
the above architecture tuple (Φ, n0, n1, n2, . . . , nL) takes
input x ∈ R

n0 and is defined as following:

F : Rn0 → R
nL , F (x) = Φ(W(L)Φ(W(L−1)

. . .Φ(W(1)x+b(1)) · · ·+b(L−1))+b(L)), x ∈ R
n0 .

(1)

Non-negative DNNs (DNN+s) are DNNs with all weights

non-negative (without any constraint on the bias terms).

Definition 3.2 (DNN+). DNN+ is a DNN with all non-
negative weights. F+ : Rn0 → R

nL ,

F+(x) =Φ(W(L) . . .Φ(W(l) . . .x . . .+ b(l)) · · ·+ b(L))

∀l ∈ [L], W(l) ≥ 01, b(l) ∈ R
nl

Remark 1 (Activation function Φ). We only impose one
constraint to the activation function Φ in addition to it being
non-linear: it must be non-decreasing. Popular choices of
activation function fall into this category (e.g., ReLU, leaky
ReLU, sigmoid, tanh, etc.).

Throughout the paper, we boldface Φ to emphasize it is a
point-wise function on the vector space and to distinguish
it from its base form φ : R → R. By point-wise, we mean
Φ(x) = (φ(x1), φ(x2), ..., φ(xnl

)).
Two examples of φ are given below:

ReLU : φ(x) =

{
0 x < 0

x x � 0
sigmoid(x) =

1

1 + e−x

Remark 2 (Extensions). Definition 3.1 presents the most
classical form of DNN as defined in the original universal
approximator papers [16, 9, 15]. Such DNNs are also called
multi-layer perceptrons (MLPs). Since the 1990s, variants
of the basic operations have evolved. We will discuss some
of these extensions in section 5 and then prove that all of our
results in sections 3 and 4 generalize to these extended DNN
architectures.

1∀i ∈ [nl−1], j ∈ [nl], wij ≥ 0
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3. 2. D N N + s a r e o r d e r- p r es e r vi n g m o n ot o n e f u n c-
ti o ns

We ar e p arti c ul arl y i nt er est e d i n a c o n cis e d es cri pti o n of
t h e cl ass of f u n cti o ns r e pr es e nt a bl e b y D N N + . I nt uiti v el y,
b y c o nstr ai ni n g all w ei g hts t o b e n o n- n e g ati v e, t h e p ossi bl e
tr a nsf or m ati o n o p er ati o ns of t h e li n e ar c o m p o n e nts of t h e
f u n cti o ns ar e li mit e d, w hi c h c a n n ot b e o v er c o m e b y tr a ns-
l ati o ns gi v e n b y t h e bi as t er ms, e v e n t h o u g h t h e bi as t er ms
c a n c h a n g e wit hi n t h e f ull r a n g e of R . T his m e a ns t h at r o-
t ati o ns or r e fl e cti o ns t h at r es ult i n a c h a n g e of ort h a nt ar e
i m p ossi bl e. O n e i m p ort a nt c o ns e q u e n c e of t h es e li mit ati o ns
is t h at t h e c o m p osit e f u n cti o n b e c o m es a n o n- d e cr e asi n g
m o n ot o n e f u n cti o n i n hi g h- di m e nsi o n al s p a c e. B el o w, w e
f or m all y pr o v e t h es e i d e as b y first d e fi ni n g a p arti al or d er-
i n g i n t h e hi g h- di m e nsi o n al v e ct or s p a c e ( D e fi niti o n 3. 3 ),
a n d t h e n b y pr o vi n g D N N + s ar e or d er- pr es er vi n g f u n cti o ns
( T h e or e m 3. 1 ).

D e fi niti o n 3. 3 (⪯ , p arti al or d eri n g o n R n ). F or a n y p air of
x , y ∈ R n , w e d e fi n e a p arti al or d eri n g2

x ⪯ y ≡ x k ⩽ y k , ∀ k ∈ [n ].

D e fi niti o n 3. 4 ( or d er- pr es er vi n g m o n ot o n e f u n cti o n,
R m → R n ). F or a f u n cti o n T : R m → R n , w e s a y T
is a or d er- pr es er vi n g m o n ot o n e f u n cti o n w h e n f or a n y
x , y ∈ R m

x ⪯ y = ⇒ T (x ) ⪯ T (y ).

L e m m a 3. 1 ( cl os ur e of or d er- pr es er vi n g m o n ot o n e f u n cti o ns
u n d er s u m, p ositi v e s c ali n g, a n d tr a nsl ati o n) . Gi v e n a n af fi n e
tr a nsf or m ati o n T : R m → R n wit h a w ei g ht m atri x W of
all n o n- n e g ati v e e ntri es:

T (x ) = W x + b , x ∈ R m , W ∈ R n × m
≥ 0 , b ∈ R n .

We o bs er v e s u c h T is a m o n ot o n e f u n cti o n ( D ef 3. 4 ). T h at is,
∀ x , y ∈ R m ,

x ⪯ y = ⇒ T (x ) ⪯ T (y ).

S e e pr o of o n p a g e 1 0 .
Si n c e t h e a cti v ati o n f u n cti o n of D N N + is als o a n o n-

d e cr e asi n g m o n ot o n e f u n cti o n, w e i m m e di at el y h a v e F + is
als o a n or d er- pr es er vi n g f u n cti o n b e c a us e it is t h e c o m p osit e
of or d er- pr es er vi n g f u n cti o ns.

T h e o r e m 3. 1 (D N N + is or d er- pr es er vi n g m o n ot o n e f u n c-
ti o n). A D N N + F + : R n 0 → R n L is a n or d er- pr es er vi n g
m o n ot o n e f u n cti o n ( D ef n 3. 4 ). T h at is, a n y x , y ∈ R n 0 ,

x ⪯ y = ⇒ F + (x ) ⪯ F + (y ).

S e e pr o of o n p a g e 1 0 .

2 T his is a st a n d ar d or d er i n d u c e d b y t h e p ositi v e c o n e R +
n .

3. 3. D N N + s a r e n ot u ni v e rs al a p p r o xi m at o rs

I nt uiti v el y, D N N + b ei n g a n or d er- pr es er vi n g m o n ot o n e
f u n cti o n m e a ns it c a n n ot s ol v e a n y cl assi fi c ati o n pr o bl e ms
w h er e or d er r e v ers al is r e q uir e d. We will us e t his i d e a t o
pr o v e D N N + c a n n ot s ol v e X O R, a n d t h us t h e y ar e n ot u ni-
v ers al a p pr o xi m at ors ( T h e or e m 3. 3 ). B el o w w e p ar a p hr as e
t h e u ni v ers al a p pr o xi m at or t h e or e m fr o m H or ni k’s 1 9 8 9 p a-
p er.

T h e o r e m 3. 2 ( M ultil a y er f e e df or w ar d n et w or ks ar e u ni v ers al
a p pr o xi m at ors ( p ar a p hr as e d fr o m H or ni k 1 9 8 9 [ 1 5 ])). L et
C (K, R n ) d e n ot es t h e s et of c o nti n u o us f u n cti o ns fr o m a
c o m p a ct d o m ai n K ⊆ R m t o R n . T h e n f or e v er y m ∈
N , n ∈ N , f or all K ⊆ R m , f ∈ C (K, R n ), a n d f or all
ϵ > 0 , t h er e e xists a D N N F ( D e fi niti o n 3. 1 ) s u c h t h at

s u p
x ∈ K

|f (x ) − F (x )| < ϵ

O n e m a y n oti c e, i n t h e ori gi n al u ni v ers al a p pr o xi m at or
pr o ofs [ 1 6 , 9 , 1 5 ], a cti v ati o n f u n cti o ns w er e r e q uir e d t o b e
c o nti n u o us, b o u n d e d, a n d n o n- c o nst a nt. T h us f or D N Ns
wit h n o n- d e cr e asi n g m o n ot o n e a cti v ati o n f u n cti o ns, t h e y ar e
all u ni v ers al a p pr o xi m at ors. H o w e v er, t his is n o l o n g er tr u e
w h e n all w ei g hts ar e c o nstr ai n e d t o b e n o n- n e g ati v e, as w e
will pr o v e b el o w b y s h o wi n g a c o u nt er e x a m pl e: D N N +

c a n n ot s ol v e X O R.

D e fi niti o n 3. 5 ( X O R- c o nti n u o us). L et x ∈ [ 0, 1] 2 , f :
[ 0, 1] 2 → R

f (x 1 , x 2 ) = x 1 + x 2 − 2 x 1 x 2 ( 2)

N ot e: f( 0, 0) =f( 1, 1) = 0; f( 1, 0) =f( 0, 1) = 1.

R e m a r k 3 ( X O R- dis c o nti n u o us). We als o d e fi n e a dis c o n-
ti n u o us v ersi o n of X O R f or t h e r e a d ers’ c o n v e ni e n c e. S u c h a
d e fi niti o n v ari ati o n d o es n ot alt er o ur r es ult ( T h e or e m 3. 3 )
i n a n y w a y.

L et x ∈ [ 0, 1] 2 a n d t1 , t2 ∈ ( 0, 1) , f : [ 0, 1] 2 → { 0 , 1 }

f (x ) =
0 , [x 1 ≥ t1 a n d x 2 ≥ t2 ] o r [x 1 < t 1 a n d x 2 < t 2 ]

1 , [x 1 ≥ t1 a n d x 2 < t 2 ] o r [x 1 < t 1 a n d x 2 ≥ t2 ].

( 3)

T h e o r e m 3. 3 (D N N + is n ot a u ni v ers al a p pr o xi m at or).
D N N + s ar e n ot u ni v ers al a p pr o xi m at ors. T h at is, t h er e
e xists a c o m bi n ati o n of (m, n, K, f ) w h er e m ∈ N , n ∈ N ,
K ⊆ R m , f ∈ C (K, R n ), a n d e xists a n ϵ > 0 s u c h t h at f or
all D N N + F + ( D e fi niti o n 3. 2 ),

∃ x ∈ K , s u c h t h at |f (x ) − F + (x )| ⩾ ϵ

Pr o of. It s uf fi c es t o fi n d o n e c o m bi n ati o n (m, n, K, f ) s u c h
t h at n o F + c o ul d a p pr o xi m at e f ar bitr aril y w ell. X O R,
(m = 2 , n = 1 , K = [ 0 , 1] 2 , f = D ef n 3. 5 ), is s u c h a
c o m bi n ati o n, as w e will pr o v e b el o w i n C or oll ar y 3. 3. 1 .
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C o r oll a r y 3. 3 . 1 (D N N + c a n n ot a p pr o xi m at e X O R) . F or
f as d e fi n e d i n D e fi niti o n 3. 5 , ∃ ϵ > 0 s u c h t h at ∀ F +

( D e fi niti o n 3. 2 ), ∃ x ∈ R 2 , s u c h t h at |f (x ) − F + (x )| ⩾ ϵ

Pr o of. We will pr o v e b y c o ntr a di cti o n. Ass u m e D N N + F +

c a n a p pr o xi m at e X O R f w ell, o nl y wit h a n err or t er m of
ϵ > 0 f or all x ∈ R 2 .

N o w l ets c o nsi d er t hr e e p oi nts ( 0, 0) , ( 1, 0) , ( 1, 1) , w e
m ust h a v e

|F + ( 0, 0) − f ( 0, 0) | < ϵ, ( 4)

|F + ( 1, 0) − f ( 1, 0) | < ϵ, ( 5)

|F + ( 1, 1) − f ( 1, 1) | < ϵ. ( 6)

Fr o m X O R d e fi niti o n 3. 5 , w e als o h a v e f( 0, 0) =f( 1, 1) = 0,
f( 1, 0) =f( 0, 1) = 1, t h er ef or e,

|F + ( 0, 0) | < ϵ,

|F + ( 1, 0) − 1 | < ϵ = ⇒ 1 − ϵ < F + ( 1, 0) < 1 + ϵ

|F + ( 1, 1) | < ϵ.

We c a n pi c k a n y ϵ < 0 .5 a n d h a v e

F + ( 0, 0) < F + ( 1, 0)

F + ( 1, 1) < F + ( 1, 0)
( 7)

T his is o b vi o usl y c o ntr a di ct or y t o t h e f a ct t h at F + is is or d er-
pr es er vi n g m o n ot o n e f u n cti o n, t h at is:

F + ( 0, 0) ⩽ F + ( 1, 0) ⩽ F + ( 1, 1) ( 8)

T h e s a m e l o gi c a p pli es t o ϵ > 0 .5 , a n d f or o ur pr o of w e o nl y
n e e d t o fi n d o n e s u c h ϵ . T h er ef or e, ∃ ϵ > 0 , s u c h t h at f or all
F + w e c a n n ot a p pr o xi m at e X O R f ϵ - w ell.

T h er ef or e, t h er e d o es n ot e xist a n F + t h at c a n a p pr o xi-
m at e X O R f ar bitr aril y w ell. T h us F + is n ot a u ni v ers al
a p pr o xi m at or.

Fr o m T h e or e m 3. 3 , w e h a v e t h at D N Ns wit h n o n- n e g ati v e
w ei g hts ar e n ot u ni v ers al a p pr o xi m at ors – t h e y c a n n ot e v e n
s ol v e X O R. T his is b e c a us e t h e y ar e or d er- pr es er vi n g m o n o-
t o n e f u n cti o ns. C a n w e o v er c o m e t his li mit ati o n b y fli p-
pi n g t h e si g n of a si n gl e w ei g ht t o m a k e t h e n et w or k X O R-
c a p a bl e ? T h e a ns w er is y es , a n d w e ill ustr at e t his r es ult i n
Fi g ur e 1 , p a n el C: i n a 3- u nit si n gl e hi d d e n l a y er n et w or k,
fli p pi n g o n e o ut p ut e d g e of o n e hi d d e n u nit n e g at es t h e first
q u a dr a nt, t h us s c ul pti n g it o ut of t h e pi n k cl ass r e gi o n a n d
j oi ni n g it wit h t h e t hir d q u a dr a nt.

3. 4. I m pli c ati o n i n n e u r os ci e n c e

H o w d o es o ur dis c ussi o n o n X O R p ert ai n t o t h e br ai n ?
L et’s t hi n k a b o ut a si m pl e dis cri mi n ati o n t as k w h er e t h e
a ni m al h as t o m a k e a d e cisi o n b as e d o n a n i n p ut sti m uli t h at

h as t w o f e at ur es x ∈ { 0 , 1 } 2 . F or e x a m pl e, a d e er h as t o
t ell t o xi c l e a v es a p art fr o m e di bl e l e a v es. D u e t o s e as o n al
c h a n g es, t o xi c l e a v es c o ul d b e eit h er gr e e n str ai g ht ( ( 0, 0) ) or
r e d c ur v es (( 1, 1) ); e di bl e l e a v es c o ul d b e eit h er gr e e n c ur v e d
(( 0, 1) ) or r e d str ai g ht (( 1, 0) ). T o s ur vi v e, t h e d e er m ust b e
a bl e t o dis cri mi n at e b et w e e n t o xi c a n d e di bl e l e a v es w h er e
t h e d e cisi o n b o u n d ar y f oll o ws e x a ctl y t h e X O R p att er n. I n
f a ct, a n y dis cri mi n ati o n t as k t a ki n g sti m uli of t h e f or m x ∈
{ 0 , 1 } 2 w h er e t h e d e cisi o n is d e p e n d e nt o n b ot h f e at ur es is
a n X O R t as k [ 2 ]. O nl y aft er i n hi bit or y c o n n e cti o ns e v ol v e d
c o ul d or g a nis ms s ur vi v e i n m or e c o m pl e x e n vir o n m e nts a n d
p erf or m m or e c o m pl e x t as ks.

4. G e o m et ri c i nt uiti o ns of D N N + i n R n

S o f ar w e h a v e pr o v e n f e e d-f or w ar d, f ull y c o n n e ct e d n e u-
r al n et w or ks wit h o ut a n y n e g ati v e w ei g hts ar e n ot u ni v ers al
a p pr o xi m at ors ( T h e or e m 3. 3 ) d u e t o t h eir or d er- pr es er vi n g
n at ur e ( T h e or e m 3. 1 ). N e xt w e will h o n e i n o n t h e c o n c e pt
of li mit e d r e pr es e nt ati o n c a p a cit y b y d eli n e ati n g t hr e e t y p es
of cl assi fi c ati o n pr o bl e ms t h at D N N + s f ail t o s ol v e ( Fi g-
ur e 1 l eft c ol u m n). T h es e will als o pr o vi d e s o m e g e o m etri c
i nt uiti o n o n or d er- pr es er vi n g f u n cti o ns. We s u m m ari z e all
t h e or eti c al r es ults i n R 2 i n Fi g ur e 1 f or i nt uiti v e c o m pr e h e n-
si o n. We pr o v e all c as es i n fi nit e di m e nsi o ns R n , n ∈ Z + i n
t h e t hr e e c or oll ari es b el o w.

1. C or oll ar y 3. 1. 1 n ot es t h at D N N + s c a n n ot s ol v e a cl as-
si fi c ati o n pr o bl e m t h at r e q uir es t h e d e cisi o n b o u n d ari es
t o h a v e s e g m e nts wit h a p ositi v e sl o p e (R 2 ), or a s e c-
ti o n of its d e cisi o n h y p er pl a n e h a vi n g a n or m al wit h
all p ositi v e el e m e nts ( R n ). T his is ill ustr at e d i n Fi g-
ur e 1 p a n el A). T his f oll o ws fr o m t h e f a ct t h at p ositi v e
w ei g hts c a n o nl y f or m d e cisi o n b o u n d ari es t h at h a v e
n e g ati v e sl o p es.

2. C or oll ar y 3. 1. 2 n ot es t h at D N N + s c a n n ot s ol v e cl assi fi-
c ati o n pr o bl e ms w h er e t h er e e xists a cl ass w h os e d e ci-
si o n b o u n d ar y f or ms a cl os e d s h a p e ( R 2 ), or a cl os e d
r e gi o n (R n ). Or d er- pr es er vi n g m e a ns t h at f or all u nits
i n t h e n o n- n e g ati v e D N Ns, t h eir a cti v ati o n gr a di e nts
p oi nt t o w ar ds t h e p ositi v e dir e cti o ns of all di m e nsi o ns
(t o p a n d/ or ri g ht i n R 2 ). H o w e v er, f or a cl os e d-s h a p e
d e cisi o n b o u n d ar y, it r e q uir es t h e gr a di e nt t o p oi nt i n
o p p osit e dir e cti o ns ( b ot h t o w ar ds a n d a w a y fr o m t h e
p artiti o n), w hi c h is n ot d o a bl e wit h n o n- n e g ati v e D N Ns.

3. C or oll ar y 3. 1. 3 n ot es t h at D N N + s c a n n ot s ol v e cl assi fi-
c ati o n pr o bl e ms w h er e t h e p artiti o n f or m e d b y t h e d e-
cisi o n b o u n d ari es r es ults i n a dis c o n n e ct e d s et f or o n e
cl ass ( p at h- dis c o n n e ct e d r e gi o ns i n t h e i n p ut f e at ur e
s p a c e). T his is a g e n er ali z e d t o p ol o gi c al e x pl a n ati o n of
w h y D N N + s c a n n ot s ol v e X O R.
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Figure 1. DNNs with only non-negative weights (DNN s) are NOT universal approximators. Three problems not solvable by DNN
are presented here. All red colors in the plots indicate changes brought by flipping some weights’ polarities to negative such that the binary
classification problems on the left can be solved by the DNN. A) DNN s cannot solve problems where the decision boundaries contain any
segment of positive slope (Corollary 3.1.1). Take the 2-hidden-unit network as an example: by flipping a single input weight to negative
(notice red decision boundaries), the problem on the left becomes solvable. B) DNN s cannot solve binary classification problems where
there exists a decision boundary that forms a closed shape (Corollary 3.1.2). Take the 4-hidden-unit network as an example: flipping a single
input weight for each of the two middle units allows decision boundaries of positive slopes to form, and further, flipping both input weights
of the bottom unit allows the activation gradient to flow in the opposite direction (opposite to the order-preserving gradient, which is always
to the top and/or right). These changes collectively make the closed-shape problem solvable. C) DNN s cannot solve binary classification
problems where the partition formed by the decision boundaries results in a disconnected set for one class (Corollary 3.1.3), e.g., XOR
(Theorem 3.3). By flipping a single output weight of a single hidden unit, the top right quadrant can be sculpted out of the pink class, making
the network XOR-solvable.

4.1. A formal setup of decision boundary and par-
tition of set

In section 4, we focus on binary classification problems
with input features. This means our target function is in
the form , where is a compact domain and

. The three corollaries can be easily extended into
multi-class scenarios: whenever there exist two classes that
satisfy the corollary statements, then the entire classification
problem cannot be solved by DNN .

Instead of taking the angle of function approximation, in
this section we set up classification problem
as a partition of compact domain .

Definition 4.1 (Regions). is a partition of the compact
domain , where . We call the
elements of regions. A single class in the classification
problem can be the union of one or multiple regions. Further,
for to be a partition of , it satisfies these properties:

1. The family P does not contain the empty set, that is
;

2. The union of the regions is , that is ;

3. All regions are pair-wise disjoint, that is
\ ;
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4. Wit hi n e a c h r e gi o n f is c o nst a nt, i. e., ∀ R ∈ P, ∀ x ∈
R, f (x ) = c w h er e c is a c o nst a nt. F or e x a m pl e, i n o ur
bi n ar y cl assi fi c ati o n c as e, c ∈ { 0 , 1 } ;

5. T w o a dj a c e nt r e gi o ns b el o n g t o diff er e nt cl ass es.

D e fi niti o n 4. 2 ( D e cisi o n b o u n d ar y). F or e a c h r e gi o n R i n
t h e p artiti o n P = { R : R ⊆ K } , t h e b o u n d ar y of r e gi o n R
is gi v e n b y

∂ R = { x ∈ R : f or e v er y n ei g h b or h o o d O of x,

O ∩ R ≠ ∅ a n d O ∩ (K \ R ) ≠ ∅ } . ( 9)

T h e c oll e cti o n of t h e b o u n d ari es of all r e gi o ns f or m t h e
d e cisi o n b o u n d ari es of t h e cl assi fi c ati o n pr o bl e m f , a n d is
d e n ot e d b y { ∂ R } .

R e m a r k 4 ( N ei g h b or h o o d of t h e d e cisi o n b o u n d ar y). Si n c e
t w o a dj a c e nt r e gi o ns b el o n g t o diff er e nt cl ass es, t h e n w e
m ust h a v e p oi nts wit hi n t h e n ei g h b or h o o d of t h e d e cisi o n
b o u n d ar y t h at b el o n g t o t w o diff er e nt cl ass es.

C o nsi d er t h e ϵ - n ei g h b or h o o d of a p oi nt d o n t h e d e ci-
si o n b o u n d ar y, i. e., f or a p oi nt d ∈ ∂ R , c o nsi d er its ϵ -
n ei g h b or h o o d O = { x ∈ K : |x − d | < ϵ, ϵ > 0 } . Per t h e
d e fi niti o n of b o u n d ar y a n d t h e l ast pr o p ert y of r e gi o n d e fi ni-
ti o n, w e m ust h a v e ∃ A, B ∈ O , s u c h t h at f (A ) ≠ f ( B ).

R e m a r k 5 ( Pi e c e wis e li n e ar a p pr o xi m ati o n of t h e d e cisi o n
b o u n d ar y) . Si n c e w e c a n a p pr o xi m at e a n y f u n cti o n wit h
pi e c e wis e li n e ar f u n cti o ns u p t o s o m e ar bitr ar y a c c ur a c y
[1 7 ], h er e w e a p pr o xi m at e t h e d e cisi o n b o u n d ari es { ∂ R }
wit h a f a mil y of li n e ar f u n cti o ns L = { L } , w h er e L = { x ∈
K ′ ⊆ K : a x + b = 0 , a ∈ R n , b ∈ R } . { L } ar e c o n n e ct e d
li n e s e g m e nts i n R 2 or c o n n e ct e d h y p er pl a n e s e cti o ns i n
hi g h er di m e nsi o ns R n . We al w a ys h a v e L ⊆ R n − 1 , a n d a is
t h e n or m al t o t h e h y p er pl a n e L . Wit hi n t h e ϵ r e gi o n of t h e
b o u n d ar y, b as e d o n t h e l ast pr o p ert y of t h e p artiti o n { R } ,
w e h a v e t h e f oll o wi n g:

f (x ) = c 1 , ∀ x ∈ { x ∈ K : 0 < a x + b < ϵ }

f (x ) = c 2 , ∀ x ∈ { x ∈ K : − ϵ < a x + b < 0 }
,

c 1 ≠ c 2 , ϵ > 0 is s m all ( 1 0)

O n a si d e n ot e, d e cisi o n b o u n d ari es ar e ess e nti all y t h e
dis c o nti n uiti es of f w h er e t h e o ut p uts of f s wit c h b et w e e n
0 a n d 1 . Alt h o u g h t h e ori gi n al u ni v ers al a p pr o xi m at or t h e-
or e m pr o ofs r e q uir e f t o b e c o nti n u o us, r e a d ers s h o ul d n ot
b e t o o c o n c er n e d o n t h e c o nti n uit y of f f or t h e f oll o wi n g

2 ϵ s h o ul d b e s m all s u c h t h at x is wit hi n t h e i m m e di at el y a dj a c e nt cl ass es
c 1 & c 2 ; it s h o ul d als o b e l ar g er t h a n t h e li n e ar a p pr o xi m ati o n err or r e gi o n
| L − ∂ R |. We ass u m e i n o ur p a p er t h e cl assi fi c ati o n pr o bl e ms ar e w ell-
b e h a v e d e n o u g h t h at t h e y c a n b e r e as o n a bl y w ell a p pr o xi m at e d b y pi e c e wis e
li n e ar f u n cti o ns a n d w e c a n al w a ys fi n d s u c h ϵ .

r e as o n. We c o ul d e asil y r el a x t h e d e cisi o n b o u n d ari es fr o m
li n e i nt o a b a n d w h er e f gr a d u all y s wit c h es b et w e e n 0 a n d
1 i n t his b a n d. S u c h r el a x ati o n d o es n ot alt er a n y of o ur
c o n cl usi o ns i n t h e f oll o wi n g 3 c or oll ari es as w e c a n al w a ys
li mit t h e b a n d wi dt h t o b e s m all er t h a n ϵ s o t h at all of t h e
a b o v e d e fi niti o ns still h ol d.

4. 2. G e o m et ri c i nt uiti o ns of D N N +

C o r oll a r y 3. 1 . 1. ( B o u n d ar y ori e nt ati o n, i n R n ). D N Ns
wit h o nl y n o n- n e g ati v e w ei g hts c a n n ot s ol v e cl assi fi c ati o n
pr o bl e ms w h er e t h e d e cisi o n b o u n d ari es { L } h a v e a n y s e g-
m e nt L wit h a n or m al a = ( a 1 , . . . , an ) w h er e ∃ i ≠ j ∈
[n ], ai a j < 0 , i. e., p ositi v e sl o p e i n R 2 .

S e e pr o of o n p a g e 1 0 .

C o r oll a r y 3. 1 . 2. ( Cl os e d s h a p e, i n R n ) D N Ns wit h o nl y n o n-
n e g ati v e w ei g hts c a n n ot s ol v e bi n ar y cl assi fi c ati o n pr o bl e ms
w h er e t h er e e xists a r e gi o ns R t h at is a cl os e d s et, i. e., t h e
d e cisi o n b o u n d ari es f or m a cl os e d s h a p e i n R 2 .

S e e pr o of o n p a g e 1 0 .

D e fi niti o n 4. 3 ( p at h- dis c o n n e ct e d p oi nt p air). S u p p os e t h at
X is a t o p ol o gi c al s p a c e. F or a p air of p oi nts x 1 , x2 ∈ X ,
x 1 a n d x 2 ar e p at h- dis c o n n e ct e d if t h er e d o es n ot e xists a
c o nti n u o us f u n cti o n ( p at h) f : [ 0, 1] → X w h er e f ( 0) =
x 1 , f( 1) = x 2 .

D e fi niti o n 4. 4 ( dis c o n n e ct e d s p a c e i n R 2 ). A s p a c e X ⊂ R 2

is p at h- dis c o n n e ct e d if t h er e e xists x 1 , x2 ∈ X s u c h t h at x 1

a n d x 2 ar e p at h- dis c o n n e ct e d. 3

C o r oll a r y 3. 1 . 3. ( Dis c o n n e ct e d s p a c e, i n R n .) D N Ns wit h
n o n- n e g ati v e w ei g hts c a n n ot s ol v e a bi n ar y cl assi fi c ati o n
pr o bl e m w h er e t h er e e xists a cl ass t h at is a dis c o n n e ct e d
s p a c e.

S e e pr o of o n p a g e 1 0 .
T h es e t hr e e c or oll ari es p oi nt t o t h e f u n d a m e nt al fl a w of

D N N + s: h o w e v er m a n y l a y ers t h e y h a v e, e a c h p e n ulti m at e
l a y er u nit c a n o nl y f or m a si n gl e c o nti n u o us d e cisi o n b o u n d-
ar y t h at is c o m p os e d of s e g m e nts h a vi n g n e g ati v e sl o p es
( or c o m p os e d of h y p er pl a n es h a vi n g all- p ositi v e n or m al).
A d di n g m or e l a y ers or a d di n g m or e n o d es t o e a c h l a y er of
s u c h a n et w or k c a n pr o d u c e m or e c o m pl e x-s h a p e d d e cisi o n
b o u n d ari es ( Fi g ur e 1 , p a n el B, mi d dl e c ol u m n), b ut c a n n ot
f or m b o u n d ari es of m or e ori e nt ati o ns, or f or m a cl os e d r e-
gi o n, or s c ul pt t h e i n p ut s p a c e s u c h t h at dis c o n n e ct e d r e gi o ns
c a n b e j oi n e d. T h er ef or e, t a ki n g n e g ati v e w ei g hts a w a y fr o m
D N Ns dr asti c all y s hri n ks t h eir r e p ert oir e of r e pr es e nt a bl e
f u n cti o ns. F or r e al- w orl d pr o bl e m s ol vi n g, it is cr u ci al t o
h a v e b ot h p ositi v e a n d n e g ati v e w ei g hts i n t h e n et w or k.

3 A n e x a m pl e of dis c o n n e ct e d s p a c e i n R 2 is t h e s e c o n d a n d f o urt h
q u a dr a nt t h at f or m cl ass 0 i n X O R.
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5. E xt e nsi o n t o c o n v ol uti o n al n e u r al n et w o r ks

I n t his s e cti o n, w e will dis c uss a n d pr o v e t h at o ur t h e or eti-
c al r es ults i n s e cti o n 3 a n d 4 ar e g e n er ali z a bl e t o m a n y f or ms
of D N N t h at ar e v ari a nts of t h e M L P d e fi niti o n ( D ef 3. 1 ).
We ar e p arti c ul arl y i nt er est e d i n t h e f a mil y of c o n v ol uti o n al
n e ur al n et w or ks ( C N Ns) si n c e t h eir a cti vit y s p a c e cl os el y
r es e m bl es t h os e o bs er v e d i n t h e vis u al c ort e x a n d a u dit or y
c ort e x i n t h e br ai n, as s h o w n b y v ari o us c orr el ati o n st u d-
i es [4 , 1 9 ].

Ess e nti all y, s u bstit uti n g m atri x m ulti pli c ati o n wit h c o n v o-
l uti o n ( D e fi niti o n 5. 1 ) a n d a d di n g a d diti o n al m a x- p o oli n g
l a y ers ( D e fi niti o n 5. 2 ) m a k es a C N N [2 3 , 2 4 , 2 1 ]. T h e u ni-
v ers alit y of C N Ns h as b e e n e x pli citl y pr o v e n [ 3 4 , 7 , 3 0 , 1 4 ].
A d diti o n all y, o n e c a n f urt h er a d d s ki p c o n n e cti o ns ( D e fi ni-
ti o n 5. 3 ) t o m a k e a r esi d u al n et w or k [1 3 ].

We will dis c uss h o w h a vi n g c o n v ol uti o n l a y ers a n d
a d di n g s ki p c o n n e cti o ns m a k e D N Ns e q ui v al e nt t o o ur ori g-
i n al M L P d e fi niti o n a n d t h us s u bj e ct t o t h e s a m e li mit e d
r e pr es e nt ati o n p o w er w h e n all w ei g hts ar e n o n- n e g ati v e; w e
will als o s h o w o ur r es ults ar e g e n er ali z a bl e t o D N Ns wit h
a d diti o n al m a x- p o oli n g l a y ers si n c e t h e or d er- pr es er vi n g
pr o p ert y of D N N + h ol ds i n g e n er al.

5. 1. C o n v ol uti o n l a y e r

T h e c o n v ol uti o n o p er ati o n b et w e e n a n i n p ut ( n or m all y
a n i m a g e) a n d a si n gl e filt er is d e fi n e d b el o w. F or t h e c o n-
v ol uti o n al l a y ers i n C N N, i nst e a d of m atri x m ulti pli c ati o n,
m ulti pl e filt ers c o n v ol v e t h e i n p ut, a n d t h e v al u es i n t h e filt ers
ar e t h e w ei g hts i n C N N. It c a n b e s h o w n t h at all c o n v ol uti o n
o p er ati o ns c a n b e c o n v ert e d i nt o m atri x m ulti pli c ati o ns [ 5 ],
w h er e all t h e filt ers ar e c o n v ert e d i nt o t h e f or m of T o e plit z
t y p e m atri c es a n d all i m a g es ar e v e ct ori z e d. F or m or e d et ails,
w e r ef er r e a d ers t o t h e u ni v ers alit y pr o ofs of C N N [ 3 4 ]. T h er-
f or e, a c o n v ol uti o n al n e ur al n et w or k c a n b e c o n v ert e d i nt o a
M L P ( D e fi niti o n 3. 1 ). T h er ef or e, f or a c o n v ol uti o n al n e ur al
n et w or k wit h all n o n- n e g ati v e w ei g hts, all of o ur r es ults i n
t his p a p er h ol d.

D e fi niti o n 5. 1 ( C o n v ol uti o n 2 D). T h e c o n v ol uti o n O :
R M × N × R m × n → R ( M − m + 1 ) × ( N − n + 1 ) b et w e e n a n i n p ut
(i m a g e) I ∈ R M × N a n d a k er n el (f e at ur e m a p) K ∈ R m × n

is gi v e n b y

O (i, j ) =
m

k = 1

n

l= 1

I (i + k − 1 , j + l − 1) K (k, l ),

i ∈ [M − m + 1] , j ∈ [N − n + 1] ( 1 1)

5. 2. M a x p o oli n g l a y e r

Si n c e m a x p o oli n g f u n cti o ns ar e or d er- pr es er vi n g m o n o-
t o n e f u n cti o ns as w ell, b y t h e cl os ur e of m o n ot o n e f u n cti o ns
u n d er c o m p ositi o n alit y, w e f urt h er h a v e D N Ns wit h m a x
p o oli n g l a y ers f oll o w all t h e r es ults i n t h e pr e vi o us s e cti o ns.

D e fi niti o n 5. 2 ( M a x- p o oli n g). M a x- p o oli n g f u n cti o ns ar e
p o ol : R n → R , p o ol(x ) = m a x (x i ), w h er e x =
(x 1 , . . . , xi , . . . , xn ).

L e m m a 5. 1 ( M a x p o oli n g ar e or d er pr es er vi n g). M a x-
p o oli n g f u n cti o ns ar e or d er- pr es er vi n g m o n ot o n o n e f u n c-
ti o ns. E q ui v al e ntl y,

x ⪯ y = ⇒ p o ol (x ) ⩽ p o ol (y ) ( 1 2)

Pr o of. Wit h o ut l oss of g e n er alit y, f or a n y p air of p oi nts
x = ( x 1 , . . . , xi , . . . , xn ), y = ( y 1 , . . . , yi , . . . , yn ) ∈ R n

t h at f oll o w t h e or d er x ⪯ y , ass u m e t h eir m a x p o oli n g
o ut p ut is gi v e n b y t h e p t h a n d q t h di m e nsi o ns, r es p e cti v el y.
T h e n w e h a v e

∀ i ∈ [n ], x i ⩽ x p

∀ j ∈ [n ], yj ⩽ y q .

Als o b y t h e or d eri n g x ⪯ y , w e h a v e y p ⩾ x p , w hi c h m e a ns

p o ol (x ) = x p ⩽ y p ⩽ y q = p o ol (y ). ( 1 3)

T h us m a x p o oli n g f u n cti o ns ar e or d er- pr es er vi n g m o n ot o n e
f u n cti o ns.

5. 3. S ki p c o n n e cti o ns

A s ki p c o n n e cti o n c o n n e cts t w o n o n- a dj a c e nt l a y ers, e. g.,
l a y ers (l− 2) a n d l, t hr o u g h i d e ntit y m a p pi n g ( D e fi niti o n 5. 3 ).

D e fi niti o n 5. 3 ( S ki p c o n n e cti o ns). E a c h l a y er wit h a n i n-
c o mi n g s ki p c o n n e cti o n is gi v e n b y f ( l) : R n ( l − 1 ) → R n l :

f ( l) (x ) = Φ (W ( l) x + b ( l) ) +f ( l ′ ) (x ), l′ ∈ { 0 , . . . , l− 2 }

We c a n al w a ys c o n v ert a D N N wit h s ki p c o n n e cti o ns
i nt o a cl assi c al M L P ( D e fi niti o n 3. 1 ) b y a d di n g d u m m y
u nits i n t h e i nt er m e di at e l a y ers (i n (l − 1) a n d l) a n d s etti n g
t h eir i n c o mi n g a n d o ut g oi n g w ei g hts t o m at c h t h e i d e ntit y
m a p pi n g of t h e s ki p c o n n e cti o n, i. e., w ei g hts of e a c h u nit
o nl y h a vi n g a si n gl e 1 e ntr y w h er e t h e s ki p c o n n e cti o n is a n d
0 els e w h er e. T h er ef or e, f or a D N N wit h s ki p c o n n e cti o ns,
all of o ur r es ults i n t his p a p er h ol d.

6. C o n cl usi o n a n d Dis c ussi o n

We pr o v e d t h at D N Ns wit h all n o n- n e g ati v e w ei g hts (i. e.,
wit h o ut i n hi bit or y c o n n e cti o ns) ar e n ot u ni v ers al a p pr o xi-
m at ors ( T h e or e m 3. 1 ). T his is b e c a us e n o n- n e g ati v e D N Ns
ar e e x cl usi v el y or d er- pr es er vi n g m o n ot o n e f u n cti o ns ( T h e o-
r e m 3. 1 ). S o m e g e o m etri c i m pli c ati o ns of t his pr o p ert y i n
t h e fi nit e e u cli d e a n s p a c e R n ar e pr o v e d i n C or oll ari es 3. 1. 1 -
3. 1. 3 . S p e ci fi c all y, e a c h o ut p ut u nit i n a n et w or k wit h o ut
i n hi bit or y c o n n e cti o ns c a n o nl y f or m a si n gl e c o nti n u o us
d e cisi o n b o u n d ar y t h at is c o m p os e d of h y p er pl a n e s e cti o ns
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having a very particular orientation (hyperplane with all-
positive normal). Intuitively in input space, this means
only forming a continuous line composed of segments hav-
ing negative slopes. The addition of inhibitory connections
to the networks allows more complex boundaries to form
(e.g., boundaries of positive orientations (Corollary 3.1.1)
and of closed shapes (Corollary 3.1.2)); the addition of inhi-
bition also allows for sculpting/folding of the representation
space (Corollary 3.1.3). Together, these results prove that
both DNNs and brains, which can be abstracted as networks
with non-decreasing monotone activation functions, need
inhibitory connections to learn more functions.

How translatable are our theoretical results on DNNs to
brains? Under the assumption that the activation functions
of all neurons are non-decreasing, our theoretical results
directly shed light onto the long-standing question of why
brains have inhibitory connections. We recognize there are
types of questions that cannot be answered by DNN theory.
For example, the learning process of DNNs differs from
biological systems [25], DNNs do not follow Dale’s prin-
ciple [8], units in DNNs do not spike, etc. We emphasize
our proof does not rely on any assumption that involves the
above discrepancies between DNNs and brains; instead, our
proof only relies on the non-decreasing activation function
assumption. The simplicity of our assumption is the sole rea-
son behind why our results in general hold for many forms
of DNN that have been experimentally shown to resemble
the brain 5. Our answer from a representation-capacity point
of view supplements the dynamic system story of E/I bal-
ance and provides new perspectives to these long-standing
neuroscience questions.

Our current work is just a first step in understanding the
representation space of networks from the lens of connection
polarity. What we have proven is a first-order property of
the network concerning the existence of negative connec-
tions. The next step is to look at the second-order property
that concerns the configuration of connection polarities. For
this second-order property, a strict non-negativity constraint
is no longer imposed on the network weights; instead, we
constrain the connections to follow a specific polarity config-
uration, or in the neuroscience language - a circuit rule. We
will illustrate the feasibility of this idea and its significance
with an example: in the cortex, excitatory and inhibitory
neurons connect / synapse in very different manners, and
they follow a very stereotypical pattern: local excitation,
broad inhibition. Such a configuration principle has been
suggested to be the underlying mechanism of surround inhi-
bition [3, 29], an important computation process that allows
for context-dependent activation and redundancy reduction.
Based on our Corollaries 3.1.1-3.1.3, it is very likely that
in a local subspace, the largely excitatory sub-network is
order-preserving monotone and only forms continuous deci-
sion boundaries of negative slopes; on a global level, such

communities of subspaces are connected through inhibitory
connections and collectively form complex decision bound-
aries. It is an exciting future direction to connect these
geometric properties with the relatively better-understood
functional significance of neural circuits. Similar ideas can
be explored in the canonical circuits in decision making [28]
(e.g., winner take all). How circuit rules translate into the
geometric constraints on the representation space has been
largely unexplored. It was a route more regularly taken in
the earliest era of DNNs (perceptrons, specifically) [27]
and became increasingly more challenging as the size of the
network grew; we look forward to building on top of the
theoretical work presented in this paper and bridging the
gap between network topology (E-I configuration) and the
associated representation space.
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