Published as a conference paper at ICLR 2023

SPECTRAL DECOMPOSITION REPRESENTATION FOR
REINFORCEMENT LEARNING

Tongzheng Ren? " Tianjun Zhang">" Lisa Lee! Joseph Gonzalez’

Dale Schuurmans®* Bo Dail>®

!Google Research, Brain Team >UT Austin *UC Berkeley *University of Alberta
>Georgia Tech

tongzheng@utexas.edu, tianjunz@berkeley.edu, bodai@google.com

ABSTRACT

Representation learning often plays a critical role in avoiding the curse of dimen-
sionality in reinforcement learning. A representative class of algorithms exploits
spectral decomposition of the stochastic transition dynamics to construct representa-
tions that enjoy strong theoretical properties in idealized settings. However, current
spectral methods suffer from limited applicability because they are constructed for
state-only aggregation and are derived from a policy-dependent transition kernel,
without considering the issue of exploration. To address these issues, we propose
an alternative spectral method, Spectral Decomposition Representation (SPEDER),
that extracts a state-action abstraction from the dynamics without inducing spurious
dependence on the data collection policy, while also balancing the exploration-
versus-exploitation trade-off during learning. A theoretical analysis establishes the
sample efficiency of the proposed algorithm in both the online and offline settings.
In addition, an experimental investigation demonstrates superior performance over
current state-of-the-art algorithms across several RL benchmarks.

1 INTRODUCTION

Reinforcement learning (RL) seeks to learn an optimal sequential decision making strategy by
interacting with an unknown environment, usually modeled by a Markov decision process (MDP).
For MDPs with finite states and actions, RL can be performed in a sample efficint and computationally
efficient way; however, for large or infinite state spaces both the sample and computational complexity
increase dramatically. Representation learning is therefore a major tool to combat the implicit curse
of dimensionality in such spaces, contributing to several empirical successes in deep RL, where
policies and value functions are represented as deep neural networks and trained end-to-end (
, ; R ; , ). However, an inappropriate
representation can introduce approx1mat1on error that grows exponentially in the horizon ( ,
), or induce redundant solutions to the Bellman constraints with large generalization error (
, ). Consequently, ensuring the quality of representation learning has become an increasingly
important consideration in deep RL.

In prior work, many methods have been proposed to ensure alternative properties of a learned
representation, such as reconstruction ( , ) bi- 51mulat10n( R ;

, ), and contrastive learning ( s s ).
Among these methods, a family of representation learmng al gorlthms has focused on constructing
features by exploiting the spectral decomposition of different transition operators, including successor

features ( , , ), proto-value functlons (
, ), spectral state aggregation ( , ), and Krylov
bases ( , , ). Although these algorlthms initially appear distinct, they

all essentially factorlze a variant of the transition kernel. The most attractive property of such
representations is that the value function can be linearly represented in the learned features, thereby
reducing the complexity of subsequent planning. Moreover, spectral representations are compatible
with deep neural networks ( , ), which makes them easily applicable to optimal
policy learning ( , ) in deep RL.
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However, despite their elegance and desirable properties, current spectral representation algorithms ex-
hibit several drawbacks. One drawback is that current methods generate state-only features, which are
heavily influenced by the behavior policy and can fail to generalize well to alternative polices. More-
over, most existing spectral representation learning algorithms omit the intimate coupling between
representation learning and exploration, and instead learn the representation from a pre-collected
static dataset. This is problematic as effective exploration depends on having a good representation,
while learning the representation requires comprehensively-covered experiences—failing to properly
manage this interaction can lead to fundamentally sample-inefficient data collection ( ,
). These limitations lead to suboptimal features and limited empirical performance.
In this paper, we address these important but largely ignored issues, and provide a novel spectral
representation learning method that generates policy-independent features that provably manage the
delicate balance between exploration and exploitation. In summary:

* We provide a spectral decomposition view of several current representation learning methods,
and identify the cause of spurious dependencies in state-only spectral features (Section 2.2).

* We develop a novel model-free objective, Spectral Decomposition Representation (SPEDER),
that factorizes the policy-independent transition kernel to eliminate policy-induced dependencies,
while revealing the connection between model-free and model-based representation learning
(Section 3).

* We provide algorithms that implement the principles of optimism and pessimism in the face
of uncertainty using the SPEDER features for online and offline RL (Section 3.1), and equip
behavior cloning with SPEDER for imitation learning (Section 3.2).

* We analyze the sample complexity of SPEDER in both the online and offline settings, to justify
the achieved balance between exploration versus exploitation (Section 4).

* We demonstrate that SPEDER outperforms state-of-the-art model-based and model-free RL
algorithms on several benchmarks (Section 6).

2 PRELIMINARIES

In this section, we briefly introduce Markov Decision Processes (MDPs) with a low-rank structure,
and reveal the spectral decomposition view of several representation learning algorithms, which
motivates our new spectral representation learning algorithm.

2.1 Low-RANK MARKOV DECISION PROCESSES

Markov Decision Processes (MDPs) are a standard sequential decision-making model for RL, and
can be described as a tuple M = (S, A, r, P, p,v), where S is the state space, A is the action space,
r:SxA— [0,1] is the reward function, P : § x A — A(S) is the transition operator with
A(S) as the family of distributions over S, p € A(S) is the initial distribution and v € (0, 1) is the
discount factor. The goal of RL is to find a policy 7 : § — A(A) that maximizes the cumulative
discounted reward V5, := Eqynpn [Y i 77 (86, a)|s0] by interacting with the MDP. The value
function is defined as V3,.(s) = Ex [ ;= 7'r(si,ai)|so = s, and the action-value function is

Bo(s,0) =B 3272077 (si,ai)|s0 = s,a0 = a]. These definitions imply the following recursive
relationships:

VEr(5) =Er [QF,(5,0)], QF,(s,a) =7(s,a) +7Ep [VE,.(s)] .

We additionally define the state visitation distribution induced by a policy 7 as d%(s) = (1 —
VEsgmp,rE [> ooV 1(s: = s)|so], where 1(-) is the indicator function.

When |S| and |.A] are finite, there exist sample-efficient algorithms that find the optimal policy by
maintaining an estimate of P or Q7% ,. ( , ; , ). However, such methods
cannot be scaled up when |S| and \.A| are extremely large or infinite. In such cases, function
approximation is needed to exploit the structure of the MDP while avoiding explicit dependence
on |S] and |A|. The low rank MDP is one of the most prominent structures that allows for simple
yet effective function approximation in MDPs, which is based on the following spectral structural
assumption on P and r:

Assumption 1 (Low Rank MDP, ( R ; , ). An MDP M is a low rank
MDP if there exists a low rank spectral decomposition of the transition kernel P(s'|s, a), such that
P(s'|s,a) = (¢(s,a), u(s)), 7(s,a) = (¢(s,a),0:), (D
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with two spectral maps ¢ : S x A — R%and i : S — R?, and a vector 0, € R%. The ¢ and y also
satisfy the following normalization conditions:

(s, a), l6(s,a)]l2 <1, [[6,]l2 < VA, Vg : S = R, |lgll.. <1, [sn(s)g(s)ds'||, < Vd. @)

The low rank MDP allows for a linear representation of Q’Fﬁ’r for any arbitrary policy 7, since

Bo(s,a) =r(s,a) +v [ VB, (s)P(s'|s,a)ds’ = (¢(s,a), 0, + [ VE,.()u(s)ds") . (3)

Hence, we can provably perform computationally-efficient planning and sample-efficient exploration
in a low-rank MDP given ¢(s,a), as shown in ( , ). However, ¢(s,a) is generally
unknown to the reinforcement learning algorithm, and must be learned via representation learning to
leverage the structure of low rank MDPs.

2.2  SPECTRAL FRAMEWORK FOR REPRESENTATION LEARNING

Representation learning based on a spectral decomposition of the transition dynamics was investigated
as early as ( ), although the explicit study began with ( ),
which constructed features via eigenfunctions from Laplacians of the transitions. This inspired a series
of subsequent work on spectral decomposition representations, including the Krylov basis ( ,
; , ), continuous Laplacian ( ), and spectral state aggregation (

; s ). We summarize these algorithms in Table 1 to reveal their
commonahty from a unified perspective, which motivates the development of a new algorithm. A
similar summary has also been provided in ( , ).

These existing spectral representation methods Table 1: A unified spectral decomposition view
construct features based on the spectral space of existing related representations. Here, 7 de-
of the state transition probability P™(s’|s) = notes the reward function, A denotes some di-
| P(s'|s,a)m(als)da, induced by some policy m. agonal reweighting operator, and P™(s'|s) =
Such a transition operator introduces inter-state de- | P(s'|s, a)w(a|s)da
pendency from the specific 7, and thus injects an
inductive bias into the state-only spectral represen-
tation, resulting in features that might not be gener-
alizable to other policies. To make the state-feature
generalizable some work has resorted incorporat- Krylov Basis Py i

Spectral State-Aggregation svd (P")
ing a lmear action model (e.g.

; , ) where action 1nf0rmat10n is stored in the linear weights. However, this
work requires known state-features, and it is not clear how to combine the linear action model with
the spectral feature framework. Moreover, these existing spectral representation methods completely
ignore the problem of exploration, which affects the composition of the dataset for representation
learning and is conversely affected by the learned representation during the data collection procedure.
These drawbacks have limited the performance of spectral representations in practice.

Representation Decomposed Dynamics
Successor Feature svd ((I - fyP")_1>

Proto-Value Function eig (AP’r (P”)T A)

3  SPECTRAL DECOMPOSITION REPRESENTATION LEARNING

To address these issues, we provide a novel spectral representation learning method, which we call
SPEctral DEcomposition Representation (SPEDER). SPEDER is compatible with stochastic gradient
updates, and is therefore naturally applicable to general practical settings. We will show that SPEDER
can be easily combined with the principle of optimism in the face of uncertainty to obtain sample
efficient online exploration, and can also be leveraged to perform latent behavioral cloning.

As discussed in Section 2, the fundamental cause of the spurious dependence in state-only spectral
features arises from the state transition operator P™ (s|s), which introduces inter-state dependence
induced by a specific behavior policy 7. To resolve this issue, we extract the spectral feature
from P(s'|s, a) alone, which is invariant to the policy, thereby resulting in a more stable spectral
representation.

Assume we are given a set of observations {(s;, a;, s;)}7_; sampled from py(s,a) x P(s'|s,a),
and want to learn spectral features ¢(s,a) € R? and yu(s ) € R%, which are produced by function
approximators like deep neural nets, such that:

P(s'|s,a) = ¢(s,a) " pu(s). )
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Such a representation allows for a simple linear parameterization of @) for any policy m, making the
planning step efficient, as discussed in section 2.1. Based on (4), one can exploit density estimation
techniques, e.g., maximum likelihood estimation (MLE), to estimate ¢ and u:

@ u) — arg max - Z log ¢(s:, a;) " u(s}) — log Z(s,a), 5)
ped,uct N
where Z (s, a) f s (s')ds’. In fact, ( ; R ) provide

rigorous theoretlcal guarantees when a computation oracle for solvmg (5) is provided. However,
such a computation for MLE is highly nontrivial. Meanwhile, the MLE (5) is invariant to the scale
of ¢ and p; that is, if (¢, u) is a solution of (5), then (¢1¢), copt) is also a solution of (5) for any
c1,¢2 > 0. Hence, we generally do not have Z(s,a) = 1 for any (s,a), and we can only use

-
P(s']s,a) = (%) 1u(s). Therefore, we need to use ¢(s, a) := ¢((S a)) to linearly represent the

Q-function, which incurs an extra estimation requirement for Z (s, a).

Recall that the pair ¢(s, a) and pu(s") actually form the subspace of transition operator P(s’|s, a), so
instead of MLE for the factorization of P(s’|s, a), we can directly apply singular value decomposi-
tion (SVD) to the transition operator to bypass the computation difficulties in MLE. Specifically, the
SVD of transition operator can be formulated as

E,, [P(s 2 6

E[(;(I;_?‘]X:Id H Po [ (5 |57a)¢(53a)]H2 ( )
= 2T E NP(s d 1 d "ds'
E{(ﬁﬁl}mzﬁmﬁx race ( o |:/‘u(5 )P(s']s,a) s }) / (s") " u(s')ds

= g QEpoxp[sb(s,a)Tu’(s’)p(s’)}pr () T ()] /d, ™
=1d/a,

where ||-||, denotes the Lo (1) norm where 1 denotes the Lebesgue measure for continuous case and
counting measure for discrete case, the second equality comes from the Fenchel duality of || H; with
up-scaling of by v/d, and the third equality comes from reparameterization j(s') = p(s')p’ (s')
with some parametrized probability measure p(s’) supported on the state space S.

As (7) can be approximated with the samples, it can be solved via stochastic gradient updates,
where the constraint is handled via the penalty method as in ( , ). This algorithm starkly
contrasts with existing policy-dependent methods for spectral features via explicit eigendecomposition
of state transition matrices ( s ) S )

Remark (equivalent model-based view of (7)): We emphasize that the SVD variational formu-
lation in (6) is model-free, according to the categorization in ( ), without explicit
modeling of . Here, 1 is only introduced only for tractability. This reveals an interesting model-based
perspective on representation learning.

We draw inspiration from spectral conditional density estimation ( , ):
2
i (s 0)upo || P(15:0) = ¢(5,0) (), ®)

This objective (8) has a unique global minimum, ¢(s,a) " u(s’) = P(s'|s, a), thus it can be used as
an alternative representation learning objective.

However, the objective (8) is still intractable when we only have access samples from P. To resolve
the issue, we note that

L, 1) = E (s aympo ||P(15,0) — 6(5,0) ()|
2

=C = 2E (5 0)~po,5'~P(s'|5,0) |0(5,0) T 1(8")] + Es.0)mp0 US (6(s,a)Tu(s")) " ds'|, (9)

where C' = Eg gp, { [ (P(s']s, a))ﬂ is a problem-dependent constant. For the third term, we turn

to an approximation method by reparameterization u(s’) = p(s")u/(s'),

E(s,a)~po {/s (qb(s,a)—ru(s'))zds’] = Trace (E(s,a)~po [cz)(s,a)(é(s,a)—r] E, [p(s’)u’(s’)u’(s’)—r]) )



Published as a conference paper at ICLR 2023

Algorithm 1 Online Exploration with SPEDER

Input: Regularizer \,,, parameter «,,, Model class F = {(¢, u) : ¢ € &, u € ¥, }, Iteration N
Initialize o (- | s) to be uniform; set Dy = 0, Dy = ()
for episoden =1,--- ;N do

Collect the transition (s, a, s’,a’,3) where s ~ dp. ™", a ~ U(A), s’ ~ P*(|s,a),a’ ~
U(A), § ~ P*(-|s',a’), where U(A) denotes the umform distribution on A.

bl

5: Dy, =Dp_1U{s,a,s'}, D), =D, _,U{s,d,s}.
6: Learn representation ¢(s, a) with D,, U D), via equation 10 .
7: Update the empirical covariance matrix

i\]n = Zs,aeDn (En(sv a);b\n(sy a)T + I

8: Set the exploration bonus b, (s, a) = o, \/QAﬁn(s, a) TS bn(s, a)
9: Update policy m,, = argmax, VA -
10: end for 7
11: Return 7y, --- ;7N

Under the constraint that E ,[¢(s, a)¢(s,a) '] = 1;/d, we have
Trace (E(s,a)mpo [$(5,a)6(s,0) '] By [p(s )i’ ()i’ (s) T]) = Ep [p(s")1/ (") "1/ (5")] /d.

Hence, Equation 8 can be written equivalently as:
ICﬁnLI’I 7E(s,a,s’)~p0><P [¢(57 a)Tul(‘S/)p(S/)} + (Ep(s/) [p(sl):u ( )TN/( )]) /(Qd)

s.t. E(s.a)~po [¢(s,a)¢(s,a)—r] =1,/d, (10)

which is exact as the dual form of the SVD in (7). Such an equivalence reveals an interesting
connection between model-free and model-based representation learning, obtained through duality,
which indicates that the spectral representation learned via SVD is implicitly minimizing the model
error in Lo norm. This connection paves the way for theoretical analysis.

3.1 ONLINE EXPLORATION AND OFFLINE POLICY OPTIMIZATION WITH SPEDER

Unlike existing spectral representation learning algorithms, where the features are learned based on a
pre-collected static dataset, we can use SPEDER to perform sample efficient online exploration. In
Algorithm 1, we show how to use the representation obtained from the solution to (10) to perform
sample efficient online exploration under the principle of optimism in the face of uncertainty. Central
to the algorithm is the newly proposed representation learning procedure (Line 6 in Algorithm 1),
which learns the representation (b(s a) and the model P(s' |s,a) = ¢(s,a)ji(s) with adaptively
collected exploratory data. After recovering the representation, we use the standard elliptical poten-
tial ( , ; , ) as the bonus (Line 8 in Algorlthm 1) to enforce exploration.

We then plan using the learned model P with the reward bonus b to obtain a new policy that is used
to collect additional exploratory data. These procedures iterate, comprising Algorithm 1.

SPEDER can also be combined with the pessimism principle to perform sample efficient offline
policy optimization. Unlike the online setting where we enforce exploration by adding a bonus to
the reward, we now subtract the elliptical potential from the reward to avoid risky behavior. For
completeness, we include the algorithm for offline policy optimization in Appendix C.

On the requirements of Ign As we need to plan with the learned model 13”, we generally require

P, to be a valid transition kernel, but the representation learning objective (10) does not explicitly
enforce this. Therefore in our implementations, we use the data from the replay buffer collected

during the past executions to perform planning. We can also enforce that Pn is a valid probability by
adding the following additional regularization term ( ):

E(s.0) [ (108 [ 6(s,0) 1/ (s")p(s)ds'). (1)

which can be approximated with samples from p(s’). Obviously, the regularization is non-negative
and achieves zero when [ ¢(s,a) " i/ (s)p(s")ds’ = 1.

5
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Practical Implementation We parameterize ¢(s,a) and p/(s’) as separate MLP networks, and
train them by optimizing objective (10). Instead of using a linear @ on top of ¢(s, a), as suggested
by the low-rank MDP, we parameterize the critic network as a two-layer MLP on top of the learned
representation ¢(s, a) to support the nonlinear exploration bonus and entropy regularization. Unlike
other representation learning methods in RL, we do not backpropagate the gradient from TD-learning
to the representation network ¢(s,a). To train the policy, we use the Soft Actor-Critic (SAC)
algorithm ( , ), and alternate between policy optimization and critic training.

3.2 SPECTRAL REPRESENTATION FOR LATENT BEHAVIORAL CLONING

We additionally expand the use of the learned spectral representation ¢(s, a) as skills for downstream
imitation learning, which seeks to mimic a given set of expert demonstrations. Specifically, recall the
correspondence between the max-entropy policy and Q)-function, i.e.,

exp(Q(s,a))

= = ]E‘n' ) H ’ ]2
ﬂ’Q(a|S> Z(LE.A exp(Q(s,a)) W?I\‘;z)énAaii) [Q(S a)] - (ﬂ-) (12)

where H (7) := . 4 7(a|s)logm(als). Therefore, given a set of linear basis functions for @Q,

{d)i}le, the we can construct the policy basis, or skill sets, based on ¢ according to (12), which
induces the policy family 7, (als) o exp(w " ¢(s,a)). We emphasize that the policy construction
from the skills is no longer linear. This inspires us to use a latent variable composition to approximate
policy construction, i.e., w(a|s) = [ 7a(als, z)7z(z|s)dz, with = = ¢(s,a) to insert the learned
representation. The policy decoder 7, : S X Z — A(.A) and the policy encoder 7z : S — A(Z)
can be composed to form the final policy.

We assume access to a fixed set of expert transitions D= {(styas, 8¢41) : 8¢ ~ df,at ~
78 (s4), 8041 ~ P(s" | st,a4)}. In practice, while expert demonstrations can be expensive to acquire,
non-expert data of interactions in the same environment can be more accessible to collect at scale,
and provide additional information about the transition dynamics of the environment. We denote the
offline transitions D°f = {(s,a,s’)} from the same MDP, which is collected by a non-expert policy
with suboptlmal performance (e.g., an exploratory policy). We follow latent behavioral cloning (

, ) where learning is separated into a pre-training phase, where
a representatlon ¢ : S x A— Z and a policy decoder 7, : S X Z — A(A) are learned on the
basis of the suboptimal dataset D°, and a downstream imitation phase that learns a latent policy
7z : S — A(Z) using the expert dataset D™ . With SPEDER, we perform latent behavior cloning
as follows:

1. Pretraining Phase: We pre-train ¢(s,a) and ju(s’) on D°% by minimizing the objective (10).
Additionally, we train a policy decoder 74 (a | s, (s, a)) that maps latent action representations to
actions in the original action space, by minimizing the action decoding error:

E, o [~logma(a | s,¢(s,a))]

2. Downstream Imitation Phase: We train a latent policy 7z : S — A(Z) by minimizing the latent
behavioral cloning error:

E(S,a)Nd;* [—logmz(¢(s,a) | s)]
At inference time, given the current state s € S, we sample a latent action representation z ~ wz(s),
then decode the action a ~ 7, (a | s, 2).

4 THEORETICAL ANALYSIS

In this section, we establish generalization properties of the proposed representation learning algo-
rithm, and provide sample complexity and error bounds when the proposed representation learning
algorithm is applied to online exploration and offline policy optimization.

4.1 NON-ASYMPTOTIC GENERALIZATION BOUND

We first state a performance guarantee on the representation learned with the proposed objective.

Theorem 1. Assume the size of candidate model class |F| < oo, P € F, and for any PcF
P(s'|s,a) < C forall (s,a,s'). Given the dataset D = {(s;,a;, s;)}1, where (s;,a;) ~ po,
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sy ~ P(-|s;,a;), the estimator P obtained by empirical surrogate of (9) satisfies the following
inequality with probability at least 1 — §:

" log | F|/5

E’(sa NPUHP( IS a’) P(|s,a)||§ < n

(13)

where C' is a constant that only depends on C, which we will omit in the following analysis.

Note that the i.i.d.data assumption can be relaxed to an assumption that the data generating process is
a martingale process. This is essential for proving the sample complexity of online exploration, as
the data are collected in an adaptive manner. The proofs are deferred to Appendix D.1.

4.2 SAMPLE COMPLEXITIES OF ONLINE EXPLORATION AND OFFLINE POLICY OPTIMIZATION

Next, we establish sample complexities for the online exploration and offline policy optimization
problems. We still assume P € F. As the generalization bound equation 13 only guarantees the
expected L, distance, we need to make the following additional assumptions on the representation
and reward:

Assumption 2 (Representation Normalization). V¢ € @, we have [ ([, |6(s,a)l|2 da)2 ds < d.

Assumption 3 (Reward Normalization). |, s ( Jar A’ (s,a) da) ds < d, where r is the reward function.

A simple example that satisfies both Assumption 2 and 3 is a tabular MDP with features ¢(s, a)
forming the canonical basis in R!S!Il. In this case, we have d = |S||.A|, hence Assumption 2 naturally
holds. Furthermore, since r(s,a) € [0, 1], it is also straightforward to verify that Assumption 3 holds
for a tabular MDP. Such an assumption can also be satisfied for a continuous state space where the
volume of the state space satisfies 1(S) < Tl AI Since we need to plan on P, we also assume P
is a valid transition kernel. With Assumptions 2 and 3 in hand, we are now ready to provide the

sample complexities of online exploration and offline policy optimization. The proofs are deferred to
Appendix D.2 and D.3.

Theorem 2 (PAC Guarantee for Online Exploration). Assume |A| < co. After interacting with the

environment for N = 5) ( (flj‘f)tlg;) episodes, where O omits log-factors, we obtain a policy m s.t.
VB, —VE, <e

with high probability, where * is the optimal policy. Furthermore, note that, we can obtain a sample

Sfrom the state visitation distribution d7, via terminating with probability 1 — -y for each step. Hence,

for each episode, we can terminate within é(l /(1 — 7)) steps with high probability.

Theorem 3 (PAC Guarantee for Offline Policy Optimization). Lef w = ming, m where T, is

the behavior policy. With probability 1 — 6, for all baseline policies 7 including history-dependent
non-Markovian policies, we have that

~ w?d*C log(|F|/9)
VTFT _ VTrT Sj us ,
Arm V2 \/ -y

where C: is the relative conditional number under ¢* which measures the quality of the offline data:

CF — xT]E(s a)~dF, [¢*(57 a)¢*(s, a)T]x
" IGE z IE(s a)~py M)* (Sa a)¢* (Sa a)T]x .

5 RELATED WORK

Aside from the family of spectral decomposition representation methods reviewed in Section 2, there
have been many attempts to provide algorithmic representation learning algorithms for RL in different
problem settings. Learning action representations, or abstractions, such as temporally- extended skills,
has been a long standing focus of hierarchical RL (

, ) for solving temporally- extended tasks Recently, many algorlthms
have been proposed for online unsupervised skill discovery, which can reduce the cost of exploration
and sample complexlty of online RL algorithms. A class of methods extract temporally extended
skills by maximizing a mutual information objective (

, ) or minimizing divergences ( R ). Unsuperv1sed skill dlscovery has
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been also studied in offline settings, where the goal is to pre-train useful skill representations from
offline trajectories, in order to accelerate learning on downstream RL tasks ( ,
Such methods include OPAL ( s ), SPiRL ( R ), and SkiLLD (

R ), which exploit a latent variable model with an autoencoder for skills acquisition; and
PARROT ( , ), which learns a behavior prior with flow-based models. Another offline
representation learning algorithm, TRAIL ( , ), uses a contrastive implementation of
the MLE for an energy-based model to learn state-action features. These algorithms achieve empirical
improvements in different problem settings, such as imitation learning, policy transfer, etc. However,
as far as we know, the coupling between exploration and representation learning has not been well
handled, and there is no rigorous characterization yet for these algorithms.

Another line of research focuses on theoretically guaranteed representation learning in RL, either by
limiting the flexibility of the models or by ignoring the practical issue of computational cost. For
example, ( s s ) considered representation learning in block MDPs,
where the representation can be learned via regression. However, the corresponding representation
ability is exponentially weaker than low-rank MDPs ( ). ( ) exploited
representation from arbitrary dynamlcs models, but restrlcted the noise model to be Gaussian. On
the other hand, ( ;

, ) provably extracted spectral features in low-rank MDPS with exploration, but these
methods rely on a strong computation oracle, which is difficult to implement in practice.

In contrast, SPEDER enjoys both theoretical and empirical advantages. We provide a tractable
surrogate with an efficient algorithm for spectral feature learning with exploration in low-rank MDPs.
We have established its sample complexity and next demonstrate its superior empirical performance.

6 EXPERIMENTS

We evaluate SPEDER on the dense-reward MuJoCo tasks ( s ) and sparse-reward
DeepMind Control Suite tasks ( , ). In MuJoCo tasks, we compare with model-based
(e.g., PETS ( , ), ME-TRPO ( , )) and model-free baselines (e.g.,
SAC ( s ), PPO ( s )), showing strong performance compared

to SoTA RL algorithms. In particular, we find that in the sparse reward DeepMind Control tasks,
the optimistic SPEDER significantly outperforms the SoTA model-free RL algorithms. We also
evaluate the method on offline behavioral cloning tasks in the AntMaze environment using the D4RL
benchmark ( , ), and show comparable results to state-of-the-art representation learning
methods. Additional details about the experiment setup are described in Appendix F.

6.1 ONLINE PERFORMANCE WITH THE SPECTRAL REPRESENTATION

We evaluate the proposed algorithm on the dense-reward MuJoCo benchmark from MBBL (

R ). We compare SPEDER with several model-based RL baselines (PETS ( R

), ME-TRPO ( , )) and SoTA model-free RL baselines (SAC (

), PPO ( , )). As a standard evaluation protocol in MBBL, we ran all the
algorithms for 200K environment steps. The results are averaged across four random seeds with
window size 20K.

In Table 2, we show that SPEDER achieves SOTA results among all model-based RL algorithms
and significantly improves the prior baselines. We also compare the algorithm with the SoTA
model-free RL method SAC. The proposed method achieves comparable or better performance in
most of the tasks. Lastly, compared to two representation learning baselines (Deep SF (

s ) and SPEDE ( s )), SPEDER also shows superior performance, which
demonstrates the proposed SPEDER is able to overcome the aforementioned drawback of vanilla
spectral representations.

6.2 EXPLORATION IN SPARSE-REWARD DEEPMIND CONTROL SUITE

To evaluate the exploration performance of SPEDER, we additionally run experiments on the
DeepMind Control Suite. We compare the proposed method with SAC, (including a 2-layer, 3-layer
and 5-layer MLP for critic network), PPO, Dreamer-v2 ( , ), Deep SF ( s

) and Proto-RL ( , ). Since the original Dreamer and Proto-RL are designed
for image-based control tasks, we adapt them to run the state-based tasks and details can be found
at Appendix. F. We run all the algorithms for 200K environment steps across four random seeds
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Table 2: Performance on various MuJoCo control tasks. All the results are averaged across 4 random seeds and
a window size of 20K. Results marked with * is adopted from MBBL ( R ). SPEDER achieves
strong performance compared with baselines.

HalfCheetah Reacher Humanoid-ET Pendulum I-Pendulum
ME-TRPO* 2283749004  -13.445.2 729489 177.3+1.9 -126.24:86.6
Model-Based R, PETSRS® 966.9+471.6 -40.1+6.9 109.6-£102.6 167.9435.8 -12.1425.1
odel-Base PETS-CEM* 2795.34879.9  -12.3+5.2 110.8490.1 167.4453.0 20.5+28.9
Best MBBL 3639.04£11358  -4.140.1 1377.0+£150.4 177.3+1.9 0.0-£0.0
PPO* 1724844 172409 451.4439.1 163.4£8.0 -40.8421.0
Model-Free RL ~ TRPO* -12.0485.5 -10.140.6 289.8£5.2 166.7+7.3 27.6+15.8
SAC* (3-layer)  4000.74202.1  -6.4+0.5 1794.41+-458.3 168.29.5 0.240.1
DeepSF 418041138 -16.843.6 168.65.1 168.62:5.1 02403
R tion R, SPEDE 4210.3+£92.6 72411 886.9495.2 169.5-0.6 0.0220.0
cpresentaion KL gpppER 5407.94+813.0  -5.90+0.3 1774.875+129.1  167.4+3.4 0.040.0
Ant-ET Hopper-ET S-Humanoid-ET ~ CartPole Walker-ET
ME-TRPO* 42.6421.1 1272.54£500.9  -154.94£534.3 160.1-69.1 -1609.34657.5
Model.Based R, PETSRS™ 130.0£148.1 205.8+36.5 320741822 195.0-£28.0 312.5+493.4
PETS-CEM* 81.6:£145.8 129.34£36.0 355.1+157.1 195.543.0 260.2£536.9
Best MBBL 275.44309.1 1272.5£500.9 1084.3+77.0 200.0-£0.0 312.5+493.4
PPO* 80.1£17.3 758.0462.0 454.3436.7 86.5+7.8 306.1417.2
Model-Free RL ~ TRPO* 116.8447.3 23744335 281.3£10.9 4734157 229.5+27.1
SAC* (3-layer)  2012.74571.3 1815.54£655.1 834.64+313.1 199.4£0.4 2216.4+£678.7
DeepSF 768.1-44.1 548.9:4£253.3 533.8+154.9 194.5+5.8 165.6£127.9
Reoresentation R, SPEDE 806.2+60.2 732.24263.9 986.4-£154.7 138.2:£39.5 501.6:£204.0
presentation KL gpppER 1806.8:1488.0  2267.6-:554.3 944.8-354.3 200.2-:1.0 2451.5::1115.6

Table 3: Performance on various DeepMind Suite Control tasks. All the results are averaged across four
random seeds and a window size of 20K. Comparing with SAC, our method achieves even better performance
on sparse-reward tasks. Results are presented in mean + standard deviation across different random seeds.

cheetah_run cheetah_run_sparse walker_run walker_run_sparse humanoid_run  hopper_hop
Model-Based RL  Dreamer 542.0 £27.7  499.9+73.3 337.7+67.2 95.4£54.7 1.0+0.2 46.1£17.3
PPO 227.7£57.9 5.4+10.8 51.6%1.5 0.0+0.0 1.1+0.0 0.7+0.8
Model-Free RL SAC (2-layer)  222.2+41.0 32.4+£27.8 183.0£23.4 53.54+69.3 1.31+0.1 0.4%0.5
SAC (3-layer)  595.2+96.0 419.5+73.3 700.9436.6 311.5+361.4 1.240.1 28.6+19.5
SAC (5-layer)  566.3£123.5  364.1+242.3 716.9+35.0 276.14£319.3 8.2413.8 31.1+£31.8
DeepSF 295.3£43.5 0.0£0.0 27.942.2 0.120.1 0.940.1 0.3£0.1
R ion RL
epresentation B proto RL 30554379 00400 43354568 46.9+34.1 0.3+0.6 1.0£0.2
SPEDER 593.7+£95.1 4255+ 428 690.4£20.5 683.21+96.0 11.5+£54 119.8+89.6

with a window size of 20K. From Table 3, we see that SPEDER achieves superior performance
compared to SAC using the 2-layer critic network. Compared to SAC and PPO with deeper critic
networks, SPEDER has significant gain in tasks with sparse reward (e.g., walker—-run—-sparse
and hopper—-hop).

6.3 IMITATION LEARNING PERFORMANCE ON ANTMAZE NAVIGATION

We additionally experiment with using SPEDER features for downstream imitation learning. We
consider the challenging AntMaze navigation domain (shown in Figure 3) from the D4RL ( ,
), which consists of a 8-DoF quadraped robot whose task is to navigate towards a goal position
in the maze environment. We compare SPEDER to several recent state-of-the-art for pre-training
representations from suboptimal offline data, including OPAL ( , ), SPiRL (

, ), SkiL.D ( , ), and TRAIL ( , ). For OPAL, SPiRL, and
SkiLD, we use horizons of ¢t = 1 and ¢ = 10 for learning temporally-extended skills. For TRAIL,
we report the performance of the TRAIL energy-based model (EBM) as well as the TRAIL Linear
model with random Fourier features ( , ).

Following the behavioral cloning setup in ( , ), we use a set of 10 expert trajectories of
the agent navigating from one corner of the maze to the opposite corner as the expert dataset D™ . For
the suboptimal dataset D, we use the “diverse” datasets from D4RL ( s ), which consist
of 1M samples of the agent navigating from different initial locations to different goal positions.
We report the average return on AntMaze tasks, and observe that SPEDER achieves comparable
performance as other state-of-the-art representations on downstream imitation learning in Figure 4.
The comparison and experiment details can be found in Appendix F.
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7 CONCLUSION

We have proposed a novel objective, Spectral Decomposition Representation (SPEDER), that factor-
izes the state-action transition kernel to obtain policy-independent spectral features. We show how to
use the representations obtained with SPEDER to perform sample efficient online and offline RL,
as well as imitation learning. We provide a thorough theoretical analysis of SPEDER and empirical
comparisons on multiple RL benchmarks, demonstrating the effectiveness of SPEDER.
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A MORE RELATED WORK

Representation learning in RL has attracted more attention in recent years. Within model-based
RL (MBRL), many methods for learning representations of the reward and the dynamics have been
proposed. Several recent MBRL methods learn latent state representations to be used for planning in
latent space as a way to improve model-based policy optimization ( , ; , ;

b} 5 b}

Beyond MBRL, there also exist many algorithms for learning useful state representations to accelerate
RL. For example, recent works have introduced unsupervised auxiliary losses to significantly improve
RL performance ( s ; R ; s ; s

Contrastive losses ( ; ; ; R ),
which encourage similar states to be closer in embeddmg space, where the notion of similarity
is usually defined in terms of temporal distance ( , ) or
image-based data augmentations ( , ), also show promlsmg performance. Within
goal-conditioned RL ( , ; ; s ), various
representation learning algorithms have been proposed to handle high- dlmensmnal observation
and goal spaces, such as using a variational autoencoder ( , ), or
representatlons that explicitly capture useful information for control, whlle 1gnor1ng irrelevant factors
of variation in the observation ( s ; s ).

Beyond these representations on the state space, there are other kinds of representations that are
designed for specific tasks. For example, ( ) proposed to deal with the reward
transfer task by learning a reward-dependent feature F'(s,a,r) such that the greedy policy with
respect to F'(s,a,r) T r is optimal under r.

B IMPLEMENTATION DETAILS

In this section, we provide more implementation details of SPEDER for online exploration.

* Representation Learning. We parameterize the representation network ¢y (s, a) and p(s’), and
optimize the representation in Line 6 in Algorithm 1 with the data collected in the replay buffer D,
via minimizing the following objective:

1

L(¢,p) = —% Yo [o(sia) T plsirn)p(sivn)] + Do > [plsiulsy) nlsy)]

(si,a:,8i41)ED 85 € Dbase
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where p(s) is a base measure on the state space and |Dpase| = {s;} where s; ~ p(s), Aorno and
Aprob are coefficients of the regularizers that can help enforce ¢ to be orthogonal (see

( ) for more details) and ¢(s,a) " u(s") to be a valid conditional density (see

( ) for more details) accordingly.

* Planning module. We implement Line 9 in Algorithm 1 with SAC algorithm ( ,
) upon the learned feature. Specifically,

— We parameterize the critic network Qp as a two-layer MLP on top of the representation
¢9(s,a), whose parameter will be frozen.

— The critic network and the actor network in SAC are both updated with the samples collected
in the replay buffer.

» Exploration bonus. We can optionally add the exploration bonus (Line 8 in Algorithm 1) as we
discussed in the main text.
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C ALGORITHM FOR OFFLINE POLICY OPTIMIZATION

For completeness, we include the algorithm for offline policy optimization with SPEDER here.

Algorithm 2 Offline Policy Optimization with SPEDER
1: Input: Regularizer )\, Parameter o, Model class F, Dataset D sampled from the stationary
distribution of the behavior policy 7.

2: Learn representation ¢ (s, a) with D via equation 10.
3: Set the empirical covariance matrix

o~

= Z gb(s,a)(;AS(s,a)T—i—)\I.

(s,a)eD

™M

4: Set the reward penalty: 3(57 a) = a\/gg(s, a)Tiflgg(s, a).
5: Solve 7 = argmax, VI .
6: Return 7 7

D PROOF DETAILS

D.1 NON-ASYMPTOTIC GENERALIZATION BOUND

In this subsection, we consider the non-asymptotic generalization bound for the /> minimization,
which is necessary for the proof of series of key lemmas (Lemma 7 and Lemma 15) that are used
in the PAC guarantee of the online and offline reinforcement learning. For simplicity, we denote
the instance space as X’ and the target space as )/, and we want to estimate the conditional density
p(y|z) = f*(z,y). Assume we are given a function class F : (X x V) — R with f* € F, as well
as the data D := {(z;,v;)}, where x; ~ D;(21:i-1, Y1:i-1), ¥i ~ p(-|z;) and D; is some data
generating process that depends on the previous samples (a.k.a a martingale process). We define the
tangent sequence D' := {(z},y})} where 2 ~ D;(z1.;—1,y1.i—1) and y; ~ p(-|}). Consider the
estimator obtained by following minimization problem:

n
~

F=argmin ¢ > —2f(wi,y:) + > | Y FP@iy) | ¢ (14)

fer i=1 i=1 \yey

where the summation over the counting measure of ) for discrete case can be replaced by the
integration over the Lebesgue measure of ) for continuous case. We first prove the following
decoupling inequality motivated by Lemma 24 of ( , ).

~

Lemma 4. Let L(f,D) = Y., U(f, (z;,y:)), D' is a tangent sequence of D and f(D) be any
estimator taking random variable D as input with range F. Then

Ep {exp (—L(f(D),D) — log Ep[exp|—L(f(D), )] — log |f|)} <1

Proof. Let m be the uniform distribution over F and g : 7 — R be any function. Define the following
probability measure over F: u(f) = %. Then for any probability distribution 7 over JF,
eF

we have:

0 <KL(7)

N 1oe T

_; (f)1og u(f)

= ST RN log () — 7(Ng(f)] +log 3 explg(f))
feF feF

16
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=Y R(N)log7(f) +7(f)log | FI] = > #(£)g(f) + 108 Emr exp(g(f))

feF feF
=KL(7|7) — Z 7(f)g(f) +1logEfrexp(g(f))
feF
<log|F| = > #(f)g(f) +10g Efr exp(g(f)).
fer

Re-arranging, we have that
> R (f)g(f) —log |F| < logEpr exp(g(f))-
f
Take g = —L(f, D) — logEp/[exp(—L(f, D)), 7(f) = 17(p)» We obtain that for any D,

~

~L((D), D) — log Eps exp(—L(F(D), D)) — log | F] < 1OgEf~7rEexp(p_(L(L((zZ;)D i;w
D’ €XP(— 5

We exponentiate both sides and take the expectation over D, which gives

~ -~

exp(—L(f(

Ep [exp (—L( (D), D) — log Ep [exp(—L( (D),D’))} —loglf\)} < ]EwaDED o [_L( D

Note that, conditioned on D, the samples in the tangent sequence D’ are independent, which leads to

~

Epr exp [—L( (D)aD/)|D] = [[exp Ewr iy, [-UF (@i w:))]) -
=1

As aresult, we can peel off terms from n down to 1 and cancel out terms in the numerator. Hence,
we have

Ep [~ exp (L(F(P), D) ~ logEps [exp (~L(f(D), D"))] ~1og| F)] <1
which concludes the proof. O

Theorem 5. Assume |F| < oo, f* € F and ||f(z,y)|lcc < C, Vf € F. Then with probability at
least 1 — 9, we have

f = fl3 < C'log| /s,

E Eazlw’D
i=1

where C' only depends on C.

With Chernoff’s method, we have that

~

“logEps [exp (fL( (D),D’))] < L(f(D), D) + log | F| +log 1/3.
Take
1S (i) = 20F" (@i, w) — Flriu) + Y (F@any)® = f(@i,9)%)
yey
and

n

L(f,D) = p | D20/ (@i 9s) — f (@i, 9:) +ZZ (@9)” = f*(@9)%) |,

i=1 i=1yey

where p > 0 is a constant to determine later. As f(D) is obtained by minimizing L(f, D), and

f* € F, we have L(f(D),D) < L(f*,D) < 0. Furthermore, as D’ is the tangent sequence of D,
direct computation shows

—log Ep- [exp (—L(YD)J}'))} log |~§|

17
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o~

We now relate the term — log Ep- [exp (fL( (D), ’D’))] with our target Y, E,, op, A(xi, =

f*(xs,-)||3 using the method introduced in ( ).

Notethaty_ v, f(z,y) = 1,as || f|lsc < C, witha straightforward application of Hélder’s inequality,
we have that ), .y, f(z, y)? < C. We then consider the term

Eyin = (zim) L (i3 0))?] + By p(aay) [, (a5 9))?]

=43 [(f(xay) + [ @i y)(f(@iy) = (@ 9)?] =3 | D (F (@i,9)* = f@iy)?)

yeY yey

< ((F@iy) = [ (@,9)%) [ 8C+3 D (Fwiy) + £* (i, y)?

yey yey

<QOCZ (wi,y) (x“y))Q)

yey
=20CE,,~ f+(2.y) L, (@i, 9:))] -
ASEy, (i) [1(f, (i, 9:))?] = 0, we can conclude that
Ey%’\‘f*(-’tivy) [l(fv (xia yl))z] < (2OCEZ/@Nf*($ay) [l(f’ (‘ri’ yz))] ’

Furthermore, it is straightforward to see |I(f, (z;,y;))| < 3C. With the last bound in Proposition 1.2
in ( ), we have that

log Ep/ [exp (—L(A(D)vp/))}
= i log Ez; y)~p, [exp(—pl(f, (i, 9:)))]

i=1
exp(3pC) — 3pC — 1
pZEM’yI)ND (F, (@) + PGP 9>02 O Ea s U, (@iy0)?]
20(exp(3pC) — 3pC — 1 "
g - (p_ ( ( . 9)6Y . )Z]E Ti,Yi (x“') _f (xla)H%

As exp(x) —x — 1 ~ 0.522 as  — 0, we know there exists sufficiently small p that only depends
on C, such that 9pC > 20(exp(3pC) — 3pC' — 1). Hence, we know that,

9C 10@
&5

E"'N-A’L’a'i* i7'2<
(x4,y4) Dz”f(x ) f ((L’ )HQ 9pC—20(eXp(3pC)—3pC—l)

Compared with the MLE guarantee For discrete domain, as Ly norm is always bounded by Ly
norm, our guarantee is weaker than the guarantee of MLE used in (

, ). However, for general cases, L1 and Lo does not imply each other, and hence we cannot
directly compare our theoretical guarantee with the MLE guarantee. Nevertheless, our method is
easier to optimize compared to the MLE, which makes it a preferable practical choice.

D.2 PAC BOUNDS FOR ONLINE REINFORCEMENT LEARNING

Before we start, we first state some basic properties of MDP that can be obtained from the definition
of the related terms. For the state visitation distribution, a straightforward computation shows that

dp(s) = (1 =7)p(s) + VEzvar amn (15 L(8]3,a).
Meanwhile, we have that

1
P = EESN%,@W(.‘S) [r(s,a)].

18
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For now, we assume 13”(, -) is a valid probability measure, P € F, and the following two inequalities
hold Vn € N* with probability at least 1 — &:
(1s,a) = P(ls,a)|3 <Cn
s, a

| .
|Pa(]s,a) = P(]s,a)3 <¢a

Proof Sketch Our proof is organized as follows:

Eswp,,L,aNle(A) | P,
Es~ph,a~b[(A)| P,

* Based on Theorem 5, we prove a one-step back inequality for the learned model (Lemma 7),
which is further used to show the optimisticity, i.e., the policy planning on the learned model
with the additional bonus upper bound the optimal value up to some error term (Lemma 9).

* We then bound the cumulative regret of the adaptive chosen policy (Lemma 13) based on the
established optimisticity, and further exploit a one-step back inequality for the true model
(Lemma 10) and standard elliptical potential lemma (Lemma 20).

* With standard regret to PAC conversion, we obtain the final PAC guarantee (Theorem 14).

We first state the following basic property for the value function:
Lemma 6 (L norm of V5 ). For any policy m, we have that

dv? ) d
Vil <y/2d {1+ S
Wil \/ ( (T=72) 71—

Proof. From the properties of low-rank MDP, we know there exists w™, ||w™|lz < % and
QP (s,a) = ¢*(s,a) " wf. Then we have

IVE 2 = /S V7 (s)% ds

-[(/. w<a|s><r<s,a>+7Q;,T<s,a>>da)2ds

g/s (/AT(s,a)+’7Q71r9,r(37a)da>2ds

<2/S {/Ar(s,a)dards+2’yz [/AQ;T(s,a)dards
<2d+m/s{AII¢*(s,a)||2da}2ds

dry? )
L2214+ ——
( (1—7)?
2
Sdia
(-

which concludes the proof. O

Before we proceed to the proof, we first define the following terms. Let p,,(s) = + Z?:l dp.(s).

)
With slightly abuse of notation, we also use p,,(s,a) = £ 3" | dF. (s, a), and use p!, to denote the

marginal distribution of s’ for the triple (s, a, s’) ~ p,(s)U(a)P*(s'|s,a). For notation simplicity,
we denote

E[)nXZ/[(A),¢ :n]Eswpn,aNU(A) [(25(8, a)¢(s, a)T] + >\nIa
EP7“¢ :n]E(s,a)an [(/b(sa Cl)¢(8, a)T} + And,
En,qﬁ :nE(s,a)NDn [¢(Sa a)¢(37 a)T] + )‘nI

The following lemmas will be helpful when we demonstrate the effectiveness of our bonus:
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Lemma 7 (One-step back inequality for the learned model). Assume g : S x A — R satisfies that
l9lloe < Boo, || /4 9(5a) daH2 < Bs, then we have that

B oz {905, @)} < /(L= DA, amtiin 925, )}

+ ’y\/n|A|JESNp;/_’aNu(A) {g2(s, )} + B3nGo + A BLA - E(s gy “ e 5‘>Hyl ] .

pn XU, bn

Proof. Note that
]E(s,a)wd"}ij {9(37 a)} = 'VE(g,a)Ndm 75~ﬁn(.|§,a),awﬂ(.‘s){g(sv a)} + (1 - ’V)Es~p,a~7r(~|s){9(5»a)}-
n Py,
For the second term, note that d7(s) > (1 — v)p(s), hence
(1 - V)Eswp,awfr(-\s){g(sa a)}
<1 =N Banpamni o {62(s, )}
p(s)m(als)|Al
( )\/ P a~U(A) Pn(S) ( )
<= NAE.ny, atiay {925, 0)}-

For the first term, we have that
E

(5,8)~d7, P (18,) a~r(-1) 19(8: @)}

ety 0050 | [ Aulor(alslgls,a)dsda

x A

<E(sa)~ar, ||0n(3,0)

)

/ A (s)7(als)g(s, a) ds da
Sx A

P

HE’I ‘
pn XU, ¢n

pn XU, bn

where for the inequality we use the generalized Cauchy-Schwartz inequality. Note

=nEs,,.a~u(A) [(/ P, (s[5,
SxA
P(s|3,

S2nEs0p, anti() l( /
SxA

2
+2nEsp,, anti(A) l(/s A(ﬁn(s\§, a) — P(s|§,a))m(als)g(s,a)ds da)
X

2

/ bn(s)m(als)g(s,a) dsda
SxA

Epn XU, bn

2

2
a)m(als)g(s,a) dsda) + An

| fnor(als)g(sa)dsda
SxA

a)
a)m(als)g(s,a)ds da) 1

+ A\, B2 d.

With Jensen’s inequality, we have

2
Esnpnanta(A) [(/SMP(Slé,&)ﬂ(alsw(s,a) dsda) ]

<E§~pn,ELNU(A),SNP(<|§,&),¢1~7T(-\s) {92(87 a)}
:Eswp;”aw‘n'(-b) {QQ(S,G)}
<|A‘Es~p;L,a~M(A) {92(57a)}

Meanwhile,

Esnp,anti(a) [(/SM(AVL(SIQ a) — P(s|3,a))m(als)g(s, a) dsda>2]
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2
SEsnp,, anti(a)

| J #tala.) da

\ /Ag(.,a) da j

where the last inequality is due to Theorem 5. Substitute back, we obtain the desired result. O
Lemma 8 (Concentration of the bonus term). Ler A\,, = ©(dlog(n|F|/9)), and define:
S xttys =NEgmp, amti(a)d(s,a)(s,a) T + A1,
Sng =Y dsi,a)p(si,a:) " + Al

1€[n]

Pu(f5.a) - P(15,0)|

2

1

2

Pu(13,a) - P(13,a)|

2

Then there exists absolute constant ¢, and co, such that
Vn € NT.Vg € @, ciflé(s,a)lly-r <o a)llg-r, < eallé(s, @)l

pn XU, ¢

which holds with probability at least 1 — 6.
Proof. See ( s , Lemma 11). O

With these lemmas, we are now ready to show the optimism.
Lemma 9 (Optimism). Let

I (d«k:@) |

An =6 (dlog(n|F|/d)),

then for any policy m we have

241 (1+ 2225 G

v, (1=

Py,r+b, 7

VPri

Proof. With the simulation lemma (i.e., Lemma 19), we have that

T T
VPn ,r+by, VP’T

1

=1 Beana, [bn(5,0) + 1B, (y1,.0) [V ()] = VEp(s15,0) [VEA()]] -

Consider the function g on S x A defined as follows:
g(s, a) = ‘EP(S’\s,a) [V};r,r(sl)] - Eﬁn(sqs,a) [Vlg,r(sl)] ‘ .

With Holder’s inequality, we have that [|g| < 2. Furthermore, as

9(s,a) <o (s, )T/ ()P (s ’)dS'+$n(s,a)T/gﬁZ(S')Vﬁr,h+1(8’)d8’

<lors.ol | [ui, )

& )

St CACOIRY
where the first inequality is due to the triangle inequality; the second inequality is from the Cauchy-
Schwartz inequality; and the last inequality comes from the fact that ||V7 |« < ﬁ Thus, we

have
‘/ g(-,a)da
A

Dn(s,a)

|

LA EVE )

2

2:/S</Ag(s,a)da)2ds
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<(1j‘lw2/8(/Anas*(s,a)ndw/A||<$n<s7a>||da)2ds

__ 4
SA=y)

where the last inequality is due to Assumption 2 and the fact that (a + b)? < 2(a? + b?). Invoking
Lemma 7, we have that

E sz, {9(5:0)} < /(1 = 1) ABwp, 0ty {97(5,0))

+ 7y /nlAE [P0} + g+ ol g 6.
n ~plan 5,Q Nin ! §,a)~d% n\S, @
Ty e (=2 T @y e, e
pn XU, ¢n
Note that
Eswpn,aNZ/{(A){g2 (37 a)}
2
oty [ (PS150) = Pul)) V() 0
S
-~ 2 - 2
<E5~pn,a~u(A) HP(|S7 (l) - Pn(‘s’ Q)HQ ||VP,TH2
dv? )
<2d (1 +——3 )
(1—7)?
where the first inequality is due to the Holder’s inequality and the last inequality is due to Lemma 6.
With the selected hyperparameters and Lemma 8, we conclude the proof. O

To further provide the regret bound, we need the following analog of Lemma 7. Note that, here we
don’t require p,.

Lemma 10 (One-step back inequality for the true model). Assume g : S x A — R satisfies that
llg]lco < Boo, then we have that

[ aymaze 905, )} < /(1= DAy, amtiy{97(5,0))

+/YAEsp,, anua) {92(5, @)} + Any?Biod - B aymage [qu*(éi d)llz;lw]'

Proof. Note that
E(s,a)~azn {9(s,a)}
=VE (5 a)~dm smP(5,8),a~n () 19(8: @)} + (1 = V) Esnp amn(-15){9(5, @)}
For the second term, note that d7.(s) > (1 — v)p(s), hence
(1 = YEsnpannls)19(s,a)}
< =Ny Eanp i {62(s, )}

=(1- 7)\/Es~pn,a~u(,4) {WQQ(S,G)}

<= NAEp, o {92(5,0)}

For the first term, we have that

E(s,6)~d7n smP(]5,),a~n(-]s)19(8, @) }

Eaaz o607 [ o mlalslalsaasda

XA
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E oz 167Gl | [ 5 5)nals)g(s,0)dsda

)

SXA Zﬂn«¢*

where for the inequality we use the generalized Cauchy-Schwartz inequality. Note
DI

‘/SXA“*(S)”(“B)Q(&a) asdal|

2
=nE(s,a)~pn l(/SXA P(s|3,a)m(als)g(s,a)ds da)
gnE(é,d)NpmswPC\s,a),aNﬂ'HS) {92(53 a)} + )‘TlBgoda

where in the last inequality we use Jensen’s inequality. Note that

2
+An

/ w(s)m(als)g(s,a)dsda
SxA

E(§,&)~pn,swP(<|s,a),a~7r(-\s) {92(57 a)}
1

ST EGa g (1s,a),a~n(1s) {97 (5, 0)}

IAI
Ty
Substituting this back, we obtain the desired result. O

ESan,aNZ/l(A {g (5 a‘)}

We also need the following properties on the bonus and the value function when we plan on the
learned model with the bonus.

Lemma 11 (Norm of the Bonus). We have that

n d-A opVd _ dy/|A
b5, @)loe < 22 ' < anvd o dVIA]
)\n An 1- vy
Proof. Note that, f)n 3 = A1, and as a result, we have ‘ i_% )\i Recall b, (s,a) =
»Pn 1,90 [lop n
an (En(s’a)Hifh , we know
nén
214 2 2
b2 _ 2An -1z |l Pn(s,a)ll3 <%
2(5,0) = 20u(5, )5} Gl ) < SO < G
as well as
2
‘ bn(-,a)da
A
R 2
—a2 | [ onCalls; 5, da

Combined with the fact that \7/\L

=0 < VAl >, we conclude the proof. O

Lemma 12 (L5 norm of VA b ). For any policy m, we have that

2 3d?y2 (1 + Sz 15 /
<A\|3d + B0 + ( ) d lA

vz

r+by,
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Proof. We have

H s +bn

/S (V& o (s)>2ds
Al

A
< /S ( /,4 (r(s.0) + ba(s,0) +1QE, ., (5.0)) da)st
<3/S</A[T(s,a)]2da) ds+3/$ /A[an
+ 342 /S < /A [Q%mwbn(s,a)rda)st

2
3a2d 3d272< + r)
LBd+ ——+
3
< AL
(1-7)1

which concludes the proof.

T

2
7(als) (r(&a) + bn(s,a) + VQ}%,H%(&G)) da) ds

2
¢n(s,a)H27lA da} da | ds

PnsPn

Now we are ready to prove the following regret bounds and obtain the final PAC guarantee.
Lemma 13 (Regret). With probability at least 1 — 0, we have that

N
) Nd4| A2 log(N|F|/6) N
2 VI o Vﬂ'n < 1 1~ NI TS
bt \/ (1-7)8 e te log(N|F/4)

Proof. Standard decomposition shows

Ver— Voo

B R T
SVt T (1—7) - B
) 2 (14 )
<VP b ~Vert (1—7)
1 Tn / n /
ST By [b (5,:0) + VBp (w10 VE" 1y ()] = Ereisa VA ., ()]

2041 (1+ 247 ) G

- (1—7)

Applying Lemma 10 t0 E(; 4)~am {bn (s, a) }, we have that
E(s.ay~arn {bn(s, a)}
<O = DAy, aai {8 (5,0))

A, oty 105,00} 72030 0y [167 5,0
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Note that
£ 2
a)HE*1 _
Pn,Pn
:ESan,aNu(A) {(bn(s,a) pn’¢”¢n( )}
~ ~ ~ —1

=Tr (ESan,a~u(A) |:¢n(57 a)¢n(8a a)Tj| (nEs~pn,a~Zx{(A) |:¢n<5a a)¢n(3a a)T:| + /\nI) )

d
<77

n

hence, with the concentration of the bonus, we have

1—7v)a2d|lA e~
ez Ials,0)} £/ L 20MLoAT 02d - B ey [0 G )]

We then consider the remaining term. With a slightly abuse of notation, define g(s,a) :=

Eﬁn(sl|saa)vg:,r+bn(5/) —Ep(sis,a) VA" (s’)‘ With Holder’s inequality, we know that

P, ,r+by,
. 2( 1+ 7= VdlA .
llg(s,a)|le < ‘V b S <1_\7ﬁ) < (1_L)Q|. Applying Lemma 10 to
E(s,a)~azn {9(s, )}, we have that
E(s,a)wd;’" {Q(S, a)}
U= N AE e, a9 (5,0}
2
4v2d (v An + ap e -
+ \/n’ﬂAESan,aNZ/[(.A){g2(87a)} + ((1 — 7)2 ) E(g@),\,d;n |:H¢ (S,G)||Z;i’¢*:| .
Note that
E5~pn,a~u(A g )}
2
B anti (4 [ (|s,a) = P(s'|s,a)) v,:;gwbgs’)) ]
2 2
Bt i P10 1 ]
2
Q2 v (1+ a; > d3|Al¢
<3d|l1+-==2 —” 0 < R
T Ry
Hence,

E(saynapr{9(8:0)} S V(1 =) APG

d3‘~'4|2n<n d3|A‘nCn K~ o~
+\/ (1_7)4 + (1 'Y) ]E(.s a)Nd |:||¢ (S’a)||2;i,¢*i| .

Finally, with Lemma 20 and notice that A\; < Ao < --- < Ay, we have that

N
ZE(g,a)~d;" ||¢*(§»&)||2;1¢*
n=1 a

ST (B (.0 676,00 T) 35,
TR

Ndlog 3
1
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Combine the previous terms and take the dominating terms out, we have that

N
. Nd* A2 log(N|F|/d) N
T T < 1 1
Z GG \/ (1=)° T @log(NIF/5) )
which concludes the proof. O

Theorem 14 (PAC Guarantee). After interacting with the environments for N = 5) (%)
episodes, we can obtain an e-optimal policy with high probability. Furthermore, with high probability,
for each episode, we can terminate within ©(1/(1 — )) steps.

Proof. Tt directly follows from the standard regret to PAC reduction. See ( );
( ) for the detail. O]

D.3 PAC BOUNDS FOR OFFLINE REINFORCEMENT LEARNING
Proof Sketch  Similar to the online counterpart, our proof for offline setting is organized as follows:

* We show the policy obtained by planning on the learned model with additional penalty lower
bound the optimal value up to some error term (Lemma 16), with the help of an analog of
the one-step back inequality for the learned model in the offline setting (Lemma 15) based
on Theorem 5.

* We then show the PAC guarantee (Theorem 18) with an analog of the one-step back inequality
for the true model in the offline setting (Lemma 17).

We first prove the analog of Lemma 7 in the offline setting.

Lemma 15 (One-step back inequality for the learned model in the offline setting). Let w =
max, o {1/m(als)}. Assume g : S x A — R satisfies that ||g|lcoc < Boo, || [4 9(;a)dall2 < By,
then we have that

By L9500} < (1 = VB s 01, {5%(5,0)}

+ Y nw}E(s,a)pr {92(57 Cl)} + B%"Cn + Antod : ]Eg,dr\ad’}g [Ha(& &)Hz’l ‘| .

Py P
Proof. Note that
]E(s,a)rvd"}iD {9(87 a)} = VE(g,a)Ndﬁ)Swﬁ(.|§’a),a~ﬂ—(.‘s) {g(s, a’)} + (1 - W)Eswp,awﬂ'(ws){g(& a)}
P
For the second term, we have that
(1 - ’Y)Eswp,aww(-|s){g(57 CI,)}
<(1 - '7) \/Eswp,awﬂ(-\s){g2(37 CL)}

o pemlals) o
=(1 ’7)\/Es~pb,a~7rb('|s){ )92( ’ )}

p(s)7(als

g\/W(l - ’y)|A|Es~pb,a~7rb(-\s)g2(87 a)-
For the first term, we have that

E(ﬁ,a)w;,wﬁ(-\§,a>,a~w(~|s){9(57 a)}

o~

sy 86.0) [ ao(al9s.o)

oG.a)|

/ 1n(s)m(als)g(s,a)dsda
SxA

SE,a)~ar oot ‘
pb‘$ pr,$
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Note that

’ /SX,4 fi(s)m(als)g(s, a) ds da

2
=nE (s a)~ps [(/ I3,L(8|§,&)7T(a\s)g(s,a) ds da)
SxA

2

pr@

2
|

/ Als)m(als)g(s, a)
SxA

2
L2nE(5,6)~p, l([SXAP(s|§,d)W(as)g(s,a) dsda) ]

+AB2.d.

Va3

2
+ 2nE(5,a)~p, (/ (ﬁ(s|§, a) — P(s] ,d)) m(als)g(s,a)ds da)
' SxA
With Jensen’s inequality, we have

Egs.ayer [( [ Pllsaalsste.0) dsdaﬂ

]E(f,&)wpb,s~P(~|s,a),aN7r('\s){g2 (57 a)}
]E(s,a)pr {92(55 Cl)}

N

<

21|&

On the other hand,

E (s, (/SXA (]3(3\5, a) — P(Slé,d)) m(als)g(s,a)ds da> 21

where the last inequality is due to Theorem 5. Substituting this back, we obtain the desired result. [
Lemma 16 (Pessimism). Let w = max; o{m(als)},
B < dv/w, )
a, =0 ,
L=y
A =6(dlog(|F1/9)),

then we have

2wd (1+ 243 ) o
(1=7) '

Vg,rfb < Vgﬂ“ +

Proof. With the simulation Lemma (i.e., Lemma 19), we have

Vigm'r—b o V‘gﬁ'f
L U / s /
:TjjmwbgnPua@+7@€$%ﬂﬂm%@ﬂ_Emﬂmﬂm%@ﬂ”.
Consider g(s,a) := ‘[Eﬁn(s/\s,a) [Vf{r(s’)] —Ep(ss,a) [Vﬁr(s/)]] ’ With Hélder’s inequal-

ity, gl < % Furthermore, with the derivation in the proof of Lemma 9, we know

Hng(~7a) daH2 < g. Applying Lemma 15, we have that

IE(s,a)wd’;5 {g(s, a’)} < \/(1 - W)WE(S,G)NPIJ {92(8’ a)}
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2d2 4\, d ~
2 - _me . L. - 3 a .
+ ’Y\/HWE(S,G)NPE, {g (57 a‘)} + (1 — 7)2 10g(|f|/5) + (1 — 7)2 ]E(s,a)NdA [“¢(57 a)HER]

With Lemma 6, we know

2

dy
=)

Then, with the selected hyperparameters and Lemma 8, we conclude the proof. O

E(s,a)mp 19°(s,0) } < 2d(1 +

Lemma 17 (One-step back inequality for the true model in the offline setting). Let w =
maxs o{mp(als)}, assume g : S x A — R satisfies ||g||co < Boo, then we have

E(s.aynap{9(s, )| < /(1= Y)WE (s 0)p, {97 (5, 0)}
| <V

+ n’YWE(s,a)NPb {92(87 a)} + )‘lyngod ! E(§,&)~d’}2 |:||¢*(§a d) ||ZPblf’*:| .

Proof. The proof is identical to the proof of Lemma 7. [

We now provide the PAC guarantee for the offline setting.

Theorem 18 (PAC Guarantee). With probability 1—9, ¥ baseline policy m including history-dependent
non-Markovian policies, we have that

~ w?d*Cx log(|F|/0)
Vﬂ'r - VTrr /S - )
fro o \/ (1—7)S
where C: is the relative conditional number under ¢*, defined as

O i up L B ap[67(5, 00" (5,0) o
T LeRe T JE(S a)~p5[¢*(s,a)¢*(s,a)'r}a:'

Proof. Standard decomposition shows

VE,. - VE

7”‘ 3T

<Vg, — V;’r‘ p T 2 <1:1_ (_l,y; ) o
2wd (1 + %) Cn
(1—7)
=Bz, [0(5,0) + 1 Ep i) [VE, ()] = 1Epaam [VE,_s()]]

P,r—b

gVPr Vi + \

2w (1+ (25 ) o
(1=7) '

With Lemma 17 and the identical method used in the proof of Lemma 13, we have that

+

(1 —=7)a2dw
n

E(s,a)~ar, {bn(s,a)} < +V/ya2dw + y2a2d - E(s,8)~dr, [H(b* (, a/)Hpr7¢,*i| .

Furthermore, define g(s,a) := )E Vin (s) =Ep(si1s,0)VE" - (s")|. With Lemma 17

Pp(s'|s,a) " B, ,r+by,
and the identical method used in the proof of Lemma 13, we can obtain

d3w?n(,
1— 3,2 > .
E(s,a)~dp (g(s:0)} S V(1 —7)dPw?, + =)t e {llﬂﬁ (5, )Hzplw}
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Finally, by the definition of C*, we have that
(o~ * 2
Bama (1660l | #E sty 0G|

o C*d
<\/C*E(g,a)~pb [”W(Sﬂ)zp‘;w} < ’

n

Combining the previous terms and taking the dominating terms out, we conclude the proof. O

E TECHNICAL LEMMAS

Lemma 19 (Simulation Lemma). With a slightly abuse of notation, we have

Vi ws = VEr =By 060+ [Ep, 010 o VE, 0] = Ertea VE, ()]
Vi, en = VEr =T By, [65:0) +7 [Bp, 010 y VB )] ~ Bt [VE ()]

Proof. Note that
Eswd;,aww(-\s) [f(sv a)]
=1 = YV)Esnpann(|s) [ (8:0)] + VEsuar dmn(|3),s~P(|5.8).a~n(15) [ (5 )]

Take f = QTI; oy Ve have that

VAn,r+b ESNP:“NW("S) |:Q7]L3m»,‘+b(5’ a)]

1 ™ iy
1 — (]ESNd;,an(.|s) [ ﬁnw_s_b(saa)} — VEsmdz amr(15),5~P(-|5,8),a~7(-]5) [Qﬁn,r+b(8’a)D

1 i T
- 1-— ’YESNd;’aNﬂ-(.‘S) [Qﬁnvr‘i‘b(S’ a> o ’YES'NP(~|s,a),a/~7|—(-‘S/) |:Qﬁn77’+b(s/7 a/):|:| '
Substitute back, we have that
VA T VI’{T
1 T
?Eswd ,a~(-]s) [Qﬁn,r-&-b( ) PY]ES/NP( |s,a),a’ ~m(+|s”) [Q m,_i_b(SI? al):| - T(S7 CL):|
1 T T
=Ty PedpanaC) (b5, @) +7 By o, (1o VE () = BompisaVE, (8]
The second equation can be obtained with a similar method, which concludes the proof. O
Lemma 20 (Elliptical Potential Lemma). Let My = M yxq, M, = M,_1 + G,, where G,, is a

symmetric positive definite matrix with ||Gr||op < ¢, then we have that

N
Z Tr(G, M, ) < logdet(My) — 2dlog A < dlog (1 + /\C> .

Proof. By the concavity of log det(+) function and %;(X) = (X "), we know

log det(M,,_1) <logdet(M,,) + Tr(M, *(M,_1 — M,))
=logdet(M,) — Tr(M, *G,).

Telescoping, we can obtain the first inequality. For the second inequality, note that, with Jensen’s
inequality, we have

Tr(M,
log det(M, Z logo; < dlog < dlog(A+ No)

where o; is the i-th eigenvalue of Mn. [
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F EXPERIMENT DETAILS

F.1 ONLINE SETTING

We list all the hyperparameter and network architecture we use for our experiments. For online
MuJoCo and DM Control tasks, the hyperparameters can be found at Table 4. Therefore, we set
bonus scaling term to 0 for MuJoCo tasks. However, this bonus is critical to the success of DM
Control Suite (especially sparse reward environments). Note that we use exactly the same actor and
critic network architecture for all the algorithms in the DM Control Suite experiment.

For evaluation in Mujoco, in each evaluation (every 5K steps) we test our algorithm for 10 episodes.
We average the results over the last 4 evaluations and 4 random seeds. For Dreamer and Proto-RL,
we change their network from CNN to 3-layer MLP and disable the image data augmentation part
(since we test on the state space). We tried to tune some of their hyperparameter (e.g., exploration
steps in Proto-RL) and report the best number across our runs. However, due to the short time, it is
also possible that we didn’t tune the hyperparameter enough.

Table 4: Hyperparameters used for SPEDER in all the environments in MuJoCo and DM Control
Suite.

Hyperparameter Value

C 1.0

regularization coef 1.0

Bonus Coefficient (MuJoCo) 0.0

Bonus Coefficient (DM Control) 5.0

Actor Ir 0.0003

Model Ir 0.0003

Actor Network Size (MuJoCo) (256, 256)

Actor Network Size (DM Control)
SVD Embedding Network Size (MuJoCo)
SVD Embedding Network Size (DM Control)

(1024, 1024)
(1024, 1024, 1024)
(1024, 1024, 1024)

Critic Network Size (MuJoCo) (1024, 1)
Critic Network Size (DM Control) (1024, 1)
Discount 0.99
Target Update Tau 0.005
Model Update Tau 0.005
Batch Size 256

F.2 PERFORMANCE CURVES

We provide the performance curves for online DM Control Suite experiments in figure 1. As
we can see in the figures, the proposed SPEDER converges faster and achieve the state-of-the-art
performances in most of the environments, demonstrating the sample efficiency and the ability to
balance of exploration vs. exploitation of SPEDER.

F.3 TRANSITION ESTIMATION VIA SPECTRAL DECOMPOSITION

We show that the SPEDER objective can learn valid tran-
sitions of the environment. We use a empty-room maze
environment, where the state is the position of the agent
and the action is the velocity. The transition can be ex-
pressed as ' = s + at + €, where ¢ is a fixed time interval
and € ~ N(0,I). We run SPEDER for 100K steps and
the learned transition heatmap is visualized in Figure 2.
The blue region is the heatmap estimation via spectral de- . o .
composition and S1 is the target position of the agent. The Figure 2:  Estimated Transition via
high density region is centered around the red dot (target SPEDER.

position S1), which means the representation learned by our objective captures the environment
transition. This shows the spectral decomposition can learn a good transition function.

F.4 IMITATION LEARNING
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For all methods, we use latent behavioral cloning as de- € >
scribed in Section 3.2 to pre-train representations on a sub-
optimal dataset D°, then finetune on the expert dataset
D™ for downstream imitation learning. We also compare k ‘

with baseline behavioral cloning (BC) ( R ),

which directly learns a policy from the expert dataset Figure 3: AntMaze navigation domains
(without latent representations) by maximizing the 10g- iy mazes of medium (left) and large
likelihood objective, E(, ) pi(p+) [~ logm(a | 5)]. (right) sizes.

We report the average return on AntMaze tasks, and ob-

serve that SPEDER achieves comparable performance as other state-of-the-art representations on
downstream imitation learning (Figure 4). We also observe that the normalized marginalization
regularization equation 11 helps performance (Figure 5). We provide the performance curves for
imitation learning in Figures 6 and 7.

For TRAIL, OPAL, SPiRL, SKiLD, and BC, we used the same hyperparameters as reported in

( ). For all methods, we pre-trained the representations for 200K steps using Adam optimizer
with a learning rate of 3e-4 and batch size 256. For latent behavioral cloning, we train the latent
policy 7z for 1M iterations using a learning rate of le-4 for BC, SPiRL, SkiLLD, and OPAL, and
3e-5 for SPEDER and TRAIL (both EBM and Linear). We found that decaying the BC learning rate
helped prevent overfitting for all methods. We evaluate the policy every 10K iterations by rolling out
the policy in the environment for 10 episodes, and recording the average return. The representations
¢ and action decoder 7, were frozen during downstream behavioral cloning. All imitation learning
results are reported over 4 seeds.

Both the action decoder 7, and the latent policy 7 are parameterized as a multivariate Gaussian
distribution, with the mean and variance approximated using a two-layer MLP network with hidden
layer size 256.

For SPEDER and TRAIL, ¢ and p are parameterized as a 2-layer MLP with hidden layer size 256,
and a Swish activation function ( s ) at the end of each hidden layer. We ran a
sweep of embedding dimensions d € {64,256} and found that d = 64 worked best for TRAIL, and
d = 256 worked best for SPEDER. For SPEDER, we ran a sweep of coefficients for each loss term
in equation 10, and summarize the coefficients used in Table 5. For TRAIL Linear, we used a Fourier
dimension of 8192, which has been provided more preference, while still performing worse.

For SPiRL, SkiLD and OPAL, we used an embedding dimension of 8, which was reported to work
best ( , ). The trajectory encoder is parameterized as a bidirectional RNN, and the skill
prior is parameterized as a Gaussian network following ( , ). SPiRL and SkiLD are
adapted for downstream behavioral cloning by minimizing the KL divergence between the latent
policy and the skill prior.

—— SPEDER DeepSF —— SAC (2-layer) —— SAC(3-layer) —— PPO (3-layer)
cheetah_run 500 cheetah_run_sparse hopper_hop
600
500 400 150
< 400 < 300 c
2 2200 2
200 100 50
100
0 0 L 0
0.0 0.5 1.0 1.5 2.0 0.0 0.5 1.0 1.5 2.0 0.0 0.5 1.0 1.5 2.0
le5 le5 1le5
15.0 humanoid_run walker_run walker_run_sparse
12.5 600 600
10.0
c c c
275 2400 590
o Q o)
o 5.0 -4 o< 200
' 200
2.5
[ . 0
0.0 0
0.0 0.5 1.0 15 2.0 0.0 0.5 1.0 15 2.0 0.0 0.5 1.0 15 2.0

Environmént Steps le5 Environmént Steps le5 Environmént Steps 1e5

Figure 1: Performance Curves for online DM Control Suite.
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Table 5: Loss coefficients used for SPEDER equation 10. We denote the loss coefficients as a; for
the By [11(s") T u(s")] /(2d) term; ag for the Es o) p, [¢(5,a)¢(s,a) "] = I4/d term; and a3 for
the additional normalization regularization term in equation 11.

| SPEDER w/o normalization ~SPEDER w/ normalization equation 11

Domain ‘ al az ‘ al az as
antmaze-large-diverse 0.1 0.1 0.01 0.01 1.
antmaze-large-play 0.01 0.01 1. 0.01 1.
antmaze-medium-diverse 1. 0.01 0.1 1. 0.1
antmaze-medium-play 1. 0.01 1. 0.1 1
antmaze-large-diverse-v0 antmaze-large-play-v0 antmaze-medium-diverse-v0 antmaze-medium-play-v0 == BC
mmm SKiLD (t=1)
I I I )
I I ————————— = SKiLD (t=10)
., I —— I I == SPRL (t=1)
g = | I I == OPAL (t=1)
g — — o = OPAL (t=10)
I [ e )
[y = | |———= = = TRAIL (Linear)
I — I — I — TRAIL (EBM)
mmm SPEDER (Ours)
0 20 40 60 0 25 50 75 0 25 50 75 0 25 50 75
return return return return

Figure 4: Average return on imitation learning tasks from D4RL AntMaze (Fu et al., 2020). BC
corresponds to behavioral cloning on the expert dataset without latent representations. All other
methods pre-train representations on a suboptimal dataset, and then finetune on an expert dataset.

mm SPEDER w/o regularization

[ e I
I - mmm SPEDER w/ regularization
20 40 60 0 20 40 60 0 25 50 750 5 50 75

return return return return

Figure 5: Ablation of SPEDER with vs. without normalized marginalization regularization equa-
tion 11.

antmaze-large-diverse-v0 antmaze-large-play-v0 antmaze-medium-diverse-v0 antmaze-medium-play-v0
I

N

Methods
o |’

antmaze-large-diverse-v0 antmaze-large-play-v0 antmaze-medium-diverse-v0 antmaze-medium-play-v0

0 100 100 BC

—— SKiLD (t=1)
—— SKILD (t=10)

=
o
5}

1

1)

80 (i | A 80

| | A A W SPIRL (t=1)
SPiRL (t=10)

OPAL (t=1)

20 OPAL (t=10)

j —— TRAIL (Linear)
TRAIL (EBM)

1.00 0.00 0.25 0.50 0.75 1.00 ~——— SPEDER (Ours)

60 | 60

return

40

return

40

20

Figure 6: After pre-training, we train latent behavioral cloning on top of the learned representations
for 1M iterations. BC refers to direct behavioral cloning on the expert dataset without latent
representations. The corresponding barplot of the final performance is provided in Figure 4.

antmaze-medium-play-v0
SPEDER w/o regularization
—— SPEDER w/ regularization

100 antmaze-large-diverse-v0 antmaze-large-play-v0 antmaze-medium-diverse-v0
00

. WMWWV“JWM :
{ | w40

40

return

20

000 025 050 075 1.00 0.00 025 050 0.75
steps 1e6 steps

Figure 7: Performance curve of downstream behavioral cloning for SPEDER with vs. without
normalized marginalization regularization equation 11. The corresponding barplot of the final
performance is provided in Figure 5.
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