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Abstract. The detection of a primordial stochastic gravitational wave background has the
potential to reveal unprecedented insights into the early universe, and possibly into the
dynamics of inflation. Generically, UV-complete inflationary models predict an abundance
of light scalars, so any inflationary stochastic background may well be formed in a model with
several interacting degrees of freedom. The stochastic backgrounds possible from two-field
inflation have been well-studied in the literature, but it is unclear how similar they are to the
possibilities from many-field inflation. In this work we study stochastic backgrounds from
more-than-two field inflation for the first time, focusing on the scalar-induced background
produced during the radiation era by a brief turn in three-field space. We find an analytic
expression for the enhancement in the power spectrum as a function of the turn rate and the
torsion, and show that unique signatures of three-field dynamics are possible in the primordial
power spectrum and gravitational wave spectrum. We confirm our analytic results with a
suite of numerical simulations and find good agreement in the shape and amplitude of the
power spectra. We also comment on the detection prospects in LISA and other future
detectors. We do not expect the moderately large growth of the inflationary perturbations
necessary for detection to cause a breakdown of perturbation theory, but this must be verified
on a case-by-case basis for specific microphysical models to make a definitive claim.
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1 Introduction

Primordial stochastic gravitational wave backgrounds (SGWBs) are an interesting candidate
signal for terrestrial and space-based gravitational wave observatories, and, if detected, could
reveal early-universe dynamics at much earlier times than the cosmic microwave background
(CMB) [1–5]. Studying the implications of features in the gravitational wave spectrum will
be able to shed light on a wide array of potential early-universe processes, including cosmic
strings and other topological defects [6, 7], primordial first-order phase transitions [8, 9], non-
standard cosmic histories that amplify primordial scalar or tensor modes [10–14], the presence
of extra spatial dimensions [15, 16], cosmic inflation (see below), and post-inflationary dy-
namics [17].

Even in the case of a non-detection, understanding the primordial physics behind SGWB
generation scenarios allows detector limits to directly inform us about the environment of the
early universe. These inferences are already possible using ground-based laser interferometers,
and some primordial constraints have been published [18–21]. It is imperative then, to
theoretically flush out the full range of early-universe scenarios as more gravitational wave
detector data sets become available.

Cosmic inflation presents one of the richest scenarios for forming SGWBs. If inflation
formed the primordial power spectrum of scalar fluctuations visible in the CMB, then we
know it must have also sourced tensor perturbations at some level, which would propagate
as gravitational waves [22]. But current CMB experiments have not detected these so-
called first-order tensor modes [23]. Furthermore, inflationary dynamics do not easily permit
these tensor modes to have a strong scale dependence, since they are closely proportional
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to the scale of the potential, although some non-standard inflationary scenarios are able
to enhance them (e.g. [24]). Inflation, if responsible for the primordial scalar fluctuations
visible in the CMB, must also have generated primordial scalar fluctuations at other scales.
Inflationary scalar fluctuations can grow relatively easily, and depend strongly on the details
of the inflationary scenario. Examples of inflationary features that can induce scalar growth
include a phase of ultra-slow roll, excited initial states, or a sharp transition in the speed or
direction of the inflationary trajectory (see e.g. [25–28] for reviews). In the latter case, the
effective masses of non-adiabatic modes receive large negative corrections due to the non-
geodesicity of the trajectory. This induces tachyonic directions along which non-adiabatic
fluctuations can destabilize and grow [29–31]. We take this mechanism as the source of the
enhanced scalar fluctuations that in turn source the SGWBs considered in this paper. If
these scalar fluctuations are sufficiently overdense, they can undergo gravitational collapse
and source so-called second-order tensor perturbations which also propagate as gravitational
waves [32, 33]. These scalar-induced SGWBs can be produced both during inflation [34] and
after inflation, once these perturbations re-enter the horizon after reheating [35–37]. If the
perturbations are sufficiently large, they can collapse to form primordial black holes [38–46].

Many of these studies of inflationary SGWB generation have used either one- or two-
field models for simplicity. However, our understanding of UV-complete models indicates
that O(100) scalar fields should be present in the inflationary Lagrangian, without a strongly
hierarchical mass spectrum [47]. Several of these fields then, may participate in the infla-
tionary dynamics without easily decoupling from the others. More-than-two-field inflation is
known to have more dynamical degrees of freedom and different attractor behavior [48, 49],
but it is unclear how important these effects are for the stochastic signal. In this work we
take a first step towards the more complex N -field dynamics and study the scalar-induced
SGWB from a short period of large turning occurring during three-field inflation. We con-
centrate on the calculation of the post-inflationary, radiation-era produced SGWB as large
scalar perturbations re-enter the horizon, leaving the inflationary-era contribution to future
work. This work, then, can be viewed as a direct successor to the analogous two-field calcu-
lation in [35], while also highlighting both the similarities and differences that uniquely arise
in the three-field case.

In section 2, we review the inflationary action and discuss the possible dynamics of an
inflationary trajectory and perturbations in three-field space. In section 3, we analytically
compute the expected enhancement to the curvature power spectrum from a sharp bend in
the trajectory by treating the late-time mode functions as an excited state of a Bunch-Davies
vacuum. We also analyze the power spectrum, finding the expected envelope and oscillation
frequency as a function of wavenumber, and find excellent agreement with our numerical
simulations. We find a clear continuum between two-field behavior and a new three-field
shape. In section 4, we review the formalism for scalar-induced stochastic gravitational waves
and display several interesting cases of the SGWB shape. We also comment on detection
prospects, and how manifest is N > 2 characteristic behavior in the stochastic signal. Finally
we offer our conclusions and discuss areas for future work.

2 Three-field inflationary dynamics

We consider scenarios where inflation is driven by three scalar fields minimally coupled to
gravity in a curved (3 + 1)-dimensional spacetime. The action can be written as:

S =
∫
d4x
√
−g

[
M2

Pl
2 R(g)− 1

2Gab g
µν ∂µφ

a∂νφ
b − V (φa)

]
. (2.1)
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Greek letters label spacetime indices, and lower Latin indices label field-space indices, a, b =
1, 2, 3. gµν is the spacetime metric and Gab is the field space-metric. MPl =

√
8πG is the

reduced Planck mass. We will work in units where MPl = 1.

2.1 Background
We assume an FLRW background sourced by the homogenous part of the field configura-
tions, φ̄a,

H2(t) = 1
3

[1
2Gab(φ̄) ˙̄φa ˙̄φb + V (φ̄a)

]
. (2.2)

The time evolution of the background fields is governed by the equation

Dt ˙̄φa + 3H ˙̄φa + GabV,a = 0 (2.3)
where V,a ≡ ∂V

∂φa . Following [50–52] we introduce a covariant derivative with respect to cosmic
time via the relation

DtAa ≡ Ȧa + ΓabcAb
˙̄φc, (2.4)

where the Γabc are the connection components associated with the field space metric. We also
define the slow-roll parameters

ε = 1
2(φ̄′)aGab(φ̄′)b

η = ε′/ε

ξ = η′/η,

(2.5)

where primes denote e-fold derivatives HDN ≡ Dt. Inflation occurs when ε < 1, and in this
work we will study so-called slow-roll trajectories with ε� 1, and η ≈ ξ ≈ 0.

The majority of this work uses the kinematic field basis, so called because it is defined
from the fields’ trajectory. The first unit vector in the basis is the velocity unit vector,
σ̂a ≡ ˙̄φa/ ˙̄φ, and subsequent unit vectors are defined by additional covariant time derivatives,
giving Ωŝa ≡ DN σ̂a and τ b̂a ≡ DN ŝa + Ωσ̂a, where Ω and τ are the norms of the right hand
sides. These can be summarized in the Frenet-Serret system

DN

σ̂
a

ŝa

b̂a

 =

 0 Ω 0
−Ω 0 τ
0 −τ 0


σ̂

a

ŝa

b̂a

 , (2.6)

where Ω and τ measure the turn rate and torsion of the trajectory respectively, in agreement
with the literature [49, 53]. When Ω > 0, the trajectory undergoes turning, and when τ > 0
as well, that turning is non-planar. If both Ω and τ are constant, the trajectory follows a
helix (as shown below in figure 1). Note that τ and the kinematic basis in general are not
well-defined when Ω = 0.

These quantities have kinematic definitions, but through the equations of motion can
be related to the inflationary potential. One such relationship is

Ω = − Vs

H ˙̄φ

τ = − V;bσ
ΩH2 ,

(2.7)

where Vs ≡ V,aŝ
a and V;bσ ≡ V;acσ̂

ab̂c. Though not directly relevant for this work, these
relationships have been used to find rapid-turning trajectories or rule out regions of field
space from supporting slow-roll inflation [48, 49, 54–56].
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2.2 Perturbations

The covariant formalism for studying perturbations in multifield models of inflation is care-
fully explained in [53, 57] which we follow. The perturbations’ Lagrangian to second-order
in the Mukhanov-Sasaki variables in kinetic basis Qa ≡ {Qσ, Qs, Qb} can be written as [53]

L(Qa) = a3H2
{1

2�Qi�Q
i − 1

2(Mab + Ωc
aΩcb)QaQb + 2Ωa

b (Qa)′Qb + ΩQσQ′s
}

Ωa
b ≡

 0 Ω 0
−Ω 0 τ
0 −τ 0


Mab ≡

V;ab
H2 − 2εRaσσb + 2ε(3− ε)σ̂aσ̂b +

√
2ε σ̂aV,b + σ̂bV,a

H2M2
Pl

(2.8)

where the d’Alembertian is defined as �2Qa ≡ (Q′a)2−
(
k
aH

)2
Q2
a after expanding the modes

in spatial wavenumber k, Mab is the dimensionless mass matrix, and Raσσb = Racdbσ̂
cσ̂d is

the Riemann tensor constructed from the field space metric projected along the velocity unit
vector on its inner two indices. Va is the potential gradient, which can be related to kinematic
quantities via the background equations of motion: V a√

2εH2 = (−3 + ε− η/2)σ̂a − Ωŝa.
This Lagrangian (2.8), when keeping derivatives of a(t) and dropping terms of O(ε2, η),

gives equations of motion equivalent to

DN (Q′)a +F ab (Q′)b +CabQ
b = 0

F ab ≡ (3− ε)δab − 2Ωa
b

Cab =Ma
b +

(
k

aH

)2
δab + Ωa

cΩc
b− (3− ε+DN )Ωa

b

=
(
k

aH

)2
δab +

 Mσσ −Ω2 Mσs−Ω(3− ε+ ν) Mσb + Ωτ
Mσs + Ω(3− ε+ ν) Mss−Ω2− τ2 Msb− τ(3− ε+ ντ )
Mσb + Ωτ Msb + τ(3− ε+ ντ ) Mbb− τ2



=
(
k

aH

)2
δab +

0 −2(3− ε)Ω 0
0 Mss−Ω2− τ2 Msb− τ(3− ε)
0 Msb + τ(3− ε) Mbb− τ2

+O(η, ν, ντ )

(2.9)
where ν ≡ Ω′/Ω, ντ ≡ τ ′/τ , and in the last line we took advantage of some of the significant
simplifications that are possible in the form of Cab . Any mass matrix element with a σ index
can be expressed purely in terms of kinematic quantities using the background equations of
motion. For three fields, these can be expressed as

Mσσ = Ω2 − 1
4η (6− 2ε+ η + 2ξ)

Mσs = Ω(−3 + ε− η − ν)

Mσb = −Ωτ,

(2.10)

which, for instance, readily simplify Cσb = Cbσ = 0 and Cσσ =
(
k
aH

)2
+O(η). Our numerical

calculations, of course, make no such approximations and solve the equations of motion
exactly.
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Figure 1. The turn profile considered in this work. We show an exaggerated path in three-dimensional
field space (left) and the turn rates as a function of time (right). On the left, the color changes from
blue to red as a function of time. We label for future convenience three regions: I, II, and III,
corresponding to before, during, and after the turn respectively. Note that the turn displayed on the
left has a duration of δ = 1.1 efolds for illustrative purposes, while values considered in our simulations
below consider much briefer turns, δ ≤ 0.25.

3 Analytic calculation of power spectrum

We consider a brief turn in the inflationary trajectory, with coincident profiles in Ω and τ .1
For analytic convenience, we assume the turn is a top hat centered at time Nf e-folds after
the beginning of inflation, with width δ, and height either Ω0 or τ0:

T (Ne) = T0 [θ(Ne − (Nf − δ/2))− θ(Ne − (Nf + δ/2))] (3.1)

where T is a placeholder for either Ω or τ , Ne counts the e-folds after the beginning of inflation,
and Nf is the e-fold number at the center of the feature. This type of turn is equivalent to
the inflationary trajectory briefly undergoing perfectly helical motion, see figure 1.

Our goal is to describe the post-turn perturbations (region III) as an excited state of the
pre-turn perturbations (region I), which we assume to begin in a Bunch-Davies state. We use
a WKB approximation to describe the perturbations’ behavior during the turn itself (region
II). At the junctions between the regions I, II, and III, the background metric and its first time
derivative are continuous. The corresponding matching conditions for the Mukhanov-Sasaki
variables were derived by Deruelle and Mukhanov [58] and are summarized in (3.11).

The form of the perturbations in regions I and III are relatively simple to write down,
since they are quasi-single field. We describe region I in terms of a Bunch-Davies state:

u(k,N) ≡ iH√
2k3

(
1− i k

Ha(N)

)
eik/(Ha(N)) (3.2)

Qi,I = u(~k,N)âi + h.c.(−~k). (3.3)
1In principle a turn could exist with non-coincident spikes in the turn rates, with the rise in τ contained

within the period of large Ω. Note that this is the only other possibility, as τ is undefined when Ω = 0. We
leave studying this case to future work.
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Similarly, we describe region III in terms of an excited Bunch-Davies vacuum:

Qi,III = (αiju(k,N) + βiju
∗(k,N))âj + h.c.(−~k) (3.4)

where imposing the canonical commutation relations for the fields and momenta gives [34]:

αikα
∗
jk − β∗ikβjk = δij

αikβ
∗
jk − β∗ikαjk = 0,

(3.5)

which must be satisfied for each pair of fields i, j.
However, describing the αij and βij in terms of the initial state requires the nontrivial

matching procedure described above, as well as a description of the perturbations in region II.

3.1 WKB solution
To significantly simplify later calculations, we assume the duration of the turn to be suffi-
ciently short that the effects of Hubble expansion are negligible on the perturbations. Refer-
encing the equations of motion (2.9), in the frictionless limit we neglect all remaining terms
proportional to (3 − ε) in F ab and Cab , which is equivalent to re-deriving the equations of
motion from the Lagrangian (2.8) and neglecting any time derivatives of a(t). In principle,
this leaves Csb = Ms

b the only remaining nonzero off-diagonal element of Cab . However we
will additionally neglect this term in this WKB approximation and the subsequent region
matching steps as we expectMsb ∼ (3− ε)τ in a wide class of models,2 exactly equal to the
magnitude of the friction in slow-roll.

We parametrize the kinematically-unknown masses in terms of the turn rates as

Mss = ξss(Ω2 + τ2) +Mss,0

Msb = ξsbτ

Mbb = ξbbτ
2 +Mbb,0,

(3.6)

where ξss, ξsb, ξbb,Mss,0,Mbb,0 are assumed to be arbitrary real constants. In this section we
takeMss,0 =Mbb,0 = ξsb = 0, but take them nonzero in some of our numerical simulations.3

To find the WKB approximation of the perturbations during the turn, we take the mode
functions to have the form [35, 45, 60]

Qi = Qi,0e
iqNe (3.7)

where the Qi,0 are different for each field, and q labels all of the WKB frequencies. Plugging
this into the frictionless equations of motion, we find that the Qi,0 must be inter-related by

Qs,0 = i
q2 − k2

k2
f

2qΩ0
Qσ,0

Qb,0 = τ0
Ω0

q2 − k2

k2
f

k2

k2
f
− q2 + (ξbb − 1)τ2

0
Qσ,0 ,

(3.8)

2In field spaces with sufficiently many isometries, [49] found that rapid-turn, slow-roll trajectories must
haveMsb ∼ (3− ε)τ .

3We are unaware of any model where this parametrization of the masses is precisely valid, but take it as a
natural generalization of the two-field scenario, where models with Mss an exact multiple of Ω2 are known,
e.g. [59]. See also the above note aboutMsb.
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and that there are six possible solutions q = ±√αi, where the αi are the three roots of the
cubic polynomial

aα3
i + bα2

i + cαi + d = 0
a = 1
b = −3κ2 − (2 + ξbb + ξss)τ2

0 − (3 + ξss)Ω2
0

c = 3κ4 + 2κ2
(
(ξbb + ξss)τ2

0 + (1 + ξss)Ω2
0

)
+ (ξbb − 1)τ2

0

(
(ξss − 1)τ2

0 + (ξss + 3)Ω2
0

)
d = −κ2(κ2 + (ξbb − 1)τ2

0 )(κ2 + (ξss − 1)(τ2
0 + Ω2

0)),
(3.9)

where κ = k/kf , and kf = eNfH is the wave number crossing the horizon at the central
time of the feature. We note that the usual cubic facts must hold about the αi: they sum
to −b/a and are either all real or one real and two complex conjugates of each other. It
is clear from (3.7), that the scalar fluctuations experience exponential growth when one or
more qi = ±√αi develop an imaginary part. The general expression for qi, as a function of
{ξbb, ξss,Ω0, τ0} and the momentum is convoluted. In appendix A we perform the analysis
for the two sets of parameters we use to draw figures 6–9. There are some common features
and some differences between the two cases.

• For k � kf max{τ0,Ω0}, all qi are real and independent of {ξbb, ξss,Ω0, τ0} (3.9). Thus,
the WKB amplitude doesn’t grow.

• For k . kf max{τ0,Ω0} there are two regimes, depending on the values of {ξbb, ξss,Ω0, τ0}:
(i) either all momenta experience growth, in analogy to the two-field case or (ii) there
are intervals of momenta where all qi are real, and the WKB amplitude does not
experience growth.

In general, any solution in region II is a linear superposition of all six possible WKB expo-
nents:

Qi,II =
∑

j∈fields
âj

3∑
k=1

∑
±
Qijk±,0e

±i√αkNe + h.c.(−~k) (3.10)

where in general the 2N 3
f = 54 initial amplitudes Qijk±,0 for each term are independent along

the solution axis (k,±) but along the field labels i are inter-related via (3.8), for a total of
2N 2

f = 18 independent amplitudes.

3.2 Matching across the turn

We match these solutions by imposing, at the junction from one region to another

∆(Qi) = 0
∆(DNQσ − 2QsΩ) = 0

∆(DNQs −Qbτ) = 0
∆(DNQb +Qsτ) = 0,

(3.11)

where the ∆ operator matches quantities from region A to those from region B at junction
time t as ∆x ≡ xA|t+ − xB|t− . These matching conditions were derived by Deruelle and
Mukhanov [58]. They are valid for any set of turn profiles Ω(N) and τ(N), even ones with
a derivative discontinuity.

– 7 –
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In matching regions I to II, we solve in total 18 matching conditions for the 18 Qσjk±,0
coefficients. For readability, we do not list the coefficients here. And similarly, when matching
region II to III, we use the solutions for the Qσjk±,0 and the matching conditions to find
lengthy expressions for the 9 αij and the 9 βij , which we give in appendix B.

3.3 Features of the enhanced Pζ
Of primary interest to us is the enhancement of the primordial curvature perturbation’s
power spectrum

Pζ
P0

= |ασσ − βσσ|2 + |ασs − βσs|2 + |ασb − βσb|2, (3.12)

where P0 is the power spectrum amplitude without a turn:

P0 = H2

8π2εM2
Pl
. (3.13)

The relative sign between α and β matches our conventions (3.3). Note that our choice of
label ζ for the curvature perturbation agrees with the gauge-invariant curvature perturbation
R = 1√

2εQσ outside the horizon. In all internal computations, we work with R to ensure
that our results are fully gauge-invariant. We label the adiabatic power spectrum with ζ to
match existing notation in the literature.

In appendix B, we give analytical expressions for ασi − βσi, obtained following the
procedure outlined in the previous section. The expressions are hard to interpret analytically
for general values of the parameters. Thus, we have chosen to plot them: figure 2 compares
a three-field power spectrum to the closest equivalent two-field result, while figure 3 explores
the variety of shapes of the enhanced power spectrum: it fixes the quantity Ω2

0 + τ2
0 while

varying the ratio of the turn rates.
A qualitative description of the features in the power spectrum may help to build some

intuition. Similarly to the two-field case, the enhancement to the power spectrum is for wave
numbers crossing horizon during and slightly after the feature scale, kf . The magnitude of
the amplification depends on the values of Ω and τ . Another commonality is that, as in the
two-field case, high values of k do not experience tachyonic growth because, for large enough
k, the WKB roots are real and positive. The value of k where growth stops depends on the
masses and the values of turning and torsion, see the discussion in appendix A. As we discuss
analytically below and can be seen in figures 2 and 3, the frequency of oscillations in the
power spectrum matches the two-field result Pζ(k) ∝ (1+cos (2k/kf )), while the envelope has
many more degrees of freedom and changes shape depending on the masses and the torsion.
When Ω0/τ0 is not too small, a peak in the envelope is approximately at the equivalent
two-field result’s peak at k ∼ kf

√
Ω2

0 + τ2
0 . Unlike the two-field result, a second peak at

lower k is possible when Ω0/τ0 is small enough. This second peak may even continue into
the superhorizon without decaying and completely dominate the two-field peak. A period of
reduced growth between the peaks is possible but not required, depending upon the value
of ξbb.

We also compare to direct numerical integration in figures 5–9. These results do not rely
on the WKB approximation, and approximate the sharp profile in Ω and τ with a smooth
function and integrate the equations numerically, see appendix C for details. Plotting just
eq. (3.12) mismatches the numerical result in phase as δ grows. This phase shift is due to the

– 8 –
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Figure 2. The enhancement to the primordial power spectrum (3.12) from a sharp turn of length
δ = 0.1 with non-negligible torsion. In this case, we compare the analytic three-field result to the
corresponding two-field result, using an effective turn rate of Ω2

2f = Ω2
0 + τ2

0 . We take the peak
amplitude during the turn to be Ω0 = 30 and τ0 = 40, so that Ω2f = 50. The masses were taken to
be ξss = −3, ξsb = 0, ξbb = 2.

finite duration of the turn: essentially, the excited state modes do not begin precisely at Nf ,
but at Nf + δ/2, at the end of the top hat. We can account for this offset by adjusting the
relative phasing of the region III solutions appropriately — equivalent to multiplying only
the βij by exp

(
−2iκ(1− e−δ/2)

)
. This phase is also present in the two-field result presented

in [35]. It is these re-phased αij and βij that we plot in figures 6–9.

3.4 Analytic expressions in some limits

Below we will discuss the limits of parameter space where the expressions simplify.
First we will consider the limit Ω0 � τ0. In this regime, as shown in figure 4, almost

everywhere, the imaginary part of one of the square roots of the WKB roots becomes much
larger than the others, Im√α1 � Im√α2, Im√α3, and as a result the corresponding term
dominates the power spectrum (3.12). The momentum dependence of Imα1, as figure 4
shows, tracks the two-field result [61], when we replace Ω0 with Ω2f ≡

√
Ω2

0 + τ2
0 . Conse-

quently, as in the two-field case, all WKB roots become real and positive when κ ≥ 2Ω2f ,
which explains the sharp drop-off after this value figure 6. Notice that the maximum value of
Im√α1 is

√
Ω2

0 + τ2
0 , thus providing an upper bound on how much the amplitude can grow.

In this limit, the power spectrum is well approximated by

Pζ ∼ e2
√
|α1|δ

(
|C−σσ1|

2 + |C−σs1|2 + |C−σb1|
2
)

×
[
1 + e−

√
|α1|δe−i

√
α2δ

(
C−σσ1C

−
σσ2
∗ + C−σs1C

−
σs2
∗ + C−σb1C

−
σb2
∗)+ c.c.

]
,

(3.14)
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Figure 3. The enhancement to the primordial power spectrum (3.12) from a sharp turn of length
δ = 0.25. We fix Ω2

2f = Ω2
0 + τ2

0 = 252 and ξss = −2 while varying ρ ≡ Ω0/τ0 and ξbb. While the peak
amplitude varies by a factor of ∼ O(few), the envelope interpolates from the quasi-two-field case on
the left to the superhorizon-growth-dominated uniquely three-field case on the right. In the bottom
row, when ξbb is zero and torsion is large, the multi-period growth pattern of the three-field WKB
exponents is visible.

10 20 30 40 50 60
κ
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Im[ α1 ]
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Im[ α3 ]
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2 + τ02 - κ  κ

10 20 30 40 50 60
κ
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10
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Figure 4. On the left, we show how Im√αi depends on κ. We take Ω0 = 30, τ0 = 5, ξss = −3,
ξsb = 0, ξbb = 2 and δ = 0.1. In this limit, the dominant two-field exponent is Im q ∼

√
κ(2Ω2f − κ),

which matches the dominant three-field exponent, Im√α1. On the right we compare the values of
|α1|, Imα1, Reα1 as a function of κ, justifying that Im√α1 ≈

√
|α1| in this limit.

where we have made the approximation Im√α1 ∼
√
|α1|, supported by figure 4, and the C

coefficients are given in appendix B. The Pζ profile is dominated by the term,

e2
√
|α1|δ

(
|C−σσ1|

2 + |C−σs1|2 + |C−σb1|
2
)
. (3.15)

Using the results in appendix B, we obtain

Pζ ∼ e2
√
|α1|δ

(
|C−σσ1|

2 + |C−σs1|2 + |C−σb1|
2
)

(3.16)

∼ e2
√
|α1|δ C(κ)

(
−κ cosκ+ 1−

√
|α1| sin κ

)2
, (3.17)
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where C(κ) is a rational function of κ. When Ω2f =
√

Ω2
0 + τ2

0 � 1,(
−κ cosκ+ 1−

√
|α1| sin κ

)
∼
(
−κ cosκ−

√
|α1| sin κ

)
.

This form of the spectrum agrees with the two-field result [35] that found

Pζ ∝ e2
√
|α1|δ

(
κ cosκ+

√
|α1| sin κ

)2
. (3.18)

In both instances the power spectrum superimposes small oscillations, with frequency 2/kf ,
to an otherwise smooth function.

While in the limit Ω� τ the three-field power spectrum reproduces the two-field result,
the analytic results in the limit Ω0 <

(
−3/2 +

√
3
)1/2

τ0 ≈ 0.48·τ0 and masses {ξbb = 0, ξss =
−3, ξsb = 0} highlight a unique three-field effect: the tachyonic growth happens in two disjoint
intervals of k (see figure 9). This phenomena is easily explained using (A.2) in appendix A,
where we analyse the WKB roots for this choice of masses. The analytic result (A.2), for the
parameters of figure 9, predicts no growth for 4.130 < log[k/kf ] < 4.143 which matches the
numerical result. The analytic expression also explains figure 7. Because in this example,
Ω0 = τ0 which is larger than

(
−3/2 +

√
3
)1/2

τ0, there is tachyonic growth as long as κ < Ω2f .
The two-field result is also easily understood as the regime in which the third perturba-

tive mode Qb decouples from the others and behaves as a spectator field. This occurs when
the trajectory is torsion-free, which from our parametrization (3.6) implies that the mass
matrix elements Msb and Mbb vanish. However, there also exists an intermediate regime,
ξsb = 0 and ξbb = 1, with nonzero torsion in which the three-field WKB roots may be written
in a drastically simplified manner. In this limit, they take the form:

αi =

κ2 + ξss + 3
2 (Ω2

0 + τ2
0 )∓

√
Ω2

0 + τ2
0

√
4κ2 +

(
ξss + 3

2

)2
(Ω2

0 + τ2
0 ), κ2

 . (3.19)

Evidently, this is identical in structure to the two-field solution, with the quantity Ω2
0 replaced

by its three-field counterpart Ω2
0 + τ2

0 .

3.5 Perturbativity

Large power spectrum enhancements introduce the possibility of a breakdown in perturbation
theory, indicated by loop-level contributions becoming comparable to the tree-level result.
While this would not necessarily rule out the enhancements and their corresponding gravi-
tational wave signals, it would necessitate a non-perturbative computation of the primordial
power spectrum. As will be shown below, it is readily possible to choose Ω0, τ0, and the
unknown mass matrix elements such that power spectrum is enhanced by a factor of 104.
This ensures that the corresponding scalar-induced gravitational wave signal crosses the LISA
sensitivity threshold. Whether this modest scalar enhancement remains within perturbative
control requires a rigorous computation of higher-order contributions to the scalar spectrum.
An approximate estimate of the perturbations’ backreaction on the background and of the
magnitude of perturbative corrections is performed in [34, 35], in which the turning rate and
slow-roll parameter ε must be considered alongside the scalar enhancement when determining
the validity of perturbation theory. When considering a given microphysical model, one can
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compute the magnitude of higher-order contributions to the scalar spectrum to determine
whether the models remains in pertubative control [62, 63]. We note that enhancements of
order 104 are not bounded from above in our analysis; there exists parameter space for larger
amplifications to be generated. Model parameters can be chosen to generate enhancements
of order 107 or higher, which yields promising prospects for primordial black hole formation
but definitively crosses the perturbativity threshold. We emphasize that the generation of
gravitational waves does not require the same level of amplification as is needed for PBHs.

4 Gravitational wave spectra

Having examined the behavior of scalar perturbations across the turn, we now focus on how
the resulting scalar power spectrum enhancements source gravitational waves. Generally
speaking, scalar-induced contributions to the tensor power spectrum manifest as higher-order
source terms in the equations of motion of tensor fluctuations. Full details of this approach
and its solution can be found in [33]. Equivalently, we can view them as loop corrections to
the tree-level tensor power spectrum [62–66].

The fractional energy density of scalar-induced gravitational waves, in the limit of Gaus-
sian perturbations, can be written as [1]:

ΩGW(k) = cgΩr,0

∫ 1√
3

0
dd
∫ ∞

1√
3

ds TRD(d, s) Pζ
(√

3k
2 (s+ d)

)
Pζ

(√
3k
2 (s− d)

)
. (4.1)

Here, the coefficient cg is the ratio of the radiation energy density during radiation-domination
to its current redshifted value, expressed in terms of the effective number of relativistic and
entropic degrees of freedom in each epoch:

cg ≡
a4
RDρr,RD
a4

0ρr,0
= g∗,RD

g∗,0

(
g∗S,0
g∗S,RD

)4/3

, (4.2)

and Ωr,0 is the current epoch’s energy density of radiation. In this work we take cgΩr,0h
2 =

1.6 × 10−5 ([1]). Additionally, TRD(d, s) is the transfer function for fluctuations reentering
the horizon during the radiation-dominated era. This is given by:

TRD(d, s) = 36

(
d2− 1

3

)2 (
s2− 1

3

)2
(d2 + s2− 2)4

(s2− d2)8

(ln 1− d2

|s2− 1| +
2(s2− d2)
d2 + s2− 2

)2

+π2Θ(s− 1)

 .
(4.3)

We emphasize that the choice of transfer function depends on the background evolution of the
universe and varies significantly depending on the stress-energy content of the universe at the
time of horizon reentry [1]. We also note that (4.1) neglects the effects of non-Gaussianities
on the stochastic background [67–70], as these contributions manifest as higher-order loop
corrections.

In the absence of any scalar power spectrum enhancements across all scales, the scalar-
induced GW energy density is strongly suppressed, as can be seen by its squared-dependence
on the scalar power spectrum in (4.1). Furthermore, any such enhancements must not occur
on CMB scales, in order to match CMB observations of the primordial power spectrum
amplitude and tensor-to-scalar ratio. We therefore focus on the effects of enhancements on
sub-CMB scales, i.e. for modes of large wavenumber. These also correspond to the detection
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band of nearly all current and proposed gravitational wave detectors, where the present-day
frequency for gravitational waves emitted by spatial mode k is f(k) = kc/2π ≈ k · 1.55 ×
10−15 Mpc ·Hz.

In addition to the radiation-era GW background, one may also consider the background
sourced by scalar-induced tensor modes during inflation. As shown in [34], the inflationary-
era, scalar-induced GW background from an excited state may have a distinctly different
signature than the radiation-era background, depending on the duration of the enhancement.
Notably, the inflationary-era background can feature a notably larger energy density that
peaks in a lower frequency band. In the band of the two-field radiation-era contribution’s
peak, the inflationary-era background may be comparable or subdominant by over an order of
magnitude, also depending on the enhancement’s duration. We thus anticipate the radiation-
era contribution to be of physical significance across a wide class of enhancement profiles.
Nevertheless, the inflationary contribution still serves as a relevant floor that radiation-era
background must exceed to be detectable.

We note that the above expressions for radiation-era GW contributions involve convo-
lutions of only the adiabatic power spectrum, with no reference to primordial isocurvature.
In multifield inflationary scenarios with field-space turning, isocurvature modes couple to
the adiabatic perturbation, which causes all perturbative modes to grow in the presence of
a tachyonic instability. One may then ask whether the above expressions should include
additional terms from isocurvature contributions. In the context of radiation-era GWs, we
see this as unnecessary, since primordial isocurvature modes are generically not preserved
during reheating so long as they acquire a positive mass at the end of inflation [71, 72]. The
effects of primordial isocurvature modes on the inflationary-era GW spectrum are discussed
in [34] via a classical Green’s function approach.

4.1 Results

Demonstrative examples of our results are shown in figures 5–9. The turn rates were chosen
so that Ω2f = 65 in each case, while the ratio of Ω0 to τ0 and the masses were varied. This
choice with a δ = 0.1 approximately maximizes the perturbatively allowed amplitude of the
feature, giving max (Pζ/P0) ∼ O(104). Each figure then, has exactly the same equivalent
two-field model, but the new three-field effects are varied. These figures numerically study
four of the power spectrum scenarios we plotted analytically in figure 3. We additionally
display the WKB exponents of the analytic solution scaled to the same axis as the power
spectrum, and the corresponding SGWB computed from the numerical power spectrum. For
illustration, we compare the SGWB to the LISA sensitivity and choose the feature scale to
occur in the LISA band, but the SGWB studied here could occur at any scale. Our numerical
methods are described in more detail in appendix C. We normalize the SGWB assuming that
the power spectrum amplitude after the feature is equal to the power spectrum at the CMB
scale, i.e. Pζ(k → ∞) = Pζ(kCMB). We expect that this approximation slightly raises the
SGWB amplitude — when in the quasi-single-field regime and ε > 0, we expect the power
spectrum to have a spectral index less than 1 and slightly decay between CMB and GW
detector scales. Also, as discussed below, some of these features induce superhorizon growth
at the CMB scale, which we account for by giving the isocurvature modes a small constant
positive mass.

We have chosen the feature scale to appear in the LISA band and have plotted our signals
against the appropriately normalized LISA sensitivity curve [73, 74]. The LISA signal-to-

– 13 –



J
C
A
P
1
1
(
2
0
2
3
)
0
1
4

Figure 5. We display the numerically-computed adiabatic power spectrum over the entire range of
scales relevant to this work, from the CMB scale at kCMB ≡ 0.002 Mpc−1, to the LISA-scale feature
we consider at kf ' 1011 Mpc−1 (marked by the vertical dashed red line). The turn parameters
used to generate this figure match those used in figure 7. Although our WKB calculation predicts
superhorizon growth of Pζ(k) at large scales k < kf , we see that small positive contributions to the
isocurvature masses (hereMss,0 = Mbb,0 = 3H2) stop the growth for all scales a few e-folds larger than
the feature scale. This leaves the scale invariance of the CMB intact, despite the large enhancement at
small scales we study here. We also give an analytic argument for why non-zero entropic superhorizon
masses create this effect around (4.7). Our choice of ε = 10−2 gives the power spectrum a small scale
dependence with a spectral index of ns ∼ 1 − 2ε = 0.98 for all k. For more details on the artificial
background trajectory and the numerical techniques used, see appendix C.

noise is given by

SNR2 = T

∫ ∞
0

( ΩGW(f)
ΩLISA(f)

)2
df , (4.4)

where we have plotted our signals against ΩLISA(f)/
√
T (assuming a four-year mission), so

that the ratio of the two curves is proportional to the integrand.
We begin discussing the figures by noting that the two-field limit is recovered for Ω� τ

in figure 6, with Ω/τ . 4 being a threshold at which deviations from two-field signatures
become evident. We can understand this in terms of the roots of the WKB polynomial:
by examining the structure of the roots, we find that for Ω/τ . 4, at least one root has
an imaginary part that does not decay as k/kf → 0. Hence, the power spectrum gains
an overall multiplicative constant that causes the envelope to plateau on these scales, rather
than decay strongly as in the two-field case. Note that, to suppress this superhorizon growth,
we do not take the bare mass matrix elements but add an additional constant piece, e.g.
Mss = ξss(Ω2+τ2)+Mss,0. In the figures presented here,Mss,0 = Mbb,0 = 3H2. Without this
piece, modes in the extreme superhorizon from the feature also experience an enhancement.
For LISA-scale candidate features, not including isocurvature mass away from the turn would
give all modes a large superhorizon growth, and drastically lower the scale of inflation to
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Figure 6. When Ω/τ > 4, the envelope of the power spectrum is approximately two-field. Small
oscillations are visible on top of the peak in ΩGW. Matching [46], their frequency is uniquely deter-
mined by the feature scale kf .

match the CMB’s amplitude. Including the constant contribution to the mass also that the
isocurvature power spectra can decay on superhorizon scales.

The scale invariance of the CMB modes is safe whenever kCMB < O(10−3) kf , for the
masses and turning rates considered in this work. This result can be derived from (2.9), or is
also visible in figure 5. Before the feature, and assuming non-zero values forMss,0 andMbb,0,
the adiabatic mode is constant outside the horizon, while the isocurvature modes decrease as

Qs(η) =
√
π

2 (−η)3/2H(1)
ν (−kη) (4.5)

where η =
∫ dt
a(t) is the conformal time and ν2 = 9/4 −Mss,0. The feature increases the
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Figure 7. With Ω/τ ∼ 1, a clear change in the envelope and gravitational wave spectrum become
more visible. When ξbb = 0, a dip in the envelope is visible.

amplitude of the isocurvature modes by a factor ∼ eqδ (3.17), where q labels the imaginary
part of dominant WKB frequency. The growth factor is k-dependent, though this dependence
is very mild for low k, see figures 6–9. The feature would not disturb the evolution equation
for the adiabatic modes (2.9) whenever

Ω eqδQs(ηf )� Qσ(η∗). (4.6)

To get a numerical estimate, we assume the values of the masses and Ω used to plot
figure 7, and demand that Ω eqδQs(ηf ) < 10−4Qσ(η∗). Outside the horizon |Qs(η)| ∼
2.42(−kη)3/2/k3/2, while |Qσ(η∗)| = 1.3/k3/2.

Ω eqδQs(ηf ) < 10−4Qσ(η∗)⇒ −kηf = k

kf
. 10−3. (4.7)
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Figure 8. With Ω/τ ∼ 1, a clear change in the envelope and gravitational wave spectrum become
more visible. When ξbb = 2, the dip in the envelope of figure 7 is absent.

We have been conservative in these estimates, and in figure 5 we can see that instead of
the ∼ 6 e-folds suggested by this calculation, the proper value is closer to 4: i.e. the power
spectrum no longer is affected by the feature at large scales log(k/kf ) . −4.

When Ω ∼ τ as in figures 7 and 8, we observe that the envelopes of the scalar power and
GW spectra show significant deviations from the two-field case. When ξbb = 0 in figure 7,
the WKB exponents show the period of reduced growth we expect from our analysis in ap-
pendix A between the two-field peak and the low-κ growth common to the torsion-dominated
models. Because more than one WKB exponent is interacting, the amplitudes of the inter-
acting modes contribute significantly (cf. (3.10)), and shift the precise location of the dip.
The resulting SGWB signal has a much higher tail than the corresponding two-field case.
When ξbb = 2 as in figure 8, the low- and high-κ limits of the envelope remain the same, but
the intermediate period of low growth doesn’t occur.
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Figure 9. With Ω/τ < 1, the peak position of the envelope has shifted and the feature substantially
widens, with significant growth even towards the superhorizon k/kf → 0.

A manifestly three-field result arises in the limit of τ & Ω. Here, not only is the envelope
drastically different, but when ξbb = 0 there also exists a dynamical suppression of the scalar
spectrum on scales satisfying 4.130 < log[k/kf ] < 4.143. This can be understood in terms of
the WKB exponents discussed above and in appendix A. On these scales, the chosen values
of Ω0 and τ0 satisfy the reality condition (A.2) for the roots of the cubic WKB polynomial.
Since the WKB exponents are the square root of the polynomial’s roots, this implies no
exponential growth in this region. We note that this range of k is specific to the choice
masses and relative values of Ω and τ , namely ξss = −3, ξsb = ξbb = 0, and Ω/τ . 0.48.
In general, the range of scales featuring no growth must be computed by examining the
positivity constraints on the WKB roots. Interestingly, the corresponding GW spectrum for
this choice of parameters still barely crosses the LISA sensitivity, as can be seen in figure 9.
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4.2 Scalar-induced SGWB phenomenology

From our discussion above and in section 3, we can try to reconstruct the details of the
generating inflationary dynamics based on the recovered SGWB shape. We leave a detailed
study of three-field SGWB recovery to future work, but make the argument here that recov-
ering the parameters of a sharp turn from the shape of the SGWB is only degenerate in the
quasi-two-field limit.

Let’s first consider the power spectrum in the quasi-two-field regime, i.e. Ω/τ & 4.
Then the location of the peak in the power spectrum is approximately k ∼ Ω2fkf while
the frequency of oscillations is approximately linear in k (cf. section 3.4; ωPζ ∼ 2/kf ). In
principle then, studying the peak and frequency of a quasi-two-field power spectrum could
uniquely recover both kf and Ω2f . Studying the amplitude of the enhancement could reveal
the duration of the feature, δ, if a model for P0(k) is taken, or alternatively considering the
small k dependence of the oscillation frequency could potentially measure δ. The shape of
the envelope is sensitive to ξss. In the quasi-two-field regime, distinguishing Ω0 from τ0 would
be difficult, and only subtle changes in the envelope would be sensitive to the ratio. Outside
the two-field regime, the shape of the envelope is very sensitive to both the ratio Ω0/τ0 and
the value of ξbb with no obvious degeneracies (cf. figure 3), so we expect recovering all of
these parameters should be possible.

If we are fortunate enough to detect an inflationary sharp feature SGWB, it would
however be ΩGW(k) that is detected, not Pζ(k). The arguments for recovering the feature’s
parameters remain roughly the same. The radiation kernel delays the equivalent k scales
to
√

3/2 the power spectrum scales, and “blurs” the features in Pζ . However, a periodic
oscillation in Pζ will be preserved by the transfer kernel, and the gravitational wave frequency
is then ωGW =

√
3ωPζ . The response in general is quite complicated, but can be modeled by

superimposing the response to a δ-function power spectrum, see [35] for details. We expect
then, that the GW transfer function will make some of the features of the power spectrum
more difficult to detect, but will uniquely map the frequency of oscillations and envelope
shape to another frequency and envelope shape, so the above argument should still apply
and all parameters of the turn should be recoverable in the three-field case.

Nonstandard cosmological histories would modify the radiation-era kernel we have used,
and could, for example, shift the slope of the ΩGW envelope for a fixed Pζ(k) envelope and
vary the relationship between the frequencies of oscillations in Pζ(k) and ΩGW(k). Some of
these effects are discussed in [1]. Given that the mass parameters and turn rate ratio are the
most dependent on the envelope shape, we expect uncertainty in the appropriate kernel to
disproportionately impact them. Similarly, any uncertainty in the relationship between ωGW
and ωPζ will affect the estimation of kf .

We have not studied the inflationary-era contribution to the SGWB in this work, but
if it is also detectable, by analogy with the two field result in [2], it will have a different
dependence on the duration of the turn δ and the universe’s cosmic history, and would allow
a better estimation of those parameters.

Of course, real inflationary models do not typically approximate a top-hat turn profile.
One concrete supergravity model was studied in [75], which realized an SGWB with periodic
spikes in turning. A small survey of SGWBs generated from dynamics in two-field inflationary
potentials was studied in [76]. Many of their models also contained several spikes in turning
in rapid succession, substantially modifying both the envelope and the oscillations in the
SGWB signal compared to the top-hat case. The top hat’s envelope appears to be the
most robustly preserved feature, but future work on recovering realistic models’ SGWBs
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would need to allow, at minimum, a study of more realistic turn profiles. Note that broader
turns, not in the sharp feature class studied here and in [35, 76], have been studied in [77].
Any potential non-Gaussianities also have a large effect on the SGWB and invalidate (4.1),
essentially with the modified tail of the distribution contributing much more to the SGWB
than in the gaussian case studied here. Some effects of these non-gaussianities have been
studied in [67–70].

Given a precise analytic result for the enhancement in Pζ , in principle a matched-filtering
template-based approach to recover an injected signal is possible, by integrating Pζ against
the radiation kernel at each point in parameter space of interest, and computing a matched-
filter likelihood. Similar approaches for stochastic signals in simulated LISA [78] data have
been discussed in, e.g. [4, 79, 80]. In addition, some gravitational wave detectors (e.g. LISA)
can use the correlations between their different channels to create a noise-dominated null
channel that, at least in ideal circumstances, allow an independent estimation of instrument
noise and stochastic signals, removing the necessary knowledge of the shape of the instrument
noise curve.

We have focused on LISA in this section, but by shifting the feature scale, we could
access the sensitivity band of nearly any current or proposed gravitational wave detector, e.g.
Taiji [81] or DECIGO [82]. Because these gravitational waves are scalar-induced, however, we
are constrained by large scale structure limits on the primordial curvature power spectrum.
Figure 6 of ref. [83] compiles several such observational constraints. Interestingly, a claimed
measurement of quasar light curves [84] would rule out a large amplitude of the primordial
power spectrum at pulsar timing array scales, and therefore essentially rule out the possibility
of detecting a scalar-induced SGWB signal in pulsar timing arrays. However there is no
consensus on this limit in the literature: more recent analyses at PTA scales have not included
this measurement and allow for scalar-induced signals [85].

We do not comment further on realistic SGWB data analysis and recovery scenarios,
leaving those for an upcoming publication.

5 Conclusions

In this work, we have performed the first analysis of the stochastic gravitational wave back-
grounds (SGWBs) produced in inflationary theories featuring three scalar fields. Existing
works have examined the scalar-induced SGWBs from exotic power spectrum amplifications
in both one- and two-field theories. The latter case utilizes the inflationary trajectory’s turn-
ing rate as a mechanism to amplify the scalar power spectrum via couplings between the
adiabatic and entropic modes, which in turn source GWs via higher-order contributions to
the tensor modes’ equation of motion. This readily generalizes to theories involving more
than two fields, with the turning rate now being but one of the dynamical quantities that
characterize the trajectory and mutually couple different perturbative scalar modes. For
three-field theories, a single new dynamical quantity emerges, known as the trajectory’s tor-
sion, and our work analyzes the role of both turning and torsion together in producing unique
GW signatures.

We have considered scalar-induced SGWBs produced by brief, coincident spikes in the
rates of turning and torsion. This approximately models a broad class of transient features
that an inflationary trajectory can have, such as a shift in direction due to the presence of a
saddle point in the three-field potential. Taking the turning and torsion rates to follow a top-
hat distribution of narrow width in e-fold time, we employ a WKB approach to understand

– 20 –



J
C
A
P
1
1
(
2
0
2
3
)
0
1
4

the mode functions’ anticipated exponential growth during the turn. This converts the
equations of motion into a cubic polynomial in the WKB exponents’ squares. Upon solving
for the roots, we then match the solutions at the end of the turn against the mode functions
of an excited Bunch-Davies vacuum and solve for the corresponding Bogoliubov coefficients.
These directly encode the amount of scalar power spectrum enhancement that is induced by
the turn, which then sources scalar-induced GWs via (4.1).

Our results reveal unique three-field signatures depending on the masses chosen for the
perturbative scalar modes, as well as the relative degree of turning vs. torsion. In particular,
when the rate of torsion is comparable to or greater than the turning rate, the scalar power
spectrum’s envelope significantly differs from the two-field case due to the WKB exponents
being purely positive and real for a range of modes exciting the horizon. This results in
an oscillatory phase that dynamically suppresses power on these scales, deviating from the
uninterrupted growth in power as seen in the two-field case. Since the suppression is restricted
to particular scales, the subsequently resumed growth for smaller wavenumbers is sufficient
to bring the corresponding SGWB above the threshold of LISA detectability. The GW
signal inherits the differing envelope and large oscillations of the power spectrum, indicating
a feature that is distinctly indicative of more-than-two-field dynamics. We also recover the
two-field GW signal in the limit of the turn rate dominating over the torsion.

An open question remains as to how well isolated spikes in an inflationary trajectory’s
turning and torsion approximate realistic models. Often a sudden change in the trajectory can
be followed by decaying oscillations as the trajectory tends towards a potential minimum.
This corresponds to a series of spikes in the turning rate of decreasing amplitude, whose
collective power spectrum oscillations may average out when superposed and yield only an
envelope in the GW signal. One may also consider possible four- or more-field SGWB features
and whether they might differ strongly from our three-field results. We anticipate that the
perturbations’ masses may be chosen to reproduce the two- and three-field GW signals, while
also admitting a truly four-field regime in which the WKB roots trade importance to yield
a new envelope and overall signal profile. We expect the frequency of oscillations, as in the
three-field case, to match the two-field result: approximately linear in k, with a frequency
only depending on the feature scale ωPζ ∼ 2/kf .
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A When do the WKB polynomial’s roots predict growth?

In this section, we identify momenta intervals for which the cubic polynomial’s roots of (3.9)
are real and positive. The WKB solution grows exponentially when the roots of the polyno-
mial are complex or negative; otherwise, it oscillates. To facilitate the reading of this section,
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we rewrite (3.9) below. It depends on the mass parameters, the values of turning and torsion
and the momenta.
aα3 + bα2 + cα+ d = 0

a = 1
b = −3κ2− (2 + ξbb + ξss)τ2

0 − (3 + ξss)Ω2
0

c = 3κ4 + 2κ2
(
(ξbb + ξss)τ2

0 + (1 + ξss)Ω2
0

)
+ (ξbb− 1)τ2

0

(
(ξss− 1)τ2

0 + (ξss + 3)Ω2
0

)
d = −κ2(κ2 + (ξbb− 1)τ2

0 )(κ2 + (ξss− 1)(τ2
0 + Ω2

0)).

The intervals of κ2 for which the roots are positive and real are determined by the following
conditions on the coefficients

1. b must be negative
2. c must be positive
3. d must be negative
4. The polynomial must have a maximum and minimum in the positive axis
5. The polynomial must be positive at the maximum and negative at the minimum.

In this section, we will restrict the analysis to the two sets of parameters used to plot
figures 6–9:
(i) ξbb = 0, ξss = −3 and ξsb = 0.

The cubic polynomial reduces to:

α3+α2 (−3κ2+τ2
0 )+α (3κ4+4τ4

0−2κ2τ2
0 (3τ2

0 +2Ω2
0))−κ2(κ2−τ2

0 )(κ2−4(τ2
0 +Ω2

0)) = 0 .

After implementing the constraints above, we identify two regions with three pos-
itive real solutions where the WKB solution oscillates with constant amplitude.

(I) Ω2
0 >

(
−3

2 +
√

3
)
τ2

0 , and κ2 > 4(Ω2
0 + τ2

0 ) = 4Ω2
2f (A.1)

(II) 0 < Ω2
0 <

(
−3

2 +
√

3
)
τ2

0 , and κ̃2 < κ2 < τ2
0 or κ2 > 4Ω2

2f (A.2)

where

κ̃2 ≡

(
47τ4

0 + 76Ω2
0τ

2
0 + 56Ω4

0 + τ4
0 +8Ω2

0τ
2
0 (−109τ6

0 +30Ω2
0τ

4
0 +266Ω4

0τ
2
0 +218Ω6

0)
F1

+ F1
)

48(Ω2
0 + τ2

0 )3

and

F1 ≡
(
−τ12

0 + 24
√

3
√

Ω2
0(τ2

0 + ρ2
0)6(τ2

0 + 100Ω2
0)3(4τ4

0 + 7Ω2
0τ

2
0 + 4Ω4

0)

+ 4Ω2
0(−537τ10

0 + 25608Ω2
0τ

8
0 + 80338Ω4

0τ
6
0 + 114258Ω6

0τ
4
0 + 82776Ω8

0τ
2
0 + 27632Ω10

0 )
)1/3

.

(ii) ξbb = 2, ξss = −3 and ξbs = 0.
For this choice of parameters, the cubic polynomial reduces to:

α3 +α2 (−3κ2− τ2
0 )+α (3κ4−4τ4

0 +2κ2(τ2
0 +2Ω2

0))−κ2(κ2 + τ2
0 )(κ2−4(τ2

0 +Ω2
0)) = 0 .

This polynomial has three real positive roots only when κ2 > 4(Ω2
0 + τ2

0 ) = 4Ω2
2f .

For general vales of {ξbb, ξss}, when κ2 � O(τ2
0 ) and/or κ2 � O(Ω2

0), the cubic polyno-
mial takes the form (α− κ2)3, thus its roots are real and positive.
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B Analytic expressions for the Bogoliubov coefficients

The general expressions for the Bogoliubov coefficients are cumbersome. In this section we
present only the result for the differences that enter the expression of the power spectrum in
region III.

ασσ − βσσ =
3∑
i=1

(
ei
√
αiδ+iκC+

σσi + e−i
√
αiδ+iκC−σσi

)
where αi are the roots and

C±σσi ≡
(
i∓√αi +κ

)∏
j 6=i(−αj +κ2)(αi−κ2− (−1 + ξbb)τ2

0 )
(
±κ cosκ+ i

(
±i+√αi

)
sin κ

)
2√αi

∏
j 6=i(αi−αj)κ(−1 + ξbb)τ2

0
.

Likewise,

ασs − βσs =
3∑
i=1

(
ei
√
αiδ C+

σsi + e−i
√
αiδ C−σsi

)
where

C+
σsi ≡

iΩ0e
iκ
(
κ cosκ+ i

(
i+√αi

)
sin κ

)
(−αi + κ2 + (−1 + ξbb)τ2

0 )∆i

2√αi
∏
j 6=i(αi − αj)κ(−1 + ξbb)τ2

0 (κ2 + (−1 + ξbb)τ2
0 )

C−σsi ≡
iΩ0

(
−i+√αi + κ+ e2iκ (i−√αi + κ

))
(−αi + κ2 + (−1 + ξbb)τ2

0 )∆i

4√αi
∏
j 6=i(αi − αj)κ(−1 + ξbb)τ2

0 (κ2 + (−1 + ξbb)τ2
0 )

∆i ≡ 2κ2(−1 + ξbb)τ2
0 (κ2 + (−1 + ξbb)τ2

0 )

+√αi(i+ κ)

∏
j 6=i

αj −

∑
j 6=i

αj

 (κ2 + (−1 + ξbb)τ2
0 ) + κ4 − ((−1 + ξbb)τ2

0 )2

 .
Similarly,

ασb − βσb =
3∑
i=1

(
ei
√
αiδ C+

σbi + e−i
√
αiδ C−σbi

)
where

C±σbi ≡ Ω0

(
−i∓√αi + κ+ e2iκ (i±√αi + κ

))
(−αi + κ2 + (−1 + ξbb)τ2

0 )∆±bi
4√αi

∏
j 6=i(αi − αj)κ(−1 + ξbb)τ3

0 (κ2 + (−1 + ξbb)τ2
0 )

∆±bi ≡ ∓κ
7 + (∓i+√αi) κ6 ±

∑
j 6=i

αj + 3 (1− ξbb) τ2
0

 κ5

+

∑
j 6=i

αj (±i−√αi) + (±3i− 2√αi) (1− ξbb)τ2
0

 κ4

+ κ3

∓∏
j 6=i

αj − 2

∑
j 6=i

αj

 (−1 + ξbb)τ2
0 + (−1 + ξbb)(−1 + 3ξbb)τ4

0


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+ κ2

(∓i+√αi)
∏
j 6=i

αj − (∓2i+√αi)

∑
j 6=i

αj

 (−1 + ξbb)τ2
0

+ [i(−1 + 3ξbb) +√αi(−1 + ξbb)] (−1 + ξbb)τ4
0

}
∓ (i+ κ)

(−1 + ξbb)

∏
j 6=i

αj

 τ2
0 −

∑
j 6=i

αj(−1 + ξbb)2τ4
0 + (−1 + ξbb)(−1 + ξ2

bb)τ6
0

 .
C Numerical solution for Pζ(k) and ΩGW(k)

In figures 5–9, we display both our analytic calculation of the power spectrum enhancement,
as well as a numerically computed exact solution to the quadratic perturbations’ equations
of motion and its corresponding SGWB. Our implementation is based on an open-source
Julia-language transport method solver Inflation.jl [86].

We begin the numerical study of Pζ by constructing an artificial solution to the infla-
tionary background equations of motion (2.2), (2.3) in kinetic basis. Because the kinetic basis
is defined in terms of the trajectory this step is particularly trivial, and the velocity at an
arbitrary e-fold number Ne can be written (φ′)a ≡

√
2ε(Ne)σ̂a, where we took ε(Ne) = 10−2

for the simulations displayed here, and terminated the evolution after 80 e-folds even though
ε never increases.4 The only other background quantities necessary to solve the perturba-
tions’ equations of motion are the mass-matrix elements, which can be expressed exactly as
in (2.10) and (3.6). We typically take Mss,0 = Mbb,0 = 3H2 to encourage the superhorizon
isocurvature perturbations to decay.

We approximate the top-hat turn profile (3.1) with a smooth version

T (Ne) = T0
2

[
tanh

(
Nx + δ/2

Nb

)
− tanh

(
Nx − δ/2

Nb

)]
,

Nx = Ne −Nend +Nf

(C.1)

where Ne counts the e-folds since the beginning of inflation, Nf is the number of e-folds
before the end of inflation that the feature occurs, and T is again a placeholder for either
Ω or τ . This expression approximates a top hat in the limit of Nb → 0, while remaining
smooth so that ν(Ne) and ντ (Ne) can be defined at all times. In practice, ν and ντ are
computed via ForwardDiff.jl, an automatic differentiation library [87]. We found that
choosing Nb ' 10−2 most closely matched our analytic power spectra, with smaller Nb

creating mismatching artifacts at low k/kf .
To compute the power spectra themselves, we use the transport method to solve the

perturbations’ equations of motion. The method essentially solves for the evolution of the
two-point functions themselves rather than the Mukhanov-Sasaki variables in (2.9). In other
words, we solve for the propagator

〈Xα(k)Xβ(k′)〉(N) = Γαγ (N,N0)Γβδ (N,N0)〈Xγ(k)Xδ(k′)〉(N0), (C.2)

where Xα = {Qa,DNQā} is a concatenation of both field and momenta perturbations, Greek
indices in this section are concatenations of field (unbarred) and momenta (barred) Latin

4This perhaps unrealistic choice of ε makes ns ∼ 1 − 2ε = 0.98 for all k, and shrinks the power spectrum
at the LISA scale by approximately a factor of (kCMB/kLISA)ns−1 ≈ 0.5. See figure 5.

– 24 –



J
C
A
P
1
1
(
2
0
2
3
)
0
1
4

indices, and N0 is a time with known initial conditions, which we take to be Bunch-Davies 8 e-
folds before horizon exit. We find the propagator by numerically solving the first-order system

DNΓαβ = uαγΓγβ

uαβ =
(

0 δa
b̄

−C āb −F āb̄

)
,

(C.3)

where Cab and F ab match their definitions in (2.9). Once we have the two-point functions
computed at several thousand values of k, the power spectra are simply given by

Pζ(k,N) = 1
2π2Nα(N)Nβ(N)Σαβ(k,N), (C.4)

where Nα =
{
σ̂a√
2ε , 0

}
and 〈Xα(k)Xβ(k′)〉(N) = (2π)3

k3 δ(k + k′)Σαβ(N).
Other than using the transport equations in kinetic basis as described above, our im-

plementation is fairly standard and we refer to [88] and the modifications for isocurvature in
the appendix of [89] for a more complete explanation of the transport method.

Once we have the power spectrum, we perform a numerical integration against the
radiation kernel (4.3) to compute the gravitational wave spectra. In practice we compute
Pζ(k) at k-values equally spaced in log k (typically 3600 values of k, with horizon exit times
equally log-spaced from 5 e-folds before the CMB scale until 42 e-folds after), and compute
the related integral

ΩGW(k) =
∫
I
sT (d, s)Pζ(log k+)Pζ(log k−) dd d log s

log k± = log k + log
√

3
2 + log (s± d),

(C.5)

where the region of integration I is over the interval
[
1/
√

3, 0
]
×
[
log kmax−log kmin, log 1/

√
3
]
,

ensuring that s and d do not exceed the numerically computed range of Pζ , and linearly
interpolating when necessary within the range. The radiation kernel is quite steeply spiked,
and we found good recovery of the shape as long as log kmax extended to modes that exit
horizon a few e-folds after the peak scale. The numerical integration scheme used did not
noticably impact the resulting SGWB shape, although for the figures presented here we used
the implementation in HCubature.jl, based on the algorithm in [90]. This procedure solves
the perturbations’ equations of motion very densely in k, with the majority of k-values only
experiencing the feature in their superhorizon with no interesting contribution to Pζ(k). A
more creative implementation should be able to compute the power spectrum at many fewer
values of k and produce largely equivalent SGWB spectra.

We also note that although our implementation of (C.5) is not (yet) open-source, an
open-source Python code implementing an equivalent calculation is available in [91].
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