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Abstract

We consider gradient descent (GD) with a constant stepsize applied to logistic regression with
linearly separable data, where the constant stepsize 7 is so large that the loss initially oscillates.
We show that GD exits this initial oscillatory phase rapidly — in O(n) steps, and subsequently
achieves an O(1/(nt)) convergence rate after ¢ additional steps. Our results imply that, given a
budget of T" steps, GD can achieve an accelerated loss of @(1 /T?) with an aggressive stepsize
1 := O(T'), without any use of momentum or variable stepsize schedulers. Our proof technique is
versatile and also handles general classification loss functions (where exponential tails are needed
for the O(1/T?) acceleration), nonlinear predictors in the neural tangent kernel regime, and online
stochastic gradient descent (SGD) with a large stepsize, under suitable separability conditions.
Keywords: optimization; logistic regression; gradient descent; edge of stability; acceleration

1. Introduction

Gradient-based methods are arguably the most popular optimization methods in modern machine
learning. The simplest version, constant-stepsize gradient descent (GD), is defined as

wy i =wi1 —nVL(wey), t=1,2,...,T, (GD)

where w € RY is the trainable parameter, L(-) is the loss function, > 0 is a stepsize fixed across
the iterates, and wy is the initialization. We focus on understanding GD with a large stepsize, which
means that the induced loss does not decrease monotonically.

The classical theory for constant-stepsize GD assumes a small stepsize such that the induced loss
decreases monotonically (Nesterov, 2018). For example, if L(w) is 5-smooth, then choosing 7 <
2/ guarantees L(w;) to decrease monotonically, a result known as the descent lemma (Nesterov,
2018, Section 1.2.3). Fruitful convergence results have been developed for small stepsize GD based
on the descent lemma or its variants. However, little theory is known when GD is run with a large
stepsize (for instance, 7 > 2/ for a S-smooth function), which induces non-monotonic loss values
(exceptions will be discussed later in Section 1.1). Cohen et al. (2020) refer to this as the edge of
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stability (EoS) regime, and they further point out that GD usually operates in the EoS regime for
trained neural networks to exhibit reasonable optimization or generalization performance (Wu and
Ma, 2018; Cohen et al., 2020).

This work considers large stepsize GD in minimal yet natural machine learning settings, such
as logistic regression:

L(w) := %Zln (1+ exp(—yixiTW)), (x5,7;) € RE x {£1}. (1)
i=1

Our first main result (Theorem 1) characterizes the dynamics of large stepsize GD for logistic re-
gression with linearly separable data. We show that GD initially induces a non-monotonic loss
(the EoS phase) and then exits this regime in finite time (phase transition), and afterwards the loss
decreases monotonically (the stable phase). Specifically:

1. The EoS phase. First, we show the loss averaged over t steps decreases at a rate of @((1 +
n%)/ (nt)) for GD with an arbitrarily large stepsize 7). In particular, this applies to GD in the EoS
phase where the loss oscillates locally.

2. Phase transition. Second, we show that GD exits the initial EoS phase (if it ever enters) in O(7)
steps. Then GD undergoes a phase transition and enters a stable phase, where the loss decreases
monotonically, and stays in this phase.

3. The Stable phase. Finally, we show in the stable phase, the loss decreases monotonically at
an O(1/(nt)) rate after ¢ steps. Figures 1(b) and 1(d) empirically verify that this rate is sharp
asymptotically (as t — 00) ignoring logarithmic factors.

The above result immediately justifies the benefits of a large stepsize for improving optimization
efficiency. First, a larger 7 yields a smaller constant factor in the asymptotic bound, O(1/(nt)).
We highlight that n can be an arbitrarily large constant, beyond the classical wisdom that constrains
1 by the inverse smoothness (Nesterov, 2018). Second, given a budget of 7' steps, GD attains an
O(1/T?) loss when equipped with an aggressive stepsize 1 := ©(T') that optimally balances the
steps spent in the EoS and stable phases (see Corollary 2). In contrast, we also provide an Q(1/7)
loss lower bound for constant-stepsize GD that does not enter the EoS phase (see Theorem 3). Our
theory explains the empirical observations in Figure 1.
We extend the above result in three notable aspects.

* General losses. We relax the logistic loss in (1) to general classification loss functions under
a set of conditions (see Assumption 3 and Theorem 6). Specifically, the EoS bound relies on
the Lipschitzness of the loss, the stable phase bound relies on an additional self-boundedness
condition, and the O(1/T?) acceleration relies on the loss having an exponential tail.

* Nonlinear models. We extend the linear predictor in (1) to a two-layer network in the neural
tangent kernel (NTK, Jacot et al., 2018) regime (Theorem 6). To our knowledge, this is the first
NTK result that accommodates an arbitrarily large stepsize (the minimum network width depends
on the stepsize). For a constant stepsize, the minimum network width is polylogarithmic in the
number of steps and the number of samples, recovering the main result of Ji and Telgarsky (2019)
as a special case.
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Figure 1: Behaviors of (GD) for logistic regression (1) with initialization wg := 0. Figures 1(a)
and 1(b) are results on a toy dataset consisting of four samples, x; = (1,0.2), y; = 1,
xo = (—2,0.2), yo = 1,x3 = (—1,-0.2), y3 = —1,and x4 = (2,-0.2), y4 = —1.
Here, the stepsize 7 = 22 is small, and n € {23,2%, 25} is large (depending on whether
the loss decreases monotonically). Figures 1(c) and 1(d) are results on 1000 samples
from the MNIST dataset with labels “0” or “8”. Here, the stepsize n = 276 is small,
and n € {2_4, 272 20} is large. Figures 1(a) and 1(c) suggest that (GD) with a larger
stepsize incurs a smaller loss when stabilized. Figures 1(b) and 1(d) suggest that L(w;) =
©(1/(nt)) asymptotically as ¢ — oo.

* SGD. Finally, we consider constant-stepsize online stochastic gradient descent (SGD) for logistic
regression with separable data. We provide upper bounds on the population logistic loss and the
population zero-one error (Theorem 4), allowing the stepsize to be o(T") (where T is the maximum
number of steps) and arbitrarily large, respectively. These are in contrast to the typical SGD results
in online smooth convex optimization that only allow small (even vanishing) stepsizes (see, for
example, Hazan, 2022, Chapter 3).

Implication and limitations of our theory in practice. The work by Cohen et al. (2020) empir-
ically identifies two phenomena when training neural networks using GD with a large stepsize (1):
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progressive sharpening, where the sharpness increases until around 2 /7, and EoS, where the sharp-
ness oscillates around 2 /7. Their definition of EoS and ours are equivalent for quadratic functions,
and our definition highlights the unstable loss behaviors more explicitly for non-quadratic functions.
Additionally, a transition from the EoS phase to the stable phase is observed in neural networks
trained with cross-entropy loss (see Cohen et al., 2020, Appendix A). Our theory offers valuable in-
sights into the EoS and stable phases but remains inconclusive regarding the progressive sharpening
phenomenon.

1.1. Related Works

Large stepsize and EoS. Empirically, training neural networks with GD (or large batch SGD)
often requires a large stepsize to achieve reasonable optimization and generalization performance
(see, for example, Hoffer et al., 2017; Goyal et al., 2017; Wu and Ma, 2018; Cohen et al., 2020),
whereby the training loss exhibits non-monotonic behavior. Cohen et al. (2020) introduce the term
edge of stability (EoS) to refer to this. The theory of EoS and large stepsize has been studied in
various cases, such as one- or two-dimensional (nearly analytic) functions (Zhu et al., 2022; Ahn
et al., 2023; Kreisler et al., 2023; Chen et al., 2023; Wang et al., 2023), scale-invariant networks
(Lyu et al., 2022), diagonal linear networks (Even et al., 2023; Andriushchenko et al., 2023), and
matrix factorization (Wang et al., 2022b; Chen and Bruna, 2023). Besides, there are some general
theories for EoS (Kong and Tao, 2020; Ahn et al., 2022; Damian et al., 2022; Ma et al., 2022; Wang
et al., 2022c; Lu et al., 2023), but they are built up on subtle assumptions. In comparison, we work
in a natural classification setting under standard assumptions.

Among the literature of EoS, the work by Wu et al. (2023) is most relevant to us. They show the
convergence of GD with an arbitrarily large stepsize for logistic regression with linearly separable
and non-degenerate data. Our work significantly improves theirs. First, the constant factors in their
bounds are exponential in the stepsize 7. In comparison, we nail down the dependence on 7 in each
phase (see Theorem 1), establishing the O(1/(nt)) asymptotic rate and the O(1/T?) acceleration
with stepsize n = ©(T') (see Corollary 2). So we explain the benefits of large stepsizes while they
cannot. Second, they require the dataset to be non-degenerate such that the support vectors span
the dataset (see their Assumption 3), while we do not need this condition. Finally, their results are
specialized to GD and logistic regression, while our approach is versatile and also handles general
classification losses, nonlinear predictors in the NTK regime, and SGD with a large stepsize.

Variable stepsize schedulers. AdaBoost (Freund and Schapire, 1997), in the language of convex
optimization, is coordinate descent with an exponentially increasing stepsize scheduler, achieving
an exp(—€(t)) rate (see Telgarsky, 2013, for example). Following this idea, a line of work (Nac-
son et al., 2019; Ji and Telgarsky, 2021; Ji et al., 2021) considers GD with an increasing stepsize
scheduler (that adapts to the loss value) and obtains faster rates for linear classification under ex-
ponentially tailed losses. Despite the increase in stepsize, the loss in these works always decreases
monotonically as the gradient dynamics satisfy a local version of the descent lemma. In contrast,
we focus on a large stepsize that allows GD to enter the EoS phase where the loss oscillates. We re-
mark that our results for constant stepsize can be applied recursively for analyzing variable stepsize
schedulers, but this is beyond the scope of the current paper.

A recent line of work uses variable stepsize schedulers to accelerate the worst-case rate of GD
for a class of problems (Kelner et al., 2022; Altschuler and Parrilo, 2023, and references therein). In
particular, Altschuler and Parrilo (2023) show that GD with the Silver stepsize scheduler achieves an
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O(1/t"2716) rate for smooth convex optimization. Similarly to our work, they achieve acceleration
by using aggressive stepsizes that result in oscillatory losses. However, they design a delicate vari-
able stepsize scheduler that improves the worst-case rate of GD, while we focus on constant-stepsize
GD for linear classification problems.

Malitsky and Mishchenko (2020) design an adaptive stepsize scheduler for GD for smooth con-
vex optimization, where they show a convergence rate without an explicit dependence on the global
smoothness parameter. Their analysis involves two consecutive GD steps, instead of using the clas-
sical descent lemma. Thus their analysis also allows non-monotonic loss. In comparison, we focus
on GD with a large but constant stepsize, and our analysis relies on the separability condition of the
dataset instead of variable stepsizes.

Neural tangent kernel. The neural tangent kernel (NTK) is most prominently presented and
named by Jacot et al. (2018), and similar concepts are used by subsequent works to analyze the
early training dynamics of GD. In the majority of these works (see Du et al., 2018; Zou et al., 2018;
Zou and Gu, 2019; Allen-Zhu et al., 2019, for example), the stepsize of GD is o(1) and vanishes as
a function of other parameters such as the target error or the level of overparameterization. The only
two exceptions are by Ji and Telgarsky (2019) and Chen et al. (2020), allowing a constant stepsize
smaller than 2/3, where 3 is the smoothness of the objective near initialization. In comparison, our
NTK result (see Theorem 6) handles arbitrarily large stepsizes, in particular, it recovers the related
result of Ji and Telgarsky (2019) when specializing the stepsize to a constant.

2. GD for Logistic Regression

We now present our results on GD for logistic regression. We assume the dataset is bounded and
linearly separable.

Assumption 1 (Bounded and separable data) Assume the training data (x;,vy;);, satisfies

A. foreveryi=1,...,n, ||x;i|| < 1andy; € {£1};

B. there is a margin v > 0 and a unit vector w,. such that (y;x;, W) >y foreveryi=1,...,n.

The next theorem characterizes the behaviors of GD for logistic regression.

Theorem 1 (Bounds on risk and phase transition time) Consider (GD) with stepsize n > 0 for
logistic regression (1) under Assumption 1. Without loss of generality, assume wy = 0. We say that
GD is in the stable phase at step t when L(w;) decreases monotonically from t onwards, and in the
EoS phase when it does not. Then we have the following:

» The EoS phase. For everyt > 0 (and in particular in the EoS phase), we have

1

~+

| =

_ L+ In®(y*nt) +n?/4

L(wg) < i

k=0
o The stable phase. If s is such that
; (2)
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then (GD) is in the stable phase, that is, (L(Wt)) s decreases monotonically, and moreover,

t2

2F (ws) + In*(*n(t — s))

Liw) < (it —s)

1 n
, where F(w):= - Z exp(—yix, w).
=1

* Phase transition time. There exists s < T such that (2) holds and F(ws) < 1, where

60 {
T = —max<{1, n, e,
v

n+n 17—|—n}
In —— 5.
n n

The proof of Theorem 1 is deferred to Appendix B. Theorem 1 provides control over the average
loss in the EoS phase, the last iterate loss in the stable phase, and the maximum length of the EoS
phase. Note that GD might never enter the EoS phase. For instance, this happens when the stepsize
is sufficiently small such that (2) holds for wy; = wy = 0. However, if GD enters the EoS phase at
the beginning of the optimization, the algorithm must undergo a phase transition and switch to the
stable phase after a finite time. We emphasize that Theorem 1 allows an arbitrarily large 7.

Benefits of large stepsizes. Theorem 1 shows that a large stepsize improves optimization effi-
ciency in two ways. First, when n = (1), the EoS phase ends in finite time, so asymptotically
GD stays in the stable phase and attains an @(1 / (nt)) rate. In this case, a larger stepsize leads to a
smaller constant factor. We also note that this rate can be sharp ignoring logarithmic factors accord-
ing to the experimental results in Figures 1(b) and 1(d). Interestingly, recall the classical rate of GD
for smooth convex optimization is O(1/(nt)) for n < 2/f3, where 3 is the smoothness parameter
(Nesterov, 2018, Theorem 2.1.14). Our results (nearly) match this rate but remove the n < 2/
condition for logistic regression, a special class of smooth convex optimization problems.

Second, Theorem 1 suggests that GD with a larger stepsize converges faster in the stable phase,
but it takes more steps to exit the initial EoS phase. Picking a stepsize proportional to the total
number of steps will balance these two effects and lead to an acceleration effect. This is formalized
by the following corollary (the proof is deferred to Appendix C).

Corollary 2 (Acceleration of a large stepsize) Under the same setup as in Theorem 1, consider
(GD) with a given budget of T steps, where T > 120 max{e, n} /2. Then for

we have 7 < T/2 and

L(wr) < 480

In?(v47?) _0 In?(T)
’y4T2 T2 :

Corollary 2 shows that GD attains an O(1/72) loss after T steps with a large stepsize = ©(T').
We point out that the final low loss is a consequence of the initial EoS phase. In particular, the next
theorem (the proof is deferred to Appendix D) shows that in general, GD with 1" steps of fixed
stepsize must suffer an €2(1/7") loss if it never enters the EoS phase.
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Theorem 3 (Lower bound in the classical regime) Consider (GD) with wo = 0 and stepsize n >
0 for logistic regression (1) on the following dataset:

x| = (’y, val —72), Xo = ('y, —/1 —72/2), n=y =1 0<v<0.1.
It is clear that (X, y;)i=1,2 satisfy Assumption 1. If (L(Wt))tzo is non-increasing, then
L(wy) > co/t, t>1,
where co > 0 is a function of vy but is independent of t and 7.

We remark that the acceleration in Corollary 2 requires the budget to be at least linear in the
sample size, that is, 7" > €(n). This requirement is rooted in the phase transition time bound in
Theorem 1. We conjecture our phase transition time bound, especially its dependence on the sample
size, is improvable, and thus the 7" > (n) condition in Corollary 2 can be relaxed. Some empirical
evidence is provided in Figure 2 in Appendix A.

A proof technique. We now showcase a powerful yet surprisingly simple technique for handling
large stepsizes, which lies at the heart of the proof of Theorem 1. To begin with, consider a com-
parator u := u; + ug. Then from the definition of (GD), we have

w1 = ull? = [[wy — ul|? + 2p(VL(wy), u = we) +n? || VL(wy) |5
= lwi — w2 + 20(VL(we), wy = we) +0? ((VE(we), 25/m) + ||V L(w)[3)-

The last term is non-positive when we choose uy := w, - /(27), because

(VL(wy), 2uz/n) = Z€ yix; wi) (yixi, 2ug /1) < Zﬁ yix wi),
=1

where we use (y;x;, W) > v and ¢'(-) <0, and

1o 2
vz} =% 3 et | <
i=1 2

1 ¢ 2 1L
(33 Cw) < 230l wl,
i=1 i=1
where we use ||y;x;|| < 1 and |¢'(-)| < 1. Dropping the last term, we have
Iwerr —ul® < lwe —ul|* + 20(VL(we), u1 — wi) < [lwe —ul|* + 25(L(w1) = L(wy)),

where we use the convexity of L(-). Telescoping the sum from 0 to ¢ and rearranging, we obtain

||Wt—u|!2 1 [wo — ul|?
L(wg) < L(u —_— 3
+ E (W) 1) + ot 3)
Let us choose uy := w, - In(y%nt) /v, then we have L(uy) < 1/(v?nt) and ||wo — u|| = ||Ju|| =

In(v%nt) /v + n/(27). Then (3) allows us to control the average loss and the norm of w; under any
stepsize 7 > 0. We refer the reader to Appendix B for a complete proof of Theorem 1.
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Other acceleration techniques. Our focus in this paper is to understand the benefits of using a
large but constant stepsize in GD. Based on a simple yet powerful technique, we show that GD
with a suitably large stepsize leads to non-monotonic loss and achieves improved optimization ef-
ficiency. Our techniques are orthogonal to standard acceleration methods such as momentum and
variable stepsize schedulers. We conjecture these techniques can be combined to obtain an even
faster optimization. This is left for future work.

Implicit bias and generalization. We conclude this part by discussing the implicit bias and gen-
eralization of the output of GD with a large stepsize, 7. When n = O(1) compared to the number
of steps, we can apply existing implicit bias results (Soudry et al., 2018; Ji and Telgarsky, 2018) to
GD in the stable phase (replacing the initialization by w) to show the direction of the GD iterate
asymptotically converges to the max-margin direction. In this situation, the generalization of the GD
output is guaranteed by standard margin-based generalization bounds (Bartlett and Shawe-Taylor,
1999, for example).

When 1 > w(1) compared to the total number of steps 7" (for example, n = ©(T') as in Corol-
lary 2), existing implicit bias results (Soudry et al., 2018; Ji and Telgarsky, 2018) can no longer
be applied. In particular, our bound on the norm of the GD iterates is as large as O(n) (see (3)
or Lemma 8 in Appendix B), which prevents us from proving a good margin for the GD iterates.
Nonetheless, as the final GD iterate attains low training error, the standard uniform-convergence
theory is applicable to guarantee its generalization. We refer the reader to Proposition 15 in Ap-
pendix E for one such bound.

We leave for future work the study of the implicit bias and generalization of GD with a very
large stepsize, that is, n > w(1) compared to the total number of steps 7.

3. SGD for Logistic Regression

We next consider constant-stepsize online stochastic gradient descent (SGD) for logistic regression,
defined as

Wiyl =Wy — NV Li(wy), where L;(w):=In (1 + exp(—ytxtTw)), t>0. (SGD)
Here, (x¢, y¢)r>0 are independent and identically distributed according to the following assumption.

Assumption 2 (Bounded and separable distribution) Assume that (x¢,y:)¢>0 are independent
copies of (x,y) that follows a distribution such that

A. the label is binary, y € {£1}, and ||x|| < 1, almost surely;
B. there exist a margin v > 0 and a unit vector w such that (yx, w.) > 7, almost surely.

The following theorem controls the population logistic loss and the population zero-one loss of
SGD with a large stepsize.

Theorem 4 (Risk and error bounds) Consider (SGD) with stepsize n > 0 for logistic regression
under Assumption 2. Without loss of generality, assume wqg = 0. Denote

L(w):=Eln (1 + eXp(—yxTw)),
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where the expectation is over (x,y) as in Assumption 2. Then with probability at least 1 — & over
the randomness of (X, yi)h_, we have

-1 20,2 2 2
1 2+42In t)+n°/2  3+2In(y*nt)+n 18In(1/
1S Lw) < (7271) /2, (v"nt) +n t(/>’
prd 7 g
and
t—1
1 - 4(V2+2In(v*nt) +n)  361In(1/6)
7 kZOPr(yX wy <0) < i + " .

The proof of Theorem 4 is deferred to Appendix F. The population logistic loss bound in The-
orem 4 allows SGD with a stepsize as large as o(t). For instance, in ¢ steps, SGD achieves an
O(1/+/t) population logistic loss on average with 1 := +/t. This is in contrast to the typical on-
line smooth convex optimization results, where the stepsize for SGD is a small constant or even
vanishing (see Hazan, 2022, Chapter 3, for example).

The population zero-one error bound in Theorem 4 allows SGD with an arbitrarily large stepsize.

In particular, for a large stepsize 17 > In(y%t), there exists W € (wy,):_{ such that

. 1 In(1/9)
w<o) <o = + L2
Pr(yx W_O)_C<’Y2t+ . >7

where C > 1 is an absolute constant. This bound for SGD matches that achieved by the Perceptron
algorithm (Novikoff, 1962; Hanneke and Kontorovich, 2021), and matches (or improves by loga-
rithmic factors) that of large margin classifiers (Bartlett and Shawe-Taylor, 1999; Grgnlund et al.,
2020; Hanneke and Kontorovich, 2021). Note that the parameter w might not exhibit a large margin
over the training data.

Unlike the result in Section 2 for batch GD, Theorem 4 does not show the benefits of a large
stepsize for SGD (except on logarithmic factors). Specifically, the logistic loss bound in Theorem 4
is minimized when 7 = ©(1In(t)) (and larger stepsize such as > w(In(t)) hurts the bound),
and the zero-one error bound in Theorem 4 is minimized when 1 > Q( 1n(t)) (so larger stepsize
is as good). However, both optimized bounds do not improve the bounds for = ©(1) ignoring
logarithmic factors. We leave it as an open problem to investigate whether or not a large stepsize
benefits SGD.

Finally, the above discussion applies to multi-pass SGD, empirical logistic loss, and empirical
zero-one error by setting the distribution in Assumption 2 to an empirical distribution.

4. General Loss Functions and Nonlinear Predictors

We now extend our results in Section 2 to general classification loss functions and a two-layer
network in the neural tangent kernel (NTK, Jacot et al., 2018) regime.

General classification losses. We first introduce a set of conditions for the loss functions.

Assumption 3 (Loss conditions) Consider a loss function £ : R — R.
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A. Regularity. Assume ((-) is continuously differentiable, convex, non-increasing, and {(+00) =
0. Then the following function p : [1,00) — R is well-defined:

p(A) = miﬂr{l M(z)+ 2%, A>1.
zE

B. Lipschitzness. Denote g(-) := |'(-)|. Assume there is a constant Cy > 0 such that g(-) < C,,.
C. Self-boundedness. Assume there is a constant Cz > 0 such that g(-) < Cgl(-) and

0(2) < U(z) + 0 (2)(2 — ) + Cpg(x)(2 — 2)* for z and x such that |z — x| < 1.

D. An exponential tail. Assume there is a constant C. > 0 such that {(z) < Ceg(z) for z > 0.

The function p in Assumption 3A measures the squared length of the regularization path, which
plays a central role in our bounds. The second condition in Assumption 3C is satisfied (with a
possibly different constant) if £ is sufficiently differentiable and ¢”(-) < Cg(-) for a constant C' > 0,
hence it reflects the self-boundedness of /. Finally, one can verify that Assumptions 3A and 3D
imply that £(z) < £(0) exp(—C; *z) for z > 0, that is, £(-) is exponentially tailed.

Proposition 5 provides three examples of loss functions. The proof is included in Appendix G.

Proposition 5 (Examples) The following loss functions satisfy (parts of) Assumption 3.

1. The logistic loss, liog(2) := In(1 + exp(—2)), satisfies Assumption 3 with Cy = 1, Cg = e/2,
Co =2, and
p(A) < piog(A) =1+ In*(\).

2. The “flattened” exponential loss with temperature a > 0,

e z >0,
loxp(2) == {

1l—az 20,
satisfies Assumption 3 with Cy = a, C3 = max{a, ae®/2, 1}, C, = 1/a, and

P(N) < poxp(N) = 1+ In*(A)/a?.

3. The “flattened” polynomial loss of degree a > 0,

(14+2)7* z>0,
Epdy(z) . 1—az z2<0

satisfies Assumptions 3A to 3C with Cy = a, Cg = max{a, (a + 1)2*}, and

P(A) < ppoty(A) = A/ (0F2),

The (flattened) polynomial loss is introduced in (Ji et al., 2020; Ji and Telgarsky, 2021) and is
later used by Wang et al. (2022a) to improve importance weighting in distribution shift problems. In
the second and third examples, we flatten the negative parts of the exponential and polynomial losses
to satisfy Assumption 3B. This is necessary in our setting because, under (unflattened) exponential
loss, large stepsize GD may oscillate catastrophically as shown by Wu et al. (2023).

10
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A two-layer network. We consider a two-layer network! under a loss function /, defined as
1 1 &
LWy =5 2 Ul G, SOsw) i= 75 ) asplxTw), - 6() = max{,0}, (4
=1 s=1

where the trainable parameters are denoted by w € R, a stack of w(!), ... w(™ ¢ R? We
define ¢/(0) := 0 for concreteness but our analysis can be easily generalized to other subderivatives,
that is, ¢/(0) = ¢ for any ¢ € [0, 1]. Here, we follow the standard NTK setup (Du et al., 2018; Ji
and Telgarsky, 2019) and assume that (as)™ ; are fixed parameters satisfying”

m

>a,

s=1

ai,...,am € {£1}, < C,+/m for some constant C;, > 0. 5)

It is clear that the optimization problem in (4) is non-convex.

We analyze the training of a nonlinear predictor (see f in (4)) in the NTK regime (Jacot et al.,
2018). The key idea is that, when the network width m is large, the predictors induced by (GD)
iterates (in finite steps) are close to the gradient dynamics in a reproducing kernel Hilbert space
(RKHS), under the so-called neural tangent kernel (NTK). Therefore, the nonlinear predictors in-
duced by the GD iterates are approximately linear in the NTK RKHS, allowing us to recycle our
techniques for analyzing linear predictors in Section 2.

We reformulate our separability assumption within the NTK RKHS (Ji and Telgarsky, 2019).

Assumption 4 (NTK separability) Assume the training data (x;,y;);"_, satisfies

A. foreveryi=1,...,n, ||xi|| < 1andy; € {+1};

B. there is a margin vy > 0 and a map x : R — R? such that ||x(-)|| < 1 and

“min EUNN(O,Id)<yz¢/(XIu)Xi7 X(u)> >,

i=1,...,n

that is, the dataset is separable in the NTK RKHS space.

Assumption 4 corresponds to Assumption 2.1 in (Ji and Telgarsky, 2019). Assumption 4 re-
quires the dataset being linearly separable under the infinite-dimensional NTK feature, that is,
#'(x"u)x indexed by u, which corresponds to the gradient of f(x;-) at the Gaussian random
initialization as the network width m — oo (ignoring \/—lﬁas’s for simplicity). Assumption 4 is
satisfied when the dataset is linearly separable (as in Assumption 2, with a possibly different margin
parameter). In addition, Assumption 4 can capture non-linearly separable datasets. We refer the
reader to Section 5 in (Ji and Telgarsky, 2019) for more discussion.

We are ready to state our theorem for general loss functions and two-layer networks.

1. We present our NTK results in a two-layer network for conciseness. Our results are ready to be extended to deep
networks by combining our techniques with standard NTK arguments (Allen-Zhu et al., 2019; Chen et al., 2020).

2. Some papers assume that (as)7-; are uniformly sampled from {£1}. In this case, | Y7 | as| < \/2mIn(2/4)
with probability at least 1 — §. So we recover theirs by setting C, := 1/21n(2/) in (5) and applying a union bound.

11
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Theorem 6 (General losses and NTK) Consider (GD) with stepsize n > 0 for learning a two-
layer network (4) under a loss function ¢ that satisfies Assumptions 3A and 3B. Suppose (5) and
Assumption 4 hold, and the network is initialized by

W ./\/'(07 Imd)
Let T be the maximum number of steps. Suppose the network width m is at least
30RY? +10In"/4(n/6)\° Vp(2T) + Cy + /2In(2n/3) + nC,
m > , Wwhere R:=6 .
Y ’Y
Then with probability at least 1 — 36 over the randomness of initialization, the following holds:

e Lazy training. For everyt < T, we have

lwi —wol| < R.

e The EoS phase. Foreveryt <'T (and in particular in the EoS phase), we have

150 ) < g0+ (Co - ZRETE) +101)
- |

2t

k=0

* The stable phase. Assume the loss { also satisfies Assumption 3C. If s < T is such that

. 1 £(0)
L < — 6
(Ws) —mln{120§na n }a (6)
then (GD) is in the stable phase, that is, (L(Wt))?:s decreases monotonically, and moreover,
2
t —
uwgglﬁkgﬁ——ﬁl te (s, T).
YAt — s)

* Phase transition time. There exists a constant Cy > 0 that only depends on Cg, Cg, C,, £(0),
and In(1/0) such that the following holds. Let

1 {w—%Cﬂn+n»
T = 7111&)(
Y n

If 7 < T, then (6) holds for some s < T.

, C’1(77+n)77}, where p(\) := p()\)

* Phase transition time under an exponential tail. Assume the loss { further satisfies Assump-
tion 3D, then there exists a constant Co > 0 that only depends on Ce, Cgy, Cg, Cl, £(0), and
In(1/6) such that the following holds. Let

C
T = —;max{n, nln(n)}.
Y
If T < T, then (6) holds for some s < T.

The proof of Theorem 6 is deferred to Appendix H. Theorem 6 characterizes the behaviors of
large stepsize GD for a wide two-layer network under general classification losses. We remark
that the proof of Theorem 6 directly adapts when replacing the two-layer network with a linear
predictor. For completeness, we state a variant of Theorem 6 for GD in linear classification under
general losses as Theorem 35 in Appendix I.

12
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Table 1: Effects of the loss functions and stepsizes in Theorem 6.

loss function ‘ logistic / flattened exponential ‘ flattened polynomial of degree a
degree condition ‘ N/A ‘ a>0 0<a<l1 a>1
p(\) e(n2())) O (A7)
stepsize 7 1 o(T) 1 o(T?2) @(T%)
width m Q(1n2(T)) Q(T?) Q(T+2) Q) (T)
phase. transition N/A <72 N/A <72 <7/
time s
loss L(wr) | O(In3(T)/T) O(n(T)/T?) | O(T+2) OT-%) O(T7)

Convergence rate. The final convergence rate of GD in Theorem 6 depends on the loss functions
and the stepsizes. We summarize and compare several key examples in Table 1, where we assume
the total number of steps 7' is large and treat all other instance specific quantities (such as n and
~) as constants. Results in Table 1 are direct consequences of Theorem 6 and Proposition 5. In
particular, we see that GD attains an improved loss by using a large stepsize that balances the length
of the EoS and the stable phases.

Loss conditions. Notably, Theorem 6 (also Theorem 35 in Appendix I) reflects the role of each
loss function condition in Assumption 3. Specifically, a general classification loss is specified by
Assumption 3A. Then the EoS phase bound in Theorem 6 holds when the loss satisfies an additional
Lipschitz condition (Assumption 3B), and the stable phase bound holds if the loss further satisfies
the self-boundedness condition (Assumption 3C). Finally, an exponential tail condition (Assump-
tion 3D) implies a better phase transition bound.

The width condition. The width condition in Theorem 6 depends on the loss function ¢ and the
stepsize 17. When we specialize £ to the logistic loss (so p(A) = O(In?(\)) by Proposition 5) and the
stepsize to a constant (n = ©(1)), the width condition is polylogarithmic in the number of samples
and the number of iterates, and the achieved convergence rate is O(1/t). This recovers the main
result of Ji and Telgarsky (2019).

On the other hand, the width condition in Theorem 6 is at least ©(n?), which will become
polynomial in the number of steps when GD is equipped with a polynomially large stepsize n =
poly(7T'). This is in stark contrast to the previous example where ) = (1) and the width only needs
to be polylogarithmic in 7', suggesting that a larger stepsize helps GD escape the NTK regime in the
early optimization phase. We leave it as a future direction to study the early-phase feature learning
of GD caused by a large stepsize.

The loss function affects the width condition in Theorem 6 through p(7?nT). For instance, the
width condition becomes m > Q(72/(2+2)) for the constant stepsize and the flattened polynomial
loss of degree a > 0 (see Table 1). Such results are new in the NTK literature to our knowledge.

13
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5. Conclusion

We study constant-stepsize GD for training linear and nonlinear predictors (in the NTK regime) un-
der general classification loss functions and constant-stepsize SGD for logistic regression, assuming
suitable separability conditions on the dataset. We show GD and SGD converge even with a large
stepsize that leads to a locally oscillatory loss. Moreover, we show that a large stepsize allows GD
to attain an accelerated loss by undergoing an unstable initial phase, which cannot be attained if
the stepsize is small such that GD converges monotonically. We leave for future work to relax the
separability conditions.
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Figure 2: Training loss and training accuracy of (GD) for logistic regression on a subset of MNIST.
This is a replication of Figure 1 with training accuracy curves. The plots show that the
stable phase is entered before reaching 100% training accuracy. Moreover, GD with larger
stepsizes reaches perfect training accuracy faster.

Appendix A. Additional Simulation

In Figure 2, we recreate Figure 1 with training accuracy curves. The plots show that the stable phase
is entered before reaching 100% training accuracy. Moreover, GD with larger stepsizes reaches
perfect training accuracy faster. The simulations suggest that the phase transition time bound given
in Theorem 1, especially the dependence on the sample size n, might be improvable.

Appendix B. Proof of Theorem 1
Throughout this part, we assume Assumption 1 holds. In addition, without loss of generality, we
assume y = 1. We define

n

L(w) = %Z@(XJW), ((t)=In(1+e7?), G(w)= - S 1 (x w).
i=1 =1

The following lemma presents a new split optimization method for handling large stepsizes.

Lemma 7 (A split optimization bound) For every n > 0, wg, and u = a1 + ug such that

n
U2 = — Wy,
2 2’YW )

we have

2 t—1
Wy —u 1
% t3 > L(wy) < L(w) +
k=0

Iwo — ull?

, t>1.
2nt

Proof (of Lemma 7) Using the definition of GD, we have

2
Wit —ul® = [we —ul|? + 29(VL(w), u — wi) + 02| VL(wy) ||
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2
= flws = wl? + 2n(VL(wi), wy = we) + 5 (29 L(we), w3) + 0l [TLwe) )
Plugging uy and VL, we can show the second term is always non-positive:
2
(VL(wt) uy) +1||VL(wy) ||,

= ZE’ W, X1)<X“u2 +77H ZE/ Wt Xl

2

< 27!;12” gﬁ’(wg—m‘) + U(n Zf/(w;rxi)>2 by x; w,. > vand ||x;|| <1
< (=27ljua[| +n) - Z |/ (w %) since |/’
<0 by the choice of uy

So we have

Iwess — 2 < f[we — ull? + 200V L(we), w1 — we)
< |lwe — ul®* + 2n(L(u1) — L(wy)). by convexity

Telescoping the sum from O to ¢, we obtain

t—1
|we — ulf? [wo — ulf?
—_— L <tL —_
k=0
which completes the proof. |

Applying the above lemma with an appropriate comparator, we can get the following bounds on
the risk and parameter norm.

Lemma 8 (Parameter and risk bounds in the EoS phase) Ler wg = 0. For every n > 0, we
have

. t>1.

1 14 In?(v2nt) + n?/4 V2 4+ 2In(v2nt) + 1
N <
P piwe) < TR < -

Proof (of Lemma 8) In Lemma 7, choose

In(~2nt
wo=0, wu =20

v

and check that

1 n

< *ZGXP(—XiTul)
i

< exp(—7[lu )
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< 1
J— 2 t )
and that

In(y*nt) +n/2
lull = [lur +ugf| = —————.

We then apply Lemma 7 to get

1

~+

1« ul? 1+ 1In*(y2nt) +n?/4
LSS Liwy) < L) + [[u] < (72?7) n/ 7
t 2nt vént
k=0
and
V2 +2In(2nt) +n
Ivwell < lwe — vl + ] < V/20ELGar) + 2] < oo
These complete the proof. |

The following lemma controls the gradient potential. We remark that the bound on gradient
potential in Lemma 9 does not scale with 7, while the bound on risk in Lemma 8 linearly scales
with 7. This difference will be crucial for getting a sharp bound on the phase transition time.

Lemma 9 (Gradient potential bound in the EoS phase) Ler wy = 0. For every n > 0, we have

t—1

G(w)
0

| =

- V2 + 2In(y2nt) + 1

t>1.
20t

)

B
Il

Proof (of Lemma 9) This is from the perceptron argument (Novikoff, 1962). Specifically,

(Wit1, Wa) = (Wi, W) — (VL(Wy), W)

— (Wi, W) — Zzlwxi we) (xi, W)

n
> (wi,wa) = TS0 w)
1=1

= (Wi, W) + G (Wy).

So we have

t—1

Wt,W*> — <W0,W*> < ||wt - WOH
ynt

Sl M

G(wyg) < <

k=0
We complete the proof by applying the parameter bound in Lemma 8. |
For logistic regression, the local sharpness is related to the loss value. So the landscape will

become sufficiently flat when the loss is sufficiently small, allowing GD to fall into the stable con-
vergence phase. Our next lemma formally justifies this discussion.
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Lemma 10 (Stable phase) If there exists s > 0 such that

L(ws) <

i

2
n
then for every t > s, L(wy) is non-increasing.

Proof (of Lemma 10) We verify that In L(w) is 1-smooth (this is used by Ji and Telgarsky (2018))
by direct computation:

2
i~ (e )
R
< g T
= L(l"V)L(W> I=1. since |[¢"] < fand ||x;]| <1

Using the 1-smoothness of In L(-), we get

VL(w 1
(§)7Wt+1 - Wt> + §||Wt+1 - WtH2

In L(wyiq) < InL(wy) + < Tiw,

2
=0 L(we) = 7S IVE) P + VL)

—nw) = s — 3 IV

The above implies

. 2
L(Wt+1) < L(Wt) if L(Wt) < 5
We complete the proof by induction and the condition that L(w,) < 2/7. |

The next lemma provides a risk bound for GD in the stable phase. Notably, the bound depends
on the initial condition (w,) through an exponential potential (see the definition of F'(-)) instead of
a quadratic potential. We will see later that F'(w) can be made a constant while ||w|? might be
as large as ©(n?).

Lemma 11 (A risk bound in the stable phase) Suppose there exists a time s such that
L(Ws) <

Then for every t > s, we have

2F (wy) +1In?(y2n(t — 5))

Liwe) < Vn(t — s)

1 n
, where F(w):= — g exp(—x; w).
n
i=1
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Proof (of Lemma 11) The assumption enables Lemma 10 for all ¢ > s. Therefore we have
forevery t > s, L(wy) < L(wy_q) < -+ < L(w,) < —

Because the logistic loss with ||x|| < 1 satisfies ||V L(-)|| < L(-), for a comparator u and ¢ > s, we

have

Wit —ul|* = [[we —ul|® + 29(VL(wy), u — we) + %[ VL(wy) ||
< ||wi —ul® + 2n(L(u) — L(wy)) + 0 L(wy)? since |[¢/| < ¢
< ||wi —ul* + 2n(L(u) — L(wy)) + nL(wy) since L(wy) < 1/n
= ||w¢ —ul|* + 2nL(u) — nL(w;).

Telescoping the sum from s to ¢, we get

t—1
[we =l + ) " L(wg) < [lws — ul]* + 2n(t — s)L(w),
k=s
that is,
t—1
1 [ws —ul]* = [|w; —u]?
—_— L < 2L
—— > Liwy) < 2L(u) G o
k=s
[ws — ulf
<2L(u)+-————
n(t—s)
Choose )
| t—
u=ws+uj, Ulz—n(7 il S))W*a
Y
and verify that
In (v2n(t — s))
[ws —uf = S :

and

=1
— l exp( <WS,X> <111, >)
=1
1< 1
“ni A Ty
F(wy)
y2(t — s)
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Bringing these back, we obtain

t—s 2 (A2
1 [ws —ul|? _ 2F(w;) +1n® (+*1(t — 5))
L <2L < )
Fs 2 B S 2L+ T S T )
We complete the proof using the monotonicity of L(w;) for ¢ > s by Lemma 10. |

The following lemma provides a bound on the phase transition time. The bound is linear in 7,
because we use the gradient potential bound in Lemma 9 instead of the risk bound in Lemma 8.

Lemma 12 (Phase transition time) Let wg = 0. For everyn > 0, let

60
T::Zmax{n, n, e, n+nln77+n}
8l n n

Then there exists 0 < s < 7 such that

L(ws) <=, F(ws) <1.

1
n
Proof (of Lemma 12) Applying Lemma 9 with ¢ = 7, we have

T—1
1 2 + 21In(?
‘*EZCKWk)§/¢7+ 1§7n7)+n
T =0 yenT
2 4 21n(y? 3 ,
< V2 + n(; ™)+ 3 since In(n) <n
nyeT

1 ) 1 1
S ooy Sming o, o0
2(n+n) 2n’ 2n

where the third inequality is by verifying that

2 + 21In(~2
V2 2n(7 7) < n if 727260Wmax{lnn+n, 1},
oaxs 4(n+n) n
3 1

< T i A2 > 12
727_4(%%)1 vT > 12(n +n),

and that the two conditions are satisfied because

1nn+n} 2max{12(17+n), GOWmaX{lnn+n,1}}.
n n n

n+n

727' := 60 max {77, n, e,

So there exists s < 7 such that

Glw,) < min{l ! }

20’ 2n
The second bound ensures that
for every ¢, 1 . _ < i,
n 1+ exp(x; ws) 2n
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that is,
forevery i, x, ws > 0.
So we have
1 < 2 1 < 2 11
F(w,) = — =2G(wg) <min{ —, —
(ws) n Z; 2exp(x; ws) ~ n ZZ; 1+ exp(x; ws) (ws) {77 n}

which completes the proof.

The above lemmas imply Theorem 1.
Proof (of Theorem 1) It follows from Lemmas 8, 11 and 12.

Appendix C. Proof of Corollary 2
Proof (of Corollary 2) We first verify 7 < T'/2 for

60 { n+n n—I—n}
Ti= 5 maxq7n, n, e, In .
gl n n

The first term is

60 T . 2
—=n=7, since n 1= —T
v 2 120
the second term is
60n T , . 120 max{e,n}
— < 5 since T > ———5——,
~ 9 ~2
the last term is
60e T , . 120 max{e,n}
— < —, since I' > ————,
0% 2 =

and the third term is less than 21n(2) < 7'/2 (note that 7" > 120 since v < 1 and n > 1) because

T~2/120 08
n+n _ 7/2 +n since 1) := ——T
n T42/120 120

T 2 120 T 2 120 120n
< v /T ;/_122)/ / since T > .”
S 2
= 2.

We have verified that 7 < T'/2.
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Next, we apply Theorem 1 with s = 7 < T'/2 and get

2F (W) + In®(4*n(T — s))
V(T = s)
2 + In?(y%nT/2)
v2nT'/2
2 + In? (7472 /240) . v
= e since ) 1= ——'1
~AT2 /240 120
4801n2(v*T?)

L(WT) S

since F'(wg) < land s <T/2

which completes the proof. |

Appendix D. Proof of Theorem 3

The following lemma suggests an 2(1/(nt)) lower bound on the risk for GD with a fixed stepsize.

Lemma 13 (A lower bound) Suppose that (x;,y;);"_, are linearly separable with max-margin di-
rection W, and margin ~y. Denote

Xi =X — (Xi, W)Wy, 1=1,...,n.

Assume that (X;, yi)?zl are non-separable, that is, there exists b > 0 such that

sup min(y;X;, v) < —b.
veRd-L ||v||=1 ¢

Then for every stepsize 1 > 0, we have

1
Liw) > 4>,
conexp(con)t

where co > 0 is a function of v, b and n but is independent of n and t.

Proof (of Lemma 13) Assume y; = 1 without loss of generality. Define
wy = (Wi, Wy), W= Wy — (Wp, Wi ) W

We call some results in (Wu et al., 2023). By Lemma B.3 in (Wu et al., 2023) (replacing their nn
by 7 since they do not take average in their loss definition), we get

Wi < max{dn/b,nn/b} +n < cin,

where c; is a positive constant independent of 7. By Lemma B.7 in (Wu et al., 2023), we get

1
wy < —In ((enfyszax + en'YHmaX) (t + 1))7 t>0,
v n n
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where Gax and Hpax can be upper bounded by (see their Definition 3 in Appendix B.3)

n
Gmax + Hpax = sup Z exp(—)_(;»rﬁ/') < nexp(c1n).
[Well<ein ;4

So we have
1
wy < = In (eynexp(cin)(t+1)), ¢>0.
Y

The above implies that

Liws) = % S (1 + exp(—x] wy))
=1

1 n
- Z In (1 4 exp(—vyw; — )‘(Z—-rv_vt))
=1
> In (1 + exp(—yw; — 1))
> exp(—ywi — c1m)
= exp(— In (eynexp(2c1n)(t + 1)))
1
~ 2eynexp(2c1n)(t + 1)
> ;7
con exp(con)t

where c¢g > 0 is independent of 7 and ¢. |

The next lemma provides a set of examples where the stepsize has to be small for GD to induce
a monotonically decreasing risk.

Lemma 14 Let wg = 0 and
L 1Ig
X = - Z X;.
=1
Assume there exist constants r and q such that

[{i € [n]:x]x < —r}

>q, r>0,0<qg<]l.

Then L(w1) < L(wyg) implies that
21n(2)

n<

Proof (of Lemma 14) Since wo = 0, we have L(0) = In(2) and

Vi(wg)=——-Y — "~ xi=—-%x



LARGE STEPSIZE GRADIENT DESCENT FOR LOGISTIC LOSS

So we have

w1 = wo —nVL(wo) =

N |3

X,
and

L(w)) = %Zln (1 + exp(—x; w1))
=1

1 n
=— E In (1+ exp(—x;r)_cn/2)).
n
i=1
If n > 21n(2)/(rq), then

1 n
L(wy) > — Zln (1 + exp(—x?in/2))]l [xiTi < —r}
n
i=1
>1In (1 + exp(rn/Q))q by assumption

This proves the original claim by contradiction. |

The proof of Theorem 3 is a combination of Lemmas 13 and 14.
Proof (of Theorem 3) We verify that our dataset satisfies the conditions in Lemma 14 with

1 1

So by Lemma 14 and the monotonic loss, we have

21n(2)
rq

n < <401n(2).

Then we verify that our dataset satisfies the conditions in Lemma 13 with b = 0.5. So by Lemma 13
and the upper bound on 7, we have
1
Liw) > ————— > L,
conexp(con)t — ¢

where c¢; > 0 is independent of 7 and ¢ since 7 is upper bounded and ¢y > 0 is independent of 7,
and ?. |

Appendix E. A Uniform-Convergence Generalization Bound

Proposition 15 (Uniform convergence) Suppose Assumption I holds. Assume that the training
samples (x;,y;)i—, are ii.d. copies of (x,y). Consider a parameter W that classifies (X, ;)i
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correctly, that is, y;x; W > 0 for every i. Then with probability at least 1 — § over the randomness
of (x4, Yi)1~1, we have

< 4d1n(n +1)+ 111(4/6).

Pr(yx'w < 0)
n

In particular, every (GD) output with L(wy) < 1/n is such a parameter.
Proof (of Proposition 15) Consider a hypothesis class of hyperplanes
H = {x > sgn(x'w):we R}

The Vapnik-Chervonenkis (VC) dimension of H is VC(H) = d (Dudley, 1978). Denote the empiri-
cal (zero-one) error by

1 ¢ 1 ¢
Ro(w) i= = 3 Ay sgn(x] w)) = > 1ix] w < 0,
i=1 i=1
and the population (zero-one) error by

R(w) :=El[y # sgn(x'w)] = El[yx'w < 0] = Pr(yx'w < 0).

Then by the classical VC-theory for empirical risk minimizer (ERM) (see Boucheron et al., 2005,
Corollary 5.2, for example), for every ERM,

W € argmin R, (w),
w

we have the following with probability at least 1 — &,

R(#) < Ry () 42 \/ Ry () 2VC(H) In(n Z 1) +In(4/6)  VC(H)In(n tz 1) +In(4/9)

In our case, R,,(W) = 0, so with probability at least 1 — ¢ we have

4alln(n +1)+ 1n(4/5).

R(w) <

We complete the proof by noting that w can be any EMR. |

Appendix F. Proof of Theorem 4

Throughout this part, we assume Assumption 2 holds. Without loss of generality, we also assume
y = 1. For simplicity, we define

1

Li(w) == Ll(x"w), Gx(w):= TT o W)’

The following lemma for SGD is an analogy of Lemma 7 for GD.
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Lemma 16 For every n > 0, wg, and u = uy + ug such that

the following holds for every t:

2 1 t—1 ETD)
||Wt uH 4= ZL’“ wi,) t ZLk(ul) + Hwo2ntu”’ almost surely.
k=0

Proof (of Lemma 16) The proof repeats the arguments in Lemma 7. By the SGD update rule, we
have

[Wes1 —ul|® = [|we —ul|? + 20(VLi(ws),u — wy) + 17 HVLt (wy H2
2
= ||ws — u||® + 20(VLs(wy), u; — wy) + 77(2(VLt(wt), ug) + 77HVL1:(Wt)H2>-
Plugging us = w, - 1/(27), we can show the second term is non-positive:

2(V Ly(wi), ua) + ||V Ly (w) ||
— 20/ (x] W) (1, ua) + € (] wi) x|

<l (x) wy) + n(¢(x, wt))2 since ug = wy - 17/(27)
<0, almost surely.

Therefore, we have

[Weer —ul|* < [|wi —ul® + 29(VLe(We), ur — wy)
< |lwe —u)® + 2n(Le(u1) — Li(wy)), almost surely. by convexity

Summing the above from 0 to ¢ — 1 and rearranging, we obtain

o 2 t—1 t— . 2
|WthuH + kzo Ly(wyg) < Z: Li(u1) + ||W0277u||, almost surely,
dividing both sides by ¢ completes our proof. |

Similarly, the following lemma for SGD is an analogy of Lemma 8 for GD.

Lemma 17 (Parameter and risk bounds) Let wy = 0. For every t > 0, we have

t—1

1 1+1 t) +n?/4
- ZLk(Wk) < + 0% (07t) + 7/ ., almost surely,
t V2t
k=0
and for every k < t,
2+ 2In(y?nt
[we|| < V2+ 20" )—H?, almost surely.
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Proof (of Lemma 17) In Lemma 16, choose

and check that

In(y2nt) +n/2
Jul| = ———=,

and that for every x,

Ly(uy) = In (1 + exp(—x ul))
< exp(—x'uy)

<

, almost surely.
2nt

=,

Therefore, we have

1
— Z Li(ay) —S— almost surely.
nt

Using Lemma 16, we get

1 t—1 1 t—1 H2

- L < - Li(

DIAUSEE) SRR

k=0 k=0
1 In t) + n?
< “(ut) + 1P /4 , almost surely,
Vot vt
which verifies the first claim. For the second claim, we use Lemma 16 for s < ¢ and get

s—1

forevery s <t, |ws—ul®< QnZZk(ul) + [Jul)?
k=0

1
<2ms - —— + |Jul)?
o+l
2
< 2 + ||ul/?, almost surely,

which implies that

forevery s <t, |ws| <|ull+ ||ws—ull

V2

< — +2||u]|
Y

_ V2420t + 1
N Y
We complete the proof. n

, almost surely.

The next lemma provides a population risk bound. The main idea is to use martingale concen-
tration tools to convert the “regret” bound in Lemma 17 to a population risk bound.
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Lemma 18 (Population risk bound) Let L(w) := E4(x"w). Let wg = 0. For every n > 0, with

probability at least 1 — § we have

t—1

| =

— 2+ 2In%(+2nt) + n2B*/2 3+ 2In(+2nt) +n 18In(1/6
L(wy) < (7;7) B2 (v*mt) +n (1/9)
P et Y ¢

Proof (of Lemma 18) Based on the uniform upper bound on the norm of (wy,)r<; in Lemma 17,

we can show the following uniform upper bound on risk:

forevery k < t and every X, Lx(w}) = In(1 + exp(—wj x))
< In(1 + exp(|[wi|))
< In(2) + [[we]

N V2 + 2In(y2nt) + 1

v
3+ 2In(y*nt) + 1
-y .
Note that L(+) is non-negative and that L(-) = ELx(-). We then have

<In(2)

<M :=

for every k < t and every x, |L(wy) — Lx(wy)| < M, almost surely.
As a direct consequence, we have

E(L(wy) — Lx(wy))® < M - E(L(wy) + bx(wy,))
=2M - L(wy), k=0,1,... ¢t

Next, we use (one-side) martingale Bernstein inequality (a.k.a. Freedman inequality).

probability at least 1 — 4, it holds that

t—1 k—1 o 1 oM. 1
> L(wi) — Li(wi) < | 2> E(L(wi) — Li(wi)) In <+ == In~
k=0 k=0
= 1 2M . 1
< L AMIn= 4+ =——In=
< kZ:O (W) ns+ - lng

~

-1

1 1

< —->» L(wy)+9MIn—,

2 0

k=0
which implies that

t—1 t—1 1
L <2 L 18M In —.
kz_o (wr) < kz_o k(W) + ns

Using Lemma 17 and the definition of M, we get

1

~+

20,2 2
14+ In*(y*nt) + 1 /4+ 18M1n1

L <2
(wi) < vt t

o~ | =

k=0
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S 2+ 21n%(y2nt) +n?/2 N 181In(1/8) 3+ 2In(v*nt) +n
- ¥t t v

which concludes our analysis. |

I

The next lemma gives a population zero-one error bound. The proof combines a gradient po-
tential bound and a martingale concentration argument.

Lemma 19 (Population error bound) Consider one-pass SGD initialized from wo = 0. For every
n > 0, with probability at least 1 — 6, we have

t—1 2
1 - 4(V2+2In(v*nt) +n)  361In(1/6)
n Z Pr(yx ' wy) < Vot + r
k=0
Proof (of Lemma 19) Repeating the perceptron argument as in Lemma 9 , we get

Wi — WO,W*> < HWt - W0||
ynt nt

, almost surely.

= (
N Z Gr(wi) <
k=0

Using the parameter norm upper bound in Lemma 17, we have

, almost surely.

t

t—1

1 — 2+ 21In(y?nt

IS Gy < = woll \Chs n(rnt) + 1
— nt et

Note that 0 < Gx(-) < 1. Applying Freedman’s inequality, with probability at least 1 — § we have

t—1 k—1 1 2 1
3" Gwi) — Gr(wi) < 4|2 E(G(wi) — Gr(wi,))*In stans
k=0 \ k=0
— 1 2 1
< T
<\ 2;01@(6;(%) + Gr(wg)) In < + Sl
t—1
1 2 1
k=0
t—1
1 1
§§ G(Wt)—'—gh’lg,
k=0
which implies that
t—1 t—1 1
< 181In —.
kZ:OG(Wk) < 2;)Gk(wk> + 18 H(S

So with probability at least 1 — § we have

18 2(v/2 + 21In(~v2nt) + 181n(1/6
LY G < 22HZROA0 £0) 1SN0

32



LARGE STEPSIZE GRADIENT DESCENT FOR LOGISTIC LOSS

We conclude our proof by noting that zero-one loss is bounded by 2G/(-). |

The above lemmas imply Theorem 4.
Proof (of Theorem 4) It follows from Lemmas 18 and 19. [ |

Appendix G. Proof of Proposition 5
Proof (of Proposition 5) We now verify Proposition 5.
Logisitic loss. For the logistic loss, we have

_ 1
1 4e?’

Uz):=In(l4+¢e77), g¢g(z):

By direct computation, we can verify the first part of Assumption 3A and Assumptions 3B and 3D
for Cy = 1 and C. = 2. We check the bound on p(\) in Assumption 3A by

p(\) = min M(z) + 2*
z
< M(In())) + In%()) by setting z := In(\)
< 1+1n%(\).
We next verify Assumption 3C for Cs = e/2. Note that g(z) < {(z) < Cgl(z). For the second
part of Assumption 3C, assume z < x without loss of generality (if z < z, we apply g(z) < g(z)

and exchange x and z in Assumption 3C). So we have x — 1 < z < x since |z — x| < 1. By the
mean-value form of the Taylor’s theorem, we have

1/
there exists y € (2, ) such that £(2) = {(z) + ¢'(z)(z — x) + ¢ ;y) (z —x)% (7)
Note that £”(-) < g(+), g(+) is decreasing, and |z — x| < 1, so we have
"(y) <gly) < g(z) < gla—1) = <e-g(x).

e+er
Plugging the above into (7) verifies Assumption 3C for Cz = €/2.

Flattened exponential loss. For the flattened exponential loss with temperature a > 0, we have

e % z>0, ac” % z2>0,
l(z) = { g(z) == {

1l—az 2<0, a z <0.

By direct computation, we can verify the first part of Assumption 3A and Assumptions 3B and 3D
for Cy = a and C, = 1/a. We check the bound on p(\) in Assumption 3A by

p(\) = min \(z) + 2>

2
< )\£<ln(/\)> + In (2)\) by setting z := In(\)/a > 0
a a
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In?(\)
5

=1+
a

We next verify Assumption 3C for C3 = max{a,ae*/2}. The first part of Assumption 3C is
because

9(2) < at(z) < Cl(2).

For the second part of Assumption 3C, assume z < x without loss of generality. So we have
r — 1 < z < x. We discuss two cases.

e If 2> 0,then 0 < z < z, so ¢’ is continuous in [z, z]. Then (7) holds. Using ¢"(z) = ag(z)
for z > 0, g(+) is non-increasing, and 0 < z < y < x, we have

"(y) < agly) < ag(z) = ac™*g(x) < acg(x).
Plugging the above into (7) verifies Assumption 3C.

e If 2 <0,thenz < 1. So

g(z) > g(1l) =ae .

Note that ¢ is a%-smooth, so we have

S
[N

02) <l(x)+0(2)(z —2) + ?(z —z)?

< @)+ E(@)(z — ) + o g(a) (= — ),

which verifies Assumption 3C.

Flattend polynomial loss. For the flattened polynomial loss of degree a > 0, we have

oz) = {(1 +2)7% z2>0, {a(l +2)7@H) 2 >0,

1—az 2z <0, 9(2) = a z <0.

By direct computation, we can verify the first part of Assumption 3A and Assumption 3B for C, =
a. We check the bound on p()) in Assumption 3A by

p(A) = min M(z) + 22
< )\f()\l/(‘”?)) + \2/(a+2) by setting z := A/(@+2) >
< 9)\2/(a+2)

We next verify Assumption 3C for Cg = max{a, (a + 1)2%)}. The first part of Assumption 3C is
because

9(z) < al(z) < Cpl(z).

For the second part of Assumption 3C, assume z < x without loss of generality. So we have
r — 1 < z < x. We discuss two cases.
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e If 2 > 0,then 0 < z < x, so ¢ is continuous in [z, z]. Then (7) holds. Using ¢"(z) <
(a+1)g(z) for z > 0, g(-) is non-increasing, and 0 < z < y < x, we have

g(x) < (a+1)2°Mg(2).

T a+1
O'(y) < (a+ D) < (a+ Dg(=) = (a+1) (1 - )

142
Plugging the above into (7) verifies Assumption 3C.
e If 2 <0,thenz < 1. So
g(x) = g(1) = a2~ "+,

Note that / is a(a + 1)-smooth, so we have

02) < () + () (2 — 2) + 22 ; DI
<L)+ (z)(z — x) + (a+1)2%(2) (2 — z)?,

which verifies Assumption 3C.

We have verified all examples. |

The following lemma is useful in our analysis of general losses.

Lemma 20 Under Assumption 3A, we have

p(N)

(V) < =~

Proof (of Lemma 20) Recall that
p(\) = min M(z) + 22

Let z, be the optimal value. Then

which completes the proof. |
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Appendix H. Proof of Theorem 6

We first introduce some notation that will be used extensively in this section. For a loss function ¢
satisfying Assumptions 3A and 3B, define a radius

R.—6 Ve(2nT) + Cy + /21In(2n/6) + an. ®
Y

Define a ball centered at the initialization,
B:={w:|w—wo| < R}
Define a point-wise linearization error of the network within the ball as
§i(w,v) = filw) = fi(v) = (Vfi(v),w —v), w,veB.

Define the maximum linearization error as

&= sup sup‘gi(w,v)}
w,veB 1

Under Assumption 4, we verify that the gradient is bounded by

IVf(x;w)|| = Za§(¢’(xTW(s)))2Hx||2 <1. )
s=1

The proof of Theorem 6 breaks down into three parts. In Appendix H.1, we control the network
properties at the initialization; then in Appendix H.2, we bound the linearization error. These two
parts use standard techniques in the NTK literature. Results in Appendices H.1 and H.2 allow
us to show that a good event, under which the network is well-behaved at initialization and the
linearization error is small, happens with high probability provided there is a large enough network
width. Finally, in Appendix H.3, we analyze the GD dynamics under general losses assuming that
the good event holds.

It is worth noting that our analysis in Appendix H.3 is decoupled from Appendices H.1 and H.2
except assuming the good event holds. Therefore, our results for GD under general losses in Ap-
pendix H.3 directly apply to a simpler case of training linear models with zero initialization, since
the good event automatically holds in this case; we include this consequence explicitly as Theo-
rem 35 in Appendix L.

H.1. Initilization Bounds

The following lemma is from (Ji and Telgarsky, 2019), showing that the NTK features lead to a
large margin under Assumption 4.

Lemma 21 (NTK feature margin) Under Assumption 4, if m > 501n(n/8)/~?, then there exists
w. € R™ with |w.|| < 1 such that with probability at least 1 — §, we have

fori=1,....n, (y;Vfi(wo), wi) > El)% =0
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Proof (of Lemma 21) This is Lemma 2.3 in (Ji and Telgarsky, 2019). Choose

W = (%X(Wél)), e \%X(Wém))) '

By the condition on x in Assumption 4, we have ||w.| < 1. In addition, note that
1 m
WiV fi(wo)ow) = — 3 it/ (] wi ) (wi).
m s=1

By Assumption 4, we have

E(yiV fi(wo), w.) = By (x; wés>>x3 X(w§)) > .

By Hoeffding inequality, we have with probability at least 1 —

(YiV fi(wo), ws) > E(y; V fi(wo), wy) \/—lng >y — \/—ln%

By a union bound over i = 1, ..., n, we have with probability at least 1 — 4,
o
m1n<y1sz(W0 W* > Y= < l
5 10’
where the last inequality is because m > 501n(n/§)/~> [

The next lemma is also from (Ji and Telgarsky, 2019), showing that the model output is bounded
at initialization.

Lemma 22 (Initial function value) At initialization, with probability at least 1 — 9, we have
max | f;(wo)| < Cq + v/2In(2n/9).
(2

Proof (Of Lemma 22) This is a variant of Lemma 2.4 in (Ji and Telgarsky, 2019). Note that
x' W0 ~ N0, ][x?), [|x]| <1, and ¢(-) is 1-Lipschitz, so qb(xTw(()s)) is 1-subGaussian. There-
fore,

(oTwi), o olxTwi™))

is an m-dimensional, 1-subGaussian random vector. Note that

by (5)

f(x;wo) = \/1% Za b(x W(()s))
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is 1-subGaussian. So with probability at least 1 — J, we have

|f(x;wo) — Ef(x; wo)| < v/2In(2/0) < /2In(2/5).

On the other hand, recall that x " w{” ~ A/(0, |[x||?) and that

g

Z ~N(0,0%), Emax{Z,0} = — <o.
(0.0 (2,0} =
So we have
Ef(xiwo) = —= 3 a:Eg(x"wl)
9 m - 0
s=
1 m
< 7= Z as||x||
s=1
< C,. since Z as < Cy/m by (5)
Applying the triangle inequality and a union bound over xy, ..., X,, we have with probability at
least 1 — 0,
max | f(wo) | < masx (i (wo) + | i(wo) — E i (wo)l)
< Cy+ v/2In(2n/9).
This completes the proof. |

H.2. Linearization Error Bounds

The next lemma is a variant of Lemma 4.1 in (Telgarsky, 2021) (which comes from (Ji and Telgar-
sky, 2019)), connecting the linearization error with the network width m. The original version in
(Telgarsky, 2021) only provides a bound on the maximum linearization error. Here, we need to use
a slightly stronger version that tracks the point-wise linearization error.

Lemma 23 (Linearization error) With probability at least 1 — §, we have the following for every
w,Vv € B:

3RY3 + ' (n/s)
/o

Sup‘gi(wvvﬂ < ’ ||W_VH1

7

and

3RY3 4+ In'/*(n/6)
ml/6 '

sup [V fi(w) = Vfi(v)|| <

Proof (of Lemma 23) This is a variant of Lemma 4.1 in (Telgarsky, 2021). The proof is included
for completeness.
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Fix x. Using homogeneity of ¢, we have

and

Ex(w,v) = f(x;w) — f(x;v) = (Vf(x;v),w — V)
_ 15 T () 1 [Ty ® T (®)
_\/mZaS<]l[x w >0} ]l[x v >0} X W,
Control linearization error. For r to be determined, define

Sp = {5 € [m]: |XTW(()S)| < r||x||}
Sy = {s € [m] : ”W(S) — wéS)H > r}
Sy :={s€[m]: v — W((]S)H >r}.
One can verify that for every s ¢ Sop U S; U Sa,
sgn(xTw(S)) = Sgn(XTW(()S)), sgn(XTV(S)) = sgn(XTw(()s)).
So for every s ¢ Sy U S1 U So,
1 [XTW(S) > O] =1 |:XTW((]S) > 0} =1 |:XTV(S) > O] .

Then we have

’ [ 0} -1 [XTV(S) > 0} ’ . ‘XTW(S)}

<

|€x (W, V)] T Z
Lm Z ’ [ 0} -1 [XTV(S) > O} ‘ . ’XTW( s) —XTV(S)‘

since ‘X W S) XTV ‘ > }X W (s) if the indicator factor is non-zero
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< L Z 1 |:XTW(S) > 0} -1 [XTV(S) > O] . ‘XTW(S) - xTv(S)|
vm
s€SpUS1US2
the indicator factor is zero if s ¢ Sp U S1 U S

< \/1% Z xTw(®) — xTv()]

s€SHUS1USs

< —/|SoUS USy|- Z ‘XTW(s) — xTv(s)lz

m SES1US2US3
1
< ﬁ\/ |SoUS1 US| - ||lw —v][.

Count undesirable indexes. Then by Hoeffding inequality, with probability at least 1 — §, we
have

—_

[Sol = > 1[I wi| < ]
s=1
<mPr {|XTW88)| <rlx||} + %ln(l/é).

Since XTW(()S)/HXH ~ N(0,1), we have

Pr{|x w’| <rlx|} = Pr{x"wi’|/Ix]| < r}

1 r 9

= — exp(—27/2)dz
5 ) p(—2"/2)
2r

<—<r.
2

So with probability at least 1 — ¢,
|So| < mr + %mu/a).
On the other hand,
m
R2 Z Z ||W(S) _ W(()S) ”2 Z 7“2|81’,
s=1
which implies

|S1| < —-.

Similarly, we have

|S2| < —
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So

2R?

So U S USs| < mrr + %111(1/5) + o5

Picking r = R?/3m~1/3, then we have

2
|So US1 USa| < mr+ %ln(l/é) + ii;

< m*3(3R*3 4+ \/In(1/9)).
Union bound. Using all the above, we have: with probability at least 1 — 4,
1
[€x(w, V)| < TV [So US1 US| - [[w — v

1
< ﬁ\/m2/3(3R2/3 +V/I(1/0)) - |w - v
_ 3RY3 +1n'/*(1/6)

< 16 -|[Jlw —v]|, foreveryw,v e B.
Applying a union bound for the above to hold over x1, . . . , x,,, we get with probability at least 1 —§,
3RY3 +In'/*(n/s
sup [&i(w, V)| < + ?/6 (n/9) ||lw —vl|, foreveryw,v e B.
i m

Gradient bound. This part is similar to the previous argument. Fix x, we have

m

|V f(x;w) = VI V)| = 711521 1 [XTW(S) > 0] x—1 |:XTV(S) > 0} x i
< ;Sml 1 [XTW(S) > O} -1 [XTV(S) > 0} ’

Si"SOUSIUSQ‘.
m

Applying our bound on |Sp U S; U Sa| and a union bound over x, we get

1/3 4 1p1/4
S USUS < 3RY? 4+ 1n"/*(n/0)

m1/6

1
max ||V fi(w) = Vfi(w)]| < o=
holds with probability at least 1 — 4. -

Using Lemma 23, we can show that the linearization error is well-bounded when the network
width is sufficiently large.

Lemma 24 (Linearization error conditions) Recall that

R .= GW-FCCL + v/21n(2n/6) +7709.
Y
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Assume that

1/4 6
. (10(331/3 +In/ (n/a))) |
gl
then with probability at least 1 — 6, we have the following for every w,v € B:

Y Y
sup [§i(w, V)| < ——[lw —v|, sup|Vfi(w)—-Vfi(v)| < .
i 10 i 10
Proof (of Lemma 24) These follow from our choice of m and Lemma 23. |

H.3. Optimization Analysis under General Losses

The good event and the gradient potential. Let £ be the intersection of the events in Lemmas
21,22 and 24. Then we know & holds with probability at least 1 — 3¢ if the width m is large enough
as specified in Theorem 6. In what follows, we always operate under the good event £. We denote
the gradient potential by

G(w) = %Zg(ylf(xl,w))

=1

Our next lemma establishes both a uniform margin bound and a relative margin bound for pa-
rameters in a ball. The relative margin bound is crucial to get the right condition on width m and
the ball radius R.

Lemma 25 (Margin in a parameter ball) Under event £, we have

4
inf min(y;V fi(w), wy) > Sl
weB i )

As a consequence, for
u:=v+0w, vEDRB,

we have
forevery i and everyw € B, (y;Vfi(w),u) > 110(89 —|lw — VH) +yifi(v).
Proof (of Lemma 25) The first claim is because
WiV fi(w), wi) = iV fi(wo), ws) + (y: V fi(w) — V fi(wo), w)

9
= Tg = IVFi(w) =V filwo)| by Lemma 21

>4

Z by Lemma 24

To prove the second claim, for w € B, we have

yifi(v) = yi(fi(w) + (Vfiw),v = w) + & (v, w))
= yi(<Vfi(w), v) + &(v, w)) by the homogeneity of f

42



LARGE STEPSIZE GRADIENT DESCENT FOR LOGISTIC LOSS

<y (Vfi(w),v) + %Hw —v|l. by Lemma 24
Therefore, we have

(yiV fi(w),u) = iV fi(w), Ow.) + (y;V fi(w), v)
> 680~ w VI + yifi(v).

V

These complete the proof.
The next lemma establishes useful relationships between the gradient potential and the loss.

Lemma 26 (Gradient potential properties) Consider the loss and the gradient potential.

1. For ! satisfying Assumption 3C, we have

2. Under event £, we have

4y
= Gw) < [VL(w)] < G(w).
Proof (of Lemma 26) The first claim is by
1 n
G(w) =~ _g(uifi(w))
i=1
< Cs i é(ylfl(w)) by Assumption 3C
-
= CgL(w).

The upper bound in the second claim is by

vz =) iile'(yifxw))ym(w)H

IN

1 n
=S [E (wfiw)] - IV £i(w)]
i=1
< G(w). by (9)
The lower bound in the second claim is by

IVL(w)|[ = (VL(W), —w.)

= —% Z O (yi fi(w)) (i V fi (W), W)
=1

v

1 ¢ / 4y
- E ¢ (yzfz(w>) 5 by Lemma 25
n
i=1
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We have completed the proof. |

In the next lemma, we redo Lemma 7 for nonlinear models with controlled linearization errors
and general loss functions.

Lemma 27 (Split optimization) Consider a loss ( satisfying Assumptions 3A and 3B. Assume
event £ holds. Let u = uy + uy such that

2nCy
gl

u; =6w, +wg, up=

For everyt > 0 and R, € (0, R] such that

HW/C_WOHSRtv kIO,l,...,t—l,

we have
”M_‘l”?+1§L(w) 0(+(80 = R)/10 = (Ca + /2I(20/2)) ) + M.
2nt t prd 2nt

Proof (of Lemma 27) For k < t, we have

Wit —ull® = [[wi —ul® + 29(VL(wi), u — wi) + 0*|| VL(wp) ||°
= |wi — ul® + 29(VL(wy),u1 — wg) + 1(2(VL(wy), uz) + 1|V L(wy)|]?).

For the second term, we have

<VL<Wk), u; — Wk>

= > (i) 5V ), w — wi)

i=1
1 n
== Z 4 (ylfz(wk)) ((yini(wk), u) — yifi(wk)) by the homogeneity of f
< - Z ( (yiV fi(wg),u >) — ﬁ(yzfz(wk))) by Assumption 3A
<= Z (80 — |wr — wol|)/10 + yi fi(wo)) — L(w;) by Lemma 25
<= Ze (80 — R¢)/10 + y;i fi(wo)) — L(w). since ||wy — wol| < R, (10)

From Lemma 22 we have

lyi fi(wo)| < Cu + /2In(2n/9),
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then by the monotinicity of ¢ from Assumption 3A, we have

0(7(86 — Ri)/10 + y; fi(wo)) < E(’y(SH — R)/10 = (Cy + /2 ln(2n/5))>.

Therefore, the second term can be bounded by

(VL(wy),uy = wi) < €(3(80 = Ri)/10 = (Cy + v/21n(20/9)) ) —

For the third term, we have

2<VL(Wk) ug) + || VL(wy)||?
2

= 25 i) (T w0, e +77H Zf i (W) iV fi(wi)

i=1

S*Zﬁ yzfz Wk))yz<vfz(wk 112 +77< Ze yzfz Wk > by (9)

=1

2 n
< HEZH D (yifi(wi))yidV fi(wi), W) +1Cq - G(wy) by Assumption 3B
< _’YH;—2” G(wy) +nCy - G(wy) by Lemma 25
<0,

where the last inequality is by the choice of us.
Putting these together, we have for k < ¢

[Wee1 — ul> < [|wi — ul®> + 27 <€<7(89 — Ry)/10 — (Cy + \/21n(2n/5))) — L(Wk)>.

Telescoping the sum from 0 to ¢ — 1 and rearranging, we get
[we —ul? | 1 [ wo — up
B 423 Liwy) < ( (80 — Ry)/10 — (Cy + /2In(2n/3) )) ===
2nt 13 prd 2nt
which completes the proof. |

The following lemma combines an induction argument with the arguments in Lemma 8.

Lemma 28 (Risk and parameter bounds in the EoS phase) Consider a loss { that satisfies As-
sumptions 3A and 3B. Under event &, for everyt < T,

1%1 L) <9 p(v*nt) + (Ca + /2In(2n/8) + nCy )
tk:o - 0 77t
and
\/ 2nt "+ +/2In(2n/é
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Proof (of Lemma 28) We prove the claims by induction. For ¢ = 0, the two claims hold.
Now suppose the claims hold for 0, ...,¢ — 1, and consider ¢. By the inductive hypothesis, we
have

PO + Ca + /220 /8) + nC
fork = 0,1, t—1, [w—wo| < R < By i 6 PO+ Cat /2In(20/0) + 0Cy
7

So we can invoke Lemma 27. Recall that

2nC,
u=u +uy, u;=6w,+wy uy= Wi

Let us choose

g— 1R N 5/ p(v2nt) + Coy + /21n(2n/0)
=R+ ,

8 4 ¥

Then we can check that
5(7(89 — Ri)/10 — (Co + /2 ln(2n/5))> = 0(V/p(v*nt))
—, by Lemma 20

and that

2nC, 1 5/ p(v?nt) + Cy +y/2In(2n/6) 2
Hu—Wo||=9+%—fR 1 3 V/el) n(2n/d) |

T84 ~ -
Now using Lemma 27, we get

t—1

2
—1u 1 — a T+ Il
- " 4 77
k=0
" u 2
- vy 77t 277t

which implies that

lwe = wol| < [[wi —ul| + [[u = wo

2p(v2nt
< \/'”“” +lwo 4l — wol

v

< V20(2%nt) 2p(y2nt)

v

< V2p(y2nt) N R +5\/ p(v?nt) + C, —|—\/21n 2n/5
N Y '7

\/ (v2nt) +nCy + Cq +\/21n 2n/5

+ 2|lwg — u|
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and
t—1 2
1 t —
*ZL < 777)+||W0 u|
t prt v2nt 2nt
<p(7 77t) 1 < R+5\/ p(V2nt) + Co + v/21n(2n/9) 2170)
= e T gl
<o p(v*nt) + (nCy + Cq + /21In 2n/5)
- vt
These verify the claim for £. We have completed the proof. |

The following lemma is analogous to Lemma 9.

Lemma 29 (Gradient potential bound in the EoS phase) Consider a loss { satisfying Assump-
tions 3A and 3B. Under event £, we have

t—1
*ZG <12\/ p(v2nt) + Co + 1/21In(2n/0) —i—nC’ t< T

—

~

y2nt

Proof (of Lemma 29) By Lemma 28, we know w; € B for ¢t < T. Then we use the perceptron
argument (Novikoff, 1962),

(Wip1, We) = (Wi, i) = (VL(W¢), W)

= (Wi, w.) — ng’ (yis(w0)) eV fi(wi), w)

=1

> (W, Wy) — — Zﬁ’ yi fi( Wt by Lemma 25

= (W, Wy) + ?G(Wt).

Telescoping the sum, we have

-1

~+

1 (W, W) — (W(, Wy 5 —
- G(wy) < (< 1 W) = (Wo >) < [wi WOH'
t 4ynt 4vynt
k=0
Plugging in the parameter bound in Lemma 28 completes the proof. |

The following lemma is analogous to Lemma 10. However, our focus here is a nonlinear pre-
dictor that might not be twice differentiable. We address this issue using the self-boundedness of
the loss in Assumption 3C and a slightly longer induction argument.

Lemma 30 (Stable phase) Consider a loss { satisfying Assumptions 3A to 3C. Suppose event £
holds. Suppose there exists s < T such that

1
Liw.) < ——
(ws) < 1202y’

then for every t € [s,T] we have,
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I G(wy) < 1/(12Cn).

2. L(wii1) < L(wy) — 2| VL(wy)|2 < L(wy).

Proof (of Lemma 30) Note that wy, ..., wr all belong to B by Lemma 28.
We first show that Claim 1 implies Claim 2. Note that

[Wer1 — wel| = n||VL(w)]|

<n-G(wy) by Lemma 26
1
< 3 by Claim 1

So we have

i fi(Wir) = yi fi(We)| = [0V fi(We), Wisr — W) + (W1, W) |

< lIweer = will + ggllweer = w by 9)
1 v .

<-4 =<1 since v < 1
2 20

Denote z;; = y; fi(w¢), then |z;+ — z; 1+1] < 1. By Assumption 3C we have
Uzigs1) < L(zi0) + (i) (Zigrr — 2i0) + Cag(zin) (Zigrn — 2i0)?
< U(zig) + 0 (2i) (Ui V fi(We), We1 — W) + [0 (zi)] - 1€ (W1, We)|
+2C59(zi) (| V filwe), Wees = wi) 2+ |6, wo) ).

Applying the gradient bound (9) and the local linearization error bound in Lemma 24,
Giw. V) < Hllw =], wveB,
we get

Uzigg1) < Lzip) + 0 (2i0) WiV fi(We), Wipr — W) + g(2i0) - %OHWH-I — wi|

2
+2C59(z0) (Wit = will? + T [Wees = wil[2)

< (2i) + 1 (zie) WiV fi(We), Wi — we) + g(zi4) - 110||Wt+1 — Wl
+3Cs9(2i)[[wip1 — wil?,

where the last inequality is because v < 1. Taking average over ¢ = 1,...,n, we get
L(wit1) < L(wy) + (VL(we), Wi — wy) + G(wy) - 110||Wt+1 — w|
+3C3G(Wep1) - [[Wig1 — w2
mn
= L(wy) = nl| VL(we)|[* + G(wy) - 10 IVE(w)ll
+3C°G(we) - [V L(we)|”
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< L(wy) — || VL(we) || + gHVL(Wt)HQ by Lemma 26
+ VLW by G(we) < 1/(12C;n)
on
= L(wi) = [ VLW

which verifies Claim 2. We have shown that Claim 1 implies Claim 2.
Next, we prove a stronger version of Claim 1 by induction, that is,

forevery t € [s,T|, L(wy) G(wy) <

1
< . 11
- 1203’ 12C3n (D

* For t = s, using our assumption on L(w) and Lemma 26, we have

1
12Csn’

which verifies (11) for s.

* Now suppose that (11) holds for s, s + 1, ..., ¢. Since Claim 1 implies Claim 2, we have

1
L <L <...< L < ——F.
(Wer1) < L(wy) < < L(ws) < 120%”
From Lemma 26, we have
1
12Csn°

These together verify (11) for ¢ 4+ 1 and thus complete our induction.

G(wit1) < CgL(wig) <

We have proved all claims. n

The following lemma shows that all data is classified correctly when the training loss is low.
This lemma is only used in the convergence analysis in the stable phase.

Lemma 31 Consider a loss { satisfying Assumption 3A. For every w such that

£(0)

)

L(w) < -

then y;fi(w) > 0fori=1,...,n,

Proof (of Lemma 31) Since ¢(-) > 0 by Assumption 3A, we have

n

1 1 £(0
Loysfitwa)) < Liwy) = =3 t(isitwa)) < L2
n n n
which implies
((yifi(w)) < €(0).
Then the monotonicity of £(-) by Assumption 3A implies y; f;(w) > 0. [ |

The following lemma is analogous to Lemma 11. Again, we use an additional induction argu-
ment to get a sharp width condition.
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Lemma 32 (Convergence in the stable phase) Consider a loss { satisfying Assumptions 3A to 3C.
Suppose event £ holds. Suppose there exists a time s < T such that

L(w,) < min{ ! 6(0)}

12C%n" n

Then for every 0 <t <T — s, we have

p(y*nt)
L <16 ,
(Wst) < ~2nt [

\/ 2nt
—w| < 6M_
Y

Proof (of Lemma 32) The first upper bound on L(w) enables Lemma 30 for s onwards. Therefore
we have for k > 0,

8
MVl <

8
(L(Woik) = L(Weiri1)) < 5L(Ws+k)- (12)

Next, we use induction to prove the claims. For ¢ = 0, the claims hold. Consider ¢. By the
inductive hypothesis, we have

2nk nt
fork=0,....,t —1, | Wi — ws]| §6\/p('y nk) §6\/p(7 n):: R.
Y

v

Choose a comparator centered at wg,

1
u:=w,+0w, 0:=-R +

51/ p(v?nt)
8 4 '

For k <t — 1, we have

[Wesror = ll” = [Work — wl> + 20(VL(Wars), u — Waps) + 0P VL (Wi

8
< HWerk - qu + 277<VL(Ws+k)a u-— Ws+k> + gnL(Ws+k) by (12)

Repeating the argument in (10), we can bound the second term by

n

(VLW 1) 0= Wak) < 57 (80— (Wi — wall 10+ gifi(wa) — L(wa).
=1

The assumption that L(w) < £(0)/n allows us to apply Lemma 31, so y; fi(ws) > 0 and thus

V(80 — [[Wosr — wil|) /10 + yi fi(ws) = (80 — [[ Wy — wsl])/10
> ~(80 — R')/10 by the inductive hypothesis

= /p(¥?nt). by the choice of ¢

Using the monotonicity of ¢ by Assumption 3A, we get

C((80 — [[Wir — Wsl))/10 + yi fi(ws)) < £(\/p(72nt)).
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So we can further control the second term by
(VL(Weir),u— Wepg) < £(v(80 — R')/10) — L(Wsk).
Bringing this back, we get
Iwanin =l < wass — wl + 20(0(V/p020) — L(we)) + 2 Llwar)
= [[we — ul® + 206(v/p(208)) — ?L(wm).
Telescoping the sum from 0 to ¢ — 1 and rearranging, we get

t—1
5| Wett — 11H2 1

RS kz_o L(weir) < 50(v/p(v%nt)) +

5llws —ul?
2nt

p(v2nt) L Slws = uf?

<5
Tt 2nt

by Lemma 20.  (13)

Back to our induction. For case ¢, we have

Wit = Wil < [|Wsis —ufl + [[ws —u]]

<V 2p(vnt) /2 4 2||lws — ul| by (13)

20(2nt) 1, 54/P(y’nt)
= M +-R+-X— = by the choice of u
g 4 2 g
2
pynt
B LAl
~
and
t—1 2 2
1 p(?nt) 5 (1_, 5 p(v*nt)
- L <5 — | =R+ - by (13
t = (Woi) < ¥t * 2nt \ 8 * 4 0% y (13)
2
_ 15p(72 )
et
We complete our induction by using the monotonicity of L(w;) for ¢ > s by Lemma 30. |

The next lemma shows a (weak) phase transition time bound without using the exponential tail
condition of the loss.

Lemma 33 (Phase transition time) Consider a loss { satisfying Assumptions 3A and 3B. Suppose
event £ holds. Define

Then there is C > 0 as a function of Cy, Cy, Cg, £(0), In(1/6) for the following to hold. Let

T = L max {w_l (Clr+n))

, C(n+n }
2 » (n+n)n
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If 7 < T, then there exists 0 < s < 7 such that

Proof (of Lemma 33) Applying Lemma 28 with ¢ = 7, we have

T—1

%ZL(Wk) <9’ el + (G +7\/7727th/6+770 )
k=0

Choose 7 such that

2T > max {1/}1 (18(120§n + 5(78)»
18(12cﬁn+£(78 )(C +1/2In(2n/8) + C,) }

It is clear that

1 p(N) _ 22
N 1 7 Vi il
SOy T a Cmind) 4
is a decreasing function. So for 77727 we have
2
1
90(72 ) _q :
VAT U(my?T)
<9 !
18 (120577 + n/E(O))
1 1
2 12030 +n/0(0)’
and
(C ++/21n(2n/9) —1-770) 1 1
VT =3 12C%n +n/L(0)
These two inequalities together imply that
13 p(v*n7) + (Cq + /21n(2n/5) —1-770)
=3 Liwy) <907
T =0 ’7 nrt
1
< 1202
12C%n + n/(0)
< mi 1 £40)
min
- 120%77’ n J’
which implies that there exists s < 7 for L(w) satisfies the right hand side bound. |

The next lemma shows a stronger phase transition bound assuming an exponentially tailed loss.
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Lemma 34 (Phase transition time under exponential tail) Consider a loss ¢ satisfying Assump-
tions 3A, 3B and 3D. Suppose event £ holds. Then there is C > 0 as a function of Ce, Cy, Cq, Cp,
£(0), In(1/9) for the following to hold. Let

T = f;;max {n, nln(n)},

if T < T, then there exists 0 < s < 7 such that

Proof (of Lemma 34) Under Assumption 3D, we have,
0(2) < Ceg(z) = —Cl'(2), z>0,

which implies

0z) — ¢
Integrating both sides, we get
°l(2) -1
Inl(xz) <Inf(0) + 7 )dazglnﬁ(O)—Ce z, x>0,
z=0 <

which implies
U(z) < L(0)exp (—C.'z), z>0.
Using the exponential tail property, we have
p(\) = min M(z) + 2
< M(CeIn(N)) + C21In*(N)
< £(0) + C%In%(N). (14)

Applying Lemma 29 for 7, we have

152 ) < g VAT ot IR 406,

2
T =0 yenT
V) + 2 (32y7) + Co + /2In(20/5) +nC,
<12 . by (14)
vt
< 12Ce In(v%7) + n(Cy + Ce) + /€(0) + Cy + /2In(2n/6)
B VT
<19 %111(727') +Cg+Ce N VA0) +Ca+v/2In(2n/0) 1
T oo\n T VAT U vr)
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So there exists C' > 0 as a function of Ce, Cy, C,, C, £(0), In(1/4), such that
731 > C max {n, nln(n)}
implies that

7—1
1 , 1 £(0)
it < —_—, —L .
T kZ:O G(wg) < min { 126’66’5777 Cen}

So there exists s < 7 such that

. 1 0)
< _ .
Glws) < min { 120.C2n’ C’en}

The last upper bound ensures that for every ¢,

%g(yifi(ws)) < G(ws) = %Zg(yifi(ws)) < 40 _ 90

i=1

where the last inequality is due to Assumption 3D. The above implies

yifi(ws) >0

since g(+) is non-increasing by Assumption 3A. So we can apply Assumption 3D for y; f;(ws) and
get

g(ylfz(ws)) < Ceg(yifi(ws))-

Taking an average over¢ = 1,...,n, we get
L(ws) < C.G(wy).
We complete the proof by plugging in the upper bound on G(wy). |

The proof of Theorem 6 follows from the above lemmas.
Proof (of Theorem 6) It follows from Lemmas 28 and 32 to 34. |

Appendix I. General Losses and Linear Model

We restate our Theorem 6 for a linear model under general loss functions.

Theorem 35 (General losses and linear model) Consider (GD) with stepsize n > 0 for linear
classification

1 n
L(w):= - Zé(yixz—»rw), w € R%,
i=1

where the dataset (x;,y;)!"_, satisfies Assumption 1 and the loss function { satisfies Assumptions 3A
and 3B. Then we have the following.
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* The EoS phase. For everyt > 0 (and in particular in the EoS phase), we have

t—1 2 2
1 t)+ (nC,
7ZL(WR)§9p(7n)2 (nCy)”
tk:o yent

* The stable phase. Assume that the loss ¢ also satisfies Assumption 3C. If s is such that

. 1 2(0
L(w) < min { 120%”, (n)}’ (15)

then (GD) is in the stable phase, that is, for every t € [s,T|, L(w;) decreases monotonically, and
moreover,

* Phase transition time. There exists a constant C1 > 0 that only depends on Cg4, Cp, and £(0)
such that the following holds. Let

1 {¢_1 (01(77+n))
T = 72maX
v n

If T < T, then (15) holds for some s < T.

, C’1(77+n)77}, where P(N) 1= ,0()\)

* Phase transition time under an exponential tail. Assume that the loss { further satisfies Assump-
tion 3D, then there exists a constant Cy > 0 that only depends on C., Cy, Cg, £(0), and In(1/7)
such that the following holds. Let

T = %max{n, n}
Y
If 7 < T, then (15) holds for some s < T.

Proof (of Theorem 35) This is proved by reusing results in Appendix H.3 under a good event
where the margin is v > 0.9+, the initial predictor is zero,

-
yix; wo =0,

the linearization error is zero, and the predictor gradient difference is zero (that is, for f(x;w) =
x'w, we have ||V f(x;w) — Vf(x; V)| = 0).

We remark that different from Theorem 6, here the phase transition time bound under an expo-
nential tail only depends on n instead of nIn(n). This difference is because the initial predictor in
the NTK case depends on In(n), while our initial predictor is zero. See more details in the proof of
Lemma 34. |
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