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Abstract

We consider gradient descent (GD) with a constant stepsize applied to logistic regression with

linearly separable data, where the constant stepsize η is so large that the loss initially oscillates.

We show that GD exits this initial oscillatory phase rapidly — in O(η) steps, and subsequently

achieves an Õ(1/(ηt)) convergence rate after t additional steps. Our results imply that, given a

budget of T steps, GD can achieve an accelerated loss of Õ(1/T 2) with an aggressive stepsize

η := Θ(T ), without any use of momentum or variable stepsize schedulers. Our proof technique is

versatile and also handles general classification loss functions (where exponential tails are needed

for the Õ(1/T 2) acceleration), nonlinear predictors in the neural tangent kernel regime, and online

stochastic gradient descent (SGD) with a large stepsize, under suitable separability conditions.

Keywords: optimization; logistic regression; gradient descent; edge of stability; acceleration

1. Introduction

Gradient-based methods are arguably the most popular optimization methods in modern machine

learning. The simplest version, constant-stepsize gradient descent (GD), is defined as

wt := wt−1 − η∇L(wt−1), t = 1, 2, . . . , T, (GD)

where w ∈ R
d is the trainable parameter, L(·) is the loss function, η > 0 is a stepsize fixed across

the iterates, and w0 is the initialization. We focus on understanding GD with a large stepsize, which

means that the induced loss does not decrease monotonically.

The classical theory for constant-stepsize GD assumes a small stepsize such that the induced loss

decreases monotonically (Nesterov, 2018). For example, if L(w) is β-smooth, then choosing η <
2/β guarantees L(wt) to decrease monotonically, a result known as the descent lemma (Nesterov,

2018, Section 1.2.3). Fruitful convergence results have been developed for small stepsize GD based

on the descent lemma or its variants. However, little theory is known when GD is run with a large

stepsize (for instance, η > 2/β for a β-smooth function), which induces non-monotonic loss values

(exceptions will be discussed later in Section 1.1). Cohen et al. (2020) refer to this as the edge of
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stability (EoS) regime, and they further point out that GD usually operates in the EoS regime for

trained neural networks to exhibit reasonable optimization or generalization performance (Wu and

Ma, 2018; Cohen et al., 2020).

This work considers large stepsize GD in minimal yet natural machine learning settings, such

as logistic regression:

L(w) :=
1

n

n
∑

i=1

ln
(

1 + exp(−yix⊤
i w)

)

, (xi, yi) ∈ R
d × {±1}. (1)

Our first main result (Theorem 1) characterizes the dynamics of large stepsize GD for logistic re-

gression with linearly separable data. We show that GD initially induces a non-monotonic loss

(the EoS phase) and then exits this regime in finite time (phase transition), and afterwards the loss

decreases monotonically (the stable phase). Specifically:

1. The EoS phase. First, we show the loss averaged over t steps decreases at a rate of Õ
(

(1 +
η2)/(ηt)

)

for GD with an arbitrarily large stepsize η. In particular, this applies to GD in the EoS

phase where the loss oscillates locally.

2. Phase transition. Second, we show that GD exits the initial EoS phase (if it ever enters) in O(η)
steps. Then GD undergoes a phase transition and enters a stable phase, where the loss decreases

monotonically, and stays in this phase.

3. The Stable phase. Finally, we show in the stable phase, the loss decreases monotonically at

an Õ
(

1/(ηt)
)

rate after t steps. Figures 1(b) and 1(d) empirically verify that this rate is sharp

asymptotically (as t→ ∞) ignoring logarithmic factors.

The above result immediately justifies the benefits of a large stepsize for improving optimization

efficiency. First, a larger η yields a smaller constant factor in the asymptotic bound, Õ(1/(ηt)).
We highlight that η can be an arbitrarily large constant, beyond the classical wisdom that constrains

η by the inverse smoothness (Nesterov, 2018). Second, given a budget of T steps, GD attains an

Õ(1/T 2) loss when equipped with an aggressive stepsize η := Θ(T ) that optimally balances the

steps spent in the EoS and stable phases (see Corollary 2). In contrast, we also provide an Ω(1/T )
loss lower bound for constant-stepsize GD that does not enter the EoS phase (see Theorem 3). Our

theory explains the empirical observations in Figure 1.

We extend the above result in three notable aspects.

• General losses. We relax the logistic loss in (1) to general classification loss functions under

a set of conditions (see Assumption 3 and Theorem 6). Specifically, the EoS bound relies on

the Lipschitzness of the loss, the stable phase bound relies on an additional self-boundedness

condition, and the Õ(1/T 2) acceleration relies on the loss having an exponential tail.

• Nonlinear models. We extend the linear predictor in (1) to a two-layer network in the neural

tangent kernel (NTK, Jacot et al., 2018) regime (Theorem 6). To our knowledge, this is the first

NTK result that accommodates an arbitrarily large stepsize (the minimum network width depends

on the stepsize). For a constant stepsize, the minimum network width is polylogarithmic in the

number of steps and the number of samples, recovering the main result of Ji and Telgarsky (2019)

as a special case.
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progressive sharpening, where the sharpness increases until around 2/η, and EoS, where the sharp-

ness oscillates around 2/η. Their definition of EoS and ours are equivalent for quadratic functions,

and our definition highlights the unstable loss behaviors more explicitly for non-quadratic functions.

Additionally, a transition from the EoS phase to the stable phase is observed in neural networks

trained with cross-entropy loss (see Cohen et al., 2020, Appendix A). Our theory offers valuable in-

sights into the EoS and stable phases but remains inconclusive regarding the progressive sharpening

phenomenon.

1.1. Related Works

Large stepsize and EoS. Empirically, training neural networks with GD (or large batch SGD)

often requires a large stepsize to achieve reasonable optimization and generalization performance

(see, for example, Hoffer et al., 2017; Goyal et al., 2017; Wu and Ma, 2018; Cohen et al., 2020),

whereby the training loss exhibits non-monotonic behavior. Cohen et al. (2020) introduce the term

edge of stability (EoS) to refer to this. The theory of EoS and large stepsize has been studied in

various cases, such as one- or two-dimensional (nearly analytic) functions (Zhu et al., 2022; Ahn

et al., 2023; Kreisler et al., 2023; Chen et al., 2023; Wang et al., 2023), scale-invariant networks

(Lyu et al., 2022), diagonal linear networks (Even et al., 2023; Andriushchenko et al., 2023), and

matrix factorization (Wang et al., 2022b; Chen and Bruna, 2023). Besides, there are some general

theories for EoS (Kong and Tao, 2020; Ahn et al., 2022; Damian et al., 2022; Ma et al., 2022; Wang

et al., 2022c; Lu et al., 2023), but they are built up on subtle assumptions. In comparison, we work

in a natural classification setting under standard assumptions.

Among the literature of EoS, the work by Wu et al. (2023) is most relevant to us. They show the

convergence of GD with an arbitrarily large stepsize for logistic regression with linearly separable

and non-degenerate data. Our work significantly improves theirs. First, the constant factors in their

bounds are exponential in the stepsize η. In comparison, we nail down the dependence on η in each

phase (see Theorem 1), establishing the Õ(1/(ηt)) asymptotic rate and the Õ(1/T 2) acceleration

with stepsize η = Θ(T ) (see Corollary 2). So we explain the benefits of large stepsizes while they

cannot. Second, they require the dataset to be non-degenerate such that the support vectors span

the dataset (see their Assumption 3), while we do not need this condition. Finally, their results are

specialized to GD and logistic regression, while our approach is versatile and also handles general

classification losses, nonlinear predictors in the NTK regime, and SGD with a large stepsize.

Variable stepsize schedulers. AdaBoost (Freund and Schapire, 1997), in the language of convex

optimization, is coordinate descent with an exponentially increasing stepsize scheduler, achieving

an exp(−Ω(t)) rate (see Telgarsky, 2013, for example). Following this idea, a line of work (Nac-

son et al., 2019; Ji and Telgarsky, 2021; Ji et al., 2021) considers GD with an increasing stepsize

scheduler (that adapts to the loss value) and obtains faster rates for linear classification under ex-

ponentially tailed losses. Despite the increase in stepsize, the loss in these works always decreases

monotonically as the gradient dynamics satisfy a local version of the descent lemma. In contrast,

we focus on a large stepsize that allows GD to enter the EoS phase where the loss oscillates. We re-

mark that our results for constant stepsize can be applied recursively for analyzing variable stepsize

schedulers, but this is beyond the scope of the current paper.

A recent line of work uses variable stepsize schedulers to accelerate the worst-case rate of GD

for a class of problems (Kelner et al., 2022; Altschuler and Parrilo, 2023, and references therein). In

particular, Altschuler and Parrilo (2023) show that GD with the Silver stepsize scheduler achieves an

4
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O(1/t1.2716) rate for smooth convex optimization. Similarly to our work, they achieve acceleration

by using aggressive stepsizes that result in oscillatory losses. However, they design a delicate vari-

able stepsize scheduler that improves the worst-case rate of GD, while we focus on constant-stepsize

GD for linear classification problems.

Malitsky and Mishchenko (2020) design an adaptive stepsize scheduler for GD for smooth con-

vex optimization, where they show a convergence rate without an explicit dependence on the global

smoothness parameter. Their analysis involves two consecutive GD steps, instead of using the clas-

sical descent lemma. Thus their analysis also allows non-monotonic loss. In comparison, we focus

on GD with a large but constant stepsize, and our analysis relies on the separability condition of the

dataset instead of variable stepsizes.

Neural tangent kernel. The neural tangent kernel (NTK) is most prominently presented and

named by Jacot et al. (2018), and similar concepts are used by subsequent works to analyze the

early training dynamics of GD. In the majority of these works (see Du et al., 2018; Zou et al., 2018;

Zou and Gu, 2019; Allen-Zhu et al., 2019, for example), the stepsize of GD is o(1) and vanishes as

a function of other parameters such as the target error or the level of overparameterization. The only

two exceptions are by Ji and Telgarsky (2019) and Chen et al. (2020), allowing a constant stepsize

smaller than 2/β, where β is the smoothness of the objective near initialization. In comparison, our

NTK result (see Theorem 6) handles arbitrarily large stepsizes, in particular, it recovers the related

result of Ji and Telgarsky (2019) when specializing the stepsize to a constant.

2. GD for Logistic Regression

We now present our results on GD for logistic regression. We assume the dataset is bounded and

linearly separable.

Assumption 1 (Bounded and separable data) Assume the training data (xi, yi)
n
i=1 satisfies

A. for every i = 1, . . . , n, ‖xi‖ ≤ 1 and yi ∈ {±1};

B. there is a margin γ > 0 and a unit vector w∗ such that 〈yixi, w∗〉 ≥ γ for every i = 1, . . . , n.

The next theorem characterizes the behaviors of GD for logistic regression.

Theorem 1 (Bounds on risk and phase transition time) Consider (GD) with stepsize η > 0 for

logistic regression (1) under Assumption 1. Without loss of generality, assume w0 = 0. We say that

GD is in the stable phase at step t when L(wt) decreases monotonically from t onwards, and in the

EoS phase when it does not. Then we have the following:

• The EoS phase. For every t > 0 (and in particular in the EoS phase), we have

1

t

t−1
∑

k=0

L(wk) ≤
1 + ln2(γ2ηt) + η2/4

γ2ηt
.

• The stable phase. If s is such that

L(ws) ≤
1

η
, (2)

5
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then (GD) is in the stable phase, that is,
(

L(wt)
)

t≥s
decreases monotonically, and moreover,

L(wt) ≤
2F (ws) + ln2(γ2η(t− s))

γ2η(t− s)
, where F (w) :=

1

n

n
∑

i=1

exp(−yix⊤
i w).

• Phase transition time. There exists s ≤ τ such that (2) holds and F (ws) ≤ 1, where

τ :=
60

γ2
max

{

η, n, e,
η + n

η
ln
η + n

η

}

.

The proof of Theorem 1 is deferred to Appendix B. Theorem 1 provides control over the average

loss in the EoS phase, the last iterate loss in the stable phase, and the maximum length of the EoS

phase. Note that GD might never enter the EoS phase. For instance, this happens when the stepsize

is sufficiently small such that (2) holds for ws = w0 = 0. However, if GD enters the EoS phase at

the beginning of the optimization, the algorithm must undergo a phase transition and switch to the

stable phase after a finite time. We emphasize that Theorem 1 allows an arbitrarily large η.

Benefits of large stepsizes. Theorem 1 shows that a large stepsize improves optimization effi-

ciency in two ways. First, when η = O(1), the EoS phase ends in finite time, so asymptotically

GD stays in the stable phase and attains an Õ
(

1/(ηt)
)

rate. In this case, a larger stepsize leads to a

smaller constant factor. We also note that this rate can be sharp ignoring logarithmic factors accord-

ing to the experimental results in Figures 1(b) and 1(d). Interestingly, recall the classical rate of GD

for smooth convex optimization is O
(

1/(ηt)
)

for η < 2/β, where β is the smoothness parameter

(Nesterov, 2018, Theorem 2.1.14). Our results (nearly) match this rate but remove the η < 2/β
condition for logistic regression, a special class of smooth convex optimization problems.

Second, Theorem 1 suggests that GD with a larger stepsize converges faster in the stable phase,

but it takes more steps to exit the initial EoS phase. Picking a stepsize proportional to the total

number of steps will balance these two effects and lead to an acceleration effect. This is formalized

by the following corollary (the proof is deferred to Appendix C).

Corollary 2 (Acceleration of a large stepsize) Under the same setup as in Theorem 1, consider

(GD) with a given budget of T steps, where T ≥ 120max{e, n}/γ2. Then for

η :=
γ2

120
T,

we have τ ≤ T/2 and

L(wT ) ≤ 480
ln2(γ4T 2)

γ4T 2
= O

(

ln2(T )

T 2

)

.

Corollary 2 shows that GD attains an Õ(1/T 2) loss after T steps with a large stepsize η = Θ(T ).
We point out that the final low loss is a consequence of the initial EoS phase. In particular, the next

theorem (the proof is deferred to Appendix D) shows that in general, GD with T steps of fixed

stepsize must suffer an Ω(1/T ) loss if it never enters the EoS phase.
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Theorem 3 (Lower bound in the classical regime) Consider (GD) with w0 = 0 and stepsize η >
0 for logistic regression (1) on the following dataset:

x1 =
(

γ,
√

1− γ2
)

, x2 =
(

γ, −
√

1− γ2/2
)

, y1 = y2 = 1, 0 < γ < 0.1.

It is clear that (xi, yi)i=1,2 satisfy Assumption 1. If
(

L(wt)
)

t≥0
is non-increasing, then

L(wt) ≥ c0/t, t ≥ 1,

where c0 > 0 is a function of γ but is independent of t and η.

We remark that the acceleration in Corollary 2 requires the budget to be at least linear in the

sample size, that is, T ≥ Ω(n). This requirement is rooted in the phase transition time bound in

Theorem 1. We conjecture our phase transition time bound, especially its dependence on the sample

size, is improvable, and thus the T ≥ Ω(n) condition in Corollary 2 can be relaxed. Some empirical

evidence is provided in Figure 2 in Appendix A.

A proof technique. We now showcase a powerful yet surprisingly simple technique for handling

large stepsizes, which lies at the heart of the proof of Theorem 1. To begin with, consider a com-

parator u := u1 + u2. Then from the definition of (GD), we have

‖wt+1 − u‖2 = ‖wt − u‖2 + 2η〈∇L(wt),u−wt〉+ η2
∥

∥∇L(wt)
∥

∥

2

2

= ‖wt − u‖2 + 2η〈∇L(wt),u1 −wt〉+ η2
(

〈∇L(wt), 2u2/η〉+
∥

∥∇L(wt)
∥

∥

2

2

)

.

The last term is non-positive when we choose u2 := w∗ · η/(2γ), because

〈∇L(wt), 2u2/η〉 =
1

n

n
∑

i=1

ℓ′(yix⊤
i wt)〈yixi, 2u2/η〉 ≤

1

n

n
∑

i=1

ℓ′(yix⊤
i wt),

where we use 〈yixi,w∗〉 ≥ γ and ℓ′(·) ≤ 0, and

∥

∥∇L(wt)
∥

∥

2

2
=

∥

∥

∥

∥

1

n

n
∑

i=1

ℓ′(yix⊤
i wt)yixi

∥

∥

∥

∥

2

2

≤
(

1

n

n
∑

i=1

ℓ′(yix⊤
i wt)

)2

≤ 1

n

n
∑

i=1

|ℓ′(yix⊤
i wt)|,

where we use ‖yixi‖ ≤ 1 and |ℓ′(·)| ≤ 1. Dropping the last term, we have

‖wt+1 − u‖2 ≤ ‖wt − u‖2 + 2η〈∇L(wt),u1 −wt〉 ≤ ‖wt − u‖2 + 2η
(

L(u1)− L(wt)
)

,

where we use the convexity of L(·). Telescoping the sum from 0 to t and rearranging, we obtain

‖wt − u‖2
2ηt

+
1

t

t−1
∑

k=0

L(wk) ≤ L(u1) +
‖w0 − u‖2

2ηt
. (3)

Let us choose u1 := w∗ · ln(γ2ηt)/γ, then we have L(u1) ≤ 1/(γ2ηt) and ‖w0 − u‖ = ‖u‖ =
ln(γ2ηt)/γ + η/(2γ). Then (3) allows us to control the average loss and the norm of wt under any

stepsize η > 0. We refer the reader to Appendix B for a complete proof of Theorem 1.
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Other acceleration techniques. Our focus in this paper is to understand the benefits of using a

large but constant stepsize in GD. Based on a simple yet powerful technique, we show that GD

with a suitably large stepsize leads to non-monotonic loss and achieves improved optimization ef-

ficiency. Our techniques are orthogonal to standard acceleration methods such as momentum and

variable stepsize schedulers. We conjecture these techniques can be combined to obtain an even

faster optimization. This is left for future work.

Implicit bias and generalization. We conclude this part by discussing the implicit bias and gen-

eralization of the output of GD with a large stepsize, η. When η = O(1) compared to the number

of steps, we can apply existing implicit bias results (Soudry et al., 2018; Ji and Telgarsky, 2018) to

GD in the stable phase (replacing the initialization by ws) to show the direction of the GD iterate

asymptotically converges to the max-margin direction. In this situation, the generalization of the GD

output is guaranteed by standard margin-based generalization bounds (Bartlett and Shawe-Taylor,

1999, for example).

When η ≥ ω(1) compared to the total number of steps T (for example, η = Θ(T ) as in Corol-

lary 2), existing implicit bias results (Soudry et al., 2018; Ji and Telgarsky, 2018) can no longer

be applied. In particular, our bound on the norm of the GD iterates is as large as O(η) (see (3)

or Lemma 8 in Appendix B), which prevents us from proving a good margin for the GD iterates.

Nonetheless, as the final GD iterate attains low training error, the standard uniform-convergence

theory is applicable to guarantee its generalization. We refer the reader to Proposition 15 in Ap-

pendix E for one such bound.

We leave for future work the study of the implicit bias and generalization of GD with a very

large stepsize, that is, η ≥ ω(1) compared to the total number of steps T .

3. SGD for Logistic Regression

We next consider constant-stepsize online stochastic gradient descent (SGD) for logistic regression,

defined as

wt+1 := wt − η∇Lt(wt), where Lt(w) := ln
(

1 + exp(−ytx⊤
t w)

)

, t ≥ 0. (SGD)

Here, (xt, yt)t≥0 are independent and identically distributed according to the following assumption.

Assumption 2 (Bounded and separable distribution) Assume that (xt, yt)t≥0 are independent

copies of (x, y) that follows a distribution such that

A. the label is binary, y ∈ {±1}, and ‖x‖ ≤ 1, almost surely;

B. there exist a margin γ > 0 and a unit vector w∗ such that 〈yx,w∗〉 ≥ γ, almost surely.

The following theorem controls the population logistic loss and the population zero-one loss of

SGD with a large stepsize.

Theorem 4 (Risk and error bounds) Consider (SGD) with stepsize η > 0 for logistic regression

under Assumption 2. Without loss of generality, assume w0 = 0. Denote

L(w) := E ln
(

1 + exp(−yx⊤
w)
)

,

8
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where the expectation is over (x, y) as in Assumption 2. Then with probability at least 1 − δ over

the randomness of (xk, yk)
t−1
k=0, we have

1

t

t−1
∑

k=0

L(wk) ≤
2 + 2 ln2(γ2ηt) + η2/2

γ2ηt
+

3 + 2 ln(γ2ηt) + η

γ
· 18 ln(1/δ)

t
,

and

1

t

t−1
∑

k=0

Pr(yx⊤
wk ≤ 0) ≤ 4

(√
2 + 2 ln(γ2ηt) + η

)

γ2ηt
+

36 ln(1/δ)

t
.

The proof of Theorem 4 is deferred to Appendix F. The population logistic loss bound in The-

orem 4 allows SGD with a stepsize as large as o(t). For instance, in t steps, SGD achieves an

O(1/
√
t) population logistic loss on average with η :=

√
t. This is in contrast to the typical on-

line smooth convex optimization results, where the stepsize for SGD is a small constant or even

vanishing (see Hazan, 2022, Chapter 3, for example).

The population zero-one error bound in Theorem 4 allows SGD with an arbitrarily large stepsize.

In particular, for a large stepsize η ≥ ln(γ2t), there exists ŵ ∈ (wk)
t−1
k=0 such that

Pr
(

yx⊤
ŵ ≤ 0

)

≤ C

(

1

γ2t
+

ln(1/δ)

t

)

,

where C ≥ 1 is an absolute constant. This bound for SGD matches that achieved by the Perceptron

algorithm (Novikoff, 1962; Hanneke and Kontorovich, 2021), and matches (or improves by loga-

rithmic factors) that of large margin classifiers (Bartlett and Shawe-Taylor, 1999; Grønlund et al.,

2020; Hanneke and Kontorovich, 2021). Note that the parameter ŵ might not exhibit a large margin

over the training data.

Unlike the result in Section 2 for batch GD, Theorem 4 does not show the benefits of a large

stepsize for SGD (except on logarithmic factors). Specifically, the logistic loss bound in Theorem 4

is minimized when η = Θ
(

ln(t)
)

(and larger stepsize such as η ≥ ω
(

ln(t)
)

hurts the bound),

and the zero-one error bound in Theorem 4 is minimized when η ≥ Ω
(

ln(t)
)

(so larger stepsize

is as good). However, both optimized bounds do not improve the bounds for η = Θ(1) ignoring

logarithmic factors. We leave it as an open problem to investigate whether or not a large stepsize

benefits SGD.

Finally, the above discussion applies to multi-pass SGD, empirical logistic loss, and empirical

zero-one error by setting the distribution in Assumption 2 to an empirical distribution.

4. General Loss Functions and Nonlinear Predictors

We now extend our results in Section 2 to general classification loss functions and a two-layer

network in the neural tangent kernel (NTK, Jacot et al., 2018) regime.

General classification losses. We first introduce a set of conditions for the loss functions.

Assumption 3 (Loss conditions) Consider a loss function ℓ : R → R+.

9
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A. Regularity. Assume ℓ(·) is continuously differentiable, convex, non-increasing, and ℓ(+∞) =
0. Then the following function ρ : [1,∞) → R+ is well-defined:

ρ(λ) := min
z∈R

λℓ(z) + z2, λ ≥ 1.

B. Lipschitzness. Denote g(·) := |ℓ′(·)|. Assume there is a constant Cg > 0 such that g(·) ≤ Cg.

C. Self-boundedness. Assume there is a constant Cβ > 0 such that g(·) ≤ Cβℓ(·) and

ℓ(z) ≤ ℓ(x) + ℓ′(x)(z − x) + Cβg(x)(z − x)2 for z and x such that |z − x| < 1.

D. An exponential tail. Assume there is a constant Ce > 0 such that ℓ(z) ≤ Ceg(z) for z ≥ 0.

The function ρ in Assumption 3A measures the squared length of the regularization path, which

plays a central role in our bounds. The second condition in Assumption 3C is satisfied (with a

possibly different constant) if ℓ is sufficiently differentiable and ℓ′′(·) ≤ Cg(·) for a constantC > 0,

hence it reflects the self-boundedness of ℓ. Finally, one can verify that Assumptions 3A and 3D

imply that ℓ(z) ≤ ℓ(0) exp(−C−1
e z

)

for z ≥ 0, that is, ℓ(·) is exponentially tailed.

Proposition 5 provides three examples of loss functions. The proof is included in Appendix G.

Proposition 5 (Examples) The following loss functions satisfy (parts of) Assumption 3.

1. The logistic loss, ℓlog(z) := ln(1 + exp(−z)), satisfies Assumption 3 with Cg = 1, Cβ = e/2,

Ce = 2, and

ρ(λ) ≤ ρlog(λ) := 1 + ln2(λ).

2. The “flattened” exponential loss with temperature a > 0,

ℓexp(z) :=

{

e−az z > 0,

1− az z ≤ 0,

satisfies Assumption 3 with Cg = a, Cβ = max{a, aea/2, 1}, Ce = 1/a, and

ρ(λ) ≤ ρexp(λ) := 1 + ln2(λ)/a2.

3. The “flattened” polynomial loss of degree a > 0,

ℓpoly(z) :=

{

(1 + z)−a z > 0,

1− az z ≤ 0,

satisfies Assumptions 3A to 3C with Cg = a, Cβ = max{a, (a+ 1)2a}, and

ρ(λ) ≤ ρpoly(λ) := 2λ2/(a+2).

The (flattened) polynomial loss is introduced in (Ji et al., 2020; Ji and Telgarsky, 2021) and is

later used by Wang et al. (2022a) to improve importance weighting in distribution shift problems. In

the second and third examples, we flatten the negative parts of the exponential and polynomial losses

to satisfy Assumption 3B. This is necessary in our setting because, under (unflattened) exponential

loss, large stepsize GD may oscillate catastrophically as shown by Wu et al. (2023).

10
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A two-layer network. We consider a two-layer network1 under a loss function ℓ, defined as

L(w) :=
1

n

n
∑

i=1

ℓ
(

yif(xi;w)
)

, f(x;w) :=
1√
m

m
∑

s=1

asφ(x
⊤
w

(s)), φ(·) := max{·, 0}, (4)

where the trainable parameters are denoted by w ∈ R
md, a stack of w(1), . . . ,w(m) ∈ R

d. We

define φ′(0) := 0 for concreteness but our analysis can be easily generalized to other subderivatives,

that is, φ′(0) = c for any c ∈ [0, 1]. Here, we follow the standard NTK setup (Du et al., 2018; Ji

and Telgarsky, 2019) and assume that (as)
m
s=1 are fixed parameters satisfying2

a1, . . . , am ∈ {±1},
∣

∣

∣

∣

m
∑

s=1

as

∣

∣

∣

∣

≤ Ca

√
m for some constant Ca > 0. (5)

It is clear that the optimization problem in (4) is non-convex.

We analyze the training of a nonlinear predictor (see f in (4)) in the NTK regime (Jacot et al.,

2018). The key idea is that, when the network width m is large, the predictors induced by (GD)

iterates (in finite steps) are close to the gradient dynamics in a reproducing kernel Hilbert space

(RKHS), under the so-called neural tangent kernel (NTK). Therefore, the nonlinear predictors in-

duced by the GD iterates are approximately linear in the NTK RKHS, allowing us to recycle our

techniques for analyzing linear predictors in Section 2.

We reformulate our separability assumption within the NTK RKHS (Ji and Telgarsky, 2019).

Assumption 4 (NTK separability) Assume the training data (xi, yi)
n
i=1 satisfies

A. for every i = 1, . . . , n, ‖xi‖ ≤ 1 and yi ∈ {±1};

B. there is a margin γ > 0 and a map χ : Rd → R
d such that ‖χ(·)‖ ≤ 1 and

min
i=1,...,n

Eu∼N (0, Id)

〈

yiφ
′(x⊤

i u)xi, χ(u)
〉

≥ γ,

that is, the dataset is separable in the NTK RKHS space.

Assumption 4 corresponds to Assumption 2.1 in (Ji and Telgarsky, 2019). Assumption 4 re-

quires the dataset being linearly separable under the infinite-dimensional NTK feature, that is,

φ′(x⊤
u)x indexed by u, which corresponds to the gradient of f(x; ·) at the Gaussian random

initialization as the network width m → ∞ (ignoring 1√
m
as’s for simplicity). Assumption 4 is

satisfied when the dataset is linearly separable (as in Assumption 2, with a possibly different margin

parameter). In addition, Assumption 4 can capture non-linearly separable datasets. We refer the

reader to Section 5 in (Ji and Telgarsky, 2019) for more discussion.

We are ready to state our theorem for general loss functions and two-layer networks.

1. We present our NTK results in a two-layer network for conciseness. Our results are ready to be extended to deep

networks by combining our techniques with standard NTK arguments (Allen-Zhu et al., 2019; Chen et al., 2020).

2. Some papers assume that (as)
m

s=1 are uniformly sampled from {±1}. In this case,
∣

∣

∑

m

s=1
as

∣

∣ ≤
√

2m ln(2/δ)

with probability at least 1− δ. So we recover theirs by setting Ca :=
√

2 ln(2/δ) in (5) and applying a union bound.

11
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Theorem 6 (General losses and NTK) Consider (GD) with stepsize η > 0 for learning a two-

layer network (4) under a loss function ℓ that satisfies Assumptions 3A and 3B. Suppose (5) and

Assumption 4 hold, and the network is initialized by

w0 ∼ N (0, Imd).

Let T be the maximum number of steps. Suppose the network width m is at least

m ≥
(

30R1/3 + 10 ln1/4(n/δ)

γ

)6

, where R := 6

√

ρ(γ2ηT ) + Ca +
√

2 ln(2n/δ) + ηCg

γ
.

Then with probability at least 1− 3δ over the randomness of initialization, the following holds:

• Lazy training. For every t ≤ T , we have

‖wt −w0‖ ≤ R.

• The EoS phase. For every t ≤ T (and in particular in the EoS phase), we have

1

t

t−1
∑

k=0

L(wk) ≤ 9
ρ(γ2ηt) +

(

Ca +
√

2 ln(2n/δ) + ηCg

)2

γ2ηt
.

• The stable phase. Assume the loss ℓ also satisfies Assumption 3C. If s < T is such that

L(ws) ≤ min

{

1

12C2
βη
,
ℓ(0)

n

}

, (6)

then (GD) is in the stable phase, that is,
(

L(wt)
)T

t=s
decreases monotonically, and moreover,

L(wt) ≤ 15
ρ(γ2η(t− s))

γ2η(t− s)
, t ∈ (s, T ].

• Phase transition time. There exists a constant C1 > 0 that only depends on Cg, Cβ , Ca, ℓ(0),
and ln(1/δ) such that the following holds. Let

τ :=
1

γ2
max

{

ψ−1
(

C1(η + n)
)

η
, C1(η + n)η

}

, where ψ(λ) :=
λ

ρ(λ)
.

If τ ≤ T , then (6) holds for some s ≤ τ .

• Phase transition time under an exponential tail. Assume the loss ℓ further satisfies Assump-

tion 3D, then there exists a constant C2 > 0 that only depends on Ce, Cg, Cβ , Ca, ℓ(0), and

ln(1/δ) such that the following holds. Let

τ :=
C2

γ2
max

{

η, n ln(n)
}

.

If τ ≤ T , then (6) holds for some s ≤ τ .

The proof of Theorem 6 is deferred to Appendix H. Theorem 6 characterizes the behaviors of

large stepsize GD for a wide two-layer network under general classification losses. We remark

that the proof of Theorem 6 directly adapts when replacing the two-layer network with a linear

predictor. For completeness, we state a variant of Theorem 6 for GD in linear classification under

general losses as Theorem 35 in Appendix I.

12
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Table 1: Effects of the loss functions and stepsizes in Theorem 6.

loss function logistic / flattened exponential flattened polynomial of degree a

degree condition N/A a > 0 0 < a ≤ 1 a > 1

ρ(λ) Θ
(

ln2(λ)
)

Θ
(

λ
2

a+2

)

stepsize η 1 Θ(T ) 1 Θ(T
a

2 ) Θ(T
1

2 )

width m Ω
(

ln2(T )
)

Ω(T 2) Ω
(

T
2

a+2

)

Ω(T ) Ω(T )

phase transition

time s
N/A ≤ T/2 N/A ≤ T/2 ≤ T/2

loss L(wT ) O
(

ln2(T )/T
)

O
(

ln2(T )/T 2
)

O
(

T
−a

a+2

)

O(T−a

2 ) O
(

T
−3a

2a+4

)

Convergence rate. The final convergence rate of GD in Theorem 6 depends on the loss functions

and the stepsizes. We summarize and compare several key examples in Table 1, where we assume

the total number of steps T is large and treat all other instance specific quantities (such as n and

γ) as constants. Results in Table 1 are direct consequences of Theorem 6 and Proposition 5. In

particular, we see that GD attains an improved loss by using a large stepsize that balances the length

of the EoS and the stable phases.

Loss conditions. Notably, Theorem 6 (also Theorem 35 in Appendix I) reflects the role of each

loss function condition in Assumption 3. Specifically, a general classification loss is specified by

Assumption 3A. Then the EoS phase bound in Theorem 6 holds when the loss satisfies an additional

Lipschitz condition (Assumption 3B), and the stable phase bound holds if the loss further satisfies

the self-boundedness condition (Assumption 3C). Finally, an exponential tail condition (Assump-

tion 3D) implies a better phase transition bound.

The width condition. The width condition in Theorem 6 depends on the loss function ℓ and the

stepsize η. When we specialize ℓ to the logistic loss (so ρ(λ) = O(ln2(λ)) by Proposition 5) and the

stepsize to a constant (η = Θ(1)), the width condition is polylogarithmic in the number of samples

and the number of iterates, and the achieved convergence rate is Õ(1/t). This recovers the main

result of Ji and Telgarsky (2019).

On the other hand, the width condition in Theorem 6 is at least Ω(η2), which will become

polynomial in the number of steps when GD is equipped with a polynomially large stepsize η =
poly(T ). This is in stark contrast to the previous example where η = Θ(1) and the width only needs

to be polylogarithmic in T , suggesting that a larger stepsize helps GD escape the NTK regime in the

early optimization phase. We leave it as a future direction to study the early-phase feature learning

of GD caused by a large stepsize.

The loss function affects the width condition in Theorem 6 through ρ(γ2ηT ). For instance, the

width condition becomes m ≥ Ω(T 2/(a+2)) for the constant stepsize and the flattened polynomial

loss of degree a > 0 (see Table 1). Such results are new in the NTK literature to our knowledge.
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5. Conclusion

We study constant-stepsize GD for training linear and nonlinear predictors (in the NTK regime) un-

der general classification loss functions and constant-stepsize SGD for logistic regression, assuming

suitable separability conditions on the dataset. We show GD and SGD converge even with a large

stepsize that leads to a locally oscillatory loss. Moreover, we show that a large stepsize allows GD

to attain an accelerated loss by undergoing an unstable initial phase, which cannot be attained if

the stepsize is small such that GD converges monotonically. We leave for future work to relax the

separability conditions.
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= ‖wt − u‖2 + 2η〈∇L(wt),u1 −wt〉+ η
(

2〈∇L(wt),u2〉+ η
∥

∥∇L(wt)
∥

∥

2

2

)

.

Plugging u2 and ∇L, we can show the second term is always non-positive:

2〈∇L(wt),u2〉+ η
∥

∥∇L(wt)
∥

∥

2

2

=
2

n

n
∑

i=1

ℓ′(w⊤
t xi)〈xi,u2〉+ η

∥

∥

∥

∥

1

n

n
∑

i=1

ℓ′(w⊤
t xi)xi

∥

∥

∥

∥

2

2

≤ 2γ‖u2‖
n

n
∑

i=1

ℓ′(w⊤
t xi) + η

(

1

n

n
∑

i=1

ℓ′(w⊤
t xi)

)2

by x
⊤
i w∗ ≥ γ and ‖xi‖ ≤ 1

≤ (−2γ‖u2‖+ η) · 1
n

n
∑

i=1

|ℓ′(w⊤
t xi)| since |ℓ′| ≤ 1

≤ 0. by the choice of u2

So we have

‖wt+1 − u‖2 ≤ ‖wt − u‖2 + 2η〈∇L(wt),u1 −wt〉
≤ ‖wt − u‖2 + 2η

(

L(u1)− L(wt)
)

. by convexity

Telescoping the sum from 0 to t, we obtain

‖wt − u‖2
2η

+

t−1
∑

k=0

L(wk) ≤ tL(u1) +
‖w0 − u‖2

2η
,

which completes the proof.

Applying the above lemma with an appropriate comparator, we can get the following bounds on

the risk and parameter norm.

Lemma 8 (Parameter and risk bounds in the EoS phase) Let w0 = 0. For every η > 0, we

have

1

t

t−1
∑

k=0

L(wk) ≤
1 + ln2(γ2ηt) + η2/4

γ2ηt
, ‖wt‖ ≤

√
2 + 2 ln(γ2ηt) + η

γ
, t ≥ 1.

Proof (of Lemma 8) In Lemma 7, choose

w0 = 0, u1 =
ln(γ2ηt)

γ
w∗,

and check that

L(u1) ≤
1

n

n
∑

i=1

exp(−x
⊤
i u1)

≤ exp(−γ‖u1‖)
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≤ 1

γ2ηt
,

and that

‖u‖ = ‖u1 + u2‖ =
ln(γ2ηt) + η/2

γ
.

We then apply Lemma 7 to get

1

t

t−1
∑

k=0

L(wk) ≤ L(u1) +
‖u‖2
2ηt

≤ 1 + ln2(γ2ηt) + η2/4

γ2ηt
,

and

‖wt‖ ≤ ‖wt − u‖+ ‖u‖ ≤
√

2ηtL(u1) + 2‖u‖ ≤
√
2 + 2 ln(γ2ηt) + η

γ
.

These complete the proof.

The following lemma controls the gradient potential. We remark that the bound on gradient

potential in Lemma 9 does not scale with η, while the bound on risk in Lemma 8 linearly scales

with η. This difference will be crucial for getting a sharp bound on the phase transition time.

Lemma 9 (Gradient potential bound in the EoS phase) Let w0 = 0. For every η > 0, we have

1

t

t−1
∑

k=0

G(wk) ≤
√
2 + 2 ln(γ2ηt) + η

γ2ηt
, t ≥ 1.

Proof (of Lemma 9) This is from the perceptron argument (Novikoff, 1962). Specifically,

〈wt+1,w∗〉 = 〈wt,w∗〉 − η〈∇L(wt),w∗〉

= 〈wt,w∗〉 −
η

n

n
∑

i=1

ℓ′(x⊤
i wt)〈xi,w∗〉

≥ 〈wt,w∗〉 −
γη

n

n
∑

i=1

ℓ′(x⊤
i wt)

= 〈wt,w∗〉+ γηG(wt).

So we have

1

t

t−1
∑

k=0

G(wk) ≤
〈wt,w∗〉 − 〈w0,w∗〉

γηt
≤ ‖wt −w0‖

γηt
.

We complete the proof by applying the parameter bound in Lemma 8.

For logistic regression, the local sharpness is related to the loss value. So the landscape will

become sufficiently flat when the loss is sufficiently small, allowing GD to fall into the stable con-

vergence phase. Our next lemma formally justifies this discussion.
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Lemma 10 (Stable phase) If there exists s ≥ 0 such that

L(ws) ≤
2

η
,

then for every t ≥ s, L(wt) is non-increasing.

Proof (of Lemma 10) We verify that lnL(w) is 1-smooth (this is used by Ji and Telgarsky (2018))

by direct computation:

d2

(dw)2
lnL(w) =

1

L(w)2

(

∇2L(w) · L(w)−
(

∇L(w)
)⊗2
)

� 1

L(w)
∇2L(w)

� 1

L(w)
L(w) · I = I. since |ℓ′′| ≤ ℓ and ‖xi‖ ≤ 1

Using the 1-smoothness of lnL(·), we get

lnL(wt+1) ≤ lnL(wt) +

〈∇L(wt)

L(wt)
,wt+1 −wt

〉

+
1

2
‖wt+1 −wt‖2

= lnL(wt)−
η

L(wt)
‖∇L(wt)‖2 +

η2

2
‖∇L(wt)‖2

= lnL(wt)− η

(

1

L(wt)
− η

2

)

‖∇L(wt)‖2.

The above implies

L(wt+1) ≤ L(wt) if L(wt) ≤
2

η
.

We complete the proof by induction and the condition that L(ws) ≤ 2/η.

The next lemma provides a risk bound for GD in the stable phase. Notably, the bound depends

on the initial condition (ws) through an exponential potential (see the definition of F (·)) instead of

a quadratic potential. We will see later that F (ws) can be made a constant while ‖ws‖2 might be

as large as Θ(η2).

Lemma 11 (A risk bound in the stable phase) Suppose there exists a time s such that

L(ws) ≤
1

η
.

Then for every t ≥ s, we have

L(wt) ≤
2F (ws) + ln2(γ2η(t− s))

γ2η(t− s)
, where F (w) :=

1

n

n
∑

i=1

exp(−x
⊤
i w).
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Proof (of Lemma 11) The assumption enables Lemma 10 for all t ≥ s. Therefore we have

for every t ≥ s, L(wt) ≤ L(wt−1) ≤ · · · ≤ L(ws) ≤
1

η
.

Because the logistic loss with ‖x‖ ≤ 1 satisfies ‖∇L(·)‖ ≤ L(·), for a comparator u and t ≥ s, we

have

‖wt+1 − u‖2 = ‖wt − u‖2 + 2η〈∇L(wt),u−wt〉+ η2‖∇L(wt)‖2

≤ ‖wt − u‖2 + 2η
(

L(u)− L(wt)
)

+ η2L(wt)
2 since |ℓ′| ≤ ℓ

≤ ‖wt − u‖2 + 2η
(

L(u)− L(wt)
)

+ ηL(wt) since L(wt) ≤ 1/η

= ‖wt − u‖2 + 2ηL(u)− ηL(wt).

Telescoping the sum from s to t, we get

‖wt − u‖2 + η

t−1
∑

k=s

L(wk) ≤ ‖ws − u‖2 + 2η(t− s)L(u),

that is,

1

t− s

t−1
∑

k=s

L(wk) ≤ 2L(u) +
‖ws − u‖2 − ‖wt − u‖2

η(t− s)

≤ 2L(u) +
‖ws − u‖2
η(t− s)

.

Choose

u = ws + u1, u1 =
ln
(

γ2η(t− s)
)

γ
w∗,

and verify that

‖ws − u‖ =
ln
(

γ2η(t− s)
)

γ
,

and

L(u) ≤ F (u) =
1

n

n
∑

i=1

exp(−〈u,x〉)

=
1

n

n
∑

i=1

exp(−〈ws,x〉 − 〈u1,x〉)

≤ 1

n

n
∑

i=1

exp(−〈ws,x〉) ·
1

γ2η(t− s)

=
F (ws)

γ2η(t− s)
.
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Bringing these back, we obtain

1

t− s

t−s
∑

k=1

L(ws+k) ≤ 2L(u) +
‖ws − u‖2
η(t− s)

≤ 2F (ws) + ln2
(

γ2η(t− s)
)

γ2η(t− s)
.

We complete the proof using the monotonicity of L(wt) for t ≥ s by Lemma 10.

The following lemma provides a bound on the phase transition time. The bound is linear in η
because we use the gradient potential bound in Lemma 9 instead of the risk bound in Lemma 8.

Lemma 12 (Phase transition time) Let w0 = 0. For every η > 0, let

τ :=
60

γ2
max

{

η, n, e,
η + n

η
ln
η + n

η

}

.

Then there exists 0 ≤ s ≤ τ such that

L(ws) ≤
1

η
, F (ws) ≤ 1.

Proof (of Lemma 12) Applying Lemma 9 with t = τ , we have

1

τ

τ−1
∑

k=0

G(wk) ≤
√
2 + 2 ln(γ2ητ) + η

γ2ητ

≤
√
2 + 2 ln(γ2τ) + 3η

ηγ2τ
since ln(η) ≤ η

≤ 1

2(η + n)
≤ min

{

1

2η
,

1

2n

}

,

where the third inequality is by verifying that

√
2 + 2 ln(γ2τ)

γ2τ
≤ η

4(η + n)
if γ2τ ≥ 60

η + n

η
max

{

ln
η + n

η
, 1

}

,

3

γ2τ
≤ 1

4(η + n)
if γ2τ ≥ 12(η + n),

and that the two conditions are satisfied because

γ2τ := 60max

{

η, n, e,
η + n

η
ln
η + n

η

}

≥ max

{

12(η + n), 60
η + n

η
max

{

ln
η + n

η
, 1

}}

.

So there exists s ≤ τ such that

G(ws) ≤ min

{

1

2η
,

1

2n

}

.

The second bound ensures that

for every i,
1

n
· 1

1 + exp(x⊤
i ws)

≤ G(ws) ≤
1

2n
,
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that is,

for every i, x
⊤
i ws ≥ 0.

So we have

F (ws) =
1

n

n
∑

i=1

2

2 exp(x⊤
i ws)

≤ 1

n

n
∑

i=1

2

1 + exp(x⊤
i ws)

= 2G(ws) ≤ min

{

1

η
,
1

n

}

.

Furthermore, by definitions of L and F we have

L(ws) ≤ F (ws) ≤ min

{

1

η
,
1

n

}

≤ 1,

which completes the proof.

The above lemmas imply Theorem 1.

Proof (of Theorem 1) It follows from Lemmas 8, 11 and 12.

Appendix C. Proof of Corollary 2

Proof (of Corollary 2) We first verify τ ≤ T/2 for

τ :=
60

γ2
max

{

η, n, e,
η + n

η
ln
η + n

η

}

.

The first term is

60

γ2
η =

T

2
, since η :=

γ2

120
T

the second term is

60n

γ2
≤ T

2
, since T ≥ 120max{e, n}

γ2
,

the last term is

60e

γ2
≤ T

2
, since T ≥ 120max{e, n}

γ2
,

and the third term is less than 2 ln(2) ≤ T/2 (note that T ≥ 120 since γ < 1 and n ≥ 1) because

η + n

η
=
Tγ2/120 + n

Tγ2/120
since η :=

γ2

120
T

≤ Tγ2/120 + Tγ2/120

Tγ2/120
since T ≥ 120n

γ2

= 2.

We have verified that τ ≤ T/2.
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Next, we apply Theorem 1 with s = τ ≤ T/2 and get

L(wT ) ≤
2F (ws) + ln2(γ2η(T − s))

γ2η(T − s)

≤ 2 + ln2(γ2ηT/2)

γ2ηT/2
since F (ws) ≤ 1 and s ≤ T/2

=
2 + ln2(γ4T 2/240)

γ4T 2/240
since η :=

γ2

120
T

≤ 480 ln2(γ4T 2)

γ4T 2
,

which completes the proof.

Appendix D. Proof of Theorem 3

The following lemma suggests an Ω(1/(ηt)) lower bound on the risk for GD with a fixed stepsize.

Lemma 13 (A lower bound) Suppose that (xi, yi)
n
i=1 are linearly separable with max-margin di-

rection w∗ and margin γ. Denote

x̄i = xi − 〈xi,w∗〉w∗, i = 1, . . . , n.

Assume that (x̄i, yi)
n
i=1 are non-separable, that is, there exists b > 0 such that

sup
v̄∈Rd−1,‖v̄‖=1

min
i
〈yix̄i, v̄〉 ≤ −b.

Then for every stepsize η > 0, we have

L(wt) ≥
1

c0η exp(c0η)t
, t ≥ 1,

where c0 > 0 is a function of γ, b and n but is independent of η and t.

Proof (of Lemma 13) Assume yi = 1 without loss of generality. Define

wt = 〈wt,w∗〉, w̄t = wt − 〈wt,w∗〉w∗.

We call some results in (Wu et al., 2023). By Lemma B.3 in (Wu et al., 2023) (replacing their ηn
by η since they do not take average in their loss definition), we get

‖w̄t‖ ≤ max{4n/b, ηn/b}+ η ≤ c1η,

where c1 is a positive constant independent of η. By Lemma B.7 in (Wu et al., 2023), we get

wt ≤
1

γ
ln

((

e
η

n
γ2Gmax + e

η

n
γHmax

)

(t+ 1)

)

, t ≥ 0,
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where Gmax and Hmax can be upper bounded by (see their Definition 3 in Appendix B.3)

Gmax +Hmax = sup
‖w̄t‖≤c1η

n
∑

i=1

exp(−x̄
⊤
i w̄) ≤ n exp(c1η).

So we have

wt ≤
1

γ
ln
(

eγη exp(c1η)(t+ 1)
)

, t ≥ 0.

The above implies that

L(wt) =
1

n

n
∑

i=1

ln(1 + exp(−x
⊤
i wt))

=
1

n

n
∑

i=1

ln
(

1 + exp(−γwt − x̄
⊤
i w̄t)

)

≥ ln
(

1 + exp(−γwt − c1η)
)

≥ exp(−γwt − c1η)

= exp(− ln
(

eγη exp(2c1η)(t+ 1))
)

≥ 1

2eγη exp(2c1η)(t+ 1)

≥ 1

c0η exp(c0η)t
,

where c0 > 0 is independent of η and t.

The next lemma provides a set of examples where the stepsize has to be small for GD to induce

a monotonically decreasing risk.

Lemma 14 Let w0 = 0 and

x̄ :=
1

n

n
∑

i=1

xi.

Assume there exist constants r and q such that

|{i ∈ [n] : x⊤
i x̄ < −r}|
n

≥ q, r > 0, 0 < q < 1.

Then L(w1) ≤ L(w0) implies that

η ≤ 2 ln(2)

rq
.

Proof (of Lemma 14) Since w0 = 0, we have L(0) = ln(2) and

∇L(w0) = − 1

n

n
∑

i=1

1

1 + exp(x⊤
i w0)

xi = −1

2
x̄.
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So we have

w1 = w0 − η∇L(w0) =
η

2
x̄,

and

L(w1) =
1

n

n
∑

i=1

ln
(

1 + exp(−x
⊤
i w1)

)

=
1

n

n
∑

i=1

ln
(

1 + exp(−x
⊤
i x̄η/2)

)

.

If η > 2 ln(2)/(rq), then

L(w1) ≥
1

n

n
∑

i=1

ln
(

1 + exp(−x
⊤
i x̄η/2)

)

1
[

x
⊤
i x̄ < −r

]

≥ ln
(

1 + exp(rη/2)
)

q by assumption

≥ rqη

2
≥ ln(2) = L(w0).

This proves the original claim by contradiction.

The proof of Theorem 3 is a combination of Lemmas 13 and 14.

Proof (of Theorem 3) We verify that our dataset satisfies the conditions in Lemma 14 with

r =
1

10
, q =

1

2
.

So by Lemma 14 and the monotonic loss, we have

η ≤ 2 ln(2)

rq
≤ 40 ln(2).

Then we verify that our dataset satisfies the conditions in Lemma 13 with b = 0.5. So by Lemma 13

and the upper bound on η, we have

L(wt) ≥
1

c0η exp(c0η)t
≥ c1

t
,

where c1 > 0 is independent of η and t since η is upper bounded and c0 > 0 is independent of η
and t.

Appendix E. A Uniform-Convergence Generalization Bound

Proposition 15 (Uniform convergence) Suppose Assumption 1 holds. Assume that the training

samples (xi, yi)
n
i=1 are i.i.d. copies of (x, y). Consider a parameter ŵ that classifies (xi, yi)

n
i=1
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correctly, that is, yix
⊤
i ŵ > 0 for every i. Then with probability at least 1− δ over the randomness

of (xi, yi)
n
i=1, we have

Pr(yx⊤
ŵ < 0) ≤ 4

d ln(n+ 1) + ln(4/δ)

n
.

In particular, every (GD) output with L(wt) ≤ 1/n is such a parameter.

Proof (of Proposition 15) Consider a hypothesis class of hyperplanes

H :=
{

x 7→ sgn(x⊤
w) : w ∈ R

d
}

.

The Vapnik-Chervonenkis (VC) dimension of H is VC(H) = d (Dudley, 1978). Denote the empiri-

cal (zero-one) error by

Rn(w) :=
1

n

n
∑

i=1

1[yi 6= sgn(x⊤
i w)] =

1

n

n
∑

i=1

1[yix
⊤
i w < 0],

and the population (zero-one) error by

R(w) := E1[y 6= sgn(x⊤
w)] = E1[yx⊤

w < 0] = Pr(yx⊤
w < 0).

Then by the classical VC-theory for empirical risk minimizer (ERM) (see Boucheron et al., 2005,

Corollary 5.2, for example), for every ERM,

ŵ ∈ argmin
w

Rn(w),

we have the following with probability at least 1− δ,

R(ŵ) ≤ Rn(ŵ) + 2

√

Rn(ŵ)
2VC(H) ln(n+ 1) + ln(4/δ)

n
+ 4

VC(H) ln(n+ 1) + ln(4/δ)

n
.

In our case, Rn(ŵ) = 0, so with probability at least 1− δ we have

R(ŵ) ≤ 4
d ln(n+ 1) + ln(4/δ)

n
.

We complete the proof by noting that ŵ can be any EMR.

Appendix F. Proof of Theorem 4

Throughout this part, we assume Assumption 2 holds. Without loss of generality, we also assume

y = 1. For simplicity, we define

Lx(w) := ℓ(x⊤
w), Gx(w) :=

1

1 + exp(x⊤w)
.

The following lemma for SGD is an analogy of Lemma 7 for GD.
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Lemma 16 For every η > 0, w0, and u = u1 + u2 such that

u2 =
η

2γ
w∗,

the following holds for every t:

‖wt − u‖2
2ηt

+
1

t

t−1
∑

k=0

Lk(wk) ≤
1

t

t−1
∑

k=0

Lk(u1) +
‖w0 − u‖2

2ηt
, almost surely.

Proof (of Lemma 16) The proof repeats the arguments in Lemma 7. By the SGD update rule, we

have

‖wt+1 − u‖2 = ‖wt − u‖2 + 2η〈∇Lt(wt),u−wt〉+ η2
∥

∥∇Lt(wt)
∥

∥

2

2

= ‖wt − u‖2 + 2η〈∇Lt(wt),u1 −wt〉+ η
(

2〈∇Lt(wt),u2〉+ η
∥

∥∇Lt(wt)
∥

∥

2

2

)

.

Plugging u2 = w∗ · η/(2γ), we can show the second term is non-positive:

2〈∇Lt(wt),u2〉+ η
∥

∥∇Lt(wt)
∥

∥

2

2

= 2ℓ′(x⊤
t wt)〈xt,u2〉+ η

∥

∥ℓ′(x⊤
t wt)xt

∥

∥

2

2

≤ ηℓ′(x⊤
t wt) + η

(

ℓ′(x⊤
t wt)

)2
since u2 = w∗ · η/(2γ)

≤ 0, almost surely.

Therefore, we have

‖wt+1 − u‖2 ≤ ‖wt − u‖2 + 2η〈∇Lt(wt),u1 −wt〉
≤ ‖wt − u‖2 + 2η

(

Lt(u1)− Lt(wt)
)

, almost surely. by convexity

Summing the above from 0 to t− 1 and rearranging, we obtain

‖wt − u‖2
2η

+
t−1
∑

k=0

Lk(wk) ≤
t−1
∑

k=0

Lk(u1) +
‖w0 − u‖2

2η
, almost surely,

dividing both sides by t completes our proof.

Similarly, the following lemma for SGD is an analogy of Lemma 8 for GD.

Lemma 17 (Parameter and risk bounds) Let w0 = 0. For every t ≥ 0, we have

1

t

t−1
∑

k=0

Lk(wk) ≤
1 + ln2(γ2ηt) + η2/4

γ2ηt
, almost surely,

and for every k ≤ t,

‖wk‖ ≤
√
2 + 2 ln(γ2ηt) + η

γ
, almost surely.
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Proof (of Lemma 17) In Lemma 16, choose

w0 = 0, u1 =
ln(γ2ηt)

γ
w∗,

and check that

‖u‖ =
ln(γ2ηt) + η/2

γ
,

and that for every x,

Lx(u1) = ln
(

1 + exp(−x
⊤
u1)
)

≤ exp(−x
⊤
u1)

≤ 1

γ2ηt
, almost surely.

Therefore, we have

1

t

t−1
∑

k=0

Lk(u1) ≤
1

γ2ηt
, almost surely.

Using Lemma 16, we get

1

t

t−1
∑

k=0

Lk(wk) ≤
1

t

t−1
∑

k=0

Lk(u1) +
‖u‖2
2ηt

≤ 1

γ2ηt
+

ln2(γ2ηt) + η2/4

γ2ηt
, almost surely,

which verifies the first claim. For the second claim, we use Lemma 16 for s ≤ t and get

for every s ≤ t, ‖ws − u‖2 ≤ 2η
s−1
∑

k=0

ℓk(u1) + ‖u‖2

≤ 2ηs · 1

γ2ηt
+ ‖u‖2

≤ 2

γ2
+ ‖u‖2, almost surely,

which implies that

for every s ≤ t, ‖ws‖ ≤ ‖u‖+ ‖ws − u‖

≤
√
2

γ
+ 2‖u‖

≤
√
2 + 2 ln(γ2ηt) + η

γ
, almost surely.

We complete the proof.

The next lemma provides a population risk bound. The main idea is to use martingale concen-

tration tools to convert the “regret” bound in Lemma 17 to a population risk bound.
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Lemma 18 (Population risk bound) Let L(w) := Eℓ(x⊤
w). Let w0 = 0. For every η > 0, with

probability at least 1− δ we have

1

t

t−1
∑

k=0

L(wk) ≤
2 + 2 ln2(γ2ηt) + η2B4/2

γ2ηt
+

3 + 2 ln(γ2ηt) + η

γ
· 18 ln(1/δ)

t
.

Proof (of Lemma 18) Based on the uniform upper bound on the norm of (wk)k≤t in Lemma 17,

we can show the following uniform upper bound on risk:

for every k ≤ t and every x, Lx(wk) = ln(1 + exp(−w
⊤
k x))

≤ ln(1 + exp(‖wk‖))
≤ ln(2) + ‖wk‖

≤ ln(2) +

√
2 + 2 ln(γ2ηt) + η

γ
almost surely

≤M :=
3 + 2 ln(γ2ηt) + η

γ
.

Note that Lx(·) is non-negative and that L(·) = ELx(·). We then have

for every k ≤ t and every x, |L(wk)− Lx(wk)| ≤M, almost surely.

As a direct consequence, we have

E
(

L(wk)− Lx(wk)
)2 ≤M · E

(

L(wk) + ℓx(wk)
)

= 2M · L(wk), k = 0, 1, . . . , t.

Next, we use (one-side) martingale Bernstein inequality (a.k.a. Freedman inequality). With

probability at least 1− δ, it holds that

t−1
∑

k=0

L(wk)− Lk(wk) ≤

√

√

√

√2

k−1
∑

k=0

E
(

L(wk)− Lk(wk)
)2

ln
1

δ
+

2M

3
ln

1

δ

≤

√

√

√

√

t−1
∑

k=0

L(wk) · 4M ln
1

δ
+

2M

3
ln

1

δ

≤ 1

2

t−1
∑

k=0

L(wt) + 9M ln
1

δ
,

which implies that

t−1
∑

k=0

L(wk) ≤ 2
t−1
∑

k=0

Lk(wk) + 18M ln
1

δ
.

Using Lemma 17 and the definition of M , we get

1

t

t−1
∑

k=0

L(wk) ≤ 2 · 1 + ln2(γ2ηt) + η2/4

γ2ηt
+

18M

t
ln

1

δ
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≤ 2 + 2 ln2(γ2ηt) + η2/2

γ2ηt
+

18 ln(1/δ)

t
· 3 + 2 ln(γ2ηt) + η

γ
,

which concludes our analysis.

The next lemma gives a population zero-one error bound. The proof combines a gradient po-

tential bound and a martingale concentration argument.

Lemma 19 (Population error bound) Consider one-pass SGD initialized from w0 = 0. For every

η > 0, with probability at least 1− δ, we have

1

t

t−1
∑

k=0

Pr(yx⊤
wk) ≤

4
(√

2 + 2 ln(γ2ηt) + η
)

γ2ηt
+

36 ln(1/δ)

t
.

Proof (of Lemma 19) Repeating the perceptron argument as in Lemma 9 , we get

1

t

t−1
∑

k=0

Gk(wk) ≤
〈wt −w0,w∗〉

γηt
≤ ‖wt −w0‖

γηt
, almost surely.

Using the parameter norm upper bound in Lemma 17, we have

1

t

t−1
∑

k=0

Gk(wk) ≤
‖wt −w0‖

γηt
≤

√
2 + 2 ln(γ2ηt) + η

γ2ηt
, almost surely.

Note that 0 ≤ Gx(·) ≤ 1. Applying Freedman’s inequality, with probability at least 1− δ we have

t−1
∑

k=0

G(wk)−Gk(wk) ≤

√

√

√

√2
k−1
∑

k=0

E
(

G(wk)−Gk(wk)
)2

ln
1

δ
+

2

3
ln

1

δ

≤

√

√

√

√2
t−1
∑

k=0

E
(

G(wk) +Gk(wk)
)

ln
1

δ
+

2

3
ln

1

δ

=

√

√

√

√

t−1
∑

k=0

G(wk) · 4 ln
1

δ
+

2

3
ln

1

δ

≤ 1

2

t−1
∑

k=0

G(wt) + 9 ln
1

δ
,

which implies that

t−1
∑

k=0

G(wk) ≤ 2

t−1
∑

k=0

Gk(wk) + 18 ln
1

δ
.

So with probability at least 1− δ we have

1

t

t−1
∑

k=0

G(wk) ≤
2
(√

2 + 2 ln(γ2ηt) + η
)

γ2ηt
+

18 ln(1/δ)

t
.

32



LARGE STEPSIZE GRADIENT DESCENT FOR LOGISTIC LOSS

We conclude our proof by noting that zero-one loss is bounded by 2G(·).

The above lemmas imply Theorem 4.

Proof (of Theorem 4) It follows from Lemmas 18 and 19.

Appendix G. Proof of Proposition 5

Proof (of Proposition 5) We now verify Proposition 5.

Logisitic loss. For the logistic loss, we have

ℓ(z) := ln(1 + e−z), g(z) :=
1

1 + ez
.

By direct computation, we can verify the first part of Assumption 3A and Assumptions 3B and 3D

for Cg = 1 and Ce = 2. We check the bound on ρ(λ) in Assumption 3A by

ρ(λ) = min
z
λℓ(z) + z2

≤ λℓ(ln(λ)) + ln2(λ) by setting z := ln(λ)

≤ 1 + ln2(λ).

We next verify Assumption 3C for Cβ = e/2. Note that g(z) ≤ ℓ(z) ≤ Cβℓ(z). For the second

part of Assumption 3C, assume z < x without loss of generality (if x < z, we apply g(x) ≤ g(z)
and exchange x and z in Assumption 3C). So we have x − 1 ≤ z < x since |z − x| ≤ 1. By the

mean-value form of the Taylor’s theorem, we have

there exists y ∈ (z, x) such that ℓ(z) = ℓ(x) + ℓ′(x)(z − x) +
ℓ′′(y)
2

(z − x)2. (7)

Note that ℓ′′(·) ≤ g(·), g(·) is decreasing, and |z − x| ≤ 1, so we have

ℓ′′(y) ≤ g(y) ≤ g(z) ≤ g(x− 1) =
e

e+ ex
≤ e · g(x).

Plugging the above into (7) verifies Assumption 3C for Cβ = e/2.

Flattened exponential loss. For the flattened exponential loss with temperature a > 0, we have

ℓ(z) :=

{

e−az z > 0,

1− az z ≤ 0,
g(z) :=

{

ae−az z > 0,

a z ≤ 0.

By direct computation, we can verify the first part of Assumption 3A and Assumptions 3B and 3D

for Cg = a and Ce = 1/a. We check the bound on ρ(λ) in Assumption 3A by

ρ(λ) = min
z
λℓ(z) + z2

≤ λℓ

(

ln(λ)

a

)

+
ln2(λ)

a2
by setting z := ln(λ)/a ≥ 0
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= 1 +
ln2(λ)

a2
.

We next verify Assumption 3C for Cβ = max{a, aea/2}. The first part of Assumption 3C is

because

g(z) ≤ aℓ(z) ≤ Cβℓ(z).

For the second part of Assumption 3C, assume z < x without loss of generality. So we have

x− 1 ≤ z < x. We discuss two cases.

• If z > 0, then 0 < z < x, so ℓ′′ is continuous in [z, x]. Then (7) holds. Using ℓ′′(z) = ag(z)
for z > 0, g(·) is non-increasing, and 0 < z < y < x, we have

ℓ′′(y) ≤ ag(y) ≤ ag(z) = ae−a(z−x)g(x) ≤ aeag(x).

Plugging the above into (7) verifies Assumption 3C.

• If z ≤ 0, then x ≤ 1. So

g(x) ≥ g(1) = ae−a.

Note that ℓ is a2-smooth, so we have

ℓ(z) ≤ ℓ(x) + ℓ′(x)(z − x) +
a2

2
(z − x)2

≤ ℓ(x) + ℓ′(x)(z − x) +
aea

2
g(x)(z − x)2,

which verifies Assumption 3C.

Flattend polynomial loss. For the flattened polynomial loss of degree a > 0, we have

ℓ(z) :=

{

(1 + z)−a z > 0,

1− az z ≤ 0,
g(z) :=

{

a(1 + z)−(a+1) z > 0,

a z ≤ 0.

By direct computation, we can verify the first part of Assumption 3A and Assumption 3B for Cg =
a. We check the bound on ρ(λ) in Assumption 3A by

ρ(λ) = min
z
λℓ(z) + z2

≤ λℓ
(

λ1/(a+2)
)

+ λ2/(a+2) by setting z := λ1/(a+2) ≥ 0

≤ 2λ2/(a+2).

We next verify Assumption 3C for Cβ = max{a, (a + 1)2a)}. The first part of Assumption 3C is

because

g(z) ≤ aℓ(z) ≤ Cβℓ(z).

For the second part of Assumption 3C, assume z < x without loss of generality. So we have

x− 1 ≤ z < x. We discuss two cases.
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• If z > 0, then 0 < z < x, so ℓ′′ is continuous in [z, x]. Then (7) holds. Using ℓ′′(z) ≤
(a+ 1)g(z) for z > 0, g(·) is non-increasing, and 0 < z < y < x, we have

ℓ′′(y) ≤ (a+ 1)g(y) ≤ (a+ 1)g(z) = (a+ 1)

(

1 + x

1 + z

)a+1

g(x) ≤ (a+ 1)2a+1g(x).

Plugging the above into (7) verifies Assumption 3C.

• If z ≤ 0, then x ≤ 1. So

g(x) ≥ g(1) = a2−(a+1).

Note that ℓ is a(a+ 1)-smooth, so we have

ℓ(z) ≤ ℓ(x) + ℓ′(x)(z − x) +
a(a+ 1)

2
(z − x)2

≤ ℓ(x) + ℓ′(x)(z − x) + (a+ 1)2ag(x)(z − x)2,

which verifies Assumption 3C.

We have verified all examples.

The following lemma is useful in our analysis of general losses.

Lemma 20 Under Assumption 3A, we have

ℓ
(
√

ρ(λ)
)

≤ ρ(λ)

λ
.

Proof (of Lemma 20) Recall that

ρ(λ) = min
z
λℓ(z) + z2.

Let z∗ be the optimal value. Then

ρ(λ) = λℓ(z∗) + z2∗ .

Since ℓ(·) is positive by Assumption 3A, we have

z∗ ≤
√

ρ(λ), ℓ(z∗) ≤
ρ(λ)

λ
.

Since ℓ(·) is non-increasing by Assumption 3A, we have

ℓ
(
√

ρ(λ)
)

≤ ℓ(z∗) ≤
ρ(λ)

λ
,

which completes the proof.
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Appendix H. Proof of Theorem 6

We first introduce some notation that will be used extensively in this section. For a loss function ℓ
satisfying Assumptions 3A and 3B, define a radius

R := 6

√

ρ(γ2ηT ) + Ca +
√

2 ln(2n/δ) + ηCg

γ
. (8)

Define a ball centered at the initialization,

B := {w : ‖w −w0‖ ≤ R}.

Define a point-wise linearization error of the network within the ball as

ξi(w,v) := fi(w)− fi(v)− 〈∇fi(v),w − v〉, w,v ∈ B.

Define the maximum linearization error as

ξ = sup
w,v∈B

sup
i

∣

∣ξi(w,v)
∣

∣

Under Assumption 4, we verify that the gradient is bounded by

‖∇f(x;w)‖ =

√

√

√

√

1

m

m
∑

s=1

a2s
(

φ′(x⊤w(s))
)2‖x‖2 ≤ 1. (9)

The proof of Theorem 6 breaks down into three parts. In Appendix H.1, we control the network

properties at the initialization; then in Appendix H.2, we bound the linearization error. These two

parts use standard techniques in the NTK literature. Results in Appendices H.1 and H.2 allow

us to show that a good event, under which the network is well-behaved at initialization and the

linearization error is small, happens with high probability provided there is a large enough network

width. Finally, in Appendix H.3, we analyze the GD dynamics under general losses assuming that

the good event holds.

It is worth noting that our analysis in Appendix H.3 is decoupled from Appendices H.1 and H.2

except assuming the good event holds. Therefore, our results for GD under general losses in Ap-

pendix H.3 directly apply to a simpler case of training linear models with zero initialization, since

the good event automatically holds in this case; we include this consequence explicitly as Theo-

rem 35 in Appendix I.

H.1. Initilization Bounds

The following lemma is from (Ji and Telgarsky, 2019), showing that the NTK features lead to a

large margin under Assumption 4.

Lemma 21 (NTK feature margin) Under Assumption 4, if m ≥ 50 ln(n/δ)/γ2, then there exists

w∗ ∈ R
md with ‖w∗‖ ≤ 1 such that with probability at least 1− δ, we have

for i = 1, . . . , n, 〈yi∇fi(w0),w∗〉 ≥
9γ

10
> 0.
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Proof (of Lemma 21) This is Lemma 2.3 in (Ji and Telgarsky, 2019). Choose

w∗ :=
(

a1√
m
χ(w

(1)
0 ), · · · , am√

m
χ(w

(m)
0 )

)

.

By the condition on χ in Assumption 4, we have ‖w∗‖ ≤ 1. In addition, note that

〈yi∇fi(w0),w∗〉 =
1

m

m
∑

s=1

yiφ
′(x⊤

i w
(s)
0 )x⊤

i χ(w
(s)
0 ).

By Assumption 4, we have

E〈yi∇fi(w0),w∗〉 = Eyiφ
′(x⊤

i w
(s)
0 )x⊤

i χ(w
(s)
0 ) ≥ γ.

By Hoeffding inequality, we have with probability at least 1− δ,

〈yi∇fi(w0),w∗〉 ≥ E〈yi∇fi(w0),w∗〉 −
√

1

2m
ln

1

δ
≥ γ −

√

1

2m
ln

1

δ
.

By a union bound over i = 1, . . . , n, we have with probability at least 1− δ,

min
i
〈yi∇fi(w0),w∗〉 ≥ γ −

√

1

2m
ln
n

δ
≥ 9γ

10
,

where the last inequality is because m ≥ 50 ln(n/δ)/γ2

The next lemma is also from (Ji and Telgarsky, 2019), showing that the model output is bounded

at initialization.

Lemma 22 (Initial function value) At initialization, with probability at least 1− δ, we have

max
i

|fi(w0)| ≤ Ca +
√

2 ln(2n/δ).

Proof (of Lemma 22) This is a variant of Lemma 2.4 in (Ji and Telgarsky, 2019). Note that

x
⊤
w

(s)
0 ∼ N (0, ‖x‖2), ‖x‖ ≤ 1, and φ(·) is 1-Lipschitz, so φ(x⊤

w
(s)
0 ) is 1-subGaussian. There-

fore,
(

φ(x⊤
w

(1)
0 ), · · · , φ(x⊤

w
(m)
0 )

)⊤

is an m-dimensional, 1-subGaussian random vector. Note that

√

√

√

√

m
∑

s=1

(

as√
m

)2

≤ 1, by (5)

so as an inner product of a unit vector and a 1-subGaussian random vector,

f(x;w0) =
1√
m

m
∑

s=1

asφ(x
⊤
w

(s)
0 )
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is 1-subGaussian. So with probability at least 1− δ, we have

|f(x;w0)− Ef(x;w0)| ≤
√

2 ln(2/δ) ≤
√

2 ln(2/δ).

On the other hand, recall that x⊤
w

(s)
0 ∼ N (0, ‖x‖2) and that

Z ∼ N (0, σ2), Emax{Z, 0} =
σ√
2π

≤ σ.

So we have

Ef(x;w0) =
1√
m

m
∑

s=1

asEφ(x
⊤
w

(s)
0 )

≤ 1√
m

m
∑

s=1

as‖x‖

≤ Ca. since
∑

s

as ≤ Ca

√
m by (5)

Applying the triangle inequality and a union bound over x1, . . . ,xn, we have with probability at

least 1− δ,

max
i

|fi(w0)| ≤ max
i

(

Efi(w0) + |fi(w0)− Efi(w0)|
)

≤ Ca +
√

2 ln(2n/δ).

This completes the proof.

H.2. Linearization Error Bounds

The next lemma is a variant of Lemma 4.1 in (Telgarsky, 2021) (which comes from (Ji and Telgar-

sky, 2019)), connecting the linearization error with the network width m. The original version in

(Telgarsky, 2021) only provides a bound on the maximum linearization error. Here, we need to use

a slightly stronger version that tracks the point-wise linearization error.

Lemma 23 (Linearization error) With probability at least 1− δ, we have the following for every

w,v ∈ B:

sup
i

|ξi(w,v)| ≤
3R1/3 + ln1/4(n/δ)

m1/6
· ‖w − v‖,

and

sup
i

‖∇fi(w)−∇fi(v)‖ ≤ 3R1/3 + ln1/4(n/δ)

m1/6
.

Proof (of Lemma 23) This is a variant of Lemma 4.1 in (Telgarsky, 2021). The proof is included

for completeness.
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Fix x. Using homogeneity of φ, we have

f(x;w) =
1√
m

m
∑

s=1

asφ(x
⊤
w

(s)) =
1√
m

m
∑

s=1

as1
[

x
⊤
w

(s) > 0
]

x
⊤
w

(s),

and

f(x;v) + 〈∇f(x;v),w − v〉

=
1√
m

m
∑

s=1

asφ(x
⊤
v
(s)) +

1√
m

m
∑

s=1

as1
[

x
⊤
v
(s) > 0

]

x
⊤(

w
(s) − v

(s)
)

=
1√
m

m
∑

s=1

as1
[

x
⊤
v
(s) > 0

]

x
⊤
v
(s) +

1√
m

m
∑

s=1

as1
[

x
⊤
v
(s) > 0

]

x
⊤(

w
(s) − v

(s)
)

=
1√
m

m
∑

s=1

as1
[

x
⊤
v
(s) > 0

]

x
⊤
w

(s),

then we have

ξx(w,v) = f(x;w)− f(x;v)− 〈∇f(x;v),w − v〉

=
1√
m

m
∑

s=1

as

(

1

[

x
⊤
w

(s) > 0
]

− 1

[

x
⊤
v
(s) > 0

]

)

x
⊤
w

(s).

Control linearization error. For r to be determined, define

S0 :=
{

s ∈ [m] : |x⊤
w

(s)
0 | ≤ r‖x‖

}

S1 :=
{

s ∈ [m] : ‖w(s) −w
(s)
0 ‖ ≥ r

}

S2 :=
{

s ∈ [m] : ‖v(s) −w
(s)
0 ‖ ≥ r

}

.

One can verify that for every s /∈ S0 ∪ S1 ∪ S2,

sgn
(

x
⊤
w

(s)
)

= sgn
(

x
⊤
w

(s)
0

)

, sgn
(

x
⊤
v
(s)
)

= sgn
(

x
⊤
w

(s)
0

)

.

So for every s /∈ S0 ∪ S1 ∪ S2,

1

[

x
⊤
w

(s) > 0
]

= 1

[

x
⊤
w

(s)
0 > 0

]

= 1

[

x
⊤
v
(s) > 0

]

.

Then we have

|ξx(w,v)| ≤
1√
m

∑

s∈[m]

∣

∣

∣

∣

1

[

x
⊤
w

(s) > 0
]

− 1

[

x
⊤
v
(s) > 0

]

∣

∣

∣

∣

·
∣

∣x
⊤
w

(s)
∣

∣

≤ 1√
m

∑

s∈[m]

∣

∣

∣

∣

1

[

x
⊤
w

(s) > 0
]

− 1

[

x
⊤
v
(s) > 0

]

∣

∣

∣

∣

·
∣

∣x
⊤
w

(s) − x
⊤
v
(s)
∣

∣

since
∣

∣x
⊤
w

(s) − x
⊤
v
(s)
∣

∣ ≥
∣

∣x
⊤
w

(s)
∣

∣ if the indicator factor is non-zero
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≤ 1√
m

∑

s∈S0∪S1∪S2

∣

∣

∣

∣

1

[

x
⊤
w

(s) > 0
]

− 1

[

x
⊤
v
(s) > 0

]

∣

∣

∣

∣

·
∣

∣x
⊤
w

(s) − x
⊤
v
(s)
∣

∣

the indicator factor is zero if s /∈ S0 ∪ S1 ∪ S2

≤ 1√
m

∑

s∈S0∪S1∪S2

∣

∣x
⊤
w

(s) − x
⊤
v
(s)
∣

∣

≤ 1√
m

√

|S0 ∪ S1 ∪ S2| ·
√

∑

s∈S1∪S2∪S3

∣

∣x⊤w(s) − x⊤v(s)
∣

∣

2

≤ 1√
m

√

|S0 ∪ S1 ∪ S2| · ‖w − v‖.

Count undesirable indexes. Then by Hoeffding inequality, with probability at least 1 − δ, we

have

|S0| =
m
∑

s=1

1

[

|x⊤
w

(s)
0 | ≤ r‖x‖

]

≤ mPr
{

|x⊤
w

(s)
0 | ≤ r‖x‖

}

+

√

m

2
ln(1/δ).

Since x
⊤
w

(s)
0 /‖x‖ ∼ N (0, 1), we have

Pr
{

|x⊤
w

(s)
0 | ≤ r‖x‖

}

= Pr
{

|x⊤
w

(s)
0 |/‖x‖ ≤ r

}

=
1√
2π

∫ r

−r
exp

(

− z2/2
)

dz

≤ 2r√
2π

≤ r.

So with probability at least 1− δ,

|S0| ≤ mr +

√

m

2
ln(1/δ).

On the other hand,

R2 ≥
m
∑

s=1

‖w(s) −w
(s)
0 ‖2 ≥ r2|S1|,

which implies

|S1| ≤
R2

r2
.

Similarly, we have

|S2| ≤
R2

r2
.
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So

|S0 ∪ S1 ∪ S2| ≤ mr +

√

m

2
ln(1/δ) +

2R2

r2
.

Picking r = R2/3m−1/3, then we have

|S0 ∪ S1 ∪ S2| ≤ mr +

√

m

2
ln(1/δ) +

2R2

r2

≤ m2/3
(

3R2/3 +
√

ln(1/δ)
)

.

Union bound. Using all the above, we have: with probability at least 1− δ,

|ξx(w,v)| ≤
1√
m

√

|S0 ∪ S1 ∪ S2| · ‖w − v‖

≤ 1√
m

√

m2/3
(

3R2/3 +
√

ln(1/δ)
)

· ‖w − v‖

≤ 3R1/3 + ln1/4(1/δ)

m1/6
· ‖w − v‖, for every w,v ∈ B.

Applying a union bound for the above to hold over x1, . . . ,xn, we get with probability at least 1−δ,

sup
i

|ξi(w,v)| ≤
3R1/3 + ln1/4(n/δ)

m1/6
· ‖w − v‖, for every w,v ∈ B.

Gradient bound. This part is similar to the previous argument. Fix x, we have

‖∇f(x;w)−∇f(x;v)‖2 = 1

m

m
∑

s=1

∥

∥

∥

∥

1

[

x
⊤
w

(s) > 0
]

x− 1

[

x
⊤
v
(s) > 0

]

x

∥

∥

∥

∥

2

≤ 1

m

m
∑

s=1

∣

∣

∣

∣

1

[

x
⊤
w

(s) > 0
]

− 1

[

x
⊤
v
(s) > 0

]

∣

∣

∣

∣

2

≤ 1

m
· |S0 ∪ S1 ∪ S2|.

Applying our bound on |S0 ∪ S1 ∪ S2| and a union bound over x, we get

max
i

‖∇fi(w)−∇fi(w)‖ ≤ 1√
m

·
√

|S0 ∪ S1 ∪ S2| ≤
3R1/3 + ln1/4(n/δ)

m1/6

holds with probability at least 1− δ.

Using Lemma 23, we can show that the linearization error is well-bounded when the network

width is sufficiently large.

Lemma 24 (Linearization error conditions) Recall that

R := 6

√

ρ(γ2ηT ) + Ca +
√

2 ln(2n/δ) + ηCg

γ
.
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Assume that

m ≥
(

10
(

3R1/3 + ln1/4(n/δ)
)

γ

)6

,

then with probability at least 1− δ, we have the following for every w,v ∈ B:

sup
i

|ξi(w,v)| ≤
γ

10
‖w − v‖, sup

i
‖∇fi(w)−∇fi(v)‖ ≤ γ

10
.

Proof (of Lemma 24) These follow from our choice of m and Lemma 23.

H.3. Optimization Analysis under General Losses

The good event and the gradient potential. Let E be the intersection of the events in Lemmas

21, 22 and 24. Then we know E holds with probability at least 1−3δ if the width m is large enough

as specified in Theorem 6. In what follows, we always operate under the good event E . We denote

the gradient potential by

G(w) :=
1

n

n
∑

i=1

g
(

yif(xi;w)
)

.

Our next lemma establishes both a uniform margin bound and a relative margin bound for pa-

rameters in a ball. The relative margin bound is crucial to get the right condition on width m and

the ball radius R.

Lemma 25 (Margin in a parameter ball) Under event E , we have

inf
w∈B

min
i
〈yi∇fi(w),w∗〉 ≥

4γ

5
.

As a consequence, for

u := v + θw∗, v ∈ B,
we have

for every i and every w ∈ B, 〈yi∇fi(w),u〉 ≥ γ

10

(

8θ − ‖w − v‖
)

+ yifi(v).

Proof (of Lemma 25) The first claim is because

〈yi∇fi(w),w∗〉 = 〈yi∇fi(w0),w∗〉+ 〈yi∇fi(w)−∇fi(w0),w∗〉

≥ 9γ

10
− ‖∇fi(w)−∇fi(w0)‖ by Lemma 21

≥ 4γ

5
. by Lemma 24

To prove the second claim, for w ∈ B, we have

yifi(v) = yi
(

fi(w) + 〈∇fi(w),v −w〉+ ξi(v,w)
)

= yi
(

〈∇fi(w),v〉+ ξi(v,w)
)

by the homogeneity of f
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≤ yi〈∇fi(w),v〉+ γ

10
‖w − v‖. by Lemma 24

Therefore, we have

〈yi∇fi(w),u〉 = 〈yi∇fi(w), θw∗〉+ 〈yi∇fi(w),v〉
≥ γ

10
(8θ − ‖w − v‖) + yifi(v).

These complete the proof.

The next lemma establishes useful relationships between the gradient potential and the loss.

Lemma 26 (Gradient potential properties) Consider the loss and the gradient potential.

1. For ℓ satisfying Assumption 3C, we have

G(w) ≤ Cβ · L(w).

2. Under event E , we have
4γ

5
·G(w) ≤ ‖∇L(w)‖ ≤ G(w).

Proof (of Lemma 26) The first claim is by

G(w) =
1

n

n
∑

i=1

g
(

yifi(w)
)

≤ Cβ

n

n
∑

i=1

ℓ
(

yifi(w)
)

by Assumption 3C

= CβL(w).

The upper bound in the second claim is by

‖∇L(w)‖ =

∥

∥

∥

∥

1

n

n
∑

i=1

ℓ′
(

yifi(w)
)

yi∇fi(w)

∥

∥

∥

∥

≤ 1

n

n
∑

i=1

∣

∣ℓ′
(

yifi(w)
)∣

∣ · ‖∇fi(w)‖

≤ G(w). by (9)

The lower bound in the second claim is by

‖∇L(w)‖ ≥ 〈∇L(w),−w∗〉

= − 1

n

n
∑

i=1

ℓ′
(

yifi(w)
)

〈yi∇fi(w),w∗〉

≥ − 1

n

n
∑

i=1

ℓ′
(

yifi(w)
)

· 4γ
5

by Lemma 25
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=
4γ

5
·G(w).

We have completed the proof.

In the next lemma, we redo Lemma 7 for nonlinear models with controlled linearization errors

and general loss functions.

Lemma 27 (Split optimization) Consider a loss ℓ satisfying Assumptions 3A and 3B. Assume

event E holds. Let u = u1 + u2 such that

u1 = θw∗ +w0, u2 =
2ηCg

γ
w∗.

For every t > 0 and Rt ∈ (0, R] such that

‖wk −w0‖ ≤ Rt, k = 0, 1, . . . , t− 1,

we have

‖wt − u‖2
2ηt

+
1

t

t−1
∑

k=0

L(wk) ≤ ℓ
(

γ(8θ −Rt)/10−
(

Ca +
√

2 ln(2n/δ)
)

)

+
‖w0 − u‖2

2ηt
.

Proof (of Lemma 27) For k < t, we have

‖wk+1 − u‖2 = ‖wk − u‖2 + 2η〈∇L(wk),u−wk〉+ η2‖∇L(wk)‖2

= ‖wk − u‖2 + 2η〈∇L(wk),u1 −wk〉+ η
(

2〈∇L(wk),u2〉+ η‖∇L(wk)‖2
)

.

For the second term, we have

〈∇L(wk),u1 −wk〉

=
1

n

n
∑

i=1

ℓ′
(

yifi(wt)
)

yi〈∇fi(wk),u1 −wk〉

=
1

n

n
∑

i=1

ℓ′
(

yifi(wk)
)(

〈yi∇fi(wk),u1〉 − yifi(wk)
)

by the homogeneity of f

≤ 1

n

n
∑

i=1

(

ℓ
(

〈yi∇fi(wk),u1〉
)

− ℓ
(

yifi(wk)
)

)

by Assumption 3A

≤ 1

n

n
∑

i=1

ℓ
(

γ(8θ − ‖wk −w0‖)/10 + yifi(w0)
)

− L(wt) by Lemma 25

≤ 1

n

n
∑

i=1

ℓ
(

γ(8θ −Rt)/10 + yifi(w0)
)

− L(wt). since ‖wk −w0‖ ≤ Rt (10)

From Lemma 22 we have

|yifi(w0)| ≤ Ca +
√

2 ln(2n/δ),
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then by the monotinicity of ℓ from Assumption 3A, we have

ℓ
(

γ(8θ −Rt)/10 + yifi(w0)
)

≤ ℓ
(

γ(8θ −Rt)/10−
(

Ca +
√

2 ln(2n/δ)
)

)

.

Therefore, the second term can be bounded by

〈∇L(wk),u1 −wk〉 ≤ ℓ
(

γ(8θ −Rt)/10−
(

Ca +
√

2 ln(2n/δ)
)

)

− L(wk).

For the third term, we have

2〈∇L(wk),u2〉+ η‖∇L(wk)‖2

=
2

n

n
∑

i=1

ℓ′
(

yifi(wk)
)

yi〈∇fi(wk),u2〉+ η

∥

∥

∥

∥

1

n

n
∑

i=1

ℓ′
(

yifi(wk)
)

yi∇fi(wk)

∥

∥

∥

∥

2

≤ 2

n

n
∑

i=1

ℓ′
(

yifi(wk)
)

yi〈∇fi(wk),u2〉+ η

(

1

n

n
∑

i=1

ℓ′
(

yifi(wk)
)

)2

by (9)

≤ 2‖u2‖
n

n
∑

i=1

ℓ′
(

yifi(wk)
)

yi〈∇fi(wk),w∗〉+ ηCg ·G(wk) by Assumption 3B

≤ −γ‖u2‖
2

G(wk) + ηCg ·G(wk) by Lemma 25

≤ 0,

where the last inequality is by the choice of u2.

Putting these together, we have for k < t

‖wk+1 − u‖2 ≤ ‖wk − u‖2 + 2η

(

ℓ
(

γ(8θ −Rt)/10−
(

Ca +
√

2 ln(2n/δ)
)

)

− L(wk)

)

.

Telescoping the sum from 0 to t− 1 and rearranging, we get

‖wt − u‖2
2ηt

+
1

t

t−1
∑

k=0

L(wk) ≤ ℓ
(

γ(8θ −Rt)/10−
(

Ca +
√

2 ln(2n/δ)
)

)

+
‖w0 − u‖2

2ηt
,

which completes the proof.

The following lemma combines an induction argument with the arguments in Lemma 8.

Lemma 28 (Risk and parameter bounds in the EoS phase) Consider a loss ℓ that satisfies As-

sumptions 3A and 3B. Under event E , for every t ≤ T ,

1

t

t−1
∑

k=0

L(wk) ≤ 9
ρ(γ2ηt) +

(

Ca +
√

2 ln(2n/δ) + ηCg

)2

γ2ηt
,

and

‖wt −w0‖ ≤ 6

√

ρ(γ2ηt) + Ca +
√

2 ln(2n/δ) + ηCg

γ
=: Rt ≤ R.
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Proof (of Lemma 28) We prove the claims by induction. For t = 0, the two claims hold.

Now suppose the claims hold for 0, . . . , t − 1, and consider t. By the inductive hypothesis, we

have

for k = 0, 1 . . . , t− 1, ‖wk −w0‖ ≤ Rk ≤ Rt := 6

√

ρ(γ2ηt) + Ca +
√

2 ln(2n/δ) + ηCg

γ
.

So we can invoke Lemma 27. Recall that

u = u1 + u2, u1 = θw∗ +w0, u2 =
2ηCg

γ
w∗.

Let us choose

θ =
1

8
Rt +

5

4

√

ρ(γ2ηt) + Ca +
√

2 ln(2n/δ)

γ
.

Then we can check that

ℓ
(

γ(8θ −Rt)/10−
(

Ca +
√

2 ln(2n/δ)
)

)

= ℓ
(
√

ρ(γ2ηt)
)

≤ ρ(γ2ηt)

γ2ηt
, by Lemma 20

and that

‖u−w0‖ = θ +
2ηCg

γ
=

1

8
Rt +

5

4

√

ρ(γ2ηt) + Ca +
√

2 ln(2n/δ)

γ
+

2ηCg

γ
.

Now using Lemma 27, we get

‖wt − u‖2
2ηt

+
1

t

t−1
∑

k=0

L(wk) ≤ ℓ
(

γ(8θ −Rt)/10− (Ca +
√

2 ln(2n/δ))
)

+
‖w0 − u‖2

2ηt

≤ ρ(γ2ηt)

γ2ηt
+

‖w0 − u‖2
2ηt

,

which implies that

‖wt −w0‖ ≤ ‖wt − u‖+ ‖u−w0‖

≤
√

2ρ(γ2ηt)

γ2
+ ‖w0 − u‖2 + ‖u−w0‖

≤
√

2ρ(γ2ηt)

γ
+ 2‖w0 − u‖

≤
√

2ρ(γ2ηt)

γ
+

1

4
Rt +

5

2

√

ρ(γ2ηt) + Ca +
√

2 ln(2n/δ)

γ
+

4ηCg

γ

≤ Rt := 6

√

ρ(γ2ηt) + ηCg + Ca +
√

2 ln(2n/δ)

γ
,
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and

1

t

t−1
∑

k=0

L(wk) ≤
ρ(γ2ηt)

γ2ηt
+

‖w0 − u‖2
2ηt

≤ ρ(γ2ηt)

γ2ηt
+

1

2ηt

(

1

8
Rt +

5

4

√

ρ(γ2ηt) + Ca +
√

2 ln(2n/δ)

γ
+

2ηCg

γ

)2

≤ 9
ρ(γ2ηt) +

(

ηCg + Ca +
√

2 ln(2n/δ)
)2

γ2ηt
.

These verify the claim for t. We have completed the proof.

The following lemma is analogous to Lemma 9.

Lemma 29 (Gradient potential bound in the EoS phase) Consider a loss ℓ satisfying Assump-

tions 3A and 3B. Under event E , we have

1

t

t−1
∑

k=0

G(wk) ≤ 12

√

ρ(γ2ηt) + Ca +
√

2 ln(2n/δ) + ηCg

γ2ηt
, t ≤ T.

Proof (of Lemma 29) By Lemma 28, we know wt ∈ B for t ≤ T . Then we use the perceptron

argument (Novikoff, 1962),

〈wt+1,w∗〉 = 〈wt,w∗〉 − η〈∇L(wt),w∗〉

= 〈wt,w∗〉 −
η

n

n
∑

i=1

ℓ′
(

yifi(wt)
)

〈yi∇fi(wt),w∗〉

≥ 〈wt,w∗〉 −
4γη

5n

n
∑

i=1

ℓ′
(

yifi(wt)
)

by Lemma 25

= 〈wt,w∗〉+
4γη

5
G(wt).

Telescoping the sum, we have

1

t

t−1
∑

k=0

G(wk) ≤
5
(

〈wt,w∗〉 − 〈w0,w∗〉
)

4γηt
≤ 5‖wt −w0‖

4γηt
.

Plugging in the parameter bound in Lemma 28 completes the proof.

The following lemma is analogous to Lemma 10. However, our focus here is a nonlinear pre-

dictor that might not be twice differentiable. We address this issue using the self-boundedness of

the loss in Assumption 3C and a slightly longer induction argument.

Lemma 30 (Stable phase) Consider a loss ℓ satisfying Assumptions 3A to 3C. Suppose event E
holds. Suppose there exists s < T such that

L(ws) ≤
1

12C2
βη
,

then for every t ∈ [s, T ] we have,
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1. G(wt) ≤ 1/(12Cβη).

2. L(wt+1) ≤ L(wt)− 5η
8 ‖∇L(wt)‖2 ≤ L(wt).

Proof (of Lemma 30) Note that w1, . . . ,wT all belong to B by Lemma 28.

We first show that Claim 1 implies Claim 2. Note that

‖wt+1 −wt‖ = η‖∇L(wt)‖
≤ η ·G(wt) by Lemma 26

≤ 1

2
. by Claim 1

So we have

|yifi(wt+1)− yifi(wt)| =
∣

∣〈yi∇fi(wt),wt+1 −wt〉+ ξi(wt+1,wt)
∣

∣

≤ ‖wt+1 −wt‖+
γ

10
‖wt+1 −wt‖ by (9)

≤ 1

2
+

γ

20
≤ 1. since γ ≤ 1

Denote zi,t = yifi(wt), then |zi,t − zi,t+1| ≤ 1. By Assumption 3C we have

ℓ(zi,t+1) ≤ ℓ(zi,t) + ℓ′(zi,t)(zi,t+1 − zi,t) + Cβg(zi,t)(zi,t+1 − zi,t)
2

≤ ℓ(zi,t) + ℓ′(zi,t)〈yi∇fi(wt),wt+1 −wt〉+ |ℓ′(zi,t)| · |ξi(wt+1,wt)|
+ 2Cβg(zi,t)

(

|〈yi∇fi(wt),wt+1 −wt〉|2 + |ξi(wt+1,wt)|2
)

.

Applying the gradient bound (9) and the local linearization error bound in Lemma 24,

|ξi(w,v)| ≤
γ

10
‖w − v‖, w,v ∈ B,

we get

ℓ(zi,t+1) ≤ ℓ(zi,t) + ℓ′(zi,t)〈yi∇fi(wt),wt+1 −wt〉+ g(zi,t) ·
γ

10
‖wt+1 −wt‖

+ 2Cβg(zi,t)
(

‖wt+1 −wt‖2 +
γ2

100
‖wt+1 −wt‖2

)

≤ ℓ(zi,t) + ℓ′(zi,t)〈yi∇fi(wt),wt+1 −wt〉+ g(zi,t) ·
γ

10
‖wt+1 −wt‖

+ 3Cβg(zi,t)‖wt+1 −wt‖2,

where the last inequality is because γ ≤ 1. Taking average over i = 1, . . . , n, we get

L(wt+1) ≤ L(wt) + 〈∇L(wt),wt+1 −wt〉+G(wt) ·
γ

10
‖wt+1 −wt‖

+ 3CβG(wt+1) · ‖wt+1 −wt‖2

= L(wt)− η‖∇L(wt)‖2 +G(wt) ·
γη

10
‖∇L(wt)‖

+ 3Cβη
2G(wt) · ‖∇L(wt)‖2
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≤ L(wt)− η‖∇L(wt)‖2 +
η

8
‖∇L(wt)‖2 by Lemma 26

+
η

4
‖∇L(wt)‖2 by G(wt) ≤ 1/(12Cβη)

= L(wt)−
5η

8
‖∇L(wt)‖2.

which verifies Claim 2. We have shown that Claim 1 implies Claim 2.

Next, we prove a stronger version of Claim 1 by induction, that is,

for every t ∈ [s, T ], L(wt) ≤
1

12C2
βη
, G(wt) ≤

1

12Cβη
. (11)

• For t = s, using our assumption on L(ws) and Lemma 26, we have

G(wt) ≤ CβL(wt) ≤
1

12Cβη
,

which verifies (11) for s.

• Now suppose that (11) holds for s, s+ 1, . . . , t. Since Claim 1 implies Claim 2, we have

L(wt+1) ≤ L(wt) ≤ · · · ≤ L(ws) ≤
1

12C2
βη
.

From Lemma 26, we have

G(wt+1) ≤ CβL(wt+1) ≤
1

12Cβη
.

These together verify (11) for t+ 1 and thus complete our induction.

We have proved all claims.

The following lemma shows that all data is classified correctly when the training loss is low.

This lemma is only used in the convergence analysis in the stable phase.

Lemma 31 Consider a loss ℓ satisfying Assumption 3A. For every w such that

L(w) ≤ ℓ(0)

n
,

then yifi(w) ≥ 0 for i = 1, . . . , n,

Proof (of Lemma 31) Since ℓ(·) ≥ 0 by Assumption 3A, we have

1

n
ℓ
(

yifi(ws)
)

≤ L(ws) =
1

n

n
∑

i=1

ℓ
(

yifi(ws)
)

≤ ℓ(0)

n
,

which implies

ℓ
(

yifi(w)
)

≤ ℓ(0).

Then the monotonicity of ℓ(·) by Assumption 3A implies yifi(w) ≥ 0.

The following lemma is analogous to Lemma 11. Again, we use an additional induction argu-

ment to get a sharp width condition.
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Lemma 32 (Convergence in the stable phase) Consider a loss ℓ satisfying Assumptions 3A to 3C.

Suppose event E holds. Suppose there exists a time s < T such that

L(ws) ≤ min

{

1

12C2
βη
,
ℓ(0)

n

}

.

Then for every 0 ≤ t ≤ T − s, we have

L(ws+t) ≤ 16
ρ(γ2ηt)

γ2ηt
, ‖ws+t −ws‖ ≤ 6

√

ρ(γ2ηt)

γ
.

Proof (of Lemma 32) The first upper bound on L(ws) enables Lemma 30 for s onwards. Therefore

we have for k ≥ 0,

η‖∇L(ws+k)‖2 ≤
8

5

(

L(ws+k)− L(ws+k+1)
)

≤ 8

5
L(ws+k). (12)

Next, we use induction to prove the claims. For t = 0, the claims hold. Consider t. By the

inductive hypothesis, we have

for k = 0, . . . , t− 1, ‖ws+k −ws‖ ≤ 6

√

ρ(γ2ηk)

γ
≤ 6

√

ρ(γ2ηt)

γ
=: R′.

Choose a comparator centered at ws,

u := ws + θw∗, θ :=
1

8
R′ +

5

4

√

ρ
(

γ2ηt
)

γ
.

For k ≤ t− 1, we have

‖ws+k+1 − u‖2 = ‖ws+k − u‖2 + 2η〈∇L(ws+k),u−ws+k〉+ η2‖∇L(ws+k)‖2

≤ ‖ws+k − u‖2 + 2η〈∇L(ws+k),u−ws+k〉+
8η

5
L(ws+k). by (12)

Repeating the argument in (10), we can bound the second term by

〈∇L(ws+k),u−ws+k〉 ≤
1

n

n
∑

i=1

ℓ
(

γ(8θ − ‖ws+k −ws‖)/10 + yifi(ws)
)

− L(ws+k).

The assumption that L(ws) ≤ ℓ(0)/n allows us to apply Lemma 31, so yifi(ws) ≥ 0 and thus

γ(8θ − ‖ws+k −ws‖)/10 + yifi(ws) ≥ γ(8θ − ‖ws+k −ws‖)/10
≥ γ(8θ −R′)/10 by the inductive hypothesis

=
√

ρ(γ2ηt). by the choice of θ

Using the monotonicity of ℓ by Assumption 3A, we get

ℓ
(

γ(8θ − ‖ws+k −ws‖)/10 + yifi(ws)
)

≤ ℓ
(
√

ρ(γ2ηt)
)

.
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So we can further control the second term by

〈∇L(ws+k),u−ws+k〉 ≤ ℓ
(

γ(8θ −R′)/10
)

− L(ws+k).

Bringing this back, we get

‖ws+k+1 − u‖2 ≤ ‖ws+k − u‖2 + 2η
(

ℓ
(
√

ρ(γ2ηt)
)

− L(wt)
)

+
8η

5
L(ws+k)

= ‖wt − u‖2 + 2ηℓ
(
√

ρ(γ2ηt)
)

− 2η

5
L(ws+k).

Telescoping the sum from 0 to t− 1 and rearranging, we get

5‖ws+t − u‖2
2ηt

+
1

t

t−1
∑

k=0

L(ws+k) ≤ 5ℓ
(
√

ρ(γ2ηt)
)

+
5‖ws − u‖2

2ηt

≤ 5
ρ(γ2ηt)

γ2ηt
+

5‖ws − u‖2
2ηt

. by Lemma 20. (13)

Back to our induction. For case t, we have

‖ws+t −ws‖ ≤ ‖ws+t − u‖+ ‖ws − u‖
≤
√

2ρ(γ2ηt)/γ2 + 2‖ws − u‖ by (13)

=

√

2ρ(γ2ηt)

γ
+

1

4
R′ +

5

2

√

ρ
(

γ2ηt
)

γ
by the choice of u

≤ R′ := 6

√

ρ
(

γ2ηt
)

γ
,

and

1

t

t−1
∑

k=0

L(ws+k) ≤ 5
ρ(γ2ηt)

γ2ηt
+

5

2ηt

(

1

8
R′ +

5

4

√

ρ
(

γ2ηt
)

γ

)2

by (13)

= 15
ρ(γ2ηt)

γ2ηt
.

We complete our induction by using the monotonicity of L(wt) for t ≥ s by Lemma 30.

The next lemma shows a (weak) phase transition time bound without using the exponential tail

condition of the loss.

Lemma 33 (Phase transition time) Consider a loss ℓ satisfying Assumptions 3A and 3B. Suppose

event E holds. Define

ψ(λ) =
λ

ρ(λ)
, λ > 0.

Then there is C > 0 as a function of Cg, Ca, Cβ , ℓ(0), ln(1/δ) for the following to hold. Let

τ :=
1

γ2
max

{

ψ−1
(

C(η + n)
)

η
, C(η + n)η

}

.
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If τ < T , then there exists 0 ≤ s ≤ τ such that

L(ws) ≤ min

{

1

12C2
βη
,
ℓ(0)

n

}

.

Proof (of Lemma 33) Applying Lemma 28 with t = τ , we have

1

τ

τ−1
∑

k=0

L(wk) ≤ 9
ρ(γ2ητ) +

(

Ca +
√

2 ln(2n/δ) + ηCg

)2

γ2ητ
.

Choose τ such that

ηγ2τ ≥ max

{

ψ−1

(

18

(

12C2
βη +

n

ℓ(0)

))

,

18

(

12C2
βη +

n

ℓ(0)

)

(

Ca +
√

2 ln(2n/δ) + ηCg

)2
}

.

It is clear that
1

ψ(λ)
=
ρ(λ)

λ
= min

z
ℓ(z) +

z2

λ

is a decreasing function. So for ηγ2τ we have

9
ρ(γ2ητ)

γ2ητ
= 9

1

ψ(ηγ2τ)

≤ 9
1

18

(

12C2
βη + n/ℓ(0)

)

=
1

2
· 1

12C2
βη + n/ℓ(0)

,

and

9

(

Ca +
√

2 ln(2n/δ) + ηCg

)2

γ2ητ
≤ 1

2
· 1

12C2
βη + n/ℓ(0)

.

These two inequalities together imply that

1

τ

τ−1
∑

k=0

L(wk) ≤ 9
ρ(γ2ητ) +

(

Ca +
√

2 ln(2n/δ) + ηCg

)2

γ2ητ

≤ 1

12C2
βη + n/ℓ(0)

≤ min

{

1

12C2
βη
,
ℓ(0)

n

}

,

which implies that there exists s ≤ τ for L(ws) satisfies the right hand side bound.

The next lemma shows a stronger phase transition bound assuming an exponentially tailed loss.
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Lemma 34 (Phase transition time under exponential tail) Consider a loss ℓ satisfying Assump-

tions 3A, 3B and 3D. Suppose event E holds. Then there is C > 0 as a function of Ce, Cg, Ca, Cβ ,

ℓ(0), ln(1/δ) for the following to hold. Let

τ :=
C

γ2
max

{

η, n ln(n)
}

,

if τ ≤ T , then there exists 0 ≤ s ≤ τ such that

L(ws) ≤ min

{

1

12C2
βη
,
ℓ(0)

n

}

.

Proof (of Lemma 34) Under Assumption 3D, we have,

ℓ(z) ≤ Ceg(z) = −Ceℓ
′(z), z ≥ 0,

which implies

ℓ′(z)
ℓ(z)

≤ −C−1
e , z ≥ 0.

Integrating both sides, we get

ln ℓ(x) ≤ ln ℓ(0) +

∫ x

z=0

ℓ′(z)
ℓ(z)

dx ≤ ln ℓ(0)− C−1
e x, x ≥ 0,

which implies

ℓ(x) ≤ ℓ(0) exp
(

− C−1
e x

)

, x ≥ 0.

Using the exponential tail property, we have

ρ(λ) = minλℓ(z) + z2

≤ λℓ
(

Ce ln(λ)
)

+ C2
e ln

2(λ)

≤ ℓ(0) + C2
e ln

2(λ). (14)

Applying Lemma 29 for τ , we have

1

τ

τ−1
∑

k=0

G(wk) ≤ 12

√

ρ(γ2ητ) + Ca +
√

2 ln(2n/δ) + ηCg

γ2ητ

≤ 12

√

ℓ(0) + C2
e ln

2(γ2ητ) + Ca +
√

2 ln(2n/δ) + ηCg

γ2ητ
by (14)

≤ 12
Ce ln(γ

2τ) + η(Cg + Ce) +
√

ℓ(0) + Ca +
√

2 ln(2n/δ)

γ2ητ

≤ 12

(

Ce

η

ln(γ2τ)

γ2τ
+
Cg + Ce

γ2τ
+

√

ℓ(0) + Ca +
√

2 ln(2n/δ)

η
· 1

γ2τ

)

.
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So there exists C > 0 as a function of Ce, Cg, Ca, Cβ , ℓ(0), ln(1/δ), such that

γ2τ ≥ Cmax
{

η, n ln(n)
}

implies that

1

τ

τ−1
∑

k=0

G(wk) ≤ min

{

1

12CeC2
βη
,
ℓ(0)

Cen

}

.

So there exists s ≤ τ such that

G(ws) ≤ min

{

1

12CeC2
βη
,
ℓ(0)

Cen

}

.

The last upper bound ensures that for every i,

1

n
g
(

yifi(ws)
)

≤ G(ws) =
1

n

n
∑

i=1

g
(

yifi(ws)
)

≤ ℓ(0)

Cen
≤ g(0)

n
,

where the last inequality is due to Assumption 3D. The above implies

yifi(ws) ≥ 0

since g(·) is non-increasing by Assumption 3A. So we can apply Assumption 3D for yifi(ws) and

get

ℓ(yifi(ws)) ≤ Ceg(yifi(ws)).

Taking an average over i = 1, . . . , n, we get

L(ws) ≤ CeG(ws).

We complete the proof by plugging in the upper bound on G(ws).

The proof of Theorem 6 follows from the above lemmas.

Proof (of Theorem 6) It follows from Lemmas 28 and 32 to 34.

Appendix I. General Losses and Linear Model

We restate our Theorem 6 for a linear model under general loss functions.

Theorem 35 (General losses and linear model) Consider (GD) with stepsize η > 0 for linear

classification

L(w) :=
1

n

n
∑

i=1

ℓ(yix
⊤
i w), w ∈ R

d,

where the dataset (xi, yi)
n
i=1 satisfies Assumption 1 and the loss function ℓ satisfies Assumptions 3A

and 3B. Then we have the following.
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• The EoS phase. For every t > 0 (and in particular in the EoS phase), we have

1

t

t−1
∑

k=0

L(wk) ≤ 9
ρ(γ2ηt) +

(

ηCg

)2

γ2ηt
.

• The stable phase. Assume that the loss ℓ also satisfies Assumption 3C. If s is such that

L(ws) ≤ min

{

1

12C2
βη
,
ℓ(0)

n

}

, (15)

then (GD) is in the stable phase, that is, for every t ∈ [s, T ], L(wt) decreases monotonically, and

moreover,

L(wt) ≤ 15
ρ(γ2η(t− s))

γ2η(t− s)
.

• Phase transition time. There exists a constant C1 > 0 that only depends on Cg, Cβ , and ℓ(0)
such that the following holds. Let

τ :=
1

γ2
max

{

ψ−1
(

C1(η + n)
)

η
, C1(η + n)η

}

, where ψ(λ) :=
λ

ρ(λ)
.

If τ ≤ T , then (15) holds for some s ≤ τ .

• Phase transition time under an exponential tail. Assume that the loss ℓ further satisfies Assump-

tion 3D, then there exists a constant C2 > 0 that only depends on Ce, Cg, Cβ , ℓ(0), and ln(1/δ)
such that the following holds. Let

τ :=
C2

γ2
max

{

η, n
}

.

If τ ≤ T , then (15) holds for some s ≤ τ .

Proof (of Theorem 35) This is proved by reusing results in Appendix H.3 under a good event

where the margin is γ ≥ 0.9γ, the initial predictor is zero,

yix
⊤
i w0 = 0,

the linearization error is zero, and the predictor gradient difference is zero (that is, for f(x;w) =
x
⊤
w, we have ‖∇f(x;w)−∇f(x;v)‖ = 0).

We remark that different from Theorem 6, here the phase transition time bound under an expo-

nential tail only depends on n instead of n ln(n). This difference is because the initial predictor in

the NTK case depends on ln(n), while our initial predictor is zero. See more details in the proof of

Lemma 34.
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