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❆❜str❛❝t✳ ❲❡ ✐♥tr♦❞✉❝❡ ❛ ♣♦♣✉❧❛t✐♦♥✲❜❛s❡❞ ❛♣♣r♦❛❝❤ t♦ s♦❧✈✐♥❣ ♣❛✲
r❛♠❡t❡r✐③❡❞ ❣r❛♣❤ ♣r♦❜❧❡♠s ❢♦r ✇❤✐❝❤ t❤❡ ❣♦❛❧ ✐s t♦ ✐❞❡♥t✐❢② ❛ s♠❛❧❧
s❡t ♦❢ ✈❡rt✐❝❡s s✉❜❥❡❝t t♦ ❛ ❢❡❛s✐❜✐❧✐t② ❝r✐t❡r✐♦♥✳ ❚❤❡ ✐❞❡❛ ✐s t♦ ❡✈♦❧✈❡
❛ ♣♦♣✉❧❛t✐♦♥ ♦❢ ✐♥❞✐✈✐❞✉❛❧s ✇❤❡r❡ ❡❛❝❤ ✐♥❞✐✈✐❞✉❛❧ ❝♦rr❡s♣♦♥❞s t♦ ❛♥
♦♣t✐♠❛❧ s♦❧✉t✐♦♥ t♦ ❛ s✉❜❣r❛♣❤ ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ♣r♦❜❧❡♠✳ ❚❤❡ ❝r♦ss♦✈❡r
♦♣❡r❛t✐♦♥ t❤❡♥ ❝♦♠❜✐♥❡s ❜♦t❤ s♦❧✉t✐♦♥s ❛♥❞ s✉❜❣r❛♣❤s ✇✐t❤ t❤❡ ❤♦♣❡
t♦ ❣❡♥❡r❛t❡ ❛♥ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ❢♦r ❛ s❧✐❣❤t❧② ❧❛r❣❡r ❣r❛♣❤✳ ■♥ ♦r❞❡r t♦
❝♦rr❡❝t❧② ❝♦♠❜✐♥❡ s♦❧✉t✐♦♥s ❛♥❞ s✉❜❣r❛♣❤s✱ ✇❡ ♣r♦♣♦s❡ ❛ ♥❡✇ ❝r♦ss♦✈❡r
♦♣❡r❛t♦r ❝❛❧❧❡❞ ❣❡♥❡r❛❧✐③❡❞ ❛❧❧❡❧✐❝ ❝r♦ss♦✈❡r ✇❤✐❝❤ ❣❡♥❡r❛❧✐③❡s ✉♥✐❢♦r♠
❝r♦ss♦✈❡r ❜② ❛ss♦❝✐❛t✐♥❣ ❛ ♣r♦❜❛❜✐❧✐t② ❛t ❡❛❝❤ ❧♦❝✉s ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡
❝♦♠❜✐♥❡❞ ❛❧❧❡❧❡s ♦❢ t❤❡ ♣❛r❡♥ts✳ ❲❡ ♣r♦✈❡ ❢♦r ❣r❛♣❤s ✇✐t❤ n ✈❡rt✐❝❡s ❛♥❞
m ❡❞❣❡s✱ t❤❡ ❛♣♣r♦❛❝❤ s♦❧✈❡s t❤❡ k✲✈❡rt❡① ❝♦✈❡r ♣r♦❜❧❡♠ ✐♥ ❡①♣❡❝t❡❞
t✐♠❡ O

(

4km+m4 log n
)

✉s✐♥❣ ❛ s✐♠♣❧❡ ❘▲❙✲st②❧❡ ♠✉t❛t✐♦♥✳ ❚❤✐s ❜♦✉♥❞

❝❛♥ ❜❡ ✐♠♣r♦✈❡❞ t♦ O
(

4km+m2nk log n
)

❜② ✉s✐♥❣ st❛♥❞❛r❞ ♠✉t❛t✐♦♥
❝♦♥str❛✐♥❡❞ t♦ t❤❡ ✈❡rt✐❝❡s ♦❢ t❤❡ ❣r❛♣❤✳

✶ ■♥tr♦❞✉❝t✐♦♥

▼❛♥② ❝♦♠❜✐♥❛t♦r✐❛❧ ♣r♦❜❧❡♠s ✐♥✈♦❧✈✐♥❣ ❣r❛♣❤s r❡q✉✐r❡ ✜♥❞✐♥❣ ❛ s♠❛❧❧ s❡t ♦❢
❝♦♠♣♦♥❡♥ts ✭❡✳❣✳✱ ✈❡rt✐❝❡s ♦r ❡❞❣❡s✮ s✉❜❥❡❝t t♦ s♦♠❡ ❢❡❛s✐❜✐❧✐t② ❝r✐t❡r✐♦♥✳ ❊①❛♠✲
♣❧❡s ✐♥❝❧✉❞❡ t❤❡ k✲✈❡rt❡① ❝♦✈❡r ♣r♦❜❧❡♠✱ ✇❤❡r❡ ❛ s♦❧✉t✐♦♥ ✐s ❛ s❡t ♦❢ ✈❡rt✐❝❡s ♦❢
s✐③❡ ❛t ♠♦st k t❤❛t ✐♥❝❧✉❞❡s ❛t ❧❡❛st ♦♥❡ ❡♥❞♣♦✐♥t ♦❢ ❡✈❡r② ❡❞❣❡ ✐♥ t❤❡ ❣r❛♣❤✱
❛♥❞ t❤❡ k✲❡❞❣❡ ❞♦♠✐♥❛t✐♥❣ s❡t ♣r♦❜❧❡♠ ✐♥ ✇❤✐❝❤ ❛ s♦❧✉t✐♦♥ ✐s ❛ s❡t ♦❢ ❡❞❣❡s ♦❢
s✐③❡ ❛t ♠♦st k s✉❝❤ t❤❛t ❡❛❝❤ ❡❞❣❡ ♥♦t ✐♥ t❤❡ s❡t ✐s ❛❞❥❛❝❡♥t t♦ ❛t ❧❡❛st ♦♥❡ ❡❞❣❡
✐♥ t❤❡ s❡t✳

❲❤❡♥ ❛♣♣❧②✐♥❣ ♠❡t❤♦❞s ❢r♦♠ ❡✈♦❧✉t✐♦♥❛r② ❝♦♠♣✉t❛t✐♦♥ t♦ s♦❧✈❡ s✉❝❤ ♣r♦❜✲
❧❡♠s✱ ❛ ♣♦♣✉❧❛r ❛♣♣r♦❛❝❤ t♦ ❤❛♥❞❧❡ ✐♥❢❡❛s✐❜✐❧✐t② ✐s t♦ ❛❞❞ ❛ ♣❡♥❛❧t② t❡r♠ ✐♥t♦
t❤❡ ✜t♥❡ss ❢✉♥❝t✐♦♥ t♦ ❡♥s✉r❡ ❢❡❛s✐❜❧❡ s♦❧✉t✐♦♥s ❛r❡ ♣r❡❢❡rr❡❞ ♦✈❡r ✐♥❢❡❛s✐❜❧❡ s♦✲
❧✉t✐♦♥s✳ ❆ s♦♠❡✇❤❛t ♦rt❤♦❣♦♥❛❧ ❛♣♣r♦❛❝❤ ✐s t♦ ❡♠♣❧♦② s♦♠❡ ❦✐♥❞ ♦❢ ❝♦♥str❛✐♥t
r❡♣❛✐r ♦♣❡r❛t✐♦♥ t❤❛t r❡♣❛✐rs ✐♥❢❡❛s✐❜❧❡ s♦❧✉t✐♦♥s t❤❛t ♠❛② ❤❛✈❡ ❜❡❡♥ ♣r♦❞✉❝❡❞
❜② ♠✉t❛t✐♦♥ ♦r ❝r♦ss♦✈❡r✳ ❘❡❝❡♥t❧②✱ ❇r❛♥s♦♥ ❛♥❞ ❙✉tt♦♥ ❬✶❪ ✐♥tr♦❞✉❝❡❞ ❛ ❢♦❝✉s❡❞
❥✉♠♣✲❛♥❞✲r❡♣❛✐r ♦♣❡r❛t✐♦♥ t❤❛t tr✐❡s t♦ r❡♣❛✐r ✐♥❢❡❛s✐❜❧❡ s♦❧✉t✐♦♥s ❜② t❛❦✐♥❣ ❛ ❢♦✲
❝✉s❡❞ ❥✉♠♣ ✐♥ t❤❡ ✜t♥❡ss ❧❛♥❞s❝❛♣❡ ❛♥❞ s✉❜s❡q✉❡♥t❧② ✐♥✈♦❦❡s ❛ ❞♦♠❛✐♥✲s♣❡❝✐✜❝



✷ ❏✳ ▲❡❡ ❛♥❞ ❆✳ ▼✳ ❙✉tt♦♥

r❡♣❛✐r ♦♣❡r❛t♦r t♦ tr❛♥s❢♦r♠ ♦✛s♣r✐♥❣ r❡♥❞❡r❡❞ ✐♥❢❡❛s✐❜❧❡ ❜② ♠✉t❛t✐♦♥ ✐♥t♦ ❢❡❛✲
s✐❜❧❡ ✐♥❞✐✈✐❞✉❛❧s✳

❆♥ ♦♣❡♥ q✉❡st✐♦♥ ❢r♦♠ ❬✶❪ ✐s ✇❤❡t❤❡r ♣♦♣✉❧❛t✐♦♥s ❛♥❞ ❝r♦ss♦✈❡r ♠✐❣❤t ❜❡
✉s❡❞ t♦❣❡t❤❡r ✇✐t❤ ❝♦♥str❛✐♥t r❡♣❛✐r t♦ ❡✣❝✐❡♥t❧② s♦❧✈❡ ♣❛r❛♠❡t❡r✐③❡❞ ♣r♦❜❧❡♠s✳
❲❡ ❛❞❞r❡ss t❤❛t q✉❡st✐♦♥ ✐♥ t❤✐s ♣❛♣❡r ❜② ❞❡✈❡❧♦♣✐♥❣ ❛ ♥❡✇ ♣♦♣✉❧❛t✐♦♥✲❜❛s❡❞
❛♣♣r♦❛❝❤ ✐♥ ✇❤✐❝❤ t❤❡ ♣♦♣✉❧❛t✐♦♥ ❝♦♥s✐sts ♦❢ ❢❡❛s✐❜❧❡ s♦❧✉t✐♦♥s t♦ s✉❜❣r❛♣❤s ♦❢
t❤❡ ♦r✐❣✐♥❛❧ ❣r❛♣❤✳ ❲❡ ✐♥tr♦❞✉❝❡ ❛ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ ✉♥✐❢♦r♠ ❝r♦ss♦✈❡r✱ ❝❛❧❧❡❞
❣❡♥❡r❛❧✐③❡❞ ❛❧❧❡❧✐❝ ❝r♦ss♦✈❡r✱ ❛♥❞ s❤♦✇ t❤❛t t❤✐s ❝r♦ss♦✈❡r t♦❣❡t❤❡r ✇✐t❤ ♠✉✲
t❛t✐♦♥ ❛♥❞ ❝♦♥str❛✐♥t r❡♣❛✐r r❡s✉❧ts ✐♥ ✜①❡❞✲♣❛r❛♠❡t❡r tr❛❝t❛❜❧❡ r✉♥t✐♠❡ ❢♦r
t❤❡ k✲✈❡rt❡① ❝♦✈❡r ♣r♦❜❧❡♠✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ♦♥ ❣r❛♣❤s ✇✐t❤ n ✈❡rt✐❝❡s ❛♥❞ m
❡❞❣❡s✱ ♦✉r ❛♣♣r♦❛❝❤ ✜♥❞s ❛ ✈❡rt❡① ❝♦✈❡r ♦❢ s✐③❡ ❛t ♠♦st k ✭✐❢ ♦♥❡ ❡①✐sts✮ ✇✐t❤✐♥
O
(

4km+m4 log n
)

❣❡♥❡r❛t✐♦♥s ✉s✐♥❣ ❘▲❙ ♠✉t❛t✐♦♥✳ ❚❤✐s ❜♦✉♥❞ ❝❛♥ ❜❡ ✐♠✲

♣r♦✈❡❞ t♦ O
(

4km+m2nk log n
)

✉s✐♥❣ st❛♥❞❛r❞ ♠✉t❛t✐♦♥ t❤❛t ♦♥❧② ❛✛❡❝ts t❤❡
s❡❣♠❡♥t ♦❢ t❤❡ ❜✐tstr✐♥❣ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ✈❡rt✐❝❡s✳ ■❣♥♦r✐♥❣ ♣♦❧②♥♦♠✐❛❧ ❢❛❝✲
t♦rs✱ t❤❡s❡ ❜♦✉♥❞s ❛r❡ ♥♦t ❛s t✐❣❤t ❛s t❤❡ ❋P❚ ❜♦✉♥❞s ❢♦r ✭✶✰✶✮ ❊❆ ♦♥ t❤❡ s❛♠❡
♣r♦❜❧❡♠ ❬✶❪✱ ❜✉t ❛r❡ ✐♥t❡r❡st✐♥❣ ❢♦r ❛ ♥✉♠❜❡r ♦❢ r❡❛s♦♥s✳ ❋✐rst✱ t❤❡ ♣♦♣✉❧❛t✐♦♥✲
❜❛s❡❞ ❛♣♣r♦❛❝❤ ❝❛♥ ❜❡ ❡❛s✐❧② ♣❛r❛❧❧❡❧✐③❡❞ t♦ ✐♥❝✉r r✉♥t✐♠❡ s♣❡❡❞✉♣s✳ ❋✉rt❤❡r✲
♠♦r❡✱ ❡✈❡♥ ✇✐t❤♦✉t ♣❛r❛❧❧❡❧✐③❛t✐♦♥ ✇❡ ❢♦✉♥❞ t❤❡ ❛♣♣r♦❛❝❤ t♦ ❜❡ s✐❣♥✐✜❝❛♥t❧② ♠♦r❡
❡✣❝✐❡♥t t❤❛♥ t❤❡ ✭✶✰✶✮ ❊❆ ✈❛r✐❛♥t ♦♥ ❡♠♣✐r✐❝❛❧ st✉❞✐❡s ♦❢ r❛♥❞♦♠❧② ❣❡♥❡r❛t❡❞
❣r❛♣❤s ✭r❡♣♦rt❡❞ ✐♥ ❙❡❝t✐♦♥ ✺✮✳

✶✳✶ ❇❛❝❦❣r♦✉♥❞

❈♦♥str❛✐♥t r❡♣❛✐r ✐s ♦♥❡ ♦❢ t❤❡ ♠❛✐♥ t❡❝❤♥✐q✉❡s ❡♠♣❧♦②❡❞ t♦ ❛❞❞r❡ss ❝♦♥str❛✐♥❡❞
♦♣t✐♠✐③❛t✐♦♥ ❜② r❛♥❞♦♠✐③❡❞ s❡❛r❝❤ ❤❡✉r✐st✐❝s ❬✷❪✳ ❘❡♣❛✐r✲❜❛s❡❞ ❝r♦ss♦✈❡r ♦♣✲
❡r❛t♦rs ✇❡r❡ ✐♥✐t✐❛❧❧② ❞❡✈❡❧♦♣❡❞ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ♣❡r♠✉t❛t✐♦♥✲❜❛s❡❞ ❡♥❝♦❞✲
✐♥❣s ❬✼✱ ✶✸✱ ✶✺❪✳ ❆ r❡♣❛✐r ♠❡❝❤❛♥✐s♠ ❜❛s❡❞ ♦♥ ❧♦❝❛❧ s❡❛r❝❤ ✇❛s ❛♣♣❧✐❡❞ t♦ ✈❡r✲
t❡① ❝♦✈❡r ♣r♦❜❧❡♠s ❛♥❞ ❡①❛♠✐♥❡❞ ❡♠♣✐r✐❝❛❧❧② ❜② P❡❧✐❦❛♥✱ ❑❛❧❛♣❛❧❛ ❛♥❞ ❍❛rt✲
♠❛♥♥ ❬✶✾❪ ❢♦r ❤✐❡r❛r❝❤✐❝❛❧ ❇❛②❡s✐❛♥ ♦♣t✐♠✐③❛t✐♦♥ ✭❤❇❖❆✮ ❛♥❞ t❤❡ s✐♠♣❧❡ ❣❡♥❡t✐❝
❛❧❣♦r✐t❤♠ ✭❙●❆✮✳ ❚❤❡ ❛✉t❤♦rs s❤♦✇❡❞ t❤❛t t❤❡s❡ ❛♣♣r♦❛❝❤❡s ✭❛❧♦♥❣ ✇✐t❤ s✐♠✉✲
❧❛t❡❞ ❛♥♥❡❛❧✐♥❣✮ ♣r♦❞✉❝❡❞ ♦♣t✐♠❛❧ ✈❡rt❡① ❝♦✈❡rs ♦♥ ❊r❞➤s✲❘é♥②✐ r❛♥❞♦♠ ❣r❛♣❤s
s✐❣♥✐✜❝❛♥t❧② ❢❛st❡r t❤❛♥ ❜r❛♥❝❤✲❛♥❞✲❜♦✉♥❞✳

❋✐♥❞✐♥❣ ♠✐♥✐♠❛❧ ✈❡rt❡① ❝♦✈❡rs ❤❛s ❜❡❡♥ ❛♥ ✐♥t❡♥s❡ s✉❜❥❡❝t ♦❢ r❡s❡❛r❝❤ ❢♦r
❡✈♦❧✉t✐♦♥❛r② ❛❧❣♦r✐t❤♠s✳ ❑❤✉r✐ ❛♥❞ ❇ä❝❦ ❬✶✵❪ ✐♥✈❡st✐❣❛t❡❞ ❤❛♥❞❧✐♥❣ ✐♥❢❡❛s✐❜❧❡ s♦✲
❧✉t✐♦♥s ❜② ❛❞❞✐♥❣ ❛ ♣❡♥❛❧t② t❡r♠ t♦ t❤❡ ✜t♥❡ss ❢✉♥❝t✐♦♥ t❤❛t str♦♥❣❧② ❞✐s❝♦✉♥ts
❝❛♥❞✐❞❛t❡ s♦❧✉t✐♦♥s t❤❛t ❛r❡ ♥♦t ✈❡rt❡① ❝♦✈❡rs✳ ❚❤❡② ❞❡♠♦♥str❛t❡❞ t❤❛t ❛ ❣❡✲
♥❡t✐❝ ❛❧❣♦r✐t❤♠ s✐❣♥✐✜❝❛♥t❧② ♦✉t♣❡r❢♦r♠s t❤❡ ✇❡❧❧✲❦♥♦✇♥ ✷✲❛♣♣r♦①✐♠❛t✐♦♥ ❜❛s❡❞
♦♥ ♠❛①✐♠❛❧ ♠❛t❝❤✐♥❣ ♦♥ r❛♥❞♦♠ ❣r❛♣❤s ❛♥❞ str✉❝t✉r❡❞ ❣r❛♣❤s ✐♥tr♦❞✉❝❡❞ ❜②
P❛♣❛❞✐♠✐tr✐♦✉ ❛♥❞ ❙t❡✐❣❧✐t③ ❬✶✽❪✳ ❚❤✐s ♣r♦♠✐s✐♥❣ ❡♠♣✐r✐❝❛❧ ♣❡r❢♦r♠❛♥❝❡ ♦❢ ❡✈♦❧✉✲
t✐♦♥❛r② ♠❡t❤♦❞s ♦♥ ✈❡rt❡① ❝♦✈❡r ✐♥✢✉❡♥❝❡❞ t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ t❤❡♦r❡t✐❝❛❧ ✇♦r❦
♦♥ t❤❡ ♣r♦❜❧❡♠ ❬✺✱✽✱ ✶✼❪✳

❋r♦♠ ❛ ♣❛r❛♠❡t❡r✐③❡❞ ❝♦♠♣❧❡①✐t② ♣❡rs♣❡❝t✐✈❡✱ t❤❡ ✈❡rt❡① ❝♦✈❡r ♣r♦❜❧❡♠ ✇❛s
t❤❡ ✜rst ♣r♦❜❧❡♠ ❢♦r ✇❤✐❝❤ ❛ ✜①❡❞✲♣❛r❛♠❡t❡r tr❛❝t❛❜❧❡ ❡✈♦❧✉t✐♦♥❛r② ❛❧❣♦r✐t❤♠
✇❛s ❞❡✈❡❧♦♣❡❞ ✐♥ t❤❡ ✇♦r❦ ♦❢ ❑r❛ts❝❤ ❛♥❞ ◆❡✉♠❛♥♥ ❬✶✶❪✳ ❚❤❡② ♣r♦✈❡❞ t❤❛t
●❧♦❜❛❧ ❙❊▼❖ ✉s✐♥❣ ❛ t❛✐❧♦r❡❞ ♠✉t❛t✐♦♥ ♦♣❡r❛t♦r ❤❛s ❛♥ ❡①♣❡❝t❡❞ ♦♣t✐♠✐③❛t✐♦♥
t✐♠❡ ❜♦✉♥❞❡❞ ❜② O(OPT · n4 + n · 2OPT 2+OPT ) ♦♥ ❛♥② ❣r❛♣❤ G ✇❤❡r❡ OPT ✐s



❊✈♦❧✈✐♥❣ P♦♣✉❧❛t✐♦♥s ♦❢ ❙♦❧✈❡❞ ❙✉❜❣r❛♣❤s ✸

t❤❡ s✐③❡ ♦❢ ❛ ♠✐♥✐♠✉♠ ✈❡rt❡① ❝♦✈❡r ♦❢ G✳ ❲❤❡♥ t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ ❛❧s♦ ✉s❡s
❝♦st ♦❢ ❛♥ ♦♣t✐♠❛❧ ❢r❛❝t✐♦♥❛❧ ❝♦✈❡r ✭♦❜t❛✐♥❡❞ ❜② ❧✐♥❡❛r ♣r♦❣r❛♠♠✐♥❣✮ t❤❡ ❜♦✉♥❞
✐s ✐♠♣r♦✈❡❞ t♦ O(n2 log n+OPT · n2 + 4OPTn)✳

❇r❛♥s♦♥ ❛♥❞ ❙✉tt♦♥ ❬✶❪ r❡❝❡♥t❧② s❤♦✇❡❞ t❤❛t ❛ ❢♦❝✉s❡❞ ❥✉♠♣✲❛♥❞✲r❡♣❛✐r ♦♣❡r✲
❛t✐♦♥ ❝❛♥ ♣r♦❜❛❜✐❧✐st✐❝❛❧❧② s✐♠✉❧❛t❡ ✐t❡r❛t✐✈❡ ❝♦♠♣r❡ss✐♦♥✱ ✇❤✐❝❤ ✐s ❛♥ ❛❧❣♦r✐t❤♠
❞❡s✐❣♥ t❡❝❤♥✐q✉❡ ❢♦r ❡✣❝✐❡♥t❧② ❝♦♠♣r❡ss✐♥❣ ❛ ❢❡❛s✐❜❧❡ s♦❧✉t✐♦♥ ✐♥t♦ ❛ s❧✐❣❤t❧②
s♠❛❧❧❡r s♦❧✉t✐♦♥✳ ❚❤❡② ♣r♦✈❡❞ t❤❛t t❤❡ ✭✶✰✶✮ ❊❆ ❡♠♣❧♦②✐♥❣ ❢♦❝✉s❡❞ ❥✉♠♣✲❛♥❞✲
r❡♣❛✐r ❛♥❞ ✉s✐♥❣ ❛ r❡st❛rt✐♥❣ ❢r❛♠❡✇♦r❦ r❡s✉❧ts ✐♥ ❛ ✜①❡❞✲♣❛r❛♠❡t❡r tr❛❝t❛❜❧❡
O(2OPTn2 log n) r✉♥t✐♠❡ ❜♦✉♥❞ ♦♥ k✲✈❡rt❡① ❝♦✈❡r ♣r♦❜❧❡♠s✳ ❚❤❡② ❛❧s♦ ❣✐✈❡
✜①❡❞✲♣❛r❛♠❡t❡r tr❛❝t❛❜❧❡ ❜♦✉♥❞s ❢♦r t❤❡ ❋❡❡❞❜❛❝❦❱❡rt❡①❙❡t ❛♥❞ ❖❞❞❈②✲
❝❧❡❚r❛♥s✈❡rs❛❧ ♣r♦❜❧❡♠s✳

■♥ t❤✐s ♣❛♣❡r✱ ✇❡ s❤♦✇ ❤♦✇ ❛ ❝❛r❡❢✉❧❧② ❞❡s✐❣♥❡❞ ❝r♦ss♦✈❡r ♦♣❡r❛t♦r ❝❛♥ ❛❧s♦
❧❡✈❡r❛❣❡ ♣♦♣✉❧❛t✐♦♥s ❜❛s❡❞ ♦♥ s✉❜❣r❛♣❤s t♦ ♣r♦❜❛❜✐❧✐st✐❝❛❧❧② s✐♠✉❧❛t❡ ✐t❡r❛t✐✈❡
❝♦♠♣r❡ss✐♦♥✳ ❚❤❡ ❡✛❡❝t ♦❢ ❝r♦ss♦✈❡r ♦♥ ♣❛r❛♠❡t❡r✐③❡❞ ❝♦♠♣❧❡①✐t② ❤❛s ❛❧s♦ ❜❡❡♥
st✉❞✐❡❞ ♦♥ t❤❡ ❝❧♦s❡st str✐♥❣ ♣r♦❜❧❡♠ ❬✷✷❪✳

✷ Pr❡❧✐♠✐♥❛r✐❡s

❲❡ ❝♦♥s✐❞❡r ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤s G = (V,E) ✇❤❡r❡ V = {v1, . . . , vn} ✐s ❛ s❡t ♦❢
n ✈❡rt✐❝❡s ❛♥❞ E = {e1, . . . , em} ⊆

(

V
2

)

✐s ❛ ❢❛♠✐❧② ♦❢ m 2✲❡❧❡♠❡♥t s❡ts ♦❢ V
❝❛❧❧❡❞ ❡❞❣❡s✳ ●✐✈❡♥ ❛ ✈❡rt❡① s❡t Sv ⊆ V ❛♥❞ ❛♥ ❡❞❣❡ s❡t SE ⊆ E✱ ✇❡ t❛❦❡ t❤❡
✐♥t❡rs❡❝t✐♦♥ t♦ ❜❡ t❤❡ s❡t ♦❢ ✈❡rt✐❝❡s t❤❛t ❛♣♣❡❛r ✐♥ ❜♦t❤ s❡ts ✭✐✳❡✳✱ t❤❡ ❡❞❣❡ s❡t

✐s ✏✢❛tt❡♥❡❞✑✮✿ SV ∩ SE = SV ∩
(

⋃

{u,v}∈SE
{u, v}

)

✳ ❚❤❡ s❡t ❞✐✛❡r❡♥❝❡ SV \ SE

✐s ❞❡✜♥❡❞ ❛♥❛❧♦❣♦✉s❧②✳
❲❡ ❝♦♥str✉❝t s✉❜❣r❛♣❤s ♦❢ G = (V,E) ✉s✐♥❣ s✉❜s❡ts ♦❢ E✳ ❙♣❡❝✐✜❝❛❧❧②✱ ❢♦r

❛♥② ❡❞❣❡ s❡t SE ⊆ E✱ t❤❡ ✉♥✐q✉❡ s✉❜❣r❛♣❤ ♦❢ G ❝♦rr❡s♣♦♥❞✐♥❣ t♦ SE ✐s t❤❡ ❣r❛♣❤
(V ∩SE , SE)✳ ❚❤❡ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ v ∈ V ✐s t❤❡ s❡tN(v) := {u ∈ V | {u, v} ∈ E}✳

❆ ✈❡rt❡① ❝♦✈❡r ♦❢ G = (V,E) ✐s ❛ s❡t S ⊆ V s✉❝❤ t❤❛t ❢♦r ❡✈❡r② e ∈ E✱
e ∩ S 6= ∅✳ ❚❤❡ ♣r♦❜❧❡♠ ♦❢ ❞❡❝✐❞✐♥❣ ✐❢ ❛ ❣r❛♣❤ ❤❛s ❛ ✈❡rt❡① ❝♦✈❡r ♦❢ ❛ ❣✐✈❡♥ s✐③❡
✐s NP✲❝♦♠♣❧❡t❡ ❬✾❪✱ ❛♥❞ t❤✉s ✜♥❞✐♥❣ ❛ ♠✐♥✐♠✉♠ s✐③❡ ✈❡rt❡① ❝♦✈❡r ✐s NP✲❤❛r❞✳

▲❛r❣❡ ✐♥st❛♥❝❡s ♦❢ NP✲❤❛r❞ ♣r♦❜❧❡♠s ❝❛♥ ♦❢t❡♥ ❜❡ s♦❧✈❡❞ ✐♥ ♣r❛❝t✐❝❡ ❜❡❝❛✉s❡
r❡❛❧✲✇♦r❧❞ ✐♥st❛♥❝❡s ✉s✉❛❧❧② ❡①❤✐❜✐t s♦♠❡ ❦✐♥❞ ♦❢ str✉❝t✉r❡ t❤❛t ❝❛♥ ❜❡ ❧❡✈❡r❛❣❡❞
❜② s♦❧✈❡rs✳ ■♥ t❤❡s❡ s❡tt✐♥❣s✱ ✇♦rst✲❝❛s❡ ❝♦♠♣❧❡①✐t② ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ♣r♦❜❧❡♠ s✐③❡
❛❧♦♥❡ ✐s ♥♦t ❛s ✉s❡❢✉❧✳ P❛r❛♠❡t❡r✐③❡❞ ❝♦♠♣❧❡①✐t② t❤❡♦r② ❬✸✱ ✹❪ r❡✜♥❡s ❝❧❛ss✐❝❛❧
❝♦♠♣❧❡①✐t② t❤❡♦r② ❜② ❢❛❝t♦r✐♥❣ t❤❡ r✉♥♥✐♥❣ t✐♠❡ ♦❢ ❛♥ ❛❧❣♦r✐t❤♠ ✐♥t♦ ♠♦r❡ t❤❛♥
♦♥❡ ♣❛r❛♠❡t❡r ♦❢ t❤❡ ✐♥♣✉t✳ ❚❤❡ ❛✐♠ ✐s t♦ ❡①tr❛❝t t❤❡ ❤❛r❞♥❡ss ♦❢ ❛ ♣r♦❜❧❡♠
❝❧❛ss ❜② ✐s♦❧❛t✐♥❣ t❤❡ s✉♣❡r♣♦❧②♥♦♠✐❛❧ ❝♦♥tr✐❜✉t✐♦♥ t♦ t❤❡ r✉♥♥✐♥❣ t✐♠❡ t♦ ❛
♣❛r❛♠❡t❡r ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ♣r♦❜❧❡♠ s✐③❡✳

❋♦r♠❛❧❧②✱ ❛ ♣❛r❛♠❡t❡r✐③❡❞ ♣r♦❜❧❡♠ ✐s ❡①♣r❡ss❡❞ ❛s ❛ ❧❛♥❣✉❛❣❡ L ⊆ Σ∗ ×N
❢♦r ❛ ✜♥✐t❡ ❛❧♣❤❛❜❡t Σ✳ ❆ ♣r♦❜❧❡♠ L ✐s ✜①❡❞✲♣❛r❛♠❡t❡r tr❛❝t❛❜❧❡ ✐❢ (x, k) ∈ L ❝❛♥
❜❡ ❞❡❝✐❞❡❞ ✐♥ t✐♠❡ g(k) · |x|O(1) ❢♦r s♦♠❡ ❢✉♥❝t✐♦♥ g t❤❛t ❞❡♣❡♥❞s ♦♥❧② ♦♥ k✳ ❚❤❡
❝♦♠♣❧❡①✐t② ❝❧❛ss ♦❢ ✜①❡❞✲♣❛r❛♠❡t❡r tr❛❝t❛❜❧❡ ♣r♦❜❧❡♠s ✐s FPT✳ ❆♥ ❛❧❣♦r✐t❤♠
✐s ❛ ▼♦♥t❡ ❈❛r❧♦ ❋P❚ ❛❧❣♦r✐t❤♠ ❢♦r ❛ ♣❛r❛♠❡t❡r✐③❡❞ ♣r♦❜❧❡♠ L ✐❢ ✐t ❛❝❝❡♣ts
(x, k) ∈ L ✇✐t❤ ♣r♦❜❛❜✐❧✐t② ❛t ❧❡❛st 1/2 ✐♥ t✐♠❡ g(k) · |x|O(1) ❛♥❞ ❛❝❝❡♣ts x 6∈ L
✇✐t❤ ♣r♦❜❛❜✐❧✐t② ③❡r♦✳



✹ ❏✳ ▲❡❡ ❛♥❞ ❆✳ ▼✳ ❙✉tt♦♥

P❛r❛♠❡t❡r✐③❡❞ ❝♦♠♣❧❡①✐t② t❤❡♦r② ✐s ❡s♣❡❝✐❛❧❧② r❡❧❡✈❛♥t t♦ t❤❡ ❛♥❛❧②s✐s ♦❢ ❡✈♦✲
❧✉t✐♦♥❛r② ❛❧❣♦r✐t❤♠s ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ✉♥❞❡rst❛♥❞✐♥❣ t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ ♣r♦❜❧❡♠
str✉❝t✉r❡ ♦♥ t❤❡ r✉♥♥✐♥❣ t✐♠❡ ♦❢ NP✲❤❛r❞ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠s ❬✶✻✱✷✷❪✳ ❆ss✉♠❡
(x, k) ∈ L ❛♥❞ ❧❡t T ❜❡ t❤❡ ♦♣t✐♠✐③❛t✐♦♥ t✐♠❡ ♦❢ ❛ r❛♥❞♦♠✐③❡❞ s❡❛r❝❤ ❤❡✉r✐st✐❝
✭♠❡❛s✉r❡❞✱ ❡✳❣✳✱ ❜② t❤❡ ♥✉♠❜❡r ♦❢ ❝❛❧❧s t♦ t❤❡ ✜t♥❡ss ❢✉♥❝t✐♦♥✮ ✉♥t✐❧ ✐t ❝❡rt✐✜❡s
(x, k) ∈ L✳ ❆♥② r❛♥❞♦♠✐③❡❞ s❡❛r❝❤ ❤❡✉r✐st✐❝ ✇✐t❤ ❛ ❜♦✉♥❞ E[T ] ≤ g(k) · |x|O(1)

♦♥ L ❝❛♥ ❜❡ tr❛♥s❢♦r♠❡❞ ✐♥t♦ ❛ ▼♦♥t❡ ❈❛r❧♦ ❋P❚ ❛❧❣♦r✐t❤♠ ❜② st♦♣♣✐♥❣ ✐ts ❡①❡✲
❝✉t✐♦♥ ❛❢t❡r 2g(k) · |x|O(1) ✜t♥❡ss ❢✉♥❝t✐♦♥ ❡✈❛❧✉❛t✐♦♥s✳ ❲❡ t❤✉s s❛② ❛ r❛♥❞♦♠✐③❡❞
s❡❛r❝❤ ❤❡✉r✐st✐❝ r✉♥s ✐♥ r❛♥❞♦♠✐③❡❞ ❋P❚ t✐♠❡ ♦♥ ❛ ♣❛r❛♠❡t❡r✐③❡❞ ♣r♦❜❧❡♠ ♦❢
s✐③❡ n ✇❤❡♥ E[T ] ≤ g(k) · nO(1)✳ ❚❤❡ ♣❛r❛♠❡t❡r✐③❡❞ k✲✈❡rt❡① ❝♦✈❡r ♣r♦❜❧❡♠ ✐s✱
❣✐✈❡♥ ❛ ❣r❛♣❤ G ❛♥❞ ❛♥ ✐♥t❡❣❡r k✱ ❞❡❝✐❞❡ ✇❤❡t❤❡r t❤❡r❡ ✐s ❛ ✈❡rt❡① ❝♦✈❡r ♦❢ s✐③❡
❛t ♠♦st k✳

✷✳✶ ●❡♥❡r❛❧✐③❡❞ ❆❧❧❡❧✐❝ ❈r♦ss♦✈❡r

▲❡t x, y ∈ {0, 1}n✳ ❲✐t❤ ❡❛❝❤ ❧♦❝✉s i ∈ [n]✱ ✇❡ ❛ss♦❝✐❛t❡ t❤r❡❡ ♣r♦❜❛❜✐❧✐t✐❡s

p
(0)
i ✱ p

(1)
i ❛♥❞ p

(2)
i ✳ ❚❤❡ ❣❡♥❡r❛❧✐③❡❞ ❛❧❧❡❧✐❝ ❝r♦ss♦✈❡r ♦♣❡r❛t♦r ✭●❆❈✮ ♣r♦❞✉❝❡s

❛♥ ♦✛s♣r✐♥❣ z ❢r♦♠ t✇♦ ♣❛r❡♥ts x ❛♥❞ y ❜② s❡tt✐♥❣ ❢♦r ❡❛❝❤ i ∈ [n]

zi =

{

1 ✇✐t❤ ♣r♦❜❛❜✐❧✐t② p
(xi+yi)
i ✱

0 ♦t❤❡r✇✐s❡✳

❙t❛♥❞❛r❞ ✉♥✐❢♦r♠ ❝r♦ss♦✈❡r ❬✷✸❪ ❝❛♥ ❜❡ ❝♦♥s✐❞❡r❡❞ ❛ s♣❡❝✐❛❧ ❝❛s❡ ♦❢ ●❆❈

✇❤❡♥ p
(0)
i = 0✱ p

(1)
i = 1/2✱ ❛♥❞ p

(2)
i = 1 ❢♦r ❛❧❧ i ∈ [n]✳ ▼♦r❡♦✈❡r✱ ●❆❈ ❝❛♥ ❛❧s♦

✐♠♣❧❡♠❡♥t ❞❡t❡r♠✐♥✐st✐❝ s❡t ♦♣❡r❛t✐♦♥s s✉❝❤ ❛s ✉♥✐♦♥ ✭p
(0)
i = 0✱ p

(1)
i = p

(2)
i = 1✮

❛♥❞ ✐♥t❡rs❡❝t✐♦♥ ✭p
(0)
i = p

(1)
i = 0✱ p

(2)
i = 1✮✳ ❑❡❡♣✐♥❣ p

(0)
i = 0 ❛♥❞ p

(2)
i = 1

❜✉t ✈❛r②✐♥❣ p
(1)
i r❡❝♦✈❡rs t❤❡ ✏♣❛r❛♠❡t❡r✐③❡❞ ✉♥✐❢♦r♠ ❝r♦ss♦✈❡r✑ ♦❢ ❙♣❡❛rs ❛♥❞

❉❡ ❏♦♥❣ ❬✷✶❪ ✭✐❢ p
(1)
i = p

(1)
j ❢♦r ❛❧❧ i, j ∈ [n]✮✳

❲❡ ♥♦t❡ t❤❛t ●❆❈ ✐s ❛❧❧♦✇❡❞ t♦ ❞❡✈✐❛t❡ ❢r♦♠ ❝♦♠♠♦♥ ❝r♦ss♦✈❡r ❞❡s✐❣♥

♣❤✐❧♦s♦♣❤✐❡s✳ ❙♣❡❝✐✜❝❛❧❧②✱ ✇❤❡♥ p
(2)
i < 1 ✭♦r p

(0)
i > 0✮✱ ✐t ❜❡❝♦♠❡s ♣♦ss✐❜❧❡ ❢♦r

●❆❈ t♦ ♣r♦❞✉❝❡ ♦✛s♣r✐♥❣ t❤❛t ❧✐❡ ♦✉ts✐❞❡ t❤❡ s♠❛❧❧❡st ❤②♣❡r♣❧❛♥❡ ❝♦♥t❛✐♥✐♥❣
❜♦t❤ ♣❛r❡♥ts✳ ❚❤✉s✱ ✇✐t❤ s✉❝❤ s❡tt✐♥❣s✱ ●❆❈ ✐s ♥♦t ❛ ❢♦r♠❛✲r❡s♣❡❝t✐♥❣ ♦♣❡r❛✲
t♦r ✭❛❧s♦ ❝❛❧❧❡❞ ✐♥❤❡r✐t❛♥❝❡✲r❡s♣❡❝t❢✉❧ ❜② ❋r✐❡❞r✐❝❤ ❡t ❛❧✳ ❬✻❪✮✱ ♥♦r ❞♦❡s ✐t ❛❧✇❛②s
str✐❝t❧② tr❛♥s♠✐t ✐♥ t❤❡ s❡♥s❡ ♦❢ ❘❛❞❝❧✐✛❡ ❬✷✵❪✳ ❙✐♠✐❧❛r❧②✱ ✐t ✐s ♥♦t ♥❡❝❡ss❛r✐❧② ❛
❣❡♦♠❡tr✐❝ ❝r♦ss♦✈❡r ♦♣❡r❛t♦r ✐♥ t❤❡ s❡♥s❡ ♦❢ ▼♦r❛❣❧✐♦ ❬✶✹❪✱ ❛s ✐t ❝❛♥✱ ✇✐t❤ ❝❡rt❛✐♥
s❡tt✐♥❣s✱ ♣r♦❞✉❝❡ ♦✛s♣r✐♥❣ t❤❛t ❞♦ ♥♦t ❧✐❡ ✐♥ t❤❡ ❝♦♥✈❡① ❤✉❧❧ ❞❡s❝r✐❜❡❞ ❜② t❤❡
♣❛r❡♥ts✳

❖♥❡ ♠❛② ❛r❣✉❡ t❤❛t s✉❝❤ ❛❧❧♦✇❛♥❝❡s ✐♥ s♦♠❡ s❡♥s❡ ♣❡r✈❡rts t❤❡ ♦r✐❣✐♥❛❧
♣❤✐❧♦s♦♣❤② ♦❢ ❝r♦ss♦✈❡r✱ ✇❤✐❝❤ ✐s ♠❡❛♥t t♦ s❤❛r❡ ✐♥❢♦r♠❛t✐♦♥ ♣♦ss❡ss❡❞ ❜② ❛❧❧
♣❛r❡♥ts✳ ◆❡✈❡rt❤❡❧❡ss✱ ✇❡ s❤♦✇ ✐♥ t❤✐s ♣❛♣❡r ❤♦✇ ✐t ❝❛♥ ❜❡ ❧❡✈❡r❛❣❡❞ t♦ ❛❝❤✐❡✈❡
❣♦♦❞ r❡s✉❧ts✱ ❛t ❧❡❛st ♦♥ t❤❡ ✈❡rt❡① ❝♦✈❡r ♣r♦❜❧❡♠✳



❊✈♦❧✈✐♥❣ P♦♣✉❧❛t✐♦♥s ♦❢ ❙♦❧✈❡❞ ❙✉❜❣r❛♣❤s ✺

✸ ❆ P♦♣✉❧❛t✐♦♥✲❜❛s❡❞ ❙✉❜❣r❛♣❤ ●❆ ❢♦r k✲❱❡rt❡① ❈♦✈❡r

❚❤❡ ♣❤✐❧♦s♦♣❤② ♦❢ ♦✉r ❛♣♣r♦❛❝❤ ✐s t♦ st❛rt ✇✐t❤ ❛ ❧❛r❣❡ ♣♦♣✉❧❛t✐♦♥ ♦❢ ❢❡❛s✐❜❧❡
s♦❧✉t✐♦♥s t♦ s♠❛❧❧ s✉❜❣r❛♣❤s ♦❢G✱ ❛♥❞ ❛❧❧♦✇ t❤❡s❡ s✉❜❣r❛♣❤s t♦ ♣r♦❞✉❝❡ ♦✛s♣r✐♥❣
t❤❛t ❝♦rr❡s♣♦♥❞ t♦ ❢❡❛s✐❜❧❡ s♦❧✉t✐♦♥s ♦❢ s❧✐❣❤t❧② ❧❛r❣❡r s✉❜❣r❛♣❤s✳ ❚❤✐s ♣r♦❝❡ss
❝♦♥t✐♥✉❡s ✉♥t✐❧ ❛ ❢❡❛s✐❜❧❡ s♦❧✉t✐♦♥ ✐s ❢♦✉♥❞ ❢♦r t❤❡ ❡♥t✐r❡ ❣r❛♣❤ G✳

■♥ t❤❡ ❝♦♥t❡①t ♦❢ t❤❡ k✲✈❡rt❡① ❝♦✈❡r ♣r♦❜❧❡♠✱ ❛ ♣♦♣✉❧❛t✐♦♥ ♦❢ ❢❡❛s✐❜❧❡ s♦❧✉t✐♦♥s
t♦ s✉❜❣r❛♣❤s ❝♦rr❡s♣♦♥❞s t♦ ❛ s❡t ♦❢ s✉❜❣r❛♣❤s✱ ❡❛❝❤ ✇✐t❤ ❛ ✈❛❧✐❞ ✈❡rt❡① ❝♦✈❡r
♦❢ s✐③❡ ❛t ♠♦st k✳ ❲❡ r❡♣r❡s❡♥t ❡❛❝❤ ✐♥❞✐✈✐❞✉❛❧ ❛s ❛ ❜✐t str✐♥❣ ♦❢ ❧❡♥❣t❤ n +m
✐♥ ✇❤✐❝❤ t❤❡ ✜rst n ❡❧❡♠❡♥ts ❡♥❝♦❞❡ ❛ ❝❛♥❞✐❞❛t❡ ✈❡rt❡① ❝♦✈❡r ❛♥❞ t❤❡ ❧❛st m
❡❧❡♠❡♥ts ❡♥❝♦❞❡ ❛ ❝❛♥❞✐❞❛t❡ s✉❜❣r❛♣❤✳ ●✐✈❡♥ ❛ ❜✐t str✐♥❣ x ∈ {0, 1}n+m✱ ✇❡
❞❡✜♥❡ t❤❡ ♦♣❡r❛t♦rs S(x) ❛♥❞ E(x) t❤❛t ❡①tr❛❝t t❤❡ ❝❛♥❞✐❞❛t❡ ❝♦✈❡r ❛♥❞ t❤❡
❝❛♥❞✐❞❛t❡ ❡❞❣❡ s❡t✱ r❡s♣❡❝t✐✈❡❧②✳ ■♥ ♣❛rt✐❝✉❧❛r✱

S(x) := {vi ∈ V : i ∈ [n] ❛♥❞ xi = 1}

E(x) := {ei ∈ E : i ∈ [m] ❛♥❞ xn+i = 1}

❯s✐♥❣ t❤❡s❡ ♦♣❡r❛t♦rs✱ ✇❡ ❝❛♥ ❞❡✜♥❡ t❤❡ ❝♦♥❝❡♣t ♦❢ ❢❡❛s✐❜✐❧✐t② ❛s ❢♦❧❧♦✇s✳

❉❡✜♥✐t✐♦♥ ✶✳ ▲❡t G = (V,E) ❜❡ ❛ ❣r❛♣❤✳ ❆♥ ✐♥❞✐✈✐❞✉❛❧ x ∈ {0, 1}n+m ✐s ❢❡❛✲
s✐❜❧❡ ✇❤❡♥ t❤❡ ✈❡rt❡① s❡t S(x)∩E(x) ❝♦rr❡s♣♦♥❞s t♦ ❛ ❢❡❛s✐❜❧❡ k✲✈❡rt❡① ❝♦✈❡r ✐♥
t❤❡ s✉❜❣r❛♣❤ ♦❢ G s❡❧❡❝t❡❞ ❜② E(x)✱ ✐✳❡✳✱ ✇❤❡♥

✶✳ ❢♦r ❡❛❝❤ e ∈ E(x)✱ e ∩ S(x) 6= ∅✱ ❛♥❞
✷✳ |S(x) ∩ E(x)| ≤ k✳

❚❤r♦✉❣❤♦✉t t❤❡ ♣❛♣❡r✱ ✇❡ ✇✐❧❧ ❛ss✉♠❡ t❤❛t ✇❡ ❛r❡ ❣✐✈❡♥ ❛ ❣r❛♣❤ G t❤❛t ✐s
❣✉❛r❛♥t❡❡❞ t♦ ❤❛✈❡ ❛ ✈❡rt❡① ❝♦✈❡r ♦❢ s✐③❡ k✳ ❚❤✐s ✐s ♥♦t str✐❝t❧② ❛ ❧✐♠✐t❛t✐♦♥✱ s✐♥❝❡
t❤❡ r✉♥t✐♠❡ ❜♦✉♥❞s ♣r♦✈✐❞❡❞ ❝❛♥ ❜❡ ✉s❡❞ t♦ ❞❡s✐❣♥ ❛ s❡❛r❝❤ ❢♦r t❤❡ s♠❛❧❧❡st k
✇✐t❤ ♣r♦❜❛❜✐❧✐st✐❝ ❣✉❛r❛♥t❡❡s ♦♥ t❤❡ s✉❝❝❡ss ♦❢ ❡❛❝❤ r✉♥ ✭❝❢ t❤❡ r❡st❛rt ❢r❛♠❡✇♦r❦
✐♥ ❬✶❪✮✳

■♥ ❡❛❝❤ ❣❡♥❡r❛t✐♦♥✱ ❛♥ ♦✛s♣r✐♥❣ ✐s ❝r❡❛t❡❞ ✈✐❛ ❝r♦ss♦✈❡r ♦r ♠✉t❛t✐♦♥✳ ❙✉r✈✐✈❛❧
s❡❧❡❝t✐♦♥ ♣r♦❝❡❡❞s s✐♠✐❧❛r t♦ t❤❡ ●❧♦❜❛❧ ❙❊▼❖ ❛❧❣♦r✐t❤♠ ❢r♦♠ ❡✈♦❧✉t✐♦♥❛r② ♠✉❧✲
t✐♦❜❥❡❝t✐✈❡ ♦♣t✐♠✐③❛t✐♦♥✿ ✐❢ t❤❡ ♦✛s♣r✐♥❣ ✐s ♥♦t ❞♦♠✐♥❛t❡❞ ♦r t✐❡❞ ❜② ❛♥② ✐♥❞✐✈✐❞✲
✉❛❧s ✐♥ t❤❡ ❝✉rr❡♥t ♣♦♣✉❧❛t✐♦♥✱ ✐t ✐s ✐♥❝❧✉❞❡❞ ✐♥ t❤❡ ♥❡①t ♣♦♣✉❧❛t✐♦♥✳ ▼♦r❡♦✈❡r✱
❛♥② ✐♥❞✐✈✐❞✉❛❧ ✐♥ t❤❡ ❝✉rr❡♥t ♣♦♣✉❧❛t✐♦♥ t❤❛t ✐s ❞♦♠✐♥❛t❡❞ ❜② t❤❡ ♦✛s♣r✐♥❣ ❞♦❡s
♥♦t s✉r✈✐✈❡✳

❉❡✜♥✐t✐♦♥ ✷✳ ❆ s♦❧✉t✐♦♥ x ✐s ❞♦♠✐♥❛t❡❞ ❜② ❛ s♦❧✉t✐♦♥ y✱ ✇r✐tt❡♥ ❛s x ≺ y✱ ✐❢
❛♥❞ ♦♥❧② ✐❢ ❛t ❧❡❛st ♦♥❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s ❤♦❧❞s✳

✶✳ x ✐s ✐♥❢❡❛s✐❜❧❡ ❜✉t y ✐s ❢❡❛s✐❜❧❡✱
✷✳ E(x) ⊂ E(y)✱ ♦r
✸✳ E(x) = E(y) ❛♥❞ |S(x)| > |S(y)|✳

■❢ E(x) = E(y) ❛♥❞ |S(x)| = |S(y)|✱ t❤❡♥ x ❛♥❞ y ❛r❡ t✐❡❞✳ ■❢ y ❞♦♠✐♥❛t❡s
x ♦r x ❛♥❞ y ❛r❡ t✐❡❞✱ ✇❡ ✇r✐t❡ x � y✳ ■❢ x ❛♥❞ y ❛r❡ ♥♦t t✐❡❞ ❛♥❞ x ❞♦❡s ♥♦t
❞♦♠✐♥❛t❡ y ✭❛♥❞ ✈✐❝❡ ✈❡rs❛✮✱ t❤❡♥ x ❛♥❞ y ❛r❡ ✐♥❝♦♠♣❛r❛❜❧❡✳



✻ ❏✳ ▲❡❡ ❛♥❞ ❆✳ ▼✳ ❙✉tt♦♥

❆❧❣♦r✐t❤♠ ✶✿ P♦♣✉❧❛t✐♦♥✲❜❛s❡❞ s✉❜❣r❛♣❤ ●❆

■♥♣✉t✿ ❆ ❣r❛♣❤ G = (V,E) ❛♥❞ ❛ ❝r♦ss♦✈❡r ♣r♦❜❛❜✐❧✐t② pc

✶ ■♥✐t✐❛❧✐③❡ P0❀
✷ t← 0❀
✸ ✇❤✐❧❡ Pt ❞♦❡s ♥♦t ❝♦♥t❛✐♥ ❛♥ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ❞♦

✹ ❈❤♦♦s❡ ♣❛r❡♥ts x, y ∈ Pt ✉♥✐❢♦r♠❧② ❛t r❛♥❞♦♠❀
✺ ✇✐t❤ ♣r♦❜❛❜✐❧✐t② pc ❞♦
✻ z ← ❈r♦ss♦✈❡r✭①✱②✮❀
✼ z ← ❈♦♥str❛✐♥t❘❡♣❛✐r✭③✱①✱②✱●✮❀

✽ ❡❧s❡

✾ z ← ❈♦♣②✭①✮❀
✶✵ z ←▼✉t❛t❡(z)❀

✶✶ ✐❢ 6 ∃w ∈ Pt s✳t✳ z � w t❤❡♥

✶✷ Pt+1 = {w ∈ Pt | w 6≺ z} ∪ {z}❀

✶✸ t← t+ 1❀

❲✐t❤ ♣r♦❜❛❜✐❧✐t② pc✱ ✐♥ ❧✐♥❡ ✻ ❛♥ ♦✛s♣r✐♥❣ ✐s ❝r❡❛t❡❞ ❢r♦♠ t✇♦ ♣❛r❡♥ts ❜②
❛♣♣❧②✐♥❣ ❛ ❝r♦ss♦✈❡r ♦♣❡r❛t♦r✱ ❛♥❞ ✐♥ ❧✐♥❡ ✼✱ t❤❡ ❝♦♥str❛✐♥t✲r❡♣❛✐r ♦♣❡r❛t✐♦♥ ✐s
❝❛❧❧❡❞ t❤❛t ❛tt❡♠♣ts t♦ r❡♣❛✐r ❛♥ ♦✛s♣r✐♥❣ t❤❛t ✇❛s ♣♦ss✐❜❧② ♠❛❞❡ ✐♥❢❡❛s✐❜❧❡
❜② ❝r♦ss♦✈❡r✳ ❖t❤❡r✇✐s❡✱ ✇✐t❤ ♣r♦❜❛❜✐❧✐t② 1 − pc✱ ✐♥ ❧✐♥❡ ✾✱ ♥♦ ❝r♦ss♦✈❡r ♦❝❝✉rs
❛♥❞ ❛♥ ❛r❜✐tr❛r② ♣❛r❡♥t ✐s ❝♦♣✐❡❞ t♦ t❤❡ ♦✛s♣r✐♥❣ ❛♥❞ ✐s ✈❛r✐❡❞ ❛❝❝♦r❞✐♥❣ t♦ ❛
♠✉t❛t✐♦♥ ♦♣❡r❛t♦r ✐♥ ❧✐♥❡ ✶✵✳ ❋✐♥❛❧❧②✱ ✐♥ ❧✐♥❡ ✶✷✱ t❤❡ ♦✛s♣r✐♥❣ ✐s ❛❞❞❡❞ t♦ t❤❡
♣♦♣✉❧❛t✐♦♥ ✐❢ ✐t ✐s ♥♦t ❞♦♠✐♥❛t❡❞ ♦r t✐❡❞ ❜② ❛♥② ❡❧❡♠❡♥t ♦❢ t❤❡ ♣♦♣✉❧❛t✐♦♥✱ ❛♥❞
❛❧❧ ❡❧❡♠❡♥ts ♦❢ t❤❡ ♣♦♣✉❧❛t✐♦♥ ❞♦♠✐♥❛t❡❞ ❜② t❤❡ ♦✛s♣r✐♥❣ ❛r❡ r❡♠♦✈❡❞✳

✸✳✶ ❱❛r✐❛t✐♦♥ ❖♣❡r❛t♦rs ❛♥❞ ❈♦♥tr♦❧❧✐♥❣ P♦♣✉❧❛t✐♦♥ ●r♦✇t❤

❚❤❡ ❝r♦ss♦✈❡r ♦♣❡r❛t✐♦♥ ✐♥ ❆❧❣♦r✐t❤♠ ✶ ✐s ✐♠♣❧❡♠❡♥t❡❞ ❛s ❣❡♥❡r❛❧✐③❡❞ ❛❧❧❡❧✐❝
❝r♦ss♦✈❡r ✭❞❡✜♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✳✶✮ ♦♥ ❜✐tstr✐♥❣s ♦❢ ❧❡♥❣t❤ n+m ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣

♣r♦❜❛❜✐❧✐t✐❡s✳ ❋♦r ❛❧❧ 1 ≤ i ≤ n+m✱ ✇❡ s❡t p
(0)
i = 0✳ ❖t❤❡r✇✐s❡✱

p
(1)
i = p

(2)
i =

{

1/2 ❢♦r 1 ≤ i ≤ n❀

1 ❢♦r n+ 1 ≤ i ≤ n+m✳

❲❡ ♠❛② t❤✉s t❤✐♥❦ ♦❢ ❜✐tstr✐♥❣s ❛s s❡♣❛r❛t❡❞ ✐♥t♦ ❛ ❧❡♥❣t❤✲n ✈❡rt❡① s❡❣♠❡♥t ❝♦♥✲
s✐st✐♥❣ ♦❢ t❤❡ ✜rst n ❡❧❡♠❡♥ts✱ ❛♥❞ ❛ ❧❡♥❣t❤✲m ❡❞❣❡ s❡❣♠❡♥t ❝♦♥s✐st✐♥❣ ♦❢ ❡❧❡♠❡♥ts
n+1 t♦ n+m✳ ❚❤❡ ❝r♦ss♦✈❡r ♣r♦❜❛❜✐❧✐t✐❡s ❛r❡ ❞❡s✐❣♥❡❞ s♦ t❤❛t ✈❡rt❡① s❡❣♠❡♥ts
❛r❡ ❝♦♠❜✐♥❡❞ ♣r♦❜❛❜✐❧✐st✐❝❛❧❧② ❛♥❞ ❡❞❣❡ s❡❣♠❡♥ts ❛r❡ ❝♦♠❜✐♥❡❞ ❞❡t❡r♠✐♥✐st✐✲
❝❛❧❧②✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❣✐✈❡♥ t❤❡ ♦✛s♣r✐♥❣ z ♦❢ t✇♦ ♣❛r❡♥ts x ❛♥❞ y✱ ✐t ❛❧✇❛②s ❤♦❧❞s
t❤❛t S(z) ✐s ❛ ✉♥✐❢♦r♠ r❛♥❞♦♠ s✉❜s❡t ♦❢ S(x) ∪ S(y) ❛♥❞ E(z) = E(x) ∪ E(y)✳

❲❡ ❝♦♥s✐❞❡r t✇♦ s❡♣❛r❛t❡ ❛♣♣r♦❛❝❤❡s t♦ ♠✉t❛t✐♦♥✳ ❋♦r ❘▲❙✲▼✉t❛t✐♦♥✱ ❛♥
✐♥❞❡① i ✐s ❝❤♦s❡♥ ✉♥✐❢♦r♠❧② ❛t r❛♥❞♦♠ ✐♥ {1, . . . , n + m} ❛♥❞ t❤❡ s✐♥❣❧❡ ❜✐t xi

✐s ✢✐♣♣❡❞✳ ❋♦r ❱❡rt❡①✲▼✉t❛t✐♦♥✱ ✇❡ ✢✐♣ ❡❛❝❤ ❜✐t ✐♥ xi ✇✐t❤ ♣r♦❜❛❜✐❧✐t② 1/n✱
❜✉t ♦♥❧② ❢♦r ✐♥❞❡①❡s ✐♥ {1, . . . , n} t❤❛t ❝♦rr❡s♣♦♥❞ t♦ t❤❡ ✈❡rt✐❝❡s ♦❢ G✳



❊✈♦❧✈✐♥❣ P♦♣✉❧❛t✐♦♥s ♦❢ ❙♦❧✈❡❞ ❙✉❜❣r❛♣❤s ✼

❲❡ ❞♦ ♥♦t ❝♦♥s✐❞❡r st❛♥❞❛r❞ ❜✐t ♠✉t❛t✐♦♥ ♦♥ t❤❡ ❡♥t✐r❡ ❜✐t str✐♥❣ ❢♦r t❤❡
❢♦❧❧♦✇✐♥❣ r❡❛s♦♥s✳ ❲❡ ✇✐❧❧ r❡q✉✐r❡ t❤❛t ❝r♦ss♦✈❡r ❛♥❞ ♠✉t❛t✐♦♥ ❛❧✇❛②s ❝r❡❛t❡
♦✛s♣r✐♥❣ t❤❛t ❞♦♠✐♥❛t❡s ✐ts ♣❛r❡♥t✭s✮✱ ♦r ✐s ❛❧✇❛②s ❞♦♠✐♥❛t❡❞ ❜② ❛ ♣❛r❡♥t✳ ❊♥✲
❢♦r❝✐♥❣ t❤✐s ❝♦♥str❛✐♥t ❡♥s✉r❡s t❤❛t t❤❡ ♣♦♣✉❧❛t✐♦♥ s✐③❡ ❝❛♥♥♦t ✐♥❝r❡❛s❡ ❞✉r✐♥❣
t❤❡ ❡①❡❝✉t✐♦♥ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ✭❝❛♣t✉r❡❞ ✐♥ ▲❡♠♠❛ ✶ ❜❡❧♦✇✮✳ ❚❤❡ ❱❡rt❡①✲
▼✉t❛t✐♦♥ ♦♣❡r❛t♦r ❝❧❡❛r❧② ❝r❡❛t❡s ❛♥ ♦✛s♣r✐♥❣ ✇✐t❤ ❛ s✉❜❣r❛♣❤ ❡q✉❛❧ t♦ t❤❡
♦♥❡ ♦❢ ✐ts ♣❛r❡♥t✳ ❚❤❡ ❘▲❙✲▼✉t❛t✐♦♥ ♦♣❡r❛t♦r ♠❛② ❛❞❞ ♦r ❞❡❧❡t❡ ❡①❛❝t❧② ♦♥❡
❡❞❣❡ ✭♦r ♥♦♥❡✮✱ ✐♥ ✇❤✐❝❤ ❝❛s❡ ♦♥❡ s✉❜❣r❛♣❤ ❝♦♥t❛✐♥s t❤❡ ♦t❤❡r✳ ❯s✐♥❣ st❛♥❞❛r❞
❜✐t ♠✉t❛t✐♦♥ ♦♥ t❤❡ ❡♥t✐r❡ ❜✐tstr✐♥❣ ❛❧❧♦✇s ❢♦r t❤❡ ❝❤❛♥❝❡ t♦ ❝r❡❛t❡ ❛♥ ♦✛s♣r✐♥❣
✇✐t❤ ❛♥ ❡❞❣❡ s❡t t❤❛t ✐s ✐♥❝♦♠♣❛r❛❜❧❡ ✇✐t❤ r❡s♣❡❝t t♦ s✉❜s❡t ✐♥❝❧✉s✐♦♥ t♦ t❤❡
❡❞❣❡ s❡t ♦❢ ✐ts ♣❛r❡♥t✳ ❚❤✐s ♦✛s♣r✐♥❣ ✇♦✉❧❞ ❛❧s♦ ❜❡ ✐♥❝♦♠♣❛r❛❜❧❡ t♦ ✐ts ♣❛r❡♥t ✐♥
t❤❡ s❡♥s❡ ♦❢ ❉❡✜♥✐t✐♦♥ ✷✳ ❆❧❧♦✇✐♥❣ s✉❝❤ ✐♥❝♦♠♣❛r❛❜❧❡ ♦✛s♣r✐♥❣ ❝♦✉❧❞ ❝❛✉s❡ ✉♥✲
❝♦♥tr♦❧❧❡❞ ♣♦♣✉❧❛t✐♦♥ ❣r♦✇t❤ ❞✉r✐♥❣ t❤❡ ❡①❡❝✉t✐♦♥ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠✳ ❲❤✐❧❡ t❤❡r❡
♠❛② ❜❡ s♣❡❝✐✜❝ t❡❝❤♥✐q✉❡s t♦ ♠✐t✐❣❛t❡ t❤✐s ❣r♦✇t❤✱ ✐♥ t❤✐s ♣❛♣❡r ✇❡ ✇✐❧❧ r❡str✐❝t
♦✉rs❡❧✈❡s t♦ t❤❡ ❛❜♦✈❡ ❞❡✜♥❡❞ ♠✉t❛t✐♦♥ ♦♣❡r❛t♦rs t❤❛t ❣✉❛r❛♥t❡❡ ❛ ♣♦♣✉❧❛t✐♦♥
s✐③❡ t❤❛t ❞♦❡s ♥♦t ❣r♦✇✳

▲❡♠♠❛ ✶✳ ❈♦♥s✐❞❡r t❤❡ ❡①❡❝✉t✐♦♥ ♦❢ ❆❧❣♦r✐t❤♠ ✶ ✉s✐♥❣ ❡✐t❤❡r ❘▲❙✲▼✉t❛t✐♦♥

♦r ❱❡rt❡①✲▼✉t❛t✐♦♥ ❢♦r ✐ts ♠✉t❛t✐♦♥ ♦♣❡r❛t✐♦♥✳ ▲❡t Pt ❞❡♥♦t❡ t❤❡ ♣♦♣✉❧❛t✐♦♥
✐♥ ❣❡♥❡r❛t✐♦♥ t✳ ■❢ ❛❧❧ ✐♥❞✐✈✐❞✉❛❧s ✐♥ Pt ❛r❡ ❢❡❛s✐❜❧❡✱ ✐t ❤♦❧❞s t❤❛t ✭✶✮ ❛❧❧ ✐♥❞✐✈✐❞✉❛❧s
✐♥ Pt+1 ❛r❡ ❢❡❛s✐❜❧❡✱ ❛♥❞ ✭✷✮ |Pt+1| ≤ |Pt|✳

Pr♦♦❢✳ ■♥ ❧✐♥❡ ✶✷ ♦❢ ❆❧❣♦r✐t❤♠ ✶✱ ❛♥ ♦✛s♣r✐♥❣ z ✐s ♦♥❧② ❛❞❞❡❞ t♦ Pt+1 ✐❢ ✐t ✐s ♥♦t
❞♦♠✐♥❛t❡❞ ♥♦r t✐❡❞ ❜② ❛♥② ✐♥❞✐✈✐❞✉❛❧ Pt✳ ❚❤❡ ✜rst ❝♦♥❞✐t✐♦♥ tr✐✈✐❛❧❧② ❤♦❧❞s✱ ❛s
❛❧❧ ✐♥❢❡❛s✐❜❧❡ s♦❧✉t✐♦♥s ❛r❡ ❛✉t♦♠❛t✐❝❛❧❧② ❞♦♠✐♥❛t❡❞ ❜② ❢❡❛s✐❜❧❡ s♦❧✉t✐♦♥s✳

▲❡t x, y ∈ Pt ❜❡ t❤❡ ♣❛r❡♥ts s❡❧❡❝t❡❞ ✐♥ ❧✐♥❡ ✹ ♦❢ ❆❧❣♦r✐t❤♠ ✶✳ ❲❡ ❛r❣✉❡ t❤❛t
❡✐t❤❡r x ≺ z✱ z ≺ x✱ ♦r x ❛♥❞ z ❛r❡ t✐❡❞✳ ■❢ z ✐s ♥♦t ❢❡❛s✐❜❧❡✱ t❤❡♥ t❤❡ z ≺ x
❝❧❡❛r❧② ❤♦❧❞s✱ s✐♥❝❡ x ✐s ❢❡❛s✐❜❧❡✳ ❚❤✉s✱ ❛ss✉♠❡ t❤❛t z ✐s ❛❧s♦ ❢❡❛s✐❜❧❡✳ ■t s✉✣❝❡s
t♦ s❤♦✇ t❤❛t ❡✐t❤❡r E(x) ⊆ E(z) ♦r E(z) ⊆ E(x)✳ ■❢ ♦♥❡ ❣r❛♣❤ ✐s ❛ ♣r♦♣❡r s✉❜s❡t
♦❢ t❤❡ ♦t❤❡r✱ t❤❡♥ ✇❡ ❤❛✈❡ ❞♦♠✐♥❛♥❝❡ ✭♦❢ t❤❡ s✉♣❡rs❡t ❣r❛♣❤✮✳ ❖t❤❡r✇✐s❡✱ ✇❤❡♥
E(x) = E(z)✱ t❤❡♥ x ❛♥❞ z ❛r❡ ❡✐t❤❡r t✐❡❞ ✭✐❢ |S(x)| = |S(z)|✮ ♦r ♦♥❡ ❞♦♠✐♥❛t❡s
t❤❡ ♦t❤❡r✳

■❢ z ✇❛s ❝r❡❛t❡❞ ❜② ❝r♦ss♦✈❡r✱ t❤❡♥ s✐♥❝❡ p
(1)
i = p

(2)
i = 1 ❢♦r ❛❧❧ ✐♥❞❡①❡s

i ∈ {n+1, . . . , n+m}✱ ✐t ❢♦❧❧♦✇s t❤❛t E(z) = E(x)∪E(y)✱ ❛♥❞ t❤❡r❡❢♦r❡ E(x) ⊆
E(z)✳ ■❢ z ✇❛s ❝r❡❛t❡❞ ❜② ❘▲❙✲▼✉t❛t✐♦♥✱ t❤❡♥ ❡✐t❤❡r E(x) = E(z) ✭✇❤❡♥ t❤❡
✢✐♣♣❡❞ ❜✐t ✐♥❞❡① ✐s ❛t ♠♦st n✮✱ ♦t❤❡r✇✐s❡ E(z) ❤❛s ❣❛✐♥❡❞ ✭r❡s♣❡❝t✐✈❡❧②✱ ❧♦st✮
❡①❛❝t❧② ♦♥❡ ❡❞❣❡ ❝♦♠♣❛r❡❞ t♦ E(x)✳ ❚❤✐s ♠❡❛♥s t❤❛t E(z) ⊂ E(x) ✭r❡s♣❡❝t✐✈❡❧②✱
E(x) ⊂ E(z)✮✳ ❋✐♥❛❧❧②✱ s✐♥❝❡ ❱❡rt❡①✲▼✉t❛t✐♦♥ ❞♦❡s ♥♦t ❛✛❡❝t t❤❡ ✐♥❞❡①❡s
❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❡❞❣❡s✱ ✇❡ ✇♦✉❧❞ ❤❛✈❡ E(x) = E(z)✳

❙✐♥❝❡ z ✐s ❛❞❞❡❞ t♦ t❤❡ ♣♦♣✉❧❛t✐♦♥ ♦♥❧② ✐❢ ✐t ✐s ♥♦t ❞♦♠✐♥❛t❡❞ ♦r t✐❡❞✱ ✐t
❢♦❧❧♦✇s t❤❛t z ∈ Pt+1 ⇐⇒ x 6∈ Pt+1 ❛♥❞ t❤✉s ✇❡ ❤❛✈❡ |Pt+1| ≤ |Pt|✳ ⊓⊔

✸✳✷ ❈♦♥str❛✐♥t ❘❡♣❛✐r ❖♣❡r❛t♦r

❈r♦ss♦✈❡r ❝❛♥ ♣r♦❞✉❝❡ ✐♥❢❡❛s✐❜❧❡ s♦❧✉t✐♦♥s✳ ❲❡ ❡♠♣❧♦② ❛ ❝♦♥str❛✐♥t r❡♣❛✐r ♦♣✲
❡r❛t✐♦♥ ✐♥s♣✐r❡❞ ❜② t❤❡ ✐t❡r❛t✐✈❡ ❝♦♠♣r❡ss✐♦♥ ♣r♦❝❡❞✉r❡ t❤❛t ❛tt❡♠♣ts t♦ r❡♣❛✐r
❛♥② ❝r♦ss♦✈❡r ♦✛s♣r✐♥❣ t❤❛t ❞♦❡s ♥♦t ❝♦rr❡s♣♦♥❞ t♦ ❛ ✈❡rt❡① ❝♦✈❡r✳



✽ ❏✳ ▲❡❡ ❛♥❞ ❆✳ ▼✳ ❙✉tt♦♥

■♥ ♣❛rt✐❝✉❧❛r✱ ✐❢ ❝r♦ss♦✈❡r r❡♠♦✈❡s ❛ ✈❡rt❡① ❢r♦♠ S(x) ∪ S(y)✱ t❤❡♥ ❛♥② ✉♥✲
❝♦✈❡r❡❞ ❡❞❣❡ ❝❛♥ ❜❡ r❡♣❛✐r❡❞ ❜② ❛❞❞✐♥❣ t❤❡ ♥❡✐❣❤❜♦rs ♦❢ t❤❛t ✈❡rt❡① ❜❛❝❦ ✐♥t♦
t❤❡ ♦✛s♣r✐♥❣✬s ✈❡rt❡① s❡t✳ ❚❤❡ r❡s✉❧t✐♥❣ ♦✛s♣r✐♥❣ ✐s ❣✉❛r❛♥t❡❡❞ t♦ ❜❡ ❛ ✈❡rt❡①
❝♦✈❡r✳ ❍♦✇❡✈❡r✱ ✐t ✐s ♥♦t ♥❡❝❡ss❛r✐❧② ❢❡❛s✐❜❧❡ ✐♥ t❤❡ s❡♥s❡ ♦❢ t❤❡ k✲✈❡rt❡① ❝♦✈❡r
♣r♦❜❧❡♠✱ ❛s ✐t ♠❛② r❡t✉r♥ ❛ ❝♦✈❡r ♦❢ s✐③❡ ❣r❡❛t❡r t❤❛♥ k✳ ❲❡ ❢♦r♠❛❧✐③❡ t❤❡ ✈❡rt❡①
❝♦✈❡r r❡♣❛✐r ♦♣❡r❛t♦r ✐♥ ❆❧❣♦r✐t❤♠ ✷

❆❧❣♦r✐t❤♠ ✷✿ ❈♦♥str❛✐♥t❘❡♣❛✐r❱❈ ✭z, x, y,G✮

■♥♣✉t✿ ❆♥ ♦✛s♣r✐♥❣ z✱ ♣❛r❡♥ts x, y ❛♥❞ ❛ ❣r❛♣❤ G = (V,E)

✶ ✐❢ S(z) ✐s ❛ ❢❡❛s✐❜❧❡ ❝♦✈❡r ❢♦r E(z) t❤❡♥ r❡t✉r♥ z❀
✴✴ ❙t♦r❡ ✈❡rt✐❝❡s t❤❛t ✇❡r❡ r❡♠♦✈❡❞ ❢r♦♠ S(x) ∪ S(y)

✷ A← (S(x) ∪ S(y)) \ S(z)❀
✸ ❢♦r❡❛❝❤ v ∈ A ❞♦

✹ S(z)← S(z) ∪N(v)❀

✺ r❡t✉r♥ z❀

❚❤❡ ✐♥t✉✐t✐♦♥ ❜❡❤✐♥❞ t❤✐s ♣r♦❝❡❞✉r❡ ✐s t❤❛t s✐♥❝❡ S(x) ✐s ❛ ❢❡❛s✐❜❧❡ ❝♦✈❡r ❢♦r
E(x) ❛♥❞ S(y) ✐s ❛ ❢❡❛s✐❜❧❡ ❝♦✈❡r ❢♦r E(y)✱ ✐❢ v ❜❡❧♦♥❣s t♦ ♦♥❡ ♦❢ t❤❡♠✱ ❜✉t ♥♦t
S(z)✱ t❤❡♥ t❤❡ ♥❡✐❣❤❜♦rs ♦❢ v ✐♥ G ♠❛② ♥❡❡❞ t♦ ❜❡ ❛❞❞❡❞ t♦ ♣♦t❡♥t✐❛❧❧② ❝♦✈❡r
t❤❡ ❡❞❣❡s ✐♥ E(z) = E(x) ∪ E(y)✳

✹ ❘✉♥t✐♠❡ ❆♥❛❧②s✐s

●✐✈❡♥ ❛♥ ✐♥❞✐✈✐❞✉❛❧ x ∈ {0, 1}n+m✱ s✐♥❝❡ S(x) ✐s ✐♥t❡r♣r❡t❡❞ t♦ ❜❡ ❛ ❝❛♥❞✐❞❛t❡
s♦❧✉t✐♦♥ ✐♥ t❤❡ s✉❜❣r❛♣❤ ❞❡✜♥❡❞ ❜② E(x)✱ ❛♥② v ∈ S(x)\E(x) ❞♦❡s ♥♦t ❝♦♥tr✐❜✉t❡
t♦ t❤❡ s♦❧✉t✐♦♥✳ ❚❤✐s ♠♦t✐✈❛t❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐t✐♦♥✳

❉❡✜♥✐t✐♦♥ ✸✳ ❲❡ s❛② ❛♥ ✐♥❞✐✈✐❞✉❛❧ x ∈ {0, 1}n+m ✐s ❡✣❝✐❡♥t ✇❤❡♥ S(x) \
E(x) = ∅✳ ❲❡ ❝❛❧❧ ❛ ♣♦♣✉❧❛t✐♦♥ ❡✣❝✐❡♥t ✇❤❡♥ ❛❧❧ ♦❢ ✐ts ✐♥❞✐✈✐❞✉❛❧s ❛r❡ ❡✣❝✐❡♥t✳

❲❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ ❜♦✉♥❞✐♥❣ t❤❡ t♦t❛❧ ❡①♣❡❝t❡❞ ♥✉♠❜❡r ♦❢ ❣❡♥❡r❛t✐♦♥s t❤❛t
❆❧❣♦r✐t❤♠ ✶ s♣❡♥❞s ♦♥ ♣♦♣✉❧❛t✐♦♥s t❤❛t ❛r❡ ♥♦t ❡✣❝✐❡♥t✳ ❚❤❡ ♠✉t❛t✐♦♥ ♦♣❡r❛t♦r
t♦❣❡t❤❡r ✇✐t❤ t❤❡ ✜t♥❡ss ❞♦♠✐♥❛t✐♦♥ ❝r✐t❡r✐❛ ❧✐st❡❞ ❛❜♦✈❡ ❡♥s✉r❡s t❤❛t t❤❡r❡ ✐s
❛❧✇❛②s s❡❧❡❝t✐✈❡ ♣r❡ss✉r❡ t♦✇❛r❞ ❡✣❝✐❡♥t ♣♦♣✉❧❛t✐♦♥s✱ ❜✉t ✐♥ s♦♠❡ ❝❛s❡s t❤❡
✏✐♥❡✣❝✐❡♥❝②✑ ♦❢ ❛ ♣♦♣✉❧❛t✐♦♥ ❝❛♥ ✐♥❝r❡❛s❡✳ ❍♦✇❡✈❡r✱ ✇❡ s❤♦✇ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣
t❤❡♦r❡♠ t❤❛t ❡✣❝✐❡♥❝② ✐s ❧♦st ♦♥❧② ✐♥ ❝❛s❡s ✇❤❡r❡ ✇❡ ❛r❡ ✐♥ s♦♠❡ s❡♥s❡ ♠❛❦✐♥❣
♦✈❡r❛❧❧ ♣r♦❣r❡ss✱ ❛♥❞ t❤✉s t❤❡ ♥✉♠❜❡r ♦❢ t✐♠❡s t❤✐s ♦❝❝✉rs ❝❛♥ ❜❡ ❜♦✉♥❞❡❞✳

❚❤❡♦r❡♠ ✶✳ ▲❡t G = (V,E) ❜❡ ❛ ❣r❛♣❤✳ ❲❡ ❛ss✉♠❡ t❤❛t G ✐s ❝♦♥♥❡❝t❡❞✳ ▲❡t
P0 ❜❡ ❛♥② s❡t ♦❢ ❢❡❛s✐❜❧❡ s♦❧✉t✐♦♥s ✇✐t❤ |P0| = poly(n) ❛♥❞

⋃

x∈P0
E(x) = E✳ ▲❡t

pc ∈ (0, 1) ❜❡ ❛ ❝♦♥st❛♥t✳ ❚❤❡ ❡①♣❡❝t❡❞ ♥✉♠❜❡r ♦❢ ❣❡♥❡r❛t✐♦♥s ♦❢ ❆❧❣♦r✐t❤♠ ✶ ✐♥
✇❤✐❝❤ t❤❡ ♣♦♣✉❧❛t✐♦♥ ✐s ♥♦t ❡✣❝✐❡♥t ✐s ❜♦✉♥❞❡❞ ❛❜♦✈❡ ❜② O

(

|P0|
2m2 log n

)

✉s✐♥❣

❘▲❙✲▼✉t❛t✐♦♥ ❛♥❞ O
(

|P0|
2kn log n

)

✉s✐♥❣ ❱❡rt❡①✲▼✉t❛t✐♦♥✳



❊✈♦❧✈✐♥❣ P♦♣✉❧❛t✐♦♥s ♦❢ ❙♦❧✈❡❞ ❙✉❜❣r❛♣❤s ✾

Pr♦♦❢✳ ❲❡ ❞❡s✐❣♥ ❛ ♥♦♥♥❡❣❛t✐✈❡ ❞r✐❢t ♣♦t❡♥t✐❛❧ ϕ ♦✈❡r ♣♦♣✉❧❛t✐♦♥s ❛s ❢♦❧❧♦✇s✳

ϕ(Pt) =
∑

x∈Pt

|S(x) \ E(x)|

✳ ❈❧❡❛r❧②✱ ϕ(Pt) = 0 ✐❢ ❛♥❞ ♦♥❧② ✐❢ Pt ✐s ❡✣❝✐❡♥t✳
❚❤✐s ❞r✐❢t ❢✉♥❝t✐♦♥ ❝❛♥ ✢✉❝t✉❛t❡ ❞✉r✐♥❣ t❤❡ ❝♦✉rs❡ ♦❢ t❤❡ ❡①❡❝✉t✐♦♥ ♦❢ ❆❧❣♦✲

r✐t❤♠ ✶✳ ❍♦✇❡✈❡r✱ ✇❡ ✇✐❧❧ ❧❛t❡r s❤♦✇ t❤❛t t❤❡ ♥✉♠❜❡r ♦❢ t✐♠❡s ✐t ❝❛♥ ✐♥❝r❡❛s❡
✐s str✐❝t❧② ❜♦✉♥❞❡❞✳ ❚❤✉s ✇❡ ❛r❡ ❛❜❧❡ t♦ ❜♦✉♥❞ t❤❡ t♦t❛❧ t✐♠❡ ✭✐♥ ❡①♣❡❝t❛t✐♦♥✮
t❤❛t t❤❡ ❛❧❣♦r✐t❤♠ s♣❡♥❞s ✇❛✐t✐♥❣ ❢♦r t❤❡ ♣♦t❡♥t✐❛❧ t♦ ❞❡❝r❡❛s❡ t♦ ③❡r♦✳ ❙✐♥❝❡
t❤❡ r❡♠❛✐♥❞❡r ♦❢ t❤❡ t✐♠❡ t❤❡ ♣♦t❡♥t✐❛❧ ✇♦✉❧❞ ❜❡ ❛t ③❡r♦✱ t❤❡ ♣♦♣✉❧❛t✐♦♥ ♠✉st
❜❡ ❡✣❝✐❡♥t ❞✉r✐♥❣ t❤♦s❡ ❣❡♥❡r❛t✐♦♥s✳

▲❡t A = {ϕ(Pt+1) > ϕ(Pt)} ❜❡ t❤❡ ❡✈❡♥t t❤❛t t❤❡ ♦✛s♣r✐♥❣ ❝r❡❛t❡❞ ❢r♦♠
♣♦♣✉❧❛t✐♦♥ Pt s✉r✈✐✈❡s ✐♥t♦ Pt+1 ❛♥❞ r❡s✉❧ts ✐♥ ❛ str✐❝t ✐♥❝r❡❛s❡ ✐♥ ♣♦t❡♥t✐❛❧✳ ❲❡
✜rst ❜♦✉♥❞ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❞r✐❢t ♦❢ ϕ ♦♥ t❤❡ ❝♦♠♣❧❡♠❡♥t❛r② ❡✈❡♥t A✱ ♥❛♠❡❧②✱
t❤❡ ♣♦t❡♥t✐❛❧ ♦❢ Pt+1 ✐s ♥♦t str✐❝t❧② ❣r❡❛t❡r t❤❛♥ t❤❡ ♣♦t❡♥t✐❛❧ ♦❢ Pt✳ ❆ s✉✣❝✐❡♥t
❡✈❡♥t t♦ ❞❡❝r❡❛s❡ t❤❡ ♣♦t❡♥t✐❛❧ ✐s t♦ ✭✶✮ ♣❡r❢♦r♠ ♠✉t❛t✐♦♥ ♦♥ ❛ s✐♥❣❧❡ ♣❛r❡♥t
✇✐t❤ ♣r♦❜❛❜✐❧✐t② 1 − pc✱ ✭✷✮ s❡❧❡❝t x ∈ Pt ✇✐t❤ ♣r♦❜❛❜✐❧✐t② 1/|Pt|✱ ❛♥❞ ✭✸✮ ✢✐♣
❡①❛❝t❧② ♦♥❡ ❜✐t ✐♥ S(x) \E(x)✳ ❙✉♠♠✐♥❣ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ t❤❡s❡ ❞✐s❥♦✐♥t ❡✈❡♥ts
♦✈❡r ❛❧❧ ♣♦ss✐❜❧❡ ✐♥❞✐✈✐❞✉❛❧s x ∈ Pt✱ ❢♦r ❘▲❙✲▼✉t❛t✐♦♥ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❞r✐❢t
❝❛♥ ❜❡ ❜♦✉♥❞❡❞ ❛s

E
[

ϕ(Pt)− ϕ(Pt+1)
∣

∣ Pt, A
]

≥
∑

x∈Pt

(1− pc)|S(x) \ E(x)|

|Pt|(n+m)
≥

(1− pc)

|P0|(n+m)
· ϕ(Pt)

s✐♥❝❡ |Pt| ≤ |P0|✱ ❜② ▲❡♠♠❛ ✶✳ ❙✐♠✐❧❛r❧②✱ ❢♦r❱❡rt❡①✲▼✉t❛t✐♦♥✱ t❤❡ ♣r♦❜❛❜✐❧✐t②
♦❢ ✢✐♣♣✐♥❣ ❡①❛❝t❧② ♦♥❡ ♣❛rt✐❝✉❧❛r ❜✐t ✐s (1/n)(1− 1/n)n−1 ≥ 1/e✱ s♦ ✇❡ ❤❛✈❡

E
[

ϕ(Pt)− ϕ(Pt+1)
∣

∣ Pt, A
]

≥
(1− pc)

|P0|en
· ϕ(Pt).

❚❤❡ ❡①♣❡❝t❡❞ t✐♠❡ ✉♥t✐❧ ϕ ❤✐ts ③❡r♦ ✭♦r ✐♥❝r❡❛s❡s✱ ✐❢ s♦♦♥❡r✮ ❝❛♥ ❜❡ ❜♦✉♥❞❡❞ ❛❜♦✈❡
✉s✐♥❣ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ❞r✐❢t ❬✶✷❪ ❛s O(|P0|(n+m) log(|P0|n)) = O(|P0|m log n) ❢♦r
❘▲❙✲▼✉t❛t✐♦♥ ❛♥❞ O(|P0|n log n) ❢♦r ❱❡rt❡①✲▼✉t❛t✐♦♥✳

❲❡ ♥♦✇ ❛r❣✉❡ t❤❛t t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢ t✐♠❡s t❤❛t t❤✐s ♣♦t❡♥t✐❛❧ ❝❛♥ ✐♥❝r❡❛s❡
✐s str✐❝t❧② ❜♦✉♥❞❡❞ ❢♦r t❤❡ ❡♥t✐r❡ r✉♥✳ ❲❡ ❝♦♥s✐❞❡r t✇♦ ❢✉rt❤❡r ❡✈❡♥ts ✐♥ t❤❡
♦✛s♣r✐♥❣ ❝r❡❛t✐♦♥ ♣r♦❝❡ss✳ ▲❡t B ❞❡♥♦t❡ t❤❡ ❡✈❡♥t t❤❛t z ✐s ❝r❡❛t❡❞ ❜② ♠✉t❛✲
t✐♦♥ ❢r♦♠ ♣❛r❡♥t x ∈ Pt ❛♥❞ s✉r✈✐✈❡s ✐♥t♦ Pt+1✱ ♥❡❝❡ss❛r✐❧② r❡♣❧❛❝✐♥❣ x ✐♥ t❤❡
♣♦♣✉❧❛t✐♦♥✳ ▲❡t C ❞❡♥♦t❡ t❤❡ ❡✈❡♥t t❤❛t z ✐s ❝r❡❛t❡❞ ❜② ❛ s✉❝❝❡ss❢✉❧ ❝r♦ss♦✈❡r
❜❡t✇❡❡♥ ♣❛r❡♥ts x ❛♥❞ y✱ ❛❣❛✐♥ ♥❡❝❡ss❛r✐❧② r❡♣❧❛❝✐♥❣ x ❛♥❞ y ✐♥ t❤❡ ♣♦♣✉❧❛t✐♦♥✳

◆♦t❡ t❤❛t ❡✈❡♥t C ♠✉st r❡❞✉❝❡ t❤❡ ♣♦♣✉❧❛t✐♦♥ s✐③❡ ❜② ❛t ❧❡❛st ♦♥❡ ❜❡❝❛✉s❡ ❛
♥❡✇ ❢❡❛s✐❜❧❡ s✉❜❣r❛♣❤ ✐s ❝r❡❛t❡❞ ❢r♦♠ t✇♦ ♣❛r❡♥ts✱ ❛♥❞ t❤♦s❡ t✇♦ ♣❛r❡♥ts ✇♦✉❧❞
❜❡ ❞♦♠✐♥❛t❡❞ ❜② t❤❡ ♦✛s♣r✐♥❣✳ ❚❤✉s t❤❡ ❡✈❡♥t A∩C ❝❛♥ ❤❛♣♣❡♥ ❛t ♠♦st |P0|−1
t✐♠❡s ❞✉r✐♥❣ t❤❡ ❡♥t✐r❡ r✉♥✳

❯♥❞❡r ❘▲❙✲▼✉t❛t✐♦♥✱ ❛ ♥❡❝❡ss❛r② ❝♦♥❞✐t✐♦♥ ❢♦r t❤❡ ❡✈❡♥t A∩B ✐s t❤❛t t❤❡
♠✉t❛t✐♦♥ ♦❝❝✉rs ✐♥ t❤❡ ❡❞❣❡ s❡❣♠❡♥t ♦❢ t❤❡ ❜✐tstr✐♥❣ ✭✐♥❞❡①❡s ❧❛r❣❡r t❤❛♥ n✮ ❛♥❞
♣❛rt✐❝✉❧❛r❧②✱ ✇❤❡♥ ❛ ❜✐t ✐s ✢✐♣♣❡❞ ❢r♦♠ ③❡r♦ t♦ ♦♥❡✳ ■❢ t❤❡ ♠✉t❛t✐♦♥ ♣r♦❞✉❝✐♥❣



✶✵ ❏✳ ▲❡❡ ❛♥❞ ❆✳ ▼✳ ❙✉tt♦♥

z ❤❛❞ ♦❝❝✉rr❡❞ ✐♥ t❤❡ ✈❡rt❡① s❡❣♠❡♥t ✭✐♥❞❡①❡s ❛t ♠♦st n✮ t❤❡♥ t❤❡ ♣♦t❡♥t✐❛❧
❝❛♥♥♦t ✐♥❝r❡❛s❡✱ ❛s t❤✐s ✇♦✉❧❞ ✐♠♣❧② S(z) > S(x) ❛♥❞ E(z) = E(x)✱ t❤❡r❡❜② z
✇♦✉❧❞ ❜❡ ❞♦♠✐♥❛t❡❞ ❜② x✳ ❙✐♠✐❧❛r❧②✱ ✐❢ t❤❡ ♠✉t❛t✐♦♥ ♦❝❝✉rs ✐♥ t❤❡ ❡❞❣❡ s❡❣♠❡♥t
❛♥❞ ❝❤❛♥❣❡s ❛ ♦♥❡ t♦ ❛ ③❡r♦✱ t❤❡♥ E(z) ⊂ E(x) ❛♥❞ ❛❣❛✐♥ z ✇♦✉❧❞ ♥♦t s✉r✈✐✈❡ t♦
❜❡ ✐♥❝❧✉❞❡❞ ✐♥ Pt+1✳ ❙✐♥❝❡ ❡❞❣❡s ❝❛♥ ❜❡ ❛❞❞❡❞ t♦ ❛ s✉❜❣r❛♣❤ ✐♥ t❤❡ ♣♦♣✉❧❛t✐♦♥
❛t ♠♦st |P0|m t✐♠❡s✱ t❤❡ ❡✈❡♥t A ∩ B ♦❝❝✉rs ❛t ♠♦st |P0|m t✐♠❡s ❞✉r✐♥❣ t❤❡
❡♥t✐r❡ r✉♥✳

❯♥❞❡r ❱❡rt❡①✲▼✉t❛t✐♦♥✱ ❡✈❡♥t A ∩ B ♦♥❧② ♦❝❝✉rs ✇❤❡♥ x ✐s r❡♣❧❛❝❡❞ ❜②
♦✛s♣r✐♥❣ z ✇❤❡r❡ E(x) = E(z)✱ ❛♥❞ t♦ ❝♦♠♣❡♥s❛t❡ ❢♦r t❤❡ ❢❛❝t |S(z) \ E(z)| >
|S(x) \E(x)|✱ ✐t ♠✉st ❜❡ tr✉❡ t❤❛t |S(z)∩E(z)| < |S(x)∩E(x)|✳ ❍♦✇❡✈❡r✱ ❜♦t❤
x ❛♥❞ z ❛r❡ ♥❡❝❡ss❛r✐❧② ❢❡❛s✐❜❧❡✱ s♦ |S(x) ∩ E(x)| ≤ k ❛♥❞ t❤✉s ❢♦r ❛♥② ❣✐✈❡♥
s✉❜❣r❛♣❤ ✐♥ t❤❡ ♣♦♣✉❧❛t✐♦♥✱ ❡✈❡♥t A∩B ❝❛♥ ♦❝❝✉r ❛t ♠♦st k t✐♠❡s✳ ❙✐♥❝❡ B∪C
✐s ♥❡❝❡ss❛r② ❢♦r A✱ ✐t ❢♦❧❧♦✇s t❤❛t A ∩ B ❛♥❞ A ∩ C ♣❛rt✐t✐♦♥ A✱ ❛♥❞ t❤✉s t❤❡
♣♦t❡♥t✐❛❧ ❝❛♥ ♦♥❧② ✐♥❝r❡❛s❡ ❞✉r✐♥❣ t❤❡s❡ ❡✈❡♥ts✳

❚❤❡r❡❢♦r❡✱ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❘▲❙✲▼✉t❛t✐♦♥✱ t❤❡ ♣♦t❡♥t✐❛❧ ❝❛♥ r❡s❡t ❛t ♠♦st
|P0|(m+1)−1 t✐♠❡s✱ ❛♥❞ ❢♦r❱❡rt❡①✲▼✉t❛t✐♦♥✱ t❤❡ ♣♦t❡♥t✐❛❧ ❝❛♥ r❡s❡t ❛t ♠♦st
|P0|(k+1)−1 t✐♠❡s✳ ❚❤❡ ❝❧❛✐♠❡❞ ❜♦✉♥❞s t❤✉s ❢♦❧❧♦✇ ❢r♦♠ t❤❡ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ❞r✐❢t
❛r❣✉♠❡♥ts ❛❜♦✈❡✱ ❛♥❞ ❜② ♣❡ss✐♠✐st✐❝❛❧❧② ❛ss✉♠✐♥❣ t❤❡ ♣♦t❡♥t✐❛❧ ❛❧✇❛②s r❡s❡ts t♦
t❤❡ ❤✐❣❤❡st ♣♦ss✐❜❧❡ ✈❛❧✉❡ ❛♥❞ ❛❧❧ ♣♦ss✐❜❧❡ r❡s❡ts ♦❝❝✉r✳ ⊓⊔

❚♦ ❜♦✉♥❞ t❤❡ r✉♥t✐♠❡ ♦❢ ❆❧❣♦r✐t❤♠ ✶✱ ✐t r❡♠❛✐♥s ♦♥❧② t♦ ❡st✐♠❛t❡ t❤❡ t♦t❛❧
t✐♠❡ s♣❡♥t ♦♥ ❡✣❝✐❡♥t ♣♦♣✉❧❛t✐♦♥s✳ ❚❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠ ❡st❛❜✲
❧✐s❤❡s t❤✐s ❜♦✉♥❞ ❜② ❞❡t❡r♠✐♥✐♥❣ t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t ❝r♦ss♦✈❡r s✉❝❝❡ss❢✉❧❧② ♣r♦✲
❞✉❝❡s ❛ ❞♦♠✐♥❛t✐♥❣ ♦✛s♣r✐♥❣ ❢r♦♠ ❛♥② ♣❛r❡♥ts ✐♥ ❛♥ ❡✣❝✐❡♥t ♣♦♣✉❧❛t✐♦♥✳ ❙✉❝❤
❛♥ ❡✈❡♥t str✐❝t❧② r❡❞✉❝❡s t❤❡ ♣♦♣✉❧❛t✐♦♥ s✐③❡ ❜② ❝♦♠❜✐♥✐♥❣ t✇♦ s♦❧✈❡❞ s✉❜❣r❛♣❤s
✐♥t♦ ❛ ❧❛r❣❡r s♦❧✈❡❞ s✉❜❣r❛♣❤✳ ❚❤❡ t♦t❛❧ ✇❛✐t✐♥❣ t✐♠❡ ❢♦r t❤❡s❡ ❡✈❡♥ts t♦❣❡t❤❡r
✇✐t❤ t❤❡ t✐♠❡ s♣❡♥t ♦♥ ✐♥❡✣❝✐❡♥t ♣♦♣✉❧❛t✐♦♥s ②✐❡❧❞s t❤❡ ❝❧❛✐♠❡❞ ❜♦✉♥❞s✳

❚❤❡♦r❡♠ ✷✳ ▲❡t G = (V,E) ❜❡ ❛ ❝♦♥♥❡❝t❡❞ ❣r❛♣❤ ❛♥❞ ❧❡t P0 ❜❡ ❛♥② ♣♦❧②♥♦♠✐❛❧✲
s✐③❡ s❡t ♦❢ ❢❡❛s✐❜❧❡ ✐♥❞✐✈✐❞✉❛❧s s✉❝❤ t❤❛t E =

⋃

x∈P0
E(x)✳

❙❡tt✐♥❣ pc ∈ (0, 1) t♦ ❜❡ ❛ ❝♦♥st❛♥t✱ ❆❧❣♦r✐t❤♠ ✶ ✜♥❞s ❛ k ✈❡rt❡① ❝♦✈❡r ♦❢ G
✭✐❢ ♦♥❡ ❡①✐sts✮ ✐♥ O

(

4k|P0|+ |P0|
2m2 log n

)

❣❡♥❡r❛t✐♦♥s ✉s✐♥❣ ❘▲❙✲▼✉t❛t✐♦♥

❛♥❞ ✐♥ O
(

4k|P0|+ |P0|
2nk log n

)

❣❡♥❡r❛t✐♦♥s ✉s✐♥❣ ❱❡rt❡①✲▼✉t❛t✐♦♥✳

Pr♦♦❢✳ ❇② ❚❤❡♦r❡♠ ✶✱ t❤❡ ❡①♣❡❝t❡❞ ♥✉♠❜❡r ♦❢ ❣❡♥❡r❛t✐♦♥s t❤❡ ❛❧❣♦r✐t❤♠ s♣❡♥❞s
♦♥ ♣♦♣✉❧❛t✐♦♥s t❤❛t ❛r❡ ♥♦t ❡✣❝✐❡♥t ✐s ❛t ♠♦st O

(

|P0|
2m2 log n

)

✉s✐♥❣ ❘▲❙✲

▼✉t❛t✐♦♥ ❛♥❞ ❛t ♠♦st O
(

|P0|
2kn log n

)

✉s✐♥❣ ❱❡rt❡①✲▼✉t❛t✐♦♥✳
❲❡ t❤✉s s❡❡❦ t♦ ❜♦✉♥❞ t❤❡ ♥✉♠❜❡r ♦❢ ❣❡♥❡r❛t✐♦♥s s♣❡♥t ♦♥ ❡✣❝✐❡♥t ♣♦♣✉✲

❧❛t✐♦♥s ✉♥t✐❧ ❛♥ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ✐s ❢♦✉♥❞✳ ❙✉♣♣♦s❡ t❤❛t Pt ✐s ❡✣❝✐❡♥t ❛♥❞ ❧❡t
x, y ∈ Pt ✇✐t❤ E(x) 6= E(y)✳ ❙✐♥❝❡ ❜♦t❤ x ❛♥❞ y ♠✉st ❜❡ ❢❡❛s✐❜❧❡✱ S(x) ✐s ❛
❝♦✈❡r ♦❢ t❤❡ s✉❜❣r❛♣❤ E(x) ❛♥❞ S(y) ✐s ❛ ❝♦✈❡r ♦❢ t❤❡ s✉❜❣r❛♣❤ E(y)✳ ▼♦r❡✲
♦✈❡r✱ t❤❡ ❢❡❛s✐❜✐❧✐t② ♦❢ x ❛♥❞ y t♦❣❡t❤❡r ✇✐t❤ t❤❡ ❡✣❝✐❡♥❝② ♦❢ Pt ❣✉❛r❛♥t❡❡s t❤❛t
|S(x)|, |S(y)| ≤ k✳ ❚❤✉s S(x)∪S(y) ✐s ❛ ✈❛❧✐❞ ❝♦✈❡r ♦❢ t❤❡ s✉❜❣r❛♣❤ E(x)∪E(y)
✇✐t❤ |S(x) ∪ S(y)| ≤ 2k✳ ❲❡ ❤❛✈❡ ❛❧s♦ ❛ss✉♠❡❞ t❤❡r❡ ✐s ❛ k✲❝♦✈❡r ♦❢ t❤❡ ❡♥t✐r❡
❣r❛♣❤ G✱ ♥❛♠❡❧② S∗ ⊆ V ✇❤❡r❡ |S∗| ≤ k✳ ❚❤❡♥ S∗ ∩ (E(x) ∪ E(y)) ✐s ❛❧s♦
❛ ❝♦✈❡r ♦❢ t❤❡ s✉❜❣r❛♣❤ E(x) ∪ E(y)✳ ▲❡t R = (S(x) ∪ S(y)) \ S∗ ❞❡♥♦t❡ t❤❡



❊✈♦❧✈✐♥❣ P♦♣✉❧❛t✐♦♥s ♦❢ ❙♦❧✈❡❞ ❙✉❜❣r❛♣❤s ✶✶

s❡t ♦❢ ✈❡rt✐❝❡s t❤❛t ❜❡❧♦♥❣ t♦ S(x) ∪ S(y)✱ ❜✉t ♥♦t t♦ t❤❡ ♦♣t✐♠❛❧ ❝♦✈❡r✳ ▲❡t
T = (S(x) ∪ S(y)) ∩ S∗ ❜❡ t❤❡ s❡t ♦❢ ✈❡rt✐❝❡s t❤❛t ❜❡❧♦♥❣ t♦ ❜♦t❤ ❝♦✈❡rs✳

❲❡ ❝♦♥s✐❞❡r t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ❣❡♥❡r❛❧✐③❡❞ ❛❧❧❡❧✐❝ ❝r♦ss♦✈❡r ✉s✐♥❣ x ❛♥❞ y ❛s

♣❛r❡♥ts t♦ ♣r♦❞✉❝❡ ❛♥ ♦✛s♣r✐♥❣ z✳ ◆♦t❡ t❤❛t E(z) = E(x) ∪ E(y) s✐♥❝❡ p
(1)
i =

p
(2)
i = 1 ❢♦r ❛❧❧ n+1 ≤ i ≤ n+m ✐♥ t❤❡ ❡❞❣❡ s❡❣♠❡♥t ♦❢ t❤❡ ❜✐tstr✐♥❣✳ ❙✐♠✐❧❛r❧②✱

❢♦r ❛❧❧ 1 ≤ i ≤ n ✐♥ t❤❡ ✈❡rt❡① s❡❣♠❡♥t ♦❢ t❤❡ ❜✐tstr✐♥❣✱ ✇❡ ❤❛✈❡ p
(1)
i = p

(2)
i = 1/2✱

s♦ ❡✈❡r② ✈❡rt❡① v ∈ S(x) ∪ S(y) ❜❡❧♦♥❣s t♦ t♦ S(z) ✇✐t❤ ♣r♦❜❛❜✐❧✐t② 1/2✳ ❙✐♥❝❡

p
(0)
i = 0 ❢♦r ❛❧❧ i✱ ❛♥② ✈❡rt❡① ✭r❡s♣❡❝t✐✈❡❧②✱ ❡❞❣❡✮ ♥♦t ✐♥ S(x)∪S(y) ✭r❡s♣❡❝t✐✈❡❧②✱

E(x) ∪ E(y)✮ ✇✐❧❧ ♥♦t ❜❡❧♦♥❣ t♦ S(z) ✭r❡s♣❡❝t✐✈❡❧②✱ E(z)✮✳

◆♦t❡ t❤❛t s✐♥❝❡ T ⊆ (S(x)∪S(y))✱ ✇❡ ❤❛✈❡ S(z) = T ✇✐t❤ ♣r♦❜❛❜✐❧✐t② ❡①❛❝t❧②
2−|S(x)∪S(y)| ≥ 2−2k✳ ❲❡ ❝♦♥❞✐t✐♦♥ ♦♥ t❤✐s ❡✈❡♥t ❢♦r t❤❡ r❡♠❛✐♥❞❡r ♦❢ t❤❡ ♣r♦♦❢✳
❊✈❡r② ❡❞❣❡ ✐♥ t❤❡ s✉❜❣r❛♣❤ E(x) ∪ E(y) = E(z) t❤❛t ✐s ♥♦t ❝♦✈❡r❡❞ ❜② S(z)
♠✉st ❤❛✈❡ ♦♥❡ ❡♥❞♣♦✐♥t ✐♥ S∗ ❛♥❞ ♦♥❡ ❡♥❞♣♦✐♥t ✐♥ R ❜❡❝❛✉s❡ ❜♦t❤ S∗ ❛♥❞
(S(x) ∪ S(y)) ❛r❡ ✈❛❧✐❞ ✈❡rt❡① ❝♦✈❡rs ♦❢ E(x) ∪ E(y)✳

❆❢t❡r ❝r♦ss♦✈❡r✱ t❤❡ r❡♣❛✐r ♦♣❡r❛t✐♦♥ ❧✐st❡❞ ✐♥ ❆❧❣♦r✐t❤♠ ✷ ✐❞❡♥t✐✜❡s t❤❡ s❡t ♦❢
✈❡rt✐❝❡s r❡♠♦✈❡❞ ❢r♦♠ S(x)∪S(y)✱ ✇❤✐❝❤ ✐♥ t❤✐s ❝s❡❛ ❝♦rr❡s♣♦♥❞s ❡①❛❝t❧② t♦ t❤❡
s❡t R✱ ❛♥❞ t❤❡♥ ❛❞❞ t❤❡ ♥❡✐❣❤❜♦r s❡t N(R)✳ ❚❤✐s r❡s✉❧ts ✐♥ ❛ r❡♣❛✐r❡❞ ♦✛s♣r✐♥❣
z′ ✇✐t❤ S(z′) = T ∪N(R) ⊆ S∗ ✇❤✐❝❤ ♠✉st ❝♦✈❡r E(x) ∪ E(y) = E(z′)✳

❚❤❡ ❢❛❝t S(z′) ⊆ S∗ ✐♠♣❧✐❡s |S(z′)| ≤ k ❛♥❞ s♦ ✐t ❢♦❧❧♦✇s t❤❛t x, y ≺ z′✱
❛♥❞ s✐♥❝❡ z′ ✇♦✉❧❞ ♥♦t ❜❡ ❞♦♠✐♥❛t❡❞ ❜② ❛♥② ♦t❤❡r ❡❧❡♠❡♥t ♦❢ t❤❡ ♣♦♣✉❧❛t✐♦♥✱ z′

r❡♣❧❛❝❡s x ❛♥❞ y ✐♥ Pt+1✳ ❚❤✐s ❡✈❡♥t✱ ✇❤✐❝❤ ♦❝❝✉rs ✇✐t❤ ♣r♦❜❛❜✐❧✐t② ❛t ❧❡❛st 4−k✱
r❡s✉❧ts ✐♥ ❛ str✐❝t❧② s♠❛❧❧❡r ♣♦♣✉❧❛t✐♦♥ |Pt+1| < |Pt|✳

❆ ❢❡❛s✐❜❧❡✱ ❡✣❝✐❡♥t ♣♦♣✉❧❛t✐♦♥ ❝♦♥t❛✐♥✐♥❣ ♠♦r❡ t❤❛♥ ♦♥❡ ✐♥❞✐✈✐❞✉❛❧ ❝❛♥ ❛❧✲
✇❛②s s❤r✐♥❦ ✇✐t❤ ♣r♦❜❛❜✐❧✐t② Ω(4−k) ✉♥❞❡r t❤❡ ❛❜♦✈❡ s❡q✉❡♥❝❡ ♦❢ ❡✈❡♥ts✳ ■t
❢♦❧❧♦✇s t❤❛t t❤❡ ✇❛✐t✐♥❣ t✐♠❡ ✉♥t✐❧ ❛♥ ❡✣❝✐❡♥t ♣♦♣✉❧❛t✐♦♥ s❤r✐♥❦s ✐♥ t❤✐s ✇❛②
✐s ❜♦✉♥❞❡❞ ❛❜♦✈❡ ❜② O(4k)✳ ❚❤❡ ♣♦♣✉❧❛t✐♦♥ ❝❛♥ s❤r✐♥❦ ❛t ♠♦st |P0| − 1 t✐♠❡s
❜❡❢♦r❡ ✐t ❝♦♥s✐sts ♦❢ ❛ s✐♥❣❧❡ ❢❡❛s✐❜❧❡ ✐♥❞✐✈✐❞✉❛❧ x∗✳ ❆s ●❆❈ ❛❧✇❛②s ❝♦♠♣♦s❡s
s✉❜❣r❛♣❤s ❜② ✉♥✐♦♥✱ ✐t ❤♦❧❞s t❤❛t E(x∗) = E✱ ❛♥❞ s✐♥❝❡ ❢❡❛s✐❜✐❧✐t② ✐s ♠❛✐♥t❛✐♥❡❞
S(x∗) ✐s ❛ ✈❡rt❡① ❝♦✈❡r ♦❢ s✐③❡ ❛t ♠♦st k ❢♦r G✳

❇❡❢♦r❡ ❣❡♥❡r❛t✐♥❣ x∗✱ t❤❡ ❛❧❣♦r✐t❤♠ ❝❛♥ s♣❡♥❞ ❛t ♠♦st O(4k|P0|) ❣❡♥❡r❛t✐♦♥s
♦♥ ❡✣❝✐❡♥t ♣♦♣✉❧❛t✐♦♥s ❛♥❞ t❤❡ t♦t❛❧ t✐♠❡ s♣❡♥t ♦♥ ✐♥❡✣❝✐❡♥t ♣♦♣✉❧❛t✐♦♥s ✐s
❜♦✉♥❞❡❞ ❜② ❚❤❡♦r❡♠ ✶✱ ✇❤✐❝❤ ②✐❡❧❞s t❤❡ ❝❧❛✐♠❡❞ r❡s✉❧t✳ ⊓⊔

❚❤❡♦r❡♠ ✷ r❡q✉✐r❡s ♦♥❧② ❛♥ ✐♥✐t✐❛❧ ♣♦♣✉❧❛t✐♦♥ ♦❢ ❢❡❛s✐❜❧❡ s✉❜❣r❛♣❤s t❤❛t
❝♦♠♣♦s❡ ✐♥t♦ G✳ ❋♦r s♣❡❝✐✜❝ ❣r❛♣❤s✱ t❤✐s ❝♦✉❧❞ ❜❡ ❝♦♥str✉❝t❡❞ ❜② ✐♥❝❧✉❞✐♥❣
♣r♦♠✐s✐♥❣ s✉❜❣r❛♣❤s t❤❛t ❛r❡ ❤♦♣❡❞ t♦ ❜❡ ✏❝❧♦s❡✑ t♦ ❛♥ ♦♣t✐♠❛❧ ❝♦✈❡r✳ ❍♦✇❡✈❡r✱
❡✈❡r② ❣r❛♣❤ ❛t ❧❡❛st ❤❛s ❛ ♥❛t✉r❛❧ ✐♥✐t✐❛❧ ♣♦♣✉❧❛t✐♦♥ ♦❢ s✐③❡ m ✐♥ ✇❤✐❝❤ ❡❛❝❤
s✉❜❣r❛♣❤ ❝♦♥s✐sts ♦❢ ❛ s✐♥❣❧❡ ✉♥✐q✉❡ ❡❞❣❡ ❢r♦♠ G ✭t♦❣❡t❤❡r ✇✐t❤ ❛ ❝♦✈❡r t❤❛t
❝♦♥t❛✐♥s ❛t ❧❡❛st ♦♥❡ ✈❡rt❡① ✐♥❝✐❞❡♥t ♦♥ t❤❛t ❡❞❣❡✮✳ ❚❤✐s ②✐❡❧❞s t❤❡ ❢♦❧❧♦✇✐♥❣
❣❡♥❡r❛❧ ❜♦✉♥❞✳

❈♦r♦❧❧❛r② ✶✳ ▲❡t G = (V,E) ❜❡ ❛ ❣r❛♣❤ ♦♥ n ✈❡rt✐❝❡s ❛♥❞ m ❡❞❣❡s✳ ❆❧❣♦r✐t❤♠ ✶
✜♥❞s ❛ ✈❡rt❡① ❝♦✈❡r ♦❢ s✐③❡ ❛t ♠♦st k ♦❢ G ✭✐❢ ♦♥❡ ❡①✐sts✮ ✐♥ O

(

4km+m4 log n
)

❣❡♥❡r❛t✐♦♥s ✉s✐♥❣ ❘▲❙✲▼✉t❛t✐♦♥ ❛♥❞ O
(

4km+m2nk log n
)

❣❡♥❡r❛t✐♦♥s ✉s✐♥❣
❱❡rt❡①✲▼✉t❛t✐♦♥✳



✶✷ ❏✳ ▲❡❡ ❛♥❞ ❆✳ ▼✳ ❙✉tt♦♥

Pr♦♦❢✳ ❈♦♥str✉❝t P0 ❢r♦♠ G ❛s ❢♦❧❧♦✇s✳ ❋♦r ❡❛❝❤ ❡❞❣❡ {u, v} ∈ E✱ ❧❡t x ❜❡ ❛♥②
str✐♥❣ ✐♥ {0, 1}n+m s✉❝❤ t❤❛t xu = 1 ❛♥❞ E(x) = {{uv}}✳ ❚❤❡♥ P0 s❛t✐s✜❡s t❤❡
❝♦♥❞✐t✐♦♥s ❢♦r ❚❤❡♦r❡♠ ✷✳ ⊓⊔

✺ ❊①♣❡r✐♠❡♥ts

❚♦ ✐♥✈❡st✐❣❛t❡ t❤❡ ❝♦♥❝r❡t❡ r✉♥♥✐♥❣ t✐♠❡ ♦❢ ❆❧❣♦r✐t❤♠ ✶✱ ❛♥❞ t♦ ❝♦♠♣❛r❡ ✐t
✇✐t❤ t❤❡ s✐♠✐❧❛r r❡♣❛✐r✲❜❛s❡❞ ✭✶✰✶✮ ❊❆❥+r

k ✐♥tr♦❞✉❝❡❞ ✐♥ ❬✶❪✱ ✇❡ ♣❡r❢♦r♠❡❞ ❛
♥✉♠❜❡r ♦❢ ❡①♣❡r✐♠❡♥ts ♦♥ t❤❡ ♣❧❛♥t❡❞ ✈❡rt❡① ❝♦✈❡r ✐♥st❛♥❝❡s ❢r♦♠ ❬✶❪✳ ❊❛❝❤ ♦❢
t❤❡s❡ ✐♥st❛♥❝❡s ✇❡r❡ ❣❡♥❡r❛t❡❞ ❜② r❛♥❞♦♠❧② s❡❧❡❝t✐♥❣ ❛ s✉❜s❡t ♦❢ k ✈❡rt✐❝❡s ❛♥❞
✐♥❝❧✉❞✐♥❣ ❛♥ ❡❞❣❡ ✇✐t❤ ♣r♦❜❛❜✐❧✐t② p s✉❜❥❡❝t t♦ ❤❛✈✐♥❣ ❛t ❧❡❛st ♦♥❡ ❡♥❞ ♣♦✐♥t ✐♥
t❤❡ s✉❜s❡t✳

❚❤❡ ♥✉♠❜❡r ♦❢ ✈❡rt✐❝❡s n ✈❛r✐❡s ❢r♦♠ 20 t♦ 100 ❜② 10✱ ♣❧❛♥t❡❞ ❝♦✈❡r s✐③❡ k
✈❛r✐❡s ❢r♦♠ 3 t♦ 10✱ ❛♥❞ ❡❞❣❡ ♣r♦❜❛❜✐❧✐t✐❡s ❛r❡ p ∈ { 1

10 ,
1
4 ,

1
2 ,

3
4}✳ ❖♥ ❡❛❝❤ ❣r❛♣❤

✇❡ r❛♥ ❡❛❝❤ ❛❧❣♦r✐t❤♠ ❢♦r ✺✵ tr✐❛❧s ❛♥❞ ♠❡❛s✉r❡❞ t❤❡ r✉♥ t✐♠❡ ❛s t❤❡ ♥✉♠❜❡r
♦❢ ❝❛❧❧s t♦ t❤❡ ✜t♥❡ss ❢✉♥❝t✐♦♥ ✉♥t✐❧ ❛ ✈❡rt❡① ❝♦✈❡r ♦❢ s✐③❡ ❛t ♠♦st k ✐s ❢♦✉♥❞✳
❋♦r ❆❧❣♦r✐t❤♠ ✶✱ ✇❡ s❡t pc = 0.8✱ ❛♥❞ ❡①♣❡r✐♠❡♥t❡❞ ✇✐t❤ ❜♦t❤ ❘▲❙✲▼✉t❛t✐♦♥

❛♥❞ ❱❡rt❡①✲▼✉t❛t✐♦♥✳ ❚❤❡ ♠❡❞✐❛♥ r✉♥ t✐♠❡s ❢♦r k = 10 ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢
n ❛r❡ r❡♣♦rt❡❞ ✐♥ ❋✐❣✉r❡ ✶✳ ❲❡ ♦♠✐t r❡s✉❧ts ❢♦r ♦t❤❡r k✲✈❛❧✉❡s ❞✉❡ t♦ s♣❛❝❡
❝♦♥str❛✐♥ts✱ ❜✉t ♠❡♥t✐♦♥ t❤❛t t❤❡ tr❡♥❞ ✐s ✐❞❡♥t✐❝❛❧✳ ◆♦t❡ t❤❛t ❛❢t❡r ❣❡♥❡r❛t✐♥❣
❛ r❛♥❞♦♠ ❣r❛♣❤ ❢♦r ❛ ❣✐✈❡♥ n✱ ✇❡ r❡♠♦✈❡ ✐s♦❧❛t❡❞ ✈❡rt✐❝❡s ❛♥❞ t❤❡ ✜❣✉r❡s r❡♣♦rt
t❤❡ tr✉❡ n ❛❢t❡r r❡♠♦✈❛❧✳ ❚❤✐s ❡①♣❧❛✐♥s t❤❡ ✈❛r✐❛❜✐❧✐t② ✐♥ n ❛t ❧♦✇ ❡❞❣❡ ❞❡♥s✐t✐❡s✳
■♥ ❋✐❣✉r❡ ✷✱ ✇❡ ♣❧♦t t❤❡ ♠❡❞✐❛♥ r✉♥ t✐♠❡s ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ k ✜①✐♥❣ n = 100✳ ❚❤❡
❜♦tt♦♠ r✐❣❤t ♣❧♦t s❤♦✇s t❤❡ ♠❡❞✐❛♥ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ k t❛❦❡♥ ♦✈❡r ❛❧❧ p ❛♥❞ n✳
❲❡ ❛❧s♦ ♣r♦✈✐❞❡ ❜♦① ♣❧♦ts ♦❢ t❤❡ r✉♥♥✐♥❣ t✐♠❡ ♦❢ ❛❧❧ t❤r❡❡ ❛❧❣♦r✐t❤♠s ♦♥ ❣r❛♣❤s
✇✐t❤ n = 100, k = 10 ♦✈❡r ❛❧❧ ❡❞❣❡ ❞❡♥s✐t✐❡s ✐♥ ❋✐❣✉r❡ ✸✳

❉❡s♣✐t❡ t❤❡ ❢❛❝t t❤❛t r✉♥t✐♠❡ ❜♦✉♥❞ ♦❢ t❤❡ ✭✶✰✶✮ ❊❆❥+r

k ❢r♦♠ ❬✶❪ ✐s ❡①♣♦♥❡♥✲
t✐❛❧❧② s♠❛❧❧❡r ✐♥ k t❤❛♥ t❤❡ ♦♥❡ ❞❡r✐✈❡❞ ✐♥ ❈♦r♦❧❧❛r② ✶✱ ✇❡ s❡❡ t❤❛t ❆❧❣♦r✐t❤♠ ✶
✇✐t❤ ❱❡rt❡①✲▼✉t❛t✐♦♥ s❝❛❧❡s ❜❡tt❡r ✇✐t❤ ❜♦t❤ n ❛♥❞ k ♦♥ t❤✐s ❝❧❛ss ♦❢ ❣r❛♣❤s✱
❛♥❞ ❤❛s s♠❛❧❧❡r ✈❛r✐❛❜✐❧✐t② ❛s ♠❡❛s✉r❡❞ ❜② ✐♥t❡rq✉❛rt✐❧❡ r❛♥❣❡✳ ◆♦t s✉r♣r✐s✐♥❣❧②✱
t❤❡ ✈❛r✐❛♥t ✉s✐♥❣ ❘▲❙✲▼✉t❛t✐♦♥ ✐s str♦♥❣❧② ❛✛❡❝t❡❞ ❜② t❤❡ ♥✉♠❜❡r ♦❢ ❡❞❣❡s✱
❛♥❞ ♣❡r❢♦r♠s ♣♦♦r❧② ♦♥ ❞❡♥s❡r ❣r❛♣❤s✱ ❛s ❝❛♥ ❜❡ s❡❡♥ ✐♥ ❋✐❣✉r❡ ✶✳

❑❤✉r✐ ❛♥❞ ❇ä❝❦ ❬✶✵❪ ❝♦♥❞✉❝t❡❞ ❡①♣❡r✐♠❡♥ts ♦♥ ❤❛r❞ ✈❡rt❡① ❝♦✈❡r ✐♥st❛♥❝❡s
✉s✐♥❣ ❛ ●❆ ✇✐t❤ t✇♦✲♣♦✐♥t ❝r♦ss♦✈❡r ❛♥❞ ♣r♦♣♦rt✐♦♥❛❧ s❡❧❡❝t✐♦♥✳ ■♥ ❛❞❞✐t✐♦♥ t♦
✭♥♦♥♣❧❛♥t❡❞✮ r❛♥❞♦♠ ❣r❛♣❤s✱ t❤❡② ✐♥✈❡st✐❣❛t❡❞ t✇♦ str✉❝t✉r❡❞ ❣r❛♣❤ ✐♥st❛♥❝❡s
♦r✐❣✐♥❛❧❧② ❞❡✜♥❡❞ ❜② P❛♣❛❞✐♠✐tr✐♦✉ ❛♥❞ ❙t❡✐❣❧✐t③ ❬✶✽❪ t♦ ❞❡♠♦♥str❛t❡ t❤❛t ❣r❡❡❞②
❞❡❣r❡❡✲❤❡✉r✐st✐❝s ❢❛✐❧ t♦ ❛♣♣r♦①✐♠❛t❡ ♠✐♥✐♠✉♠ ✈❡rt❡① ❝♦✈❡rs✳ ❚❤❡s❡ ✐♥st❛♥❝❡s
✭P❙✶✵✵ ❛♥❞ P❙✷✵✷✮ ❤❛✈❡ ✈❡rt❡① ❝♦✉♥ts n = 100, 202✱ ❡❞❣❡ ❝♦✉♥tsm = 1122, 4556✱
❛♥❞ ♠✐♥✐♠✉♠ ✈❡rt❡① ❝♦✈❡rs ♦❢ s✐③❡ k = 34, 68✳ ❲❡ ❛❧s♦ r❡♣♦rt t❤❡ s✉❝❝❡ss r❛t❡s
♦❢ t❤❡ ♣♦♣✉❧❛t✐♦♥ s✉❜❣r❛♣❤ ❛❧❣♦r✐t❤♠ ♦♥ t❤❡s❡ ✐♥st❛♥❝❡s ❢♦r ❞✐✛❡r❡♥t r✉♥t✐♠❡
❜✉❞❣❡ts ✐♥ ❚❛❜❧❡ ✶ ❛❧♦♥❣ ✇✐t❤ t❤❡ s✉❝❝❡ss r❛t❡s r❡♣♦rt❡❞ ✐♥ ❬✶✵❪✳ ◆♦t❡ t❤❛t t❤❡
♠✐♥✐♠✉♠ ❝♦✈❡rs ❢♦r t❤❡s❡ ❣r❛♣❤s ❛r❡ ❝♦♠♣❛r❛t✐✈❡❧② ❧❛r❣❡✳ ◆❡✈❡rt❤❡❧❡ss✱ ✇❡ st✐❧❧
♦❜s❡r✈❡ s✉r♣r✐s✐♥❣❧② ❤✐❣❤ s✉❝❝❡ss r❛t❡s✱ ❡✈❡♥ ❛t r✉♥t✐♠❡ ❜✉❞❣❡ts ♠✉❝❤ s♠❛❧❧❡r
t❤❛♥ 4k✳
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k ♦♥ r❛♥❞♦♠
♣❧❛♥t❡❞ k = 10 ✈❡rt❡① ❝♦✈❡r ✐♥st❛♥❝❡s ♦❢ ✈❛r②✐♥❣ ❡❞❣❡ ❞❡♥s✐t② p ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢
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