TENSOR PRODUCT INDECOMPOSABILITY RESULTS FOR
EXISTENTIALLY CLOSED FACTORS
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ABSTRACT. In the first part of the paper we survey several results from Popa’s deforma-
tion/rigidity theory on the classification of tensor product decompositions of large natural classes
of II; factors. Using a mélange of techniques from deformation/rigidity theory, model theory,
and the recent works [CIOS21,CDI22] we highlight an uncountable family of existentially closed
II; factors M which do not admit tensor product decompositions M = P®Q into diffuse factors
where @ is full. In the last section we discuss several open problems regarding the structural
theory of existentially closed factors.

1. INTRODUCTION

A wvon Neumann algebra is an algebra of bounded linear operators on a Hilbert space which
is closed under the adjoint operation and in the weak operator topology. A central theme in
operator algebras is the study of tensor product decompositions of II; factors: indecomposable
infinite dimensional von Neumann algebras which admit a trace. A II; factor which does not
admit a tensor product decomposition into diffuse factors is called prime. Using the notion of
s-orthogonal von Neumann algebras, Popa showed in [Po83] that the II; factor L(Fg) arising
from the free group Fg with uncountably many generators S is prime. Using Voiculescu’s free
probability theory, Ge obtained the first examples of separable prime II; factors by showing that
the free group factors L(F,,), with n > 2, have this property [Ge96].

These results have been since generalized and strengthened in several ways. Ozawa used strong
C*-algebraic techniques to prove that for any icc hyperbolic group T, the II; factor L(T) is
solid, meaning that the relative commutant of any diffuse subalgebra is amenable [Oz03]. By
developing a new approach approach on closable derivations, Peterson showed primeness of L(T"),
whenever I' is any nonamenable icc group with positive first Betti number [Pe06]. Using the
framework of his powerful deformation/rigidity theory, Popa gave a new proof of the solidity of
L(F,,) [Po06b]. Subsequently, an intense activity in the study of tensor product decompositions
of I1; factors led to a plethora of new examples of prime II; factors arising from various classes
of countable groups and their measure preserving actions [0z04, Po06a,CI08, CH08, ValOb,Bo12,
HV12,DI12,CKP14,Hol5, DHI16,CdSS17,Dr19a,IM19].

In most of these results, the groups I' for which L(I') was proven to be prime either satisfy
an algebraic assumption (e.g. I' is an amalgamated free product group or a wreath product
group) or have some “rank one” properties (e.g., I' is a lattice in a rank one simple Lie group
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or admits a certain unbounded quasi-cocycle). On the other hand, the primeness problem for
higher rank lattices is wide open. A general conjecture predicts that any icc irreducible lattice
I in a product G1 x - - - X (G;, of connected non-compact simple real Lie groups with finite center
gives rise to a prime II; factor [Io17, Problem V]. This is a von Neumann algebraic counterpart
of the fact, implied by Margulis’ normal subgroup theorem (see [Zi84, Theorem 8.1.1]), that
I" does not admit any direct product decomposition into infinite groups. Using methods from
Popa’s deformation/rigidity theory, this conjecture has been confirmed when Gfy,...,G, have
rank one [DHI16]. On the other hand, when at least one of the groups Gj,...,G), has rank
greater than one, the conjecture is notoriously hard. Some positive evidence in this case has
been obtained in [IM19]. Using results from [Io08, BIP18], it was shown in [IM19] that any
profinite free ergodic probability measure preserving action of I' gives rise to a prime II; factor.

The first main goal of the paper is to discuss Popa’s deformation/rigidity theory. This is a
remarkable framework that, starting in the early 2000s, has led to unprecedented progress in
the theory of von Neumann algebras (see the survey papers [Po07, Val0,Io12,1017]). At the
heart of Popa’s theory is the innovative idea of using deformations of II; factors to locate rigid
subalgebras. We briefly explain this principle in Section 3 and, in addition, we present Popa’s
proof [Po06b] of Ozawa’s solidity result [0z03] of the free group factors.

The second main goal of this paper is to study tensor product decompositions for certain natural
families of II; factors arising from model theory [GHS13, FGHS16]. To motivate our results, we
recall that existentially closed groups are simple [HS88] and as such do not admit any nontrivial
direct or semi-direct product decompositions. Since existentially closed factors are von Neumann
algebraic analogues of existentially closed groups, it is reasonable to expect they share similar
indecomposability properties. It is known that existentially closed factors M are McDuff, i.e.
M = M®R where R is the hyperfinite II; factor, [GHS13], but not strongly McDuff', i.e. M does
not admit a tensor product decomposition B&R with B a full IT; factor and R the hyperfinite
II; factor, [AGKE20]. However, besides this result, little is known regarding possible tensor
decompositions of existentially closed factors.

In this paper we make progress on this problem by obtaining in Sections 6 and 7 a series
of tensor indecomposability results for existentially closed factors. First, by building upon
[CIOS21, CDI22] (see Section 4) and using Popa’s deformation/rigidity theory we provide in
Theorem 7.1 an uncountable family of existentially closed II; factors M that do not admit
tensor product decompositions M = P®Q into diffuse factors with @ full. In fact, we believe
that this property holds for any existentially closed factor M and we provide several instances
when it holds under certain additional assumptions on P or (). For instance, we establish
the property whenever @) is a group von Neumann algebra of a non-inner amenable group, see
Theorem 7.6. Finally, we conclude our paper by proposing in Section 8 several open problems
regarding the structure of existentially closed factors beyond tensor indecomposability.

2. PRELIMINARIES ON VON NEUMANN ALGEBRAS

2.1. Terminology. A tracial von Neumann algebra is a pair (M, ) consisting of a von Neumann
algebra M and a faithful normal tracial state 7 : M — C. This induces a norm on M by the
formula ||z||2 = 7(z*z)Y/2, for all 2 € M. We denote by % (M) the group of unitary elements
of M, by Z(M) the center of M and by Aut(M) the group of 7-preserving automorphisms of
M. For u € % (M), we denote by Ad(u) € Aut(M) the inner automorphism of M given by
Ad(u)(z) = uzu*. The group of all inner automorphisms of M is denoted by Inn(M). For a

IThis terminology was introduced by Popa in [Po09)].
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set I, we denote by (M?,7) the tensor product tracial von Neumann algebra ®;cr(M, 7). For
J C I, we view M? c M, in the natural way. For i € I, we write M instead of M {1},

All inclusions P C M of von Neumann algebras are assumed unital unless otherwise stated. We
denote by Ep : M — P the unique 7-preserving conditional expectation from M onto P, by
ep : L2(M) — L?(P) the orthogonal projection onto L?(P) and by (M, ep) the Jones’ basic
construction of P C M. We also denote by P"NM = {x € M : zy = yz, for all y € P} the
relative commutant of P in M and by A3 (P) = {u € (M) : uPu* = P} the normalizer of
P in M. For two von Neumann subalgebras Py, P, C M, we denote by P, V P, = W*(P, U P;)
the von Neumann algebra generated by P, and Ps.

Let w be a free ultrafilter on N. Consider the C*-algebra ¢*°(N, M) = {(zy)n, C M : sup,, ||z,] <
oo} and its closed ideal Z = {(xy,), € ¢>*°(N, M) : lim,_, ||z,|l2 = 0}. The ultrapower of M
is the tracial von Neumann algebra M“ := ¢>°(N,M)/Z whose canonical trace is given by
Tw(z) = limy,—y, 7(xy,), for any = = (2,,), € M.

Finally, for any positive integer n, we denote by 1,n the set {1,...,n}.

2.2. Finite index inclusions of von Neumann algebras. The Jones index for an inclusion
P C M of 1I; factors is the dimension of L?(M) as a left P-module [Jo81]. Pimsner and Popa
defined a probabilistic notion of index for an inclusion P C M of arbitrary von Neumann algebras
with conditional expectation, which extends Jones’ index for inclusions of II; factors [PP86,
Theorem 2.2]. Specifically, the inclusion P C M of tracial von Neumann algebras is said to have
probabilistic index [M : P] = \~!, where

A =inf{[|Ep(z)|3]lz]l;* : € My,z #0}.
Here we use the convention that % = 00.

We continue by recording several basic facts from the literature concerning finite index inclusions
of von Neumann algebras which we will use in the proofs of our main results in Sections 5
and 7. First, recall that a von Neumann algebra M is called completely atomic if 1 is an
orthogonal sum of minimal projections in M. The first three items are essentially contained
in [Po95] and we refer the reader to [CdSS17, Proposition 2.3] for a proof. The fourth item is
precisely [Jo81, Proposition 2.1.15], while the last one follows directly from the definition.

Proposition 2.1. Let N C M be an inclusion of tracial von Neumann algebras with [M : N] <
oo and P a tracial factor. Then the following hold:

(1) If p € N is a non-zero projection, then [pMp : pNp] < co.

(2) If N is a factor and r € N' N M is a non-zero projection, then [rMr : Nr] < cc.

(3) If Z(M) is completely atomic, then Z(N) is completely atomic.

(4) If M and N are factors, then [M&P : N®P] < co.

(5) Let R C N be a von Neumann subalgebra satisfying [N : R] < co. Then [M : R] = [M
N][N : R].

We end this section by recalling two more results on finite index inclusions, that will be essential
to deriving our main results in Section 7.

Lemma 2.2 ( [Po02, Lemma 3.1)). Let P C Q C M be an inclusion of tracial von Neumann
algebras such that P C Q is a finite index inclusion of I factors. Then [P'NM : Q'NM] < co.

Lemma 2.3 ( [CIK13, Lemma 2.3]). Let M, N C P be von Neumann algebras. Let My be the
von Neumann algebra generated by En(M) inside N, My := Ex(M)" C N. If [P : M] < oo,
then [N : Mp] < co.
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2.3. Popa’s intertwining techniques. Almost two decades ago, S. Popa introduced in [Po03,
Theorem 2.1 and Corollary 2.3] a powerful analytic criterion for identifying intertwiners be-
tween arbitrary subalgebras of tracial von Neumann algebras, see Theorem 2.4 below. This
technique, known as Popa’s intertwining-by-bimodules technique, has played an essential role in
the classification of von Neumann algebras program via Popa’s deformation/rigidity theory.

Theorem 2.4. [Po03] Let (M, T) be a tracial von Neumann algebra and let P,Q C M be (not
necessarily unital) von Neumann subalgebras. Then the following are equivalent:

(1) There exist projections p € P,q € Q, a x-homomorphism 0 : pPp — qQq and a partial
isometry 0 # v € M such that v*'v < p, vv* < q and §(z)v = vz, for all x € pPp.

(2) For any group G C % (P) such that G" = P there is no net (uy), C G satisfying
|Eq(zuny)|l2 = 0, for all z,y € M.

(3) There exist finitely many x;,y; € M and C > 0 such that Y, |Eq(xuy;)||3 > C for all
u e wUP).

(4) There exists a non-zero projection f € P' N (M, eq) such that Tr(f) < oco.

(5) There exists a P-Q-subbimodule H of 1pL*(M)1q such that dim(Hg) < +oo.

If one of the three equivalent conditions from Theorem 2.4 holds, then we say that a corner of
P embeds into Q inside M, and write P <,; Q. If we moreover have that Pp’ < @, for any
projection 0 # p’ € P'N1pM1p, then we write P <5, @ (where the superscript “s” stands for
strong).

For further use, we recall several useful intertwining results for von Neumann subalgebras.

Lemma 2.5. Let (M, 1) be a tracial von Neumann algebra and P C pMp, Q C ¢Mq, R C rMr
be von Neumann subalgebras, where p,q,r € M are projections. Then the following hold.

(1) [DHI16, Lemma 2.4(2)] If Pz <y @ for any non-zero projection z € Npnp(P) N M,
then P <3, Q.

(2) [DHI16, Lemma 2.4(3)] Assume P <pr Q. Then there is a non-zero projection z €
Nonmp(P) N M such that Pz <5, Q.

(3) [Va08, Lemma 3.5] If P <y Q, then Q' NgMq <y P’ NpMp.

(4) [Va08, Lemma 3.7] If P <y Q and Q <5, R, then P <) R.

(5) If S C P is a finite index von Neumann subalgebra, then S <pr R if and only if P <pr R.

Lemma 2.6. [PP86, Lemma 2.3] Let N C M be an inclusion of tracial von Neumann algebras
satisyfing [M : N] < co. The following hold:

(1) M <3, N.
(2) If Z(N) is completely atomic, then M <pr Nq, for any non-zero projection g € N' N M.

For proofs of (1) and (2) we refer the reader to [CIK13, Lemma 2.4] and [Dr19b, Lemma 2.11],
respectively.

We end this section with the following elementary lemma. For completeness, we also include a
short proof and refer the reader to Definition 4.5 for the notion of cocycle action.

Lemma 2.7. Let I' 7% A be a cocycle action and let M = A X5, 1" the corresponding twisted
crossed product von Neumann algebra. Then M <p; A if and only if ' is finite.
Proof. If T' is finite then A C M has finite index and thus Lemma 2.6(1) implies that M < A.

To see the converse assume M <3 A. Then part (3) in Theorem 2.4 implies the exis-
tence of finitely many z1,...,Zn,91,...,%n € M and C' > 0 such that Zle ||EA($¢ugyi)H% >
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C, for all g € I'. Approximating z; and y;, via the Kaplansky Density Theorem, by elements in
the x-algebra generated by the linear span of AT, this inequality further implies the existence
of an integer [ > k, a constant C" > 0, and z} = a;ug,, y; = bjup,, where a;,b; € A and g;,h; €T
for all i € 1,1, such that

l
(2.1) Z | Ba(2fugyl)||3 > €', for all g € T.
i=1
Now notice that E4(2jugy;) = a;Ea(ug,ugup,)o,,-

7(ug,gh;)aic(gi, 9)o(gig, hi)oy—1(bi).  Since a(gi
imply that ||Ea(ziugy)|2 < HazHopo l|oo| 7 (g, gh; )| = 0g,ghs111Gill0c||bil|cc. Combining this with
relation (2.1) we get

1(bi) = aiEa(a(gis 9)(gig, hi)ug,gn; )y, -1 (bi) =
g)a(gig, h ) € % (A), basic estimates further

K3
)

l
C/
Z Ogighi,l = I > 0.

maXizl ”a/zHOO”b’LHOO

This implies I" C {gi_lhi_1 . i € 1,1}, entailing T is finite. O

2.4. Relative amenability and weak containment of bimodules. A tracial von Neumann
algebra (M, ) is amenable if there exists a net (&,), € L2(M) ® L?>(M) such that (z&,,&,) —
7(x) and ||x&, — &zl — 0, for all z € M. Connes’ celebrated classification of amenable
factors [Co76] shows that M is amenable if and only if M is approximately finite dimensional.

Next, we recall the notion of relative amenability introduced by Ozawa and Popa in [OP07]. Let
(M, T) be a tracial von Neumann algebra. Let p € M be a projection and P C pMp,Q C M be
von Neumann subalgebras. Following [OP07, Section 2.2], we say that P is amenable relative to
Q inside M if there exists a net (&,)n, € L?({(M, eq)) such that (x&,,&,) — 7(z) for all x € pMp
and ||y&, — &nyll2 — 0, for all y € P. It is a fact that P is amenable relative to C inside M if
and only if P is amenable.

Let M, N be tracial von Neumann algebras. An M-N-bimodule p;Hy is a Hilbert space H
equipped with two commuting normal unital *-homomorphisms M — B(#H) and N°P — B(H).
If M = N, we say, for simplicity, that ;H s is an M-bimodule. For two bimodules j;Hy and
MmN, we say that pyHy is weakly contained in ;K if for any € > 0, finite sets FF C M,G C N
and £ € H, there exist ny,...,n, € K such that

n

(@€, &) = > (zmy,m)| < e, forallz € Fandy € G.

i=1
Examples of bimodules include the trivial M-bimodule p; L?(M) s and the coarse M-N-bimodule
mL?(M)® L*(N)y

Finally, it is a fact that a subalgebra P C pMp is amenable relative to () inside M if and only
if pL%(pM)yy is weakly contained in pL?((M, eq))nr (see for instance [AP22, Theorem 13.4.4]).

3. Popra’s DEFORMATION/RIGIDITY THEORY

3.1. Deformations. In the last two decades, Popa’s deformation/rigidity theory has led to
unprecedented progress in the theory of von Neumann algebras, see the survey papers [Po07,
Val0,I012,1017]. Popa’s theory is centered on the remarkable idea of using deformations of II;
factors to locate rigid subalgebras. In Theorem 3.6 we will illustrate this principle by presenting
Popa’s proof [Po06b] of Ozawa’s solidity result [Oz03] for the free group factors. First, we make
precise the notion of a deformation.
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Definition 3.1. A deformation of the identity of a tracial von Neumann algebra (M, ) is a
sequence of unital, trace preserving, completely positive maps ¢, : M — M satisfying ||¢,(x) —
z|l2 = 0, for all z € M.

A linear map ¢ : M — M is called completely positive if the amplification ¢™) : M,,(C) —
M., (C) given by ¢(™ ([2;,]) = [¢(w; ;)] is positive, for any m > 1.

Before presenting some examples of deformations, we recall some terminology. Let (M, 7) be a
tracial separable von Neumann algebra. A map ¢ : M — M is called subunital if ¢(1) < 1 and
subtracial if To¢ < 7. For a von Neumann subalgebra P C M, the map ¢ is called P-bimodular
if ¢(axb) = ap(x)b, for all a,b € P and z € M. Let P C M be a von Neumann subalgebra.
Following [Po01, Section 2|, we say that M has the Haagerup property relative to P if there exists
a sequence of normal subunital subtracial completely positive P-bimodular maps ¢, : M — M
such that ||¢n(z) —z||2 — 0, for any @ € M and such that every ¢,, satisfies the following relative
compactness property: if (wg)x is a sequence of unitaries in M satisfying || Ep(awyny)||2 — 0, for
all a,b € M, then ||¢,(wg)||2 — 0 when k — oco.

Next, we continue by presenting two examples of deformations. For a comprehensive list of
examples, we refer the reader to [Io12, Section 3] (see also [Io17, Section 3]). The first one was
used by Popa by using the Haagerup property to show that certain von Neumann algebras have
trivial fundamental group [Po01], thereby solving a longstanding question in operator algebras.

Example 3.2. Let I' ~ (X, ) be a probability measure preserving action of a countable group
and let ¢, : I' — C be a sequence of positive definite functions such that ¢,(g) — 1, for all
g € I'. Then the sequence ¢, : L=(X) xI' = L>*(X) x I' given by ¢n(aug) = ¢n(g)auy is a
deformation of the identity of L>°(X) x I".

If I has the Haagerup property [Ha79] (which is equivalent to L(I') having the Haagerup property
relative to C), one can choose ¢, : I' = C to satisfy ¢, € ¢o(T'), for any n. In addition, if
I' = SLy(Z), then the the sequence ¢, is a deformation of the II; factor M = L>®(T?) x SLy(Z)
which witnesses the fact that M has the Haagerup property relative to L>(T?). This fact is an
essential ingredient in Popa’s proof that M has trivial fundamental group.

Now, we now turn our attention to the foundational notions of malleable and s-malleable de-
formations introduced by Popa in [Po01, Po03] which consists of a special path of completely
positive maps. This novel concept was used with great effect in classifying large classes of factors.

Definition 3.3. Let (M, 7) be a tracial von Neumannn algebra. A pair (M, (ay)er) is called
a malleable deformation of M if the following conditions hold:
(1) (M, 7) is a tracial von Neumann algebra such that M C M and T = T\M
(2) (u)ier C Aut(M,7) is a l-parameter group with limy g ||as(z) — z|s = 0, for any
z € M,
(3) a4 does not converge uniformly to the identity on (M); as t — 0.

In addition, if also the following condition holds

(4) There exists € Aut(M,%) that satisfies )y = Iday, B2 = Idy; and Bay = a_f3, for
any t € R.

then (M, (o)ier, B) is called an s-malleable deformation of M.

There are several natural classes of von Neumann algebras that admit (s-)malleable deforma-
tions:
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Free group factors, and more generally, amalgamated free product von Neumann algebras
[Po86, Po06b, IPPO5].

HNN extensions von Neumann algebras [FV10].

Wreath products von Neumann algebras [Po03, Po05,1006].

Von Neumann algebras that are constructed from trace preserving action of groups that
admit unbounded cocycles valued into various orthogonal representations, [Si10].

e Von Neumann algebras that admit certain unbounded closable derivations [DI12].

Our second deformation that we concretely exemplify is the malleable deformation of free groups
factors which was used by Popa [Po06b] to prove Ozawa’s solidity result [0z03] for free group
factors.

Example 3.4. Free group factors admit natural malleable deformations as follows [Po06b]. For
simplicity, we recall the deformation of the group factor M = L(F,) with 2 < n < co. Let
{ar}i_; U {bp}}_, be the generators of Fy, and denote M = M % M. By viewing F,, as the
subgroup of Fy, generated by {ax}}_,, we obtain an embedding of M inside M. We denote
still by {ay}?_, U{bx}}_, the canonical unitaries in M. We now construct a 1-parameter group
of automorphisms (ay);er of M as follows. Let {hx}?_, C M be hermitian elements such that
bi, = exp(ihg), for any k € 1,n.

For every t € R, we define a trace preserving automorphism «y of M by letting:

ay(ay) = exp(ithy)ay, ou(by) = by, for every k € 1,n.

In fact, this malleable deformation is s-malleable as witnessed by defining a trace preserving
automorphism § of M by letting:

B(ar) = ar, B(bg) = by, forevery k € 1,n.

3.2. Deformation versus Rigidity. An important concept in deformation/rigidity theory and
a main source of rigidity is the notion of property (T) for von Neumann algebras introduced
by Connes and Jonnes [CJ85] and its relative version for inclusions of von Neumann algebras
defined by Popa [Po01].

Definition 3.5. An inclusion of tracial von Neumann algebras P C M has the relative property
(T) if any deformation ¢, : M — M of the identity must converge uniformly to the identity on
the unit ball of P. A tracial von Neumann algebra M has property (T) if the inclusion M C M
has relative property (T).

Relative property (T) should be thought of as rigidity by noticing that no property (T) von
Neumann algebra can have “lots” of deformations. To exemplify this, we note that if a tracial von
Neumann algebra M has property (T) and the Haagerup property relative to C (which provides
“non-trivial” deformations), then M is completely atomic. Indeed, using the Haagerup property
we let ¢, : M — M be a sequence of normal subunital subtracial completely positive maps such
that ||¢n(x) — z||]2 — 0, for any x € M, and every ¢, satisfies ||¢,,(wg)||2 — 0 for any sequence
of unitaries (wy)g in M that weakly goes to 0. Since property (T) can also be characterized by
using completely positive maps that are only subunital and subtracial (see [Po01]), we obtain
that ¢, must converge uniformly to the identity on the unit ball of M. Hence, there is ng > 1
such that ||¢n,(z) — z||2 < 1/2 for any x € U(M). If we assume by contradiction that M is
not diffuse, then there is a sequence of unitaries (wy)g in M that weakly goes to 0, and hence,
|pno (wi)|l2 — 0. This gives the contradiction that 1 = limg_cc ||¢n, (wg) — wi|l2 < 1/2, and
hence, M is not diffuse. Moreover, since property (T) and the relative Haagerup property pass
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to corners of M (see [Po0l]), it follows that any corner of M is not diffuse, and thus, M is
completely atomic.

The natural correspondence between completely positive maps and bimodules provides a refor-
mulation of relative property (T) in terms of bimodules. First, recall that if H is an M-bimodule,
then a vector £ € M is P-central if z€ = £z, for all x € P, and tracial if (x€,&) = (€x,&) = 7(x),
where M is endowed with the trace 7. A net of vectors (&), C H is called P-almost central if
|x&n — Enzll2 — 0, for any = € P. Following [Po01], the inclusion P C M has relative property
(T) if and only if any M-bimodule without central P-vectors does not admit a net (&), of
tracial, M-almost central vectors. Hence, relative property (T) requires that all M-bimodules
satisfy a certain spectral gap condition.

A remarkable discovery of Popa [Po06a,Po06b] is that one can obtain rigidity by only using that
certain bimodules have spectral gap. For instance, if P C M is a non-amenable subalgebra,
then there does not exist a net (&,), € L?(M)® L?(M) of tracial, P-almost central vectors; this
follows from the fact that P is non-amenable relative to C inside M, see Section 2.4. To explain
the spectral gap terminology, we note that Connes’ theorem [Co76] gives that a II; factor P is
non-amenable if and only if there exist a finite set S C P and k > 0 such that

€2 < &> [ly€ — Eyll2,  for all € € L*(P) @ L*(P).
yes

This principle of using spectral gap from non-amenable subalgebras is illustrated below in the
proof of Theorem 3.6.

3.3. Solidity of Free Group Factors. In this section we present Popa’s deformation /rigidity
theory proof [Po06b] of Ozawa’s solidity result for the free group factors.

Theorem 3.6. [0z03] Let M = L(F,,), for some 2 <n < oo. Then M is solid, i.e., for every
diffuse von Neumann subalgebra A C M, the relative commutant A’ N M is amenable.

The proof uses the free malleable deformation (M, (a)ser) from Example 3.4. Recall that
M = M % M. We will use the fact that the contraction Ep; oy : L>(M) — L?(M) is a compact
operator, for any ¢t > 0. In fact, the following weaker property will suffice for our purposes:

Lemma 3.7. If (un)n, CU(M) is a sequence that converges weakly to 0, then for any t > 0 we
have limy, o0 || Enr(ae(un))||2 = 0.

Proof. Denote p(t) = =27 and notice that 0 < p(t) < 1, for all ¢ > 0. Note that exp(iky) can

it

be seen as the canonical generating unitary of L(Z) for any k € 1,n. Thus, by identifying L(Z)
with L>°(T) we derive that

I I
T(exp(ithy)) = 27r/ exp(itd) dd = p(t), forallt>0and k € 1,n.

—T

This implies that

(3.1) En(ou(ug)) = p(t)|9|ug, forallt € R and g € TF),.

Here, |g| denotes the word length of g € IF,, with respect to the generating set {a}7_;.

Consider the Fourier expansion w, = > cp T(unug)ug. Then by formula 3.1 we get that

Eyr(on(un)) = Yger, P07 (unug)ug and thus ||Enr(an(un))lf = 3 ger, p(0)29 |7 (unug) .
Thus, if N > 1 is an integer, then using that > p |7 (unug )|2 = |lun3 =1, we get that

1Ea (ar(un))3 < D 1r(unug) P+ o0 Y r(unug)? < Y r(unug)® + o).

lg|<N lg|I>N lg|<N
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Since the set {g € F;, : [g| < N} is finite and lim, 0 7(unuy) = 0, for all g € Fy,, we conclude
that limsup,,_, . | Ea(a(un))||3 < p(t)2Y, for all N > 1. Since 0 < p(t) < 1, the conclusion of

the corollary follows. [ |
The source of rigidity in the proof of Theorem 3.6 is given by the following spectral gap result.

Lemma 3.8. The Hilbert M -bimodule LZ(M) © L?(M) is isomorphic to an infinite multiple of
the coarse M-bimodule, (L*(M)®L?(M))®=>.

In particular, if B C M is a non-amenable von Neumann subalgebra, then the trivial B-bimodule
is mot weakly contained in the B-bimodule L*(M) & L*(M).

Proof. Let S C Fap, be the set of elements g € F,, whose reduced form begins and ends with
a non-zero power of by for some k € 1,n. Since L?(M) © L*(M) = D, cssp(Mugh), in
order to prove the assertion, it suffices to show that sp(MuyM) = L2(M)®L?*(M), as Hilbert
M-bimodules, for any g € S.

If g € S, then g 'F,,gNF, = {e}. Hence, T(ugupuguy) = 6g-1pg k-1 = OneOke = T(up)7(ug), for
all h,k € F,,. This implies 7(ujaugb) = 7(a)7(b), for all a,b € M, and further that

*
g

Thus, z ® y — zuyy extends to an isomorphism of Hilbert M-bimodules L?(M)®L?*(M) =
sp(MugM).

In order to prove the last part of the lemma, let B C M be a non-amenable von Neumann sub-
algebra. First, note that the B-bimodule L?(M) ® L?(M) is weakly contained in the coarse B-
bimodule L?(B) ® L?(B). This follows from the fact that any left (respectively, right) B-module
is contained in L?(B)®> as a left (respectively, right) B-module (see, for instance, [AP22, Propo-
sition 8.2.3]). Next, we derive that the B-bimodule (L?(M)®L?(M))®> is weakly contained
in the B-bimodule (L?(B)®L?(B))®>®, and hence, in the coarse B-bimodule L?(B)®L?(B).
Finally, if we assume by contradiction that the trivial B-bimodule is weakly contained in the
B-bimodule L?(M) & L?>(M), we derive from the first part of the lemma that the trivial B-
bimodule is weakly contained in the coarse B-bimodule L?(B)®L?(B). This implies that B is
amenable, contradiction. This proves the lemma. |

Proof of Theorem 3.6. Let A C M be a diffuse von Neumann subalgebra and let (ug)r C U(A)
be a sequence which converges weakly to 0. Denote B = A" N M.

(Tugy, zugt) = T(uzz rugyt”) = 7(2" )7 (yt*) = (T @ Y, 2 @ ) L2(any@ 20, for all z,y, z,t € M.

Put ¢, = 1/2", for every n > 1. By Lemma 3.7 we can find a subsequence (vy,), of (ux)x such
that limy, o0 || Enr(c, (vn))]|2 = 0. By letting &, = ay, (vn) — Ear(ag, (v,)), we claim that

(3.2) lim [z, &nlll2 = 0, for every x € B,
(3.3) le (x€n, n) = 7(x), for every x € M.

To prove (3.2), note that for any = € B we have ||[z, Err(ou, (vn))]ll2 < 2||z|||| B (o, (vn))]|2
and

I, ey, (on)]ll2 = Nlla—s, (2), vallle = [llo—t, () = 2, vnlll2 < la—, (2) = 2|2
To prove (3.3), note that lim, . || Ear(as, (vn))]|2 = 0 implies that for every z € M, we have
lim (26, &) = lim (o, (v,), o, (0,)) = 7(a).

Combining (3.2) and (3.3) it follows that the trivial B-bimodule is weakly contained in the
B-bimodule L?(M) © L?(M). Hence, by Lemma 3.8 it follows that B is amenable. [
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4. WREATH-LIKE PRODUCTS AND WREATH-LIKE VON NEUMANN ALGEBRAS

For further use, we recall in this section the main result of our very recent work [CDI22]. This
asserts that property (T) II; factors form an embedding universal family, i.e., every separable
tracial von Neumann algebra embeds into a property (T) II; factor, see [CDI22, Theorem A].
This result is proved using the so-called wreath-like product von Neumann algebras. In turn,
these are built from wreath-like product groups which were introduced and studied in [CIOS21]
through the lenses of geometric group theory. To provide some context we first recall these
notions along with some of their basic properties.

4.1. Wreath-like product groups. Following [CIOS21] let A and B be countable groups.
Then G is a regular wreath-like product of A and B if it can be realized as a group extension

(4.1) 15 @PA4—G6>B—1
beB
which satisfies the following properties:

a) Ay = Afor all b € B, and
b) the conjugation action of G on @, p A» permutes the direct summands according to
the rule
gApg Tt = Ac gy, for all g € G,b € B.

The class of all such wreath-like groups is denoted by WR(A, B). When the extension (4.1)
splits, GG is the classical wreath product of A and B, G = A B.

Next we recall the concept of a cocycle semidirect product group; see [Br82, pages 104-105].

Definition 4.1. A cocycle action of a group B on a group A is a pair («,v) consisting of two
maps « : B — Aut(A) and v : B x B — A which satisfy the following

(1) apae = Ad(vp,c)pe, for every b, c € B,
(2) v cUbe,d = p(Ve,d)Vb,ca, for every b,c,d € B, and
(3) vp,1 = w1y =1, for every b € B.

Definition 4.2. Let (o, v) be a cocycle action of a group B on group A. Then the set A x B
endowed with the unit 1 = (1, 1) and the multiplication operation (z,b) - (v, ¢) = (zap(y)ve.c, be)
is a group, denoted A x,, B, and called the cocycle semidirect product group. Moreover, we

have a short exact sequence 1 — A 4HA Xaw B 5 B — 1, where i(a) = (a,1) and v(a,b) = b.

Remark 4.3. It is not hard to prove that a group G belongs to WR(A, B) if and only if it is
isomorphic to AP) Xaw B, for a cocycle action (o, v) on B on A®) such that ap(A.) = Ape, for
every b, c € B; see [CDI22, Corollary 2.11].

Wreath-like product groups admit a special cocycle semidirect product decomposition. Let o be
the shift action of B on AP =], A given by 0}(2) = (zp-1.)ceB, for every & = (zc)cep € AP
and b € B. Note that ¢ leaves invariant the normal subgroup AP = Dy A of AB. The
following result has been established in [CIOS21]; see [CDI22, Lemmas 2.12 and 2.13] for proofs.

Proposition 4.4. [CIOS21,CDI22] Let A, B be groups. Then G € WR(A, B) if and only
if there is a function p : B — AP such that setting Upe = pbab(pc)p;cl e AB) | for every
b,c € B, and p; = 1, and letting oy, := Ad(pp)op € Aut(APB), for every b € B, we have that
G = AB) x,, B.
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4.2. Tracial wreath-like product von Neumann algebras. By analogy with wreath-like
product groups there is a notion of wreath-like product for tracial von Neumann algebras. First
we need to briefly recall the notion of tracial cocycle crossed product von Neumann algebra.

Definition 4.5. A cocycle action of a group B on a tracial von Neumann (M, 7) is a pair (5, w)
consisting of two maps 5 : B — Aut(M) and w : B x B — % (M) which satisfy the following

(1) Bbﬂc = Ad(wb,c)ﬂbca for every ba ce B7

(2) Wh,cWhe,d = Bb(wc,d)wb,cda for every b,c,d € B, and

(3) wp1 = wyp =1, for every b € B.
Definition 4.6. Let (3,w) be a cocycle action of a group B on a tracial von Neumann algebra
(M, ). The cocycle crossed product von Neumann algebra M xg3,, B is a tracial von Neumann
algebra which is generated by a copy of M and unitary elements {uj}yep such that wyau; =
Br(x), uptte = wp cupe and 7(zup) = 7()d,1, for every b,c € B and x € M.
Definition 4.7. Let (M, ) be a tracial von Neumann algebra and B be a group. A tracial
von Neumann algebra NN is said to be a wreath-like product of M and B if it is isomorphic to
M?B X g B, where (3,w) is a cocycle action of B on M?PB such that £,(M¢) = M, for every
b,c € B. We denote by WR(M, B) the class of all wreath-like products of M and B.

Example 4.8. If G € WR(A, B), then L(G) € WR(L(A), B); see [CDI22, Example 3.2].
Notation 4.9. Let (M, 7) be a tracial von Neumann algebra and B be a group. We denote by

(1) v : % (M)B) — % (MP) the homomorphism given by v((x)pep) = @pepTs.

(2) n:%(M)B — Aut(MP) the homomorphism given by 7((yp)pep) = @pcpAd(ys).

(3) B 7 % (M) the shift action of B (which preserves the subgroup % (M)B) < %/ (M)?).
(4) B ~* MP the Bernoulli shift action given by A\y(2) = ®@cepxp-1,, for & = @ccpre € MB.

With this notation, we have:

Lemma 4.10. Let (M, ) be a tracial von Neumann algebra and B a group. Let& : B — % (M)5
be a map such that §bab(§c)§b_cl e % (M)B), for every b,c € B. Define B, = n(&) € Aut(MPB)
and wy, . = ’y(ﬁbab(ﬁc)gb_cl) € U (MP), for every b,c € B. Then (B,w) is a cocycle action of B
on MB and MP %z, B € WR(M, B).

Using this lemma in combination with Proposition 4.4 it was shown in [CDI22] that given
G € WR(A, B), any homomorphism 7 : A — % (M), where (M, 7) is a tracial von Neumann
algera, extends to a homomorphism 7 : G — % (N), for some N € WR(M, B).

More precisely, using Proposition 4.4, we write G = A% Xau B, where (o, v) is a cocycle action
of B on A®) given by oy, = Ad(py)op and Upe = pbob(pc)p,;zl, for some map p : B — AB. Then
we have the following:

Proposition 4.11. Let m : A — % (M) be a homomorphism, where (M, T) is a tracial von
Neumann algebra. Define & := w5(py) € % (M)B, for every b € B. Then fbab(gc)gl:cl S
U (M)PB) | for every b,c € M. Define B, = n(&) Ny € Aut(MP) and wy, = ’y(fbab(ﬁc)ﬁl;l) €
U (MP), for every b,c € B. Then (8,w) is a cocycle action of B on MB, N := M? xg,,
B € WR(M, B) and there is a homomorphism 7 : G — % (N) given by 7(z) = v(78(z)) =
Qpepm(xp) and 7(e,c) = uc, for every x = (xp)pep € AB) gnd ¢ € B.

Finally, using Propositions 4.4 and 4.11 and the fact that any acylindrically hyperbolic group
has plenty of wreath-like quotients (see [CIOS21, Theorems 4.20]) and that there exist plenty
of property (T) wreath-like product groups (see [CIOS21, Theorems 6.9]), the following result
was shown in [CDI22, Theorem A].
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Theorem 4.12. Let (M, T) be any separable von Neumann algebra. Then the following hold:

(1) For every acylindrically hyperbolic group H, M embeds into a II; factor N which is
generated by a representation w: H — % (N). Thus, if H has property (T), then N has
property (T).

(2) M embeds into a property (T), wreath-like product II; factor P € WR(Q, B) where B is
a hyperbolic property (T) group, Out(P) = 1, and F(P) = {1}. More precisely, Q can
be taken to be Q = (M x L(IF3))®R, where R is the hyperfinite II; factor.

We now explain the terminology used in the theorem. The class of acylindrically hyperbolic
groups includes all non-elementary hyperbolic and relatively hyperbolic groups, mapping class
groups of closed surfaces of non-zero genus and Out(F,), for n > 2. We refer the reader
to [CIOS21, Section 3.2] and to the survey [Osil8] for the precise definition of acylindrically
hyperbolic groups and for more details.

For a II; factor P, we denote by Out(P) = Aut(P)/Inn(P) the outer automorphism group of
P and by F(P) = {r(e)/7(f) | e, f € P projections, ePe = fPf} the fundamental group of
P [MvyN43).

To this end we make several remarks regarding the previous theorem. Part (1) in Theorem
4.12 should be viewed as a von Neumann algebraic analogue of the SQ-universality property
for (acylindrically) hyperbolic groups established be Olshanskii, [O195], Delaznt [De96], and
Dahmani-Guirardel-Osin [DGO11]. Recall that a countable group H is called SQ-universal if
every countable group embeds into a quotient of H. Since property (T) passes to quotients,
by taking H to be a hyperbolic group with property (T) it follows that every countable group
embeds into a countable group with property (T). Therefore, Theorem 4.12 provides an analogue
of this fact for II; factors.

Part (1) applies in particular to icc cocompact lattices H in any rank one simple real Lie group
with finite center (e.g. Sp(n,1), n > 2), as such H are hyperbolic. Hence, Theorem 4.12(1)
implies that the family of II; factors generated by representations of H is embedding universal.
This is in sharp contrast with the higher rank case since the work of Peterson [Peld] (see
also [Be06, BH19]) shows that if G is any icc lattice in higher rank simple real Lie group with
finite center (e.g. SL,,(R), m > 3), then L(G) is the only II; factor generated by a representation
of G.

To put Theorem 4.12(2) into a better perspective, note that the first examples of II; factors P
with F(P) = {1} have been obtained by Popa in [Po01] and the first examples of II; factors
P with Out(P) = {e} and F(P) = {1} were obtained in [IPP05]. Note that none of these
II; factors have property (T), although Popa’s strengthening of Connes’ rigidity conjecture
(see [Po07, Section 3]) predicts that Out(L(G)) = {e} and F(L(G)) = {1}, whenever G is
an icc property (T) group with Out(G) = {e} and no characters. This conjecture has been
confirmed for an uncountable class of groups in [CIOS21, Corollary 2.7] and thus showing that
the class T of all IT; factors P with property (T) which satisfy Out(P) = {e} and F(P) = {1}
is uncountable. Theorem 4.12(2) shows that 7T is in fact embedding universal.

5. PRIMENESS RESULTS FOR WREATH-LIKE PRODUCT VON NEUMANN ALGEBRAS

In this section we show that many of the wreath-like product von Neumann algebras introduced
in the prior section are (virtually) prime; see Definition 5.5 and Theorem 5.6.

We start with two preliminary results on intertwining von Neumann subalgebras in cocycle
crossed product von Neumann algebras. These are modest extensions of prior results from
[CIK13,CIOS21], but we include detailed proofs for the readers’ convenience.
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Notation 5.1. Let G ~7% (Q, 7) be a trace preserving cocycle action on a tracial von Neumann
algebra (@, 7). Let 7 : G — H be a group epimorphism. Let M = @ X, o G. Following [CIK13,
Section 2], we consider the *-embedding A™ : M < M®L(H) =: M given by A™(au,) =
aug @ vy(g) for every a € M and g € G. Here we have denoted by (v )nenr C L(H) the canonical
group unitaries. When G = H and 7 = id, we denote A” simply by A.

Our first result is a straightforward extension of [CIK13, Proposition 3.4].

Proposition 5.2. [CIK13] Assume the Notation 5.1 and let p € M be a projection. Then
for any subgroup K < H and any von Neumann subalgebra P C pMp satisfying A™(P) <,
M®L(K), we have that P <1 Q Xy 71 (K).

Proof. Since A™(P) <; M®L(K), using Theorem 2.4 and | - ||2-approximations one can find
group elements g1, ...¢gn,h1...,h, € H and a scalar C' > 0 such that for all x € % (P) we have

(5.1) Y N Evmr (1 © vg,) AT (@)(1 @ vy,))l2 > C.

i=1
Now pick elements k;,l; € G satisfying 7(k;) = ¢g; and w(l;) = h;, for all i € 1,n. Using this,
together with the relation Eygr k) 0 AT = AT o By, x-1(k), We can see that

Enrar ) (1@ 0g, ) A™(2)(1 @ vh,)) = Engr ) (1 @ DA™ (ug, zwy, ) (-1 © 1))
= (-1 @ DAT(EQuy or—1 (k) (Wk; 2wr;)) (-1 @ 1).

In particular, this shows that || Eyzp k) (1 ®vg,)A™(2)(1 @ vp,))ll2 = [ EQuy an—1 () (uk, s, )||2
and in combination with (5.1) we obtain 1" | [[Egy, .r—1 (k) (ur,2w;)|[2 > C, for all x € % (P).
Then Theorem 2.4 yields P <pr Q Xy o 7 1(K), as desired. O

In preparation for our second preliminary result we recall a deep result of Popa-Vaes from [PV12]
regarding the classification of normalizers of amenable subalgebras in various crossed products
von Neumann algebras. Since we need this theorem only for tensor products we will state it in
this form.

Theorem 5.3 ( [PV12, Theorem 1.4]). Let T be a group that is biexact [BOOS8] and weakly
amenable [0z08]. Let P be a tracial von Neumann algebra and denote by M = PRL(T"). Let
q € M be a projection and let Q C qMq be a von Neumann subalgebra that is amenable relative
to P inside M. Then one of the following must hold:

(2) Ngrg(Q)" is amenable relative to P inside M.

We note that when I' is amenable then for any von Neumann subalgebras ) C gM g we automat-
ically have that both @ and Aga4(Q)” are amenable relative to P inside M, [OP07, Proposition
2.4]. Thus in this case the result does not provide any meaningful information, and thus when
using this result we are interested only in the case when I' is non-amenable. Theorem 5.3 cov-
ers a variety of groups I' which are very important to the structural study of von Neumann
algebras. Next we highlight only one such class that is relevant for our results. Ozawa estab-
lished that all hyperbolic groups are bi-exact [0z03, BO08] and weakly amenable [Oz08]. Since
both these properties are hereditary, they are satisfied by all subgroups of hyperbolic groups.
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Using the strong Tits alternative for hyperbolic groups [Gr87] it follows that every amenable
subgroup of a hyperbolic group is elementary?; thus, Theorem 5.3 is meaningful and applies to
all non-elementary subgroups of a given hyperbolic group.

Our second preliminary result is a straightforward extension of [CIOS21, Theorem 6.15]. The
proof is almost identical with the one presented there.

Theorem 5.4. [CIOS21] Let G be a non-elementary subgroup of a hyperbolic group, and let
G N7 (Q,T) be a trace preserving cocycle action on a tracial von Neumann algebra (Q, ). Let
M = Q X5q G and let p € M be a projection. Then the following hold:

1. Let P C pMp be a von Neumann subalgebra which is amenable relative to Q inside M,
and let N = Npup(P)". If there is a von Neumann subalgebra S C N with the relative
property (T) such that S Ay Q, then P <5, Q.

2. Let A,B C pMp be commuting von Neumann subalgebras and let N = (A V B)”.
If there is a von Neumann algebra S C N with the relative property (T) and such that
S 4Aum Q, then A <y Q or B < Q.

Proof. 1. Throughout the proof we use freely the Notation 5.1. Assuming the conclusion is false,
by Lemma 2.5(1) we find a nonzero projection z € N’ N pMp such that Pz 4j; Q. Since P is
amenable relative to @ inside M, we get that A(P) is amenable relative to M®1 inside M. This
follows from A(Q) = Q ® 1 € M ® 1 and A(P) being amenable relative to A(Q) inside M (see
also [OP07, Proposition 2.4(3)]). Since G is a non-elementary subgroup of a hyperbolic group,
applying Theorem 5.3 in the special case of tensor product to A(Pz) C M®L(G) gives that
either a) A(Pz) <yzrq) M®1 or b) A(Nz) is amenable relative to M®1 inside M®L(G).

If a) holds, then by Proposition 5.2 we have that Pz <j; @, which is a contradiction. In what
follows we will use the L? and L' spaces of a semifinite von Neumann algebras (specifically the
basic construction) introduced in Remark 4.25 in Ioana’s article. If b) holds, then there is a
sequence 1, € L(A(2)(MBL(G), MB1)A(2)® such that |[(1, 1) — ()| = 0, |-y 1) —
7()|| = 0, and ||yn, —nnyll2 — 0, for every y € A(Nz) (see [CIOS21, Remark 7.1]). Since S C N
has the relative property (T), by [Po01, Proposition 4.7], so does A(Sz) C A(Nz). Hence, there
is a nonzero n € L*(A(2){(M®L(G), M®1)A(z)) such that yn = ny, for every y € A(Sz2).
Then ¢ = n*n € LY(A(z2)(M®L(G), M®1)A(z)) is nonzero and satisfies ¢ > 0 and y¢ = (y,
for every y € A(Sz). Let t > 0 such the spectral projection a = 1j,y(¢) of ¢ is nonzero.
Then a € A(Sz) N A(z)(MRL(G), M®1)A(z). As ta < ¢, we get that Tr(a) < Tr(¢)/t < oo.
Theorem 2.4 implies that A(Sz) < MBL(G) M®1. Applying Proposition 5.2 again, we get that
Sz <y @ and hence S <;; @), a contradiction.

2. Let X C A(A) be an arbitrary amenable von Neumann subalgebra. Since X and A(B)
commute, by Theorem 5.3 we have that either a) X <z M®L or b) A(B) is amenable
relative to M®1 inside M®L(G). If a) holds for all such X, then [BOO08, Corollary F.14]
implies that ¢) A(A) < MBL(G) M®1. If b) holds, by applying Theorem 5.3 we get that either
d) A(B) <usre) M®1 or e) A(AV B) is amenable relative to M®1 inside MRL(G). 1If e)
holds then applying Theorem 5.3 again we further obtain either f) A(AV B) <ygp ) M®1
or g) A(N) is amenable relative to M®1 inside MXL(G). By Proposition 5.2, d) implies that
B < Q while ¢) and f) imply A <ps @. So it remains to treat g). If g) holds, then by arguing
as in part 1. we get that S <7 @, which is a contradiction. O

For our results we need a strengthening of the notion of primeness for von Neumann algebras.

2A group is called elementary if it contains a cyclic subgroup of finite index.
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Definition 5.5. A von Neumann algebra M is called s-prime if it satisfies the following property:
given any non-zero projection p € M, if A, B C pMp are commuting von Neumann subalgebras
such that AV B C pMp has finite index, then either A or B is finite dimensional.

From the definition, it is clear that s-primeness implies primeness. The converse however, does
not hold true in general. Constructing such examples is typically involved technically and exceeds
the purpose of this paper. However, to give the reader a flavor on the presentation of such factors,
we highlight an example below that arises from [DHI16] (see also [CD19]). Consider any action
by outer automorphisms K ~" Fy of a finite group K on the free group with two generators,
Fy. Now let K n? Fy x F3 be the canonical diagonal action and let K = (Fy x Fy) x5 K be the
corresponding semidirect product group. [DHI16, Theorem C] yields that L(K) is a prime factor.
However, one can easily see that L(K) is not s-prime as it contains the finite index non-prime
subfactor, L(Fy x Fo) = L(F2)®L(F3). Additional examples of prime factors associated with
fibered products and other groups have been constructed in [DHI16,CD19, Dr22].

Using our preliminary results together with standard technology on wreath product von Neu-
mann algebras from [Po03,1006,IPV10] we now derive the main primeness result of the section.

Theorem 5.6. Let Q be any non-trivial tracial von Neumann algebra and let I' be any icc
subgroup of a hyperbolic group. Then any property (T) wreath-like product factor M € WR(Q,T)
18 S-prime.

Proof. Fix a projection 0 # p € M and two commuting von Neumann subalgebras A, B C pMp
such that [pMp : AV B] < co. Since M is a factor, we can apply Lemma 2.1(3) to obtain that
Z(AV B) is completely atomic. Hence, we may assume that AV B is a factor, up to replacing p by
a smaller projection. This implies that both A and B are factors, and thus AV B = A®B. Since
M has property (T), so does pMp. Since [pMp : AV B] < oo, then using [Po01, Proposition
5.7.1) and Proposition 4.6.1)], we get that both A and B have property (T).

Now assume by contradiction that neither A nor B are finite dimensional. This implies that
both A and B are diffuse von Neumann algebras.

Denote P = ®r@Q C M. Notice that since [pMp : AV B] < oo and I' is infinite then using Lemma
2.7 and part 5) in Lemma 2.5 we have that AV B £j; P. Thus using part 2) in Theorem 5.4
(for R = AV B) we have either A <)y P or B <j; P. Due to symmetry we may assume that
A =<y P.

Next we argue there exists a finite subset F' C I' such that

(5.2) A <M @FQ

As A <jp; P one can find nonzero projections ag € A, by € P, a partial isometry w € byM ay,
and a *-isomorphism onto its image 1 : apAag — V¥ (apAag) =: Py C by Pby such that

(5.3) Y(x)w = wz for all x € agAay.
Next we show that one can find a finite subset F' C I" such that
(5.4) Py <p ®rQ.

Towards this note that since A has property (T) then so does agAag. Therefore Py has property
(T) as well. Now fix an exhaustion F,, /' I' by a sequence of increasing finite subsets, where

n > 1. Thus, if P, := ®F, we notice that (P,), C P forms an increasing sequence of von

Neumann algebras such that UnPnWOt = P. Hence, letting Ep, be the conditional expectation

from P onto P, we have that Ep, — Id, || - ||o-pointwise on P. As Py has property (T) it
follows that for every € > 0 there is n. € N such that ||Ep, (z) — z||2 < ¢ for all z € % (Py) and
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n > n.. Picking ¢ < 277(bg)'/?, and using the triangle inequality above we have ||Ep, ()2 >
|zlla — ||z — Ep, (x)|l2 > ||lz]l2 — & > 27 7(bo)"/? > 0, for all x € % (P,). Then using Theorem
2.4 we get the intertwining (5.4), as desired.

Finally, the intertwinings 5.4 and 5.3 together with the transitivity property from [IPP05, Lemma
1.4.5] (see also [Va08, Remark 3.8]) yield the intertwining (5.2).

Consequently, letting S = ®p(Q), one can find nonzero projections a € A, r € S, a nonzero
partial isometry v € rMa and a x-isomorphism onto its image ¢ : aAa — ¢(ada) =: D C rSr
such that

(5.5) ¢(z)v = vz for all x € aAa.
The intertwining relation also implies that vo* € D’ N rMr and v*v € (A’ NpMp)a.

Next we prove the following:

Claim 5.7. There exists a finite set K C T such that D' "rMr C PK.

Proof of the claim. Fixy € D'NrMr with [Jy[l < 1. Let y = 3__ ygu, be its Fourier expansion,
where y, € rP for all g € I'. Since xy = yx for all x € D C P we get that

(5.6) xYg = Ygoq(x) forallz € D, g €T

Let K = F~1F and notice that for every g € I'\ K we have that gF N F = (.

Next, we prove that y, = 0 for all g € I' \ K which will conclude the proof of the claim. Fix
e > 0. Since the Fourier coefficients satisfy ||ygl/cc < ||y|lcc < 1 one can pick ay,...,ar € rS and
b1,...,b € ®F\FQ such that

k
(5.7) 1) ai @billo < 1, and
=1
k
(5.8) lyg =Y ai@bills <e.

i=1

Using the intertwining relation (5.6) then inequalities (5.8), (5.7), and (5.8) again, basic calcu-
lations show that for every unitary x € D we have

1E5s(ygyy)ll2 = |z Es(ygyy)ll2 = 1 Es(ygoq(x)yy)ll2

k
<e+|[|Es( Z:az®bZ ()yg)ll2
=1
k k
5.9
(59) <2+ [|Bs(()_ai @ b)ag(z)(D_ a5 @b7))]l2
i=1 7j=1
k

=2+ |Es( ) (aia}) ® (biog(2)b)) 2.

ij=1
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Using that a;a} € S, the S-bimodularity of the expectation, Eg(z) = 7(z)1 for all z € @\ Q,
and the triangle inequality we can also see that

k
1Es( ) (aia}) @ (biog(x)b5))ll2 = | Z a;aj) ® Eg(biog()b}) |2
i,j=1 1,5=1
(5.10) = Z 7(0g(2)blbi)aia |2
1,j=1
k
<Y Ir(wog—1 (0500)) || aia|2-
i,j=1

Since A is diffuse, so is D, and thus one can find a sequence (z,,), C % (D) such that x,, — 0
weakly, as n — oo. In particular, we have that lim;, oo |T(20g-1(070;))| = 0, for all i, € 1, k.
Therefore, applying inequalities (5.9) and (5.10) to = = z;,, and taking the limit as n — oo we
get that ||Es(yyy;)ll2 < 2e. Since € > 0 was arbitrary we get Eg(ygy,) = 0 and hence y, = 0,
as desired. |

Now, fix 2 € A’ N pMp. Using relation (5.5) twice we can see that for all x € aAa we have
o(x)vzv* = vrzv* = vzev* = vzv*¢(r) and therefore vzv* € D' NrMr. Thus v(A'NpMp)v* C
D'nrMr. From (5.5) we also have that vAv* = Dvv* where vv* € D' NrMr. Combining these
with the Claim 5.7 we can see that

v((A) (A" N pMp))v* = vAv*v(A' NpMp)v* C D(D'NrMr) C PK.

This implies that

(5.11) v(AV (A" NpMp))v* C PK.
Let Ppx be the orthogonal projection from L?(M) onto the || - ||2-closure of span{zu, : = €
P,g € K}. One can check for every € M we have
(5.12) Pri(z) =Y Ep(zu,
geK

By (5.11), for all z € v(A V (A’ N pMp))v* we have that Ppg (x) = x. Using this together with
formula (5.12) and basic calculations, for all unitaries u € v*v(AV (A’ N pMp)v*v we have

0 < 7(v*v) = [ull3 = [louv™ (|5 = [ Prx (2)[5 = > [|Ep(vuv*ug-1)|3.
geK

Using Theorem 2.4(3), this implies that AV (A’ N pMp) <y P. By Lemma 2.5(2) there is a
non-zero projection z € Z(A’ N pMp) such that

(5.13) (AV (A" NpMp))z <3, P.

Using that AV B C pMp has finite index and AV B C AV (A’ N pMp), it follows that
AV (A NnpMp) C pMp also has finite index. By Lemma 2.6(2) we deduce that pMp <purp
(AV (A" NpMp))z. In combination with (5.13) we can apply Lemma 2.5(4) and deduce that
pMp <pr P, which by Lemma 2.7 entails that I' is finite, a contradiction. O
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6. A CLAsSs OF EXISTENTIALLY CLOSED II; FACTORS

A group G is called existentially closed if every finite set of equations and inequalities defined
over G and is soluble in an extension of G is actually soluble in G. Existentially closed groups
actually coincide with the class of non-trivial algebraically closed groups. These groups display
remarkable structural properties and have been intensively studied over the years; the reader
may consult [HS88] for a comprehensive account on this direction.

More recently, in the field of continuous model theory, Farah-Goldbring-Hart-Sherman [FGHS16]
introduced a natural von Neumann algebraic counterpart of these objects. Roughly speaking,
a von Neumann algebra M is called existentially closed if whenever a system of equations with
coefficients in M has a solution in an extension of M, then it has an approximate solution in M.
In more rigorous terms, let M C N be an inclusion of separable tracial von Neumann algebras.
Following [FGHS16], one says that M is ezistentially closed in N if there exists an embedding
j: N <= MY, whose restriction on N is the diagonal embedding M C M%. A separable tracial
von Neumann algebra M is called existentially closed if it is existentially closed in any separable
extension, M C N. Asin [Go20,AGKE20], to avoid any set-theoretic subtleties, in the remaining
part of the paper we assume the Continuum Hypothesis.

Next, we recall several fundamental facts of existentially closed von Neumann algebras that
will be used freely throughout this paper. The first three are well-known and were proved
in [GHS13, FGHS16], the fourth item follows directly from definitions, while the last has been
established in [Gol8].

Theorem 6.1. [GHS13,FGHS16,Gol8] The following hold true:

(1) Every existentially closed tracial von Neumann algebra is a I factor satisfying McDuff’s
property;

(2) Every separable tracial von Neumann algebra embeds into a separable existentially closed
factor;

(8) Every separable tracial von Neumann algebra embeds into any ultrapower M of any
existentially closed factor M ;

(4) If My C My C --- C M, C --- is a chain of existentially closed factors, then their union

M = UnMnWOt is also existentially closed;
(5) If M is an existentially closed factor, then for any property (T) subfactor N C M, its
double coummutant satisfies (N'N M) N M = N.

Throughout the paper we will denote by £ the class of all existentially closed factors.

Next, we highlight a family of existentially closed factors which in spirit resembles the inductive
limit factors considered in [Po09] and occurs naturally by combining the aforementioned model
theoretic properties with the more recent von Neumann algebraic techniques from [CDI22]. In
fact, a very similar construction has been already considered in [CDI22] and various structural
results have been obtained there; the interested reader may consult [CDI22, Section 6].

Henceforth we will denote by £7 the class of all existentially closed factors that can be presented
as inductive limits

wot
Q = U Ny,
neN
where (N, )nen is an increasing sequence of property (T) s-prime II; factors satisfying that for
every n there is r > n such that N,, C N, has infinite Jones index.
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This family of factors is quite vast. In fact, using the results in Sections 4-5 and the facts stated
in Theorem 6.1 along with the interlacing argument from the proof of [CDI22, Proposition 8.1]
we obtain the following.

Theorem 6.2. The class ET is embedding universal, i.e., every separable Iy factor embeds into
an element of ET. In particular, ET is uncountable.

Proof. Fix P a separable von Neumann algebra. Then pick Q1 € £ such that P C Q1. Using
Theorem 4.12(2) and Theorem 5.6 one can find a property (T), s-prime II; factor N7 such that
@1 C Nj. Since € is embedding universal there exists a separable II; factor QY2 € £ such that
Nj C Q2. Since @2 is existentially closed then by part (1) in Theorem 6.1 it is McDuff; in
particular, they do not have property (T). Since property (T) passes to finite index suprafactors
and N has property (T) it follows that the inclusion N7 C @2 has infinite index. Continuing
on this fashion, by induction, one can find an increasing sequence (NN, )nen of property (T), s-
prime II; factors and an increasing sequence (Qy)nen of separable existentially closed II; factors
satisfying

(6.1) Pc@QiCcNiC@QaCNyC---CQnCN,C---

Let M be the inductive limit II; factor arising from the sequence (6.1). By construction we have

M = UnNnWOt = UnQnWOt. Since @y, € & for all n € N, then using part 4) in Theorem 6.1 we
get that M € £. Since in our construction NV,, C Qn+1 has infinite index then so is N,, C Ny41,
for all n € N.

Thus €7 is embedding universal and using [0z02, Corollary 3] we conclude that £7 is uncount-
able. g

We conclude this section by recalling the class of infinitely generic II; factors introduced in
[FGHS16, Propositions 5.7, 5.10 and 5.14] (see also [AGKE20, Fact 6.3.14]).

Proposition 6.3. [FGHS16] There is a class of separable I factors G satisfying the following:

(1) G is embedding universal,

(2) any embedding m : Q1 — Q2, for some Q1,Q2 € G is elementary, i.e., it extends to an
isomorphism QF = 5, and

(8) G is the mazimum class with properties (1) and (2).

The elements of G are called infinitely generic II; factors.

Remark 6.4. The proof of Theorem 6.2 can be used to construct inductive limits of property
(T) factors within any family G of existentially closed factors that is both embedding universal
and closed under inductive limits. For example, by [FGHS16], this applies when G is the family
of all infinitely generic factors.

7. TENSOR INDECOMPOSABILITY RESULTS FOR FACTORS IN CLASS £T

It is well-known that existentially closed groups display strong structural properties, e.g., they
are simple [HS88, Theorem 1.8]. Therefore, they do not admit any nontrivial direct or semi-
direct product decompositions. Since existentially closed factors are von Neuman algebraic
counterparts of these objects it is reasonable to expect that they share similar indecomposability
properties. To stimulate the development of new technology to tackle such properties, it would be
natural to first understand if there are certain types of tensor decompositions that existentially
closed factors cannot have.
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In this direction, by combining [IS18, Corollary 2.6] with a result from [AGKE20] (see for
instance [AGKE20, Proposition 6.2.11 and Proposition 6.3.2]), one can see that existentially
closed factors P do not admit any diffuse tensor decompositions of the form P = R®B,
where R is the hyperfinite II; factor and B is an arbitrary full II; factor; in other words, P
is not strongly McDuff. However, besides this tensor indecomposability result, little is known
regarding the possible tensor decompositions of existentially closed factors.

In this section we make new progress on this problem by showing that the existentially closed
factors in the class £7 satisfy an even stronger tensor product indecomposability statement.
Specifically, using a mélange of methods which combines spectral gap arguments and various
intertwining techniques from [Po02,Po09,Io11, CIK13,CKP14, Gol8, CI0S21,CDI22] we obtain
the following.

Theorem 7.1. For any P € ET, we have that P 2 ARQB, for all II; factors A and B, with B
full.

Proof. Suppose that P = LJnNnWOt where (N, ), is an increasing sequence of property (T), s-
prime II; factors satisfying that for every n there is r > n such that N,, C N, has infinite
index.

Now assume by contradiction that P = A®B is a decomposition into II; factors with B full.
By applying [AGKE20, Proposition 6.2.11] we get that A is non-amenable.

As B is a full factor, by [Co76] we can find by,...,b; € % (B) and C' > 0 such that for every
x € P we have

k
(7.1) > llzbi — bizllz > Cllz — Ea(z)]2.
=1

Fix 0 <e < 1. Since b; € P = UnNnWOt one can find n € N and p1, ..., pr € N, such that
C -
(7.2) 15; — pill2 < % for all i = 1, k.

Fix y € (N}, N P);. Using inequalities (7.1), (7.2) along with relations yp; = p;y for all i = 1,k
we get

k
1
ly — Ea(y)l2 < ol > " llybi — biylla < <.
=1

Using the triangle inequality this further implies for all unitaries y € N, NP we have ||E(y)|2 >
1 —e > 0. Thus part (3) in Theorem 2.4 shows that N), NP <) A.

Since N,, has property (T), it has w-spectral gap in the sense of [Po09] in any extension (in fact
this characterizes property (T), see [Ta22]). As P is existentially closed, by Theorem 6.1(5) we
get that (N N P)’ N P = N,. Hence, by passing to relative commutants using Lemma 2.5(3)
that

(7.3) B <p Ny.
In the rest of the proof we show that (7.3) will lead to a contradiction.

For simplicity, denote @ := N,,. As B <p @, using [CKP14, Proposition 2.4] and its proof,
one can find projections b € B, ¢ € (), a nonzero partial isometry v € ¢Pb , a von Neumann
subalgebra D C ¢@q, and a #-isomorphism onto its image ¢ : bBb — D satisfying the following
relations:
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(1) DV (D' NqQq) C qQq has finite index;
(2) ¢(z)v = vz for all x € bBb;
(3) vv* € D'NgPq and p := v*v = a ® b for some projection a € A.

Since @ is s-prime, relation (1) implies that D'N¢Qq is finite dimensional. Fix 0 # z € D'NgQq,
a minimal central projection. Thus one can find n € N such that (D'NgOq)z = M, (C). Since Dz
is a factor commuting with (D’'NgQq)z this further implies the index [(DV D'NgQq)z : Dz] < co.
Lemma 2.1 and relation (1) also imply the index [2Qz : (D V (D' N ¢Qq))z] < oo. Using the
transitivity property of finite index inclusions, these relations yield that Dz C zQz is a finite
index inclusion of II; factors. Moreover, replacing ¢ by ¢z, D by Dz, v by vz and ¢(-) by ¢(+)z,
relations (2) and (3) still hold and furthermore, instead of (1) we actually have

(1’) D C ¢qQq is a finite index inclusion of I1; factors.

Choosing u € % (P) such that v = up, then relation (2) entails that
(7.4) Dvv* = vBv* = u(pBp)u*.

Passing to relative commutants above and using (3), we also have
(7.5) vo* (D' N qPq)vv* = u(pAp)u*.

Altogether, relations (7.4)-(7.5) show that vv*(D V (D' N qPq))vv* = upPpu*. If t denotes the
central support of vv* in DV (D' N ¢Pq), this further implies that

(7.6) (DV (D' nqPq))t =tPt.

Using relation (1), Lemma 2.2 and Proposition 2.1(1) we deduce that (¢Qq'NgPq)t C (D'NgPq)t
has finite index. Since Dt is a factor and commutes with (D’ N ¢Pq)t, then it is in tensor
position with respect to (D' NgPq)t and (¢Qq NqPq)t; thus, using Lemma 2.1(4) it follows that
(DV (qQ'qNqPq))t C (DV(D'NgPq))t = tPt has finite index as well. By Lemma 2.6 we deduce
that P <p DV (¢Qq N qPq) and since D C qQq we further have P <p qQq V (¢Q¢' N qPq) =
q(QV(Q'NP))q. Since (Q'NP) NP = @, we get that QV (Q'NP) has trivial relative commutant
inside P. Hence, by [CD18, Proposition 2.3] we further derive that

(7.7) N, V (N}, N P) C P is a finite index inclusion of II; factors.

Now, fix » > n such that N, C N, has infinite index. Let Eyn, : P — N, be the canonical
conditional expectation and denote by S = Ey, (N} N P)” the von Neumann algebra generated
by the image of N], N P under the expectation Ey, inside N,. Using the N,-bimodularity of
ENn,, we can see that En, (N}, N P) C N}/, N N,. In particular, S commutes with N,,.

Denote also T' = En,.(N,, V (N}, N P))". Since for every x € N,, and y € N/ N P we have that
En,(zy) = zEN, (y) one can see that T'= N, vV S.

Finally, notice that (7.7) and Lemma 2.3 (for M = N, V (N, N P) and N = N,) imply that
N, VS =T C N, has finite index. Since N, is s-prime it follows that S is finite dimensional.
Thus, N,, C N, has finite index, which is a contradiction. O

Remark 7.2. The above proof applies verbatim to any existentially closed factor of the form
P = UnNnWOt, where N,, are s-prime factors that do not necessarily have property (T) but
satisfy the bicommutant property (N), N P) NP = N, for all n € N. It would be interesting to
determine if there are such existentially closed factors P when N, are free products. Tackling
this case requires significant development of new technology—e.g. finding suitable replacements
for the spectral gap property along with the embedding results from [CDI22] which were used
in an essential way in the current approach.
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Next, we record some immediate consequences of Theorem 7.1. First, we observe that while fac-
tors in class £T are inner asymptotically central (see [AGKE20, Definition 6.2.8 and Proposition
6.3.2]), they cannot be written as infinite tensor products of full factors (see also [AGKE20, Ques-
tion 6.4.1]).

Corollary 7.3. For any P € ET, we have that P 2 ®QnenPp for any infinite collection of
{P,, : n € N} of full I} factors.

The second application concerns the structure of the central sequence algebra of a certain class
of existentially closed factors. A factor P is called super McDuff if its central sequence algebra
P'NPY is all; factor. In [AGKE20, Question 6.3.1] it was asked whether all existentially closed
factors are super McDuff. In [CDI22, Theorem 6.4] this question was answered positively for all
infinitely generic factors. Using Theorem 7.1, we can moreover show that if P is an infinitely
generic factor which is also in class £7, then all of its tensor factors are super McDuff.

Corollary 7.4. Let P € ET be an infinitely generic factor. Then for any diffuse tensor decom-
position P = AQB, both factors A and B are super McDuff.

Proof. Since P is infinitely generic, it follows from [CDI22, Theorem 6.4] that P is super McDuff.
Let P = A®B be a diffuse tensor decomposition. Using Theorem 7.1 it follows that A and
B have property Gamma. Hence, their central sequence algebras A’ N A“ and B’ N B¥ are
diffuse [MD69b]. In addition, as P’ N P¥ is a factor, [Mal7, Theorem F| further implies that
A'N A¥ and B’ N BY are also factors, which yields the desired conclusion. O

We believe that in fact all existentially closed factors satisfy the statement of Theorem 7.1 and
thus conjecture the following:

Conjecture 7.5. For any P € £, we have that P 2 A®B, for all II; factors A and B with B
full.

At the time of writing, we do not have an approach for this conjecture in its full generality.
However, we would like to mention that the conjecture holds true if one assumes in addition
that B is a group von Neumann algebra arising from a non-inner amenable group; for the
definition, see Exercise 6.20 in Ioana’s article in this volume. In fact, we have the following more
general indecomposability result.

Theorem 7.6. IfQ € &, then Q 2 AX, I for any trace-preserving cocycle action T~ (A, 1)

of a non-inner amenable group T.

Proof. Assume by contradiction that Q = A X, I' for some cocycle action I' ~ (A, 7). As
I" is non-inner amenable, then using a generalization of Exercise 6.20 in Ioana’s article in this

volume, one can find g1,...,gx € I' and C' > 0 such that for every x € ) we have
k

(7.8) > Ny, — ugalls > Cllz — Ea()]2-
i=1

In particular, this implies that Q' NQ*¥ C A¥. On the other hand, since Q is existentially closed
then there exists a unitary (v,), = v € Q¥ such that vQv* C Q' NQ* (see [AGKE20, Definition
6.2.8 and Proposition 6.3.2]). Altogether, these relations imply that for every g € I' there exists
a sequence (cp(g))n € U(A) such that lim,_,, ||v,ugv) — cn(g)||2 = 0. This further shows that

(7.9) lim [on, — cn(g)vntg-1[la = 0.
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To this end let v,, = > g Vg Ug with vy € A be its Fourier expansion. Using this relation together
with the triangle inequality and the fact that c¢,(g) and «(h, g) are unitaries, we can see that

[vn = en(@)vnug-1[l3 = llvf, 1 — cnlg)vha(h, g~ )3
h
2
(7.10) > (Iogyill2 = lea(o)eath. g7)l2)

h

n n 2

=37 (Ihyill = lleglls)
h

Letting £, (g) := [|vg |2 for all g € T" one can see that &, € 02T with [|£, |2 = 1. Moreover, relations
(7.9)-(7.10) show that lim, ., ||pg(&n) — &nll2 = 0, where p is the right regular representation of
I". This implies that I' is amenable, a contradiction. O

We continue with a few basic observations that rule out other particular types of tensor product
decompositions for existentially closed factors. It is possible that some of the results could also
shed some light towards a possible approach to Conjecture 7.5.

Using embedding results into von Neumann algebraic HHN extensions, as in the group situation,
we show that any existentially closed factor M does not decompose as M = A®B for any factors
A and B that contain isomorphic copies of a given non-amenable factor.

Theorem 7.7. If P € £, then P % A®B for any factors A, B that both contain isomorphic
copies of a given non-amenable factor.

Proof. Assume by contradiction that P = A®B such that there exist isomorphic non-amenable
subfactors S C A, T C B. Fix a *-isomorphism ¢ : S — T. Following an idea from the proof
of [Go21, Theorem 4], we consider the HNN extension ) = HNN(P, ¢) associated to ¢ [Ue05]
and obtain that P C @ is an inclusion of tracial von Neumann algebras together with a unitary
w € @ such that wo(z)w* = z, for any = € S (see also [FV10, Section 3]). Since P is existentially
closed and w € Q D P, it follows that we can represent w = (uy,), € P“, and hence,

(7.11) li_I}n (XU, up) = 7(x) and 1i_r>n |lung(x) — zuyl|2 =0, for any x € S.

Consider the Hilbert space L?(P) and endow it with the S-bimodular structure given by z-£-y =
(r®@1)E(1®@¢(y)) for every z,y € S and ¢ € L?(P). Then L?(P) is isomorphic to a sub-bimodule
of a multiple of the coarse S-bimodule, (L?(S)®L*(S ))GBOO. This follows from P = A®B and the
fact that any left (respectively, right) S-module is contained in L?(S)®*° as a left (respectively,
right) S-module (see, for instance, [AP22, Proposition 8.2.3]). Hence, we derive from (7.11) that
there exists a sequence of vectors (&,)n>1 C L%(S) ® L%(S) such that

lim (2&,,&,) = 7(x) and lim ||z, — &ux]2 =0 for all z € S.

n—00 n—00
Therefore, using Section 2.4 relation (7.11) implies that S is amenable, which is a contradiction.

g

A well-known conjecture in the theory of von Neumann algebras predicts that the following
version of von Neumann’s problem in group theory holds true:

Conjecture 7.8. Every nonamenable II; factor contains a copy of L(Fa).
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A positive answer to this conjecture combined with Theorem 7.7 would rule out the existence
of tensor product decomposition into non-amenable factors for all existentially closed factors.
Unfortunately, this conjecture is wide open at this time and very difficult to establish in full
generality. However, since existentially closed factors are highly rich objects, one expects that
they all verify Conjecture 7.8. Such a result would lead to new advances regarding Conjecture
7.5. Indeed, we first notice the following elementary result.

Theorem 7.9. If Q € £ and Q = A®B with B a full factor, then A € £.

Proof. First observe that since B is full and @Q = A®B then the spectral gap condition (7.1)
implies that the inclusion B C @) has w-spectral gap, i.e.

(7.12) B'NnQ*= (B NnQ)~.
Now let A C C be any extension. Thus Q = A®B C C®B. Since Q = ARB is existentially

closed we have that Q@ C C®B C Q. However we have that C C B’ N Q% and using (7.12) we
get ACC C B NQE¥Y = A“. O

The recent refutation of the Connes Embedding Conjecture from [JNVWY20] implies in partic-
ular that the hyperfinite 1I; factor is not existentially closed. Thus Conjecture 7.8 could poten-
tially hold true for all existentially closed factors. (We point out the corresponding statement
for groups holds true as every group with solvable word problem embeds into every existentially
closed group.) If this is the case, then combining Theorems 7.7 and 7.9 we would obtain that for
any existentially closed factor P we have that P 2 A®B where B is any full factor containing
a copy of L(FFq).

We end this section with one last conjecture on tensor decompositions of existentially closed
factors. To this end, we first recall some terminology and provide some context.

If P is a McDuff factor then P = P®R, where R is the hyperfinite factor. We say that P admits
only the canonical McDuff decomposition if the following holds: for any tensor decomposition
P = Q®R, Q is isomorphic to P.

Currently, only a few classes of McDuff factors admitting only the canonical McDuff decompo-
sition are known. These include:

(1) All infinite tensor products ®penP, of full factors P, [Po09]; see also [Mal7, Corollary
G] for an alternative shorter proof.

(2) All McDuff’s group factors L(Tp(I")) for any nontrivial icc group I', where Tp(I") are
McDuff’s groups introduced in [MD69a]; this is the main result in [CS22].

We believe that existentially closed factors also have this property.

Conjecture 7.10. Any factor P € £ admits only the canonical McDuff tensor decomposition.

8. OPEN PROBLEMS AND FINAL COMMENTS ON THE STRUCTURE OF EXISTENTIALLY
CLOSED FACTORS

In this section we propose several additional open problems regarding the structure of existen-
tially closed factors.

Much of the technology developed within the framework of Popa’s deformation/rigidity theory
is tailored for analyzing von Neumann algebras that are built from countable groups and their
actions on von Neumann algebras. In order to understand if these methods can be applied to the
study of existentially closed factors, one first needs to understand if existentially closed factors
arise from countable groups or their actions. The following fundamental question is wide open:
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Open Problem 8.1. Are there any group II; factors in the class £7

A possible approach for this problem, using model theoretic forcing, has been suggested in
Goldbring’s article in this volume.

If the answer to Problem 8.1 is positive, then we can further ask if it is possible to describe
the groups T' satisfying L(I") € £7 If this is too much to ask for, could one at least identify
some properties such groups enjoy? It would be natural to investigate if these groups share
any properties with existentially closed groups. Obviously, since existentially closed factors
are McDuff, such groups I' might not be simple but is it at least true that they are infinitely
generated? Do they always contain free groups?

In the opposite direction, constructing existentially closed factors that do not arise from groups
also seems challenging.

Open Problem 8.2. Are there any examples of existentially closed factors that are not group
factors?

We believe that most existentially closed factors are not group factors. The idea would be
to exploit the embeddings group factors (e.g., the comultiplication A : L(T') — L(T')®L(T"))
possess. However, thus far, we were not able to construct existentially closed factors which are
not group factors. We notice that, even by abstract means, so far we do not know the existence
of even a single existentially closed group factor.

We end with another open problem regarding indecomposability properties of existentially closed
factors. Theorem 7.6 implies that existentially closed factors do not appear as group measure
space von Neumann algebras L>°(X) xI" associated with probability measure preserving actions
I' ~ (X, p) on diffuse probability spaces, where I' is a non-inner amenable group. We believe
that much more should be true and conjecture the following:

Conjecture 8.3. There is no factor P € £ which has a Cartan subalgebra.
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