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ABSTRACT. By systematically introducing and studying the structure of algebraically integrable
generalized foliated quadruples, we establish the minimal model program for Q-factorial foliated
dlt algebraically integrable foliations and lc generalized pairs by proving their cone theorems,
contraction theorems, and the existence of flips. We also provide numerous applications on their
birational geometry and resolve a conjecture of Cascini and Spicer.
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1. INTRODUCTION
We work over the field of complex numbers C.

1.1. Main theorems. Algebraically integrable foliations and generalized pairs are two struc-
tures that play important roles in modern birational geometry, specifically in the minimal model
program. For more details on their backgrounds, we refer the reader to Subsections 2.1 and 2.2.
The primary objective of this paper is to develop the minimal model program for both structures.
The main theorems of the paper are as follows:

Theorem A. Let (X,F,B) be a Q-factorial projective F-dit foliated triple such that F is
algebraically integrable. Let A be an ample R-divisor on X. Then:

(1) The cone theorem, contraction theorem, and the existence of flips hold for (X, F,B). In
particular, we can run o (Kr + B)-MMP.

(2) If K + B+ A is nef, then Kx + B + A is semi-ample.

(8) If B> A >0, then (X,F, B) has a good minimal model or a Mori fiber space.

(4) If Kr + B + A is Q-Cartier, then the canonical ring of Kr + B + A,

+oo
R(X,Kr+ B+ A) = P HX,Ox(|m(KF + B + A)))),
m=0

is finitely generated.

Theorem B. Let (X, B,M) be a Q-factorial projective lc generalized pair. Then:

(1) The cone theorem, contraction theorem, and the existence of flips hold for (X, B,M). In
particular, we can run a (Kx + B+ My )-MMP.

(2) If Kx + B+ A+ Mx is nef for some ample R-divisor A, then Kx + B+ A+ My s
semi-ample.

We refer the reader to Section 2 for stronger versions of Theorems A and B and other main
results of this paper.

As explained in [CS21, SS22], F-dlt foliated triples play the same role as dlt pairs in the
classical minimal model program, making it a natural class of singularities to study in the theory
of foliations. Roughly speaking, Theorem A is an establishment of the minimal model program
for algebraically integrable foliations with “klt” singularities in any dimension. In fact, when
F =Tx and |B] =0, Theorem A becomes the classical result of the existence of good minimal
models of varieties of general type and the finite generation of the canonical ring [BCHMI10,
Theorem 1.2]. We remark that Theorem A does not hold in general without the polarization of
the ample R-divisor A (cf. [ACSS21, Example 5.4]).

In parallel, Theorem B is a full establishment of the minimal model program for generalized
pairs, providing a complete answer to a fundamental question posed by Birkar and Zhang when
they first introduced the concept of generalized pairs [BZ16, Before Lemma 4.4] (see [Bir2l,
6.1] and [HL22, 3.1, 3.3] for other variations). Hacon suggested us that Theorem B might have

1[CD237 Theorem 1.2] provided a proof of some special cases of Theorem A(2) and other results that are similar
to some results in this paper. However, the current proofs in [CD23] seem to be incomplete, mainly because of
the failure of [CD23, Lemma 2.4] and some gaps of the proof of [CD23, Theorem 3.5]. In this paper, we will avoid
using any results in [CD23].
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essential implications on the cone theorem, contraction theorem, and the existence of flips for
Kahler varieties in higher dimensions; see Scenario 2.6.3 for details.
We recall some previous results related to Theorems A and B:

e [ACSS21] proved the cone theorem part of Theorem A(1) without the Q-factorial F-dlt
condition.

e When dim X = 3, [CS20, CS21] (see also [SS22]) proved Theorem A(1) when dim X < 3
without the algebraically integrable condition. If we further assume that rank F = 2,
then Theorem A(3) was implicitly proven in [SS22, Proof of Theorem 2.6].

e When dim X < 4 or assuming the termination of klt flips in dimension < rank F, [CS23a]
proved Theorem A(1) without the F-dlt condition, but required (X, B) to be klt.

e When (X, B,M) satisfies the “NQC” condition (see Definition 3.4.1 for details), [HL21a]
proved Theorem B, and [HL.21a, Xie22, CL.X23, LX23b] together proved Theorem B for
NQC generalized pairs without the Q-factorial condition.

1.2. Ideas of the proofs of Theorems A and B. The proofs of Theorems A and B are
crucially relied on a larger framework: the theory of generalized foliated quadruples.

Definition 1.2.1 (cf. [LLM23, Definition 1.2]). A generalized foliated quadruple (gfq for short)
(X, F,B,M)/U consists of a normal quasi-projective variety X, a foliation F on X, an R-divisor
B > 0 on X, a projective morphism X — U, and a nef/U R-divisor M x/ on a high model X’
of X, such that Kr + B + My is R-Cartier. Here M x is the image of M x/ on X.

The notation M in Definition 1.2.1 is considered as a b-divisor on X. We refer the reader
to Definition 3.4.1 for the definition of b-divisors, and to Definition 3.4.3 for a more detailed
definition of generalized foliated quadruples. It is clear that when M = 0 is the trivial b-divisor,
a generalized foliated quadruple is just a foliated triple (X, F, B)/U; on the other hand, when
F = Tx, a generalized foliated quadruple is a generalized pair (X, B,M)/U ([BZ16, Definition
1.4]). Therefore, generalized foliated quadruples can be considered as a mixture of foliated
triples and generalized pairs. We refer the reader to Subsection 2.6 for a detailed explanation
of why this new structure is vital not only for this paper but also for future studies of foliations
and generalized pairs.

Under the framework of generalized foliated quadruples, the proofs of Theorems A and B
proceed simultaneously.

The first results to prove are the cone theorems for Theorem A(1) and Theorem B(1). As a
positive beginning, the cone theorem for projective algebraically integrable foliations is already
known [ACSS21]. With some adjustments to the details of the proofs, the same approach used
in [ACSS21] also works for algebraically integrable generalized foliated quadruples (Theorem
2.3.1). In particular, the cone theorem for algebraically integrable generalized foliated quadruples
implies the cone theorem for generalized pairs by letting F = Tx.

Now we move on to prove the rest of Theorem A(1). We only need to show that each step
of a (Kr + B)-MMP is also a (Kx + A)-MMP for some lc pair (X,A). To do this, we first
show that (X, F,B) satisfies a property called “ACSS” and that this property is preserved
under each step of the MMP (Lemma 9.1.4). The property ” ACSS”, named in honor of Ambro-
Cascini-Shokurov-Spicer, can be viewed as the analogue of the concept of qdlt (cf. [dFKX17])
for algebraically integrable foliations; see Definition 7.2.3 for details. With this, we prove the
termination of MMP with scaling for algebraically integrable foliations satisfying the property
“ACSS” and with very exceptional foliated log canonical divisor (Theorem 9.4.1), which implies
that F-dlt foliated triples are always ACSS. This implies the rest of Theorem A(1). Note that
the same approach to the proof also works for Q-factorial generalized foliated quadruples with
F-dlt singularities.

Our next goal is to establish the rest of Theorem B. First, by considering a class of structures
larger than the category of generalized pairs (see Lemma 15.0.1) and applying some arguments,
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we can reduce the existence of flips for generalized pairs to the contraction theorem for
generalized pairs. The contraction theorem for generalized pairs is an immediate corollary of
the base-point-freeness theorem for generalized pairs, so we only need to prove the latter, which
is Theorem B(2).

A crucial observation is that the base-point-freeness theorem for generalized pairs relies only
on the subadjunction formula (Theorem 2.2.8), which in turn, only depends on the fact that
the moduli part of the canonical bundle formula for a generalized pair f : (X, B,M) — Z is nef
(Theorem 11.4.4). A key observation is that the moduli part corresponds to the foliated canonical
divisor Kr 4+ B+ Mx (Proposition 7.3.6), where F is the foliation induced by f. With this, the
canonical bundle formula for generalized pairs follows from the existence of log minimal models
for generalized foliated quadruples with numerical dimension zero (Propositions 11.2.1, 11.2.3).
The latter follows from Theorem A(1) which we have already established. This concludes the
proof of Theorem B. It is worth mentioning that some previous literature addresses the canonical
bundle formula for generalized pairs. However, these papers only consider generalized pairs with
the additional “NQC” condition (cf. [Fil19, Fil20, JLX22, FS23]) and cannot be applied to our
scenario.

Finally, we turn to the proof of Theorem A(2-4). Although the Bertini-type theorem fails
for foliations, by employing the structure of generalized foliated quadruples, we can, roughly
speaking, reduce Theorem A(3) and Theorem A(4) to Theorem A(2) (see Lemma 16.1.1 and
Theorem 16.1.4). The proof of Theorem A(2) is divided into three steps:

In the first step, we use the already-proven contraction theorem for generalized pairs from
Theorem A(2) to construct a contraction X — T', where the general fibers of X — Z are tangent
to F.

In the second step, we apply the canonical bundle formula for generalized foliated quadruples
to derive a generalized pair structure polarized with an ample divisor on 7. This canonical
bundle formula (Definition-Theorem 12.1.4) can be derived from the canonical bundle formula
for le-trivial fibrations of generalized pairs. The latter can be deduced using our approach via
the theory of foliations. It is worth noting that the existing literature on the canonical bundle
formula for generalized pairs ([Fill9, Fil20, JLX22, FS23]) cannot handle arbitrary lc-trivial
fibrations f : (X, B,M) — Z as they required that B > 0 over the generic point of Z or that
M is b-semi-ample. Therefore, those works cannot be applied to deduce the canonical bundle
formula for generalized foliated quadruples, which is essential for our purposes.

In the last step, we apply the cone theorem for generalized foliated quadruples to show that
the generalized foliated log canonical divisor on 7' is ample. Hence, the foliated log canonical
divisor on X is semi-ample, completing the proof of Theorem A(2). This concludes the proof of
Theorem A.

1.3. Structure of the Paper. In Section 2, we list the main results of this paper and explain
the importance of the structure of generalized foliated quadruples. The rest of the paper
is divided into four parts. Part I states some preliminary results, Part II establishes the
cone theorem and the minimal model program for algebraically integrable foliations, Part III
establishes the canonical bundle formula and the minimal model program for generalized pairs,
and Part IV proves the existence of good minimal models.

For the convenience of the reader, we have prepared the following flowchart (Table 1) to
illustrate the streamlined process involved in the proofs of our main theorems.

Acknowledgement. The authors would like to thank Caucher Birkar, Paolo Cascini, Priyankur
Chaudhuri, Omprokash Das, Christopher D. Hacon, Chen Jiang, Junpeng Jiao, Jie Liu, Yuchen
Liu, Roktim Mascharak, Fanjun Meng, Wenhao Ou, Vyacheslav V. Shokurov, Chenyang Xu,
and Qingyuan Xue for fruitful discussions. Part of this work was inspired by discussions that
the third author had with Paolo Cascini at the Simons Center at Stony Brook University in May
2023, and at Tsinghua University in August 2023. Portions of this work were completed during
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TABLE 1. Structure of the paper

Preliminary results on foliations
and generalized pairs
(Sections 3, 4, 5, 7)

Precise adjunction formulas ACC and global ACC
for gfqs (Section 6) for gfqs (Section 10)
Cone theorem for gfgs Existence of Mori fiber space
(Section 8) for gfqs (Subsection 9.3)

Very exceptional MMP | MMP with scaling
(Subsection 9.4) | (Subsection 9.3)

Theorem B

ke = 0 MMP
(Subsection 11.2)

Canonical bundle formula
for generalized pairs
(Subsection 11.4)

Stability of gfgs
(Subsection 11.1)

Subadjunction
for generalized pairs
(Section 12)

Canonical bundle formula for gfgs
(Subsection 11.5, Section 12)

Base-point-freeness
and Contraction theorem
for generalized pairs
(Sections 13, 14)

Existence of flips
for generalized pairs
(Section 15)

Q-factorial F-dlt ‘
=ACSS
(Theorem 17.0.1) ‘

[ Theorem A

visits by the third and fourth authors to Fudan University, and by the last three authors to
Tsinghua University in June 2023. The authors extend their gratitude for the warm hospitality
received during these visits. The second author is affiliated with LMNS at Fudan University, and
has received support from the National Key Research and Development Program of China (Grant
No. 2020YFA0713200). The fourth author has been partially supported by NSF research grants
no. DMS-1801851 and DMS-1952522, as well as a grant from the Simons Foundation (Award
Number: 256202).

2. STATEMENT OF MAIN RESULTS

In this section, we provide the statements of the main results of this paper.
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2.1. Minimal model program for algebraically integrable foliations. The theory of
foliations holds a significant place in birational geometry. Most notably, it has played a critical
role in Miyaoka’s proof of several key cases of the abundance conjecture in dimension three
[Miy87]. In recent developments, foliations have been used by Bogomolov and McQuillan
to analyze projective varieties which admit a non-trivial fibration with rationally connected
fibers [BM16]. Furthermore, foliation theory has strong connections with other areas of
algebraic geometry, such as the algebraic geometry in characteristic p > 0 and number theory
as highlighted by the Grothendieck-Katz conjecture and the Ekedahl-Shepherd-Barron-Taylor
conjecture. Its importance is also highlighted in hyperbolicity theory, where it was essential in
McQuillan’s proof of a specific case of the Green-Griffiths-Lang conjecture [McQ98].

In recent years, it has been discovered that many structures and results in classical birational
geometry can be extended to foliations, especially, within the context of the minimal model
program. Instead of examining the structures associated with the canonical divisor of the
ambient variety Kx, the foliations theory concentrates on the structures connected to the
foliated canonical divisor K. This approach offers greater flexibility in practice. Specifically,
when F = Ty, we find that K = Kx, bringing us back to the classical setting.

The foundational work for the minimal model program for foliations has been established for
foliated surfaces (cf. [McQO08, Brul5]) and foliated threefolds (cf. [CS20, Spi20, CS21, SS22]).
Moreover, several classic questions from the minimal model programs, such as the ascending
chain condition (ACC) conjecture for minimal log discrepancies, the ACC conjecture for lc
thresholds, the global ACC, and the index theorems, have been adapted to foliations and verified
in dimensions 2 and/or 3, as indicated in [Che22, Che23, LLM23, LMX23a, LMX23b].

Given these developments, it is natural to ask whether the minimal model program for
foliations could extend to higher dimensions. Unfortunately, this seems to be a challenging
question, with limited information available, even in dimension 4. However, from the perspective
of the minimal model program, it seems sufficient to focus on a subset of foliations that have an
additional structure: algebraically integrable foliations.

Algebraically integrable foliations are foliations where the general leaves are algebraic varieties;
in other words, they are induced by dominant rational maps. These foliations naturally come
into play when a fibration structure is established. Notably, Miyaoka’s study of the abundance
conjecture in dimension 3 primarily utilized algebraically integrable foliations [Miy87], as
opposed to arbitrary ones. This approach has been reflected in recent research into the
abundance conjecture for Kahler threefolds [DO23a, DO23b] and threefolds over fields of
characteristic p > 3 with numerical dimension 2 [Xu23]. In these studies, the algebraic
integrability of foliations is guaranteed; indeed, all the foliations addressed in these papers are
induced by MRC fibrations, making them automatically algebraically integrable. Given this,
algebraically integrable foliations are expected to be crucial in future research of the minimal
model program, particularly in questions related to the abundance conjecture.

The first objective of this paper is to develop the minimal model program for algebraically
integrable foliations of arbitrary rank with “mild” singularities in arbitrary dimensions. Here
“mild” singularity is usually referred to as “F-dlt” (see Definition 6.2.6). As explained in [CS21,
SS22], F-dlt foliated triples play the same role as dlt pairs in the classical MMP and is a natural
class of singularities to study. Moreover, any terminal foliated singularity is F-dlt.

Recall that a foliated triple (X, F,B)/U consists of a normal quasi-projective variety X
associated with a projective surjective morphism X — U, a foliation F on X, and an R-divisor
B > 0 on X, such that Kr + B is R-Cartier. The first result of this paper shows that we can
run a (Kr + B)-MMP /U provided that it is Q-factorial F-dlt:

Theorem 2.1.1 (Minimal model program). Let (X, F,B)/U be a Q-factorial foliated triple.
Assume that F is algebraically integrable and (X, F, B) is F-dlt. Then we may run a (Kr+ B)-
MMP/U.
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We remark that when dim X < 3, Theorem 2.1.1 is known when rank F = 2 ([SS22, Corollary
2.3]; [CS21, Theorem 1.1] when U = {pt}) and when rank F = 1 and U = {pt} ([CS21, Theorems
1.1, 2.36, Section 6]), even without the algebraically integrable condition. When assuming the
termination of klt flips in dimension < rank F, [CS23a, Theorem 1.1] proves Theorem 2.1.1 even
without the F-dlt condition, but requires that (X, B) is klt. In particular, when (X, B) is klt
and dim X < 4, Theorem 2.1.1 can be deduced from [CS23a, Theorem 1.1].

Proceeding further, we demonstrate the termination of MMP with scaling as well as the
existence of good minimal models for algebraically integrable foliations polarized with an ample
divisor. The polarization of the ample divisor is a natural condition to add, as can be seen
in [CS21, Theorem 1.2] and [CS20, Theorem 1.3]. It is worth noting that, even within the
framework of the classical MMP, the existence of good minimal models in higher dimensions is
only known when polarized with an ample divisor ([BCHM10, Theorem C], [HH20, Theorem
1.5]), while the general case remains an open conjecture.

Theorem 2.1.2 (Good minimal model). Let (X, F,B)/U be a Q-factorial foliated triple.
Assume that F is algebraically integrable, B > A > 0 for some ample/U R-divisor A, and
(X,F,B) is F-dit. Then we may run a (Kr + B)-MMP/U with scaling of an ample/U R-
divisor H, and any such MMP terminates

(1) with a Mori fiber space of (X, F,B)/U if Kr + B is not pseudo-effective/U, and

(2) with a good minimal model of (X,F,B)/U if Kr + B is pseudo-effective/U.

We also have the following result on the abundance of algebraically integrable foliations
polarized with an ample divisor.

Theorem 2.1.3 (Abundance). Let (X,F,B)/U be a Q-factorial foliated triple and A an
ample/U R-divisor on X. Assume that F is algebraically integrable and (X,F,B) is F-dlt.
Then

ke (X/U,Kr+ B+ A) =r,(X/U,Kr+ B+ A).

It is important to note that Theorem 2.1.3 is not a direct consequence of Theorem 2.1.2. This
is because Bertini type theorems fail for foliations, and it is possible that (X, F, B + H) is not
lc for any H € |A/U|r (see [DLM23, Example 3.4]).

We also prove a base-point-freeness theorem for algebraically integrable foliations.

Theorem 2.1.4 (Base-point-freeness). Let (X, F,B)/U be a Q-factorial foliated triple. Assume
that F is algebraically integrable and (X, F,B) is F-dlt. Let A be an ample/U R-divisor on X
such that Kr + B+ A is nef/U. Then:

(1) Kr + B+ A is semi-ample/U.
(2) Suppose that there exists a positive integer m such that m(Kr+ B+ A) is Cartier. Then

Ox(mn(Kr + B+ A))
is globally generated/U for any integer n >> 0.

In the literature, the semi-ampleness of Kr+ B+ A is known when (X, F, B+ A) is Q-factorial
F-dlt, U = {pt}, and dim X < 3, even without the algebraically integrable condition (see [CS20,
Theorem 1.3], [CS21, Theorem 1.3]). However, there was no result on the base-point-freeness
theorem of foliations in dimensions > 3. It is worth mentioning that the base-point-freeness
theorem Theorem 2.1.4(2) is crucial for us to prove a special case of the Prokhorov-Shokurov’s
b-semi-ampleness conjecture later in this paper (Theorem 2.5.3).

An important application of Theorem 2.1.2 is the existence of Mori fiber spaces for foliated
triples, even with, at worst, lc singularities. We note that in this paper, Mori fiber spaces and
log minimal models are in the sense of Birkar-Shokurov; that is, we allow the extraction of lc
centers. See Definitions 3.4.7 and 9.1.1 for details.
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Theorem 2.1.5. Let (X,F,B)/U be an lc foliated triple. Assume that F is algebraically
integrable and Kr + B is not pseudo-effective/U. Then (X,F,B)/U has a Mori fiber space.

Another interesting type of foliations is the class of foliations with numerical dimension zero.
For example, based on [CS20, Theorem 1.4] and [CS21, Theorem 1.7], [LLM23, Theorem 1.9] has
shown the existence of good minimal models for numerical dimension zero foliations in dimension
< 3. In this paper, we obtain the existence of good minimal models for algebraically integrable
foliations with numerical dimension zero:

Theorem 2.1.6. Let (X, F, B) be a projective lc foliated triple. Assume that F is algebraically
integrable and ko (Kr + B) = 0. Then:

(1) (X, F,B) has a good minimal model.

(2) HZL(K]: + B) =0.

(3) If (X, F,B) is Q-factorial dlt, then we may run a (Kr + B)-MMP with scaling of an
ample R-divisor, and any such MMP terminates with a good minimal model of (X, F, B).

Siu [Siul0] has used Eckl’s construction of numerically trivial foliations [Eck04] to sketch
a plan to solve the abundance conjecture. One step of Siu’s approach, [Siul0, (4.1)], focuses
on the abundance conjecture for smooth projective varieties associated with an “algebraically
integrable numerically trivial foliation”. Though the concept of “numerically trivial foliation” in
[Siul0], which was defined analytically in [Eck04], seems to differ from the concept of “foliations
whose canonical divisor has numerical dimension zero”, these two types of foliations are closely
connected. Hence, studying the abundance properties of numerical dimension zero algebraically
integrable foliations (potentially with singularities that are worse than Ic) on smooth projective
varieties becomes intriguing, as it may have implications for the abundance conjecture. With
this in mind, we prove the following theorem in this paper:

Theorem 2.1.7. Let (X, F, B) be a projective algebraically integrable f-triple such that k. (Kr+
B) =0. Assume that Kx + B is pseudo-effective and (X, B) is lc. Then k,(Kr + B) = 0.

Finally, we recall the following conjecture of Cascini and Spicer:

Conjecture 2.1.8 ([CS23a, Conjecture 4.2]). Let (X,F, B) be a Q-factorial projective foliated
triple, such that F is algebraically integrable, B is a Q-divisor, (X, B) is kit, and one of the
following cases hold:

(1) (X, F,B) is F-dlt.

(2) (X, F,B) is canonical.
Then there exists a morphism f: X — Y which induces F.

In this paper, we provide a positive answer to Conjecture 2.1.8(1) with weaker assumptions
and stronger results:

Theorem 2.1.9. Let (X, F,B) be a Q-factorial foliated triple such that F is algebraically
integrable and (X, F,B) is F-dlt. Then:
(1) (X, B) is qdit (cf. Definition 7.1.1). In particular, if | B| =0, then (X, B) is kit.
(2) There exists a morphism f: X — Y to a smooth variety which induces F.
We also prove a weaker form of Conjecture 2.1.8(2) without assuming that (X, B) is klt.

Theorem 2.1.10. Let (X,F,B) be a Q-factorial canonical foliated triple such that F is
algebraically integrable. Then F is induced by an almost holomorphic map.

A very recent result [CS23b, Theorem 1.4] shows that the algebraic part of a foliation F on a
projective variety X is induced by an almost holomorphic map, provided that X is Q-factorial
klt and F is canonical. In particular, [CS23b, Theorem 1.4] implies Theorem 2.1.10 when X is
projective klt and B = 0.

We would like to mention that the results in this subsection are not expected to work over
fields of characteristic p > 0 due to counterexamples in [Ber23].
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2.2. Minimal model program for generalized pairs. In the past few years, there has been
significant advancement in the minimal model program for NQC generalized pairs. The cone
theorem, as well as the Q-factorial cases of the contraction theorem and the proof of the existence
of flips, were established in [HL.21a]. Later, the existence of flips for (potentially non-Q-factorial)
NQC generalized pairs was verified in [LX23a], while the contraction theorem for these pairs was
proven in [Xie22]. Additionally, [CLX23] confirmed the Kodaira and the Kawamata-Viehweg
vanishing theorems for NQC generalized pairs, offering an alternative proof for the contraction
theorem. These developments form the foundation of the minimal model program for NQC
generalized pairs, with numerous corollaries and applications already provided in [LT22, TX23].

The structure of NQC generalized pairs has naturally arisen in the study of the canonical
bundle formulas, making them a fundamental structure in the study in the minimal model
program. For a considerable amount of time, it has been presumed that the realm of NQC
generalized pairs would be the most extensive category necessary to establish in the minimal
model program. This is because the structure of NQC generalized pairs is maintained under the
canonical bundle formula, adjunction formula, and each stage of the minimal model program,
thereby eliminating the need to consider the minimal model program for non-NQC generalized
pairs or other larger categories.

However, recent studies on the minimal model program for Kéhler varieties [DH23, DHY 23]
have emphasized the critical role the structure of non-NQC generalized pairs plays in the minimal
model program for Ké&hler varieties. In the case of Kéahler varieties, the selection of ample divisors
is restricted, preventing many procedures, such as the minimal model program with scaling and
general hyperplane section cuttings. Nevertheless, the associated Kéahler class w on a Kahler
variety serves as a substitute for ample divisors. Although w cannot be categorized as an R-
divisor, it can be considered as an nef R-class and is suitable for the nef part of a generalized
pair. As explained in [DHY 23], it is now possible to formally define “running MMP with scaling
of the nef R-(1,1)-class @”. Given that w is only an R-class and NQC cannot be assured, the
study of the structure of non-NQC generalized pairs immediately becomes vital for the minimal
model program on Kéahler vareties.

Although little was known about the minimal model program for non-NQC generalized pairs,
we have been able to establish the cone theorem and the contraction theorem for non-NQC
generalized pairs, thanks to the cone theorem and the canonical bundle formula for generalized
foliated quadruples. With additional effort, we also prove the existence of flips for Q-factorial
non-NQC generalized pairs. These results collectively lay the groundwork for the minimal model
program for Q-factorial generalized pairs. The detailed theorems are as follows:

Theorem 2.2.1 (Cone and contraction theorems). Let (X, B,M)/U be a generalized pair and
7w : X — U the associated morphism. Let {R;}jen be the set of (Kx + B + Mx)-negative
extremal rays in NE(X/U) that are rational. Then:

(1)

NE(X/U) = NE(X/U)kx+B+Mx>0 + NE(X/U)Nie(x,8M) + Z R;.
jeA

In particular, any (Kx + B + Mx)-negative extremal ray in NE(X/U) is rational.
(2) Each R; is spanned by a rational curve C; such that n(C;) = {pt} and

0< —(Kx+B+Mx)-Cj < 2dim X.
(8) For any ample/U R-divisor A on X,

Ax:={jeN|Rj C NE(X/U)kyB+atMx<0}
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is a finite set. In particular, {Rj}jen is countable, and is a discrete subset in
NE(X/U)ky+B+Mx<0- Moreover, we may write

NE(X/U) = NE(X/U)ky+BrarMy>0 + NE(X/U)nexa + Y, Ry
JEAA

(4) Let F be a (Kx + B+ Mx)-negative extremal face in NE(X/U) that relatively ample at
infinity (cf. Definition 3.1.7) with respect to (X, B,M). Then F is a rational extremal
face, and there exists a contraction/U contp : X — Z of F satisfying the following.

(a) For any integral curve C' on X such that the image of C in U is a closed point,
contp(C) is a point if and only if [C] € F.

(b) Oy = (contr)«Ox. In other words, contr is a contraction.

(¢) For any Cartier divisor D on'Y such that D -C =0 for any curve C' contracted by
contp, there exists a Cartier divisor Dy on'Y such that D = conty Dy .

When M is NQC/U and (X, B,M) is lc, Theorem 2.2.1(1-3) was proven in [HL21a, Theorem
1.3] and Theorem 2.2.1(4) was proven in [Xie22, Theorem 1.5] (see also [CLX23, Theorem 1.7]).

Theorem 2.2.2 (Existence of flips). Let (X, B,M)/U be a Q-factorial lc generalized pair and
f:X = Z a(Kx+ B+ Mcx)-flipping contraction/U .
Then the flip f*: X+ — Z of f exists. Moreover, X is Q-factorial, and p(X) = p(X ™).

When M is NQC/U, Theorem 2.2.2 was proven in [HL21a, Theorem 1.2] (see also [L.X23b,
Theorem 1.2]). Theorem 2.2.1 and Theorem 2.2.2 allow us to run the minimal model program
for any Q-factorial lc generalized pair:

Theorem 2.2.3. We may run the minimal model program for Q-factorial lc generalized pairs.
More precisely, for any Q-factorial lc generalized pair (X, B,M)/U, there exists a sequence of
(Kx + B 4+ Mx)-flips and divisorial contractions/U. Moreover, any such sequence ends either
with a Mori fiber space of (X,B,M)/U, or a minimal model of (X,B,M)/U, or an infinite
sequence of flips over U.

There are several other important results on the structure of generalized lc pairs. The first
two are the Kodaira vanishing theorem and the Kawamata-Viehweg vanishing theorem:

Theorem 2.2.4 (Kodaira vanishing theorem for lc generalized pairs). Let (X, B,M) be a
projective lc generalized pair, and let D be a Cartier divisor on X such that D — (Kx + B+Mx)
is ample. Then H'(X,Ox (D)) = 0 for any positive integer i.

Theorem 2.2.5 (Relative Kawamata-Viehweg vanishing for lc generalized pairs). Let (X, B,M)/U
be an lc generalized pair associated with morphism f : X — U, and let D be a Cartier divisor
on X such that D — (Kx + B + Mcx) is nef/U and log big/U with respect to (X, B,M). Then
R f.Ox (D) = 0 for any positive integer i.

When M is NQC/U, Theorem 2.2.4 was proven in [CLX23, Theorem 1.3] while Theorem
2.2.5 was proven in [CLX23, Theorem 1.4].

Next, we have the base-point-freeness theorem and the semi-ampleness theorem for lc
generalized pairs:

Theorem 2.2.6 (Base-point-freeness theorem). Let (X, B,M)/U be an lc generalized pair and
D a nef/U Cartier divisor on X, such that aD — (Kx + B+ Mx) is ample/U for some positive
real number a. Then Ox(mD) is globally generated over U for any integer m > 0.

Theorem 2.2.7 (Semi-ampleness theorem). Let (X, B,M)/U be an lc generalized pair and D
a nef/U R-Cartier R-divisor on X, such that D — (Kx + B + Mx) is ample/U. Then D is
semi-ample/U.
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When M is NQC/U, Theorem 2.2.6 was proven in [Xie22, Theorem 1.4], [CLX23, Theorem
1.5] while Theorem 2.2.7 was proven in [Xie22, Theorems 1.2], [CLX23, Theorem 1.6].

We also prove the canonical bundle formula and the subadjunction formula for generalized
pairs. As the canonical bundle formula’s statement is very technical and is a special case of
Theorem 2.3.2 below (by setting F = T’y ), we will omit it here and only state the subadjunction
formula.

Theorem 2.2.8 (Subadjunction formula). Let (X, B,M)/U be an lc generalized pair an V an
lc center of (X, B,M) such that dimV > 1. Let W be the normalization of V.. Then there exists
an lc generalized pair (W, By, M") /U such that

Kw + Bw + My, ~r (Kx + B+ Mx)|w.
Moreover, the image of any lc center of (W, By, MW) in X is an lc center of (X, B,M).

The main part of Theorem 2.2.8 was proven in [HL21b, Theorem 5.1] when M is NQC/U.
Finally, we can show that lc generalized pairs are Du Bois:

Theorem 2.2.9. Let (X, B,M) be an lc generlaized pair. Then any union of lc centers of
(X, B,M) is Du Bois. In particular, X is Du Bois.

Theorem 2.2.9 was proven in [LX23b, Theorem 1.6] when M is NQC/X.

2.3. Generalized foliated quadruples. As explained above, to establish the minimal model
program for algebraically integrable foliations and generalized pairs, we need to broaden the
category of objects for our study and consider the structure of generalized foliated quadruples
(X, F,B,M), as defined in Definition 1.2.1.

Most of the main theorems of this paper on algebraically integrable foliations can also be
extended to the category of algebraically integrable generalized foliated quadruples. Two results
related to this structure that are particularly worth mentioning are the cone theorem and the
canonical bundle formula. These two results will be essential in other main theorems of the
paper, the statements of most of which do not rely on the language of generalized foliated
quadruples.

2.3.1. Cone theorem. We establish the cone theorem for algebraically integrable generalized
foliated quadruples in full generality.

Theorem 2.3.1 (Cone theorem for algebraically integrable generalized foliated quadruples). Let
(X,F,B,M)/U be a generalized foliated quadruple and w : X — U the associated morphism.
Let {R;}jen be the set of (K + B+Mx)-negative extremal rays in NE(X/U) that are rational.
Assume that F is algebraically integrable. Then:

(1)
NE(X/U) = NE(X/U)ks1BiMy20 + NE(X/U)nic(x, 780 + ) By
JEA
Here Nlc(X,F,B,M) is the non-lc locus of (X,F,B,M) (cf. Definition 3.4.5). In

particular, any (Kr + B + Mx)-negative extremal ray in NE(X/U) is rational.
(2) Each R; is spanned by a rational curve C; such that 7(Cj) = {pt}, C; is tangent to F,
and

0< —(K_F+B+Mx) -Cj < 2dim X.
(8) For any ample/U R-divisor A on X,

Ap:={j € A Rj C NE(X/U)Kr4B+A+Mx<0}
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is a finite set. In particular, {Rj}jen is countable, and is a discrete subset in
NE(X/U)Kkr+B+Myx<0- Moreover, we may write

NE(X/U) = NE(X/U)ks1Brasmyz0 + NE(X/U)nex.rem + O Ry
JEAA
(4) Let F be a (Kx + B + Mx)-negative extremal face in NE(X/U) that relatively ample
at infinity (cf. Definition 3.1.7) with respect to (X,F,B,M). Then F is a rational
extremal face.

When F = Tx and M = 0, Theorem 2.3.1 follows from [Amb03, Theorem 5.10] and [Fuj17,
Theorem 4.5.2]. However, whenever either F # Tx or M # 0, Theorem 2.3.1 becomes new.
More precisely, there are two cases that worth to mention:

(1) When F = Tx, we get the cone theorem for generalized pairs, Theorem 2.2.1, which is
new.

(2) When U = {pt} and M = 0, (2) and a large part of (1) (the part without considering he
rationality of R;) were proven in [ACSS21, Theorem 3.9], but the rest parts are missing.
Therefore, we cannot directly use [ACSS21, Theorem 3.9] to prove Theorem 2.1.1 and
Theorem 2.3.1 becomes necessary.

We would like to note that the contraction theorem, the existence of flips, and the base-point-
freeness theorem are still valid for generalized foliated quadruples that possess nice singularities
(e.g. F-dlt). However, since these theorems do not hold the same level of importance in proving
our other main theorems as the cone theorem does, we choose to omit them here.

2.3.2. Canonical bundle formula. The canonical bundle formula for foliated triples, as estab-
lished in [LLLM23, Theorem 1.3], plays a crucial role in proving the global ACC for foliated
threefolds. However, due to technical challenges, the work presented in [LLM23] could not
prove the canonical bundle formula for generalized foliated quadruples (X, F, B, M) unless the
nef part M is b-semi-ample. In this study, we overcome these technical difficulties with innovative
approaches, successfully proving the canonical bundle formula for generalized foliated quadruples
in a more comprehensive manner.

Theorem 2.3.2. Let (X, F,B,M)/U be a sub-generalized foliated quadruple and f : X — Z a
contraction/U, such that f : (X, F, B,M) — Z is an lc-trivial morphism (see Definition 12.1.3).
Let Bz and M? be the discriminant part and the base moduli part of f : (X, F,B,M) — Z (see
Definition-Theorem 12.1.4). Then M? is b-nef/U and

Kr+ B+Mx ~g [*(Kr, + Bz + M7).
Moreover, we have the following properties:

(1) By is uniquely determined and M? is uniquely determined up to R-linear equivalence.

(2) If B >0, then Bz > 0.

(3) If (X, F, B,M) is sub-lc, then (Z,Fz, Bz,M?) is sub-lc.

(4) If (X, F,B,M) is lc, then (Z, Fz,Bz,M?%) is lc.

(5) If (X, F, B,M) is sub-lc or f has connected fibers, then any lc center of (Z, Fz, Bz, M?%)
is the image of an lc center of (X, F,B,M) on Z.

(6) If f has connected fibers, then the image of any lc center of (X, F,B,M) on Z is an lc
center of (Z,Fz, Bz, M?).

(7) If f has connected fibers, then for any prime divisor D on X,

multp Bz = €(D) —sup{t | (X, F,B +tf*D,M) is lc over the generic point of D}

where (D) =0 if D is Fz-invariant, and e(D) = 1 otherwise (see Definition 3.3.5).
(8) The R-linear equivalence class of M? only depends on (X, B, M) over the generic point
of Z.
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(9) If M is NQC/U, then M? is NQC/U.

We want to emphasize that Theorem 2.3.2 is applicable to any foliation, not just those that are
algebraically integrable. Consequently, we anticipate that Theorem 2.3.2 will play a significant
role in future studies, encompassing both algebraically integrable foliations and those that are
not necessarily algebraically integrable.

Next, we revisit the history of partial results that have contributed to the main part of
Theorem 2.3.2, i.e. the nefness/U of MZ.

(1) When F = Tx and M = 0, the main part of Theorem 2.3.2 is[JL.X22, Theorem 1.2] (or
[JLX22, Theorem 2.23] combined with [FG12, Lemma 1.1]). For other related references,
see [Kod64, Kaw98, Amb05, Kol07, Flo14, FG14].

(2) When F = Tx and M is NQC/U, previously we only knew the cases where either B > 0
at the generic point of Z or M is b-semi-ample/Z ([JLX22, Theorem 2.23]+[HL21b,
Theorem 4.5]). We direct the reader to [Fil19, Fil20, F'S23] for other related references.
It is worth noting that no results were known when M is not NQC/U.

(3) When F # T, we only knew the cases where f is a contraction and M is NQC/U and
b-semi-ample/Z ([LLM23, Proposition 6.14]).

In this paper, we not only prove Theorem 2.3.2 in full generality but also clarify why [Kol07] was
able to address the horizontal negative coefficients, while [Fil19, Fil20, J1.X22, FS23] cannot deal
with this issue. Further details on this are provided in Remark 11.3.2. Following this discussion,
we refine the definition of lc-trivial fibrations and lc-trivial morphisms, which are elaborated in
Definition 11.3.1.

Finally, we note that the proof of Theorem 2.3.2 does not depend on the mixed Hodge
structure, as opposed to what is done in [Kol07]. Remark 11.3.2 also explains why the mixed
Hodge structure cannot be applied to our case. Instead, our approach is based on the structure
of algebraically integrable foliations, a method similar to the one used in [ACSS21, Proof of
Theorem 1.3]. However, the canonical bundle formula in that reference is not complete as the
“BP stable” condition is required. Moreover, [ACSS21, Theorem 1.3] also has the additional
requirement that B > 0 over the generic point of Z, a condition we aim to avoid.

2.4. Singularities of algebraically integrable generalized foliated quadruples. The
cone theorem and the canonical bundle formula are primarily concerned with understanding
the global behavior of algebraically integrable generalized foliated quadruples. However, it is
equally important to examine the local behavior, particularly the singularities of these structures.
In this paper, we will concentrate on two key aspects that are tied to the singularity structure of
generalized foliated quadruples: the precise adjunction formula and the ACC for lc thresholds.

2.4.1. Adjunction formulas. [ACSS21, Proposition 3.2] proves the adjunction formula for
algebraically integrable foliations provided that the ambient variety is Q-factorial and that the
foliation is induced by a contraction. In this paper, we remove these two technical conditions
and prove the adjunction formula for algebraically integrable foliations in full generality:

Theorem 2.4.1. Let (X, F, B) be an foliated triple such that F is algebraically integrable. Let S
be a prime divisor on X, such that multg B = 0 if S if F-invariant and multg B = 1 otherwise.
Let S” be the normalization of S and Fg the restricted foliation (see Definition 6.1.5) of F on
SY. Then

Krs + Bs = (Kr + B)|s
for some R-divisor Bg > 0. Moreover, if (X,F,B) is lc, then (S”,Fs, Bg) is lc.

We remark that [CS23b, Theorem 3.16] proves the adjunction formula to non-invariant divisors
for any foliation with a minor requirement that the boundary has Q-coefficients. In particular,
when B has rational coefficients and multg B = 1, Theorem 2.4.1 is implied by [CS23b, Theorem
3.16].
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Theorem 2.4.1 can be extended to the category of algebraically integrable generalized foliated
quadruples:

Theorem 2.4.2. Let (X,F,B,M)/U be a generalized foliated quadruple such that F is
algebraically integrable. Let S be a prime divisor on X, such that multg B = 0 ¢f S if F-
invariant, and multg B = 1 otherwise. Let S” be the normalization of S, M° := M|gv (see
Definition 3.4.2), and Fg the restricted foliation of F on SY. Then

Krs + Bs + Mg, := (Kr + B+ My)|sv
for some R-divisor Bs > 0. Moreover, if (X, F,B,M) is lc, then (S¥, Fs, Bs, M?) is Ic.

In [DLM23, Theorem 1.6], a precise adjunction formula was introduced for algebraically
integrable foliated triples, playing a crucial role in proving the ACC for lc thresholds and
the global ACC for algebraically integrable foliated triples. Building upon this concept, we
formulate and establish a precise adjunction formula for algebraically integrable generalized
foliated quadruples in this paper. We then apply it to prove the ACC for lc thresholds and the
global ACC for algebraically integrable generalized foliated quadruples. We have the following
theorem:

Theorem 2.4.3. Let I' C [0,400) be a set of real numbers. Let (X,F,B,M)/U be an
le generalized foliated quadruple, S o prime divisor on X with normalization SY, such that
multg B =0 if S is F-invariant and multg B = 1 otherwise. Assume that the coefficients of B
belong to T' and M is a T'-linear combination of nef/U b-Cartier b-divisors. Let

Kz, + Bs + M2, := (K + B + My)|s»

where Fg is the restricted foliation of F on S¥ and M = M|gv.
Then the coefficients of Bg belong to D(T') (see Definition 3.2.2). In particular, if T is a DCC
set, then the coefficients of Bg belong to a DCC set.

We offer a more detailed version of Theorem 2.4.3 in Theorem 6.0.1. Given its highly technical
nature, we omit it from the introduction.

2.4.2. ACC and the global ACC. Theorem 2.4.3 leads to the proof of the ACC and the global
ACC for algebraically integrable generalized foliated quadruples. These results were proven in
[HMX14] for usual pairs (F = Tx and M = 0), in [BZ16] for generalized pairs (F = Tx), and
in [DLM23] for foliated triples (M = 0).

Theorem 2.4.4 (ACC for lc thresholds for algebraically integrable generalized foliated
quadruples). Let r be a positive integer and I' C [0,400) a DCC set. Then there exists an
ACC set T" depending only on r and T satisfying the following. Let (X, F,B,M)/X be an lc
generalized foliated quadruple, such that

(1) F is algebraically integrable of rank r,

(2) the coefficients of B belong to T', and

(8) M is a I'-linear combination of nef/X b-Cartier b-divisors.

Then the lc threshold
let(X, F,B,M; D,N) :=sup{t |t >0,(X,F,B+tD,M+tN) is lc}
is contained in T".
Theorem 2.4.5 (Global ACC for algebraically integrable generalized foliated quadruples). Let
r be a positive integer and T' C [0,1] a DCC set. Then there exists a finite set Ty C T' depending

only on r and T' satisfying the following. Let (X, F, B, M) be a projective lc generalized foliated
quadruple such that

(1) F is algebraically integrable of rank r,
(2) the coefficients of B belong to T,
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(3) M =" ~v;M,;, where each v; € I' and each M; is a nef b-Cartier b-divisor,

(4) M £ 0 ifv; #0, and
(5) Kr + B+Myx =0.

Then the coefficients of B belong to Iy, and v; € Iy for each j.

The proof of Theorem 2.4.5 is harder than the proof of the global ACC for algebraically
integrable foliated triples [DL.M23, Theorem 1.2]. This is because our proof heavily relies on the
existence of Mori fiber spaces (Theorem 2.1.5), unlike the proof in [DLM23, Theorem 1.2].

As a straightforward corollary of Theorem 2.4.5, we obtain the global ACC for rank one
generalized foliated quadruples:

Corollary 2.4.6 (Global ACC for rank one generalized foliated quadruples). Let T" C [0,1] be
a DCC set. Then there exists a finite set I'g C I' depending only on I' satisfying the following.
Let (X, F,B,M) be an lc generalized foliated quadruple such that

(1) rank F =1,

(2) the coefficients of B belong to T,

(3) M = ijMj, where each v; € I' and each M is a nef b-Cartier b-divisor,
(4) M £0 if 3, 20, and

(5) Kr+B+Mx=0.

Then the coefficients of B belong to Iy, and y; € Iy for each j.

When M = 0, Corollary 2.4.6 was proven in [DLM23, Corollary 1.3].

2.4.3. Uniform rational polytopes. As a direct consequence of Theorems 2.4.4 and 2.4.5, we
establish the existence of uniform lc rational polytopes for algebraically integrable generalized
foliated quadruples. Despite their complex nature, these polytopes are powerful tools in
birational geometry. They are notably used in several applications on the ACC conjecture for
minimal log discrepancies and the boundedness of complements. These polytopes are essential
for the formal definition of KSBA moduli spaces [Kol23, 6.27.3, Theorem 11.49], and play a
crucial role in proving the global ACC for foliated threefolds [LMX23b]. In this paper, we prove
the existence of uniform lc rational polytopes for algebraically integrable generalized foliated
quadruples:

Theorem 2.4.7. Let r be a positive integer, v, ..., 00 ul, ... ul positive real numbers, vg =
(9,...,09), and up := (ud,...,ud). Then there exists an open set U 3 (vo,ug) of the rational

envelope of (v, ug) in R™T™ depending only on v and vo, ug satisfying the following. Let

m n
X,F,B=> 1!B;,M=> ulM, /X
j=1 k=1

be an lc generalized foliated quadruple, such that F is algebraically integrable, rank F = r, B; > 0
are distinct Weil divisors, and My, are nef/ X b-Cartier b-divisors. Then

X, F,B= inBj, Zn:ukMk
j=1 k=1

is lc for any (vi,...,Um, UL, ... Uy) € U.

2.5. Miscellaneous results on the minimal model program and foliations. We also
prove several other interesting theorems that can be useful for further applications.
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2.5.1. Analogues of dit models. We establish the existence of (x)-models and ACSS models for
algebraically integrable generalized foliated quadruples (see Definitions 7.2.3 and 7.4.1). As
detailed in [ACSS21, CS23a, DLM23], these models play the same role as dlt models in the
classic MMP. Moreover, QQ-factorial dlt algebraically integrable generalized foliated quadruples
always satisfy the property “ACSS” and the property (x) (see Theorem 17.0.1).

Theorem 2.5.1 (Existence of ACSS model). Let (X,F,B,M)/U be an lc generalized foliated
quadruple. Assume that F is algebraically integrable. Then (X, F,B,M)/U has an ACSS model
which is also a (x)-model.
In particular, there exists a birational morphism hy : Y — X and a contraction fy : Y — Z
satisfying the following. Let Fy = h;l]: and
Kr, + By + My = hy (Kr + B + Mx),

then

(1) (Y, By,M) is Q-factorial qdlt,

(2) fy is equi-dimensional and Fy is induced by fy, and

(8) any prime f-exceptional divisor is an lc place of (X, F, B,M).

2.5.2. Minimal model program for very exceptional divisors. When running the relative minimal
model program, especially the birational minimal model program, we often encounter the
minimal model program for very exceptional divisors [Birl2, Theorem 1.8]. In this paper, we
establish the minimal model program for algebraically integrable generalized foliated quadruples
whose generalized foliated log canonical divisor is very exceptional.

Theorem 2.5.2. Let (X, F,B,M)/U be a Q-factorial F-dlt generalized foliated quadruple and
E >0 and R-divisor on X, such that E is very exceptional/U and

K_7:+B—|—MX ~R,U E.

Then we may run o (Kr + B+ My )-MMP/U with scaling of an ample/U R-divisor, and any
such MMP terminates with a good minimal model (X', F',B'M)/U of (X,F,B,M)/U, such
that K]:/ + B’ + My ~R,U 0.

Theorem 2.5.2 is vital for proving that Q-factorial dlt implies ACSS (Theorem 17.0.1). This
is essential for proving Theorem A.

2.5.3. A special case of Prokhorov-Shokurov’s base-point-freeness conjecture. Prokhorov-Shokurov’s
base-point-freeness conjecture [PS09, Conjecture 7.13] is a major conjecture in birational
geometry. It has been verified when the relative dimension of the fibration is 1 ([PS09, Theorem
8.1]) or 2 ([ABBDILW23, Theorem 1.4]). However, for the relative dimension of the fibration

> 3, the conjecture is still largely open. Through the application of foliation theory, we prove a
special case of the Prokhorov-Shokurov base-point-freeness conjecture:

Theorem 2.5.3. Let d and m be two positive integers. Then there exists a positive integer I
depending only on d and I satisfying the following.

Let (X, B) be a projective kit pair, and f : X — Z a contraction to a smooth variety Z. Let
B" and B be the horizontal/Z part of B and the vertical/Z part of B respectively, and let M
be the moduli part of f : (X, B) — Z. Assume that the following conditions hold.

(1) (Semi-stability) (X, B) is BP semi-stable/Z.

(2) (Klt-trivial) Kx + B ~q,z 0.

(8) (Coefficient control) mB is a Weil divisor.

(4) (Fano type) There exists an ample R-divisor H such that B" > H > 0.

(5) (Snc condition) There exists a reduced divisor Xz on Z, such that B* = f~1(3z),
(Z,X7) is log smooth, and for any reduced divisor H > 0 such that (Z,% + H) is log
smooth, (X,B+ f*H) is lc.
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Then M descends to X, IMx is Cartier, and nIMx is base-point-free for any integer n > 0.

While the conditions of Theorem 2.5.3 are quite restrictive, mainly because condition (4) is
not preserved under birational transformations, there are no requirements on the dimension of
the varieties or the relative dimension of f. This makes the theorem potentially useful for future
applications.

2.6. Why should we care about generalized foliated quadruples? Before we move on to
the main part of the paper, we would like to briefly explain why we need to consider the structure
of generalized foliated quadruples and why it is essential for us to prove some main theorems
of the paper, even if these theorems’ statements do not explicitly mention this structure. To
clarify this, we present five scenarios where generalized foliated quadruples play a crucial role.
Four out of these five scenarios are unavoidable in the proofs of this paper.

Scenario 2.6.1 (Canonical bundle formula of foliations). [LLM23, Theorem 1.2] established
the canonical bundle formula for foliations. More precisely, given a projective lc foliated triple
(X,F,B) and a contraction f: X — Z such that the general fibers of f are tangent to F and
Kz + B ~gr z 0, we have
Kr+ B ~r f*(Kr, + Bz + Mg)

where (Z, Fz, Bz, M) is a projective lc generalized foliated quadruple. Therefore, if we want to
study the behavior of (X, F, B), then it is necessary to study the structure of (Z, Fz, Bz, M).
When F = Tx and (X, B) is klt, the classical approach is to find an R-divisor

0<Az~r Bz+Mz

such that (Z,Az) is klt [Amb05, Theorem 0.2] and use the structure of (Z, Az) instead of
(Z,Bz,M). This approach is essential for the proof of the finite generation of the canonical ring
([BCHM10, Proof of Corollary 1.1.2], [FMO00]).

However, when F # T, it is generally not possible for us to combine Bz and Mz and get
an lc triple structure (Z, Fz,Az ~r Bz + My). This is because of the following two reasons:

(1) “KIt” is almost an empty condition for foliations when F # Tx. Actually, unless the
foliation is purely transcendental, there are always (infitely many) lc centers of (X, F, B)
as long as F # Tx. This will cause trouble when we try to perturb the coefficients of
Bz + My and get Az. In fact, even when F = T¥x, if (X, B) is not klt, then we
do not know whether there exists such Az so that (Z,Az) is lc, and we usually need
the b-semi-ampleness of M to show this fact. The b-semi-ampleness of M, on the
other hand, is the Prokhorov-Shokurov conjecture [PS09, Conjecture 7.13] as mentioned
above, which is widely open when dim X — dim Z > 3. Indeed, the unconfirmed status
of the Prokhorov-Shokurov conjecture is one key reason why Birkar-Zhang introduced
the concept of generalized pairs in [BZ16].

(2) Even if M is semi-ample, the existence of such Az is also unknown as Bertini type
theorems fail for foliations in general, even for surfaces (cf. [DLM23, Example 3.4]). In
other words, it is possible that (Z, Fz, Bz + Gz) is not lc for any Gz € |Mz|g.

Therefore, in many situations, we must analyze the structure of generalized foliated quadruples
rather than foliated triples. Furthermore, due to (2), the concept of generalized foliated
quadruples becomes essential for studying foliations, even in lower dimensions. This is a key
reason why [LLM23, LMX23b] rely on the theory of generalized foliated quadruples to establish
the global ACC for foliated triples in dimension 3.

Scenario 2.6.2 (MMP with scaling). We recall how we run the minimal model program for with
scaling for usual pairs. For simplicity, we only consider the projective case. Given a projective
lc pair (X, B) and an R-divisor A > 0 on X such that Kx + B+ A is nef, we consider the scaling
numbers

A:=inf{t |t >0, Kx + B +tA is nef}.
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If t = 0 then we are done. Otherwise, we contract a (K x + B)-negative extremal ray R such that
(Kx+B+tA)-R=0, and let f: (X,B) --» (X', B') be a corresponding divisorial contraction,
flip, or Mori fiber space associated to the contraction of R. We may replace (X, B) with (X', B)
and A with A’ and continue this process.

Although we only need Kx + B + A to be nef to run the MMP, in practice, we usually also
need the additional condition that (X, B + A) is lc. This is helpful in many situations: since
we do not know the termination of the MMP, it is likely for us to consider pairs (X, B + pA)
where p is related to the scaling numbers A. In this case, we usually need (X, B+ A) to be lc in
order to guarantee that (X, B + pA) is le. For this reason, for the very first step of the MMP,
we usually require A to be a general ample R-divisor, or a general base-point-free big and nef
R-divisor when (X, B) is klt.

Now we consider the minimal model program for foliations. We definitely want to consider the
minimal model program with scaling of ample divisors as well. However, as we have explained
above, Bertini type theorems fail for foliations in general, even for surfaces (cf. [DLM23, Example
3.4]). Therefore, it is possible that for any ample R-divisor A > 0 on X, (X, F,B + A) is not
lc. Now the minimal model program of (X, F, B) with scaling of A becomes weird: we can still
run the minimal model program, but it will become difficult to study the intermediate outputs
(X', B" + M\A’) with A > 0 after each step of the MMP, where A is the scaling number. This
causes a lot of inconvenience for the minimal model program of foliations.

The structure of generalized foliated quadruples, however, can easily resolve this issue: if we
identify (X, F, B) with the generalized foliated quadruple (X, F, B,0), then instead of running
an MMP with scaling of an ample R-divisor A, we can let A := A be the nef b-divisor associated
to A. Now may run an MMP with scaling of (0, A). That is, although we still consider

A:=inf{t |t > 0, Kr + B + tA is nef},
the output of the first step of the MMP ¢ : X --» X’ becomes
(X', F' = ¢ F, B = ¢. B, \A)

which is still an lc generalized foliated quadruple. Therefore, by using the theory of
generalized foliated quadruples, we can bypass the failure of Bertini type theorems of foliations
straightforwardly.

Scenario 2.6.3 (Minimal model program on Kéhler varieties). It is well-known that foliations,
especially algebraically integrable foliations, has a tight connection with the minimal model
program for Kéahler varieties. As we have mentioned above, Das and Ou essentially use the
structure of algebraically integrable foliations to prove the abundance conjecture for Kéahler
manifolds in dimension 3 [DO23a, DO23b]. There is no doubt that foliations are expected to be
useful in the study of Kéhler minimal model program in the future.

On the other hand, generalized pairs is also known to have a tight connection with the minimal
model program for Kéhler varieties [DH23, DHY23]. The key reason is due to the minimal model
program with scaling of Kéahler classes. Kéhler classes cannot be considered as divisors, but by
considering Kéhler classes as b-nef classes and move it to the nef part of the generalized pair,
we can formally define the minimal model program with scaling of Kéhler classes.

In summary, the study of Kéhler varieties seems to be a natural place for foliations and
generalized pairs to get mixed together. We therefore can expect the structure of generalized
foliated quadruples, particularly the algebraically integrable ones, to play a crucial role in the
study of Ké&hler varieties in the future.

Scenario 2.6.4 (Cone theorem and semi-ampleness theorem). In [ACSS21, Theorem 3.9], a
version of the cone theorem for algebraically integrable foliated triples (X, F, B) is proved.
When (X, F, B) is lc, the main part of the cone theorem, i.e. the formula

NE(X) = NE(X)x,1+B20+ Y _ R,
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was proved in [ACSS21, Theorem 3.9]. However, [ACSS21, Theorem 3.9] did not prove the
countableness of R; nor the finiteness of R; when polarizing (X, 7, B) with an ample divisor A.
That is, the formula

NE(X) = NE(X)kr1B1a20+ > Rj
finite

is missing. One key reason for this seems to be the issue that (X, F, B + A) may no longer be
lc, and this is, again, due to the failure of the Bertini type theorems for foliations. However, if
we consider (X, F, B, A) instead of (X, F, B + A), then (X, F, B, A) becomes an lc generalized
pair and we have immediately have more flexibility.

Similar issues appear when we consider the semi-ampleness theorem for foliations. For usual
pairs, the semi-ampleness theorem is usually formulated in the following way:

(X,B) lc, A ample, Kx + B+ A nef = Kx + B + A semi-ample.

However, for foliations, the semi-ampleness theorem is usually formulated in the following way:
(under suitable conditions)

(X,F,B+ A)lc,B>0,A>0ample, Kr + B+ A nef = Kr + B + A semi-ample.

This is again due to the failure of Bertini-type theorems. Nevertheless, with the new concept
of generalized foliated quadruples, these arguments can now be strengthened back to: (under
suitable conditions)

(X, F,B) lc, A ample, Kr + B + A nef = Kr + B + A semi-ample.

Scenario 2.6.5 (Canonical bundle formula for generalized pairs). The final scenario where
the structure of generalized foliated quadruples plays a vital role is in obtaining the canonical
bundle formula for generalized pairs. To establish this formula for lc-trivial fibrations in cases
involving either non-NQC generalized pairs or NQC generalized pairs with potentially negative
coefficients, we cannot rely on the structure of mixed Hodge structure (see Remark 11.3.2).
Filipazzi’s approach [Fil19, Fil20] is also unsuitable due to its requirements for Q-coefficients
and its inability to handle negative coefficients. Therefore, the only viable approach to achieve
such a canonical bundle formula is by utilizing the theory of foliations as in [ACSS21]. Now,
since we are dealing with generalized pairs in this context, the introduction of generalized foliated
quadruples becomes necessary. For more details, we refer the reader to the proof of Theorem
11.4.4.

Part I. Preliminaries
3. BASIC DEFINITIONS

Throughout the paper, we will mainly work with normal quasi-projective varieties to ensure
consistency with the references. However, most results should also hold for normal varieties
that are not necessarily quasi-projective. Similarly, most results in our paper should hold for
any algebraically closed field of characteristic zero. We will adopt the standard notations and
definitions in [KM98, BCHM10] and use them freely. For foliations, we will generally follow the
notations and definitions in [CS20, ACSS21, CS21], but there may be minor differences. For
generalized pairs, we will follow the notations and definitions in [HL21a].

3.1. Special notations.

Notation 3.1.1. In this paper, N stands for the set of non-negative integers and N* stands for
the set of positive integers.

Notation 3.1.2. In this paper, the notation “/” is always considered as a simplified writing of
“over”. For example, “/Z” means “over Z”.
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Notation 3.1.3. Let X — U be a projective morphism from a normal variety to a variety, and
let A be a semi-ample/U R-divisor on X. An R-divisor H on X is said to be general in |A/U|gr
if there exist base-point-free/U divisors Ay, ..., A, and real numbers r1,...,r, € (0,1), such
that A = >" ,rA; and H = > | r;H;, where H; € |A;/U| are general clements. A general
ample/U R-divisor on X is an ample/U R-divisor D on X such that D is general in |D/U|g.

Notation 3.1.4. Let I' be a set of real numbers, X a normal variety, and B an R-divisor on
X. We write B € I if the coefficients of B belong to I'.

Notation 3.1.5. Let m# : X — U be a projective morphism between varieties and D an R-
divisor on X. We denote by k,(X/Z, D) (resp. k,(X/Z,D), k(X/Z,D)) the relative numerical
dimension (resp. relative invariant Iitaka dimension, relative Iitaka dimension) of D over Z.
When Z = {pt}, we may drop X/Z and use the notation r,(D) (resp. x,(D), k(D)) instead.
We refer the reader to [HH20, Section 2] for the formal definitions and basic properties of
ke(X/Z,D), k(X/Z,D), and k(X/Z, D).

Definition 3.1.6 (Log big). Let (X, B,M)/U be a g-pair and D an R-Cartier R-divisor D on
X. We say that D is log big/U with respect to (X, B, M) if D|y is big/U for any lc center V of
(X, B,M). In particular, D is big/U.

Definition 3.1.7 (cf. [Amb03, Definition 5.3|, [Fujll, Definition 6.7.2]). Let (X, A) be a (not
necessarily 1c) pair and 7 : X — U a projective morphism. Let F' be an extremal face of
NE(X/U).

(1) A supporting function of F is a m-nef R-divisor H such that F = NE(X/U)NH*. If H
is a Q-divisor, we say that H is a rational supporting function. Since F' is an extremal
face of NE(X/U), F always has a supporting function.

(2) We say that F is rational if F' has a rational supporting function.

(3) For any R-Cartier R-divisor D on X, we say that F' is D-negative if

FQW(X/U)DZO = {O}
(4) We say that F' is relatively ample at infinity with respect to (X, A) if
FNNE(X/U)niex,a) = {0}.

Equivalently, H|ic(x,a) 18 7|nie(x,a)-ample for any supporting function H of F'.
(5) We say that F' is contractible at infinity with respect to (X,A) if F' has a rational
supporting function H and H|yi(x,a) 18 7|Nie(x,a)-Semi-ample.

Definition-Lemma 3.1.8. Let K be a convex cone containing no lines. A ray R of K is called
exposed if there is a hyperplane meeting K exactly along R. In particular, any exposed ray of
K is extremal in K. If K does not contain any line, then K is the closure of the subcone of K
spanned by exposed rays ([Roc97, Corollary 18.7.1], [Spi20, Lemma 6.2]).

Let m: X — U be a projective morphism from a normal quasi-projective variety to a variety.
By definition, an extremal ray in N E(X/U) is exposed if and only if it has a supporting function
(that is not necessarily rational). Moreover, for any sub-cone V of NE(X/U), we have

NE(X/U)=V +> R
where R; are exposed rays that are not contained in V.
3.2. Sets.

Definition 3.2.1. Let I' C R be a set. We say that ' satisfies the descending chain condition
(DCQ) if any decreasing sequence in I' stabilizes, and I' satisfies the ascending chain condition
(ACQ) if any increasing sequence in I" stabilizes.
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Definition 3.2.2. Let I C [0, +00) be a set. We define

l

I, :={0}uU {ny

i=1

1
yeT,le N+} and D(T) := {u‘

7€F+,m€N+}.

3.3. Foliations. In this subsection, we define foliations and some of its related concepts. For
preliminaries regarding algebraically integrable foliations, we refer the reader to Subsection 6.1.

Definition 3.3.1 (Foliations, cf. [CS21, Section 2.1]). Let X be a normal variety. A foliation
on X is a coherent sheaf F C T’x such that

(1) F is saturated in Tx, i.e. T /F is torsion free, and
(2) F is closed under the Lie bracket.

The rank of the foliation F is the rank of F as a sheaf and is denoted by rank F. The co-rank of
F is dim X —rank F. The canonical divisor of F is a divisor Kz such that Ox(—Kr) = det(F).
We define N := (Tx /F)"" and N} := N1

If F =0, then we say that F is a foliation by points.

Definition 3.3.2 (Singular locus). Let X be a normal variety and F a rank r foliation on X.
We can associate to F a morphism

o Q[)? — Ox(K]:)

defined by taking the double dual of the r-wedge product of the map Q} — F*, induced by the
inclusion F — T'x. This yields a map

¢ (O ® Ox(—Kx)" = Ox
and we define the singular locus, denoted as SingF, to be the co-support of the image of ¢'.

Definition 3.3.3 (Pullbacks and pushforwards, cf. [ACSS21, 3.1]). Let X be a normal variety,
F a foliation on X, f : Y --» X a dominant map, and g : X --+ X’ a birational map. We
denote f~'F the pullback of F on Y as constructed in [Dru2l, 3.2]. We also say that f~!F is
the induced foliation of F on Y. If F = 0, then we say f~'F is induced by f. In this case, we
say f1F is algebraically integrable.

We define the pushforward of F on X’ as (¢g7!)~1F and denote it by g..F.

Definition 3.3.4 (Invariant subvarieties, cf. [ACSS21, 3.1]). Let X be a normal variety, F a
foliation on X, and S C X a subvariety. We say that S is F-invariant if and only if for any
open subset U C X and any section 0 € H°(U, F), we have

O(Zsnv) C Zsnu
where Zgny is the ideal sheaf of S N U. Note that if F is the foliation induced by a dominant
map f: X --+ Z, then a divisor D is F-invariant if and only if D is vertical with respect to f.

Definition 3.3.5 (Special divisors on foliations, cf. [CS21, Definition 2.2]). Let X be a normal
variety and F a foliation on X. For any prime divisor C' on X, we define ex(C) := 1 if C' is not

F-invariant, and ex(C) := 0 if C' is F-invariant. If F is clear from the context, then we may
use €(C) instead of ex(C). For any R-divisor D on X, we define
D7 = Z er(C)C.

C|C is a component of D

Let E be a prime divisor over X and f:Y — X a projective birational morphism such that E
is on Y. We define ex(E) := €;-17(F). It is clear that ex(F) is independent of the choice of f.
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3.4. Polarized foliations. In this subsection we introduce the concept of generalized foliated
quadruples, which was originally introduced by the third author, Luo, and Meng in their study of
the global ACC for foliated threefolds [LLM23]. The category of generalized foliated quadruples
is a larger category comparing to generalized pairs, foliated triples, and usual pairs, so we shall
not formally define the latter three concepts and only consider them as special generalized
foliated quadruples. Since this is a very technical definition and we do not need its full power for
some parts of the paper (e.g. we only need the concept of generalized pairs in Sections 4 and 5),
for the reader’s convenience, we refer the reader to [KM98, BCHM10] for the definition of pairs
and [BZ16, HL21a] for the definition of generalized pairs. We refer the reader to [CS20, CS21]
for the definition of foliated pairs (F, B); a foliated pair (F, B) together with its ambient variety
X is a foliated triple (X, F, B).

Definition 3.4.1 (b-divisors). Let X be a normal quasi-projective variety. We call Y a birational
model over X if there exists a projective birational morphism Y — X.

Let X --» X’ be a birational map. For any valuation v over X, we define vx to be the center
of v on X’. A b-diwisor D on X is a formal sum D = )" r,v where v are valuations over X
and r, € R, such that vx is not a divisor except for finitely many v. If in addition, r, € Q for
every v, then D is called a Q-b-divisor. The trace of D on X' is the R-divisor

Dy = E TLUX.

vy is a divisor

If Dy is R-Cartier and Dy is the pullback of Dx/ on Y for any birational model Y over X',
we say that D descends to X’ and D is the closure of D/, and write D = Dx.

Let X — U be a projective morphism and assume that D is a b-divisor on X such that D
descends to some birational model Y over X. If Dy is nef/U (resp. base-point-free/U, semi-
ample/U), then we say that D is nef /U (resp. base-point-free /U, semi-ample/U). If Dy is a
Cartier divisor, then we say that D is b-Cartier. If Dy is a Q-Cartier Q-divisor, then we say
that D is Q-b-Cartier. If D can be written as an R>¢-linear combination of nef/U b-Cartier
b-divisors, then we say that D is NQC'/U.

Let X — U be a projective morphism and assume that D and D’ are two b-divisors over
X. We write D ~g g D’ (resp. D ~gu D',D =gy D) if for any birational model Y of X,
Dy ~ry D} (resp. Dy ~QU D/, Dy =qu D} ).

We let 0 be the b-divisor 0.

Definition 3.4.2. We will use two types of restrictions of b-divisors in this paper. Let X be a
normal variety and D a b-divisor on X.

(1) Let V be a non-empty subset of X. We define the restricted b-divisor of D on V', which
is denoted by DJy, in the following way.

For any birational morphism 7 : W — V, there exists a birational morphism 7’ : Y —
X such that W C Y and 7’|y = n. We let (D|y)w = (Dy)|w. It is easy to see that
this definition is independent of the choice of Y and defines a b-divisor.

(2) Suppose that D descends to a birational model of X. Let S be a prime divisor on X
and v : S¥ — S the normalization of S. The restricted b-divisor of D on S¥, which is
denoted by D|gv, is defined in the following way.

Let f :' Y — X be a log resolution of (X,S) such that D descends to Y. Let
Sy := f-1S. Then there exists an induced birational morphism fg : Sy — S¥ such that
vo fs= fls,. We define

D‘Su = Dy‘sy.
It is clear that D|gv is well-defined and is independent of the choice of Y.

Definition 3.4.3 (Generalized foliated quadruples). A generalized foliated sub-quadruple (sub-
gfq for short) (X, F, B,M)/U consists of a normal quasi-projective variety X, a foliation F on
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X, an R-divisor B on X, a projective morphism X — U, and a nef/U b-divisor M over X, such
that Kr + B + My is R-Cartier. If M is NQC/U, then we say that (X, F, B,M)/U is NQC.
If B > 0, then we say that (X, F, B,M)/U is a generalized foliated quadruple (gfq for short). If
U = {pt}, we usually drop U and say that (X, F, B,M) is projective.

Let (X,F,B,M)/U be a (sub-)gfq. If M = 0, then we may denote (X,F,B,M)/U by
(X,F,B)/U or (X,F,B), and say that (X,F,B) is a foliated (sub-)triple (f-(sub-)triple for
short). If F = Ty, then we may denote (X,F,B,M)/U by (X,B,M)/U, and say that
(X,B,M)/U is a generalized (sub-)pair (g-(sub-)pair for short). If M = 0 and F = T, then
we may denote (X, F,B,M)/U by (X, B)/U or (X, B), and say that (X, B) is a (sub-)pair.

A (sub-)gfq (resp. f-(sub-)triple, f-(sub-)pair, g-(sub-)pair, (sub-)pair) (X, F, B,M)/U (resp.
(X,F,B)/U,(X,B,M)/U, (X,B)/U) is called a Q-(sub-)gfq (resp. Q-f-(sub-)triple, Q-g-(sub-
)pair, Q-(sub-)pair if B is a Q-divisor and M is a Q-b-divisor.

It is worth mentioning that our definition of generalized foliated quadruples slightly differs
from [LLM23, Definition 1.2], as the latter requires M to be NQC/U (see Definition 3.4.1), while
we only require it to be nef/U. This will be crucial for us to use this structure to prove Theorem
B.

Notation 3.4.4. In the previous definition, if U is not important, we may also drop U. This
usually happens when we emphasize the structures of (X, F, B,M) which are independent of
the choice of U, such as the singularities of (X, F, B,M). In addition, if B = 0, then we may
drop B.

Definition 3.4.5 (Singularities of gfgs). Let (X, F, B,M) be a (sub-)gfq. For any prime divisor
FE over X, let f:Y — X be a birational morphism such that E is on Y, and suppose that

K]:y + By + My := f*(K]:—FB—{—Mx)

where Fy := f~1F. We define a(E, F, B,M) := —multg By to be the discrepancy of E with
respect to (X, F,B,M). It is clear that a(E,F, B,M) is independent of the choice of Y. If
M = 0, then we let a(E, F,B) := a(E,F,B,M). If F = Tx, then we let a(F, X, B,M) :=
a(E,F,B,M). If M = 0 and F = T, then we let a(F, X, B) := a(E,F, B,M).

We say that (X, F,B,M) is (sub-)lc (resp. (sub-)kit) if a(E,F,B,M) > —er(E) (resp.
> —ex(F)) for any prime divisor E over X. We say that (X, F, B,M) is (sub-)canonical (resp.
(sub-)terminal) if a(E, F, B,M) > 0 (resp. > 0) for any prime divisor F that is exceptional over
X. An lc place of (X, F,B,M) is a prime divisor E over X such that a(E,F, B,M) = —ez(E).
An lc center of (X, F,B,M) is a subvariety W of X, such that either W is the center of an lc
place of (X, F,B,M) on X, or W = X. A non-trivial lc center of (X,F,B,M) is an lc center
of (X,F,B,M) that is not X. A non-lc place of (X,F,B,M) is a prime divisor E over X
such that a(E,F,B,M) < —exr(E). A non-lc center of (X,F,B,M) is the center of a non-lc
place of (X, F,B,M) on X. The union of all non-lc centers of (X, F, B,M) is called the non-lc
locus of (X, F,B,M) and is denoted by Nlc(X,F, B,M). The union of all non-lc centers and
non-trivial lc centers of (X, F, B,M) is called the non-klt locus of (X,F,B,M) and is denoted
by Nklt(X, F, B,M).

Definition 3.4.6. Let (X, F, B,M) be a sub-gfq, D > 0 an R-divisor on X and N a nef/X
b-divisor, such that D+ Nx is R-Cartier. The lc threshold (ict for short) of (D, N) with respect
to (X, F,B,M) is defined as

let(X, F, B,M; D,N) := sup{+oo,t | (X,F,B+tD,M + tN) is sub-Ic}.
If N =0, then we may drop N and denote lct(X, F, B,M; D,N) by lct(X, F, B,M; D).

Definition 3.4.7 (Models, I). Let (X, F,B,M)/U be an lc gfq, ¢ : X --+ X’ a birational map
over U, E := Exc(¢ 1) the reduced ¢~ !-exceptional divisor, ' := ¢, F, and B’ := ¢,B + E7.
(1) (X', F',B',M)/U is called a log birational model of (X, F,B,M)/U.
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(2) (X', F',B',M)/U is called a weak lc model of (X, F,B,M)/U if
(a) (X', F',B',M)/U is a log birational model of (X, F, B,M)/U,
(b) Kz + B'+ My is nef/U, and

(¢) for any prime divisor D on X which is exceptional over X',
a(D,F,B,M) < a(D,F,B',M).

(3) (X', F',B',M)/U is called a semi-good minimal model of (X,F,B,M)/U if
(a) (X', F',B,M)/U is a weak lc model of (X, F, B,M)/U, and
(b) Kz + B’ + My is semi-ample/U.
(4) Suppose that there exists a contraction/U: X' — Z. (X', F',B',M) — Z is called a
Mori fiber space of (X,F,B,M)/U if
(a) (X', F',B',M)/U is a log birational model of (X, F, B,M)/U,
(b) X' is Q-factorial,
(¢) X' = Zis a (Kz + B' 4+ My/)-Mori fiber space/U,
(d) for any prime divisor D on X which is exceptional over X',

a(D,F,B,M) < a(D,F',B',M).
We shall not define “good minimal models” until Definition 9.1.1.

Notation 3.4.8. Let (Xg, Fo, By, M)/U be a gfq. When we say the following

J !

(X0, Fo, Bo, M) = = = (X1, F1, B, M) == = ... = = = (X, Fy, B, M) -
is a (possibly infinite) sequence of steps of a (K z, + Bo+ Mx,)-MMP /U, we mean the following:
for any i, f; : X; --» X;41 is a step of a (Kr, + B; + Mx,)-MMP/U that is not a Mori fiber
space, Fiy1 1= (fi)«Fi, and Biy1 = (fi)«Bi.

Construction 3.4.9 (MMP with scaling). Let (X,F,B,M)/U be an lc gfq. Let D > 0
be an R-divisor on X and N a nef/U b-divisor on X such that D + Nx is R-Cartier and

Kr+B+Mx+t(D+Nx) is nef/U for some positive real number ¢. A step of a (Kr+B+Mx)-
MMP /U with scaling of (D, N) is defined in the following way. Let

Ai=inf{s > 0| Kr+ B+ sD + My + sNx is nef/U}.

e

Assume that the following conditions hold:

e There exists an extremal ray R in NE(X/U) such that (Kz+B+AD+Mx+ANy)-C =0
and (D + Nx)-C > 0. In particular, R is a (Kr + B + My )-negative extremal ray.
e The contraction associated to R exists, and if it is a small contraction, then the
corresponding (Kr + B + Mx )-flip exists.
Then for any such R, we call the divisorial contraction or the Mori fiber space associated to R,
or the (K r+ B+ Mx )-flip associated to R, as a step of a (Kr+ B+ Mx)-MMP /U with scaling
of (D,N).
A sequence of steps of a (Kr + B + Mx)-MMP /U with scaling of (D,N) is a sequence of
steps of a (Kr + B+ Mx)-MMP /U
(Xo, Fo, Bo, M) — 2 = (X1, F1, By, M) =2 = = = (X, oy B, M) — =
where (Xo, Fo, Bo, M) = (X, F,B,M), each f; is a step of a (Kr, + B; + Mx,)-MMP /U with
scaling of (D;,N), where D; is the image of D on X;.
i :==1inf{t,s > 0| Kz, + B; + sD; + Mx, + sNy, is nef/U}
are called the scaling numbers (of this MMP with scaling of (D,IN)). Note that D; + Ny, is
R-Cartier for any ¢ by our construction, so A; is well-defined. If this MMP does not terminate,

then we call lim;_, 1 A; the limit of the scaling numbers. By definition, we have A\; > A;41 for
any 4 (of this MMP with scaling of (D, N)), so the limit of the scaling numbers is well-defined.
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If N = 0, then a (sequence of) step(s) of a (Kr + B + Mx)-MMP /U with scaling of (D, N)
is called a (sequence of) step(s) of a (Kr + B + Mx)-MMP /U with scaling of D.

We remark that Construction 3.4.9 does not require the condition that (X, F, B+ D, M+ N)
is lc.

Definition 3.4.10. Let (X,F,B,M) and (X', F,B’,M’) be two sub-gfqs We say that
(X, F,B,M) and (X', F',B', M) are crepant to each other if M = M’, and there exist two
birational morphisms p : W — X and ¢ : W — X’ and a foliation Fy on W, such that
Fw=p 'F=q'F,M=M, and

p"(Kr + B+Mx) = ¢*(Kz + B'+ MX,).
4. BASIC PROPERTIES OF GENERALIZED PAIRS

In this section, we present several results concerning the structure of generalized pairs.
Although most of these results, or their analogous forms, have already been established in
existing literature, it is somewhat surprising to note that many fundamental results for non-NQC
generalized pairs remain unaddressed, despite the significant progress in the field of generalized
pairs in recent years. Additionally, there are relatively few references available on this subject.
For clarity, for the reader’s convenience, and to provide a solid reference for future work, we will
present detailed proofs for all the results in this section

4.1. DIt modification. First we recall the definition of dlt for generalized pairs.

Definition 4.1.1 (DIt, [HL22, Definition 2.3]). Let (X, B,M)/U be an lc g-pair. We say that
(X, B,M) is dlt if there exists an open subset V' C X satisfying the following.
(1) (V,Bl|y) is log smooth. In particular, Bly is an snc Weil Q-divisor.
(2) V contains the generic point of any lc center of (X, B, M).
(3) The generic point of any lc center of (X, B,M) is the generic point of an lc center of
(V,Blv).
If (X,B,M) is dlt and | B| is normal, then we say that (X, B,M) is plt.

The following lemma indicates that the definition of dlt in [HL22, Definition 2.3] is the same
as the definition of dlt in [Bir20, FS23].

Lemma 4.1.2. Let (X,B,M)/U be an lc g-pair. Then the following two conditions are
equivalent:
(1) (X,B,M) is dlt.
(2) For any lc center of (X, B,M) with generic point n, over a neighborhood of n, (V, Bly)
s log smooth and M descends to X.

Proof. Since dlt, the property in (2), and log smooth are local properties, we may work over a
neighborhood of a generic point 1 of an lc center of (X, B,M) (2)= (1) immediately becomes
obvious, so we only need to prove (1)= (2).

By Definition 4.1.1, there exists a neighborhood V' of n such that (V,B|y) is log smooth
and 7 is an lc center of (V,Bly). Since (V,Bly) is log smooth, Mx|y is R-Cartier. We let
MY := M|y be the restricted b-divisor of M on V, then M" is nef/X and M}, = Mx]|y.
Suppose that h : V! — V is a resolution of V' such that M" descends to V' and there exists
a prime divisor F on V' such that centery F = 7j and F is an lc place of (V,B|y). By the
negativity lemma,

MYy, = *MY, — F
for some F > 0, such that either F' = 0 over 7 or Supp F' = Supp h~}(7). Since (X, B,M) is lc,
(V,Bly,M") is lc. Thus F' = 0 over 7. Possibly shrinking V', we may assume that M descends
to V. The lemma follows. O
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Lemma 4.1.2 implies the following result:

Definition-Lemma 4.1.3 (DIt modification, [FS23, Theorem 2.9]). Let (X, B,M)/U be a
g-pair. Then there exists a birational morphism f : Y — X satisfying the following. Let
E\,...,E, be the prime f-exceptional divisors and By := f, (B A Supp B) + >_I | E;, then:
(1) (Y, By,M) is Q-factorial dlt.
(2) a(E;, X,B,M) <0 for any 1.
In particular, if (X, B,M) is lc, then a(E;, X, B,M) = 0 for any 4, and
Ky + By + My = f*(Kx + B+ My).
For any such f, we call f a dit modification of (X, B,M), and say that (Y, By,M) is a dlt
model of (X, B,M).
We conjecture that dlt has another equivalent definition:

Conjecture 4.1.4. Let (X, B,M)/U be an lc g-pair. Then (X, B,M) is dit if and only if there
exists a log resolution f :' Y — X of (X,Supp B) and an open subset V. C X, such that M

descends to Y, f is an isomorphism over V, and V contains the generic point of any lc center
of (X,B,M).

When (X, B,M)/U is NQC, Conjecture 4.1.4 was proven in [Has22, Theorem 6.1].
4.2. Perturbation and MMP.

Lemma 4.2.1. Let (X,B + A,M)/U be a Q-factorial lc g-pair such that X is klt, A > 0 is
ample/U, and B > 0. Then any (Kx + B+ A+ Mx)-MMP/U with scaling of an ample/U
R-divisor terminates with either a semi-good minimal model of (X, B+ A,M)/U or a Mori fiber
space of (X,B+ A,M)/U.

Proof. By [HL22, Lemma 3.4], there exists 0 < A ~ry B + A+ Mx such that (X,A) is
klt. By [BCHMI10, Corollary 1.4.2]. any (Kx + A)-MMP/U with scaling of an ample/U R-
divisor terminates with either a Mori fiber space of (X, A)/U or a semi-good minimal model of
(X,A)/U. The lemma follows. O

Lemma 4.2.2. Let (X,B,M)/U be a Q-factorial lc g-pair such that X is klt, and A > 0 an
ample/U R-divisor on X. Then we may run a (Kx + B + Mx)-MMP/U with scaling of A.
Moreover, let

(X,B,M) = (Xl,Bl,M) -——> (XQ,BQ,M) ——> e == (X“BZ,M) —-——> ...

be any (Kx + B+ Mx)-MMP/U with scaling of A, and let \; be the i-th scaling number of this
MMP for each i, i.e.

)‘i = inf{t ’ t> O,Kxi + Bz‘ + tAi + MXi 18 nef/U},
where A; is the strict transform of A on X; for each i. Then one of the followings holds:
(1) This MMP terminates after finitely many steps.

Proof. Possibly rescaling A we may assume that Kx + B + A + Mx is nef/U. We first prove
that we may run this MMP by induction on i. Let Ag := 1 and suppose that there is already a
sequence of steps of a (Kx + B + Mx)-MMP /U with scaling of A

(X’B’M) = (leBlaM) - (X25B2,M) TR R (Xk’Bk,M)

for some k > 1, such that \; > \;; for any i < k—2. If Kx, + B, + My, is nef/U, then we are
done, so we may assume that Kx, + By + My, is not nef/U. Since nef/U is a closed condition,
Ar > 0. By construction, Ag_1 > Ag.
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By [HL22, Lemma 3.4], there exists a kit pair (X, A) such that
A
Kx—FANR’UKX—i-B—i-Mx—i-?kA.

Possibly replacing A, we may assume that (X, A + (1 — %)A) is lc. Then we have an induced

sequence of steps of a (Kx + A)-MMP /U with scaling of (1 — /\—2’“)14

(X,40) == (X1,A1) — (X2,A2) —» - - (X, Ayp),

such that Kx, + Ay is not nef. Let (Xj, Ag) --» (Xp11, Agt1) be the next step of the (Kx +A)-
MMP /U with scaling of (1 — %’“)A Then the induced birational map Xy --+ X1 is a step of
a (Kx + B+ Mx)-MMP /U with scaling of A.

We left to prove that if this MMP does not terminate, then lim; , . A\; = 0. Suppose that
A:=1lim; 400 A; > 0. Then

<X,B + %A,M) = (Xl,Bl + %Al,M> -—> (XQ,BQ + %AQ,M) -

BRI 2 <XZ,BZ + %AZ,M> -—> ...

is an infinite sequence of steps of a (Kx + B + 3 A + Mx)-MMP/U, which contradicts Lemma
4.2.1. U

The following result seems to be missed in known literature.

Proposition 4.2.3. Let (X,B + A,M)/U be a Q-factorial NQC lc g-pair such that A > 0 is
ample/U and B > 0. Then any (Kx + B+ A+ Mx)-MMP/U with scaling of an ample/U
R-divisor terminates with either a semi-good minimal model of (X, B+ A,M)/U or a Mori fiber
space of (X,B+ A,M)/U.

Proof. By [LT22, Lemma A.5], possibly replacing A with a general element in |A/U|g, there
exists an lc pair (X, A + %A) such that 0 < A ~g B + %A + Mx. By [HH20, Theorem 1.5]
and [Bir12, Theorem 1.9], any (Kx + A + 3A4)-MMP/U with scaling of an ample/U R-divisor
terminates. Thus any (Kx + B + A + Mx)-MMP/U with scaling of an ample/U R-divisor
terminates. The rest part of the proposition follows from [LX23a, Theorem 1.3] and [HL21a,
Lemma 3.9(1)]. O

Lemma 4.2.4 (cf. [Gonll, Lemma 2.6(3)]). Let X be a normal projective variety and D a
movable R-Cartier R-divisor on X such that k,(D) =0. Then D = 0.

Proof. We let f:Y — X be a resolution of X. Let Py := P(Y, f*D) and Ny := N(Y, f*D) be
the positive and negative part of the Nakayama-Zariski decomposition of f*D respectively, and
let P:= P(X,D) and N := N(X, D) be the positive and negative part of the Nakayama-Zariski
decomposition of D respectively. Since D is movable, by [LX23a, Lemma 3.7(3)], N = 0. By
[LX23a, Lemma 3.4(3)], f«Ny = N, so Ny is exceptional/X. Since k,(f*D) = k,(D) = 0, by
[Nak04, V 2.7 Proposition(8)], Py = 0. Thus D = f,Dy = f.(Py + Ny) =0. O

Proposition 4.2.5. Let (X, B,M) be a projective Q-factorial lc g-pair such that k,(Kx + B +
Mx) =0 and X is klt. Let A be an ample R-divisor. Then we may run a (Kx +B+Mx)-MMP
with scaling of A, and any such MMP terminates with a model (X', B',M) of (X, B,M) such
that Kx» + B'+ My, = 0. Moreover, if k,(Kx + B+ Mx) =0, then Kx + B'+ Mx/ ~g 0.

Proof. By Lemma 4.2.2, we may run a (Kx + B+ My )-MMP with scaling of A. Let
(X,B,M) = (Xl,Bl,M) -—> (XQ,BQ,M) ——> s —— (X“BZ,M) -——> ...

be any such MMP with scaling numbers A; > A\;41. If this MMP does not terminate, then
lim; 10 A; = 0 by Lemma 4.2.2. There exists a positive integer m such that X; --» X;11 is a
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flip for any i > m. We may denote by ¢; : X,,, --+ X; the induced birational contraction and A;
the strict transform of A on X; for any ¢ > m. Since Kx, + B; + \;A; + My, is nef for each 1,

Kx,, + By +Mx,, = lim (¢; ) (Kx, + B; + M4 + My,)
1—+00

is movable. Moreover, since k,(Kx + B+ Mx) = 0, k,(Kx,, + Bm + Myx,,) = 0. By Lemma
424, Kx,, + By, + Mx,, = 0, a contradiction. Thus this MMP terminates with a model
(X', B’ M) such that Kxs + B’ + My is nef and r,(Kx + B'+ Mx/) = 0. By Lemma 4.2.4
again, Ky + B'4+ My = 0. Moreover, if k,(Kx + B+Myx) = 0, then x,(Kx+ B+ Mx/) = 0,
hence KX’ —|—B/—|-MX/ ~pr 0. ]

4.3. Lc centers of generalized pairs. We will discuss the structure of lc centers of lc g-pairs
in this section. For NQC generalized pairs, the structure of their lc centers is well-studied in
[LX23a] based on the connected principle established in [Bir20, F'S23] and the canonical bundle
formula [Fil20, HL21b, JL.X22, FS23] but little was known for the non-NQC case.

Definition 4.3.1 (Adjunction for generalized pairs to divisors, cf. [BZ16, Definition 4.7]). Let
(X, B,M)/U be a g-(sub-)pair and S a component of B=!. Let S” be the normalization of S.
The g-(sub-)pair (S¥, Bg, M®)/U induced by the adjunction

Kgv + Bs+M2 = (Kx + B+ My)|s

is given in the following way. Let f : Y — X be a log resolution of (X, Supp B) such that M
descends to Y, Sy the strict transform of S on Y, and

Ky + By + My = f*(Kx + B+ Mx).

We define M® := M|g» and Bg, := (By — Sy)|s,. We let fl|s, : Sy — S” be the induced
birational morphism and define Bg := (f|gy )«Bsy -

Lemma 4.3.2 (cf. [LX23b, Lemma 3.18(2)]). Let (X, B,M)/U be a dit g-pair, S a component
of | B], and (S, Bs,M®)/U the g-pair induced by the adjunction

Ks+ Bs+ M2 := (Kx + B+ My)|s.

Then (S, Bs, M%) is dit. Moreover:

(1) Any lc center of (S, Bg,M?) is an lc center of (X, B, M).
(2) Any lc center of (X, B,M) that is contained in S is an lc center of (S, Bg, M®).

Proof. By [HL22, Lemma 2.9], (S, Bg, M®) is dlt.

(1) Let f : X — X be a log resolution of (X,Supp B) such that M descends to X. Let
Ki+B+Mjy = f*(Kx + B+Mpy) and let S be the strict transform of S on X, then flg is
a log resolution of (S, Supp Bg) such that M? descends to S. We have

fI5(Ks+ Bg + Mg) = Kg + Bg + M2 := (K¢ + B+ Mg)|s.

Let W be an lc center of (S, Bg, M®). Then Wy is the image of an lc center W of (S, Bg, M*)
in S. Since (X, B) is log smooth and M descends to X, W is also an lc center of (X,B,M)
which is contained in S, so W := Jf(Wg) is an lc center of (X, B, M) which is contained in S. It
is clear that Wg = W under the natural inclusion S — X. This implies (1).

(2) Let W be an lc center of (X, B,M) that is contained in S. Since (X,B,M) is dlt,
by Lemma 4.1.2, possibly shrinking X to a neighborhood of the generic point of W, we may
assume that (X, B) is log smooth and M descends to X. Thus W is an lc center of (X, B),
Kg+ Bs = (Kx + B)|s, and M* descends to S. Since (X, B) is log smooth, W is an lc center
of (S, Bs), hence an lc center of (S, Bg, M?). This implies (2). O
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Definition-Lemma 4.3.3. Let (X, B,M)/U be a dlt g-pair and V an lc center of (X, B,M)
such that dimV > 1. Then we may construct a dlt g-pair (V, By,M")/U on V inductively
the following way. If V = X then we let (V, By,M") := (X, B,M). Otherwise, let S be a
codimension 1 lc center of (X, B, M) such that V' C S. By [HL22, Lemma 2.9], there exists an
dlt g-pair (S, Bg, M) induced by adjunction

Ks+ Bs+M2 = (Kx + B+ Mx)|s.

By Lemma 4.3.2, V is an lc center of (S, Bs,M®). By repeating this process and applying
induction on dimension, we get a dlt g-pair (V, By, MY)/U on V. (V, By,M")/U is called the
dlt g-pair induced by repeatedly applying adjunction to codimension 1 lc centers:

Ky + By + MY, .= (Kx + B + My)|y.

Definition 4.3.4. An lc crepant log structure is of the form f: (X, B,M) — Z, where
(1) (X,B,M)/Z is an lc g-pair,
(2) Kx + B+ My ~R,Z 0, and
(3) f is a contraction. In particular, f,Ox = Oz.
In addition, if
(4) (X, B,M) is dlt,
then we say that f: (X, B, M) — Z is a dlt crepant log structure.

For any irreducible subvariety W C Z, we say that W is an lc center of an lc crepant log
structure f : (X, B, M) — Z, if there exists an lc center Wx of (X, B, M) such that W = f(Wx).
For any (not necessarily closed) point z € Z, we say that z is an lc center of f : (X, B,M) — Z
if z is an lc center of f : (X, B,M) — Z.

Remark 4.3.5. In Section 11 below we will introduce the concept of lc-trivial fibrations. We
will see that an lc crepant log structure is an le-trivial fibration f : (X, B,M) — Z such that
B > 0 (see Definition 11.3.1 below). We will also see that an lc center of an lc crepant log
structure f : (X, B,M) — Z is indeed an lc center of the induced g-pair (Z, Bz, M?%) via the
canonical bundle formula (see Theorem 11.4.4 below).

Definition 4.3.6 (Standard P!-link, cf. [FS23, Definition 2.21]). Let X — U be a projective
morphism from a normal quasi-projective variety to a variety. A standard P'-link/U f :
(X,B,M) — T is an lc g-pair (X, B,M)/U with a projective morphism f : X — T over U
satisfying the following properties.

(1) Kx + B+ My ~R,T 0,

(2) there exists a birational morphism X’ — X such that Mx/ ~g 7 0,

(3) |B| = D1 + Da, where Dy, Dy are prime divisors and f|p, : D; — T are isomorphisms,

(4) (X,B,M) is plt, and

(5) every reduced fiber of f is isomorphic to P
We call D and Dj the horizontal sections of (X, B,M)/T.

Definition 4.3.7 (P!-link, cf. [FS23, Definition 2.23]). Let (X,B,M)/U be a dlt g-pair
associated with a projective morphism f : X — U, such that Kx + B+ Mx ~gr 7z 0. Let
Z1, Zy be two lc centers of (X, B,M). We say that Z; and Zy are directly P'-linked/U if there
exists an lc center W of (X, B, M) satisfying the following.

(1) Z; C W for each i.

(2) fW) = [(Z1) = f(Z2).

(3) Let (W, By, M")/U be the dlt g-pair induced by repeatedly applying adjunction to

codimension 1 lc centers

Kw + Bw + M}, .= (Kx + B+ My)|w.
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Then there exists a standard P'-link/U h : (W', By, MW) — T such that (W', By, M)
is crepant to (W, Bw, MW)7 and Zp|ys and Za|ys are the horizontal sections of
(W', By, MW)/T.
We say that Z; and Zy are Pl—lmked/U if either Z1 = Zs, or there exists an integer n > 2 and
lc centers Z1,..., 7, of (X,B,M), such that Z| = Z1,Z), = Z, and Z] and Z; , are directly
P!-linked /U for any 1 <i<n — 1.

The following theorem is important when characterizing the structure of lc centers of g-pairs.
We emphasize that, in the following theorem, we do not require (X, B,M) to be NQC.

Theorem 4.3.8 ([Bir20, Theorem 3.5]; [F'S23, Theorem 1.4] for the Q-coefficient case). Let
(X,B,M)/U be a dit g-pair associated with a projective morphism f : X — U, such that
Kx +B+Mx ~gry 0. Let s € U be a (not necessarily closed) point such that f=1(s) is
connected (as a k(s)-scheme). Let

S:={V |V is an lc center of (X,B,M),s € f(V)}

and Z,W € S be two elements such that Z is minimal in S with respect to the inclusion. Then
there exists Zyy € S such that Zy, C W, and Z and Zy are P'-linked/U. In particular, any
minimal elements in S with respect to inclusion are P-linked/U to each other.

Proof. Step 1. In this step, we show that the theorem holds over an étale neighborhood (s’ €
U') — (s € U) such that k(s) = k(s’). We use induction on dim X and on dimU.

If f=Y(s)N|B] is disconnected, then by [Bir20, Theorem 3.5], after an étale base change, there
are exactly two non-trivial lc centers of (X, B,M) intersecting f~!(s), and they are P'-linked
with each other. We are done in this case.

If f~Y(s) N |B] is connected, then we let Dy,..., D, be the irreducible components of | B].
By passing to an étale neighborhood of s € S without changing k(s), we may assume that each
D; has connected fiber over s, and every lc center of (X, B, M) intersects f~!(s) (cf. [Koll3,
Claim 4.38.1]). Possibly reordering indices, we may assume that Z C Dy, W C D,., and

f7Hs)NDiN Dig1 #0
for any 1 <i <r —1. Let (D;, Bp,, MP#) be the g-pair induced by adjunction
Kp, + Bp, + Mg: := (Kx + B+ Mx)|p,
for each 1.

Claim 4.3.9. Let Zy := Z. For any 2 < i < r, there exists an lc center Z; C D;,_1 N D; in S
such that

(1) Z; and Z;_1 are P*-linked/U with each other,
(2) Z; is minimal in S, and
(3) Z; is an lc center of (D;, Bp,, M) and (D;_1, Bp,_,, MPi-1).

Proof. Suppose we have already constructed Z;_;. By Lemma 4.3.2, Z;_ 1 and D;_1 N
D; are lc centers of (Di,l,BDifl,MDi—l), and Z; 1 is minimal among all lc centers of
(D;_1, Bp,_,, MPi-1) which dominate s. By induction hypothesis of dim X and dim U, there
exists an lc center Z; C D;_1ND; that is minimal in among all lc centers of (D;_1, Bp,_,, MDi—l)
which dominate s, and Z; and Z;_; are Pl-linked with each other. By Lemma 4.3.2, Z; is an lc
center of (X, B, M), is minimal in S, and is an lc center of (D;, Bp,, MP"#). The claim follows
by induction on i. O

Proof of Theorem 4.3.8 continued. By Claim 4.3.9 applied to ¢ = r, the theorem holds over an
étale neighborhood (s’ € U’') — (s € U) such that k(s) = k(s’) under the induction hypothesis
of dim X and dim U.
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Step 2. We show that the étale base change was not necessary and conclude the proof of the
theorem. Let

xLoou
be the Stein factorization of f. Since f~!(s) is connected, there exists a unique pre-image § € U
of s. Let Z; be the minimal elements of S. Since lc centers commute with étale base change, we
see that there is a unique irreducible subvariety
s5eVcu
such that V = f(Z;) for each i. )
Let © be the generic point of V. By Step 1 and induction hypothesis, the theorem holds

after an étale base change ) )

7: (0 eU)— (vel).
Since f has connected fibers, 7 induces an isomorphism of the fibers

w: (f)7H@) = ).
Thus Z; canonically lift to Z! = Z; and the P!-links/U between the Z! descend to P!-links/U
between the Z;. O

Lemma 4.3.10. Let f : (X,B,M) — Z be an lc crepant log structure and z € Z a (not
necessarily closed) point. Let

S.:={V |V is an lc center of f : (X,B,M) — Z,z € V}.
Then:
(1) There exists a unique element W € S, that is minimal with respect to inclusion.

(2) W is unibranch ([Koll3, Definition 1.44]) at z, i.e. the completion W. is irreducible.
(8) Any intersection of lc centers of f : (X, B,M) — Z is a union of lc centers.

Proof. By Definition-Lemma 4.1.3, possibly replacing (X, B,M) with a dlt model, we may
assume that (X, B, M) is dlt. Since f is a contration, f~1(2) is connected. For any any element
W € S, that is minimal with respect to inclusion, there exists an lc center Zy of (X, B, M)
that is minimal among all lc centers whose image on Z is equal to W with respect to inclusion.
By Theorem 4.3.8, all such Zy are P!-linked/Z to each other, hence their images on Z are the
same. This proves (1). (2) follows from (1) by considering every étale neighborhood of z.

For any lc centers Wy, Ws on Z, let z € Wi N Wy be any point. By (1), there exists a unique
element W, of S,. Then

ze W, c Wi N Wy,
SO
Wi N We = Usewiimnz C Uzewinw, W C W1 N W
Therefore,
WinN Wy =Usew,nw, We
is a union of lc centers. We get (3). O
Lemma 4.3.11. Let f: (X,B,M) — Z be a dlt crepant log structure and' Y C X an lc center.
Let
fly: vz &z
be the Stein factorization of fly, and (Y,By,MY)/Z the dlt g-pair induced by repeatedly
applying adjunction to codimension 1 lc centers
Ky + By + M} := (Kx + B + My)|y.
Then:
(1) fy : (Y, By,MY) — Zy is a dit crepant log structure.
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(2) For any lc center Wy C Zy of fy : (Y,By,MY) — Zy, ©1(Wy) is an lc center of
F1(X,B,M) - Z.

(3) For any lc center W C Z of f : (X, B,M) — Z, every irreducible component of =—*(W)
is an lc center of fy : (Y, By,MY) — Zy.

Proof. (1) We only need to show that (Y, By,MY) is dlt, which follows from [HL22, Lemma
2.9].

(2) There exists an lc center Vi of (Y, By, MY) such that fy(Vy) = Wy. By Lemma 4.3.2,
Vy is also an lc center of (X, B,M). Thus n(Wy) = f(Vy) is an lc center of f : (X,B,M) — Z.

(3) Let z be the generic point of W. Since the question is étale local, possibly replacing Z
by an étale neighborhood of z and replacing Y with its irreducible components, we may assume
that f~1(2) NY is connnected, and we only need to show that there exists an lc center Vy of
fy : (Y, By,MY) — Zy such that fy(V4) is an irreducible component of 7~(W).

Let Vx be a minimal lc center of (X, B, M) which dominates W, i.e. Vx is minimal in

{V' |V is an lc center of (X, B,M),V dominates W'}

with respect to inclusion. Then f(Vy) = W. By Theorem 4.3.8, there exists an lc center V3 C Y
of (X, B,M) that is P!-linked/Z to Vx. By Lemma 4.3.2, Vi is also an Ic center of (Y, By, MY ).
Thus fy(Vy') C Zy is an lc center of fy : (Y, By,MY) — Zy. Moreover, since Vy is P!-linked /Z
to Vx, (fly)(Vy) = f(Vx) = W. Thus fy(Vy) is an irreducible component of 7=1(W) and we
are done. O

4.4. Inversion of adjunction. In this subsection, we prove the following canonical bundle
formula for NQC generalized pairs:

Theorem 4.4.1. Let (X, B,M) be an NQC g-pair and S a component of B='. Let S” be the
normalization of S, and let (S¥, Bs, M?)/U be the g-pair induced by the adjunction

Ksv + Bg + M2 := (Kx + B+ Myx)|s.
Then (S”, Bs, M?®) is lc if and only if (X, B,M) is lc near S.

Proof. The if part of the theorem follows from [BZ16, Definition 4.7] so we only need to prove
the only if part.

First we prove the case when (X, B,M) is a Q-g-pair.

By Definition-Lemma 4.1.3, there exists a birational morphism f : Y — X satisfying the
following. Let E be the reduced f-exceptional divisor and By := f. (B A Supp B) + E, then

(1) (Y, By,M) is Q-factorial dlt,
(2) a(F,X,B,M) <0 for any prime f-exceptional divisor F.

We let
Ky + By + My := f*(Kx + B+ My)
and let Sy be the strict transform of S on Y. Let (Sy, Bs, , M®)/U and (Sy, Bs, , M?)/U be
the g-pairs induced by adjunction
Ksy + Bsy + M3, = (Ky + By + My)|s,
and
Ksy + Bsy + M3, = (Ky + By + My)|s,

respectively. We let Q := By — By.
Let A be an ample divisor on Y such that Ky + By + My + A is nef. We may run a
(Ky 4+ By + My )-MMP/X with scaling of A

(Y, By,M) = (XQ,B(),M) = (Xl,Bl,M) i At 4 (Xn,Bn,M) - ...
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Let S;, A;, Q;, B; be the image of Sy, A,Q,By on X; for each i, f; : X; — X the induced
birational morphism, and
Ai=inf{t > 0| Kx, + B; + tA; + Mx;, is nef/ X}

the scaling numbers. Then K, + B; + My, = ff(Kx + B+ My) and B; = B; + Q; for any i.
Let

KSi + BSi + Mgl = (KXi + B + MXi)|Si
and B B

KSi + BSi + Mgl = (KXi + B + MXi)|Si
for any i. Then Bs, = Bs, + Q;|s,- Moreover, there exists a birational morphism g; : S; — S
such that B

KS¢ + BS¢ + Mgz = g;(KS + Bgs + Mg)
Thus (S;, Bsi,MS) is le. Since (Y,By,M) is dlt, (X;,B;,M) is dlt. By Lemma 4.3.2,
(S;, Bs,, M®) is dlt. By Lemma 4.3.2, any lc center of (X;, B;, M) is an lc center of (S;, Bg;, M?).
Since all components of Q; are lc centers of (X;, B;, M) and (S;, Bs,, M®) is lc, Supp @Q; does
not intersect S; for any .

We pick a non-negative integer m in the following way. If the (Ky + By + My )-MMP/X
terminates, then we let m be the index so that (X,,, By, M)/X is a log minimal model of
(Y,By,M)/X for some non-negative integer m. If the (Ky + By + My )-MMP/X does not
terminate, then by Lemma 4.2.2, lim; , ; o A; = 0, so by special termination (cf. [LX23a, Lemma
2.18]), we may pick a positive integer m, such that S; --+ S; 11 is an isomorphism in codimension
1 for any ¢ > m. We let I > 2 be any sufficiently divisible positive integer satisfying the following.

e /() is a Weil divisor.

(fm)*OXm (Am - IQm) - (fm)*OXm (Am)
are contained in
Ifm(Supp Q)" (fm)*OXm (Am)
e If (X,n, By, M)/ X is a log minimal model of (Y, By,M)/X and m > 2, then A\,,_1 > 7.
e If the (Ky + By + My )-MMP/X does not terminate, then \,, > %
Since S; --+ S;41 is an isomorphism in codimension 1 for any ¢ > m, for any j > m, we have

(f]) OX ( IQJ) (fm)*OXm(Am - IQm)

Since Supp @Q; does not intersect S; for any ¢, we have an induced homomorphism.

(f0)+O0x,(Ai = 1Qi) = (finls,n)+Os,, (Ai) = (fil5,)+Os; (Ai)
which is not surjective. Therefore,
R'(f:)«Ox,(A; — IQi — 5;) # 0
for any ¢ > m.

We let [ := m if (X, B, M)/X is a log minimal model of (Y, By,M)/X, and let [ be the
unique positive integer such that A\_; > % > )\ if the (Ky + By + My )-MMP/X does not
terminate. Then [ > m,

Xo--+ X1 -+ X
is also a sequence of steps of a (Kx, + By + My, + $A)-MMP/X with scaling of 4, and

1
Kx, + B; + My, + fAl
is nef/X. Since Xy is Q-factorial klt, we may pick

1
OSAONQBo—50+MXO+7A
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such that (Xo,A) is kit and (X, So + Ag) is plt. We let A; be the image of Ay on X, then
(X1, 81+ 4Ay) is plt, so (X;,4;) is klt. Then

1
A —1Q— S ~ox Kx, + A1+ (I —1) <KXl + B + My, + fAl> :

so by the relative Kawamata-Viehweg vanishing [KMMS87, Theorem 1-2-5],

RY(f):0x, (A —1Q1 — ) #0,
a contradiction. We are done with the case when (X, B,M) is a Q-g-pair.

Now we prove the case when (X, B,M) is not necessarily a Q-g-pair, hence conclude the

proof of the theorem. There exist real numbers ri,...,r. such that 1,ry,...,r. are linearly
independent over Q, r := (rq,...,r.) € R and Q-linear functions si,...,sp,t1,...,%;, such
that
P q
B = Z si(1,7)B;, M = th‘(l,r)Mi,
i=1 i=1

where B; > 0 are distinct Weil divisors and M; are nef/X b-Cartier b-divisors. Let
P q
B(v) := Z si(1,v)B; and M(v) := Zti(l,v)Mi,
i=1 i=1
for any v € R€.

Since the coefficients of divisors under adjunction are transformed via Q-linear functions,
there are Q-linear functions si,..., s}, #,...,t,, distinct Weil divisors Bg, > 0, and nef/X
b-Cartier b-divisors Mf ,

P q

Bg(v) :=Y_si(1,v)Bs;, and M®(v) := Y #;(1,0)M/,

i=1 i=1

such that
Ksv + Bs(v) + M®(v)sv = (Kx + B(v) + M(v)x)]|sv
for any v € R¢. Since
(8", Bs = Bs(r),M® = M*(r))
is lc, there exists an open neighborhood U = 7 of R€ such that
(", Bs(v), M® (v))
is lc for any v € U. By the Q-g-pair case,
(X, B(v), M(v))
is lIc for any v € U N Q. Thus
(X,B = B(r),M = M(r))

is Ic by continuity of log discrepancies. O

Remark 4.4.2. We do not need Theorem 4.4.1 in the rest of the paper but we expect it to be
useful for future works. We remark that several alternative versions of Theorem 4.4.1 can be
found in [Fil20, Theorems 1.5, 1.6, 6.7] but we cannot apply them directly to prove Theorem
4.4.1 because of the following reasons:

(1) All these theorems require that (X, B, M) is a Q-g-pair.

(2) [Fil20, Theorems 1.5] requires S to be a minimal lc center and S is projective.

(3) [Fil20, Theorems 1.6] requires that X is projective and (X,B,M) is a Q-g-pair.
Moreover, the potential g-pair structure constructed on W" [Fil20, Theorems 1.6] is
not known to be identical to the g-pair structure constructed in [HL21b, Theorem 4.5].

(4) [Fil20, Theorem 6.7] requires that X is Q-factorial projective klt.
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4.5. Boundedness on the number of components.

Proposition 4.5.1. Let g < 1 be a positive real number, and by,...,b, € [yo,1] positive real
numbers. Let (X,B =", b;B;+D,M)/X be an lc g-pair and x € X a point, such that B; > 0
s a non-zero Q-Cartier Weil divisor for each i, and D > 0. Suppose that * C Supp B; for each
1. Moreover, assume that one of the followings hold:

(1) M is NQC/X.

(2) There exist a kit g-pair (X, B',M')/X.

(8) 70 =1 and each B; is Cartier.
Then
dim X — dimZ

70 '

Proof. When dim X = 1 the proposition is trivial, so we may assume that dim X > 2. We may
also assume that n > 1, otherwise there is nothing left to prove.

Let Bpi1,..., B, qim x be general hyperplane sections on X and let b; := 1 when i > n + 1.
Possibly replacing = with z N NIMX H; and B with Z?:Jrldimi b;B; + D, we may assume that x
is a closed point.

First we prove the proposition under conditions (1) or (2). Possibly adding general hyperplane
sections which passes through z, we may assume that z is an lc center of (X, B,M). Let E be
an lc place of (X, B, M) such that centerx £ = x.

n =

Claim 4.5.2. There exists a contraction f:Y — X of E, such that —E is ample/ X .

Proof. If M is NQC/X, then the claim follows from [LX23b, Theorem 1.7]. Otherwise, the claim
follows from [Bir20, Lemma 2.11]. O

Proof of Proposition 4.5.1 continued. By Claim 4.5.2, there exists a contraction f:Y — X of
E, such that —F is ample/X. We let B;y, Dy, By be the strict transforms of B;, D,B on Y
respectively. Since x € Supp B; for each ¢, multg B; > 0 for each i, so B; y is ample/X for each
i. We let BV be the normalization of E, M¥ := M|gv, and let

Kpv + Bg +ME, = (Ky + By + E + My)|gv.
We let B; g := Supp(B;,y|gv) for each i. Then for any component D; ; of B; g, we have

n
Nij — 1+ g bemij + i
nlh]

multDZ.’j Bg =

for some real number v; ; > 0 and non-negative integers my ; ;j, such that m;;; # 0. Since
(E, Bg,MF) is Ic, multp, ; Bg <1, so

n
Bg > Z b;B; .

i=1
Since B,y is ample/X, B;y|gv» is ample, so B; g is big. The proposition under conditions (1)
or (2) follows from [BZ16, Proposition 5.1].
Now we prove the proposition under condition (3). Let S be the normalization of an irreducible
component of By such that x € Sy, and let (S, Bg, MS ) be the g-pair induced by the adjunction
Kg+ Bg+ M2 := (Kx + B+ D+ Mgy)|s.

Since x € Supp B; for each i, B;|g # 0 for any i > 2. Since B; is Cartier and (S, Bg, M¥) is Ic,
Bi|s = Supp(B|s) for any i > 2, and

n
Bs > Bils.
i=2



MMP for algebraically integrable foliations and generalized pairs 37

Since each B;|g is Cartier, by induction on dim X, we have n < dim X and the proposition
follows. 0

5. STABILITY OF GENERALIZED PAIRS

In this section, we discuss the stability properties of g-pairs. We will define the concepts of
generically lc, Property (x) BP (semi-)stable, and log stable for g-pairs, and then study the basic
properties of g-pairs satisfying these properties. This section is parallel to [ACSS21, Section 2].

5.1. Toroidal generalized pairs.

Definition 5.1.1 (cf. [ACSS21, Definition 2.1]). Let (X,¥x,M)/U be a g-pair. We say that
(X,Xx,M) is toroidal if ¥x is a reduced divisor, M descends to X, and for any closed point
x € X, there exists a toric variety X, a closed point ¢ € X, and an isomorphism of complete
local algebras

G OX,:B = OXO—,t
such that the ideal of ¥ x maps to the invariant ideal of X,\T,, where T, C X, is the maximal
torus of X,. Any such (X,,t) will be called as a local model of (X,Xx,M) at x € X.

Let (X,Yx,M)/U and (Z,%7,M?%)/U be toroidal g-pairs and f : X — Z a surjective
morphism/U. We say that f : (X,%, M) — (Z,%,M?) is toroidal, if for every closed point
x € X, there exist a local model (X,,t) of (X, Yy, M) at z, a local model (Z,, s) of (Z, %7, M?)
at z:= f(z), and a toric morphism ¢ : X, — Z,, so that the diagram of algebras commutes.

Ox.—=0Ox,

I

OZ,z e OZ.,—,s
Here the vertical maps are the algebra homomorphisms induced by f and g respectively.

Definition-Theorem 5.1.2 ([LLM23, Definition-Theorem 6.5], [ACSS21, Theorem 2.2]). Let
X be a normal quasi-projective variety, X — U a projective morphism, X — Z a contraction,
B an R-divisor on X, M a nef/U b-divisor on X, Dy,...,D,, prime divisors over X, and
Dy1,...,Dz, prime divisors over Z. Then there exist a toroidal g-pair (X', ¥y, M)/U, a log
smooth pair (Z/,¥4/), and a commutative diagram

X —hox

f’l Lf
7/ _hz A
satisfying the following.

(1) h and hyz are projective birational morphisms.
(X Ex M) — (Z',34/) is a toroidal contraction.
Supp( -1B) U Supp Exc(h) is contained in Supp Xy-.
X’ has at most toric quotient singularities.
f' is equi-dimensional.
M descends to X'.
X' is Q-factorial klt.
(8) The center of each D; on X’ and the center of each Dy ; on Z' are divisors.

We call any such f": (X', X x/,M) — (Z',X/) (associated with h and hz) which satisfies (1-7)
an equi-dimensional model of f: (X, B,M) — Z.

(2) f
(3)
(4)
()
(6)
(7)

3
4
)
6
7
8
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Proof. Possibly replacing X and Z with high models, we may assume that M descends to X,
each D; is a divisor on X, and each Dz; is a divisor on Z. Now the theorem follows from
[ACSS21, Theorem 2.2|, which in turn follows from [AKO00, Theorem 2.1 and Proposition 4.4].
We also refer the reader to [Hu20, Theorem B.6] for a more detailed explanation. O

Remark 5.1.3. In Definition-Theorem 5.1.2, it is important to note that the contraction X — Z
may not necessarily be over U. This kind of phenomenon will appear throughout the rest of the

paper.
5.2. Discrimiant and moduli parts of generalized pairs.

Definition 5.2.1 (Birationally equivalent morphisms, cf. [ACSS21, Page 4, Paragraph 2]). Let
f:X — Zand f': X’ = Z' be surjective morphisms between normal varieties. We say that f
and f’ are birationally equivalent if there exist birational maps h: X --» X' and hy : Z --» Z'
such that foh="hzo f.

Definition 5.2.2 (Generically lc, cf. [ACSS21, 2.2. Discriminant and Moduli Part]). Let
(X, B,M)/U be a g-sub-pair and f : X — Z a contraction. We say that (X, B, M) is generically
(sub-)lc/Z if (X,B,M) is (sub-)lc over the generic point of Z. Note that f may not be a
contraction/U. We remark that we will not use the notation “GLC” for “generically 1¢” as in
[ACSS21] since GLC also stands for “generalized lc” in many references.

Definition 5.2.3 (Crepant generalized pairs, cf. [ACSS21, Definition 2.3]). Let (X, B,M)/U
and (X', B’,M')/U be two g-sub-pairs and f: X — Z, f': X' — Z' two contractions. We say
that (X, B,M) and (X', B', M) are crepant over the generic point of Z if we have the following
commutative diagram

w
SN
X ho . e
1
T hz ... - 7!

satisfying the following. Let
Kw+BW —{—Mw ::p*(KX +B+Mx)
and
Kw + Biy + My, := ¢"(Kx/ + B' + MY).
Then:
(1) h and hyz are birational maps. In particular, f and f’ are birationally equivalent.

(2) M and M’ descends to W.
(3) Bw — By, and My, — My, are vertical/Z.

Definition 5.2.4 (Discrimiant and moduli parts, cf. [ACSS21, Definition 2.3]). Let (X, B,M)/U
be a g-sub-pair and f : X — Z a contraction such that (X, B,M) is generically sub-lc/Z. In
the following, we fix a choice of Kx and a choice of Kz, and suppose that for any birational
morphism g : X — X and gz : Z — Z, Ky and K5 are chosen as the Weil divisors such that
9: K5 = Kx and (g9z7).K; = K.

Let f': X’ — Z' be any contraction that is birationally equivalent to f such that the induced
birational maps h: X’ --+ X and hy : Z' --+» Z are morphisms and Z’ is Q-factorial. We let

KX’ —|—BI—|-M)(/ = h*(KX —|—B—|—Mx)
For any prime divisor D on Z', we define
bp(X', B, M; f) :==1—sup {t | (X', B’ +tf*D,M) is sub-lc over the generic point of D} .
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Since being sub-lc is a property that is preserved under crepant transformations, bp (X, B, M; f)
is independent of the choices of X’ and Z’ and is also independent of U.
Since (X, B, M) is generically sub-lc/Z, (X', B’, M) is generically sub-lc/Z, so we may define

By = > bp(X,B,M; f)D.

D is a prime divisor on Z’

and

Nxr = Kxr + B + My — f/*(KZ/ + BZ’)-
We call By and Ny the discriminant part and trace moduli part of ' : (X', B',M) — Z'
respectively, and call By := (hyz).Bz and Nx := h.B the discriminant part and trace moduli
part of f: (X, B,M) — Z respectively.

By construction, there exist two b-divisors B on Z and N on X, such that for any contraction
f" + X" — Z"” that is birationally equivalent to f such that the induced birational maps
B :X"--» X" and hy : Z" --+ Z' are morphisms and Z” is Q-factorial, Bz~ is the discriminant
part of f”: (X", B”", M) — Z", and Ny~ is the trace moduli part of f” : (X", B’ M) — Z”,
where

KX// + B" + MX// = h/*(KX/ + B’ + MX/).
We call N the moduli part of f : (X,B,M) — Z and B the discriminant b-divisor of f :
(X,B,M) — Z. By construction, B is uniquely determined and N is uniquely determined for
any fixed choices of Kx and K.

5.3. BP stability of generalized pairs.

Definition 5.3.1 (BP (semi-)stable, boundary property, cf. [ACSS21, Definition 2.5]). Let
(X,B,M)/U be a g-sub-pair and f : X — Z a contraction, such that (X, B, M) is generically
sub-lc/Z. Let B be the discriminant b-divisor of f : (X,B,M) — Z.

We say that f: (X, B,M) — Z is BP stable (resp. BP semi-stable) if Kz + B is R-Cartier,
and for any birational morphism hy : 2/ — Z,

hy(Kz +Byg) = (resp. > )Kz + By

If f:(X,B,M) — Z is BP stable (resp. BP semi-stable), then we say that (X, B,M) is BP
stable (resp. BP semi-stable) over Z.

Lemma 5.3.2 (cf. [ACSS21, Remark 2.6(2)]). Let (X, B,M)/U be a g-sub-pair and f: X — Z
a contraction, such that f : (X,B,M) — Z is BP stable. Let By and N be the discriminant
part and the moduli part of f : (X, B,M) — Z respectively. Then:

(1) Ny =Kx+B+Mx —f*(Kz—i-Bz).

(2) N descends to X.

Proof. For any f’: X' — Z' that is birationally equivalent to f, such that the induced birational
maps h: X’ --» X and hy : Z' --» Z are morphisms, we have Kz + By = h,(Kz+ Bz). Thus
NX’ = KX’ —|—B, +MX’ — f/*(KZ’ —|—BZ/) = h*(KX + B +MX — f*(KZ —|—Bz)),
where Ky + B’ + My := h*(Kx + B + My), and By is the discriminant part of f :
(X', B’ M) — Z'. The lemma immediately follows. O

5.4. Property (x) generalized pairs.

Lemma 5.4.1 (cf. [ACSS21, Lemma 2.12]). Let (X,B,M)/U be a g-pair and f : X — Z a
contraction. Let d := dim X and m := dim Z. Let z € Z be a closed point, D1,...,Dp > 0
Cartier divisors on Z, such that z € Supp D; for each i and (X,B + >.", f*D;, M) is lc over
f~1(2). Then the dimension of any irreducible component of f~1(z) is d — m.
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Proof. For any irreducible component G of f~1(z), let Hy,..., Hyim¢ be general very ample
divisors on X, V := N¢ME [, and (V, By, M")/U the g-pair induced by the adjunction

Ky + By + MY, := (Kx + B + Mx)|v.

Then (V, By + Y%, f*Dily,M") islc, GNV is a closed point, and A; := f*D;|y is Cartier and
contains G NV for any i. By Proposition 4.5.1, m < dimV =d —dimG. Thus dimG < d —m.
Therefore, the dimension of any irreducible component of f~!(z) is < d — m. By [Har77,
Exercise 11 3.22 (a)], the dimension of any irreducible component of f~!(z) is > d — m. The
lemma immediately follows. O

Definition 5.4.2 (Property (%) generalized pairs, cf. [ACSS21, Definition 2.13]). Let
(X,B,M)/U be a g-sub-pair and f : X — Z a contraction. We say that f : (X,B,M) — Z
satisfies Property (x) if there exists a reduced divisor ¥ on Z satisfying the following.

(1) (Z,%X7) is log smooth. In particular, Z is smooth.

(2) The vertical/Z part BY of B is equal to f~}(Xz). In particular, B is reduced and ¥z
is the image of BY on Z.

(3) For any closed point z € Z and any reduced divisor ¥ > ¥z on Z such that (Z,Y) is log
smooth near z, (X, B + f*(X — Xz), M) is sub-lc over a neighborhood of z.

By (2), ¥z is uniquely determined by f : (X,B,M) — Z. We will temporarily call ¥z the
base divisor associated to f : (X, B,M) — Z. In Lemma 5.4.3 below, we will show that ¥z is
actually the discriminant part of f: (X, B,M) — Z.

Lemma 5.4.3 (cf. [ACSS21, Lemma 2.14]). Let (X,B,M)/U be a g-sub-pair and f: X — Z
a contraction such that f : (X, B,M) — Z satisfies Property (). Let ¥z be the base divisor
associated to f : (X, B,M) — Z. Then:

(1) (X, B,M) is sub-lc.
(2) ¥z is the discriminant part of f : (X,B,M) — Z.
(8) If B >0, then f is equi-dimensional over Z\ Supp X.z.

Proof. (1) For any closed point z € Z, we pick ¥ := ¥z. By Definition 5.4.2(3), (X, B,M) is
sub-lc over a neighborhood of z. Thus (X, B, M) is sub-lc.

(2) Let Bz be the discriminant part of f : (X,B,M) — Z. Since the vertical part of B
coincides with f~1(Xy), Bz > %z.

Let P be a prime divisor on Z such that P ¢ Supp Xz, and let z be a general closed point in
P. Then (Z,Xz + P) is log smooth at z. By Definition 5.4.2(3), (X, B + f*P,M) is sub-lc over
a neighborhood of z. Thus

sup{t | (X, B + tf*P,M) is sub-lc over the generic point of P} =1,

so P ¢ Supp Bz. Thus ¥z = Supp Xz > Supp Bz. Since (X, B,M) is sub-lc, Supp By > By.
This implies (2).

(3) Let d := dim X and m := dim Z. Let z € Z\ Supp Xz be a closed point, and let X1,...,%,,
be general hyperplane sections on Z such that z € ¥; for any i. Then (Z,X7 + > ", %;) is log
smooth at z. By Definition 5.4.2(3), (X,B + >, f*X;,M) is lc over a neighborhood of z.
By Lemma 5.4.1, the dimension of any irreducible component of f~!(z) is d — m. This implies

3). 0

Lemma 5.4.4 (cf. [ACSS21, Lemma 2.15]). Let (X,B,M)/U be a g-pair and f : X — Z a
contraction such that f : (X, B,M) — Z satisfies Property (x). Let ¥z be the discriminant part
of f:(X,B,M) — Z, and let ¥ > ¥z be a reduced divisor on Z, such that (Z,%) is log smooth.

Consider ¥ as a reduced subscheme of Z. Then for any irreducible stratum V of 3, any
irreducible component of f~1(V') is an lc center of (X, B + f~1(2 — Xz), M).
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Proof. Let k :=dim Z — dim V. Since (Z,) is log smooth, there exist irreducible components
¥1,...,2 of ¥ such that V = ﬂle Y;. By Definition 5.4.2(3), for any ¢ and any general closed
point z € SuppX;, (X,B + f*(X — Xz),M) is sub-lc over a neighborhood of z. Thus any
irreducible component of f~1(X;) is an lc center of (X, B + f*(X — Xz),M). Therefore, any
irreducible component of f~1(V) is an intersection of lc centers of (X, B+ f*(X —Xz),M). The
lemma follows from Lemma 4.3.10. O

Proposition 5.4.5 (cf. [ACSS21, Proposition 2.16]). Let (X,YXx,M)/U be a toroidal g-
pair, (Z,X7) a log smooth pair, and f : (X,Xx,M) — (Z,%z) a toroidal morphism. Let
(X,B,M)/U be a g-sub-pair such that Supp B C SuppXx, (X, B,M) is generically sub-lc/Z,
and the vertical/Z part of B is equal to f~1(Xz). Then f : (X,B,M) — Z satisfies Property
(%)

Proof. Since (X, B,M) is generically sub-lc/Z, Supp B C Supp Xx, and the vertical/Z part of
B is equal to f~1(Xz), (X, B,M) is sub-lc. Since M descends to X, by [ACSS21, Proposition
2.16], f : (X,B) — Z satisfies Property (x). By Definition 5.4.2, f : (X, B,M) — Z satisfies
Property (). O

The following result indicates that we can always get Property (%) g-pairs by taking equi-
dimensional models.

Proposition 5.4.6 (cf. [ACSS21, Proposition 2.17]). Let (X,B,M)/U be a g-sub-pair and
f: X — Z a contraction, such that (X, B,M) is generically sub-lc/Z. Let " : (X', X x,M) —
(Z',%71) be an equi-dimensional model of f : (X,B,M) — Z, associated with h : X' — X and
hy : Z' — Z. Then there exist two R-divisors B’ and F on X' satisfying the following.

(1) Supp B’ C Xx/ and Supp F C Xx/.

(2) F is vertical/Z' and

Kx/+ B +My =h*(Kx + B+Mx) + F.
(3) (X', B",M) and (X, B,M) are crepant over the generic point of Z.

(4) If (X, B,M) is sub-lc, then F > 0.
(5) If (X, B,M) is generically sub-lc/Z, then f': (X', B',M) — Z' satisfies Property (x).

Proof. Possibly adding components to ¥/, we may assume that >,/ coincides with the image
of the vertical/Z’ part of Xx/. We let G := f~1(X /) and

Kx' +B' 4+ My := h*(Kx + B+ My),

then G C Supp Zx+ and Supp B’ C SuppXxs. We define B’ to be the unique R-divisor on X’
satisfying the following: for any prime divisor D on X',

e if D is not a component of Supp B’ nor G, then multp B’ = 0,

e if D is a component of G, then multp B’ =1, and R

e if D is a component of B’ but is not a component of G, then multp B’ = multp B’

Since G is the vertical/Z" part of X x/ and
Supp B’ € Supp G U Supp B’ € Supp Zx-,

the vertical/Z’ part of B’ is equal to G = f'~}(3z/).

We define F := B’ — B'. We show that B’ and F satisfy our requirements.

(1) holds immediately by our construction.

(2) For any component D of Supp F, by construction, multp F' # 0 only if D is a component
of G. Thus F is vertical/Z’.

(3) By (2), (X', B’;M) and (X, B,M) are crepant over the generic point of Z.

(4) For any component D of G, multp F = 1 — multp B’. Therefore, if (X, B,M) is sub-lc,
then multp B < 1, so multp F > 0. Thus F > 0.
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(5) Since (X, B, M) is sub-lc over the generic point of Z, (X', B', M) is sub-lc over the generic
point of Z. By Proposition 5.4.5, f': (X', B', M) — Z’ satisfies Property (x). O

The following proposition shows that Property (x) is preserved under any sequence of steps
of an MMP.

Proposition 5.4.7 (cf. [ACSS21, Proposition 2.18]). Let (X, B,M)/U be an lc g-pair and f :
X — Z a contraction, such that f : (X, B,M) — Z satisfies Property (x). Let ¢ : (X, B,M) --»
(Y, By, M) be a sequence of steps of a (Kx + B+ Mx)-MMP/Z and fy : Y — Z the induced
morphism. Assume that ¢ is also a sequence of steps of a (Kx + B + Mx)-MMP/U. Then:
(1) fy : (Y,By,M) — Z satisfies Property (), and the discriminant part of fy
(Y, By, M) — Z is equal to the discriminant part of f : (X, B,M) — Z.
(2) For any closed point z € Z, ¢~ is an isomorphism near the generic point of any
irreducible component of f;l(z)
(3) If f is equi-dimensional, then fy is equi-dimensional.

Proof. Without loss of generality, we may assume that ¢ is a step of a (Kx + B+Mx)-MMP/Z.

(1) Let ¥z be the discriminant part of f : (X,B,M) — Z. By definition, (Z,Xz) is log
smooth.

Since the vertical/Z part of B is equal to f~1(Xz) and ¢ does not extract any divisor, the
vertical/Z part of By is equal to ¢ o f71(Sz) = f; ' (Zz2).

For any reduced divisor ¥ > ¥ on Z, (X, B+ f*(X—Xz),M)/U is lc. Since ¢ is a step of a
(Kx + B+My)-MMP/Z, ¢ is also a step of a (Kx + B+ f*(X — Xz) + Mx)-MMP/Z. Thus

(Y, By + ¢ f* (¥ = Xz) = By + fy-(X - Xz),M)

is lc.

Therefore, fy : (Y,By,M) — Z satisfies Property (x). By Lemma 5.4.3(2), X7 is the
discriminant part of fy : (Y, By,M) — Z.

(2) Possibly shrinking Z to a neighborhood of z, there exists a reduced divisor ¥ > ¥z on
Z, such that (Z,%) is log smooth and z is a stratum of ¥. By Lemma 5.4.4, any irreducible
component of f;l(z) is an lc center of (Y, By + fy (X —Xz),M). By Definition 5.4.2(3), (X, B+
f*(X —¥z),M) is le. For any irreducible component G of f~1(2), let Dg be an lc place of
(Y, By + fy(X — Xz),M) over the generic point of G. Then

0< a(Dg,X,B + f*(E — Ez),M) < a(Dg,Y, By + f{;(E — Ez),M) =0.
Thus
a(Dg,X,B + f*(E — Ez),M) = a(Dg,Y, By + f;}(z — Ez) =0,

so ¢~ ! is an isomorphism near the generic point of G.
(3) It immediately follows from (2). O

Part II. Cone theorem and MMP for algebraically integrable foliations
6. PRECISE ADJUNCTION FORMULA FOR ALGEBRAICALLY INTEGRABLE FOLIATIONS

In this section, we will establish a precise adjunction formula for foliations that are induced
by a morphism. By saying “precise”, we mean that the adjunction formulas we provide not
only preserve the log canonicity of the the generalized foliated quadruple, but also give a nice
characterization of the coefficients of the boundary. More precisely, in this section we will prove
the following theorem under the additional assumption that F is induced by a contraction:

Theorem 6.0.1 (Precise adjunction formula for generalized foliated quadruples). Let m an
n be two non-negative integers, and bi,...,bpy,71,...,7n non-negative real numbers. Let
(X,F,B,M)/U be a generalized foliated quadruple such that F is algebraically integrable. Let
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S, By, ..., By, be distinct prime divisors on X, and let My, ..., M,, be nef/U b-Cartier b-divisors
on X. Suppose that

m n
B=¢€r(5)S + ijBj and M = ZTkMk-
j=1 k=1
Let S¥ — S the normalization of S, Fg the restricted foliation of F on S¥ (see Definition 6.1.5),
and Mf = My|sv for any k. Then there exist prime divisors Ti,...,1;,C1,...,Cq on S”,
positive integers wi, ..., wy, and non-negative integers {w; ;}i<i<qi<j<m ond {v; kH<i<gi1<k<n

/

such that for any real numbers by, ... bl and ry,...,r], we have the following.

Let B" :=ex(S)S + 3701, VB and M := 371 v M. Then:
(1)
Krs + Bs+M§, = (Kr + B' + M) |sv,

where

l q m / n !
By=Y 14 Y U B L e
i=1 i=1 v

and
n

M=) "M = Mg
k=1
(2) If (X, F,B',M') is lc near S, then (S”, Fs, By, M) is lc.

The complete proof of Theorem 6.0.1 will be provided in Section 8 as a consequence of the
cone theorem and the existence of ACSS modifications.

6.1. Preliminaries for algebraically integrable foliations. In this subsection, we recall
some basic knowledge of the theory of algebraically integrable foliations that will be used in the
rest part of the paper.

Definition 6.1.1 (Algebraically integrable foliations, cf. [ACSS21, 3.1]). Let X be a normal
quasi-projective variety and F a foliation on X. We say that F is an algebraically integrable
foliation if there exists a dominant map f : X --» Y to a quasi-projective variety Y such that
F = f~'Fy, where Fy is a foliation by points. In this case, we say that F is induced by f.

Definition 6.1.2 (Transverse). Let X be a normal variety, F a foliation on X, and V' C X
a subvariety. For any point z € V, we say that V is transverse to F at = if x ¢ Sing(X) U
Sing(F) U Sing(V'), and for any analytic neighborhood U of z, Ty |y — Tx|y does not factor
through Tr|y. We say that V' is everywhere transverse to F if V is transverse to F at x for any
x € V (in particular, V' is smooth and V' does not intersect Sing(X') or Sing(F)). We say that
V' is generically transverse to F if V is transverse to F at the generic point 7y of V.

Definition 6.1.3 (Tangent, cf. [ACSS21, Section 3.4]). Let X be a normal variety, F a foliation
on X, and V C X a subvariety. Suppose that F is a foliation induced by a dominant rational
map X --» Z. We say that V is tangent to F if there exists a birational morphism p : X/ — X
an equi-dimensional contraction f’: X’ — Z, and a subvariety V' C X’, such that

(1) p~1F is induced by f’, and

(2) V' is contained in a fiber of " and u(V') =V.

Definition 6.1.4 (Tangency of general fibers). Let X be a normal variety, F a foliation on X,
and f : X --» Z a dominant map. We say that the general fibers of f are tangent to F if for
any general closed point x on a general fiber F' of f, the linear subspace F, C T'x, determined
by the inclusion F C T'x contains T .
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Definition 6.1.5 (Restricted foliation). Let X be a normal variety, F a foliation on X, S a
prime divisor on X, and v : S¥ — S the normalization of S. The restricted foliation of F on S”
is defined in the following way.

(1) If S is F-invariant, then we let U C X be the largest open subset which does not contain
Sing(F) U Sing(X) U Sing(S) and let S' := SN U. The natural inclusion of sheaves

.7:|S/ —)TX|S/

factors through T's: over U, which defines a foliation Fg on S’. Fg extends to a foliation
Fs on S¥ (cf. [CS23b, Lemma 2.2]), and we call Fg the restricted foliation of F on S”.

(2) If S is not F-invariant, then we let U C X be the largest open subset which does not
contain Sing(F) U Sing(X) U Sing(S) and S is transverse to F everywhere in U. We let
S’ := SNU. Then natural inclusion of sheaves

f‘s/ —)TX‘S/

induces an inclusion of sheaves F|g NTg — Tig. Since F is saturated in Tx, F|s N T
is saturated in Tg. Since F is closed under the Lie bracket, F|gs N T/ C F is closed
under the Lie bracket. Thus Fg := Flgr N Ty is a foliation on S’. Fg extends to a
foliation Fg on S” (cf. [CS23b, Lemma 2.2]), and we call Fg the restricted foliation of
F on S”.

Definition 6.1.6 (Almost holomorphic). Let f : X --» Z be a dominant rational map. We say
that f is almost holomorphic if there exist non-empty open subsets U C X and V C Z such
that f|y : U — V is a morphism.

The following several results are useful when applying the canonical bundle formula and
adjunction formula for algebraically integrable foliations.

Lemma 6.1.7 (cf. [DLM23, Lemma 2.7]). Let f : X’ — X be birational morphism between
normal varieties, F is a foliation on X, and F' := f~'F the pullback foliation on X'. Then F'
is algebraically integrable if and only if F is algebraically integrable.

Lemma 6.1.8. Let X be a normal quasi-projective variety, F a foliation on X, and f: X — Z
a contraction. Suppose that the general fibers of f are tangent to F. Then there exists a foliation
Fz on Z, such that F = f~1F.

Proof. By Definition-Lemma 5.1.2, there exists an equi-dimensional model f': (X', X x/, M) —
(Z',Xz) of f: X — Z associated with h: X’ - X and hyz : Z/ — Z. By [AD13, Lemma 6.7],
there exists a foliation Fz on Z’ such that (f')~'Fz = h™'F. We may let Fz := (hz).Fz. O

Lemma 6.1.9. Let f: X — Z be a projective surjective morphism from a normal variety to a

variety and let X =Y 5 Z be the Stein factorization of f. Let F be the foliation on X induced
by f. Then F is also induced by o.

Proof. Let Fz be the foliation by points on Z. Then Fy := 771 Fy is the foliation by points on
Y. Since

F=(roo) *Fz=0"1Fy,
F is induced by o. O

Proposition 6.1.10 (cf. [DLM23, Proposition 3.2]). Let F be an algebraically integrable
foliation on a mormal variety X, S a prime divisor on X, and S¥ — S the normalization
of S. Let Fg be the restricted foliation of F on S¥. Then Fg is algebraically integrable and
rank Fg = rank F — e£(9).

Finally, we recall the following theorem, which was essentially proven in [CP19, Theorem 1.1].

Theorem 6.1.11 ([LLM23, Theorem 3.1],[CP19, Theorem 1.1]). Let F be a foliation on
a normal projective variety X such that Kr is not pseudo-effective. Then there exists an
algebraically integrable foliation £ such that 0 # € C F.
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6.2. Foliated log resolution and adjunction formula.

Definition 6.2.1 (cf. [ACSS21, §3.2]). Let (X,F,B,M)/U be a sub-gfq such that F is
algebraically integrable. We say that (X, F,B,M) is foliated log smooth if there exists a
contraction f : X — Z satisfying the following.

(1) X has at most quotient toric singularities.

(2) F is induced by f.

(3) (X,Xx) is toroidal for some reduced divisor X x such that Supp B C X x. In particular,
(X, Supp B) is toroidal, and X is Q-factorial klt.

(4) There exists a log smooth pair (Z,¥7) such that

f : (X, Ex,M) — (Z, Ez)

is an equi-dimensional toroidal contraction.
(5) M descends to X.

We say that f: (X,Xx,M) — (Z,X7) is associated with (X, F, B,M), and also say that f is
associated with (X, F,B,M). It is important to remark that f may not be a contraction/U. In
particular, M may not be nef/Z.

Lemma 6.2.2 (cf. [ACSS21, Lemma 3.1]). Let (X,F,B,M) be a sub-gfq such that F is
algebraically integrable and (X, F, B, M) is foliated log smooth. Then (X,F, B’ , M) is lc.

Proof. By [ACSS21, Lemma 3.1], (X, F,B7) is lc. Since M descends to X, (X, F, B¥ M) is
lc. ]

Definition 6.2.3. Let X be a normal quasi-projective variety, B an R-divisor on X, M a nef/X
b-divisor on X, and F an algebraically integrable foliation on X. A foliated log resolution of
(X, F,B,M) is a birational morphism h : X’ — X such that

(X', F .= h 'F,B" := h;' B + Exc(h), M)

is foliated log smooth, where Exc(h) is the reduced h-exceptional divisor.
We remark that we do not require K + B + Mx to be R-Cartier.

Lemma 6.2.4. Let X be a normal quasi-projective variety, B an R-divisor on X, M a nef/X
b-divisor on X, and F a foliation on X that is induced by a dominant map f: X --+ Z. Then:

(1) If f is a contraction, then for any equi-dimensional model f': (X', Xx/, M) — (Z',% 1)
of f:(X,B,M) — Z associated with h : X' — X and hy : Z' — Z, h is a foliated log
resolution of (X, F,B,M) and h™'F is induced by f'.

(2) (X,F,B,M) has a foliated log resolution.

Proof. (1) It immediately follows from the definition of equi-dimensional models.

(2) Possibly compacifying X and Z and applying [CS23b, Lemma 2.2], we may assume that
X and Z are projective. Let g : X" — X be a birational morphism such that fog: X" — Z
is a morphism, F” := ¢~ 'F” and B” := g;!B + Exc(g), where Exc(g) is the reduced g-
exceptional divisor. Possibly replacing (X, F, B,M) with (X', 7', B',; M), we may assume that
f is a morphism. Since X and Z are projective, f is a projective surjective morphism. By
Lemma 6.1.9, we may assume that f is a contraction. (2) follows from (1) and Definition-
Theorem 5.1.2. ]

Next, we prove a simple version adjunction formula for algebraically integrable generalized
foliated quadruples. The detailed version of this formula, with specific coefficient control, will
be discussed later. In particular, we cannot show that the boundary coefficient after adjunction
is non-negative, so we can only get “sub-l¢” instead of “lc”.
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Theorem 6.2.5. Let (X, F,B,M)/U be an lc gfq such that F is algebraically integrable. Let
S be a prime divisor on X such that multg B = €x(S), v : S¥ — S the normalization of S,
M* := M|g, Fg the restricted foliation of F on S¥, and

Kz, + Bs 4+ M2, := (Kx + B+ My)|sv.
Then (S”, Fs, Bs, M?) is sub-lc.

Proof. By Lemma 6.2.4, there exists a foliated log resolution h : X’ — X of (X, F,B + S,M).
By Lemma 6.2.2,

(X', F =h"'F,B = (B ,M)
is le. Let
Kz + B '+ My := (K + B+ My),
and let B’ := B'20. Since (X, F, B,M) is lc,
B”' >B >nB.
Therefore, (X', F', B',M) is lc. In particular, (X', F', B') is lc.
Let S' := h;1S. Then there a birational morphism hg : S’ — S” such that v o hg = h|g/. Let
Fgr be the restricted foliation of F on S, then Fgr = hglfs. Let

Kr, + By = (Kx + B)|s
and
Kr, + By + M) = (Ko + B+ Mg
By [ACSS21, Proposition 3.2], (S’, Fs/, Bg) is lc. Since M descends to X/, M? descends to S,

so (S', Fs/, Bg/, M¥) is lc. Since B' > B’, Bg' > Bgr. Thus
(8 Fs, Bsr, M%)
is sub-lc. Since
Kr, + Bs + M2 = (Kz + B'+ Mx/)|s = h*(Kr + B + Mx)|s
= Ws((Kr + B+ My)|s») = h5(Kr + Bs + Mgy),
(S¥, Fs, Bg,M?) is sub-lc and we are done. O
Finally, we recall the following definition of F-dlt.

Definition 6.2.6 (F-dlt). Let (X,F,B,M)/U be an lc gfq such that F is algebraically
integrable. We say that (X, F, B,M) is F-dlt if there exists a foliated log resolution f:Y — X
of (X, F,B,M) such that a(D,F, B,M) > —ex(D) for any prime f-exceptional divisor D.

6.3. Cutting foliations by general hyperplane sections. By Theorem 6.2.5, to prove the
precise adjunction formulas, we need to control the coefficients of the boundary divisors on the
restricted foliation. We achieve this by cutting the foliations using general hyperplane sections
until we reach the surface case. Then, we use the structure of surface singularities to achieve
our result. In this subsection, we tackle the first issue: cutting foliations by general hyperplane
sections. It is important to note that general hyperplane sections for foliations behave very
differently comparing to usual varieties. For example, log canonicity is often not preserved
[ACSS21, Example 3.4]. On the other hand, we can use the methods introduced in [DLM23,
Section 3.2] to resolve this issue.

Lemma 6.3.1. Let X be a normal quasi-projective variety and H a prime divisor on X, such
that H is base-point-free and is a general member of |H|. Let M be a b-divisor on X such that
M descends to a birational model X' of X and MY := M|y. Then M = Mx|g.
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Proof. We may assume that the induced birational map f : X’ --+ X is a morphism. We let

V= f(Supp(Mx: — f, 'Myx)),

then dim X —dim V' > 2. Since H is general, dim H —dim(V N H) > 2. Therefore, for any prime
divisor D on H and identifying D with its image in X, we have that M descends to X near the
generic point of D. The lemma follows immediately. O

6.3.1. Cutting by invariant hyperplane sections. First, we show that we can cut foliations by
invariant base-point-free linear systems freely.

Proposition 6.3.2. Let (X, F,B,M)/U be a sub-gfq and W a proper subvariety of X. Suppose
that F is induced by a morphism f: X — Z, dim Z > 0, and W is transverse to F. Let Hy C Z
be a general hyperplane section. Let H := f*Hz, M := M|y, and

Kz, + By + MY .= (Kr + B+ Mx)|u,

where F is the restricted foliation of F on H. Then:

(1) H intersects W.

(2) For any component D of Supp B such that D intersects H and any component C of

DN H, multe By = multp B.

(3) If (X, F, B,M) is (sub-)lc, then (H,Fy, By, M) is (sub-)lc.

(4) Fi is induced by flg: H— Hy.
Proof. By Definition-Theorem 5.1.2 and Lemma 6.2.4, there exists an equi-dimensional model
(X Ex, M) = (Z',37) of f:(X,B,M) — Z associated with h: X’ — X and hy : 2/ —
Z, such that h is a foliated log resolution of (X, F, B,M) and F' := h~'F is induced by f’. We
let H := h*H,

K]:/ —|—BI—|—MX/ = h*(K]:—FB +Mx),
and
Kz, + By +Mpj, == (Kz + B + Mx/) | 1.
First we show that By = B'|g. Let
R(f') := >, (f*D ~ f1(D))
D|D is a prime divisor on Z’
be the ramification divisor of f’, then
R(fy= >, (f"D-f1D).
DCSupp X/

Since H' and Hy are general, by [AK00, Proposition 3.2, f'|g : (H,Xx/|g,M|g) —
(Hz,X 7|1, ) is an equi-dimensional toroidal contraction. Therefore, for any prime divisor
Dz on Hyr, (f'|)*D # f~1(D) only if Dy is a component of ¥z/|g,,. Therefore,

R(w =R e, = Y, (o) Dy, = ()™ (Dlu )

DCSupp X/

= 3 ((Fle) Dz~ (Flw) (D2))

DZCEZ"HZ/

= > (f'1)* Dz = (f'l) " (Dz)) = R(f'|n)

Dz|Dy is a prime divisor on H,/

is the ramification divisor of f’|g Thus
Krlg = (Kxryzo — R(f')u = Kgiyu,, — R(f'|lw) = K7,

Since M2 = M|, we have By = B'| .
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(1) Since W is transverse to F, W’ := h=}(W) is not tangent to F’. Thus dim g(W’) > 1, so
Hy = hi, Hy intersects g(W’) and Hy intersects hz(g(W')) = f(W). Hence H intersects W.

(2) Since H is general, near the generic point ¢ of C, h is an isomorphism. Since By = B'| g/,
B|g = By near n¢. We may write B = > b;B; where B; are the irreducible components of B,
then

By =Blg =) _bi(B;inH)
near n¢. Since H is general, there exists a unique index i such that B; " H # 0 at nc. Then
B;NH=C, B; =D, and hence {nultcBH:bi:multDB. R R
(3) By Lemma 6.2.2, (X', F', B" := (B')=",M) is lc. Let Kr,, + By := (Kz + B')|pr. By
[ACSS21, Proposition 3.2, (H', Fyr, By) is le. Since M descends to X',

K, + By + M, = (Kz + B+ Mx)|u,

and M descends to H'. Thus (H', Fgs, Bg,M™) is le. Since B’ > B', By > B, so
(H', Fyr, By, M™) is sub-lc. Since

Kz, + B +Mij = (hlm)" (Kz, + Bu + Mjj)

(H, Fy, By, M) is sub-lc.

If (X,F,B,M) is lc, then B > 0. By (2), By > 0. Thus (H, F;, By, M) is lc.

(4) It immediately follows from the definition of restricted foliations and the the condition
that Hy is a general hyperplane section of Z. O

6.3.2. Cutting by non-invariant hyperplanes. Next we show that, if we only consider the local
property of foliations, then we can cut foliation by non-invariant hyperplane sections.

Lemma 6.3.3. Let f : (X,X,M) — (Z,X2) be a toroidal morphism and z € Z a closed
point. Let F be the foliation induced by f and let B be the horizontal/Z part of ¥.. Let H be

a general member of a base-point-free linear system on X, such that H dominates Z. Then
(X, F,B+ H,M) is lc over a neighborhood of z.

Proof. By [DLM23, Lemma 3.6], (X, F, B+ H) is lc over a neighborhood of z. Since M descends
to X, (X, F,B + H,M) is lc over a neighborhood of z. O

Proposition 6.3.4. Let (X, F,B,M) be a sub-gfqg and W a proper subvariety of X. Suppose
that F is algebraically integrable, W 1is tangent to F, and dimW > 1. Let H C X be a general
hyperplane section. Let M = M|g and

Kz, + By + M .= (Kr + B+ H + Mx)|g,

where Fy is the restricted foliation of F on H. Then:

(1) H intersects W.

(2) For any component D of Supp B such that D intersects H and any component C of
DN H, multe¢ By = multp B.

(3) If (X, F,B,M) is (sub-)lc near W, then (H, Fy, By, M) is (sub-)ic near W|z.

(4) If f is induced by a morphism f: X — Z, then Fg is induced by flg: H — Z.

Proof. (1) is obvious.

(2) By [Dru2l, Proposition 3.6], Kz, = (Kz + H)|y, so By + M¥ = B|y + Mx|y. We
remark that [Dru2l, Proposition 3.6] requires that rank F > 2, but the same lines of the proof
works for the case when rank F = 1 as well. We may write B = Y b;B; where B; are the
irreducible components of B. Since H is general,

By =Blg =) bi(B;nH),

and there exists a unique index 4 such that B; N H # 0 at the generic point of C. Then
B;NH=C, B; =D, and hence multc By = b; = multp B.
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(3) By Definition-Theorem 5.1.2 and Lemma 6.2.4, there exists an equi-dimensional model
(X2, M) = (Z,%z) of f: (X,B,M) — Z associated with h : X’ - X and hy : Z' — Z,
such that h is a foliated log resolution of (X, F, B,M) and F' := h~'F is induced by f’. We let

Kz + B '+ My = h*(Kr + B + My),

H' = h*H, W' := h='(W), and B’ := (B')2%. We let z be the image of W’ on Z’. Since
(X,F,B,M) is lc, by Lemma 6.2.2, (X', F', B',M) is lc. Moreover, all components of B’ are
horizontal/Z. By Lemma 6.3.3, (X', F', B'+H’, M) is lc over a neighborhood of z’. In particular,
(X', F', B',M) is lc near W'|. Let

KIH/ —|—BH/ = (K]:/ +B/)|H’
and
K]:H, + By = (K]:/ +B/)‘H/-

By [ACSS21, Proposition 3.2], (H',Fy, By) is lc near W’|ys. Since B’ > B', By > By
Thus (H', Fyr, By) is sub-lc near W/|zs. Since M descends to X', M descends to H’, so
(H', Frr, Bgr,M™) is sub-lc near W'|g. Since

Kr,, + By + My, = bl (Kr, + By + M),

(H, Fy, By, M) is sub-lc near W|y.
If (X, F,B,M) is lIc, then B > 0. By (2), By > 0. Thus (H, Fy, By, M) is Ic near W|.
(4) It immediately follows from the definition of restricted foliations and the the condition
that H is a general hyperplane section of X. O

6.4. Basic properties of foliated surfaces. In this subsection, we recall some basic properties
of foliated surfaces. Moreover, we introduce the concept of surface numerical gfgs and study
their basic properties. This is crucial for the proof of adjunction formulas.

Definition 6.4.1. Let X be a normal surface, F a foliation on X, and = € X a closed point
such that z € Sing(X) and = € Sing(F). Let v be a vector field generating F near x. By [Brulb,
Page 2, Line 17-18], v(xz) = 0 and (Dv)|, has exactly two eigenvalues A; and .

We say that x is a reduced singularity of F if at least one of A\; and A9 is not 0 (say, \2) and
% ¢ Q. We say that F has at most reduced singularities if for any closed point p € X, F is
either non-singular at p or p is a reduced singularity of F.

Definition 6.4.2 (Minimal resolution). Let X be a normal surface, F a foliation on X, f :
Y — X a projective birational morphism, and Fy := f~LF.

We say that f is a resolution of F if Y is smooth and Fy- has at most reduced singularities. By
[Sei68] (we refer to [Can04, Pages 908-912] for a detailed explanation), resolution of F always
exists.

We say that f is the minimal resolution of F if for any resolution g : W — X of F, g factors
through f, i.e. there exists a projective birational morphism h : W — Y such that g = foh. By
definition, the minimal resolution of F is unique, and by [Che23, Proposition 1.17], the minimal
resolution of F exists.

Definition 6.4.3. Let X be a normal surface with at most cyclic quotient singularities, F a
foliation on X, and C a reduced curve on X such that no component of C is F-invariant. For
any closed point z € X, we define tang(F, C, z) in the following way.

o If z ¢ Sing(X), then we let v be a vector field generating F around z, and f a
holomorphic function defining C' around . We define

tang(F, C, x) := dimc _Oxas

(f,0(f))
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e If z € Sing(X), then x is a cyclic quotient singularity of index r for some integer r > 2.
Let p: X — X be an index 1 cover of X 3 x, 7 := p~(z), C := p*C, and F the foliation
induced by the sheaf p*F near . Then Z is a smooth point of X, and we define

1 L
tang(F,C,x) = ;tang(]:, C, 7).

We define
tang(F,C) := Z tang(F,C,x).
reX
By [Bru02, Section 2], tang(F,C) is well-defined.

Definition 6.4.4. Let X be a normal surface with at most cyclic quotient singularities, F a
foliation on X, and C' a reduced curve on X such that all components of C' are F-invariant. For
any closed point z € X, we define Z(F,C,z) in the following way.

o If x ¢ Sing(X), then we let w be a 1-form generating F around z, and f a holomorphic
function generating C' around x. Then there are uniquely determined holomorphic
functions g,h and a holomorphic 1-form 7 on X near z, such that gw = hdf + fn
and f, h are coprime. We define

Z(F,C,z) := the vanishing order of h at .
9 lc

By [Chapter 2, Page 15|Brulb, Z(F,C,x) is independent of the choice of w.
o If x € C'N Sing(X), then we define Z(F,C,x) := 0.

We define

Z(F,C) =Y Z(F,C,x).
zeC
By [Bru02, Section 2], Z(F,C) is well-defined.

Definition 6.4.5 (Dual graph). Let n be a positive integer, and C' = U] ;C; be a collection
of irreducible curves contained in the non-singular locus of a normal surface X. We define the
dual graph D(C) of C as follows.

(1) The vertices v; = v;(C;) of D(C') correspond to the curves Cj.
(2) For any i # j, the vertices v; and v; are connected by C; - C; edges.
(3) Each vertex v; is labeled by w(C;) := —C?. The integer w(C;) is called the weight of C;.

For any projective birational morphism f : Y — X between surfaces, let £ = U} | E; be the
reduced exceptional divisor for some non-negative integer n. Suppose that E is not contained
in the non-singular locus of Y. Then we define D(f) := D(E).

Definition 6.4.6. A surface numerical sub-gfq (surface num-sub-gfq for short) (X, F, B,M)/U
consists of a normal surface X, a rank 1 foliation F on X, an R-divisor B on X, and a nef/U
b-divisor M. We say that (X, F, B,M) is a surface numerical gfq (surface num-gfq for short) if
(X, F, B) is a surface num-sub-gfq and B > 0.

Let (X,F,B,M) be a surface num-sub-gfq. Let f : ¥ — X be a resolution of X with
prime f-exceptional divisors Ej,..., E, for some non-negative integer n. Since {(E; - Ej)}nxn
is negative definite, the equation

(Bv-Ey) -+ (E1-Ey) ay —(Kr, + By + My) - £

(En : El) T (En : En) anp, _(K]:y + By + MY) -Ep
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has a unique solution (a1,...,a,), where Fy := f~'F and By := f7!B. For any prime divisor
F on Y, we define

n
anum,f(E,}",B,M) = —multg (By + Za2E1> .

i=1

Lemma 6.4.7. Let (X, F, B,M) be a sub-gfq such that dim X = 2 andrank F = 1. Let f: Y —
X be a resolution of X and E a prime divisor on'Y . Then apym f(E,F,B,M) = a(E,F,B,M).

Proof. If E is not exceptional over X, then
anumf(E,]-",B,M) = —multg B = a(E,F,B,M)

and we are done. Thus we may assume that F is exceptional over X. Let F1,..., E, be all the
f-exceptional prime divisors and let

n
Kr, +Y_ a;E; + By + My = f*(K7 + B+ My),

j=1
where Fy := f~'F and By := f;!B. Then

n
Kgr, +ZajEj+By+MY A
=1

for any i. Therefore,
anum, f(Ei, F, B,M) = —a; = a(E;, F, B,M)
for any i. Since F = Ej for some j,
anum, f (B, F, B,M) = o(E,F,B,M)
and we are done. O

Lemma 6.4.8. Let (X, F,B,M) be a surface num-sub-gfqg and f : Y — X, f': Y — X two
resolutions of X. Let E be a prime divisor over X such that centery E and centery: E are
divisors. Then

anum,f(Ea]:aBaM) = anum,f’(E,]:aB,M)-
Proof. If E is on X then
anumj(E,f,B,M) = —multg B = anumf/(E,}",B,M),

so we may assume that F is exceptional over X.

Let g: W — Y and ¢ : W — Y’ be a common resolution, and h : W — X the induced
birational morphism. Possibly replacing f’ with h, we may assume that there exists a morphism
g:Y' — Y. Let E; be the prime f’-exceptional divisors,

By/ = fi_lB - Z anum,f’(Eia fa B7 M)El
)

and By := ¢g.Bys. Then (K;Y, + By' + My~») - E; = 0 for any E;. Since Y is smooth, Kr, +
By + My is R-Cartier. By applying the negativity lemma twice, we have

Kz, + By + My = g"(Kr, + By + My).
Thus (Kr, + By + My) - g.E; = 0 for any E;, so
anum, f(E;, F, B,M) = —multy, g, By = multg, By’ = anum, p/ (Es, F, B, M)
for any E; such that g,F; # 0. In particular, anum,f(E,F, B,M) = anum, ¢ (E,F, B,M). O
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Definition 6.4.9. Let (X,F,B) be a surface num-sub-gfq. We define a(E,F,B,M) :=
Anum, f(E,F, B,M) for an arbitrary resolution f : ¥ — X of X such that E is a divisor on
Y. Lemmas 6.4.7 and 6.4.8 guarantee that there is no abuse of notations.

Let (X, F, B,M) be a surface num-gfq. We say that (X, F, B,M) is num-ic if a(E, F, B,M) >
—er(F) for any prime divisor E over X.

Lemma 6.4.10. Let (X, F,B,M) be a surface num-gfq and x € X a closed point. Then for
any prime divisor E over X 2,

a(E,F,B,M) < a(E,F,B),
and

a(E,F,B,M) = a(E,F,B)
if and only if M descends to X over a meighborhood of x. In particular, if (X,F,B,M) is
num-le, then (X, F, B) is num-lc.

Proof. Tt follows from [KM98, Lemma 3.41]. O

Lemma 6.4.11. Let (X, F, B,M) be an lc gfq such that dim X = 2 and rank F = 1. Then Kr,
Myx, and all components of B are R-Cartier.

Proof. We only need to show that Mx and all components of B are R-Cartier near x for any
closed point z € X. If F is num-terminal near z, then by [LMX23a, Theorem 3.19], F is
terminal near x, and X is Q-factorial kit near x. Therefore, M x and all components of B are
R-Cartier near x. If F is not num-terminal near z, then by Lemma 6.4.10, M descends to X
over a neighborhood of z, and (X, F, B) is num-lc. By [LMX23a, Theorem 3.19], = ¢ Supp B.
In particular, M x and all components of B are R-Cartier near x. ]

6.5. Adjunction formula for surface generalized foliated quadruples. In this subsection
we establish the adjunction formula for surface generalized foliated quadruples based on the
classification of foliated surface singularities. Depending on whether the foliation itself is
terminal, we establish two adjunction formulas.

Lemma 6.5.1. Let (X, F,B,M) be an lc gfq such that dim X = 2, rank F =1, and B; are the
wrreducible components of B. Let C be an F-invariant curve with normalization v : C¥ — C.
Let x € C be a closed point, such that F is not terminal near x. Then:

(1) x & Supp B and M descends to X over a neighborhood of x.
(2) For any closed point y € v='(x), the vanishing order of Kx|cv at y is a non-negative
integer.

Proof. (1) Since F is not terminal near = and (X, F, B,M) is lc, by Lemma 6.4.11 and [LMX23a,
Theorem 3.19], B = 0 near x. By Lemma 6.4.10, M descends to X over a neighborhood of x.

(2) By considering a local analytic neighborhood of = and separate C' into different analytic
irreducible components, we may assume that y = v~!(x). (2) follows from [LMX23a, Theorem
3.19]. More precisely, we let h : ¥ — X be the minimal resolution of F near z and let
Cy := h;'C, then we only need to show that

Kf-C—KCu:h*K]:-Cy—KCY

is a positive integer over a neighborhood of x. (2) follows by checking all cases of [LMX23a,
Theorem 3.19] and apply [CS20, Proposition 2.16(3)] to Cy for each case. O

Lemma 6.5.2. Let (X, F,B = Z;n:1 b;B;, M) be a gfq such that dim X = 2, rank F =1, and
Bj are the irreducible components of B. Let C be an F-invariant curve with normalization CV.
Let x € C be a closed point such that F is terminal near x, I the order of the local fundamental
group m (X > ), and M® := M|cv. Then there exists a positive integer I and non-negative
integers wi, . .., W, satisfying the following.
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(1) X is Q-factorial kit near x and C is non-singular near x.
(2) p = mult,(Mx|cv — M&,) > 0.

3) For any real numbers by,..., b, the vanishing order o
1 m
m
Kr+» bB;j+Mx ~M¢,
j=1 o
at T 18 m ,
7 + .
Moreover, if (X, F, Z;”Zl b Bj, M) is lc, then
I—1+5" w;b,
0< §%IJJ+M§L
(4) Suppose that M = > " rpyMy where each My, is a nef/X b-Cartier b-divisor. Let
Mg := My|cov for each k. Then there exist non-negative integers vi, ..., vy, such that
or any real numbers by, ... bl ,r},...,rl, the vanishing order o
1 my ' 1 n
m n n
[ SRS DI R v 8
j=1 k=1 cv k=1
at T s m , " ,
I =147 wibl + 375y very,
7 .
Moreover, if (X, F, Y 5L, Ui By, Yy 7, My) is lc, then
< I =1+ 3000 wibl + 3 very, <1
< 7 <

We note that M x|cv in (2),

m
Kr+) Bj+Mx
j=1

Ccv
in (3), and

m n
Kr+> ViBj+ Y riMx
7j=1 k=1 cv
in (4) may not be well-defined, but they are at least well-defined near x so there is no confusion
for the statements of the lemma.

Proof. (1) It follows from [LMX23a, Theorem 3.19].

Since all statements in the lemma are local near x, possibly shrinking X to a neighborhood of
x, in the following, we may assume that X is Q-factorial klt, F is terminal, and C'is non-singular.
In particular, we will identify C' with C* in the following arguments.

(2) Let h: Y — X be a birational morphism such that M descends to Y. Let Cy := h;'C.
Since M is nef/X and My is R-Cartier, by the negativity lemma, h*Myx — My > 0. Thus

= mult, (hly ) (*Mx — My)le, ) > 0.

(3) Since F is terminal, by [LMX23b, Theorem 3.2], there exist non-negative integers
W1, ..., Wm, such that the vanishing order of

m
Kr+ Y VB +Mx Y
Jj=1 cC
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at x is
—1+Z = w;b]
q:= +M
for any real numbers b/, ... b, If (X,F, Z;” 1 b;B M) is lc, then b’ > 0 for each j and > 0

by (2). Thus ¢ > 0. By Theorem 6.2.5, ¢ < 1. (3) follows.
(5) Since My, x is an integral divisor for each k, I mult, My, x|c is an integer. We let

vy = I(mult, My, x|c — mult, Mg,C)?

then each v, is an integer. Possibly replacing Y with a high model, we may assume that My
descends to Y for each k. By the negativity lemma, h*My x — My y > 0. Thus

v, = IT'mult,((hloy )«(R* My x — My y)lcy) > 0,

so each vy is a non-negative integer. By (4), the vanishing order of

m n n
c
Kr+> VBj+Y riMgx -y M
c k=1

j=1 k=1
at x is

T T wgb T ok

B I
for any real numbers by, ..., 0, ..., r},...,r. If (X, F, Z;n 1 V5B, > =1 T My x) is lc, then
b; > 0 for each j, and >}, vgry, > 0 by (2). Thus { > 0. By Theorem 6.2.5, I < 1. (5)
follows. O

6.6. Precise adjunction formula when the foliation is induced by a morphism.

Theorem 6.6.1. Let (X,F,B,M)/U be an lc gfq such that F is induced by a contraction
X — Z. Let S be a prime divisor on X such that multg B = €x(S), v : S — S the normalization
of S, M® := M|g, Fs the restricted foliation of F on S¥, and

Kz, + Bs 4+ M2, := (Kx + B+ My)|sv.
Then (S”, Fs, Bs, M?) is lc.

Proof. By Theorem 6.2.5, (S¥, Fs, Bs,M?) is sub-lc. The rest part of Theorem 6.6.1 is only
about the coefficients of divisors on S¥, which is a codimension 2 property on X. Since F is
induced by a contraction X — Z, by Propositions 6.3.2 and 6.3.4, we may cut X by general
elements in base-point-free linear systems and assume that dim X = 2.

If rank 7 = 0, then since (X, F,B,M) is lc, B = 0 and M descends to X, and the theorem
is trivial. If rank F = 2 then the theorem follows from [BZ16, Definition 4.7]. Thus we may
assume that rank 7 = 1.

Let Fg be the restricted foliation of F on S”. If S is not F-invariant, then Fg is a foliation
by points. By Lemma 6.4.11, K + S + B is R-Cartier. By [Spi20, Proposition 3.4], there exists
an R-divisor Bg > 0 on S” such that

(K]:+S+B)’SV :K]:S—i-Bs.

By Theorem 6.2.5, (SY, Fs, Bs) is lc, so Bg = 0. The theorem follows in this case. Thus we
may assume that S is F-invariant.

We only need to check the coefficient near any closed point y on S¥. Let x be the image of y
in S. If F is terminal at z, then the theorem follows from Lemma 6.5.2. If F is not terminal at
x, then the theorem follows from Lemma 6.5.1. U

Theorem 6.6.2. Theorem 6.0.1 holds when F is induced by a contraction X — Z.
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Proof. When F is induced by a contraction X — Z, Theorem 6.0.1(2) follows from Theorem
6.0.1(1) and Theorem 6.6.1, so we only need to prove Theorem 6.0.1(1). Since Theorem 6.0.1(1)
is only about the coefficients of divisors on 5%, which is a codimension 2 property on X, by
Propositions 6.3.2 and 6.3.4, we may cut X by general elements in base-point-free linear systems
and assume that dim X = 2.

If rank 7 = 0, then since (X, F,B,M) is lc, B = 0 and M descends to X, and the theorem
is trivial. If rank F = 2 then the theorem follows from the usual precise adjunction formula for
lc g-pairs [BZ16, Page 306, Line 30]. Thus we may assume that rank F = 1.

Let Fg be the restricted foliation of F on S”. If S is not F-invariant, then Fg is a foliation
by points. By Lemma 6.4.11, Kr + S + B is R-Cartier. By [Spi20, Proposition 3.4], there exists
an R-divisor Bg > 0 on S” such that

(KJ:"‘S)’SV :K]:S—i-Bs.

By Theorem 6.2.5, (S¥,Fgs, Bg) is lc, so Bg = 0. The theorem follows in this case. Thus we
may assume that S is F-invariant.

We only need to check the coefficient near any closed point y on S¥. Let x be the image of y
in S. If F is terminal at z, then the theorem follows from Lemma 6.5.2. If F is not terminal at
x, then the theorem follows from Lemma 6.5.1. U

Remark 6.6.3. Theorem 6.6.2, even without the control on the coefficients and with M = 0,
is already stronger than [ACSS21, Proposition 3.2] as the latter requires that X is Q-factorial.

The complete versions of Theorem 6.0.1 will be proven after we establish the existence of
ACSS modifications in Section 8.

7. PROPERTY (%) AND ACSS GENERALIZED FOLIATED QUADRUPLES

In this section, we introduce the concepts of Property () and ACSS generalized foliated
quadruples and study their basic properties.

7.1. Qdlt generalized pairs.

Definition 7.1.1 (Qdlt). Let (X, B,M)/U be an lc g-pair. We say that (X, B,M) is qdit if
there exists an open (possibly empty) subset V' C X satisfying the following.

(1) (V,Bl|y) is Q-factorial toroidal. In particular, B|y is a reduced divisor.

(2) V contains the generic point of any lc center of (X, B, M).

(3) The generic point of any lc center of (X, B, M) is the generic point of an lc center of
(V. Blv).
Lemma 7.1.2. Let (X,B,M)/U be a lc g-pair. Then the following conditions are equivalent:
(1) (X, B,M) is qdlt.
(2) For any lc center of (X, B, M) with generic point n, near n, (X, B) is Q-factorial toroidal
and M descends to X.

Proof. Tt is clear that (2) implies (1). Thus we only need to prove (1) implies (2).

Let n be the generic point of an lc center of (X, B,M). Since (X, B,M) is qdlt, there exists
an open subset V' C X which satisfies Definition 7.1.1. In particular, n is an lc center of (V, Bly)
and M|y is R-Cartier. We let MY := M|y be the restricted b-divisor of M on V, then M" is
nef/V and M}, = Mx|y. Suppose that h : V' — V is a resolution of V such that MY descends
to V', and there exists a prime divisor E on V' such that centery E = 7 and E is an lc place of
(V, Bly). By the negativity lemma,

MV, = h*MYy, — F
for some F > 0. Moreover, we have either F' = 0 over n or Supp F' = Supph~ (7). Since
(X,B,M) is Ic, (V, Bly;,M") is lc. Thus F = 0 over 7. Possibly shrinking V', we may assume
that M descends to V. The lemma follows. O
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Lemma 7.1.3. Let (X, B,M) be an lc g-pair and x a (not necessarily closed) point of X such
that T is an lc center of (X, B,M). Let d :=dim X — dimz. Then the following conditions are
equivalent:
(1) (X,B,M) is qdlt near x.
(2) There exist components Dy,..., Dy of | B|, such that
(a) Kx and each D; is Q-Cartier near x, and
(b) x € Supp D; for each i.

Proof. (1)=(2) follows from the definition of qdlt, which in turn follows from the definition of
toroidal pairs.

We prove (2)=-(1). Possibly shrinking X to a neighborhood of z, we may assume that
(X, Z?Zl D;) is a pair. Since B > Z‘ijzl D;, (X, D) is lc near z. By [dFKX17, Proposition 34],
B = Zf’l:1 D; near z, (X, B) is qdlt near x, and T is an lc center of (X, B). Since (X, B,M) is
le, z is an lc center of (X, B,M), and (X, B,M) is qdlt near z. O

Lemma 7.1.4. Let (X, B,M) be a qdlt g-pair and D > 0 an R-Cartier R-divisor on X such
that D C Supp{B}. Then there exists a positive real number § such that (X, B+0D,M) is qdlt.

Proof. By the definition, Supp{B} does not contain any lc center of (X, B,M). Thus (X, B +
eD,M) is lc for some positive real number e. Let § := §, then (X, B 4+ 6D,M) is lc, and any
lc center of (X, B +dD,M) is an lc center of (X, B,M). By the definition, (X, B + dD,M) is
qdlt. O

Lemma 7.1.5. Let (X, B,M)/U be an lc g-pair and ¢ : (X, B,M) --» (X', B';M) a sequence
of steps of a (Kx + B + My )-MMP. Suppose that (X, B,M) is qdlt. Then (X', B',M) is qdlt.

We remark here that ¢ may not be an MMP /U so (X', B',M)/U may not be a g-pair, but
(X',B’M)/X’ is a g-pair.

Proof. Let S’ be an lc center of (X', B',M) with generic point ng:. Let E be an lc place of
(X', B’ M) such that centery, E = S’. Since ¢ is a sequence of steps of a (Kx + B + My)-
MMP,
0<a(E,X,B,M) < a(E,X/,B/,M) <0,
so E is an Ic place of (X, B,M), and ¢! is an isomorphism near ng.
Let S := center x . Then near the generic point of S, (X, B) is Q-factorial toroidal and S is
an lc center of (X, B). Thus near the generic point of S, (X', B’) is Q-factorial toroidal and S’

is an lc center of (X', B’). By Lemma 7.1.3, (X', B', M) is qdlt. O
7.2. Definition of Property (x) and ACSS generalized foliated quadruples.

Definition 7.2.1. Let f : X — Z be a projective morphism between normal quasi-projective
varieties and G an R-divisor on X. We say that G is super/Z if either Z is a point, or there
exist ample Cartier divisors Hi, ..., Hoqim x+1 on Z such that G > Z?:dimXJrl f*H;.

Definition 7.2.2 (Property () gfq). Let (X, F, B,M)/U be a sub-gfq. Let G > 0 be a reduced
divisor on X and let f : X — Z be a projective morphism. We say that (X, F, B,M;G)/Z
satisfies Property () if the following conditions hold:
(1) f:(X,B+ G,M) — Z satisfies Property (*) (See Definition 5.4.2). In particular, 7 is
a contraction.
(2) F is induced by f.
(3) G is an F-invariant divisor.
If (X,F,B,M;QG)/Z satisfies Property (x), then we say that (X, F, B,M) satisfy Property
(%), and say that f, Z, and G are associated with (X, F, B, M).
It is clear that property (x) is independent of the choice of U. We remark that the choice of
f and G may not be unique. We also remark that f may not be a morphism/U.
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Definition 7.2.3 (ACSS gfq, cf. [DLM23, Definition 4.3]). Let (X, F, B,M)/U be a gfq, G > 0
a reduced divisor on X, and f : X — Z a projective morphism. We say that (X, F, B,M;G)/Z
is weak ACSS if

(1) (X, F,B,M;G)/Z satisfies Property (%) and (X, F, B,M) is Ic, and

(2) f is equi-dimensional.

We say that (X, F, B,M;G)/Z is ACSS if the following additional conditions are satisfied:

(3) There exist an R-divisor D > 0 on X and a nef/X b-divisor N such that
(a) Supp{B} C Supp D,
(b) N — aM is nef/X for some « > 1, and
(c) for any reduced divisor ¥ > f(G) such that (Z,%) is log smooth,

(X,B+D+G+ f"(¥ - f(G)),N)

is qdlt. In particular, D + Nx — Mx is R-Cartier,
(4) For any lc center of (X, F, B, M) with generic point 1, over a neighborhood of 7,
(a) M descends to X,
(b) n is the generic point of an lc center of (X, F,|B]), and
(c) f:(X,B+G)— (Z, f(GQ)) is a toroidal morphism, in particular, (X, B) is toroidal
and B = | B].

If (X,F,B,M;G)/Z is ACSS, then we say that f, Z, and G are properly associated
with (X, F,B,M). 1If (X,F,B,M;G)/Z is ACSS and G is super/Z, then we say that
(X,F,B,M;QG)/Z is super ACSS.

If (X,F,B,M;QG)/Z is ACSS weak ACSS (resp. ACSS, super ACSS), then we say that
(X,F,B,M)/Z and (X, F,B,M) are weak ACSS (resp. ACSS, super ACSS).

Remark 7.2.4. It is possible that (X, F,B,M;G)/Z and (X,F,B,M;G’)/Z both satisfy
Property (%), but (X, F,B,M;G)/Z is ACSS while (X,F,B,M;G’)/Z is not. On the other
hand, by definition, if (X, F, B,M;G)/Z and (X, F, B, M;G’)/Z both satisfy Property (x), then
(X, F,B,M;G)/Z is weak ACSS if and only if (X, F, B,M;G’)/Z is weak ACSS.

Remark 7.2.5. The key reason why we define the technical concept “ACSS” is because of the
following two reasons, one from the classical minimal model program point of view, and the
other from the foliation point of view.

From the classical minimal model program point of view, ACSS foliated triples behave more
similar to qdlt pairs than Property (x) foliated triples. In fact, when F = Tx, “Property (x)” is
equivalent to “lc¢”, while “ACSS” is equivalent to “qdlt”.

From the foliation point of view, ACSS foliated triples are very close to F-dlt foliated triples.
In fact, we will show that Q-factorial F-dlt foliated triples are always ACSS (Theorem 17.0.1).
We conjecture that the condition ACSS is equivalent to the condition F-dlt.

Conjecture 7.2.6. Let (X, F,B,M) be a generalized foliated quadruple. Then (X, F,B,M) is
F-dit if and only if it is ACSS.

An interesting case of Conjecture 7.2.6 is when F = T'x and M = 0, when it says that a pair
(X, B) is qdlt if and only there exists a log toroidal modification f : Y — X which only extracts
divisors E such that a(E, X, B) > —1. We cannot find any literature even on this simplified
version of the conjecture. In fact, the dlt version of this conjecture, which indicates that different
definitions of dlt coincides, is not a trivial result, and is only proven by Szabé [Sza94] based on
a complicated resolution lemma.

7.3. Basic properties of Property (x) and ACSS generalized foliated quadruples. In
this subsection, we prove several lemmas that will be very useful when applying to the minimal
model program for algebraically integrable foliations.



58 G. Chen, J. Han, J. Liu, and L. Xie

Lemma 7.3.1. Let (X,F,B,M)/U be a gfg and f : X — Z a contraction such that
(X, F,B,M)/Z satisfies Property (%) (resp. is weak ACSS). Then there exists a super/Z divisor
G on X such that if (X, F,B,M;G)/Z satisfies Property (x) (resp. is weak ACSS).

Proof. If (X, F,B,M)/Z satisfies Property () (resp. is weak ACSS), then there exists a divisor
Go > 0 on X such that (X, F, B,M;Gy)/Z satisfies Property (%) (resp. is weak ACSS). We let
Hy, ..., Hogim x+1 be general elements of a very ample linear system on Z and let

2dim X+1
G:=Gy+ Z f*H;.
=1

Then (X, F, B,M;G)/Z satisfies Property (%) (resp. is weak ACSS). O

Lemma 7.3.2. Assume that (X, F,B,M)/U and (X,F,B',M')/U are two gfqs such that B >
B’ and M — M’ is nef/ X, and all components of B are horizontal/Z .

Let f : X — Z be a contraction and G a divisor on X such that (X, F,B,M;G)/Z satisfies
Property () (resp. is weak ACSS, is ACSS, is super ACSS). Then (X, F,B',M';G)/Z satisfies
Property (%) (resp. is weak ACSS, is ACSS, is super ACSS).

Proof. The proof of this lemma is straightforward by checking the definitions. However, for the
sake of clarity and to assist the reader, we offer a detailed proof below.

Step 1. Suppose that (X, F,B,M;G)/Z satisfies Property (x). Since (X,F,B,M;G)/Z
satisfies Property (x), we have the following:
o f:(X,B+ G,M) — Z satisfies Property (x). Let ¥z := f(G). Then we have the
following:
— (Z,%yz) is log smooth.
— Since all components of B are horizontal/Z, G = f~}(Xy). Since B > B’ > 0, all
components of B" are horizontal/Z. Thus the vertical /Z part of B’ + G is equal to
G.
— For any closed point z € Z and any reduced divisor ¥ > ¥, such that (Z,%) is
log smooth near z, (X, B + f*(X — ¥z),M) is sub-lc over a neighborhood of z.
Since B > B’ and M — M’ is nef/U. (X,B' + f*(X — Xz),M’) is sub-lc over a
neighborhood of z.
e F is induced by f.

e (7 is an F-invariant divisor.
Therefore, f: (X, B’ + G,M’) — Z satisfies Property ().

Step 2. Suppose that (X, F, B,M;G)/Z is weak ACSS. Then:
e (X, F,B,M;G)/Z satisfies Property () and (X, F, B,M) islc. By Step 1, (X, F,B' M';G)/Z
satisfies Property (*). Since B > B’ and M — M/ is nef/U, (X, F,B",M’) is lc.
e f is equi-dimensional.
Thus (X, F,B',M/;G)/Z is weak ACSS.
Step 3. Suppose that (X, F, B,M;G)/Z is ACSS. Then:

o (X,F,B,M;@G)/Z is weak ACSS. By Step 2, (X, F,B'\M';G)/Z is weak ACSS.
e There exists an R-divisor D > 0 on X and a nef/X b-divisor N satisfying the following.
Let D' := B— B’ + D. Then:
— Supp{B} C Supp D. Since B > B’ > 0, Supp{B’} C Supp D'".
— N — aM is nef/X for any o > 1. Since M — M is nef/U,

N -aM' = (N - aM) + a(M - M)
is nef/X.
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— For any reduced divisor ¥ > f(G) such that (Z,Y) is log smooth,
(X,B+D+G+ (2~ f(G),N)=(X,B'+ D'+ G+ f(£ - f(G)),N)

is qdlt.
e For any lc center W of (X, F, B’,M') with generic point ny, since (X, F, B,M) is lc,
B > B, and M — M’ is nef/U, W is an lc center of (X, F, B,M). Moreover, over a
neighborhood of ny, B = B’ and M = M’. Therefore, over a neighborhood of ny, we
have the following:
— M descends to X, so M’ descends to X.
— W is an lc center of (X, F,|B]). Since B = B’, W is an lc center of (X, F, |B’]).
- [ (X,B+G) — (Z, f{(Q)) is a toroidal morphism. Since B = B’, f : (X, B'+G) —
(Z, f(G)) is a toroidal morphism.
Thus (X, F,B",M';G)/Z is ACSS.

Step 4. Suppose that (X, F,B,M;G)/Z is super ACSS. Then G is super/Z. By Step 3,
(X, F,B''M';G)/Z is ACSS. Thus (X, F,B',M';G)/Z is super ACSS. O

Lemma 7.3.3. Let (X, F, B,M) be foliated log smooth gfq such that F is algebraically integrable,
f:(X,E2x,M) = (Z,%2) a contraction associated to (X,F,B,M), and G the vertical/Z part
of Xx. Then (X,F,B" ,M;G)/Z is Q-factorial ACSS, and (X,F,B" ,M;G")/Z is Q-factorial
super ACSS for some G' > G.

Proof. The proof of this lemma is straightforward by checking the definitions and applying
[AKO00, Proposition 3.2]. However, for the sake of clarity and to assist the reader, we offer a
detailed proof below.

First we show that (X, F, B/, M;G)/Z is Q-factorial ACSS. By assumption, X is Q-factorial.
By Lemma 7.3.2, we only need to show that (X,F,YXx — G,M;G)/Z is ACSS, and we may
assume that B= B =Xy — G.

By Proposition 5.4.5, (X, F, B,M; G)/Z satisfies Property (*). By Lemma 6.2.2, (X, F, B,M)
is lc, so (X, F,B,M;G)/Z is weak ACSS.

Let D :=0 and N := 0. Then:

e Since {B} =0, Supp{B} C Supp D.
e Since M descends to X, N — 2M is nef/X.
e For any reduced divisor ¥ > f(G), by [AKO00, Proposition 3.2],

f:(X,B+D+G+ f"E-f(@),M) = (Z,%)
is toroidal.

For any lc center W of (X, F, B,M) with generic point 7y, near ny, we have the following:

e M descends to X.
e Since B = |B| and M descends to X, W is an lc center of (X, F, |B]).
e Since f: (X,B+G,M) — (Z, f(G)) is a toroidal morphism, f: (X,B+G) — (Z, f(G))
is a toroidal morphism.
Therefore, (X, F,B,M;G)/Z is ACSS.
Let Hy, ..., Hoqim x+1 be ample Cartier divisors on Z. By [AK00, Proposition 3.2],

2dim X+1 2dim X+1
X Sx+ Y, fHM) = (Z3z+ ) H)
i=1 i=1

is associated with (X, F, B,M). Thus
2dim X +1
(X,]—",B,M;G’ =G+ ) fH) /Z
i=1

is Q-factorial ACSS. Since G’ is super/Z, we are done. O
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Lemma 7.3.4. Let (X, F,B,M)/U be a sub-gfq, D an R-divisor on X, and N a b-divisor on
X such that D + Nx is R-Cartier and N descends to a birational model of X. Suppose that F
1s algebraically integrable. Let

t:=sup{s|s>0,M+ sN is nef/U, and (X,F,B + sD, M+ sN)/X is sub-lc}.
Then either t = 400, or
t = max{s | s > 0,M + sN is nef/U, and (X,F,B + sD,M + sN)/X is sub-lc}.

Moreover, one of the following cases hold:

(1) t = +o0.

(2) t < +o0, and M+ (t + §)N is not nef/U for any 6 > 0.

(3) t < 400, M+ (t + 60)N is nef/U for some d9 > 0, and there exists a prime divisor E
over X, such that

a(B,X,F,B +tD,M+ IN) = —cx(E)
and
a(B,X,F,B +sD,M + sN) < —cx(E)
for any s > t.
In particular, (X, F,B +tD) is sub-lc and M + tN is nef/U if t < +o0.

Proof. We may assume that ¢ < +o00. Since discrepancies of divisors are preserved under crepant
pullbacks, by Definition-Theorem 5.1.2 and Lemma 6.2.4, we may assume that M and N descend
to X and (X, F,Supp B U Supp D) is foliated log smooth. Then

t = min{sup{s | s > 0,Mx + sNx is nef/U},sup{s | s > 0,(X,F,B + sD)/X is sub-lc}}.
Since nef is a closed condition,
sup{s | s > 0,Mx + sNy is nef/U} = max{s | s > 0,Mx + sNx is nef/U} or + co.
Thus we may assume that
t =sup{s|s>0,(X,F,B+sD)/X is sub-lc} < +00
and Mx + tNx is nef/U. By Lemma 6.2.2,
t=sup{s|0<s<l,a(E,X,F,B+sD)> —ex(FE) for any prime divisor E on X}
=sup{s |0 <s<l,a(E,X,F,B+ sD) > —ex(F) for any prime divisor £ C Supp D}.
Since there are only finitely many components of Supp D and t < 400,
t=max{s |0<s<l,a(E,X,F,B+sD)>—er(E) for any prime divisor E C Supp D}.

and there exists a component E of Supp D, such that a(E, X, F,B + tD) = —ex(F) and
multg D > 0. The lemma follows. O

Lemma 7.3.5. Let (X,F,B,M)/U be a gfq, f: X — Z a contraction, and G a divisor on X,
such that (X, F,B,M;QG)/Z is ACSS. Let D be an R-divisor on X and N a b-divisor on X
satisfying the following:

(1) D and Nx are R-Cartier.

(2) Supp D C Supp{B} and N descends to a birational model of X.

(8) M+ N is nef/U, and M — 0N is nef/U for some § > 0.

Then there is a positive real number ~ such that (X,F,B+aD, M+ N;G)/Z is ACSS for any
a, B €[0,9].
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Proof. Possibly replacing § with min{1,0} and then replacing N with JIN, we may assume that
0 =1and M — N is nef/U.

By assumption, Supp D does not contain any lc center of (X, F, B, M), and M descends to
X near the generic point of any lc center of (X, F, B,M). Since M — N is nef/X and M + N
is nef/ X, near the generic point of any lc center of (X, F, B,M), N is nef/X and —N is nef/X.
Thus N descends to X near the generic point of any lc center of (X, F, B, M).

Since M + N is nef/U, by Lemma 7.3.4, there exists a real number vy € (0,1) such that
(X, F,B+~0D,M+~N) is lc. Possibly replacing 7 with %'yo, we may assume that (X, F, B+
YD, M + vN) and (X, F, B,M) have the same lc centers.

Since (X,F,B,M;G)/Z is ACSS, there exists an R-divisor D’ > 0 on X and a nef/X b-
divisor N” on X, such that Supp{B} C Supp D', N’ — o/M is nef/X for some o/ > 1, and for
any X > f(G) such that (Z,¥) is log smooth,

(X,B+ D'+ G+"(X - f(G)),N)
is qdlt. Possibly replacing o/, we may assume that D’ > (o/ — 1) Supp D'".
In the following, we show that
) { o — 1}
¥ = min 70, —

satisfies our requirements. By Lemma 7.3.2, we only need to show that (X,F,B +~vD,M +
YN;G)/Z is ACSS.
e (Definition 7.2.3(3.a)) Since

Supp D C Supp{B} C Supp D',

we have
D' — 4D > 2vySupp D’ — vSupp D = v(Supp D’ — Supp D) + v Supp D’ > v Supp D',

hence
Supp{B + aD} C Supp D' = Supp(D’ — vD).
o (Definition 7.2.3(3.b)) Let o := {%=. Then o > 1, and

N — o' (M+7N) =N - o’M + ov(M — N)

is nef/X.

e (Definition 7.2.3(3.c)) For any reduced divisor ¥ > f(G) such that (Z,Y) is log smooth,
(X, B+9D + (D' =D) + f*(2 = f(G)),N) = (X, B+ D'+ f*(¥ = f(G)),N')
is qdlt. In particular, (X, B +~vD + f*(£ — f(G)),M + gN) is lc.

o (Definition 7.2.3(1-2)) Since (X, F, B+y0D,M+~N) is lc, (X, F, B +~vD,M+~N) is
le. Since (X, F,B,M;G)/Z is ACSS, (Z,%z := f(Q)) is log smooth, G = f~1(Xy), B
is horizontal/Z, F is induced by f, G is F-invariant, and f is equi-dimensional. Since
Supp D C Supp{B}, B + D is horizontal/Z, so the horizontal/Z part of B +~vD + G
is G.

e Definition 7.2.3(4)) Let W be an lc center of (X,F,B + vD,M + yN). Since
(X, F,B+vD,M+~N) and (X, F, B, M) have the same lc centers, W is an lc center
of (X, F, B,M) and an lc center of (X, F, B+vD,M+~N). In particular, N descends to
X near the generic point of X and D = 0 near the generic point of X. Since (X, F, B, M)
is ACSS, near the generic point 1 of any lc center of (X, F, B +~vyD,M + yN),

— M + 4N descends to X,
— 1 is the generic point of an lc center of (X, F, |B]) = (X, F,|B ++D]), and
- [:(X,B+G)— (Z,X2) is a toroidal morphism, so f : (X,B+vD+G) — (Z,Xz)
is a toroidal morphism.
]
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Finally, we recall the following proposition which shows that the numerical property of the
foliated log canonical divisor and the log canonical divisor are related with each other for
generalized foliated quadruples satisfying Property ().

Proposition 7.3.6 (cf. [ACSS21, Proposition 3.6]). Let (X,B + G,M) be a g-sub-pair and
f:X = Z an equi-dimensional contraction, such that f : (X, B+ G,M) — Z satisfies Property
(x). Assume that B is horizontal/Z and G is vertical/Z. Let F be the foliation induced by f
and let N be the moduli part of f: (X,B+ G,M) — Z. Then:

(]) K]:+B+MX ~ Nx.

(2) K]:+B+MX ~yg Kx+B+G+Mx.
In particular, Kr + B + Mx is R-Cartier.
Proof. Since f: (X, B + G,M) — Z satisfies Property (x), Z is smooth. Let

R:= > (f*D — f7H(D)).
D|D is a prime divisor on Z
Since f is equi-dimensional, we have
Kr=Kx/; — R.

Let Bz be the discriminant part of f : (X, B + G,M) — Z. By Lemma 5.4.3, By is reduced.
Since B is horizontal/Z, By = f(G).

Claim 7.3.7. f*B; =R+ G.

Proof. We let D be a prime divisor on X such that D is vertical/Z. Since f is equi-dimensional,
Dy := f(D) is a divisor.

If Dy is a component of Bz, then D is a component of the vertical/Z part of B + G. Since
B is horizontal/Z, D is a component of G. Thus multp G = 1. Therefore,

multp f*Bz = multp f*Dz = multp f_l(Dz) + multD(f*DZ - f_l(Dz))
= multp G + multp R.

If Dy is not a component of Bz, then multp f*Bz = 0. Since f(G) = Bz, multp G = 0. Since
By is the discriminant part of f: (X, B+ G,M) — Z,

1=sup{t|(X,B+G+tf*Dyz,M) is sub-lc over the generic point of Dy}.

Thus f*Dy is a reduced divisor, hence multp R = 0.
Since f*Bz and R + G are both vertical/Z, the claim follows. O

Proof of Proposition 7.3.6 continued. By Claim 7.3.7, f*Bz = R+ G. Thus
Nx ~Kx +B+G+Mx — f"(Kz+ Bz) = Kx/z + B+G+Mx — f*Bz
=Kr+R+B+G-f"By =Kr+ B+ My.
(1) immediately follows. Since Z is smooth and By is reduced, Kz + By is Cartier. Thus
Nx~Kx+B+G+My — f"(Kz+Bz) ~z Kx + B+ G+ My.

7.4. (¥)-models and ACSS models.

Definition 7.4.1. Let (X, F, B,M)/U be a gfq such that F is algebraically integrable. A (x)-
modification (resp. Q-factorial (x)-modification, ACSS modification, super ACSS modification)
of (X, F,B,M) is a birational morphism h : X’ — X such that
(1)
(X',]:' =h1F,B":= h;Y(B A SuppB) + (SuppEXC(h))]:/,M>
is weak ACSS (resp. Q-factorial weak ACSS, ACSS, super ACSS),
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(2) X’ is klt, and

(3) for any h-exceptional prime divisor F,
(Z(E,]:,B,M) S _Ef(E)

In particular, if (X, F, B,M) is lc, then a(E, F, B,M) = —ex(F) for any h-exceptional
prime divisor F.
We say that (X', F',B’,M) is a (x)-model (resp. Q-factorial (x)-model, ACSS model, super
ACSS model) of (X, F, B,M). Moreover, for any divisor G on X’ and contraction f: X' — Z
such that (X', F', B',M; G)/Z satisfies Property (%) (resp. satisfies Property (x), is ACSS, is
super ACSS), we say that (X', F',B'M;G)/Z is a (x)-model (resp. Q-factorial (x)-model,
ACSS model, super ACSS model) of (X, F, B,M). In addition, if
(4) D C Supp@G for any h-exceptional F'-invariant divisor,
then we say that h : X’ — X is a proper (x)-modification (resp. proper Q-factorial (x)-
modification, proper ACSS modification, great ACSS modification) of (X, F,B,M), and say
that (X', F', B’,M) is a proper (x)-model (resp. Q-factorial proper (x)-model, proper ACSS
model, great ACSS model) of (X, F,B,M).

Notation 7.4.2. Let (Xq, Fo, Bo, M)/U be a gfq satisfying Property (x) and is associated with
X — Z and G. When we say the following

fi f In
(X07~F07B07M;G0)__O>(X17‘F17B17M;G1)_i>"'__>(Xn7fn7B7l7M;Gn)__>"'

is a (possibly infinite) sequence of steps of a (K z, + Bo+ Mx,)-MMP /U, we mean the following:
for any 4, fi : X; --» X411 is a step of a (K, + B; + Mx,)-MMP/U that is not a Mori fiber
space, Fit1 = (fi)«Fi, Biv1:= (fi)+Bi, and Giy1 := (fi)+Gi.

8. CONE THEOREM AND ACSS MODIFICATIONS

In this section we prove the cone theorem (Theorem 2.3.1) and the existence of ACSS
modifications (Theorem 2.5.1). As an immediate corollary, we will prove the precise adjunction
formula (Theorem 6.0.1) in full generality, without assuming that F is induced by a contraction.

8.1. Bend and break. It is important to notice that we will work under the relative setting,
so the following relative bend and break theorem is crucial for our proofs.

Theorem 8.1.1 (Relative bend and break). Let d be a positive integer, m : X — U a contraction
from a normal quasi-projective variety to a variety such that dim X —dimU =d, M, Dy,..., Dy
R-divisors on X that are nef along general fibers of m, B > 0 an R-divisor on X, and F a
foliation on X. Suppose that for any general fiber F of ,

(1) (Dilp) - (D2lp) - (Da|r) =0, and
(2) —(Kr+ B)|p - (D2|r) -+ (Dalr) > 0.
Then for any general closed point x € X, there exists a rational curve C,. satisfying the following.
(1) x € Cy,
(2) ©(Cy) is a point, and
(8) D1-C, =0 and

Mlp-(DalF) - - (Dalr)
“Krlr- (Dalp) - (Dalr)

Proof. Since (3) is a closed condition and M is a limit of Q-divisors that are nef along general
fibers of m, we may assume that M is a Q-divisor. Possibly replacing M with a multiple, we
may assume that M is a Weil divisor.

We let X¢ and U€ be compactifications of X and U, such that X¢ and U are normal projective,
X is a non-empty open subset of X¢, U is a non-empty open subset of U¢, and there exists a
contraction 7¢ : X¢ — U€ such that WC\X = m. Let M€ Df,..., D3, B° be the closures of

M-Cp <2d
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M,Dq,...,Dg4, B in X¢ respectively, and let F° be the natural extension of F in X¢ [CS23b,
Lemma 2.2]. Then the general fibers of 7¢ are general fibers of m, and M€, Df,..., D are R-
divisors that are nef along general fibers of 7. Since we only care about properties about general
fibers of m and properties near a general closed point © € X, we may replace 7 : X — U with
m¢: X¢ = U M,D,...,Dyq, B with M¢, Df,...,D§, B¢ and F with F¢, and assume that 7 is
a projective morphism between normal projective varieties.

Let x € X be a general closed point. Then x is contained in a general fiber F' of m. Let
g = dimU. Then there exist general hyperplane sections Hy, ..., H, with A; := 7*H;, such
that F = ﬂgzlﬂ'*Ai. Let Vi, := XN ﬂi?:lAi and Wy :=UnN ﬂleHi for each 0 < k < ¢, then

and
Z::WqCWq_lc---CWQZU,

where z is a general closed point. We may inductively define Fj to be the restricted foliation
of F on Vj, for each k, and let Fr := F,. We let My, :== M|y, , By := Bly,, Mg := M|p, and
Bp := B|p. Then it is clear that My|r = M|, Bx|r = Bp for each k, and By, > 0 for each k.
Moreover, since Hy, ..., H, are general hyperplane sections, Mj, is a Weil divisor for each k.

Claim 8.1.2. There exists a rational curve Cy, such that x € C,, 7(Cy) is a closed point,
Dy-C, =0, and
M|p - (Dalp) - - - (Ddlr)

Mg -C, <2d
e ~Kr|r-(Da|p)---- (Dalr)

for each k.

Proof. We apply induction on ¢ — k. When ¢ — k = 0, the existence of C,, follows from [Spi20,
Corollary 2.28]. We will show that this C, satisfies our requirement for all ¢ — k as well. In the
following, we may assume that ¢ > k.

We let 7y, : Vi, — Wi be the restricted contraction of m to Vj, for each k. We consider Wy,
as a divisor on W and Vi, as a divisor on V. There are two possibilities.

Case 1. Vi1 is Fi-invariant. In this case, the general fibers of 7 are tangent to Fg, so
Kr = K]:F = K]:k’F
Thus by the ¢ — k = 0 case,

Mlp-(Dalp) -~ (Dalr) _ o, Mlr-(Dalr)- - (DdlF)

Mg -C, <2d .
e ~Krp - (D2|p) -+ (Dalr) ~Kr,|r-(Da|p) - (Dalr)

Case 2. Vi1 is not Fy-invariant. In this case, by [Dru2l, Proposition 3.6(1)], we have

(ka + Vk+1)|Vk+1 ~ K]:k+1 + Di1

for some Q-divisor Djy; > 0. We remark that [Dru2l, Proposition 3.6(1)] requires that 2 <
rank F dim X — 1, but the same lines of the proof works for the case when rank F = 1 as well,
and the rank 7 = dim X case is the classical adjunction formula.

Since Hy1 is a general hyperplane section, there exists Hl,’CJrl ~ Hj1 such that Hlia+1 does
not contain z. Thus

Virilr = (Hralv)|lr = Hialp ~ Hy4|r = 0.
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Since Hj4a, ..., Hy are general hyperplane sections, Dyg11|p > 0. Therefore,
— Krlr-(Dolp) -+ (Dalr)
=— (Kx, + Vigr)lr - (D2lp) -+ (Dalr)
= ((K»T'k + Vk+1)|Vk+1)|F ’ (D2|F) """ (Dd|F)
=— (K7 + Dia)lp - (D2|p) - -+ - (Dalp)
<= Krlr - (Dalp) -+ (Dalp).
By induction hypothesis,
Mlw- (D eeee (D Mlw- (D eeei (D
Mlp - Cy < 2d |7 - (Da|F) (Dalr) o, Mlr-(DofF) (Dalr)
—Kr . lp- (Da|p) -+ (Dalr) —Kr|p-(Da|p) - (Dalr)

0

Proof of Lemma 8.1.1 continued. It immediately follows from Claim 8.1.2 by letting £ =0. 0O

8.2. Inductive statements to cone theorem. Similar to [ACSS21, Theorems 3.9, 3.10], the
cone theorem for generalized foliated quadruples is closely related to the existence of (x)-models
for generalized foliated quadruples, and their proofs are done inductively. For applications to
the rest of the paper as well as future works, we shall establish a much stronger version of
the existence of (x)-models: the existence of great ACSS models with controlled extraction of
divisors. This kind of model is more technically constructed, but is also more useful in practice.

Theorem 8.2.1 (Cone theorem for induction, cf. [ACSS21, Theorem 3.9]). Let d be a positive
integer. Let (X, F,B,M)/U be a gfq of dimension d such that F is algebraically integrable. Let
{Rj}jen be the set of all (Kr + B + Mx )-negative extremal rays/U that are not contained in
the non-lc locus of (X, F,B,M). Then

NE(X/U) = NE(X/U)k+B1Mx>0 + W(X/U)Nlc(X,JT,JE;,M) + Z R;,
JEA
and for any j € A, R; is exposed and is spanned by a rational curve Cj, such that C; is tangent
to F and

0<—(K]:—{—B—|—Mx)-0j§2d.

Theorem 8.2.2 (Existence of ACSS models, cf. [ACSS21, Theorem 3.10], [DLM23, Proposition
4.14]). Let d be a positive integer and s a non-negative integer. Let (X, F,B,M)/U be a gfq of
dimension d such that F is algebraically integrable, and E1,...,Es lc places of (X, F,B,M),
such that (X, F, B,M) is lc near the generic point of centerx E; for each i. Then (X, F, B,M)
has a great ACSS model (Y, Fy,By,M), such that E,...,Es are on'Y if (X, F,B,M) is lc.

In the following, we will prove Theorems 8.2.1 and 8.2.2 by induction on d. We will often use
the following useful lemma:

Lemma 8.2.3. Let X — U be a projective morphism from a normal quasi-projective variety to
a variety and R an extremal ray in NE(X/U). Let h : Y — X be a projective morphism such
that R is contained in the image of the induced map + : NE(Y/U) — NE(X/U). Then there
exists an extremal ray Ry in NE(Y/U) such that «(Ry) = R.

Proof. Since R is contained in the image of ¢, there exists a ray R’ in NE(Y/U) such that
t(R') = R. Then there exist extremal rays R, in NE(S/U) such that R’ = 3" a; R, for some
a; > 0. Thus R =3 a;t(R}). Since R is extremal /U, for each i, either ¢(R) = R or «(R}) = 0.
Since R # 0, there exists j such that «(R}) # 0. We may take Ry = R/. O
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Remark 8.2.4. We remark that our proofs of Theorems 8.2.1 and 8.2.2 generally follows from
the same ideas of [ACSS21, Theorems 3.9, 3.10] but the proofs are much lengthier. This is mainly
because we work in the relative setting, and include all details of the proofs. For example, we
provide detailed statements when proving the exposedness of extremal rays (Propositions 8.4.3
and 8.4.4), and provide a detailed statement on why a certain minimal model program can be
run (Claim 8.3.3). It is also worth to mention that we need to deal with the Q-factorial case
first, and then deal with the non-Q-factorial case due to Claim 8.3.3(4).

8.3. Cone theorem to ACSS models. In this subsection, we prove Theorem 8.2.2 in
dimension d provided that Theorem 8.2.1 holds in dimension < d — 1 and some Q-factorial
properties are satisfied.

Lemma 8.3.1. Let d be a positive integer. Assume that Theorem 8.2.1 holds in dimension
<d-1.

Let (X, F,B,M)/U be an lc gfq of dimension d satisfying Property () associated with f :
X — Z. Suppose that for any (Kr + B + Mx)-negative extremal ray/U R, there exists a
prime divisor E on X, such that R is contained in the image of NE(E/U) - NE(X/U) and
multg B = ex(E). Let {Rj}jen be the set of (K + B 4+ Mx )-negative extremal rays/U. Then:

(1)
NE(X/U) = NE(X/U)kr+pimy0 + Y Rj.
JEA
(2) Each R; is spanned by a rational curve Cj, such that C; is tangent to F and
0<—(Kr+B+My)-C; <2(d—1).

(8) For any curve C} such that [C}] € R;, C} is contracted by f.

(4) Assume that f is equi-dimensional, and either X is Q-factorial kit or M is NQC/U. Let
G be any divisor associated with (X,F,B,M)/Z. Then:
(a) A is a countable set.
(b) For any ample/U R-divisor A on X, there exists a finite set Ay C A, such that

NE(X/U) = NE(X/U)krsBrasmyzo+ Y, Rj.
JEAA
(c) For any j € A, there exists a contraction ¢; : X — X]’~ of R;j, such that
(i) ¢;j is a contraction/U as well as a contraction/Z, and
(it) if ¢; is small, then there exists a small contraction qS;L : X;L — X} such that
the induced birational map 1; : X --» X;r is both a (Kr + B + Mx)-flip/U
and a (Kr + B+ Mx)-flip/Z.
(d) For any j,

(Kr + B+My) -R;=(Kx + B+ G+My)-R,.

In particular,
(i) each R; is a (Kx + B + G + Mx)-negative extremal ray, and
(it) ¢;j is a (Kx + B+ G+ Mx)-negative extremal contraction, and if ¢; is small,
then v; is a (Kx + B + G + Mx)-flip.

Proof. (1) is obvious.

Pick a (Kr + B + My )-negative extremal ray R. By our assumption, there exists a prime
divisor F on X, such that R is contained in the image of NE(E/U) — NE(X/U) and multg B =
er(E). We let S be the normalization of E, then there exists a natural surjection

NE(S/U) — NE(E/U).
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Thus R is contained in the image of
1: NE(S/U) - NE(E/U) - NE(X/U).

By Lemma 8.2.3, there exists an extremal ray Rg in NFE(S/U) such that R = ((Rg). Let Fg
be the restricted foliation of F on S which is algebraically integrable by Proposition 6.1.10,
M?* := M|g, and

Ky, + Bs +M¢% := (Kr + B+ My)|s.
Then Rs is a (K7 + B + My)|s-negative extremal ray. By Theorem 6.6.1, (S, Fs, Bs, M) /U
is an lc gfq. Since we assume Theorem 8.2.1 in dimension < d — 1, Rg is spanned by a rational
curve C such that C is tangent to Fg and

0< — (Kry+Bs+M32)-C<2(d—1).
We identify C' with its image in X under the natural inclusion S — E — X. Then C spans R
and

0<—(Krg+Bs+M32)-C=—(Kr+B+My)-C<2(d-1).

Moreover, by [ACSS21, Lemma 3.3(4)], C' is tangent to F and is contracted by f. This implies
(2).

By [ACSS21, Lemma 3.3(3)], C' is contained in a fiber of f, so C' is contracted by f. Let C’
be an irreducible curve on X such that [C’] € R. If f(C”) is not a closed point, then there exists
a general ample divisor H on Z such that H intersects f(C") transversally. Thus f*H intersects
C’ transversally, so f*H - C’' > 0. Since C' is contracted by f, f*H - C = 0. This is not possible
as C' = \C' for some positive rational number A. Therefore, f(C") is a closed point, so C’ is
contracted by f.

For any curve C” such that [C”] € R, we let C} be the irreducible components of C”. Since
R is extremal, [C]'] € R for each 4, so C} is contracted by f for each i. Thus C” is contracted
by f, and we get (3).

We left to prove (4). We may assume that f is equi-dimensional from now on. We let G' be
any divisor associated with (X, F, B,M)/Z. Since (X, F, B,M) is lc, all components of B are
horizontal/Z. By Proposition 7.3.6,

(81) K]:—l-B—i-MxN]szKx—l-B—l-G—l-Mx.
By (3), for any j € A, we have
(Kx+B+G+Mx) -Rj=(Kr+B+Mx)-R; <0,

so R;j is a (Kx + B + G + Mx )-negative extremal ray/U. Moreover, for any ample/U R-divisor
A, we have

(Kx+B+G+A+Mx)'Rj:(K]:—FB—FA—FM)()-RJ<0.
By Lemma 5.4.3, (X, B+ G,M) is lc. If M is NQC/U, then by [HL21a, Theorem 1.3(3)],
Ay = {jEA’(K]:—i-B-i-A-FMx)-Rj <0}

is a finite set, hence A is a countable set. This implies (4.a) and (4.b). (4.c.i) follows from [Xie22,
Theorem 1.5] (see also [CLX23, Theorem 1.7]), and (4.c.ii) follows from [LX23b, Theorem 1.2].

If X is Q-factorial klt, then by [HL22, Lemma 3.4], for any ample R-divisor A on X, there
exists an R-divisor 0 < Ay ~gr B+ G + %A + My, such that (X, A4) is klt. Thus

AA:{jGA

1

is a finite set by the classical cone theorem (cf. [KMMS87, Theorem 4-2-1], [Fujl17, Theorem
4.5.2]), and A = U!>A1 , is a countable set. This implies (4.a) and (4.b). For any j, we take

an ample R-divisor A on X, such that R; is also a (Kx + B + G + A + My )-negative extremal
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ray/U. Then R; is a (Kx + Aa)-negative extremal ray/U, so (4.c.i) follows from the classical
contraction theorem (cf. [KMMS87, Theorem 3-2-1], [Fuj17, Theorem 4.5.2]) and (4.c.ii) follows
from the the existence of flips [BCHM10, Corollary 1.4.1].

(4.d) follows immediately from (4.c) and (8.1) O

Proposition 8.3.2. Let d be a positive integer. Assume that Theorem 8.2.1 holds in dimension
<d-1. Let (X,F,B,M)/U a gfq of dimension d such that F is algebraically integrable. Let
Ey,...,E; be lc places of (X, F,B,M) and T a reduced F-invariant divisor on X. Further
assume that

e cither X is Q-factorial, or
e Theorem 8.2.1 holds for Q-factorial varieties in dimension d.

Then (X, F,B,M) has a great ACSS model (Y, Fy, By,M; Gy ) such that

(1) Gy contains the strict transform of T on'Y, and
(2) Er,...,Es are on'Y if (X, F,B,M) is lc.

Proof. By Definition-Theorem 5.1.2 and Lemma 6.2.4, there exists a foliated log resolution
h:X"— X of (X, F,Supp B+ SuppT,M) such that Fi,..., Es are on X'. Then there exists a
toroidal contraction f': (X', Xx/,M) — (Z,X7) such that (Z,X) is log smooth,

Exc(h) U Supp(h; !B) U Supp(h;'T) C Zx,
and F' := h~!F is induced by f’. We define
B’ := h;Y(B A Supp B) + (Supp Exc(h))”".

By Lemma 7.3.3, (X', F', B',M; G")/Z is Q-factorial super ACSS for some divisor G’, such that
G' > h'T and any F'-invariant h-exceptional divisor is contained in G’.

Claim 8.3.3. Let A be an ample R-divisor on X. Then we may run a (K +B'+Mx:)-MMP/X

o,

P Pn,
(Xo, Fo, Bo, M; Go) — = > (X1, F1, B, M; G) oo == (X, Fn, By, M G) — — >

where (Xo, Fo, Bo,M; Gy) := (X', F',B',M;G’), so that the following conditions are satisfied
for each i. Let A; be the strict transform of A on X;.

(1) There exists an contraction f; : X; — Z such that fi11 = f; o ;.

(2) There exists an contraction h; : X; — X such that hiy1 = h; o ;.

(3) (X;,Fi, BiyM; G;)/Z is Q-factorial super ACSS.

(4) If X is Q-factorial, then for any (Kr, + B; + Mx,)-negative extremal ray/X R, there
exists a prime divisor F' on X;, such that R is contained in the image of NE(F/U) —
W(X/U) and multp B; = E.Fi(F)-

(5) For any extremal ray/X R on X; such that R is either a (Kr, + B; + My, )-negative
extremal ray or a (Kx, + B; + G; + Mx,)-negative extremal ray,

(a) R is an extremal ray/Z,
(b)
(Kr, +Bi+My,) - R=(Kx, + Bi + Gi + Mx,) - R,
and
(c) R is a (Kr, + B; + Mx;,)-negative extremal ray if and only if R is a (Kx, + B; +
Gi + Mx,)-negative extremal ray.

(6) Vi is a step of a (Kx, + B; + G; + Mx,)-MMP/X with scaling of A; as well as a
(Kr, + Bi + Mx,)-MMP/X with scaling of A;.

(7) i is a step of a (Kr,+ B;+Mx,)-MMP/Z as well as a step of a (Kx,+B;+G;+Mx;)-
MMP/Z.

Moreover, there exists a positive integer m satisfying the following.



MMP for algebraically integrable foliations and generalized pairs 69

(8) The induced birational map Xy --+ X, contracts any h-exceptional prime divisor F' such
that a(F, F,B,M) > —ex(F).

(9) If (X,F,B,M) is lc, then any divisor F contracted by Xo --+ X,, satisfies that
a(F,F,B,M) > —ex(F).

Proof. Step 1. In this step we prove (1-4) for i = 0. (1) We have fy := f. (2) We have hg := h.
(3) It follows from our construction. (4) The image of R on X is a closed point, so R is contained
in an h-exceptional divisor F. By our construction, multy By = ex, (F).

Step 2. In this step we prove that (1-4) for i = n implies (5) for i = n.

First we prove (5.a). Assume that R is a (Kr, + B, + Mx, )-negative extremal ray/X. If
X is Q-factorial, then by (4) and Lemma 8.3.1(2), R is a (Kr, + By, + Mx,, )-negative extremal
ray/Z. If Theorem 8.2.1 holds for Q-factorial varieties in dimension d, then by (3) and Theorem
8.2.1, Ris a (K, + B, + My, )-negative extremal ray/Z.

Now assume that R is a (Kx, + B, + G, +Mx, )-negative extremal ray /X . Since G,, is super,
Gp > Z?d;{l fuH; for some ample Cartier divisors Hj on Z. Let L, := G,, — Z?d;{l fuH;. By
(3), (Xn, Bn + Gn,M) is Q-factorial lc and X is klt, so (X, By, + Ln, M) is Q-factorial lc. By
the length of extremal rays for lc g-pairs over Q-factorial klt varieties (cf. [HL22, Proposition
3.17]), R is spanned by a rational curve C' such that

2d+1
0> (Kx, +Bn+Gn+My,) C=(Kx, + By + Ly +Mx,)-C+ | > frH; | -C>—2d.
j=1
Therefore, fiH;-C = 0 for each j, so R is an extremal ray/Z. This implies (5.a).
(5.b) follows from (5.a) and Proposition 7.3.6, and (5.c) follows from (5.b). Thus (5) holds.

Step 4. In this step we prove that (1-5) for ¢ = n and (1-7) for i < n — 1 imply (6) and (7) for
i =n, and also imply (1)(2) for i =n + 1.

By induction hypothesis, the induced birational map Xy --+ X, is a sequence of steps of a
(Kx, + Bo+ Go+Mx,)-MMP/X with scaling of A. By Lemma 4.2.2, either this MMP already
terminates at X,, and we are done, or we may run the next step of this (Kx, + Bo+ Go+ Mx,)-
MMP/X with scaling of A, which is a step of a (Kx, + B, + G, +Mx, )-MMP /X with scaling
of A,. (6) and (7) for i = n now follow from (5) for i = n. (1) for i = n + 1 follows from (7) for
i =mn, and (2) for i = n + 1 follows from (6) for ¢ = n.

Step 5. In this step we prove that (1-7) for i <n — 1 and (1)(2) for i = n imply (3) for i = n.

By (3)(7) for i = n — 1, X,, is Q-factorial. By (1) for i = n and (3) for i = n — 1, G,, is
super/Z. So we only need to show that (X, F, Bn, M;G,,)/Z is ACSS. We check conditions
(1-4) of Definition 7.2.3 for (X,,, Fn, Bn, M;Gy,)/Z.

Definition 7.2.3(1) for (X, Fpn, Bn,M;G,)/Z: By (6) for i = n — 1 and Proposition 5.4.7,
(Xn, Bn+ Gn,M)/Z satisfies Property (x). Since F,,_1 is induced by f,,—1, Fy, is induced by f,.
Since Gp—1 > 0 is F,—1-invariant, G,, > 0 if F,-invariant. Thus (X, Fy,, By, M; G,,)/Z satisfies
Property (x). By (3)(7) for i = n — 1, (X, Fn, By, M) is lc, so Definition 7.2.3(1) holds for
(X, F, B, M; G/ Z.

Definition 7.2.3(2) for (X, F, Bn, M; Gy,)/Z: It immediately follows from (3)(6) for i = n—1
and Proposition 5.4.7.

Definition 7.2.3(3) for (X, Fn, Bn, M;G,,)/Z: By (3) for i = n — 1, there exist an R-divisor
D and a b-divisor N on X,,_1, such that

e Supp{B,_1} C Supp D,
e N — aM is nef/X,,_; for some o > 1, and
e For any divisor ¥ on Z such that ¥ > f,,_1(Gy,—1) and (Z,X) is log smooth,

(Xn—lan—l +Gp—1+ D+ f;mkfl(z - fn—l(GN—l))7N)
is qdlt,
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Let P:=N —M. By (7) fori =n — 1, 1,1 is also a step of a
(K7, +Bu-1+ fr_1(E = fa-1(Gn-1)) + Mx,_,)-MMP/Z,
hence a step of a
(K7, , +Bn1+ 0D+ f (X = fu-1(Gn-1)) + Mx,_, + 6Px,_,)-MMP/Z
for some 0 < 0 < 1. By (1) for i = n, fr—1(Gn-1) = fn(Gp), so
(Xn—1,Bn-1+Gn_1+0D + f,_1(¥ — fu(Grn)),M + P)
is qdlt. By Lemma 7.1.5,
(Xn, Bn + 6(¥n—1)xD + Gn + f(X = fn(Gn)), M + 6P)

is qdlt. Since (¥,,_1)«D C Supp{B,} and (M +JdP)—M is nef/ X,,, we verify Definition 7.2.3(3).
q pp ) Yy
Definition 7.2.3(4) for (X,,, Fn, Bn, M; G,,)/Z: For any lc place S of (X,,, Fp, By, M), we have

_E.F(S) = a(S7~FnaBn7M) > a(S7~Fn—1aBn—17M) > _6.7:(5)

Therefore, S is an lc place of (X,,—1,Fn—1,Bn—1,M), and 1,1 is an isomorphism near the
generic point of centery, ,S. Since Definition 7.2.3(4) is a property near the generic point of
lc places, Definition 7.2.3(4) holds for (X,,, Fp, Bn, M;G,,)/Z.

Therefore, (X, Fn, Bn, M;G)y)/Z is Q-factorial super ACSS.

Step 6. In this step we prove (4) for ¢ = n assuming that (1-7) hold for i = n — 1, hence
conclude the proof of (1-7). Since X is Q-factorial, Exc(h,,) is of pure dimension, so there exists
a prime h,-exceptional divisor F' such that R is contained in F. Let F’ be the strict transform
of F on X', then F’ is a prime h-exceptional divisor, so

multy B, = multp By = ez (F) = €x,(By).

This implies (4).
By induction, (1-7) hold.

Step 7. In this step we prove (8) and (9) and conclude the proof of the claim.

If this MMP terminates, then we let m be the index such that (X,,, Fin, Bm, M; G,y,) is the
last output of this MMP. In particular, Kz, + B, + My,, is nef/X, hence it is movable/X. If
this MMP does not terminate, then we let m be the index such that v; is a flip for any i > m.
We let u; : X;, --+ X; be the induced birational map and let

Ai=inf{t > 0| Kz, + B; + Mx, +tA; is nef/ X}
be the scaling numbers for each i. By (5),
ANi=inf{t > 0| Kx, + B; + G; + Mx, +tA; is nef/ X'}
for each i. By Lemma 4.2.2, lim;_, o A; = 0. Therefore,

K7, + Bm+My,, = lim ()" (K7, + B; + Mx, + Ai4;)
1—>+00
is a movable/X.
Since Kr, + B, + Mx,, is movable/X, for any prime divisor S on X,, any very general
curve C' on S over X, (Kr, + B, + Mx,,)-C > 0. Let Fy,..., F; be the h,,-exceptional prime
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divisors and let ay := a(F, F, B,M) + €, (F}) for each k, then
K]:m + Bm + MXm

= ¢ (Kr+B+Mx)+ Y arFp— [ Y (multp B—1)(¢,")«D+ Y (—ax)Fy

ap >0 multp B>1 ap<0

~rx Y apFe— | Y (multp B—1)(¢;,")D+ Y (—ax)Fy

ap>0 multp B>1 arp <0

Since each Fy is exceptional/X, by [Birl2, Lemma 3.3], ay < 0 for any k. This implies (8).
Finally, if (X, F, B,M) is lc, then

Kp+B +My ~rx Y, (ex(F)+a(F,F,X,M)F >0,

F|FCExc(¢)
so any divisor contracted by any (K + B’ + Mx/)-MMP/X is contained in
Supp Z (er(F)+a(F,F,X,M))F = Supp Z F.
F|FCExc(¢) F|FCExc(¢),a(F,F,B,M)>—ex(F)
We get (9). The proof of the claim is concluded. O
Proof of Proposition 8.3.2 continued. We let

o P1
— — > —_ = >,

Pn,
(Xo, Fo, Bo, M; Gy) (X1, F1,B1,M;Gy) oo == (X, Fn, By, M Gp) — = > .

and m be as in Claim 8.3.3. Then Claim 8.3.3(3)(8) guarantee that (X, Fm, Bm, M;Gn)/Z
is a super ACSS model of (X,F,B,M), and (9) guarantees that if (X,F,B,M) is lc then
Eq,...,Es are on X,,. Thus (X, Fin, B, M;G,,)/Z is a super ACSS model of (X, F, B,M)
such that Fy,...,Es are on X, if (X, F,B,M) is lc. Since any F’-invariant exceptional/X
prime divisor is contained in G’, any F,,-invariant exceptional/X prime divisor is contained in
G- Therefore, (X, Finy, B, M; Gy, )/ Z is a great ACSS model of (X, F, B,M). Finally, since
the strict transform of 7" on X’ is contained in G’, the strict transform of T on X, is contained
in G,. The proposition follows by taking

(Ya]:YaBYaM; GY) = (Xma]:maBmaMa Gm)
]

Proposition 8.3.4. Let d be a positive integer. Assume that Theorem 8.2.1 holds in dimension
<d-—1. Then:
(1) Theorem 8.2.2 holds for Q-factorial varieties in dimension d.
(2) If Theorem 8.2.1 holds for Q-factorial varieties in dimension d, then Theorem 8.2.2 holds
in dimension d.

Proof. Notations and conditions as in Theorem 8.2.2. Further assume that either X is Q-
factorial, or Theorem 8.2.1 holds for Q-factorial varieties in dimension d.

By Proposition 8.3.4, (X, F, B,M) has a great ACSS model (Y', Fy/, By:,M;Gy:)/Z. We
let g : Y — X be the induced birational morphism and let

F = Supp(K]:w + BYI + My/ — g*(K]: + B + MX))

Consider F' as a reduced subscheme of Y’. Then for any irreducible closed subvariety
V C X such that V' C f(F), V is a non-lc center of (X,F,B,M). Therefore, the generic
point of centerx F; is not contained in f(F') for each i, so E,...,FEs are also lc places of
(Y', Fyr, By,M). Since (Y, Fys, By, M) is lc, by Proposition 8.3.4 again, (Y', Fys, By, M)
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has a great ACSS model (Y, Fy, By,M;Gy) such that Ei,..., FEs are on Y, and Gy contains
the strict transform of Gy on Y. Therefore, Gy contains all Fy-exceptional prime divisors.
Since

9" (Kr+ B+ Mx) > Kr,, + Byr + My,
the induced birational morphism Y — X is a great ACSS modification (X, F, B, M). U

8.4. ACSS models to cone theorem. In this subsection, we prove Theorem 8.2.1 in dimension
d provided that Theorem 8.2.2 holds in dimension < d and some Q-factorial properties are
satisfied.

The following lemma is well-known to experts. For the reader’s convenience, we conclude a
proof here.

Lemma 8.4.1. Let X — U be a projective morphism from a normal quasi-projective variety to
a variety. Let D be an R-Cartier R-divisor on X and R a D-negative exposed ray in NE(X/U).
Then there ezists an ample/U R-divisor A on X such that H := D+ A is the supporting function
of R.

Proof. Let Hpr be a supporting function of R, whose existence follows from the assumption that
R is exposed. Then Hr- R =0and Hg- R >0 for any R’ # R in NE(X/U). Let

C:={DeNYX/U)|D-z>0forany z € NE(X/U)p>o} .

Then C is the dual cone of NE(X/U)p>o and is generated by nef/U divisors and D. Since Hg
is positive on NE(X/U)p>o\{0}, Hg is contained in the interior of C. Thus there exists an
ample/U R-divisor A such that Hp — A = L 4+ pD in N*(X/U), where L is a nef/U R-divisor
and p is a non-negative real number. Let A’ := A + L, then A’ is ample/U. We may let
H:=Hp=1A4+Dand 4:=14. U
P P P

Proposition 8.4.2. Let d be a positive integer. Assume that Theorem 8.2.1 holds in dimension
< d—1 and Theorem 8.2.2 holds for Q-factorial varieties in dimension d.

Let (X, F,B,M)/U be a gfq of dimension d such that F is algebraically integrable. Let R
be a (Kr + B + Mx)-negative exposed ray/U that is not contained in W(X/U)NIC(X,RRM).
Assume that

e cither X is Q-factorial, or
e Theorem 8.2.2 holds in dimension d.

Then R is spanned by a rational curve Cj, such that C; is tangent to F and
0< —(K]:+B+Mx) -Cj < 2d.

Proof. By Lemma 8.4.1, there exists an ample/U R-divisor A on X such that
Hp:= Kr+ B+ A+ My

is the supporting function/U of R. In particular, Hg is nef, Hg- R = 0, and Hg- R’ > 0 for any
R' € NE(X/U)\R. In particular, Hr #y 0.

Step 1. In this step we deal with the case when Hp is not big/U.

Let m: X — U be the induced projective morphism and X — U’ — U the Stein factorization
of w. Since M is nef/U, M is nef/U’. Possibly replacing U by U’, we may assume that 7 is a
contraction.

Let F be a general fiber of 7. Then Hp := Hp| is nef, not big, and is not numerically trivial.
Let ¢ := dim F' and Ap := A|p, then there exists an integer 1 < k < ¢ — 1 such that

vafv . A(Il;k > Hl/;-i-l . A%—k—l —o
Let D; := Hg forany 1 <i¢<k+1, and let D; := A for any k + 2 < i < q. Then
(Dl’F) . (DQ‘F) ...... . (Dq‘F) — H§‘+1 . A%,_k_l —0
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and
~(Kr+B)|p- (D2|p)------ (Dylr) = (Ap — Hp) - H - AL = HE - ALR > 0.

Let M := Hr+ A= Kr+ B+2A+ Mx. Then M is ample/U. By Theorem 8.1.1, for any
general closed point z € X, there exists a rational curve C,, such that z € C,,, 7(C,) is a closed
point, 0 = Dy - C, = Hgi - C;, and

0<—(K;+B+MX)-C;B:M-C$
M- (Da|r)----- (Dylr)  _ 0. —(KF + B+My)|p- HE - AL F!
—Krlp- (D2|p) - (Dglr) —Kr|p- H - AL

Let M = M|r and B := B|p. Since F is a general fiber of w, Bp > 0 and MY is nef. Thus
MY is pseudo-effective and (B + My)|p - HY - AqF_k_1 > 0. Therefore

0 < —(Kr+ B+My)-C, <2d.

<2d -

Step 2. In this step we deal with the case when Hp, is not big/U. Let F be the Stein factorization
of a general fiber of the 7 and let ¢ := dim F'. Then Hp := Hpg|r is nef, not big, and is not
numerically trivial. Let Ap := A|p, then there exists an integer 1 < k < ¢ — 1 such that

HE - ALF >0
and
HEFL AR,

(Note that k is defined as the numerical dimension of Hp in some references, but since different
definitions of numerical dimensions do not coincide, we do not use this notation.) Let D; := Hp
forany 1 <i<k+1, and let D; := A for any k +2 < i < ¢g. Then

(D1|F) . (D2|F) ...... . (Dq|F) — H§+1 . A%ﬁkil —0
and
—(Kr+ B)|p - (Da|p)------- (Dylr) = (Ap — Hp)- HE - AT = b Atk 5

Welet M :== Hp + A= Kr+ B+ 2A+ Mx. Since Hp is nef/U and A is ample/U, M is
ample/U. By Theorem 8.1.1, for any general closed point = € X, there exists a rational curve
C, such that z € Cy, 7(C;) is a closed point,

0=D,-C,=Hp-C,,
and
0<—(Kr+B+Mx) -Cp=M-C,
<oq Ml (Dalp) - (DqlF) :Qd_(K}'"‘B‘f‘MX)’F'pr-A%_k_ll
= —Kz|p - (Da|p) - - (Dylr) —Kp|p - HE - AT

Let M = M|r and B := B|p. Since F is a general fiber of w, Bp > 0 and MY is nef. Thus
Mg is pseudo-effective, so

(B+Mx)|p - HE- AL > 0.
Therefore,
0< —(K]:—FB—FM)() - Oy < 2d.
Step 3. From now on we may assume that Hg is big/U. In this step we construct a set I" of

tuples (W, \) and show that it contains a minimal element. Since Hp is big/U,

Hp ~R,U A/—i-P



74 G. Chen, J. Han, J. Liu, and L. Xie

for some ample/U R-divisor A" and R-divisor P > 0. In particular, P is R-Cartier and P - R <
0. Let S be the normalization of Supp P, then R is contained in the image of NE(S/U) —
NE(X/U) induced by the natural inclusion

S — Supp P — X.
We let I be he set of all (W, A), such that

(1) X is a non-negative real number,
(2) W is an lc center of (X, F, B + AP,M) with normalization W" and
(3) Ris contained in the image of NE(W"/U) — NE(X/U) induced by the natural inclusion

WY - W — X.

By construction, there exists a component L of S such that (L,1) € I". Thus I" # 0.
In the rest of this step, we show that there exists (Wy, Ag) € I' that is minimal in the following

way: for any (W, \) € I, one of the following cases hold.

e )\ < A\

(] AozAandWOQW.

o (W, \) = (Wo, o).
By Lemma 6.2.4, there exists a foliated log resolution h : X’ — X of (X, F, Supp BUSupp P, M).
Then there exists a toroidal morphism f’ : (X', Y x) — (Z,¥z) such that h; ! (Supp BUSupp P)U
Supp Exc(h) is contained in ¥x. By Lemma 6.2.2, for any (W, \) € T, either W is the image of
a stratum of (X', X)) on X, or A = 0. Therefore, the set

[ := {\ | there exists an lc center of (X, F, B + AP, M)
that is not an lc center of (X, F,B + (A —9)P,M) for any 0 < § < 1}
is a finite, so we may let
Ao :=min{\ | there exists (W, \) € T'}.
Now by noetherian property, there exists (Wp, A\g) € I" such that Wy C W for any (W, \g) € T.

Step 4. In this step we construct an R-divisor B on X and a Q-factorial ACSS model
(Y, Fy, By,M) of (X, F, B,M), so that R is the image of a (Kz, + By + My )-negative extremal
ray/U in X.

Let B := B+ M\P and let E be an Ic place of (X, F, B,M) such that centerx E = Wy. By
our assumption, there exists an ACSS model (Y, Fy, By, M;G) of (X, F, B,M) such that E is
on Y with induced birational morphism g : Y — X. We have

Kz, + By + My + F = ¢"(Kr + B+ My)

for some F > 0. Let V := g(Supp F), then V C Nlc(X, F, B,M) is a reduced subscheme of X.
By Lemma 8.2.3, there exists an extremal ray Ry in Y such that g(Ry) = R. Then there exist
Cy; € NE(Y/U) such that Ry = [lim; ,; Cy,i]. We let C; := ¢g(Cy,;), then R = [lim;_, { Cj].

By the projection formula,
lim(K}-y + By + F+ My) . Cy,i = lim(K]: + B+ Mx) - C,

SO
(Kr, + By + F+My) Ry = (Kr+ B+ My) - R <0.
Thus Ry is a (Kr, + By + F + My )-negative extremal ray.

If F- Ry < 0, then Ry is contained in the image of NE(Supp F/U) — NE(Y/U). Then
R = g(Ry) is contained in the image of NE(V/U) — NE(X/U). Thus there exists an irreducible
component Vg of V such that R is contained in the image of NE(Vy/U) — NE(X/U). Since
R is not contained in W(X/U)NlC(Xf,B,M), Vo is not an lc center of (X,F,B,M). Since
Vo CV = f(F) C Nle(X,F,B,M) and B = B + \gP, there exists a real number 0 < A\; < )\g
such that V} is an lc center of Nlc(X, F, B+A; P,M). This contradicts the minimality of (W, o)
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as (Vo,A\1) € T and A\ < )\g. Therefore, F'- Ry > 0, so Ry is a (Kz, + By + My )-negative
extremal ray.
Step 5. In this step we prove the proposition under the additional condition that X is Q-
factorial.

Assume that X is Q-factorial. By [BCHM10, Lemma 3.6.2], Exc(f) is a divisor, so g~1(Wp) is
a divisor. Since R is contained in the image of NE(W/U) — NE(X/U) and g(Ry) = R, there
exists a divisor E on Y such that Ry is contained in the image of NE(Ey/U) — NE(Y/U).
Since g is an ACSS modification of (X, F, B,M), Ey is an lc place of (X, F, B,M) and an lc
place of (Y, Fy, By, M).

Let T be the normalization of Ey, Fr := Fy|r be the restricted foliation, M’ := M|, and

Kz, + Br + M7 := (Kr, + By + My)|r.

Since Ry is contained in the image of NE(Ey/U) — NE(Y/U), Ry is contained in the image
of
1: NE(T/U) — NE(Ey/U) — NE(Y/U).
By Lemma 8.2.3, there exists any extremal ray Ry € NE(T/U) such that ((R) = Ry. Then
Ry is a (Kx, + Br + ML)-negative extremal ray/U. By Theorem 6.6.1 and Theorem 8.2.1 in
dimension < d — 1, Rp is spanned by a rational curve C'r, such that Cr is tangent to Fr and
0< —(Kz, + Br+Mp) - Cr < 2(d—1).
Let Cy be the image of Cp in Y, then Cy spans Ry,
0< —(K]:T —|—BT—|-M%) -Cr = —(K]:Y —|—By +My) Oy < Q(d— 1),
and by [ACSS21, Lemma 3.3(4)], Cy is tangent to Fy. Let C' := g(Cy), then C' is tangent to
F. By Step 4, F-Cy >0, so
2d > —(Kr, + By +My) - Cy > —(Kr, + By + F+ My) - Cy = —(Kr + B+ Mx)-C > 0.
We are done for the case when X is Q-factorial.
Step 6. In this step we conclude the proof of the theorem. Since Y is Q-factorial and Ry is
a (Kr, + By + My )-negative extremal ray, by the Q-factorial case proved in Step 5, Ry is
spanned by a rational curve Cy that is tangent to Fy and
0< —(K]:Y +By+My) - Cy < 2d.
Let C := g(Cy), then C is tangent to F. Since F'- Cy >0,
2d > —(K]:Y +By+My)-Cy > —(K]:Y +By+F+My)-Cy = —(K]:—l-B—i-Mx) -C > 0.
This concludes the proof of the proposition. O

Proposition 8.4.3. Let d be a positive integer. Assume that Theorem 8.2.1 holds in dimension
< d—1 and Theorem 8.2.2 holds for Q-factorial varieties in dimension d.

Let (X, F,B,M)/U be a gfq of dimension d such that F is algebraically integrable, and let A
be an ample/U R-divisor on X. Assume that

e cither X is Q-factorial, or
o Theorem 8.2.2 holds in dimension d.

Then there are finitely many (Kr+ B+ A+Mx)-negative extremal rays/U that are not contained
in NE(X/U)Nie(x,7,BM)-

Proof. Let d := dim X and let w := Ky + B+ My, p := p(X/U), and let Ay,..., A,
be ample/U Cartier divisors on X, such that w, Ay,..., A, 1 form a basis of N}(X/U). Let
0 < € < 1 be a rational number such that A—e Zf;ll A; is ample/U. Then we only need to show
that there are finitely many (Kr+ B+e¢ Zf;ll A; +Mx )-negative extremal rays/U that are not
contained in NE(X/U INIe(x,7,B,M)- Possibly replacing A, we may assume that A = ¢ Zip:_ll A;.
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Suppose that the proposition does not hold. Then there exist an infinite set A and an
infinite set {R;}jen of (K + B+ A+ My )-negative extremal rays/U that are not contained in
W(X/U)NIC(X,]:,B,M)' By Definition-Lemma 3.1.8, possibly replacing A with a smaller infinite
subset, we may assume that each R; is a (K + B + A + My )-negative exposed ray/U. By
Proposition 8.4.2, for any j € A, there exists a rational curve C; on X that is tangent to F and
R; = [C}], such that

—2d<w- Cj < 0.
For each j € A, by Lemma 8.4.1, there exists an ample/U R-divisor L; and a nef/U R-divisor
Hj, such that

p—1
Hy=Lj+(Kr+B+A+Mx)=Lj+e> Ai+w
i=1
and H; is the supporting function of R;. We have
p—1 p—1
O:Hj-Cj:Lj-Cj—FEZAi-Cj—i-w-CjZ—Qd—i—EZAi'Cj.
i=1 i=1

Therefore, A; - C; < 2€—d for any 4,j. Since A4; - C; € NT, there are finitely many possibilities of
A; - C;. Possibly replacing A with an infinite subset, we may assume that A; - C; = A; - Cj for
any 7 and any 7,5’ € A.

We may write w = > ;_, r;D; such that rq,...,7. are linearly independent over Q and D; are
Weil divisors. By [HLS19, Lemma 5.3|, each D; is a Q-Cartier divisor. Thus there exist real
numbers a; ;, and b;, such that

p—1
D; =y Z a; p Ag + biw
k=1
for each 1.
We let d1,...,d. be real numbers such that » 7 ; b;0; > —1 and

7“2 =60 +1; €Q.
Let w’:=>"7_, 7/D;. Then

i=1"14

Since > 7 4 b;0; > —1, W' and Ay,..., A, form a basis of Nﬂé(X/U). Moreover,

<ZZ(5(1M (4 -C ) <1+Zéb)

i=1 k=1

By our assumptions,
4

P
Z(Szazk ])

i=1 k=1
and
C
Bi=1+ 6bi>0
i=1
are constants which do not depend on j, and w - C; € [-2d,0). Therefore,

W' Cj € [—2dB + a,a)
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for any j. Since 7} € Q for any i, w’ is a Q-Cartier Q-divisor. Let I be the Cartier index of «’,
then

1
W' Cj € [—2dB + a,a) N fZ

for any j. Therefore, there are only finitely many possibilities of w’-C;. Possibly replacing A with

an infinite subset, we may assume that w’- C; = w’ - Cj for any j, j' € A. Since w’, Ay,..., Ap—1
form a basis of N(X/U), C; =y Cj, which is not possible as R; and R’ are different rays in
NE(X/U). O

Proposition 8.4.4. Let d be a positive integer. Assume that Theorem 8.2.1 holds in dimension
< d—1 and Theorem 8.2.2 holds for Q-factorial varieties in dimension d. Then:

(1) Theorem 8.2.1 holds for Q-factorial varieties in dimension d.
(2) If Theorem 8.2.2 holds in dimension d, then Theorem 8.2.1 holds in dimension d.

Proof. First we show that NE(X/U) =V, where

V= NE(X/U)kz+B+Mx>0 + NE(X/U)nie(x,7,5,m) + Z R;.
JEA
By Definition-Lemma 3.1.8, NE(X/U) = V. Suppose that V # V, then there exists an extremal
ray R in NE(X/U) such that R ¢ V. Since NE(X/U) g z4B+My>0 and NE(X/U)Nie(x,7,5,M)
are closed, R ¢ NE(X/U)kr+B+My>0 and R ¢ W(X/U)NIC(X,RRM), soRisa (Kr+ B+
M y )-negative extremal ray R that is not contained in NE(X/U INle(x,7,B,M)- Thus R = R; for
some j, a contradiction. Therefore, NE(X/U) = V.

Next we show that any each R; is exposed. For any fixed j, There exists an ample/U R-
divisor A such that R; is a (Kr + B + A + Mx)-negative extremal ray/U. Suppose that
R; is not exposed. By Definition-Lemma 3.1.8, R; = lim; ., R;; for some exposed rays
Rj; € NE(X/U). Since (Kr + B+ A+ Myx) - R; < 0, possibly passing to a subsequence, we
have (Kr + B+ A+Mx)-R;; <0 for any 7. By Proposition 8.4.3, there are only finitely many
(Kr+ B+ A+ My )-negative extremal rays that are not contained in W(X/U)NlC(XJ:,B’M), for
any i > 0, R;; is contained in W(X/U)NIC(X,]:7B7M)' Since W(X/U)Nlc(X,}'7B7M) is a closed
sub-cone of NE(X/U), R; is contained in W(X/U)NIC(X,]:,B,M)7 a contradiction.

By Proposition 8.4.2, for any j € A, R; is spanned by a rational curve C; such that Cj is
tangent to F and

0< —(K]:+B+Mx) -Cj < 2d.

8.5. Proofs of Theorems 2.5.1, 6.0.1, 2.4.3, and 2.4.2.

Proofs of Theorems 8.2.1 and 8.2.2. Theorems 8.2.1 and 8.2.2 hold when d = 1 trivially.
Therefore, we may assume that d > 2 and Theorems 8.2.1 and 8.2.2 hold in dimension < d — 1.
By Proposition 8.3.4(1), Theorem 8.2.2 holds for Q-factorial varieties in dimension d. By
Proposition 8.4.4(1), Theorem 8.2.1 holds for Q-factorial varieties in dimension d. By Proposition
8.3.4(2), Theorem 8.2.2 holds in dimension d. By Proposition 8.4.4(2), Theorem 8.2.1 holds in
dimension d.
By induction on d, Theorems 8.2.1 and 8.2.2 hold. g

Proof of Theorem 2.5.1. 1t is a special case of Theorem 8.2.2. U

Proof of Theorem 2.4.2. By Theorem 2.5.1, there exists a Q-factorial ACSS model (X', 7', B, M)
of (X, F, B,M) with induced birational morphism h : X’ — X and associated with f : X' — Z.
Since (X, F, B,M) is lc,
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Let S’ be the normalization of h; 1S, Fg the restricted foliation of F on S, and M* := M|gv.
Then there exists an induced birational morphism hg : 8" — SY. Let

Kry, + By + Mg = (K + B'+ My/)|s,
then by Theorem 6.6.1, (S’, Fg/, Bg/, M®) is lc. Since
Kz, + Bg + M2 = h(Kr, + Bs + M2.),
(8¥, Fs, Bs, M?) is lc. O

Proof of Theorem 6.0.1. By Theorem 2.5.1, there exists a Q-factorial ACSS model (X', 7', B', M)
of (X, F, B,M) with induced birational morphism h : X’ — X and associated with f : X' — Z.
Let S’ be the normalization of h;1S and E := (Supp Exc(h))”. Then there exists an induced
birational morphism hg : S’ — S”.

We let Fg be the restricted foliation of ' on S’. By Theorem 6.6.2, there exist prime

divisors Cf,...,Cy,T1,..., T} on S, positive integers wy, ..., w,y, and non-negative integers
{wi j h<i<gi<j<m and {v; k h1<i<q1<k<n satisfying the following. For any real numbers b}, ...,b,,
and r],...,70,

m n
Kz +ex(S)S" + Z b;B} + ZT;CMK‘,X/

j=1 k=1 s
Low; — 1+ 37w b + > h v k) ! "
=Kr, +> — I SRR Y T 4 Y M g
i=1 ¢ i=1 k=1
=Kr,, + Bg + M.
Let
m n
Krg+ Bs+ Mg, = | Kr+ Y V;Bj+ > riMjx ,
j=1 k=1 Sv
then
K7y + By +M§ = (f5)(Kzs + B + M§.).
Theorem 6.0.1(1) follows. Theorem 6.0.1(2) follows from Theorem 2.4.2. O
Proof of Theorem 2.4.3. It is an immediate corollary of Theorem 6.0.1. U

8.6. Proof of Theorem 2.3.1. Finally, we prove the full version of the cone theorem for
generalized foliated quadruples, Theorem 2.3.1.

Lemma 8.6.1. Let (X, F,B,M)/U be a gfq such that F is algebraically integrable. Assume
that R is a (Kr + B + Mx)-negative extremal ray in NE(X/U) that is not contained in
NE(X/U)nie(x,7,B,M)- Then R is a rational extremal ray in NE(X/U).

Proof. By Lemma 8.4.1, there exists an ample/U R-divisor A such that Hp :== Kr + B+ A+
My is a supporting function of R. We let § € (0,1) be a rational number such that R is a
(K7 + B+ 6A+ Mx)-negative extremal ray/U that is not contained in NE(X/U)nie(x,7,5,M)-
Let A be the set of all (Kr + B+ dA + Mx)-negative extremal ray/U. By Proposition 8.4.3, A
is a finite set, and we may write A = {R, Ry, ..., R;} for some non-negative integer [. Then
!
V= NE(X/U)k,+BrsasMy >0 + NE(X/U)niex, 750 + D Ri
i=1

is a closed sub-cone of NE(X/U) and R ¢ V. Let C be the dual cone of V in N1(X/U), then
since Hg - R > 0 for any R’ € V, Hp is contained in the interior of C. Therefore, there exists
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a real number ¢ € (0,1) such that Hr — €A is contained in the interior of C'. In particular,
(Hr —€A)- R >0 for any R € V.

We write Hgr = > ;_, r;D;, where r1,...,7, are real numbers that are linearly independent
over Q and D; are Weil divisors. By [HLS19, Lemma 5.3|, each D; is a Q-Cartier Q-divisor.
Moreover, by Theorem 8.2.1, R is spanned by a rational curve L. Since Hgr- L =0, D; - L =0
for each 1.

There exist rational numbers 7/, ..., r. such that > 5 ,(r} — r;)D; + €A is ample/U. We let
H} .=, r!D;. Then Hj - R = 0. For any extremal ray R’ € NE(X/U) such that R’ # R,

(2

R € V. Thus

C C

Hp-R =Hp R+ (rj—r)D;- R = (Hr—cA) - R + (Z(r; — 1) D; + eA) “R'>0.
i=1 i=1

Thus HY, is a supporting function of R. Since HJ, is a Q-divisor, it is a rational supporting

function of R, so R is a rational extremal ray in NE(X/U). O

Proof of Theorem 2.3.1. Theorem 2.3.1(1) follows from Lemma 8.6.1 and Theorem 8.2.1.
Theorem 2.3.1(2) follows from Theorem 8.2.1. Theorem 2.3.1(3) follows from Proposition 8.4.3
and that A = U A1 , for any ample/U R-divisor A. We left to prove (4).

For any (K7 + B + My )-negative extremal face F in NE(X/U) that is relatively ample at
infinity with respect to (X, F, B,M), F is also a (Kr + B + Mx + A)-negative extremal face
for some ample/U R-divisor A on X. Let V := F+ ¢ NY(X/U). By (1), F is spanned by a
subset of {R;}jen, and Rj; is rational, so V' is defined over Q. We let

W = NE(X/U)kyiBiMy 1420 + NE(X/Unex re + Y. Ry

Then W is a closed cone, NE(X/U) = Wg+ F, and W N F = {0}. The supporting functions
of F' are the elements in V' that are positive on Wg\{0}, which is a non-empty open subset of
V, and hence contains a rational element H. In particular, F = H+ N NE(X/U), hence F is
rational, and we get (4). This concludes the proof of Theorem 2.3.1. O

9. MINIMAL MODEL PROGRAM FOR ACSS GENERALIZED FOLIATED QUADRUPLES

With the establishment of the cone theorem, we are ready to study the minimal model program
for algebraically integrable generalized foliated quadruples. Unfortunately for us, we cannot
prove the contraction theorem and the cone theorem for the time being due to technical reasons.
However, we are able to run some special types of the minimal model program for foliations.

9.1. Models. With the definition of ACSS singularities, we are able to define the concept of
log minimal models and good minimal models for algebraically integrable foliations.

Definition 9.1.1 (Models, IT). Let (X, F,B,M)/U be an lc gfq and (X', F', B’ M)/U a log
birational model of (X,F, B,M)/U. We say that (X', F', B',M)/U is a log minimal model of
(X, F,B,M)/U it

(1) (X', F,B',M)/U is a weak lc model of (X, F,B)/U,

(2) (X', F',B',M) is Q-factorial ACSS, and

(3) for any prime divisor D on X which is exceptional over X’

a(D,F,B,M) < a(D,F,B',M).

We say that (X', /', B', M) /U is a good minimal model of (X, F,B,M)/U if (X', F',B'M)/U
is a log minimal model of (X, F, B,M)/U and a semi-good minimal model of (X, F, B,M)/U.
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Remark 9.1.2. It is important to note that, the concept of “log minimal model” or “good
minimal model” defined in Definition 9.1.1 does not coincide with the concept of “log minimal
model” or “good minimal model” when F = Tx in the classical setting ([Birl2, Definition 2.1],
[HL21a, Definition 3.2]). This is because “ACSS” is equivalent to “qdlt” when F = Ty, while
the classical definition of log minimal models requires the (generalized) pair to be “dlt”. This
difference will not cause trouble, mainly because the existence of log (resp. good) minimal
models is equivalent to the existence of weak lc (resp. semi-good) minimal models, at least for
NQC generalized pairs (cf. [TX23, Theorem 2.7]).

The following lemma is straightforward but also convenient for us to apply in some scenarios.

Lemma 9.1.3. Let (X, F,B,M)/U be an lc gfq and (X', F', B', M) a Q-factorial ACSS model
of (X,F,B,M). Then (X', F',B',M)/X is a good minimal model of (X,F,B,M)/X.

Proof. It immediately follows from the definitions. O

Lemma 9.1.4. Let (X, F,B,M)/U be an lc gfq, A > 0 an R-divisor on X, and N a nef/U
b-divisor on X. Assume that F is induced by a contraction f: X — Z and

Kr+ B+ My ~rz Kx + A+ Nx.
Then the followings hold.

(1) Any (Kr + B+ Mx)-negative extremal ray/U R is a (Kx + A+ Nx)-negative extremal
ray/Z, and (Kr+ B+Mx)-R= (Kx +A+Nx)-R.

(2) Any step of a (Kr+B+Mx)-MMP/U is a step of a (Kx+A+Nx)-MMP/Z. Moreover,
assume that (X, A,IN) is lc and either X is Q-factorial kit or N is NQC/U, then we
may run a step of a (Kr + B + My )-MMP/U.

(8) Assume that (X, F,B,M;G)/Z is weak ACSS for some divisor G, A = B + G, and
M = N. For any sequence of steps

é: (X, F,B,M;G) ——» (X', F,B' ,M; &)

of a (Kr + B+ Mx)-MMP/U, we have the following.

(a) (X', F',B'\M;G")/Z is weak ACSS.

(b) If (X, F,B,M;G)/Z is ACSS, then (X', F',B'\M;G")/Z is ACSS.

(c) If G is super/Z, then G’ is super/Z.

(d) If X is Q-factorial kit, then X' is Q-factorial kit.

(e) If X is Q-factorial and M is NQC/U, then X' is Q-factorial.

(f) If X is Q-factorial and (X,F,B,M;QG)/Z is (super) ACSS, then X' is Q-factorial

and (X', F',B',M;G")/Z is (super) ACSS.

(4) Any sequence of steps of a (Kr + B+ My )-MMP/U is a sequence of steps of a (Kx +

A+ Nx)-MMP/Z.

Proof. (1) By Theorem 2.3.1, any (Kr + B + Mx)-negative extremal ray/U is tangent to F,
hence is an extremal ray/Z. We get (1).

(2) By (1), any (Kr + B + Mx )-negative extremal ray/U R is a (Kx + A + Nx)-negative
extremal ray/U. If X is Q-factorial klt, then by [HL22, Lemma 3.4] and the cone theorem,
contraction theorem, and the existence of flips for usual kit pairs, we get a step of a (Kx + A +
Nx)-MMP/U associated to R, which is also a step of a (Kr + B + Mx)-MMP /U associated
to R. If N is NQC/U, then by the cone theorem ([HL2la, Theorem 1.3], Theorem 2.3.1), the
contraction theorem ([Xie22, Theorem 1.5], [CLX23, Theorem 1.7]), and the existence of flips
([LX23b, Theorem 1.2]), we get a step of a (Kx + A+ Nx)-MMP /U associated to R, which is
also a step of a (Kr + B + Mx)-MMP /U associated to R. Moreover, by (1), R is a negative
extremal ray/Z, so this step of the MMP is also a step of an MMP/Z.

(3) Without loss of generality, we may assume that ¢ is a single step of a (Kr + B + Mx)-
MMP/U. By Proposition 5.4.7, we get (3.a). (3.c) is obvious because G' = ¢, G.
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If (X,F,B,M;G)/Z is ACSS, then there exist an R-divisor D > 0 on X and a nef/X b-divisor
M/, such that Supp{B} C Supp D, M’ — aM is nef/X for some o > 1, and for any reduced
divisor ¥ on Z such that ¥ > f(G) and (Z,¥) is log smooth,

(X,B+D+G+ f*(X - f(G)),M)

is qdlt. Let P := M’ — M, then

(X,B+0D+G+ (X - f(G@),M+P)
is qdlt for any 0 < 6 <1, and

M+ 6P — (1+§(a—1))M = (M’ — aM)
is nef/X. By (2), ¢ is a step of a (Kx + B+ G + Mx)-MMP/Z, hence a step of a

(Kx +B+0D+ G+ f*(2 - f(G)) + Mx + éPx)-MMP/Z
for any 0 < § < 1. Thereforem
(Kx' + B +6¢.D + G + f*(X — f(Q)),Mx + P)

is qdlt, where f’ : X’ — Z is the induced contraction. Moreover, for any lc place E of
(X', F', B',M), since

—6]:(E) < a(E,]—",B,M) < a(E,]-"’,B/,M) < —6]:/(E) = —E_F(E),

E is also an lc place of (X, F, B,M) and ¢ is an isomorphism near the generic point of centerx FE.
By (3.a) (X', F', B’ M;G")/Z is ACSS. This implies (3.b).

Assume that X is Q-factorial. By (2), ¢ is a step of a (Kx + B+ G + My )-MMP /U, hence
astep of a (Kx + B+ G+ Mx + A)-MMP/U for some ample/U R-divisor A. If X is klt, then
by [HL22, Lemma 3.4], there exists a klt pair (X, A) such that 0 < A ~g B+ G+ My + A,
so ¢ is a step of a (Kx + A)-MMP, and (3.d) follows from [KM98, Corollaries 3.17, 3.18]. If M
is NQC/U, then by [HL21a, Corollary 5.20, Theorem 6.3], X’ is Q-factorial, and we get (3.e).
Since Q-factorial qdlt implies that the ambient variety is klt, (3.f) follows from (3.b), (3.c) and

(3.d).
(4) Since the birational transforms of (X, F, B,M) are lc under any sequence of steps of a
(Kr 4+ B 4+ Mx)-MMP, (4) follows from (2). O

9.2. MMP with super divisors.

Lemma 9.2.1. Let (X, F,B,M)/U be an lc gfq, (X,A,N)/U an lc g-pair, and f: X — Z a
contraction, such that F is induced by f, A is super/Z, and

Kr+ B+ My ~rz Kx + A+ Nx.

Then the followings hold.

(1) Any (Kx + A+ Nx)-negative extremal ray/U R is a (Kr+ B+ Mx)-negative extremal
ray/Z and (Kr + B+Mx)-R=(Kx + A+ Nx)-R.

(2) A step of a (Kx + A+ Nx)-MMP/U is a step of a (Kr + B+ Mx)-MMP/Z.

(3) Any sequence of steps of a (Kx + A+ Nx)-MMP/U is a sequence of steps of a (Kr +
B+ My)-MMP/Z.

(4) Let D > 0 be an R-divisor on X and N a nef/U b-divisor on X such that D + Ny is
R-Cartier. Then any sequence of steps of a (Kx + A + Nx)-MMP/U with scaling of
(D,N') is a sequence of steps of a (Kr + B+ Mx)-MMP/U with scaling of (D,N),
and any sequence of steps of a (Kr + B + Mx)-MMP/U with scaling of (D,N’) is a
sequence of steps of a (Kx + A + Nx)-MMP/U with scaling of (D,N’).



82 G. Chen, J. Han, J. Liu, and L. Xie

Proof. (1) Let d := dim X. Since A is super, A > fofl f*H; for some ample Cartier divisors
H;yon Z. Let L :== A — 22d+1 f*H;, then (X,L,M) is lc and R is a (Kx + L + Nx)-negative
extremal ray. By Theorem 2.2.1 (applied to (X,Tx,L,N)/U), there exists a rational curve C
on X such that C spans R and

—QdS(Kx+L+Nx)C<O

Therefore,

2d+1 2d+1
0>(Kx+A+Nyx)-C=(Kx+L+Nx)-C+ <Z f*H,~C> > —2d + (Z f*HZ--C> .

i=1 =1

Thus f(C) is a point, so R is an extremal ray/Z. (1) follows from our assumption.
(2) immediately follows from (1). By (2), the birational transforms of (X,F, B,M) and
(X,A,N) are lc after any sequences of steps of a (Kx + A + Nx)-MMP, and (3) follows from
(2). (4) follows from (1), (3) and Lemma 9.1.4(1). O

Lemma 9.2.2. Let (X,F,B,M)/U be an lc gfq and (X,A,N)/U an lc g-pair such that F is
induced by a contraction X — Z and

Kr+B+Mx ~pz Kx + A+ Ny.
Then the followings hold.
(1) Ky + B+ Mx is nef/Z if and only if Kx + A + Nx is nef/Z.
(2) If Kx + A+ Nx is either nef/Z or nef/U, then Kr + B+ Mx is nef/U.

(3) If A is super/Z and Ky + B + Mx is either nef/Z or nef/U, then Kx + A + Nx is
nef/U.

Proof. (1) is obvious. (2) follows from Lemma 9.1.4(1). (3) follows from Lemma 9.2.1(1). O
9.3. MMP with scaling and existence of Mori fiber spaces.

Notation 9.3.1. In the subsequent discussions, it is important to differentiate between “one
specific MMP that adheres to certain properties” and “all MMPs that adhere to certain
properties.” For instance, some argument apply to “all MMPs with scaling of an ample divisor,”
whereas some only apply to “a specific MMP with scaling of an ample divisor.” Given this
nuance, we will regard “MMPs” as entities, and typically represent them using symbols like P
or similar notations.

Proposition 9.3.2. Let (X, F,B,M)/U be an lc gfqg and f : X — Z a contraction, such that
Kr+ B+ My ~rz Kx + A+ Nx

for some lc g-pair (X, A,N)/U. Assume that either X is Q-factorial kit or N is NQC/U. Then
for any ample/U R-divisor A, we can run a (Kr + B + Mx)-MMP/U with scaling of A.

Moreover, there exists a (Kx + B + Mx)-MMP/U with scaling of A, say Py, satisfying the
following. Let P = Py if X is not Q-factorial, and let P be any (Kr + B+ Mx)-MMP/U with
scaling of A if X is Q-factorial. Then the followings hold.

(1) Suppose that there exists an lc gfq (X, A,N)/U and an ample/U R-divisor H, such that
either X is Q-factorial kit or N is NQC/U, and A+ Nx ~r A+Nyx + H. Then P
terminates at a model (X', F',B',M)/U of (X, F,B,M)/U, such that
(a) either there exists a (Kr + B' + My )-Mori fiber space/U which is also a (Kz +

B’ + Mx)-Mori fiber space/Z, or
(t)
Kz + B +Myx ~rz D
for some semi-ample/U R-divisor D.
(2) Either P terminates, or the limit of the scaling numbers of P is 0.
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Proof. We first construct Py. Possibly replacing A, we may assume that A is super/Z. By
Lemma 4.2.2 and [TX23, Lemma 2.17], we may run a (Kx + A+ Nx)-MMP /U with scaling of
A. By Lemmas 9.2.1 and 9.2.2, this MMP is also a (Kr + B + Mx)-MMP /U with scaling of
A. This shows the existence of Py.

Suppose that X is not Q-factorial. Then N is NQC/U. By [TX23, Theorem A, Theorem F,
Lemma 4.3], there is a choice of Py satisfying the following.

e Hither Py terminates, or the limit of the scaling numbers of Py is 0.

e Suppose that there exists an lc gfq (X, A, N)/U and an ample/U R-divisor H, such that
either X is Q-factorial klt or N is NQC/U, and A+ Nx ~py A +Nx + H. Then P
terminates at

— either a semi-good minimal model (X', A", N)/U of (X,A,N)/U, or
— a Mori fiber space (X', A’,N) — T of (X,A,N)/U. Moreover, by Lemmas 9.2.1
and 9.2.2, X’ — T is a contraction/Z.
This implies the proposition when X is not Q-factorial. In the following, we may assume that
X is Q-factorial.

We prove (1). Possibly replacing H with a general element in |H/U|g, A with A+ H, and N
with N, we may assume that A > H > 0. The super/Z property of A is lost here, but we may
replace A again and re-assume that A is super/Z. By Lemma 9.2.1(4), any (Kr + B + Mx)-
MMP /U with scaling of A is a (Kx + A + Nx)-MMP/U with scaling of A. By Lemma 4.2.1
and Proposition 4.2.3, P terminates. Let (X', 7', B’;M)/U be the output of P and let A’ be
the image of A on X’. Then A’ is super/Z. By Lemma 4.2.1 and Proposition 4.2.3,

e cither Kx/ + A’ + Ny is semi-ample/U and we get (1.b), or

e there exists a (Kx/ + A’ + Nx/)-Mori fiber space X’ — T over U. By Lemma 9.2.1(1),
X' = Tisa (Kz + A’ 4+ Nx/)-Mori fiber space/Z and we get (1.a).

We prove (2). Suppose that P does not terminate and X is the limit of the scaling numbers
of P. Then P is an infinite sequence of steps of a (Kr + B + %A + Mx)-MMP/U. Since
(X,F,B,M) is le, (X,F,B,M + }A) is lc, and

p g 1 1
K]—'+B+§Ax+MX :K]:—|—B+§A+MX ~R,Z Kx+A+§A+NX-
(2) follows from (1). O

Proposition 9.3.3. Let (X, F,B,M)/U be a weak ACSS gfq. Assume that

e cither X is Q-factorial kit or M is NQC/U, and

e Kr+ B+ My is not pseudo-effective/U.
Then there exists Py, a (Kr+ B+Mx)-MMP/U with scaling of an ample/U R-divisor A, which
satisfies the following. Let P := Py if X is not Q-factorial, and let P be any (Kr + B+ Mx)-
MMP/U with scaling of A if X is Q-factorial. Then P terminates with a Mori fiber space of
(X,F,B,M)/U.
Proof. Let (Xo,Fo, Bo,M) := (X, F,B,M). By Proposition 9.3.2, we may suppose that P is
an MMP with scaling of A

(X(],]:(),BQ,M) - — >(X1,.7:1,Bl,M) — >, = = > (Xn,]:naBn,M) — .
such that either this MMP terminates, or lim;_, - A; = 0, where
Ai=inf{t > 0| Kz, + B; +tA; + Mx;, is nef/U}

are the scaling numbers and A; is the strict transform of A on Xj.
First we assume that P does not terminate. Let 0 < € <« 1 be a real number such that
Kr+ B+ €A+ My is not pseudo-effective/U. Since lim;_, 1o A; = 0, there exists an integer m
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such that \,, < e. Thus Kr, + B, + \pAm + My, is nef/U but Kz, + By, + €A, + My, is
not pseudo-effective/U, which is not possible. Thus P terminates.

Suppose that P terminates at (X, Fpn, Bm, M) for some m > 0. Since Kr + B + My is not
pseudo-effective/U, K, + By, +My,, is not pseudo-effective/U. Thus Kz, + B, +Mx,, is not
nef/U, so there exists a (Kz,, + B, + My, )-Mori fiber space/U. The proposition follows. [

Theorem 9.3.4. Let (X, F,B,M)/U be an lc gfq. Assume that F is algebraically integerable
and Ky + B + Mx is not pseudo-effective/U. Then:
(1) (X,F,B,M)/U has a Mori fiber space.
(2) Suppose that (X,F,B,M) is weak ACSS, and either X is Q-factorial kit or M is
NQC/U. Then:
(a) We may run a (Kr + B + Mx)-MMP/U with scaling of an ample/U R-divisor,
which terminates with a Mori fiber space/U.
(b) If X is Q-factorial, then any (Kr+ B+ Mx)-MMP/U with scaling of an ample/U
R-divisor terminates with a Mori fiber space/U .

Proof. (2) follows from Proposition 9.3.3 so we only need to show (1).

By Theorem 2.5.1, (X, F, B, M) has a Q-factorial ACSS model (Y, Fy, By,M). Let g: Y —
X be the induced birational morphism, then g only extracts divisors E such that —er(E) =
a(E,F,B,M), and

K]:Y —|—By—|—MY :g*(K]:—l-B—i-MX)
is not pseudo-effective/U. By Proposition 9.3.3, we may run a (Kr, + By + My)-MMP/U
which terminates with a Mori fiber space (Y’', Fy/, By,M) — T of (Y, Fy,By,M). Then
(Y', Fyr, By:,M) — T is a Mori fiber space of (X, F,B,M)/U. O

9.4. MMP for very exceptional divisors.

Theorem 9.4.1. Let (X, F,B,M)/U be a weak ACSS gfq. Let E1,Ey > 0 be two R-divisors
on X such that Ey N\ Es =0, Ey is very exceptional/U, and
Kr+ B+ Mx ~ry (resp. =u,~qu ) E1 — Es.
Assume that either X is Q-factorial kit or M is NQC/U. Let A be an ample/U R-divisor. Then:
(1) We may run a (Kr + B+ Mx)-MMP/U with scaling of A.
(2) Let P be the (Kr + B+ Mx)-MMP/U constructed in (1) if X is not Q-factorial, and
let P be any (Kr + B+ Mx)-MMP/U with scaling of A if X is Q-factorial. Then:
(a) Either P terminates with a Mori fiber space, or P contracts Ey after finitely many
steps.
(b) Suppose that Ey = 0. Then:
(i) P terminates with a weak lc model (X', F',B',M)/U of (X, F,B,M)/U. In
particular, Kz + B'+ My ~ry (resp. =u,~qu ) 0.
(ii) The divisors contracted by the induced birational map X --» X' are exactly
Supp Ej.
(ii) If (X, F,B,M) is Q-factorial ACSS, then (X',F',B'M)/U is a good
minimal model of (X, F,B,M)/U.

Proof. (1) is a direct corollary of Proposition 9.3.2. Moreover, by Proposition 9.3.2, we may
suppose that P is an MMP /U with scaling of A

(X0, Fo, Bo,M) — — = (X1, F1,B1,M) — — = ... — — = (X,,, Fp, By, M) — — > . ..
such that either this MMP terminates, or lim;_, A; = 0, where
)‘i = inf{t >0 ’ K]:i —|—B, —|—tAZ‘ +MXz’ is nef/U}

are the scaling numbers and A; is the strict transform of A on Xj.
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(2.a) We let m be the integer satisfying the following: if P terminates, then (X, Fyn, By, M)
is the output of P. If we already get a (Kz,, + By + My, )-Mori fiber space/U then we are
done, so we may assume that Kz, + By, + Mx,, is nef/U. In particular, Kz, + B, + Mx,, is
movable/U.

Otherwise, we let m be a positive integer such that f; is small for any ¢ > m. Let ¢; : X,,, --»
X be the induced birational maps. Since Kz, + B; + \jA; + M, is nef/U for any 1,

K7, + Bmn+Mx,, = lim (7 ).(KFr + Bi + \i4d; + Mx,)
1—>+00

)

is movable/U.

Since Kz, + By, + My, is movable/U, for any prime divisor S on X,,, and any very general
curve C' on S over U, (Kr,, + By, +Mx,,)-C > 0. Let Ey ,, and Ej,, be the images of £ and
E; on X, respectively. Then Ej ,, is very exceptional/U and

Kr,, + By +Mcx,, ~ruv (resp. =v,~qu ) Ei,m — Eom.
By [Birl2, Lemma 3.3|, E4 ,,, = 0. This implies (2.a).
(2.b) Now we assume that F3 = 0. Then Kr + B+ Mx =y E; > 0, so P does not

terminate with a Mori fiber space. By (2.a), P contracts E; and achieves a log birational model
(X', F',B'M)/U of (X, F,B,M) after finitely many steps. Since the image of E; on X' is 0,

Kz, + By + My, ~ru (resp. =y,~qu ) 0.

In particular, P terminates at X’. Since the induced birational map X --+ X’ does not extract
any divisor, (X', 7', B’ M) /U is a weak lc model of (X, F, B,M)/U, which implies (2.b.i). Since
P is also an E1-MMP /U, we get (2.b.ii). (2.b.iii) follows from Lemma 9.1.4(3.f). O

10. ACC FOR LC THRESHOLDS AND THE GLOBAL ACC
10.1. The global ACC.

Lemma 10.1.1. Let X be a normal projective variety and M a nef b-divisor on X. If Mx =0,
then M = 0.

Proof. Let f:Y — X be a birational morphism such that M descends to Y. By the negativity
lemma, My = f*My — E = —F for some E > (0. Since My is nef, My is pseudo-effective, so
—F is pseudo-effective. Thus £ =0 and My =0, so M = 0. U

Proof of Theorem 2.4.5. By Theorem 2.5.1, possibly replacing I' with T' U {1} and replacing
(X, F,B,M) with an ACSS model, we may assume that there exists a contraction f: X — Z
such that (X, F,B,M)/Z is Q-factorial ACSS. Let F' be a general fiber of f, Br := Blp,
M¥ := M|, and Mf := M| for each j. Since K = Kx|r = Kr|p,

(B MT = 370\

is an lc g-pair of dimension r such that Kgp + Bp + M? = 0. Moreover, Br € I". By [BZ16,
Theorem 1.6], there exists a finite set I'y C T' depending only on r and T" such that Bp € T';.
Since (X, F, B,M) is lc, B is horizontal/Z. Thus B € T';.

Possibly rewrite M, we may assume that M; # 0 and ; > 0 for any j. By Lemma 10.1.1,
M; x # 0 for each j. For any j, we let 0; € (0,7;) be a real number and run a

(K]: +B+Mx — 5ij7x)—MMP/Z.

Since M x # 0, Kr + B+ Mx — 6;M; x = —§;M; x is not pseudo-effective/Z. By Theorem
9.3.4, this MMP terminates with a Mori fiber space m; : (X;,F;, Bj,M — §;M;) — T} of
(X,F,B,M — 6;M,).

Since Kr + B+ Mx =0, (X, F,B,M) and (X, F;, B;, M) are crepant, so (X;, F;, Bj, M)
is lc and Kz, + Bj + My, = 0. Since Kr, + Bj + My, — 5ij,Xj is anti-ample/T}, M; x;
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is ample/T;. Let F; be a general fiber of m;, r; := dim F}, Bg, := Bj|g;, M = M|, and
M/ := M;|r;. Then r; <r. Since K, = Kx,|r; = K7|F;,

(FJ’BFJ’Mj = Z%MO
7

s . . . . s J .
is an lc g-pair of dimension 7;, and B, € I'. Moreover, since M; x; is ample/Tj, ij X, 18 ample.

Thus M; # 0. By [BZ16, Theorem 1.6], there exists a finite set I'y C I depending only on T’
such that v; € I'z. Since j can be any index, we may take I'g :=I'; U T's. O

10.2. ACC for lc thresholds.

Lemma 10.2.1. Let (X, F,B,M)/X be an lc gfq, D an R-divisor on X, and N a b-divisor on
X satisfying the following.
(i) F is algebraically integrable.

(7i) Supp B = Supp(B + D).

(17i) M+ N and M — 6N are nef/ X for some § € (0,1).

(iv) (X,F,B+ D ,M+N)/X is an lc gfq. In particular, D + Nx is R-Cartier.

(v) (X, F,B+ (14 €)D, M+ (1+¢)N) is not lc for any positive real number €.

(vi) For any prime divisor P on X with a(P,F,B + D, M+ N) = —ez(D), multp D = 0.
Then for any real number t € (0,1), there exist two projective birational morphisms h : X' — X
and g : Y — X' satisfying the following.

(1) h is an ACSS modification of (X, F,B +tD,M + tN).

(2) For any prime h-exceptional divisor P, a(P,F,B,M) = —ex(P). In particular,

a(D,F,B+sD,M+ sN) = —ex(D)

for any real number s.
(3) g extracts a unique prime divisor E. In particular, —F is ample over X'.

(4) a(E,F,B+ D ,M+N) = —ex(F) and a(E,F,B,M) > —ex(E). In particular,
a(E,F,B+sD,M+ sN) > —er(E)

for any real number s < 1.
(5) Let By, Dy be the strict transforms of B, D on' Y’ respectively, Fy: := (hog)~'F, and
Fy := (Supp Exc(h o g))7Y'. Then

(Y/, Fyi,Byr +tDyr + Fyr; M + tN)
is Q-factorial ACSS.

Y- ->Y’

"

X-—X"
h

Proof. By condition (v), there exists a prime divisor Py over X such that
CL(P(),]:,B +D’M+N) = _Ef(PO)

and

a(Py, F,B+ aD,M+ aN) < —ex(FPp)
for any « > 1. In particular,

a(Po, F, B +tD,M +tN) > —ex ().

By condition (vi), Py is exceptional/X. By Theorem 8.2.2, there exists a proper ACSS model

(Y, Fy,By,M +N;Gy)/Z of (X,F,B+ D,M+ N) such that Pyison Y. Let f:Y — X be
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the induced birational morphism, By, Dy the strict transforms of B, D on Y respectively, and
Fy := (Supp Exc(f))”Y. Then By = By + Dy + Fy.
By conditions (ii) and (iii) and Lemma 7.3.2,

(K Fy,By +tDy + Fy,M + tN; Gy)/Z
is ACSS. Let E1,..., E, be the prime f-exceptional divisors, then

n
Kr, + By +tDy + Fy + My +tNy ~px » _(ex(E;) + a(E;, F, B+ tD,M +tN)) E; > 0.
i=1
By Theorem 9.4.1, we may run a (K r, + By +tDy +My +tNy + Fy )-MMP /X which terminates
with a good minimal model (X', 7/, B'+tD'+F',M+tN)/X of (Y, Fy, By +tDy + Fy,M+tN),
such that
Kz + B +tD'+ F' + My + tNxs ~g x 0,
where B’, D', F' are the strict transforms of By, Dy, Fy on X' respectively. Let G’ be the image
of Gy on X'. By Lemma 9.1.4, (X', F',B'+tD' + F' M 4+ tN;G")/Z is Q-factorial ACSS. In
particular, the induced morphism h : X’ — X is an ACSS modification of (X, F, B+tD, M+tN).
By construction, the divisors contracted by the induced birational map ¥ --+ X’ are all
divisors F; satisfying the inequality
a(E;, F,By +tDy , M+ tN) > —ex(E;).
Thus Y --» X’ contracts Py. Therefore, Y --+ X' contains a divisorial contraction, so it is not
the identity morphism. We let g : Y’ --+ X’ be the last step of this MMP. Since X’ is Q-factorial
and
K]:/ —|—B/+tD/—|-F/+MX/ —|—tNX/ ~R,X 0,
g is a divisorial contraction of a prime divisor F.
We show that h, g, and ¢ satisfy our requirements. (1) and (5) immediately follow from our

construction. (3) follows from our construction and the negativity lemma. For any prime divisor
Q@ on X’ that is exceptional over X,

a(Q,F,B+ D ,M+N)=—er(Q) (D is also on Y and is exceptional /X))
=a(Q,F,B+tD,M+tN) (D ison X" and is exceptional/X),

so a(Q,F,B+ sD,M+ sN) = —ex(Q) for any real number s. This implies (2).
Since g is a divisorial contraction of the prime divisor F,

a(E,F,B +tD,M + {N) = a(E,F,B' +tD' + F',M + tN)
> a(E,]:y, By +tDy + Fy, M + tN) = —6]:(E),
so a(E,F,B,M) > —ex(F). This implies (4) and completes the proof. O

Proof of Theorem 2.4.4. Suppose that the theorem does not hold. Then there exists a sequence
of NQC lc gfq (X;, F;, Bi, M;), R-Cartier R-divisors D; on X;, and b-divisors N; on X, such
that rank F; = r, B;, D; € I';, M;, N; are I'-linear combination of b-nef/X b-divisors, and
ti = 1Ct(Xi, .7:2‘, Bi, Mi; Di, Nz)
is strictly increasing. By Lemma 10.2.1, possibly replacing I" with I' U {1}, we may assume that
(i) (Xi, Fi, Bi +t;D;, M; + t/N;) is Q-factorial ACSS for some 0 < ¢} < ;,
(ii) there exists a divisorial contraction f; : Y; — X, of a prime divisor F;, such that —FE; is
ample/X;,
a(E;, Fi, Bi + t;D;, M; + t;N;) = —e 7, (E;)
and
a(E;, Fi, Bi + sDi, M; 4 sN;) # —er,(E;)

for any s # t;, and
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(iii) let By,, Dy, be the strict transforms of B;, D; on Y; respectively, Fy, := f;l]:i, and
F; := (Supp Exc(f;))”. Then
(Yi, Fy,, By, + t.Dy. + F;, M; + t'N;)
is Q-factorial ACSS.
We let EY be the normalization of E;, Fg, the restricted foliation of Fy; on Ej;, Mf = M,|g,,
and NP := N;|pg, For any real number ¢, we let MZ(t); := MF +tN¥ and
Ky, + B, (t) + MP(t)i g := (KF, + By, +tDy, + F; + Myy, + tN; ;)|
Let V; be the center of E; on X;. Then there exists an induced birational morphism ¢; : EY — V;
such that
K‘FEi + BEi(ti) + ME(ti)i,Eiu ~R,V; 0.

Since —F; is ample/X;,

Ky, + Bg,(t;) + M (1), v
is anti-ample/V;.

By Proposition 6.1.10, F, is algebraically integrable. By Theorem 6.0.1,

(Ezg/’ FE;, B, (ti)’ ME(tl)Z)/VZ
is lc, and

(E;’, ]:Eiv BEi (t)v ME(t)Z)/VZ
is lc for any 0 <t < t;. By Theorem 2.5.1, we may let (W;, Fw,, Bw, (t;), M (t;):; G;)/Z; be an
ACSS model of

(E;'j’ FE;, BEi(ti)’ ME(tZ)Z)
with induced birational morphism g; : W; — E, and let
By, (t) := (g; ')« Br,(t) + (Supp Exc(g;))™™:

for each 7. Since

K]'—Ei + BE, (t;) + ME(t;)Z,E;’
is anti-ample/V;, Kr, +Bw,(t;) +MPE(#); w, is not pseudo-effective/V;. Moreover, since t; > t/,
Bg,(t;) > Bg(t), so (Wi, Fw,, Bw, (t.), ME(t});) is le. Thus we may run a

(K 7y, + Bw (1) + MP())i,w,)-MMP /V;

with scaling of an ample/V; divisor. By Theorem 9.3.4, this MMP terminates with a Mori fiber
space 1 + (Wy, Fyy,, By, (t;), ME (t));) — T; of (Ws, Fw,, Bw, (t;), ME (;);)/V;.

g: l/
B!
Vi

By Lemma 9.1.4, 1); is also a Mori fiber space/Z;. Since
Ky + Bw,(ti) + MP ()i w; ~rv; 0,

(Wi,fWi,BWi(ti),M_E(ti)i) and (Wi,fWi,BWi(ti),ME(ti)i) are crepant, where BWi(t) is the
image of Byy,(t) on W; for any ¢. Then

Kry, + By, (ti) + M" (t:); v, ~r.v; 0,

N
§ .
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SO
Kry, + By, (ti) + M" (t;); yw, ~r.1, 0.
Let L; be a general fiber of ;, B, (t) := By, (t)|1, for any t, and M (t); := M (t);|, for any
t. Then Kz, |1, = K1, (Li, Br,(t:), ME(t;);) is I,
Kp, + Br,(t:) + M"(t:)i,1, = 0,

and
Ky, + B, (t;) + M"(t);. 1,
is anti-ample. Moreover, since v; is a Mori fiber space/Z;, by Proposition 6.1.10,
dim L; < rank Fw, = rank Fg, <rankF; =1

We get a contradiction to [BZ16, Theorem 1.6] by considering the coefficients of By, (t;) and
ML (ti)i,r,» which can be precisely computed by Theorem 6.0.1. Theorem 2.4.4 is proven. ]

10.3. Uniform rational polytopes.

Definition 10.3.1. Let X be a normal variety, D; R-divisors on X, M; b-divisors on X, and
d;(t) : R — R R-affine functions. Then we call the formal finite sum ) d;(t)D; an R-affine
functional divisor, and call the formal finite sum ) d;(t)M; an R-affine b-divisor.

Definition 10.3.2. Let ¢ be a non-negative real number, and I C [0, +00) a set of real numbers.
Let X be a normal variety.

For any R-affine functional divisor A(t) on X, we write A(t) € D.(I') if we may write A(t) =
>, di(t)D;, where D; are distinct prime divisors, and the following condition is satisfied: For
any 1, either d;(t) =1, or

m— 14+ kt

) = M

where m € NT, y € 'y, k € Z, and f + kt = Zj(fj + kjt), where f; € T U {0}, k; € Z, and
fj +kjc>0 for any j.

For any R-affine functional b-divisor M(¢) on X and any projective morphism X — Z, we
write M(t) € D.(I'/Z) if we can write M(t) = >, ui(t)M;, where M; are nef/Z b-Cartier
b-divisors, and the following condition is satisfied: For any i, either u;(t) =1, or

J(6) = o+t = 30y + )
J

where v; € T, nj € Z, and v; + njc > 0 for any j. Moreover, if Z = {pt}, then we may omit Z

and write M(t) € D.(I).

Definition 10.3.3. Let d be a positive integer and I' C [0, +00) a set of real numbers. We define
Ba(T'), B,(T") C [0,400) as follows: ¢ € By(I') (resp. B(I")) if and only if there exist a normal
projective variety X (resp. a Q-factorial normal projective variety X), an R-affine functional
divisor A(t) on X, and an R-affine functional b-divisor M(t) satisfying the following.

(1) dim X <d,

(2) At) € Do(T), M(t) € D(T),

(3) (X, A(c),M(e)) is lc,

(4) Kx +A(c) + M(¢c)x =0, and

(5) Kx + A(d)+M(d)x # 0 for any ¢ # c.

Definition 10.3.4. Let r be a positive integer and I' C [0,400) a set of real numbers. We
define C,.(T"),C.(T") C [0, +00) as follows: ¢ € C,(T') (resp. ¢ € C.(T")) if and only if there exist a
normal projective variety X (resp. a Q-factorial normal projective variety X), an algebraically
integrable foliation F on X, an R-affine functional divisor A(¢) on X, and an R-affine functional
b-divisor M(¢) on X satisfying the following.
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) <r,

) D.(T'), M(t) € D.(T'),

) (X, F,Ac), M(c)) is I,

) + A(c) + M(c)x =0, and

(5) Kr+ A(d)+M(c)x #0 for any ¢’ # c.

Proposition 10.3.5. Let r be a positive integer and I' C [0,+00) a set of real numbers. Then
B,(I') = C.(I') = B(I') = C;(T).

Proof. By considering the foliation F = T, we have B,.(I') C C,.(T"). By the existence of dlt
modifications, B,(I') = B.(I'). By Theorem 2.5.1, C,(I') = C.(I'). We only need show that
C(I') C By(D).

Pick ¢ € C,(I"). The there exists a Q-factorial normal projective variety X, an algebraically
integrable foliation F on X, an R-affine functional divisor A(¢) on X, and an R-affine functional
b-divisor M(¢) on X, such that

(1) rank F <'r,

(2) A(t) € De(I'),M(t) € Dc(I'),
(3) (X, F,A(c),M(c)) is lc,
(4) Kr + A(c) + M(c)x =0, and

(5) Kr+ A(t)+M(t)x # 0 for any ¢ # c.
By Theorem 2.5.1, we may let f : X’ — X be an ACSS modification of (X, F,A(c), M(c)),
F':= f~'F, E := (SuppExc(f))”, and A'(t) := f7'A(t) + E for any real number t. Then
rank 7/ < r, A'(t) € D ("), (X', F',A’(¢),M(c)) is lc, and Kz +A’(c)+M(c) x» = 0. Moreover,
for any t # ¢, since

0% Kr+ A(l) + M(t)x = fo(Krr + A'(t) + M(t)x),

Kzr+A'(t)+M(t) x» # 0. Therefore, we may replace (X, F, A(t), M(t)) with (X', F', A’(t), M(t)),
and assume that (X,F,A(c),M(c)) is Q-factorial ACSS. Thus there exists a contraction
f:X — Z and a reduced divisor G such that (X, F,A(c),M(c);G)/Z is ACSS.
Suppose that for any 0 < 0 < 1, (X, F,A(c+0),M(c+6);G)/Z or (X,F,A(c —9),M(c +
0); G)/Z is not ACSS. By Lemmas 7.3.2 and 7.3.5,
e cither there exists a component D of A(c), such that multp A(c) = 1 and multp A(t) # 1
for any t # ¢, or
M(t) = > pi(t)M;, where each M; is b-nef, and y1;(t) = v; + nit = Y, (vi; + n, ;t) for
any v;; € I', n; j € Z, v; + njc > 0 for any 7, and v; + n;c = 0 for some 4.
By [Nakl6, Lemma 3.7], ¢ € Bi(I') C B.(I'). Therefore, we may assume that (X, F,A(c +
0),M(c+9);G)/Z and (X, F,A(c —9),M(c —9);G)/Z are ACSS for any 0 < § < 1.
Fix 0 < § < 1. Since Kr+A(t)+M(t)x # 0 for any ¢t # c and Kr+A(c)+M(c)x = 0, either
Kr+A(c+6)+M(c+9)x or Kr+ A(c—3d)+M(c—d)x is not pseudo-effective. By Theorem
9.3.4, we may run a (Kr+A(c+06)+M(c+6) x)-MMP (resp. (Kr+A(c—0)+M(c—9)x)-MMP)

with scaling of an ample divisor if Kr+A(c+0)+M(c+9d)x (resp. Kr+A(c—0))+M(c—9)x )
is not pseudo-effective, which terminates with a Mori fiber space ¢ : (X", F", A" (¢4 0), M(c +
0)) = T (reps. ¢ : (X", F",A"(c —§),M(c—9)) = T) of (X,F,Alc+ 5) M(c + 9)) (resp.

(X, F,A(c — 08),M(c — 9))), where A”(t) is the image of A(t) on X” for any ¢. By Lemma
9.1.4(4), this MMP is also an MMP/Z and ¢ is a contraction/Z.
Since Kr 4+ A(c) +M(c)x =0, (X", F", A" (c),M(c)) and (X, F,A(c),M(c)) are crepant, so
Kz + A"(¢) + M(¢)x» =0 and (X", F",A"(c),M(c)) is lc.
Let F be a general fiber of ¢. By Theorem 2.3.1, F is tangent to F”, so Kzn|p = Kxn|p = Kp.
Let Ap(t) := A"(t)|p and M (t) := M(t)|p. Then
e dimF <dimX —dimZ =rank F <r,
e Ap(t) € D(T') and M¥(¢) € D.(T),
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s (F’ AF(C)’MF(C)) is lc,
o Kr+Ap(c)+MF(c)p =0, and
o Kp+Ap(c+0) +MF(c+0)r or Kp+ Ap(c—6) +MF(c— 6)F is anti-ample.

Thus ¢ € B, (). O
Theorem 10.3.6. Let d, c, m,n be positive integers, r1,...,T. real numbers such that 1,r1,..., 7.
are linearly independent over Q, r = (r1,...,7:), and S1,...,8m, 41, fn : RTL — R

Q-linear functions. Then there exists a positive real number & depending only on d,r and
S1ye-nySms 1, - - -, U Satisfying the following. Assume that

(1)
m n
(X,JT",B = Zsi(l,n, N 7rc—17t)Bi7M = Zlu,i(l,rl,. .. 7rc—17t)Mi> /X

i=1 =1
is an lc gfq such that F is algebraically integrable and rank F < d,

(2) B; >0 are distinct Weil divisors (possibly 0) and s;(1,7) > 0 for each i,

(8) M; are nef/ X b-Cartier b-divisors and p;(1,7) > 0 for each i, and

(4) B(t) == >y si(1, 1, ... rem1,t) By and M(t) == >0 pwi(1,71, ... re1, )My for any

teR.
Then (X, F,B(t),M(t)) is lc for any t € (r. — §,rc +9).
Proof. We let s;(t) := si(1,71,...,7c—1,t) and p;(t) == p;(1,7r1,...,rc—1,t) for any t € R. If
si(re) = 0, then s;(t) = 0 for any ¢, so we may assume that s;(r.) # 0 for any . Let
(X', F',B'(r.),M(r.)) be an ACSS model of (X,F,B(r.),M(r.)), f : X’ — X the induced
birational morphism, E := (Supp(Exc(f)))”", and B'(t) := f;'B(t) + E for any t. Then
Kz + B'(re) + M(re)x = f*(KF + B(re) + M(r.) x).
Since 1,71, ..., 7. are linearly independent over Q, B'(t) := f!B(t) + E for any ¢, and
Kz + B'(t) + M(t)x = f*(KF + B(t) + M(t)x)
for any ¢t € R. Thus possibly replacing (X, F, B(t), M(t)) with (X', F’, B'(t), M(t)), we may
assume that (X, F, B(r.), M(r.)) is Q-factorial ACSS.
Let
t1 = inf{t > r. | (X, F,B(r.),M(r.)) is lc}
and
by = sup{t < r. | (X, F. Br). M(r,)) is lc}.

If |t1 — to| < |[t2 —to| then we let ty := t1. Otherwise, we let ¢y := t5. We only need to show that

there exists a positive real number ¢ depending only on d,r, and s1,..., Sm, f41,-. ., tn, Such
that [tg —7c| > €.
Since 1,71,...,r. are linearly independent over Q, there exists a positive real number ¢§;

depending only on r and s1,...,Sm, i1, -, fn, such that s;(¢) > 0 and p;(t) > 0 for any
t € (re —d1,7c + 01). We may assume that |ty — 7] < ;. In particular, for any 0 < § < 1,
B(to+ d(to —re)) > 0, and p;(to + 0(to — 7)) > 0. Thus (X, F, B(to), M(ty)) has an lc center
Vo such that dim V) < dim X — 2, and V} is not an lc center of (X, F, B(r.), M(r.)).

By Lemma 10.2.1, possibly replacing (X, F, B(t), M(t)), we may assume that there exist a
divisorial contraction ¢ : ¥ — X of a prime divisor £ and a real number s satisfying the
following: let By (t) be the strict transform of B(t) on Y for any t and Fy := g~ 'F, then

(i) s € (re, to) if re > to, and s € (tg, re) if to < 7,
(i) (X,F,B(s),M(s)) is Q-factorial ACSS, (X, F, B(r.), M(r.)) islc, and (X, F, B(tg), M(to))
is lc,

(iii) —F is ample over X,

(iv) (Y, Fy,By(s) + er(E),M(s)) is Q-factorial ACSS, and
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(v) a(E,F,B(to), M(ty)) = —ex(E) and a(E,F,B(re),M(r.)) > —ex(E). In particular,
(Y, Fy, By (to) + er(E),M(tg)) is lc and a(E, F, B(s), M(s)) > —ex(FE).
We let E be the normalization of E, Fg the restricted foliation of Fy on E, V := centery E,
MPZ(t) :== M(t)|g, and
Kz, + Be(t) + M¥(t)g := (K7, + By (t) + ex(E) + M(t)y)|g

for any real number t. By Theorem 6.0.1, Bg(t) is an R-affine functional divisor, M (t) is an
R-affine functional b-divisor, and

(Evav BE(tO)v ME(tO))7 (E7FE7BE(S)7ME(8))

are lc gfgs. By Proposition 6.1.10, Fp is algebraically integrable and rank 7 < d.
Let ¢ : E — V be the induced projective surjective morphism. Since —FE is ample/X,

K7, + Bg(to) + M®(to) g ~r,v 0

and

K7, + Bp(s) + M (s)p
is anti-ample/V. Thus

K, + Bg(t) + MP(t)p
is anti-ample/V for any ¢ € (o, s) if to < rc, and for any ¢ € (s, o) if tg > 7.

By Theorem 2.5.1, we may let
(W, Fw, Bw (to), M (t0); G)/Z

be an ACSS model of (E, Fg, Be(to), M (t5)) with induced birational morphism g : W — E.
Let Fyy := (SuppExc(g))”" and let Bg(t) := g;'Bg(to) + Fiy for any t € R. Since s €
(re—901,m¢+061), si(s) > 0 and p;(s) > 0. By Theorem 6.0.1 and Lemma 7.3.5, there exists a real
number u, such that u € (tg, s) if tg < 7, u € (s,tg) if tg > 7¢, and (W, Fy, By (u), M¥ (u); G) /Z
is ACSS. Since

K7y + Bp(u) + MP(u)p

is anti-ample/V, Kz, + By (u) + M (u)w is not pseudo-effective/V. Thus we may run a
(K7 + Bw (u) + M (u)w)-MMP /V

with scaling of an ample/V divisor. By Theorem 9.3.4, this MMP terminates with a Mori fiber
space/V ¢+ (W, Fy, By (u), ME (1)) — T of (W, Fw, By (u), ME(u))/V. By Lemma 9.1.4, 1
is also a Mori fiber space/Z.

W-—----- =W
gJ{ ¥
E T
X /
1%

Let By (t) be the image of By (t) on W for any t. Since
K, + Bp(to) + M (to)g ~rv 0,
we have
K7, + Bw(to) + M”(to)w ~r,v 0,
so (W, Fy, By (v), M¥(u)) and (W, Fy, By (u), M¥ (u)) are crepant, and

Kz, + By (to) + M (to)y ~r,v 0.
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Let L be a general fiber of ¢, B (t) := Byy(t)|r for any ¢, and M*(t) := MP”(t)|, for any ¢.
Since ¥ is Mori fiber space/Z, the general fibers of ¢ are tangent to Fy,. Thus Kz |, = K,
(L, Br(to), ME(tg)) is Ic,
K, + Br(to) + M*(to) = 0,
and
Kp + Br(u) + M*(u),
is anti-ample. Moreover, since v is a Mori fiber space/Z,

dim L < rank Fy = rank Fg < d.

By [Che20, Theorem 3.6] and considering the coefficients of By (to) and M’ (u), which can be
precisely computed by Theorem 6.0.1, there exists a positive real number € depending only on
d, 7,81,y Smy 1y - - - 5 fin, Such that |tg — .| > e. This concludes the proof of the theorem. O

Theorem 10.3.7. Let d, c,m,n be positive integers, r1,...,7. real numbers such that 1,r,... 7.
are linearly independent over Q, r = (r1,...,7¢), and S1,...,8m,f41,---fn = R — R
Q-linear functions. Then there exists an open subset U > r depending only on d,r and
81y -nySms 1, - - - b Salisfying the following. Assume that

(1)
<X.7-"B :Z (1,7)B Z,uzlr Z)/X

is an lc gfq such that F is algebmzcally integrable and rank F < d,
(2) B; > 0 are distinct Weil divisors (possibly 0) and s;(1,7) > 0,
(3) M; are nef/ X b-Cartier b-divisors and p;(1,7) > 0, and
(4) B(v) :=>"" si(1,v)B; and M(v) := Y | ui(1,v)M; for any t € R.
Then (X, F, B(v),M(v)) is lc for any v € U.
Proof. We apply induction on ¢. When ¢ = 1, Theorem 10.3.7 directly follows from Theorem

10.3.6. When ¢ > 2, by Theorem 10.3.6, there exists a positive integer § depending only on
Tly.«yTey 81y -+ Sm, such that for any t € (ro — 0,7 + 0),

m n
(X, ./T", Z Si(l,T‘l, e ,Tc_l,t)Bi, Zui(l,m, . 7Tc—17t)Mi>
=1

i=1
is le. We pick rational numbers 7.1 € (r. — 6,7.) and 7.2 € (r¢,7c + 0) depending only on
T1,...,T¢,81,- - -5m. By induction on ¢, there exists an open subset Uy € (r1,...,7._1) of RE1,
such that for any v € Uy,

m n
(X, F, Z si(1,v,7¢1) B, Z,uz‘(l, v, Tc,l)Mi>
i=1 i=1

and
m n
<X7 f7 Z Si(la v, TC,Q)Bh Z Ml(17 v, Tc72)Mi>
i=1 i=1
are le. We may pick U := Uy X (r¢,1,7¢,2)- O

Part III. Canonical bundle formula and MMP for generalized pairs
11. CANONICAL BUNDLE FORMULA FOR LC-TRIVIAL FIBRATIONS

11.1. Stability of generalized foliated quadruples.
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Proposition 11.1.1 (cf. [ACSS21, Proposition 3.7]). Let (X, F, B,M)/U be a sub-gfq satisfying
Property (%) associated with f : X — Z and G. Assume that f is equi-dimensional and B is
horizontal/Z. Then f : (X,B + G,M) — Z is BP semi-stabl if and only if (X,F,B,M) is
sub-lc.

Proof. Since (X, F, B + M)/U satisfies Property (%), f: (X, B+ G,M) — Z satisfies Property
(x). By Lemma 5.4.3(1), (X,B 4+ G,M) is sub-le. Let f': (X', Xx/,M) — (Z',X2/) be any
equi-dimensional model of (X, B + G, M) associated with & : X" — X and hy : Z' — Z. By
Proposition 5.4.6, there exists an R-divisor B on X’ satisfying the followings.

° SuppB_C Supp X x.

o Kx/+ B+ My = h*(Kx + B+ G+ Mx) + F for some F > 0 that is vertical/Z’.

e (X',B,M) and (X, B + G,M) are crepant over the generic point of Z. In particular,

(X', B,M) and (X, B,M) are crepant over the generic point of Z.

o f':(X',B,M) — Z satisfies Property (x). By Lemma 5.4.3(1), (X', B,M) is sub-lc.
Let 7' := h~'F, G’ the vertical/Z' part of B, and B’ the horizontal/Z’ part of B. Then
(X', F',B'\M;G")/Z" satisfies Property (x). Since F is vertical/Z’ and F' is induced by f', F
is F'-invariant.

We let Bz and N be the discriminant part and moduli part of f : (X,B + G,M) — Z
respectively, and let Bz and N’ be the discriminant part and moduli part of f : (X', B,M) — Z
respectively. Since (X, F, B, M)/Z satisfies Property (%), Z is smooth, so Kz + By is R-Cartier,
and we may define

Ky + By = h*Z(KZ + Bz).
Since f’: (X', B,M) — Z' satisfies Property (x), Bz = f'(G'). Since f : (X,B+ G,M) = Z
satisfies Property (x), Bz = f(G).
By Proposition 7.3.6, Kr + B+ Mx ~ Nx and Kz + B’ + My ~ NY,. In particular, Nx
is R-Cartier. Let A := Ny, — h*Nys. Then
A=Kxi+B+My — f*(Kz+ Bz)) — h*(Kx + B+G+Mx — f*(Kz + Bz))
=F — f"(Kz + Byz) + f(Kz + By) = F — f*(Bgz — By).
In particular, A vertical/Z’.
Claim 11.1.2. (X, F, B,M) is sub-lc if and only if A > 0.
Proof. Let
A':= Kz + h;'B + My + (Supp Exc(h))” — h*(Kr + B 4+ My).
By Lemma 6.2.4, h is a foliated log resolution of (X, F, B,M), so (X, F, B,M) is sub-lc if and
only if A > 0. Since
A~Kgp —|—B,—|-MX/ — h*(K]:—i-B—l-Mx),
for suitable choices of K and K/, we have
A'— A=h'B— B + (SuppExc(h))”".
For any horizontal/Z prime divisor P on X', if P is not exceptional/ X, then
multp A’ = multp(h;'B — B) =0
as G and F are vertical/Z. If P is exceptional/X, then
multp A’ =1+ multp(hng — B) > 1 —multp B.

Since f': (X', B,M) — Z' satisfies Property (), multp B < 1, so multp A’ > 0.
For any vertical/Z’ prime divisor P on X', since B is horizontal/Z and B’ is horizontal/Z’,
multp A’ = multp A. The claim follows. O
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Let B, be the discriminant part of f': (X', B — F,M) — Z’. Then for any prime divisor D
on Z',

multp Bz =1 —sup{t | (X', B +tf*D,M) is sub-lc over the generic point of D}
and
multp B, =1 —sup{t | (X', B — F + tf”"D,M) is sub-lc over the generic point of D}.

Since SuppB C SuppXyx, by the definition of equi-dimensional model, Supp(B — F) C
Supp Xx. Therefore, if D C Supp ¥/, then

multp B, = multp By = mult f«p F = 0.

Otherwise,
multp(By — BY,) =sup{t > 0| F —tf"D > 0}.

Therefore,

o F— f"*(Byz — BY) >0, and

o F— f*(Byz — BY,) —§f"D >0 for any prime divisor D on Z" and any ¢ > 0.
Since

A= f"(Bz — By) + (F — f*(Bz — By)),

we have that A > 0 if and only if Bz — B, > 0. The proposition follows from Claim 11.1.2. [

Proposition 11.1.3. Let (X, B,M)/U be an lc g-pair and f : X — Z a contraction such that
o [:(X,B,M) — Z satisfies Property (x),
e (X,B,M) is BP semi-stable/Z,
o f is equi-dimensional, and
e Kx + B+ Mjx is nef/Z.
Let N be the moduli part of f: X — Z. Then:
(1) Nx is nef/U.
(2) If (X, B,M) is BP stable/Z, then N descends to X. In particular N is nef/U.

Proof. Let F be the foliation induced by F and B" the horizontal/Z part of B. By Proposition
11.1.1, (X, F,B" M;G)/Z is weak ACSS. Since Kx + B + My is nef/U, by Lemma 9.2.2,
Kr + B+ My is nef/U. By Proposition 7.3.6,

Ny ~ Kz + B" + My,

so Nx is nef/U. This implies (1). If (X, B,M) is BP stable/Z, then N descends to X, and (2)
follows from (1). O

Lemma 11.1.4. Let (X,F,B,M)/U be an lc gfq such that F is induced by a contraction
f:X — Z. Let Dy be a divisor over Z. Then there exists an ACSS model (X', F', B’ M)/Z" of
(X, F, B,M) with induced morphisms ' : X' — Z' and g : X' — X, and a birational morphism
hy : Z' — Z, such that hy o f' = fog and Dy is on Z'.

Proof. By Definition-Theorem 5.1.2, there exists an equi-dimensional model (Y, ¥y, M) — Z of
f:(X,B,M) — Z associated with h : Y — X and hy : Z' — Z, such that Dz is on Z. Let
Fy := h7'F and By := h'B + (Supp Exc(h))”Y, then (Y, Fy, By, M) is foliated log smooth,
and
Kr, +By + My ~gx Y (e#(E)—a(E,F,B,M))E > 0.
ECExc(h)

By Theorem 9.4.1, we may run a (Krz, + By + My )-MMP/X which terminates with a good
minimal model (X', 7', B',M)/X of (Y, Fy,By,M)/X. By Lemma 9.1.3, (X', 7', B’ M) is an
ACSS model of (X, F, B,M). By Lemma 9.1.4, this MMP is also a (K z, + By + My )-MMP/Z".
Then (X', F', B’,M)/Z' satisfies our requirements. O
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Theorem 11.1.5. Let (X, F,B,M)/U be an lc gfq, f : X — Z a contraction, and G a reduced
divisor on X such that (X, F,B,M;G)/Z is weak ACSS. Then (X, B + G,M) is BP stable/Z.

Proof. For any prime divisor Dz over Z, by Lemma 11.1.4, there exist two birational morphisms
hz : Z' — Z and h : X’ — X, and an ACSS model (X', F', B’ M)/Z’ of (X, F,B,M) with
induced morphism f’: X’ — Z’, such that foh =hzo f  and Dy is on Z’.

We let G’ be a divisor on X’ such that (X', F', B',M;G")/Z" is ACSS. Let Bz and N be the
discriminant and moduli part of f : (X, B+G,M) — Z respectively, Kz + By = h},(Kz+Byz),
and let B7, and N’ be the discriminant part and moduli part of f’ : (X',B'+ G' M) — Z'
respectively.

By Proposition 7.3.6, we have

Ny ~ Kz + B'+ Mx, = h*(Kr + B+ Myx) ~ h*N.
Thus for suitable choices of N” and N, we may assume that N, = h*Nx. Let
Kx/ +B + My :=h*(Kx + B+ G+ My).
Let By and N be the discriminant and moduli parts of ' : (X’, B,M) — Z' respectively. Since
N, — h*Ny
=((Kx'+B'+G +Mx/) — f* (Kz + By)) —h* (Kx + B+ G +Mx — f* (K7 + By))
—B'+ G — B — f*(By — By),
we have that B
B'+G — B — f*(BY% — Bz =0.
Moreover, by Proposition 11.1.1, (X, B + G,M) is BP semi-stable/Z. Thus
multp, BZ/ <multp, Bz.
For any prime divisor D on X with f/(D) = Dy, since B’ is horizontal/Z’, multp B’ = 0. Thus
multp &' = multp (B'+ f* (By — Bz)) .
There are two cases.
Case 1. Dy is not a component of B,. In this case, multp G’ = 0, and
multp B’ = multp f*By = multp, By - multp f*Dy.

Thus multp <B’ —multp, BZ/f’*DZ> =0, and

multp <B/ + (1 — multDZ BZ/)f,*Dz) = multp f,*DZ > 1.

Therefore,
1 — multp, By = sup {t ‘ (X’,B' + tf'*DZ,M> is lc over the generic point of DZ}

<1-—multp, By.

Thus -
multDZ By = multDZ By:.

Case 2. Dy is a component of B,. In this case, multp G’ =1 and multp B}, = 1. Therefore,
1 = multp <B’ + (multp By, — multp By/) f’*DZ> = multp (B’ + (1 — multp Bzr) f’*DZ> )
Thus

1 —multp, By = sup{t | (X', B’ +tf*Dz, M) is Ic over the generic point of D}
<1—multp, By,
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and hence
multDZ By = multDZ By

In either case, we have multp, Bz = multp, Bz/. Since Dz can be any prime divisor over

Z, f:(X,B+G,M) — Z is BP stable. O

Remark 11.1.6. When M = 0 and X is projective, Theorem 11.1.5 becomes [ACSS21,
Theorem 4.3] without the condition that Kx + B is f-nef. This seems to be an interesting
discovery and may be useful for future applications.

11.2. Numerical dimension zero generalized foliated quadruples.

Proposition 11.2.1. Let (X, F,B,M)/U be an lc gfq such that
o (X, F,B,M) is weak ACSS,
o rio(X/U Kr+ B+ Mx) =0, and
o cither X is Q-factorial kit or M is NQC/U.
Then for any ample/U R-divisor A, there exists a (Kr + B + Mx)-MMP/U with scaling of
A, say Py, satisfying the following. Let P = Py if X is not Q-factorial, and let P be any
(Kr+ B+ Mx)-MMP/U with scaling of A if X is Q-factorial. After a sequence of steps in P,
we get a log birational model (X', F',B',M)/U of (X,F,B,M)/U satisfying the following.
(1) For any very general fiber F' of X' — U, (Kz 4+ B +Mx/)|p =0, and if k,(X/U, Kz +
B+ MX) =0, then (K}-/ + B' + MX/)‘F/ ~pr 0.
(2) Suppose that the associated morphism m : X — U is an equi-dimensional contraction
and U is Q-factorial.
(a) Assume that Kr + B+ Mx =y (resp. ~ryu ) E" + EY for some R-divisors E"
and EY such that E" > 0 and E is vertical/U. Then

Kz + B'+ My =¢ (resp. ~gru ) 0.

In particular, (X', F',B';M)/U is a weak lc model of (X,F,B,M)/U.
(b) If k,(X/U,Kr + B+ Mx) =0, then:
(i) Kz + B+ My ~gp 0.
(i) (X', F',B";M)/U is a weak lc model of (X, F,B,M)/U.
(ii1) If (X, F,B,M)/U is ACSS, then (X', F',B',M)/U is a good minimal model
of (X, F,B,M)/U.

Proof. Let (Xo, Fo, Bo,M) := (X, F, B,M). We denote P by
(Xo, Fo, Bo,M) — — > (X1, F1,B1,M) — = > ... — = > (X;,, Fp, By, M) — — = . ...

Let A; be the strict transform of A on X;, m; : X; — U the induced contraction for each 4, and
)‘i = inf{t >0 ‘ K]:i + Bz + MXiiS nef/U}

the scaling numbers. By Proposition 9.3.2, we may choose Py so that either P terminates, or

If P terminates, then we let m be the index so that (X,,, Fin, Bm, M) /U is output of P. If P
does not terminate, then we let m be a positive integer such that f; is a flip for any ¢ > m. We
let ¢; : X, --+ X; be the induced birational map for any ¢ > m. Since P contains countable
many steps, there are at most countably many closed point z € Z, such that for some ¢ > m,
L 1(z) is contained in either the flipping locus of f; or the flipped locus of f;_i. Therefore, for
a very general point z € Z and any i > m, m, 1(z) is neither contained in the flipping locus
of f; nor the flipped locus of f;_; for any ¢ > m. We let F,, be a very general fiber of m,,
20 := mm(Fy,), and let F; be the fiber of m; over z for each i. Then the induced birational map

OFi = GilF, : Fm -+ Fj
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is small for any i > m. Let M? := M|g,,, Br, := Bi|r,, and Ap, := A;|p, for each i > m. Since
F; is a very general fiber of m;, K, = Kr,|f, for any i > m.

We will show that (X', 7', B, M) /U := (X, Fin, Bm, M) /U satisfies our requirements.
Claim 11.2.2. Kz, + By, + Mx,, is movable/U and (K, + B + Mx,,)|F,, is movable.

Proof. It Kz, + By, + Mx,, is nef/U then the claim is obvious, so we may assume that Kz, +
By, +Mx,, is not nef/U. In particular, P does not terminate. Since Kr, + B; + Mx, + tA4; is
nef/U for any i > m,

Kx,, + Bm +Mx,, = lim (¢; )u(Kx, + Bi + My, + t4;)

i—doo t
is movable/U, and
Kp, + Br, + Mi, + tAp, = (K7, + B; + My, + tA)|p,
is nef for each 7 > m. Thus

K, + Br,, + M, = (¢Elz)*(KFz + Br, + My, + tAr))

lim
1—+00
is movable, and the claim follows. ]
Proof of Proposition 11.2.1 continued. Since ko (X/U, Kr+B+Mx) =0, ko (X /U, K £,, +Bm+
My,,) = 0 and ko (KF,, + Bp,, + Mf, ) = 0. By Claim 11.2.2 and Lemma 4.2.4, Kf, + Bp,, +
MY = 0. Moreover, if k,(X/U, Kr + B+ Mx) = 0, then £,(X;n/U, Kr,, + By + Mx,,) =0,
so k,(Kp,, + Br,, + M, ) =0, and hence Kp,, + Bp,, + Mf, ~p 0. This implies (1).

We prove (2). From now on, we may assume that 7 is equi-dimensional and U is Q-factorial.
Suppose that Kr + B+ Mx =y (resp. ~ry ) E" + EV where E" > 0 and E" is vertical /U.
Since U is Q-factorial, for any prime divisor D on X, D is Q-Cartier, and we may define

tp :=sup{s | EY — sw*D > 0 over the generic point of D}.
Let 3

EY :=F" — > tpD.
D|D is a prime divisor on U
Since 7 is equi-dimensional, EY >0 and E is very exceptional /U. Possibly replacing EV with
E", we may assume that 0 < EV is very exceptional /U. Let E and EY, be the strict transforms
of E" and E¥ on X' = X, respectively. Then E" |r =0, so E" |r, =0 and
E;, =y (resp. ~ryv ) Kr,, + By, +Mx,,

is movable/U. Therefore, for any prime divisor S on X,,, and very general curves C on S over
U, EY,-C >0. By [Birl2, Lemma 3.3], E}, = 0. This implies (2.a).

If K, (X/U,Kr + B+Myx) =0, then Kz + B+ Mx ~r gy E > 0 for some R-divisor E on X
(cf. [HH20, Definition 2.6]). Then (2.b) immediately follows from (2.a) and Lemma 9.1.4. [

The following proposition is a direct consequence of Proposition 11.2.1.

Proposition 11.2.3. Let (X, F,B,M) be a projective lc gfq such that

o (X, F,B,M) is weak ACSS,

° /{J(K]_‘ + B+ Mx) =0, and

o cither X is Q-factorial klt or M is NQC.
Then for any ample R-divisor A, there exists a (Kr+ B+ Mx)-MMP with scaling of A, say Py,
satisfying the following. Let P = Py if X is not Q-factorial, and let P be any (Kr + B +Mx)-
MMP with scaling of an ample R-divisor if X is Q-factorial. Then:

(1) P terminates with a weak lc model (X', F', B',M) of (X, F,B,M) such that

K]:/—i-B/—i-MX/ =0.
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(2) Suppose that k,(Kr + B+ Mx) =0. Then:
(a) Kz + B+ My ~R,U 0.
(b) If (X, F,B,M) is Q-factorial ACSS, then (X', F', B',M) is a good minimal model
of (X, F,B,M).

Proof. It immediately follows from Proposition 11.2.1 by taking U = {pt}. U
11.3. Refined definition of lc-trivial fibrations.

Definition 11.3.1 (Lc-trivial fibration). Let (X, F,B,M)/U be a sub-gfq and f : X — Z
a contraction/U, such that the general fibers of f are tangent to F. We say that f :
(X, F,B,M) — Z is an lc-trivial fibration if
(1) (X,F,B,M) is sub-lc over the generic point of Z,
(2) Kr+ B+ Mgy ~R,Z 0, and
(3) there exists a birational morphism h : Y — X with Fy := h;'!F and K7, + By + My =
h*(Kr + B+ My), such that —B5" is R-Cartier and

ko(Y/)Z,—B3) = 0.
It is clear the lc-trivial fibration does not depend on the choice of U.

Remark 11.3.2. It is essential to note that our definition of lc-trivial fibration differs from the
classical one, even when M = 0 and F = Tx. We have valid reasons for this deviation. For the
sake of simplicity, in the rest part of this remark, we will assume that F = Tx.

In the classical definition, condition (3) is substituted by

(3’) rank fL,Ox([A*(X,B,M)]) = 1.

This condition (3’) appears in the initial version of the canonical bundle formula [Kaw98,
Condition (3) of Theorem 2]. It has also been adopted in subsequent versions, for instance,
[Amb05, Theorem 0.2] for sub-klt sub-pairs and [Kol07, Theorem 8.3.7] (also see [FG14, Theorem
3.6]) for lc-trivial fibrations of sub-lc sub-pairs.

However, for generalized sub-pairs, does not we cannot prove a complete version of the
canonical bundle formula under condition (3’). Specifically, for le-trivial fibrations of NQC
generalized pairs defined using condition (3’) instead of (3), one must incorporate one of the
subsequent conditions to derive the canonical bundle formula:

(4.1) B > 0 over the generic point of Z (rational coefficient case [F'S23, Theorem 2.20]; real
coefficient case [JL.X22, Theorem 2.23]).

(4.2) M is b-semi-ample/Z (rational coefficient case [Fill9, Chapter 6, Theorem 7]; real
coefficient case [JL.X22, Theorem 2.23]).

While the canonical bundle formula for NQC generalized pairs under conditions (4.1) or (4.2)
usually suffices for studying generalized pairs, troubles arise when examining the canonical
bundle formula for generalized foliated quadruples. This is because we need to construct equi-
dimensional models during the construction of the canonical bundle formula for generalized
foliated quadruples, as outlined in [LLM23, Definition-Theorem 6.12]. This approach could
yield a sub-lc g-sub-pair with negative coefficients, typically not complying with (4.1) or (4.2).
Consequently, defining the canonical bundle formula for generalized foliated quadruples becomes
challenging. Condition (3) was introduced to address this issue.

Indeed, the most important cases of the canonical bundle formula arise when B > 0 over
the generic point of Z. But as we often need to consider the coefficients of the discriminant
part across any high model of the base Z in order to study the corresponding singularities,
base changes are inevitable. Therefore, we need to take consideration of crepant pullbacks
of (X, B,M). Furthermore, running minimal model programs over the base to introduce new
structures means that crepant transformations over the generic point of Z also become inevitable.
This will inevitably introduce more sub-pairs or g-sub-pairs, necessitating a broader category of
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structures for which the canonical bundle formula needs to be applied. Specifically, we aim to
identify a category D of structures

f:(X,BM) — Z,

which satisfies the following two conditions.

(i) For any g-sub-pair (X, B,M)/U and contraction/U f : X — Z such that Kx + B +
Mx ~g 7z 0 and (X, B,M) is lc over the generic point of Z, f : (X, B,M) — Z belongs

to D.
(ii) For any g-sub-pairs (X,B,M)/U and (X',B’,M’)/U and birationally equivalent
contractions/U f : X — Z, f' : X' — Z' such that Kx + B+ Mx ~pz 0,
Kx/ + B +Mys ~g 2z 0, and (X, B,M) and (X', B’,M’) are crepant over the generic
point of Z, f: (X, B,M) — Z belongs to D if and only if f': (X', B’ M’) — Z belongs

to D.
Condition (3’) is one natural condition to add in order to form the category D. For generalized
pairs, however, the D category shaped by incorporating condition (3’) becomes overly expansive

to consistently prove the canonical bundle formula. By comparing our condition (3) with (3),
it becomes evident that (3’) can be loosely interpreted as

k(Y/Z,~B3") =0

(cf. [Kol07, Definitions 8.4.1, 8.4.2]). This essentially indicates some kind of existence of good
minimal models should hold for for generalized pairs with Kodaira dimension 0. But such
an assertion is absurd by numerous examples (e.g., [Sho00, 1.1 Example]). In fact, even for
usual pairs, since we don’t know the existence of good minimal models for pairs with Kodaira
dimension of 0, the theory of mixed Hodge structures is inevitably used to prove the canonical
bundle formula in almost all literature, with the exception of [ACSS21]. We also note that
[ACSS21] does not extensively address lc-trivial fibrations.

Given these considerations, we redirect our focus to a new category D of g-sub-pairs which
adhere to (1) and (2) but do not depend on condition (3’). It turns out that condition (3) is a
natural alternative choice for us to form the category D. This enables us to bypass the abundance
conjecture or the mixed Hodge structure by replacing (3) with (3’). This will eventually lead us
to prove the canonical bundle formula for generalized pairs and generalized foliated quadruples
in full generality.

The following lemmas are analogues of Lemma 11.3.3, 11.3.4, and 11.3.5 for foliations, and
their proofs are similar.

Lemma 11.3.3. Let (X, F,B,M)/U be a sub-gfq. Assume that —B<" is R-Cartier and
ko (X/U,—B=%) = 0. Then for any birational morphism g : W — X, such that

(1) K;~1x + Bw + My = g*(Kr + B+ Mx) satisfies that —BI%,O 1s R-Cartier, and
(2) there exists an R-Cartier R-divisor 0 < F' C Supp Exc(g),

we have that
ko(W/U,—Bg") = 0.
Proof. Let D := —B=<0, Dy, := —B%VO, and m > 0 an integer. Then we have
Dw=g,'D+E
for some E > 0 that is exceptional/X. Thus
0 = ke(X/U,D) = ke(W/U,g*D +mF) > ke(W/U, g, ' D + E) = ko (W/U, Dyy) > 0.
So ke (W/U, D) = 0. O
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Lemma 11.3.4. Let (X, F,B,M)/U and (X', F',B,M')/U be two sub-gfqs. Let f : X — Z
and f': X' — Z' be two birationally equivalent contractions/U, such that (X, F,B,M) and
(X', F',B",M') are crepant over the generic point of Z. Assume that Kr + B+ Mx ~rz 0
and Kz + B+ My ~R,Z' 0.

Then f: (X,F,B,M) — Z is an lc-trivial fibration if and only if f': (X', F',B',M') — Z'
is an le-trivial fibration.

Proof. By symmetry, we only need to prove the only if part, and we may assume that f :
(X, F,B,M) — Z is an lc-trivial fibration.

Let p: W — X and ¢ : W — X’ be a resolution of indeterminacy of the induced birational
map ¢ : X --+ X’ such that M descends to W, Fyy := p~F = ¢"'F', Kx,, + Bw + My =
p"(Kr + B + Mx), and Kz, + Bj, + My, := ¢*(Kz + B' + M,). Moreover, by Lemma
11.3.3, possibly replacing W with a higher resolution, we may assume that W is smooth and
ko(W/Z,—Bg) = 0.

Since (X, F,B,M) and (X', F',B’,M') are crepant over the generic point of Z, over the
generic point of Z, we have that By = By, F = F', and My = My,,. Thus x,(W/Z, —BI//IS/O) =
0. Moreover, since (X, F, B,M) is sub-lc over the generic point of Z, (W, F, By, M) is sub-
lc over the generic point of Z, so (W, F’, By, M') is sub-lc over the generic point of Z, and
so (W, F', By, M') is sub-lc over the generic point of Z’, so (X', F', B', M) is sub-lc over the
generic point of Z’. The lemma follows. g

Lemma 11.3.5. Let (X,F,B,M)/U be a sub-gfq and f : X — Z a contraction/U, such
that (X, F,B,M) is lc over the generic point of Z and Kr + B + Mx ~grz 0. Then f :
(X, F,B,M) — Z is an lc-trivial fibration.

Proof. Over the generic point of Z, BSY = 0, so k,(X/Z, BSY) = 0. The lemma follows from
the definition. H

11.4. Canonical bundle formula for generalized pairs.

Definition 11.4.1. Let (X, B,M)/U be a g-sub-pair and f : X — Z a contraction/U such that
f:(X,B,M) — Z is an lc-trivial fibration. Then there exists an R-divisor L on Z such that
Kx + B+ Mx ~g f*L. There exists a unique b-divisor M# on Z satisfying the following.
Let f': X' — Z' be any contraction that is birationally equivalent to f such that the induced
birational maps h: X’ --» X and hy : Z' --+ Z are morphisms. We let
and let By be the discriminant part of f/: (X', B',M) — Z’. Then
MZ%, = hyL — Kz — By

We call M? the base moduli part of f: (X,B,M) — Z. If there is no confusion, we may also
call MZ as the moduli part of f: (X, B,M) — Z. It is clear that for any fixed choice of L, M?
is unique. In particular, M?Z is unique up to R-linear equivalence.

Lemma 11.4.2. Let (X,B,M)/U be a g-sub-pair and f : X — Z a contraction/U such that
f:(X,B,M) — Z is an lc-trivial fibration. Suppose that n(Kx + B+Myx) ~ 0 over the generic
point of Z for some positive integer n. Then there exists a choice MZ of the base moduli part
of f:(X,B,M) — Z such that

n(Kx + B +Mx) ~nf* (Kz + Bz + M%),
where By be the discriminant part of f : (X, B,M) — Z.

Proof. By assumption, there exists a rational function ¢ € K(X) such that n(Kx +B+Mx) +
(1) is vertical/Z. By [CHL23, Lemma 2.5], there exists an R-Cartier R-divisor L on Z such that

n(Kx +B+Mx)+ (¢) =nf*L.
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The lemma follows from our construction of MZ as in Definition 11.4.1. O

Lemma 11.4.3. Let (X, B,M)/U and (X', B,M)/U be two g-sub-pairs. Let f : (X,B,M) — Z
and ' (X', B',M) — Z' be two lc-trivial fibrations/U such that f and f' are birationally
equivalent, and (X, B,M) and (X', B', M) are crepant over the generic point of Z. Let MZ be
the base moduli part of f : (X,B,M) — Z and let MZ" be the base moduli part of Z'. Then
MZ ~g MZ.

Proof. Possibly passing to a common base and resolve indeterminacy of the induced birational
map X --» X', we may assume that f = f/, X = X', and Z = Z'. Now Kx + B+ My =
Kx + B'+Mx over the generic point of Z, so B— B’ is vertical/Z. Since Kx + B+ Mx ~r,z 0
and Kx + B'+Mx ~r 70, B— B’ ~p 70, so B— B’ = f*P for some R-divisor P on Z.

Let By and B/, be the discriminant parts of f : (X,B,M) — Z and f : (X,B''M) — Z
respectively. By the definition of the discriminant part, B; = B, + P. Since

Kz + By +P+M% ~g Kz + By + MZ,
M%l ~R Mg Since we may pass to an arbitrarily high base change, we have M? ~p MZ. O

Theorem 11.4.4. Let (X, B,M)/U be a g-sub-pair and f : X — Z a contraction/U such that
f:(X,B,M) — Z is an lc-trivial fibration. Let Bz and MZ be the discriminant part and a
base moduli part of f : (X, B,M) — Z respectively. Then M?Z is nef/U. Moreover:

(1) (Z,Bz,M?)/U is a g-sub-pair.

(2) If the vertical/Z part of B is > 0, then (Z, Bz,M?%)/U is a g-pair.

(3) If (X, B,M) is sub-lc (resp. lc, sub-klt, kit), then (Z, Bz,M?%) is sub-lc (resp. lc, sub-klt,

kit).

(4) Any lc center of (Z, Bz, M?%) is the image of an lc center of (X, B, M).

(5) The image of any lc center of (X, B,M) on Z is an lc center of (Z, Bz, M?).

(6) If M is NQC/U, then M? is NQC/U.

Proof. By Lemmas 11.3.3 and 11.3.4, possibly replacing f, we may assume that —B=0 is R-
Cartier and s, (X/Z,—B=%) = 0. By Definition-Theorem 5.1.2, f : (X, B,M) — Z has an
equi-dimensional model f’ : (X', Xy, M) — Z’ with associated morphisms h : X’ — X and
hy : Z' = Z. Let
Kx' +B' 4+ My := h*(Kx + B+ My),

B'™ the horizontal/Z’ part of B’, and B’ := (B"")Z%. Let G’ be the vertical/Z’ part of Xx,
B the vertical/Z' part of B/, E" := —(B™)=<0, and E := G’ — B"". Then E" > 0 and E" is
vertical/Z’. By Lemma 11.3.3, k,(X'/Z, E") = 0. We have

Kx'+B' +G' + My =h*(Kx + B+Mx)+ B +G - B
~ ~ - <0 ~
~R. 71 (Bl _Blh) _|_Gl _ B/U - _ (Blh>— + <Gl _ B/U) — Eh _|_Ev

Since (X, B,M) is sub-lc over the generic point of Z, ¥ x» > B’ > 0. Let F’ be the foliation
induced by f' : X’ — Z’. By Lemma 6.24, (X', 7', B’ M;G")/Z’ is ACSS. By Proposition
7.3.6,
Kr + B’ + M ~R, 7/ Kxr + B + G’ + M x: ~R,Z' Eh + E".
Thus
ko(X'/Z' Kz + B'+Myx:) = ko (X' /Z', E") = 0.

By Proposition 11.2.1, we may run a (Kz + B'+ Mx/)-MMP/Z" which terminates with a good
minimal model (X", 7", B", M)/Z' of (X', F',B',M)/Z’'. Let G” be the image of G’ on X”. By
Lemma 9.1.4, (X", F",B" M;G")/Z" is ACSS.

Since X’ — U factors through Z', X’ --» X" is a sequences of steps of a (Kz + B’ + My/)-
MMP/U. By Lemma 9.2.2, Kz + B"” + M~ is nef/U. By Theorem 11.1.5, (X", B” + G", M)
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is BP stable/Z’. Let f” : X" — Z' be the induced contraction and let N be the moduli part
of f": (X", B"+G", M) — Z'. By Proposition 11.1.3, N is nef/U and N descends to X. By
Proposition 7.3.6,
Kxn + B+ G + Mxn ~R, 7! 0.

Let M’ be the base moduli part of f”: (X", B” + G", M) — Z’, then by the definition of base
moduli part, M’ descends to Z’ and f"*M/y, = Ny~ is nef, so My, is nef, hence M’ is nef.

Let B"" be the image of B on X”. Since Kx/ + B' + My ~rz 0, Kxr + B+ My ~g 0
over the generic point of Z’. Thus Kx» + B"™ + Myx» ~gr 0 over the generic point of Z'.
Since B” > B"" and Kx» + B" + Mx» ~gr,z 0, B" = B"" over the generic point of Z’.
Since (X', B, M) and (X", B"" M) are crepant over the generic point of Z’, (X', B',M) and
(X", B"+G",M) are crepant over the generic point of Z’. Thus (X, B,M) and (X", B"+G", M)
are crepant over the generic point of Z. By Lemma 11.4.3, M? = M’. The main part of the
theorem follows. (1) immediately follows.

(2-4) immediately from the definition of the discriminant part. (5) follows from the definition
of the discriminant part and Lemma 7.3.4. By [JLX22, Theorem 2.23], if M is NQC/U, then
M’ is NQC/U, hence M? is NQC/U. (6) follows. O

11.5. Canonical bundle formula for generalized foliated quadruples.

Definition-Lemma 11.5.1. Let (X, F, B,M)/U be a sub-gfq and f : X — Z a contraction/U,
such that the general fibers of f are tangent to F and f : (X,F,B,M) — Z is an lc-trivial
fibration. We define two b-divisors B and M?Z on Z in the following way.

By Lemma 6.1.8, there exists a foliation Fz on Z such that F = f~'F,;. Let f/ :
(X', X x,M) — (Z',X2/) be any equi-dimensional model of f : (X, B,M) — Z with associated
morphisms i : X' — X and hy : Z' — Z. Let Fp := h,' Fz and F' := h*F, then F' = f'~'F.

We define
R :=> (f*D-f1(D),
where D runs over all Fz/-invariant prime divisors on Z. By [Drul7, 2.9], we have
Kriy5, = Kxijz — R
Let Kz + B'+ My := h*(Kr + B+ My). Then K% + B'+ Mys ~g z 0, so
Kx + B — R + My ~g 2 0.

Since R = 0 and Kx» = Kz over the generic point of Z', f': (X',B'— R',M) — Z' is an
le-trivial fibration. By Theorem 11.4.4, there exist two b-divisors B and M# on Z, such that
B is uniquely determined and MZ is uniquely determined up to R-linear equivalence, and the
following conditions are satisfied:
(i) Kx'+ B — R +Mxs ~r f*(Kz + By +MZ,).
(ii) M? is nef/U.
(iii) For any birational morphism gz : Z” — Z’ and g : X” — X’ such that the induced map
f": X" --» Z" is a morphism, we let
K~xn + B” + MX” = g*(KX’ + B — R/ + Mx/),
then Byn is the discriminant part of f”: (X", B, M) — Z".
We call B as the discriminant b-divisor of f : (X, F, B,M) — Z and call MZ as the base moduli
part of f:(X,F,B,M) — Z. We also call Bz the discriminant part of f : (X,F,B,M) — Z.
Then:

(1) B and M? are well-defined, i.e. B and the R-linear equivalence class of M? are
independent of the choices of the equi-dimensional model of f : (X, B,M) — Z.

(2) (Z,Fz,Bz := Bz,M?%)/U is a sub-gfq. We say that (Z, Fz, Bz, M?)/U is a sub-gfq
induced by a canonical bundle formula/U of f: (X, F,B,M) — Z.
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(3) If M is NQC/U, then M?Z is NQC/U.

Proof. By [LLM23, Definition-Lemma 6.11], B is independent of the choices of the equi-
dimensional model of f: (X, B, M) — Z.

Since Kr + B + Mx ~p 7z 0, there exists an R-divisor L on Z which is uniquely determined
up to R-linear equivalence, such that

Kr+B+Myx ~r f*L.
By condition (i), we have
Kz + B + My ~p f* (K5, + Bz + M%)
Therefore, for any birational morphism gz : Z” — Z' with Fzn := g,' Fz, we have
M7, ~g (hz 0 gz)"L — Kr,, —Bgn.

Thus M%,, is uniquely determined up to the choices of L in its R-linear equivalence class, so

M? is uniquely determined up to R-linear equivalence. This implies (1).
We have

L= (hz)«hyL ~x (hz)« (Kr, + Bz + M%) = Kz, + Bz + MZ,

so Kr, + Bz +MZ% is R-Cartier. By condition (ii), (Z, Fz, Bz := Bz, M?)/U is a sub-gfq. This
implies (2).
(3) follows from Theorem 11.4.4(6). O

Lemma 11.5.2. Let (X,F,B,M)/U be a sub-gfq and f : X — Z a contraction/U such
that f : (X,F,B,M) — Z is an lc-trivial fibration. Let By be the discriminant part of
f: (X, F,B,M) — Z and Fz a foliation on Z such that F = f~1Fy. Let n be a positive
integer such that n(Kr + B+ Mx) ~ 0 over the generic point of Z. Then there is a choice M?
of the base moduli part of f: (X, F,B,M) — Z, such that

n(Kr+ B+ Mx) ~nf* (Kr, + By + M%) .

Proof. Let f': (X', Xx/,M) — (Z',32/) be a sufficiently high equi-dimensional model of f :
(X, B,M) — Z with associated morphisms h : X’ — X and hy : Z' — Z. Let Fy := h;]:z
and let
R = > (f*D - f~1(D)).
D|D is an F -invariant prime divisor
Then f': (X', B'— R',M) — Z' is an lc-trivial fibration. Since R’ is vertical/Z’, n(Kx/ + B’ —
R’ 4+ My) ~ 0 over the generic point of Z. The lemma follows from Lemma 11.4.2. O

Lemma 11.5.3. Let (X,F,B,M)/U and (X',F',B'M)/U be two sub-gfgs. Let f
(X,F,B_M) — Z and " : (X', F',B'M) — Z' be two lc-trivial fibrations/U such that f
and f' are birationally equivalent, and (X,F,B,M) and (X', F', B’ M) are crepant over the
generic point of Z. Let MZ be the base moduli part of f : (X, F, B,M) — Z and let MZ%" be the
base moduli part of f': (X', F',B',M) — Z. Then M? ~p M7’

Proof. Possibly passing to a common base and resolve indeterminacy of the induced birational
map X --» X', we may assume that f = f/, X = X', Z = 7', and F = F’ over the generic
point of Z, f: (X,X) — (Z,X7) is equi-dimensional toroidal for some ¥ O Supp B U Supp B’,
and (Z,X7z) is log smooth. Let Fz and F, be two foliations on Z such that F = f~1Fz and
]:l — f/_l]:,Z?

= > (f*D - f~Y(D)),

D|D is an Fyz-invariant prime divisor
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and

R = Z (f*D—f_l(D))-

D|D is an F/,-invariant prime divisor
Then MZ and M?' are the moduli parts of f : (X,B—R,M) — Z and f': (X,B'—R',M) — Z
respectively. Since (X, B — R, M) and (X', B’ — R', M) are crepant over the generic point of Z,
by Lemma 11.4.3, MZ ~p MZ'. O
Lemma 11.5.4. Let (X, F,B,M)/U be a sub-gfq and f : X — Z a contraction/U such that
f (X, F,B,M) — Z is an lc-trivial fibration with discriminant b-divisor B. Let F; be a
foliation on Z such that F = f~YF;. Then for any prime divisor D on Z,

multp Bz =ex, (D) —sup{t > 0| (X,F,B+tf*D,M) is sub-lc over the generic point of D}.
Moreover, there exists an lc center of

(X,F,B+ (er,(D) —multp Bz) f*D, M)
over the generic point of D.

Proof. Let Bz := Byz. By Definition-Lemma 11.5.1, possibly replacing f : X — Z with an
equi-dimensional model of f : (X, B,M) — Z, we may assume that X is Q-factorial klt with

at most toric quotient singularities, f is equi-dimensional, M descends to X, and there exists a
toroidal morphism f : (X,¥Xx, M) — (Z,X ) such that Supp B C ¥x. We define

R )3 (7D — ;D))
D|D is an Fz-invariant prime divisor
For any prime divisor D on Z, we define
bp:=1—sup{t >0 | (X,B— R+tf"D,M) is lc over the generic point of D}
and
tp :=¢€r, (D) —sup{t > 0| (X,F,B+tf*D,M) is lc over the generic point of D}.
By definition, multp Bz = bp for any prime divisor D on Z. There are three cases.

Case 1. D is not Fz-invariant. In this case, R = 0 and Kr = Kx over the generic point of D,
S0
sup{t | (X, B — R+ tf*D,M) is sub-lc over the generic point of D}
=sup{t | (X, F,B +tf*D,M) is sub-lc over the generic point of D}.

Thus bp = tp. Moreover, any lc center of (X,B — R+ (1 — bp)f*D,M) over the generic
point of D is an lc center of (X, F,B + (1 —bp)f*D,M) over the generic point of D. Since
(X,B—R+(1—bp)f*D,M) is a g-sub-pair over the generic point of D, by Lemma 7.3.4, there
exists an lc center of (X,B — R+ (1 — bp)f*D,M) over the generic point of D. Thus there
exists an lc center of (X, F, B+ (1 —bp)f*D,M) over the generic point of D.

Case 2. D is Fz-invariant and D ¢ Xz. Let B" be the horizontal/Z part of B, then B = B"
over the generic point of D. Since (X, F, B,M) is sub-lc over the generic point of Z, Xy > B".
By [LLM23, Lemma 6.6], (X, B" + f~1(D), M) is sub-lc over the generic point of D. Since

(X,B— R+ f*D,M) = (X,B" + f~1(D),M)

over the generic point of D, bp = 0. Thus multp By = 0. Since D is Fz-invariant, any
component of f~1(D) is F-invariant. Since B = B" over the generic point of D, any component
of f~1(D) is an lc center of (X, F, B,M). In particular, bp = 0 = tp.

Case 3. D is Fz-invariant and D C Xz. Then
—bp = sup{t | (X,B + f~YD) + tf*D,M) is sub-lc over the generic point of D}.
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Since f: (X, Xx,M) — (Z,%7) is toroidal, there exists a component S of f*D, such that

e multg(B + f~1(D) —bpf*D) = 1, and
e 0> |B+ fY(D)—tf*D] over the generic point of D for any t < —bp.

Therefore, mults(B — bp f*D) =0, and 0 > B — bp f*D over the generic point of D. Thus
—bp >sup{t >0 | (X,F,B+tf*D,M) is sub-lc over the generic point of D} = —tp.
Suppose that —bp > —tp. Let s € (—tp, —bp) be a real number, then
(X,B + YD)+ sf*D,M)

is sub-lc over the generic point of D, and (X, F, B + sf*D,M) is not sub-lc over the generic
point of D. Then there exists a prime divisor Dx over X, such that the image of Dx on Z
is D, and a(Dx,F,B + sf*D,M) < —ex(Dx). By Definition-Theorem 5.1.2, there exists an
equi-dimensional model f': (X', X x/,M) — (Z',Xz) of f : (X,Supp B + Supp f*D,M) — Z
associated with h : X’ — X and hy : Z/ — Z, such that Dy is on X'. Let F' := h™LF,
Fzr:=h, ' Fz, Kz + B+ Mx: := h*(Kr + B+ Mcx), D' := (h;').D, and

R = 3 (f*L— f7HL)).

L|L is an F,/-invariant prime divisor

Then Dy is a component of f'~1(D’). Since D’ is Fy-invariant and F' = f'~'Fz, Dx is F'-
invariant. Since a(Dx,F, B+ sf*D,M) < —ex(Dx), multp, (B’ + sf*D’) > 0. By Definition-
Lemma 11.5.1(1),

—bp =sup{t > 0| (X', B'— R +tf"D’';M) is lc over the generic point of D'} — 1
=sup{t > 0| (X', B + f~Y(D) + tf*D',M) is Ic over the generic point of D'}
< s < —bp,

a contradiction. Thus bp = tp. Since multg(B — tpf*D) = 0, S is an lc center of (X, B —
bpf*D,M) over the generic point of D. The lemma follows in this case. O

Proposition 11.5.5. Let (X, F,B,M)/U be a sub-gfq and f : X — Z a contraction/U such
that f : (X,F,B,M) — Z is an lc-trivial fibration. Let B be the discriminant b-divisor of
f:(X,F,B,M) = Z, By := By, and M? the base moduli part of f : (X,F,B,M) — Z. Let
Fz be a foliation on Z such that F = f~1F,. Then:

(1) If the vertical/Z part of B is > 0, then Bz > 0.

(2) If (X, F,B,M) is sub-lc (resp. Ic), then (Z, Fz,Bz,M?%) is sub-lc (resp. lc).

(3) Any lc center of (Z, Fz, Bz, M?) is the image of an lc center of (X, F,B,M).

(4) The image of any lc center of (X, F,B,M) on Z is an lc center of (Z,Fz, Bz,M?%).

Proof. The proposition immediately follows from Lemma 11.5.4. U

Finally, we state the following proposition that can be useful for inductive purposes.

Proposition 11.5.6. Let (X, F, B,M) be a sub-gfq and X 5y 2 7 two contractions/U. Let
h:=go f. Suppose that h: (X,F, B,M) — Z is an lc-trivial fibration. Let (Z,Fz, Bz, M%) be
the sub-gfq induced by h : (X, F,B,M) — Z. Then:
(1) f:(X,F,B,M) =Y is an lc-trivial fibration.
(2) Let (Y, Fy,By,MY) be a sub-gfq induced by f : (X,F,B,M) — Y. Then:
(a) g: (Y, Fy,By,MY) = Z is an lc-trivial fibration.
(b) The discriminant part of g : (Y, Fy,By,MY) — Z is By.
(c) (Z,Fz,Bz,M?) is a sub-gfq induced by g : (Y, Fy, By ,MY) — Z.
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Proof. Possibly replacing X and Y with high models, we may assume that X and Y are smooth,
and ko (X/Z,—B=%) = 0.

(1) Since (X, F, B,M) is sub-lc over the generic point of Z, (X, F, B,M) is sub-lc over the
generic point of Y. Since Kr+B+Mx ~g 7 0, Kr+B+Mx ~py 0. Since k,(X/Z, —-B=Y%) =0,
ko(X/Y,—B<") = 0. This implies (1).

(2.a) Since (X,F,B,M) is sub-lc over the generic point of Z, by Theorem 11.4.4,
(Y, Fy, By, MY) is sub-lc over the generic point of Z. Since

f*(K]:Y —|—By—|—My) ~r Ky + B+ Mx ~R,Z 0,

Kz, + By + My ~g z 0. By Lemma 11.5.4, for any component D of Béo and any irreducible
component Dx of f~1(D) over the generic point of D, Dy is a component of B, Therefore,
over the generic point of Z, there exists a positive real number § such that

—B=" > ef*(-B3").
Thus
0< ’{U(X/Z’ f*(_Béo)) = KU(X/Z’ Ef*(_Béo)) < ’{U(X/Z’ _BSO) =0,
SO
ko (Y2, ~B3") = ko (X/Z, f*(~BF")) = 0.
Therefore, g : (Y, Fy, By, MY) — Z is an lc-trivial fibration.
(2.b) Let B, be the discriminant part of g : (Y, Fy, By, MY) — Z. For any prime divisor D
over Z, let sp := ex, (D) —multp Bz and s}, := e, (D) — multp BY,.
By Lemma 11.5.4, for any positive real number ¢ and any prime divisor D on Z,
(Y, fy, By + tg*D, M)
is the sub-gfq induced by f : (X,F,B + th*D,M) — Y over the generic point of D. By
Proposition 11.5.5(3)(4),
sy =sup{t > 0| (Y, Fy, By +tg*D,MY) is sub-lc over the generic point of D}
=sup{t > 0| (X, F, B+ th*D,M) is sub-lc over the generic point of D} = sp.

Thus By = BY,.
(2.c) By applying (2.b) to all high models of Z, we get (2.c). O

12. CANONICAL BUNDLE FORMULA FOR LC-TRIVIAL MORPHISMS AND SUBADJUNCTION
FORMULA

12.1. Canonical bundle formula for lc-trivial morphisms.

Definition-Lemma 12.1.1 ([Dru2l, Proposition 3.4]; cf. [Spi20, Proposition 3.7]). Let f :
X" — X be a surjective finite morphism between normal varieties and F a foliation on X.
Assume that K7 is Q-Cartier and F' := f~'F. For any prime divisor on X, we let rp be the
ramification index of f along D. We call

R := Z (rp—1)D
D|D is a non-F-invariant prime divisor
the ramification divisor of f with respect to F. Then we have
K T = f*K T+ R.

Definition-Lemma 12.1.2. Let (X,F,B,M)/U be a sub-gfq and f : X — Z a finite
morphism/U. Suppose that there exists a foliation Fz on Z such that F = f~!1Fz, and suppose
that K+ B + My ~R,Z 0.
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We define two b-divisors, B on MZ on Z, in the following way. Let hy : Z' — Z be any
birational morphism, X’ the main component of Z' xz X, f' : X' — Z' and h : X’ — X the
induced morphisms, 7' := h~'F, and Fy = h}lfz. We let

Kz + B '+ My = h*(Kr + B+ My).

Let Z"° be the largest open subset of Z’ which does not contain Sing(Fz/) U Sing(Z’) and let
X" = f=1(Z"). By Definition-Lemma 12.1.1,

K»/—'/|X/O — (f/’XIO)*KfZ’|Z’0 + RIO

where R is the ramification divisor of f’|xo with respect to Fz/|z0. We let R’ be the closure
of R” in X’°. We let B and M?Z be the b-divisors such that By = Flgff,ﬁ(R' + B') and

MZ, = @f;MX/ for any choices of Z’. Then:

(1) B and M are well-defined and uniquely determined.
(2) For any choice of 7',

Kg + B +My ~g f*(Kr, + Bz +M5%).

(3) MZ is nef/U.
(4) If B> 0, then Bz > 0.
(5) If (X, F, B,M) is (sub-)lc, then (Z, Fz, Bz, M?) is (sub-)lc, and for any lc center T' of
(Z,Fz,Bz,M?%), any component of f~1(T) is an lc center of (X, F, B,M).
(6) If M is NQC/U, then M? is NQC/U.
We call B the discriminant b-divisor of f : (X, B,M) — Z, and call By := By the discrminant

part of f : (X,B,M) — Z. We call M? the base moduli part of f : (X,B,M) — Z. We say
that (Z, Fz, Bz,M?%)/U is the sub-gfq induced by f: (X,F,B,M) = Z.

Proof. (1) We only need to show that for any birational morphism gz : Z” — Z’, (92)«Bzr =
By and (g7)«M%, = MZ,. We let X" be the main component of X’ xz Z” and g : X" — X,
f": X" — Z" the induced morphisms. Let F” := g~ F', Fzn := g, ' Fz1, Z" be the largest
open subset of Z” which does not contain Sing(Fz») U Sing(Z"), X" = f'=1(Z"), R the
ramification divisor of f”|x»0 with respect to Fzn|zmo, and R” the closure of R” in X”. Then

1 1
B , — /! B/ R/ _ 5 // R// _ " B// R// _ *B .
z —degff*( +R) = doz f ffg( + R") = degf(gz) {(B"+R") = (92)+Bz
and
1
M7, [iMy = —— f19:M ——(92)+ fIMxr = (92):MZ,.

~deg f7* de f " de f

(2) By (1), we only need to prove (2) for any sufficiently high model Z’ of Z. In particular,
we may assume that Z’ is Q-factorial. Then f’*(delgffiR’) = R, f’*(delgffiB’) = B’, and
f/*(delgffiMX,) = My, so (2) immediately follows.

(3)(6) By [HL21b, Lemma 4.2], there exists a birational morphism hy : Z"” — Z satisfying the
following. Let X” be the main component of Z” x 7 X, then M descends to X”. By definition,
M7 descends to Z”. Since Mx» is nef, M%,, is nef. Thus M7 is nef. This implies (3). Moreover,
if M is NQC/U, then M~ is NQC/U, so M%, is NQC/U, hence MZ is NQC/U. This implies
(6).

(4) It is obvious from the definition of B.

(5) By (4), we only need to prove the sub-lc case. Suppose that (X, F, B,M) is sub-lc, then
(X', F',B',M) is sub-lc. Let D be a prime divisor on Z’. Let Ey, ..., F,, be all components of
f~1(D) and let r; be the ramification index of r; along E;.
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If D is Fyr-invariant, then each E; is F-invariant E; ¢ Supp R'. Since (X', F',B’,M) is
sub-lc, multy, B’ < 0 for any 4. Thus

1
multp Bz = multp ﬁf*(B/ +R)= Z @(multp;i B') <0=c¢r, (D).
=1

Moreover, if D is an lc place of (Z, Fz, Bz, M?), then multp By = 0, so mult, B’ = 0 for each
i. Therefore, each E; is an lc place of (X', F', B, M), hence an lc place of (X, F, B, M).

If D is Fz-invariant, then each E; is not F-invariant, and > ", r; < degf. Since
(X', F', B';M) is sub-lc, multg, B’ <1 for any i. Thus

m
ltp By = multy —— f/(B' + ri— 1 multg B) < 2= <1 — 1 (D).
multp bz mu Dd ff* Zdegf + mu E; )— degf = E,/—'Z/( )
Moreover, if D is an lc place of (Z, Fz, Bz, M?), then multp By = 1, so multy, B’ = 1 for each
i. Therefore, each E; is an lc place of (X', F', B, M), hence an lc place of (X, F, B, M).
Since hy : Z' — Z can be any birational morphism, we get (5). O

Definition 12.1.3 (lc-trivial morphism). Let (X, F, B,M)/U be a sub-gfq and f : X — Z a
projective surjective morphism over U. Let X = Z 2y Z be the Stein factorization of f- We
say that f: (X, F,B,M) — Z is an lc-trivial morphism, if

(1) Kr+B+Mx ~gr 70,

(2) 7: (X, F,B,M) — Z is an lc-trivial fibration, and

(3) there exists a foliation F on Z such that F = f~1F,.

Definition-Theorem 12.1.4 (Canonical bundle formula for lc-trivial morphisms). Let
(X,F,B,M)/U

be a sub-gfq and f : X — Z an le-trivial morphism/U, and let Fz be a foliation on Z such that
F = f~1Fz. Then there is a sub-gfq (Z, Fz, Bz, M%) /U, such that Bz is uniquely determined
and MZ is determined up to R-linear equivalence, defined in the following way.

Let X 5 Z 2 Z be the Stein factorization of f. By Definition-Lemma 11.5.1, there exists a
sub-gfq

(Z,F5,B; M%) /U

induced by 7 : (X, F,B,M) — Z, such that B is uniquely determined, and MZ is uniquely
determined up to R-linear equivalence. Moreover, we have F,; = ~~1Fz and

Ky, + By + MZ ~g 7 0.
By Definition-Lemma 12.1.2; there exists a sub-gfq
(Z,Fz,Bz,M?) /U

induced by v : (Z,.FZ,BZ,MZ ) — Z, such that Bz is uniquely determined, and M? is
uniquely determined up to R-linear equivalence. We say that Bz is the discriminant part
of f: (X,F,B,M) — Z, M? the base moduli part of f : (X,F,B,M) — Z, and say that
(Z,Fz,Bz,M?) is a sub-gfq induced by f : (X, F,B,M) — Z.
Moreover, we have the following:

(1) If the vertical/Z part of B is > 0, then Bz > 0.

(2) If (X, F, B,M) is (sub-)lc, then (Z, Fz, Bz,M?%) is (sub-)lc.

(3) Byz is uniquely determined, and M? is uniquely determined up to R-linear equivalence.

(4) Suppose that (X, F, B, M) is sub-lc. Then for any lc center T of (Z, Fz, Bz, M%), T is

the image of an lc center of (X, F, B,M) on Z.
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Proof. (1) It follows from Definition-Lemma 12.1.2(4) and Proposition 11.5.5(1).
(2) It follows from Definition-Lemma 12.1.2(5) and Proposition 11.5.5(2).
(3) It follows from Definition-Lemma 11.5.1(1) and Definition-Lemma 12.1.2(1).
(4) It follows from Proposition 11.5.5(3) and Definition-Lemma 12.1.2(5). O

~— —

12.2. Subadjunction formula for g-pairs. In this section, we shall introduce and discussion
the subadjunction formula for lc g-pairs. Since the canonical bundle formula for lc-trivial
fibrations for gfgs requires that the general fibers are tangent to the foliation, the subadjunction
formula for foliations is more subtle and we will omit it in this paper.

Definition-Theorem 12.2.1 (Subadjunction formula via log resolutions). Let (X, B,M)/U be
a g-sub-pair and V' an lc center of (X, B,M) with normalization v : W — V| such that B > 0
near the generic point of V. Then there exists a naturally defined g-sub-pair (W, By, MW)/U
defined in the following way.

Let S be an lc place of (X, B,M) so that centerx S = V. Let h: Y — X be a log resolution
of (X, Supp B) such that M descends to Y and S is on Y. We let

Ky + By + My := h"(Kx + B+ Mx)
and let (S, Bs,M?®)/U be the g-sub-pair induced by the adjunction
Kg+ Bg +MS§ := (Ky + By + My)|s.

Then there exists an induced projective surjective morphism hg : S — W such that vo fg = hlg.
By construction, we have
Kg+ Bg + Mg ~gr.w 0.

Since B > 0 near the generic point of V, By > 0 near the generic point of S. Therefore,
hs : (S, BS,MS) — W is an lc-trivial morphism. By Definition-Theorem 12.1.4, there exists
a g-sub-pair (W, By, M")/U induced by hs : (S,Bs,M?%) — W. Moreover, we have the
following:
(1) For any fixed choice and S, By is uniquely determined, and M" is uniquely determined
up to R-linear equivalence. In particular, By and the R-linear equivalence class of MW
are independent of the choice of h.
(2) Kw + Bw + Mw ~r (Kx + B + Mx)|w.
(3) If (X, B,M) is sub-lc near V, then (W, By, M") is sub-lc.
(4) Suppose that (X, B,M) is sub-lc near V. Then for any lc center T of (W, By, M"),
v(T) is an lc center of (X, B,M).
We say that (W, By, M) /U is a g-sub-pair induced by subadjunction
Kw + Bw + My, := (Kx + B+ Mx)|w
and say that (W, By, M"W) is associated with S.
Proof. The construction is clear so we only need to prove (1-4).

(1) We let A’ : Y/ — X be a log resolution of (X, Supp B) such that M descends to Y’ and S
on Y, so that the induced birational map ¢ : Y’ — Y is a morphism. Let S’ := ¢g; 1S,

Ky + By + My := "(Kx + B+ My),
and let (S’, B/, M®)/U be the g-sub-pair induced by the adjunction
Kg + Bg + Mg = (Ky' + By + My7)]s.
Then g|g/ : S’ — S is a morphism, and we have
Kg' + Bg + Mg = (Ky' + Byr + My/)|sr = g*(Ky + By + My)|s
= g5 ((Ky + By + My)|s) = g5 (Ks + B+ S + M§).
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By our construction, the g-sub-pair induced by hg o glg : (S', Bg/,M?%) — W is equal to the
g-sub-pair induced by hg : (S, Bg, MS ) — W modulo R-linear equivalence of the base moduli
part. Since A’ can be any high log resolution of (X, Supp B), (1) follows.

(2) It immediately follows from the definition.

(3) Since (X, B,M) is sub-lc near V, (W, By, M) is sub-lc near S. Thus (S, Bs, M®) is
sub-lc. By Definition-Lemma 12.1.4(1), we get (3).

(4) By Definition-Theorem 12.1.4, T is the image of an lc center T of (S, Bg,M®) on W.
Since (S, Bs, M) is log smooth, Ty is also an lc center of (Y, By, M). Thus h(Ts) is an lc center
of (X, B,M). By construction, v(T) = h(Ts). O

Proposition 12.2.2 (Subadjunction formula via dlt models). Let (X, B,M)/U be an g-sub-pair
and V' an lc center of (X, B,M) with normalization v : W — V', such that (X, B,M) is lc near
W. Let S be an lc place of (X, B,M) such that centerx S = V. Let (W,Bw,MWY)/U be a
g-sub-pair induced by subadjunction

Kw + Bw + My := (Kx + B+ Mx)|w

and is associated with S.
Suppose that f:Y — X is a dit modification of (X, B, M) near W such that S is on' Y. Let

Ky + By + My = f*(Kx + B + My),
(S, Bs,M?®)/U the g-sub-pair induced by the adjunction
Kg+ Bg + M5 = (Ky + By + My)|s,
and fg: S — W the induced projective surjective morphism such that vo fg = f|g. Then:

(1) (W, By ,MWY) is the g-pair induced by fs: (S, Bg, M%) — W.
(2) (W, By ,M"W) is lc.

Proof. Let g : Y’ — Y be a log resolution of (Y, Supp By ) such that M descends to Y,
Ky + By + My := g"(Ky + By + My),
S := g8, and let (S’, Bg/,M®)/U be the g-sub-pair induced by the adjunction
Kg + By +M§, := (Ky+ + By + My/)|g.
Then g|g/ : S” — S is a morphism, and we have
Kg + Bg + Mg = (Ky' + Byr + My/)|ss = g*(Ky + By + My)|s
= 915 ((Ky + By + My)|s) = gls (Ks + Bs + Mg).
By our construction, (W, By, MW) /U is the g-sub-pair induced by fsog|s : (S’, B, M%) — W,

which is equal to the g-sub-pair induced by fs : (S, Bs, M%) — W modulo R-linear equivalence
of the base moduli part. By Definition-Theorem 12.1.4(2), (W, By, M") is lc. O

Definition-Theorem 12.2.3. Let (X, B,M)/U be a dlt g-pair and f : (X,B,M) — Y a dlt
crepant log structure/U (Definition 4.3.4). Let Z C Y be an lc center of f : (X,B,M) — Y
with normalization v : Z™ — Z. Let S be the set of all lc centers of (X, B, M) which dominate
Z and let S € S be an element that is minimal under inclusion. Let (S, Bg, M) be the g-pair
induced by adjunction

Ks + Bs + Mg := (Kx + B + Mx)|s,
fs : S = Z" the induced morphism such that v o fg = f|g, and let fg : S 5 v L Z" be the
Stein factorization of f|s: S — Z. Then:
(1) (Crepant log structure) (S, Bg, M®) is dlt, Kg + Bs + M2 ~g 7z 0, and (S, Bs,M?) is
klt over the generic point of Z. In particular, f|g : (S, Bs, M®) — Z is a dlt crepant log
structure and an lc-trivial morphism.
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We let
(V,By,M")/U
be the g-pair induced by the lc-trivial fibration 7 : (S, Bg, M®) — V. Then:

(2) (Uniqueness of sources) The crepant birational equivalence class of (S, Bg, M®) does not
depend on the choice of S. We call the crepant birational equivalence class of (S, Bg, M*)
as the source of Z with respect to f : (X, B,M) — Y, and is denoted by Src(Z, X, B, M).

(3) (Uniqueness of springs) (V, By, M") modulo the R-linear equivalence class of MV is
unique up to isomorphism. We call (V, By,,M") as the spring of Z with respect to
f:(X,B,M) — Y, and is denoted by Spr(Z, X, B,M).

(4) (Adjunction) Let W C X be an lc center such that Z C Yy = f(W), and let
(W, By, M") /U be the lc g-pair induced by repeatedly applying adjunction

Kw + Bw + M}, .= (Kx + B+ My)|w.

Let vy : Yjj; — Y be the normalization of Yy, fw : W — Y}, the induced morphism
such that vy o fyy = f|w, and let

W vy 2 vy

be the Stein factorization of fyr. Let Zyw C Vi be an irreducible subvariety such that
(vy oyw)(Zw) = Z, and (Viy, Byy,,, MYW) /U a g-pair induced by the lc-trivial fibration
w = (W, By, M") — V. Then:

(a) Zw is an lc center of (Viy, By, MYW).

(b) Sre(Z, X, B,M) = Src(Zw, W, By, MW).

(c) Spr(Z, X, B,M) = Spr(Zw, W, By, M"V).

Proof. (1) By [HL22, Lemma 2.9], (S, Bs,M?) is dlt. Since Kx + B+ My ~g 7 0, Kg+ Bs +
Mg ~gr,z 0. By Lemma 4.3.2 and since S is minimal in S, (5, Bg, M?) is kit over the generic
point of Z. (1) follows.

(2) By Theorem 4.3.8, different choices of S are P!-linked to each other, hence they are crepant
equivalent to each other by Definition 4.3.7(3).

(3) It follows from (2) and Definition 11.4.1.

(4) By Lemma 4.3.11(3) and Theorem 11.4.4, Zy is an lc center of (Viy, By, MYW) and an
lc center of 7y : (W, By, MW) — V4. This implies (4.a).

Let S’ be a minimal lc center of (W, By, M") which dominates Zy, then S’ is also an lc
center of (X, B,M) which dominates Zy . In particular, S’ dominates Z. If S’ is not minimal in
S, then there exists S” C S such that S” dominate Z, so 7w (S”) C Zw and 1y (S”) dominates
Z. This is not possible as Zy is irreducible and ~y is finite. Therefore, S’ is minimal in S.
This implies (4.b). (4.c) follows from (4.b) and (3). O

Definition-Lemma 12.2.4 (Subadjunction formula via minimal lc centers). Let (X, B,M)/U
be an g-sub-pair and V an lc center of (X, B, M) with normalization v : W — V, such that
(X,B,M) is lc near W.

Suppose that f:Y — X is a dlt modification of (X, B, M) near W and let

Ky + By + My = f*(Kx + B+ Mx).

Let S be the set of all lc center of (Y, By, M) whose image on X is V, and let S be a minimal
element of S up to inclusion. Let (S, Bs,M®)/U be the g-pair induced by repeating applying
adjunction
Kg+ Bs + Mg = (Ky + By + My)|s,
and let fg: S — W be the induced projective surjective morphism such that v o fg := f|g.
We let (W,Bw,MW")/U be a g-pair induced by a canonical bundle formula of fg
(S, Bs,M?) — W. Then:
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(1) There exists an lc place S’ of (X, B, M) such that centery S’ = V, (W, By, M") is a
g-pair induced by subadjunction
Kw + Bw + My := (Kx + B +Mx)|w,

and (W, By, M"W) is associated with S'.
3) (W, By,M") is lc.
4) For any lc center T of (W, By, M%), v(T) is an lc center of (X, B,M).
5) W does not depend on the choice of S (but may depend on the choice of f).
We say that (W, By, M) /U is associated to f.

Proof. (1) We let g : Y/ — Y be the blow-up of the generic point of S and let S’ be the reduced
exceptional divisor. Let

(
(
(
(

KY/ + By/ + MY/ = g*(KY + BY + MY)

Then (Y', By:, M) is dlt over a neighborhood of W. Let (S’, B/, MS/)/U be the g-pair induced
by adjunction
KS/ + BS’ + Mg; = (Ky/ + By/ + My/)’g/.

Since (Y, By) is log smooth near the generic point of S and M descends to Y near the generic
point of S, glgs : S" = S is a contraction, and (S, Bg, M) is induced by g|s (5", B, M%) = S.

Thus the Stein factorization of the induced morphism S’ — W factors through S. By
Proposition 11.5.6, we get (1).

(2) It follows from (1) and Definition-Theorem 12.2.1(2).

(3) It follows from (1) and Proposition 12.2.2(2).

(4) It follows from (1) and Definition-Theorem 12.2.1(4).

(5) It follows from Definition-Theorem 12.2.3. O

13. STRATIFICATION OF GENERALIZED PAIRS AND DU BOIS PROPERTY

The goal of this section is to study the stratification properties of lc generalized pairs and
prove Theorem 2.2.9.

13.1. Stratification. In this subsection we recall some basic definitions of stratifications.

Definition 13.1.1 ([Kol13, Definition 9.15]). Let X be a scheme. A stratification of X is
a decomposition of X into a finite disjoint union of reduced locally closed subschemes. We
will consider stratifications where the strata are of pure dimensions and are indexed by their
dimensions. We write X = U;5; X where S; X C X is the i-th dimensional stratum. Such a
stratified scheme is denoted by (X, S,). We also assume that U;<;S5; X is closed for every j. The
boundary of (X, Sx) is the closed subscheme

B(X,S:) = Uicdim x5iX = X\ Saim x X,

and is denoted by B(X) if the stratification S, is clear.

Let (X, S«) and (Y, Si) be stratified schemes. We say that f: X — Y is a stratified morphism
if f(S;X) C S;Y for every i. Since S; X are disjoint with each other, f : X — Y is a stratified
morphism if and only if $;X = f~1(S;Y).

Let (Y, S,) be a stratified scheme and f : X — Y a quasi-finite morphism such that f=1(S;Y")
has pure dimension i for every i . Then S;X := f~!(S;Y) defines a stratification of X. We
denote it by (X, f~1S,), and we say that f: X — (Y, S,) is stratifiable.

Definition 13.1.2 ([Koll3, Definition 9.16]). Let (X,S.) be stratified variety. A relation
(01,02) : R = (X, 8S,) is stratified if each o; is stratifiable and o7 'S, = 05 'S,. Equivalently,
there exists a stratification (R,o~1S;), such that » € 0~1S;R if and only if o1 (r) € S; X and if
and only if o9(r) € S; X.
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Definition 13.1.3 ([Koll3, Definition 9.18]). Let (X, S.) be a stratified scheme such that X is
an excellent scheme. The normality conditions (N), (SN), (HN), and (HSN) are defined in the
following ways.

(N) We say that (X, S.) has normal strata, or that it satisfies (N), if each S;X is normal.
(SN) We say that (X,S.) has semi-normal boundary, or that it satisfies (SN), if X and
B(X, Ss) are both semi-normal.
(HN) We say that (X, S,) has hereditarily normal strata, or that it satisfies (HN), if
(a) the normalization 7 : (X", 7715,) — (X, S,) is stratifiable,
(b) (X, 7~18,) satisfies (N), and
(c) B(X",n718,) satisfies (HN).
(HSN) We say that (X, S,) has hereditarily semi-normal boundary, or that it satisfies (HSN), if
(a) the normalization 7 : (X", 7715,) — (X, S,) is stratifiable,
(b) (X,n~1S,) satisfies (SN), and
(c) B(X",n718,) satisfies (HSN).

Next we give a special stratification that is induced by the lc crepant log structure.

Definition 13.1.4 (Lc stratification for generalized pairs). Let f : (X,A,M) — Z be an lc
crepant log structure. Let S} (Z, X, A, M) C Z be the union of all < i-dimensional lc centers of
f:(X,AM) — Z, and

Si(Z, X, AM) := S/ (Z, X,A,M) \ S/ {(Z,X,A,M).

If the lc crepant log structure f : (X, A, M) — Z is clear from the context, we will use S;(Z)
for abbreviation. It is clear that each S;(Z) is a locally closed subspace of Z of pure dimension
i, and Z is the disjoint union of all S;(Z).

The stratification of Z induced by S;(Z) is called the lc stratification of Z induced by f :
(X,A, M) — Z. Since this is the only stratification we are going to use in the rest of this paper,
we usually will not emphasize the lc crepant structure f : (X, A, M) — Z, and we will denote
the corresponding stratified scheme by (Z,S.). The boundary of (Z,S,) is the closed subspace

B(Z,Ss) = Z\Sdim z(Z) = Ui<dim z5i(Z).
Definition 13.1.5. We say that a semi-normal stratified space (Y,Sy) is of lc origin if S;(Y)
is unibranch for any 4, and there are lc crepant log structures f; : (X;,A;, M7) — Z; with lc
stratifications (Z;, S1) and a finite surjective stratified morphism 7 : II;(Z;, S7) — (Y, S,).

13.2. Semi-normality of lc centers and lc origin. In this subsection we show that lc centers
of lc generalized pairs are semi-normal.

Theorem 13.2.1. Let f : (X, A,M) — Z be an lc crepant log structure. Let W C Z be
the union of all lc centers of f : (X,A,M) — Z except Z, and B(W) C W the union of all
non-maximal (with respect to inclusion) lc centers that are contained in W. Then

(1) W is semi-normal, and

(2) W\B(W) is normal.

Proof. Let (Z,Az,N)/U be an lc g-pair induced by the canonical bundle formula/U of f :
(X,A,M) — Z. By Theorem 11.4.4, the lc centers of (Z, Az, N) are exactly the lc centers
of f:(X,A,M) — Z. Possibly replacing (X, A, M) with a dlt model of (Z,Az,N), we may
assume that f is birational and (X,A,M) is Q-factorial dlt. We have W = f(|A]). Let
A" := {A}. We consider the exact sequence

0— Ox(—|A]) = Ox = O|a,
and its push-forward
Oz = f.0x = f.0a] - R' [.Ox(~|A)).
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By [HL22, Lemma 3.4], we can find an R-divisor A” > 0 such that
—|A| ~rz Kx + A"+ Mx ~rz Kx + A"

and (X, A”) is klt. Since —|A| is a Weil divisor, by [HLS19, Lemma 5.3, Theorem 5.6], possibly
perturbing A”, we may assume that A” is a Q-divisor and

—{AJ ~Q,Z Kx + A,

By [Kol13, Corollary 10.40], R'f,Ox(—|A]) is torsion free for every i. On the other hand,
J+O|a] is supported on W, hence it is a torsion sheaf. Thus the connecting map 4 is zero, hence
Oz — f+O|a] is surjective. Since this map factors through Oy, we conclude that Oy — f.O|a|
is also surjective, hence an isomorphism.

Note that | A] has only nodes at codimension 1 points and it is Se by [Kol13, Corollary 2.88].
By [Kol13, Lemma 10.14], |A] is semi-normal. By [Koll3, Lemma 10.15], W is semi-normal.
This is (1).

To prove (2), let V' C |A] be an irreducible component of its non-normal locus. Then
V' is an lc center of (X,A), hence an lc center of (X,A,M). Thus f(V) is an lc center of
f:(X,A,M) — Z. Hence either f(V) is an irreducible component of W, or f(V) c B(W).

Thus [Kol13, Complement 10.15.1] implies that W\ B(W) is normal. O
Corollary 13.2.2. Let (X, A, M) be an lc g-pair. Then Nklt(X, A, M) is semi-normal.
Proof. Tt follows from Theorem 13.2.1 when f is the identity morphism. g

Lemma 13.2.3. (c¢f. [Koll3, Lemma 5.26]) Let f : (X,A, M) — Z be a lc crepant log structure
and (Z,Sx) the induced lc stratification. Then

(1) Si(Z) is unibranch for every i, and
(2) B(Z,S,) is semi-normal.

Proof. (1) follows from Lemma 4.3.10(2) and (2) follows from Theorem 13.2.1. O

Lemma 13.2.4. (¢f. [Koll3, Proposition 4.42]) Let f : (X,A,M) — Z be a dlt crepant log
structure, (Z,Sy) its induced lc stratification, and Y C X an lc center of (X,A,M). Let
(Y,A,MY)/Z be the dit g-pair induced by adjunction to higher-codimensional lc center Y, i.e.

Ky + Ay + My == (Kx + A+ My)ly.

We consider the Stein factorization of fly

v, Ay, M) 5w = 2,

Then:
(1) fy : (Y,Ay,MY) — W is a dit crepant log structure which induces an lc stratification
(W, 54).
(2) S;(W) =rm"YS;(2)) for every i.
Proof. 1t follows from Lemma 4.3.10. U

Theorem 13.2.5. Let f: (X,A,M) — Z be an lc crepant log structure and (Z,Sy) the induced
le stratification. Then (Z,Sy) satisfies (HN) and (HSN).

Proof. By Lemma 13.2.3 and [Kol13, Definitions 9.18, 9.19], (Z, S,) satisfies (HU) and (HSN).
By [Kol13, Theorem 9.21], (Z, S,) satisfies (HN). O

Lemma 13.2.6. (¢f. [Koll3, 5.29]) Every lc stratification is of lc origin. More precisely, let
f:(X,AM) = W be an lc crepant log structure and Y C W any union of lc centers. Then
(Y, Sy) is of lc origin, where S;(Y) =Y N S;(W) for each i.

Proof. By Theorem 13.2.5 and [Kol13, Theorem 9.26], we know that Y is semi-normal and S;(Y")
is unibranch for each i. Then we can apply Lemma 13.2.4 to each lc center of f : (X, A, M)
contained in Y to conclude that (Y, S,) is of lc origin. O
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13.3. Du Bois property. In this subsection, we show that lc generalized pairs have Du Bois
singularities. This subsection is parallel to [LX23b, Section 6.
We recall the following definition in [Kov11] (cf. [Koll3, Definition 6.10]).

Definition 13.3.1. A DB pair (X, X) consists of a reduced scheme X of finite type and a closed
reduced subscheme ¥ in X such that the natural morphism

Isex — Qg(,z
is a quasi-isomorphism. We will also say (X, ) is DB in this case.

The definition of DB pairs is subtle but what really matters here is the following lemma:

Lemma 13.3.2 ([Koll3, Proposition 6.15]). Let (X,X) be a DB pair. Then X has Du Bois
singularities if and only if 3 has Du Bois singularities.

The following theorems are analogues of [Koll3, Theorems 6.31, 6.33] for g-pairs and the
proofs are similar. For the reader’s convenience, we provide full proofs here.

Theorem 13.3.3. Let (X,B,M)/U be an lc g-pair and f : (X,B,M) — Z an lc-trivial
fibration. Let W C Z be the union of lc centers of f : (X,B,M) — Z except Z. Then
(Z,W) is a DB pair.

Proof. Let (Z,Bz,M?%)/U be a g-pair induced by f: (X, B,M) — Z. By Theorem 11.4.4, the
Ic centers of (Z, Bz, M?) are exactly the lc centers of f : (X, B,M) — Z. Thus we can assume
that f is the identity morphism, (X, B,M) = (Z, Bz, M%), and W = Nklt(X, B, M).
Let g : Y — X be a log resolution of (X, Supp B) such that M descends to Y and F := g~ (W)
is an snc divisor. Let
Ky + By + My = g"(Kx + B+ My)
and D := B?l. Since My is nef/X and big/X, there exists 0 < B{, ~gr x My such that
(Y, By — D+ By,) is sub-klt. Possibly replacing Y with a higher resolution, we may assume that
(Y, Supp By U Supp D U Supp Bj,) is log smooth. Let
By := (By — D + B})2° + {(By — D + B}{)=}
and
E = |(By - D+ By)="),
then |By | = 0 and F is a g-exceptional Weil divisor. In particualr, (Y, By) is klt.
Since £ — D > —F, we have natural maps:
g*Oy(—F) — Rg*Oy(—F) — Rg*Oy(E — D)

Since £ — D ~r x Ky + By and E—Dis a Weil divisor, by [HLS19, Lemma 5.3, Theorem 5.6],
E — D ~qg x Ky + By, for some klt Q-pair (Y, B},). by [Koll3, Theorem 10.41],

Rg.Oy (E — D) ~4s Y _ R'g.Oy(E — D)]i).

Thus we get a morphism
90y (=F) = Rg.Oy (—F) = Rg,Oy (E — D) = g.Oy (E — D).
Note that
9:0y (E = D) = g0y (E — D) N g Oy (E) = 9.0y (E — D) N g.0y = g0y (=D).

Since D is reduced and g(D) = W, we have g.Oy(—D) = Zyy, the ideal sheaf of W in Z = X.
Moreover, g.Oy(—F) = Iy since F is also reduced. Therefore, we get an isomorphism Zy, =
9:0y (—F) — 9.0y (E — D), which implies that
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has a left inverse. Since Y is smooth and F' is an snc divisor, we see that (Y, F') is a DB pair,
thus by [Kov12, Theorem 3.3] (cf. [Koll3, Theorem 6.27)), (Z, W) is also a DB pair. O

Definition 13.3.4. We say a commutative diagram of schemes
C N Y
| )
DX
is a universal push-out diagram if for any scheme T, the induced diagram

Hom (X, T) —~ Hom (D, T)

opl l(oq

Hom (Y, T) —2~ Hom (C, T)
is a universal pull-back diagram of sets.

Theorem 13.3.5. Let (X, S,) be a stratified scheme of lc origin (Definition 13.1.5). Then X
is Du Bois.

Proof. We use induction on the dimension. When dim X = 1 the theorem is trivial.
Let 7 : (X™,S7) — (X,S,) be the normalization. Let B(X) C X and B(X"™) C X" denote
the corresponding boundaries. By [Kol13, 9.15.1], we have a universal push-out diagram

B(X")— X"

Lk

B(X)e——= X

Notice that B(X) and B(X") are of lc origin by Lemma 13.2.6, hence Du Bois by induction.
Since 7 is finite, it follows that Rm.Zp(xn)cxn = mZpxn)cxn. Furthermore, mZpxn)cxn =
Ip(x)cx by [Koll3, Theorem 9.30]. By [Kov12, Theorem 3.3] and Lemma 13.3.2, we only need
to show that X™ is Du Bois. By assumption, for each irreducible component X* C X", there
exists an lc crepant log structure f; : (Y, A;; M) — Z; and a finite surjection Z; — X*. By
[Kov99, Corollary 2.5], we only need to show that Z; is Du Bois for each i. Let B(Z;) C Z; be
the boundary of the lc stratification of Z;. Then B(Z;) is of lc origin by Lemma 13.2.6, hence
Du Bois by induction. By Theorem 13.3.3, (Z;, B(Z;)) is a DB pair, hence Z; is Du Bois and
we are done. O

Proof of Theorem 2.2.9. Let W be any union of the glc centers, then by Lemma 13.2.6 the
induced stratified space (W, S,) is of lc origin. Theorem 2.2.9 follows from Theorem 13.3.5. O

14. VANISHING AND CONTRACTION THEOREMS FOR LC GENERALIZED PAIRS

The goal of this section is to prove the vanishing theorems and contraction theorems for lc
generalized pairs. This section is parallel to [CLX23], except that the canonical bundle formula
and the subadjunction formulas are replaced by the ones established in Sections 11 and 12.

14.1. Adjacent lc centers and universal push-out diagram.

Definition 14.1.1 (Union of lc centers). Let (X, B, M) be an lc g-pair. A union of lc centers of
(X, B,M) is a reduced scheme Y = UY;, where each Y; is an lc center of (X, B,M). We denote
by S(X, B, M) the set of all unions of lc centers of (X, B,M). We remark that

(1) 0 is also considered as a union of lc centers, and
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(2) a union of lc center may be represented in different ways. For example, if Y7 and Y5 are
two lc centers such that Y7 C Ys, then Y3 UY; and Y5 are the same union of lc centers.

Definition 14.1.2 (Adjacent unions of lc centers). Let (X, B,M) be an lc g-pair. For any two
unions of lc centers Y)Y’ € S(X, B,M), we say that Y and Y’ are adjacent in S(X, B,M) if
()Y Y or Y CVY, and
(2) there does not exist any Y” € S(X,B,M) such that Y CY”" CY' or Y CY" C Y.
An lc center V is called minimal in S(X, B,M) if V and ) are adjacent in S(X, B, M).

Lemma 14.1.3. Let (X, B,M) be an lc g-pair. Let Y and Y’ be two unions of lc centers, such
that Y C Y, and Y and Y’ are adjacent in S(X,B,M). Let m : Y™ =Y be the normalization
of Y and let Y := 7= Y(Y") with the reduced scheme structure. Denote the induced morphism
Y" = Y' by n”. Then there exist a universal push-out diagram

YI/( J Yn
””l lﬂ
vy .y
and a short exact sequence
7'('*697:* j*fﬂ'”* "
0 — Oy —— m,Oyn & Oyr — 7,/ Oyn — 0,
where ©,7 are the natural closed immersions.

Proof. By Theorem 13.2.1 and [Koll13, Theorem 9.26], Y is semi-normal. Let L be an lc center
contained in Y but not contained in Y”. Since Y’ and Y are adjacent in S(X, B, M), we have

Y\Y' = L\(LNY"),

and L NY" is the union of all lc centers of (X, B,M) that are contained in L but not equal to
L. By Theorem 13.2.1, Y \ Y’ is normal. The lemma follows from [CLX23, Lemma 2.6]. O

14.2. Vanishing theorems. The following lemma is very similar to [Xie22, Lemma 2.4].

Lemma 14.2.1. Let (X, B,M)/U be an lc g-pair, and L a nef R-divisor such that L — (Kx +
B+ Mx) is nef/U and big/U. Then there exists an R-divisor A > 0 such that L — (Kx + A)
is ample over U and Nlc(X, A) = Nklt(X, B, M).

Proof. Let f:Y — X be a log resolution of (X, Supp B) such that M descends on Y, and let
Ky + By + My = f*(Kx + B + Mx).

Since L — (Kx + B + Mx) is nef/U and big/U, f*L — (Ky + By + My) is nef/U and big/U.
Then there exists an R-divisor &£ > 0 on Y, such that for any positive integer n, there exists an
ample/U R-divisor A4,, on Y such that

1
f*L — (Ky + By + My) ~R,U An + EE
We let m be a positive integer such that
1
Nklt(Y, By,M) = | By | = Nklt(Y, By + —E,M).
m

Let 0 < 0 < 1 a real number such that A,, — 0| By ] is ample/U. Pick a general ample R-divisor
Ay € ’(Am + My — 5LByJ)/U‘R, set

1
By = By + Ay + | By] + —E,

and B’ := f,Bj.. Then 0 < B’ ~p y B+ My and
Nle(X, B') = NKIt(X, B') = NKIt(X, B, M).
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Since L — (Kx + B + Mx) is big/U and nef/U, there exist an R-divisor ' > 0 on X and an
ample/U R-divisor H on X such that

L—(Kx+B+Mx) NRUH—FF-
Let [ > 0 be an integer, then

1 1 1 [—1
L— <KX + B+ 7F> ~ru L— <KX + B+ Mx + 7F> ~R,U TH+T(L_(KX+B+MX))

is ample/U, and
1 1
Nl (X, B + 7F> C NKlt(X, B') = Nle(X, B) C Nle (X, B+ 7F> .

Hence

1
Nlc (X, B + —F> = Nlc¢(X, B') = Nklt(X, B, M).
n

Thus A := B’ + %F has the required property. O

Lemma 14.2.2. Let f : X — U be a projective morphism, h : Y — X a finite morphism
between normal schemes, and g :== foh. Let W C X and V C Y be two reduced subschemes
such that h=Y(W) = V with defining ideal sheaves Iy and Ty. Let L be a line bundle on X
such that R'g,(h*L ® Ty) = 0 for some positive integer i. Then R'f.(L ® Ty) = 0.

Proof. Notice that Iyy is a direct summand of h. Iy (yia the splitting Ox — h,.Oy — Ox), so
it suffices to prove that R'f.(L ® h,Zy) = 0. Since R'h,(G) = 0 for any coherent sheaf G and
1 > 0, we have

R'f.(L® hZy) = R f.(he (WL @ Ty)) = R'go(W*L ® Iy) = 0.
O

Lemma 14.2.3. Let f : X — U be a projective morphism, L an R-Cartier R-divisor on X, and
D a Cartier divisor on X. Let h:' Y — X be a finite morphism, (Y, By,MY)/U an lc g-pair
such that

Ky + By + M} ~gpy h*L,

and V := NkIt(Y, By, MY) with the reduced scheme structure. Set W := h(V') with the reduced
scheme structure. Let Tyy, Ty be the defining ideal sheaves of W and V' respectively, g := f o h,
and Dy := h*D. Suppose that Dy — (Ky + By +MY.) is nef/U and log big/U with respect to
(Y, By,MY). Then:

(1) Rig.(Zy ® Oy(Dy)) =0 for any i > 0.

(2) g:Oy (Dy) — g«Oy(Dy) is surjective.

(3) Suppose that V = h=t(W). Then R'f.(Iw ® Ox(D)) =0 for any i > 0.

(4) Suppose that V = h=1(W). Then f.Ox(D) — f.Ow (D) is surjective.

Proof. By Lemma 14.2.1, there exists a pair (Y, Ay) such that Dy — (Ky + Ay) is ample/U
and V = Nlc(X, Ay). (1) follows from [Fujll, Theorem 8.1]. (2) follows from (1) and the long
exact sequence

0— g*(IV (4 Oy(Dy)) — g*Oy(Dy) — g*OV(Dy) — ng*(IV (4 Oy(Dy)) — ...
(3) follows from (1) and Lemma 14.2.2. (4) follows from (3) and the long exact sequence
0= fulZw @ Ox(D)) = f.Ox (D) = f.Ow (D) = R f.(Tw ® Ox(D)) — ....
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Lemma 14.2.4. Let (X,B,M)/U be an lc g-pair associated with morphism f : X — U, and
D a Cartier divisor on X such that D — (Kx + B + Mx) is nef/U and log big/U with respect
to (X,B,M). Let Y and Y’ be two unions of lc centers, such that Y CY, and Y and Y' are
adjacent in S(X,B,M). Let ® : Y™ — Y be the normalization of Y, Y" := 7= 1(Y") with the
reduced scheme structure, and ©" := w|yn.

YI/( J Yn

ﬂ-”l lﬂ-
yle by
Then the induced map
[ Oyn(Dlyn) — f*W:«/OY”(D‘Y”)
18 surjective.
Proof. We only need to show that
fim Oy, (Dlyg) — fu Oy (Dlygayn)
is surjective for any connected component Y of Y. Let Y;* be a connected component of Y,
Y/ =Y"NnY, Yy := n(Yy), and Y] := 7”(Yy'). Since Y and Y’ are adjacent in S(X, B, M),
either Yy = Y, or Y] and Yj are adjacent in S(X, B,M) and Yj C Y. Possibly replacing Y’
with Yp and Y’ with Y, we may assume that Y is an lc center of (X, B,M). Since Y and Y’
are adjacent in S(X, B,M), Y’ is the union of all lc centers of (X, B,M) that are contained in
Y.
We let (W, By, M) be a dlt model of (X, B, M) with induced birational morphism h : W — X.

Let S be an lc center of (W, By, M) which is minimal in all lc centers which dominate Y,
(S, Bs,M?®)/U the dlt g-pair induced by adjunction
Kg + Bg + M2 = (Kw + Bw + Mw)|w,
and hg : S — Y™ the induced morphism such that 7o hg = h|g. Let
sLzLyn

be the Stein factorization of hg, and let (Z,Bz,M?)/U be the lc g-pair induced by 7 :
(S,Bs,M?®) — Z. Let (Y™, By»,MY")/U be the lc g-pair induced by v : (Z, Bz, M?) — Y,
and let Y} := 4~ 1(Y").

By Lemma 4.3.11(3) and Theorem 11.4.4(5), for any lc center V of (X, B,M) such that
V C Y", any irreducible component of y~(V) is an lc center of (Z, Bz,M?). In particular,
any irreducible component of Y/ is an lc center of (Z, Bz,M?%), so Nklt(Z, Bz, M%) C Y}.

By Theorem 11.4.4(4), (m o v)(Nklt(Z, Bz,M?%)) is a union of lc centers of (X, B, M) that are
contained in Y, so Nklt(Z, Bz,M?) C Y},. Thus

Nklt(Z, By,M?) =Y}, =4 Y(Y").

Let Dyn := D|yn and Dy := v*Dyn. Since D — (Kx + B + Mx) is nef/U, Dyn — (Kyn +
Byn +MY.) is nef/U, so Dz — (Kz + Bz +MZ%) is nef/U. For any lc center Vy of (Z, Bz, M?)
with normalization V', (mo)(Vz) is an Ic center of (X, B, M), so (D —(Kx +B+Mx))|x(v,)~ is
big/U, where 7(Vz)" is the normalization of m(W). Since 7 is finite, (Dyz — (KZ—l—BZ—l—M%))h/Zn
is big/U. Therefore, Dy — (Kz + Bz + Mg) is log big/U.

The lemma follows from Lemma 14.2.3(4). 0

Theorem 14.2.5. Let (X,B,M)/U be an lc g-pair associated with projective morphism f :
X — U, D a Cartier divisor on X such that D — (Kx + B+ Mx) is nef/U and log big/U with
respect to (X, B,M), and Y a union of lc centers of (X, B,M) such that Y # X. Then:

(1) R f.Oy (D) =0 for any positive integer i.
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(2) Rif.Ox (D) =0 for any positive integer 1.

(8) The map f.Ox (D) — f.Oy (D) is surjective.

(4) R'f«(Iy ® Ox (D)) = 0 for any positive integer i, where Iy is the defining ideal sheaf of
Y on X.

Proof. We apply induction on dim X. When dim X = 1 the theorem is obvious.

For any union of lc centers Z of (X, B,M), we define m(Z) to be the number of lc centers of
(X, B,M) that are contained in Z. We let W := Nklt(X, B, M), associated with the reduced
scheme structure.

Step 1. In this step we prove (1) when Y is minimal in S(X, B, M) the set of all unions of lc
centers of (X, B +M)/U.

By Theorem 13.2.5, Y is normal. If dimY = 0 then we are done. Otherwise, by Definition-
Theorem 12.2.1 and Proposition 12.2.2, there exists a klt g-pair (Y, By, MY )/U such that Ky +
By + MY ~gy (Kx + B + Mx)|y. Hence D|y — (Ky + By + MY) is nef/U and big/U. By
Lemma 14.2.1, there exists a klt pair (Y, Ay) such that D|y — (Ky + Ay) is ample/U. (1)
follows from the usual Kawamata-Viehweg vanishing theorem (cf. [KMM87, Theorem 1-2-7]).

Step 2. In this step we prove (1).

We apply induction on m(Y). When m(Y) = 1, Y is minimal in S(X, B,M) and we are
done by Step 1. Thus we may assume that m(Y) > 1. In particular, dimY > 1. We let
Y’ € S(X, B,M) be a union of lc centers such that Y’ C Y and Y'Y are adjacent in S(X, B, M).
Let 7: Y™ — Y be the normalization of Y, Y” := 7=1(Y”) with the reduced scheme structure,
and 7 := 7|y~». By Lemma 14.1.3, there exists a universal push-out diagram

yre L, yn
vl sy
and a short exact sequence
(14.1) 0= Oy 2250 1. 0yn & Oy 255 770y, — 0.

where i, j are the natural closed immersions. Since m(Y”) < m(Y), by induction on m(Y"), we
have

(14.2) R f,0y/(D) =0

for any positive integer .

By Definition-Theorem 12.2.1 and Proposition 12.2.2, there exists an lc g-pair (Y™, By«, M) /U
such that Kyn» + Byn + M?}L ~r (Kx + B+ Mx)|y», and the image of any lc center of
(Y™ Byn,MY") in X is an lc center of (X, B,M). Since dimY" < dim X and 7 is a finite
morphism, by induction on dim X, we have

(14.3) R'(f o m).Oyn(Dlyn) = R fi(1.(Oyn(Dlyn)) = 0.
Claim 14.2.6. For any positive integer 1,
(14.4) R'(f on")Oyn(Dlyn) = R f. (7 Oyn(Dlyn)) = 0.
Proof. We only need to show that,
R'(f o 7). Oyrpyp (Dlynpyp) = R fu (7l Oyrays (Dlyrayp)) =0

for any irreducible component Yj* of Y. Let Y{" be a connected component of Y, Y] :=
Y'NYS, Yy = m(Y]), and Yy := 7”(Yy'). Since Y and Y’ are adjacent in S(X, B, M), either
Yy = Yy, or Yj and Y, are adjacent in S(X,B,M) and Yj C Yj. Possibly replacing Y with
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Yy and Y/ with Y, we may assume that Y is an lc center of (X, B,M). Since Y and Y’ are
adjacent in S(X, B,M), Y’ is the union of all lc centers of (X, B, M) that are contained in Y.

We let (X', B', M) be a dlt model of (X, B, M) with induced birational morphism i : X’ — X.
Let S be an lc center of (X', B’,M) which is minimal in all lc centers which dominate Y,
(S, Bs,M?®)/U the dlt g-pair induced by adjunction

Ks+ Bs + M2 := (Kx/ + B +My/)|s,
and hg : S — Y™ the induced morphism such that 7o hg = h|g. Let
Sz Lyn

be the Stein factorization of hg, and let (Z, Bz,M?%)/U be the lc g-pair induced by 7 :
(S,Bs,M?®) — Z. Let (Y™, By»,MY")/U be the lc g-pair induced by v : (Z, Bz, M%) — Y,
and let Y} := 4~ 1(Y").

By Lemma 4.3.11(3) and Theorem 11.4.4(5), for any lc center V of (X, B,M) such that
V C Y", any irreducible component of y~'(V) is an lc center of (Z, Bz,M?). In particular,
any irreducible component of Y is an lc center of (Z, Bz,M?%), so Nklt(Z, Bz, M%) C Y},.

By Theorem 11.4.4(4), (m o 7)(Nklt(Z, Bz,M?#)) is a union of lc centers of (X, B, M) that are
contained in Y, so Nklt(Z, Bz,M?) C Y},. Thus

Nklt(Z, Bz, M%) =Y}, =~y L1(Y").
Since dim Z < dim X, by induction on dim X,
R'(f 0" 07).0y, (Dly;) = 0.
By Lemma 14.2.2, the claim follows. O
Proof of Theorem 14.2.5 continued. By the short exact sequence (14.1), we have a short exact

sequence

@it

0— OY(D) —_— W*Oyn(Dh/n) (&) Oy/(D) ﬁi:—) 7TZOYII(D|YII) — 0,

which induces a long exact sequence

0= f.Oy (D) = fuem,Oyn(Dlyn) @ f.Oy1(D) =—— furOyn(D|yn) = ---

-+ = R'f,0y (D) = R'f.(7.(Oyn(D|yn)) & R f.Oy(D) = R f. (7 Oyn(D|yr)) — -
Hence, it follows from (14.2), (14.3), (14.4) and Lemma 14.2.4 that R'f.Oy (D) = 0 for any
positive integer 1.

Step 3. In this step we prove (2) and prove (3)(4) when Y = W = Nklt(X, B, M).

We have the long exact sequence

... = R f.(Tyy ® Ox(D)) = R'f,Ox (D) = R f,Ow (D) — ...

By (1), R'f.Ow (D) = 0 for any positive integer i. By Lemma 14.2.3(1), R{(Zw ® f.Ox (D)) = 0
for any positive integer ¢. This implies (2), and also implies (3)(4) when Y = W.

Step 4. We prove (3)(4) in this step, hence conclude the proof of the theorem.

We apply induction on m(W)—m(Y). When m(W)—m(Y) =0,Y = W and we are done by
Step 3. Thus we may assume that m(W) —m(Y) > 0. Then there exists a union of lc centers
Y such that Y CY C W, and Y and Y are adjacent in S(X, B, M).

Let # : Y™ — Y be the normalization of Y, and let Y = 7#1(Y) with the reduced scheme
structure. Let ¢ : Y < Y and J : Y < Y™ be the natural inclusions, and let 7 := 7|p. By
Lemma 14.1.3, there exists a universal push-out diagram
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and a short exact sequence

TP

0 Op T8 %,00, © Oy 255 7,05 — 0.
which induces a short exact sequence
0 = 0p(D) =25 7,04, (Dlgn) ® Oy (D) “=5 7,05 (D|5) — 0.
So we have the left exact sequence

TPt

(145) 0 £0p(D) ™% 17,05, (Dlg) ® £.0y (D) 275 £,7,04(Dl).
By Lemma 14.2.4,

is surjective. Thus by an easy map tracing of (14.5) we have that

is also surjective. Since m(W) —m(Y) < m(W) — m(Y), by induction on m(W) — m(Y),
£,0x(D) —+ 1,03.(D)

is surjective. This implies (3).
We have the long exact sequence

0— f*(Iy & Ox(D)) — f*OX(D) — f*Oy(D) — ...
... = R f.(Iy ® Ox(D)) = R f,Ox (D) — R'f,Oy(D) — ...,
so (4) follows immediately from (1)(2)(3). O

14.3. Base-point-freeness theorem and contraction theorem.

Lemma 14.3.1. Let (X,B,M)/U be an lc g-pair and D a nef/U Cartier divisor on X such
that aD — (Kx + B+ Mx) is ample/U for some positive real number a. Let'Y be a minimal lc
center of (X, B,M) if (X, B,M) is not klt, and let Y := X if (X, B,M) is kit. Let Dy := Dly.
Then for any integer m > 0,

(1) Oy (mDy) is globally generated over U,

(2) ImD/JU| # 0, and

(3) Y is not contained in Bs|mD/U]|.

Proof. When (X, B,M) is klt, by [HL22, Lemma 3.4], there exists a klt pair (X, A) such that
D — (Kx + A) is ample/U. By the usual base-point-freeness theorem (cf. [KMMS87, Theorem
3-1-1]), the lemma follows.

When (X, B,M) is not klt, by Theorem 13.2.5, Y is normal. By Theorem 14.2.5(3), the map
f+Ox(mD) — f.Oy(mDy) is surjective for any positive integer m > a. Thus (2)(3) follow
from (1) and we only need to prove (1). If dimY = 0 then there is nothing left to prove. If
dimY > 0, then by Definition-Lemma 12.2.4, there exists a klt g-pair (Y, By, MY )/U such that
Ky + By + MY ~gy (Kx + B+Myx)|y. Thus Dy — (Ky + By + MY) is nef/U and log big/U
with respect to (Y, By, MY). By [HL22, Lemma 3.4], there exists a kit pair (Y, Ay) such that
Dy — (Ky + Ay) is ample/U. By the usual base-point-freeness theorem (cf. [KMM87, Theorem
3-1-1]), the lemma follows. O
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Proof of Theorem 2.2.6. By Lemma 14.3.1, we may let mg be the minimal positive integer such
that /mD| # () for any integer m > my.

Claim 14.3.2. Let {pz};of be a strictly increasing sequence of positive integers. There exist
a non-negative integer M and integers i1 < i9 < --- < ip41 Satisfying the following. Let
Sp 1= Hlepil forany 1<k < M+ 1, then

(1) [s1D/U| # 90,

(2) Bs|spD/U| 2 Bs|sg11D/U| for any 1 <k < M, and

(3) BS‘SM_i_lD/U‘ = @

Proof. We may take i1 to be any integer such that p;; > my, then (1) holds.

Suppose that we have already found 41, ...,%; for some positive integer k. Let d := dim X,
let Hy, -+ ,Hgy1 be d+ 1 be general elements in |s;D/U|, and let H := Hy +---+ Hg41. Then
(X, B+ H,M) is lc outside Bs|s;D/U|. If Bs|s;;D/U| = (), then we may let M := k — 1 and we
are done. Thus we may assume that Bs|s,D/U| # 0.

Since every Hj contains Bs|s;D/U|, by [Kol™92, Theorem 18.22], (X, B + H,M) is not lc
near Bs|siD/U|. Let

c:=sup{t|t>0,(X,B+tHM) is Ic},
then ¢ € [0,1), and there exists at least one lc center of (X, B + ¢H, M) which is contained in
Bs|spD/U|. Let S be the set of all lc centers of (X, B4+cH, M) that are contained in Bs|spD/U]|,
and let Y be a minimal lc center in S. Since

(a+sk(d+1)D — (Kx +B+cH+Mx) ~g sp(d+1)(1 —¢)D + (aD — (Kx + B+ Mx))

is ample/U, by Lemma 14.3.1, there exists a positive integer n, such that for any integer m > n,
|mskD/U| # 0 and Bs|msgD/U| does not contain Y. In particular, Bs|mspD/U| C Bs|spD/U].
We may let iy 1 be any integer such that ixyq1 > i and p;,, > n. This construction implies
(2). (3) follows from (2) and the Noetherian property. O

Proof of Theorem 2.2.6 continued. We let p and ¢ be two different prime numbers. By Claim
14.3.2, there exist two non-negative integers M, N such that Ox(pM D) and Ox (¢ D) are
globally generated/U. Since p™ and ¢’V are coprime, for any integer m > 0, we may write
m = bpM + ¢¢" for some non-negative integers b, ¢, hence

Bs|mD/U| c Bs|p D/U| U Bs|¢N D/U| = 0.
Therefore, Ox (mD) is globally generated over U for any integer m > 0. O

Theorem 14.3.3 (Contraction theorem for lc generalized pairs, cf. [Xie22, Theorem 1.5]). Let
(X,B,M)/U be an lc generalized pair and F a (Kx + B+ Mx )-negative extremal face/U. Then
there exists a contraction/U contp : X — Z of F satisfying the following.

(1) For any integral curve C on X such that the image of C in U is a closed point, cont p(C')
is a point if and only if [C] € F.

(2) Oy = (contp).Ox. In other words, contp is a contraction.

(8) For any Cartier divisor D on'Y such that D-C = 0 for any curve C' contracted by cont ,
there exists a Cartier divisor Dy on'Y such that D = cont}. Dy .

Proof of Theorem 14.53.3. (1)(2) By Theorem 2.3.1, F' is a finitely dimensional rational (Kx +
B + My )-negative extremal face/U. Thus there exists a nef Cartier divisor L on X that is
the supporting function of F. Then L — (Kx + B + Mx) is ample. By Theorem 2.2.6, mL
is base-point-free/U, hence defines a contraction/U. Denote this contraction by contr. Then
contp satisfies (1) and (2).

(3) Since D — (Kx + B+ Mcx) is ample/Z, by Theorem 2.2.6, Ox(mD) is globally generated
over Z for any integer m > 0. Since D -C for any curve C' contracted by contp, contg is defined
by |mD]| for any integer m > 0. Thus mD = f*Dy, and (m+1)D = f*Dy 41 for any integer
m > 0. We may let Dy := Dy7m+1 — Dy7m. O
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Proof of Theorem 2.2.7. We write D = >"7 | r;D; where r1, ..., 7. are linearly independent over
Q and each D; is a Q-divisor. We define D(v) := Y ;_; v;D; for any v = (vy,...,v.) € R, and
let 7 := (r1,...,7¢). By [HLS19, Lemma 5.3], each D; is Q-Cartier, so D(v) is Q-Cartier for any
v € R

Let L:= D — (Kx + B+ Mx). Since ample/U is an open condition, there exists an open set
V 57 in R¢, such that 1L + D(v) — D is ample/U for any v € V.

By Theorem 2.3.1, there exist finitely many (Kx + B+ Mx + %L)—negative extremal rays/U
Ry, ..., Ry, and each R; = R[C}] for some rational curve C; such that

1
—2dimX§(KX+B+MX+§L)-Cj < 0.

Since D is nef, D - C; > 0 for each j. Thus possibly shrinking V', we may assume that for any
v € V, we have that D(v) - C; > 0 for any j such that D - C; > 0. Since 71, ...,7. are linearly
independent over Q, for any j such that D - C; = 0, we have D(v) - C; = 0 for any v € R
Therefore, D(v) - Cj > 0 for any j and any v € V.

For any extremal ray R in NE(X/U) and any v € V, if R = R; for some j, then D(v)-R; > 0.
If R # R; for any j, then

1 1
D(v)-Rj = (Kx—i-B—i-M)(-i-§L)-R+(§L+D(U)—D)-R>O.
Therefore, D(v) is nef/U for any v € V. Moreover,

1 1
D(v)—(Kx+B+Mx)=§L+§L+D('v)—D

is ample/U.
We let vy,...,v.41 € V N Q° be rational points such that = is in the interior of the convex
hull of vy,...,v.11. Then there exists positive real numbers ay,...,a.y1 such that Zfill a; =

1 and zs:ll a;v; = r. Since D(v;) is a nef/U Q-divisor and D(v;) — (Kx + B + Mx) is

ample/U, by Theorem 2.2.6, D(v;) is semi-ample/U for any i. Therefore, D = > a;D(v;) is
semi-ample/U. O

15. EXISTENCE OF FLIPS FOR GENERALIZED PAIRS

The goal of this section is to show the existence of flips for Q-factorial lc generalized pairs.
We remark that [HL21a, Theorem 1.2] proves the case when the generalized pairs are NQC. Our
proof does not rely on the results in [HL21a].

The following lemma is crucial for the proof of the existence of flips.

Lemma 15.0.1. Let (X, B,M)/U be an lc g-pair such that the induced morphism © : X — U
is birational. Assume that there exists a non-empty open subset UY C U, such that

(1) all lc centers of (X, B,M) intersect X° := X xy U°, and

(2) M? := M xy U descends to X°, and M., ~g o 0.
Then there exists an R-divisor 0 < G ~ry Mx such that (X, B4+G) is lc and Nklt(X, B+G) =
NKIt(X, B, M).

Proof. Let f: X — X be a log resolution of (X, Supp B) such that M descends to X, we may
write

Kg+B+Mg = f*(Kx + B+ My)
for some R-divisor B. Since 7 is birational, My is big/U and nef/U. Thus there exists a Q-
divisor F > 0, such that for any positive integer k, there exists an ample/U R-divisor Ay on X
such that

1
MX:A]C—{—EE.
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Moreover, for any k > 1, Nklt(X, B+ %E) is contained in the strata of | B|. By [HLS19, Lemma
5.3], there exist Q-divisors M; and positive real numbers a;, such that

e > a; =1,

[} MX = Z CLZ'MZ',

o M; — My + Ay, is ample/U for each i, and

° ]\;Ii|)~(0 ~q,v0 0, where X0:= X xy Up.
Let m be a positive integer such that mM; is a Weil divisor and m]\;_fz| 5o ~po 0 for each i. Then
there exists a very ample divisor H > 0 on U, such that ¢,O¢ (m]\;_fz) ® H is globally generated
for each 7, where ¢ := 7w o f. In particular, OX(mMZ-) ® ¢*H is globally generated over UY.
Thus for any general element D; € |mM; + ¢*H|, any non-klt center of (X, B + L3 a; D) is
contained in X\ X°.

Since

~ ~ m
mM; + ¢*H = m(M; — Mg + Ay) + ?E + ¢*H,

possibly replacing m by a multiple, we may may assume that 7*E is Cartier. Thus m(]\ZZ —
My +Ay) is a~mple/ U and Cartier, and for any general element Gi € |mM; + ¢*H|, any non-klt
center of (X, B + L1 3" a;G;) is a stratum of | B] which intersects X°.

Therefore, for each i, we may choose G; € \mMZ + ¢*H|, such that

(X,B + % Zaléz>

is sub-le. Let G = % S a;Gy, and G == f,G. Then 0 < G ~ru Mx, (X,B+ G) is lc, and
NKIt(X, B + G) = NKIt(X, B, M). 0

Definition 15.0.2 (Flipping contraction). Let X — U be a projective morphism such that X
is normal quasi-projective and D an R-Cartier R-divisor on X. A D-flipping contraction over
U is a contraction f: X — Z over U satisfying the following:
(1) X is Q-factorial,
(2) f is a small birational morphism, and
(3) f is the contraction of a D-negative extremal ray R in NE(X/U). In particular,
p(X/Z)=1.

Definition 15.0.3 (Flip). Let X be a normal quasi-projective variety, D an R-Cartier R-divisor
on X, and f : X — Z a D-flipping contraction. A D-flip is a birational contraction f*: X* — Z
satisfying the following.

(1) X is a normal quasi-projective variety,

(2) fT is small, and

(3) DT is R-Cartier and ample/Z, where D7 is the strict transform of D on X .
We call f* the flip of f.

Lemma 15.0.4. Let X be a normal quasi-projective variety and D and D' two R-Cartier R-
divisors on X. Let f : X — Z a D-flipping contraction such that D =z rD’ for some real
number r > 0. Then:
(1) f is a D'-flipping contraction.
(2) Suppose that f+ : Xt — Z is a D'-flip. Assume that either D ~gr z rD', or D =
Kx + B+ My for some lc g-pair (X, B,M)/Z. Then f7 is also a D-flip.

Proof. Since D ~g ¢y rD’, the unique D-negative extremal ray in NE(X/Z) is also a D'-negative
extremal ray, and we get (1).

By Theorem 14.3.3(3) we may assume that D ~g 7 rD’. Let DT and D'" be the strict
transform of D and D’ on X respectively. We have D — rD’ ~g f*L for some R-Cartier
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R-divisor L on Z. Since X --» X is small, DT —rD'" ~p (f*)*L. Since D" is R-Cartier and
ample/Z, D't is R-Cartier and ample/Z. This implies (2). O

Lemma 15.0.5. Let (X,B,M)/U be an lc g-pair and f: X — Z a (Kx + B + Mx)-flipping
contraction/U. Suppose that the flip f*: XT — Z of f ewists. Then:
(1) f* is unique.
(2) For any R-Cartier R-divisor D on X, the strict transform of D on X is R-Cartier.
(3) If X is Q-factorial, then X is Q-factorial and p(X) = p(X™T).

Proof. Let H be an anti-ample/Z divisor on X. Since p(X/Z) =1 and Kx + B + My is anti-
ample/Z, there exist a positive real number r and a real number s such that H — r(Kx + B +
Myx) =z 0and D—s(Kx+B+My) =7 0. By Theorem 14.3.3(3), H —r(Kx+B+Mx) ~g,z 0
and D — S(KX + B+ Mx) ~R,Z 0.

(1) By Lemma 15.0.4, f* is an H-flip. Thus

+o0o
XT = Proj <@ f*OX(mH)>

m=0
is unique.

(2) We have D — s(Kx + B+ Mx) ~r f*L for some R-Cartier R-divisor L on Z. Let D*
and BT be the strict transform of D and B on X7 respectively. Since X --» X T is small,
Dt —s(Kx++ BT +Myx+) ~r (f7)*L. Since Kx+ + BT +Mx+ is R-Cartier, DT is R-Cartier.

(3) Since X --» X7 is an isomorphism in codimension 1, there is a natural isomorphism
between the groups of Weil divisors on X and X*. By (2), if X is Q-factorial, then X7 is
Q-factorial. Since X and X are both Q-factorial, p(X) = p(XT). O

Theorem 15.0.6 (Existence of flips). Let (X, B,M)/U be an lc g-pair and f : X — Z a (Kx +
B+ My )-flipping contraction/U. Assume that Mx is R-Cartier. Then the (Kx + B+Mx)-flip
fT:XT = Z of f exists. Moreover,

(1) p(X*/Z) =1,

(2) Mx+ is R-Cartier, and

(3) If X is Q-factorial, then X is Q-factorial and p(X) = p(X™T).

Proof of Theorem 15.0.6. Let h : X — X be a birational morphism such that M descends to
X. Since My is R-Cartier and M ¢ is nef/ X, we have

M < + F = h*M X
for some E > 0 that is exceptional over X. Let C' be any flipping curve contracted by f.
There are two cases:

Case 1. Mx -C > 0. Then (Kx + B)-C <0, and f is also a (Kx + B)-flipping contraction.
By [Bir12, Corollary 1.2], [HX13, Corollary 1.8], there exists a (Kx + B)-flip f*: Xt — Z,
such that p(X*/Z) =1. (1) follows. By Lemma 15.0.4, f*: Xt — Z is a (Kx + B+ Mx)-flip.
(2-3) follow from Lemma 15.0.5.

Case 2. My - C < 0. In this case, C C h(E). Let Z° := Z\{f(h(Supp E))}, X° := X x5 Z°,
B := B xz 7% and M? := M xz Z°. Since h(Supp E) does not contain any lc center of
(X, B, (1 —¢)M), for any € € (0,1),

e all Ic centers of (X, B, (1 — ¢)M) intersect XY,

e MO descends to X" and Mg{0 ~R,z0 0.

Let €y € (0, 1) be a real number such that f is also a (K x + B+ (1—¢p)Mx )-flipping contraction.
By Lemma 15.0.1, there exists an R-divisor G ~g z (1 — €g)Mx such that (X, B+ G) is lc. By
Lemma 15.0.4, f is a (Kx + B + G)-flip. By [Birl2, Corollary 1.2], [HX13, Corollary 1.8],
the flip f™ : Xt — Z of f exists and p(XT/Z) = 1. (1) follows. By Lemma 15.0.4, f* is a
(Kx + B + Mx)-flip. (2-3) follow from Lemma 15.0.5. O
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Part IV. Good minimal model and the proofs of the main theorems
16. EXISTENCE OF GOOD MINIMAL MODELS AND b-SEMI-AMPLENESS

16.1. Good minimal models for polarized foliations. We note that the subsequent lemma
does not necessarily require F to be algebraically integrable, allowing its application to other
scenarios.

Lemma 16.1.1. Let (X, F,B,M)/U be an lc gfqg and A an ample/U R-divisor on X. Let
¢: (X, F,B+AM) --» (X', F' B + A’ M)
be a sequence of steps of a (Kr + B+ A+Mx)-MMP/U, where B' and A" are the images of B
and A on X' respectively. Then there exist a nef/U b-divisor N and an ample/U R-divisor A
on X', such that
(1) (X', F',B'\N)/U is lc,
(2) Ny + A ~R,U My + A/,
(8) N —M is nef/U, and
(4) for any contraction f : X — Z and divisor G on X such that (X, F, B,M;G)/Z satisfies
Property (x) (resp. 1is weak ACSS, is ACSS), (X', F',B',N;G" = ¢.G)/Z satisfies
Property (%) (resp. is weak ACSS, is ACSS).

Proof. We may assume that ¢ is a single step of a MMP /U, and we have the following diagram /U

such that either ¢ = ¢ is a divisorial contraction, or ¢ is a flip, g is the flipping contraction,
and h is the flipped contraction. Then there exists an ample/T" divisor H on X such that
Kr+B+A+H+Mx ~gr 0. Let H := ¢, H, then —H’ is ample/T. Since A is ample/U,
there exists an ample/U R-divisor C on T such that A — ¢*C' is ample/U.

Let 0 < € < 1 be a real number. Then A’ := h*C —e¢H’ and L := A — ¢*C + ¢H are ample/U,
and ¢ is a step of a (Kr+ B+ A+ Mx + ¢H)-MMP/T. Since

Kr+B+ A+ Mgy NRTK]:—FB—FL—FM)(—EH,

¢ is a step of a (Kr + B+ L+ Mx)-MMP/T, hence a step of a (Kr + B+ L+ Mx)-MMP/U.
Let L' :== ¢ L, then
S L+ A=A

We let N := M + L. By our construction, N and A’ satisfy (2) and (3). Since N — M descends
to X and (X, F,B,M) is lc, (X, F,B,N) is lc. Since ¢ is a step of a (Kr + B+ Nx)-MMP/U,
(X', F', B',N) is lc, which implies (1). If (X, F, B,M; G)/Z satisfies Property (*) (resp. is weak
ACSS, is ACSS), then (X, F, B,N;G)/Z satisfies Property (x) (resp. is weak ACSS, is ACSS).
(4) follows from Lemma 9.1.4. O

Lemma 16.1.2. Let (X,B,M)/U be an lc g-pair and f : X — Z a contraction such that B is
super/Z. Assume that ¢ : X — T is a contraction/U such that Kx + B + Mx ~r,7 0 and ¢
is also a contraction/Z. Let By be the discriminant part of f : (X,B,M) — T. Then Br is
super/Z .
Proof. Let d := dim X. Since B is super/Z, there exist ample Cartier divisors Hy, ..., Hagy1 on
Z such that B > Z?f{l f*H;. In particular, B — fofl f*H; > 0, and

2d+1

Kx + B — Z ["H; + Mx ~g 1 0.
i=1



MMP for algebraically integrable foliations and generalized pairs 129

Let B/, be the discriminant part of ¢ : (X, B — Z?ﬂ_l f*H;,M) — T and let ¢ : T'— Z be the
induced contraction. Then By = B/, + fo{l Y*H;, so By is super/Z. O

Theorem 16.1.3. Let d and m be two positive integers, (X, F,B,M)/U an lc gfq of dimension
d, and A >0 an ample/U R-divisor on X, such that

o F is induced by a contraction f: X — Z,
e Kr+ B+ A+ My is nef/U, and
e Ky + B+Myx ~rz Kx + A+ Nx for some lc g-pair (X, A,N)/U.
Then the followings hold.
(1) Kr + B+ A+ My is semi-ample/U.
(2) The contraction/U defined by Kr + B+ A+ Mx is a contraction/Z .
(8) Suppose that
m(K]:—l-B—i-Mx) ~z m(KX —|—A+Nx)
and m(Kr + B+ A+ Mx) is Cartier. Then
OX(nm(K]: + B+ A+ Mx))
is globally generated/U for any integer n >> 0.

Proof. Let @ : X — U be the induced morphism and let H' be a sufficiently ample
Cartier divisor on U. Possibly replacing A with A + 7*H’, we may assume that A is
ample. Let Hi,...,Hoqimx+1 be ample Cartier divisor on Z. Possibly replacing A with
A+ Z?:dimxﬂ f*H;, we may assume that A is super/Z. By Lemma 9.2.2, Kx + A+ A+ Ny
is nef/U. By Theorem 2.2.7, Kx + A+ A+ Ny is semi-ample/U, so Kx + A+ A+ Nx defines
a contraction/U ¢ : X — T. Since A is super/Z, by the the length of extremal rays (Theorem
2.3.1(2)), any (Kx + A + A + Ny)-trivial extremal ray in NE(X/U) is an extremal ray/Z, so
¢ is a contraction/Z. Therefore, Kr + B+ A+ Mx ~r, 0. Let F7 be the foliation induced by
the induced contraction ¢ : T — Z, then F = ¢~ L Fp.

We let Hy be a general ample/U R-divisor on T such that H := A — ¢*Hyp is ample/U. By
Theorem 2.3.2, there exist an lc gfq (T, Fr, By, M) /U induced by a canonical bundle formula
of ¢ : (X,F,B,H +M) — T, and an lc g-pair (T, Ar,N7)/U induced by a canonical bundle
formula of ¢ : (X, A, H + N) — T. By Lemma 16.1.2, A7 is super/Z.

We have

Kz, + Br +M#% ~g 7 Kr + Ap + N7L.
Since ¢ is the morphism/U defined by Kx + A+ A+ Nx, Kr + Ar + Hy + N% is ample/U.
Thus K7 + Ar + (1 — §)Hr + NL is ample/U for any 0 < § < 1. By Theorem 2.3.1, (Kz, +
Br+ (1—8)Hr +MZX) is nef/U. Thus Kz, + Br+ Hr + M is ample/U, so K + B+ A+ My
is semi-ample/U, and ¢ is the contraction/U defined by Kr+ B+ A+ Mx. This implies (1)(2).

We prove (3). Since ¢ is a contraction defined by Kx + A+ A+ Nx, m(Kr+ B+ A+ Mx)
is Cartier, and Kr + B+ A+ My ~qg 0, by Theorem 14.3.3(3), there exists a Cartier divisor
L on T such that

m(Kr+ B+ A+My) =¢"L.
Since L ~gr Kz, + Br + Hr + M%, L is ample/U. Thus nL is very ample/U for any integer
n >0, so
Ox(nm(KF + B+ A+ Mx)) = Ox(¢"(nL))

is globally generated/U for any integer n > 0. O

Theorem 16.1.4. Let (X, F,B,M)/U be an lc gfq, and A, H two ample/U R-divisors on X.
Assume that

o F is induced by a contraction X — Z,

o Kr + B+ A+ My is pseudo-effective/U,

e Ky + B+Myx ~rz Kx + A+ Nx for some lc g-pair (X,A,N)/U, and
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o cither X is Q-factorial kit or M is NQC/U.

Then there exists a (Kr + B+ A+ Mx)-MMP/U with scaling of H, say Py, satisfying the
following. Let P =Py if X is not Q-factorial, and let P be any (Kr + B+ A+ Mx)-MMP/U
with scaling of an ample/U R-divisor if X is Q-factorial. Then

(1) P terminates at a model X' such that Kz + B'+ A" + My is semi-ample/U, where
B’ A" are the images of B, A on X' respectively, and F' is the pushforward of F on X',
and

(2) the contraction/U defined by Kz + B' + A"+ My is a contraction/Z.

Proof. Let M/ := M + A. Then P is a (Kr + B + M%)-MMP/U and (X, F,B,M') is le. By
Proposition 9.3.2, P terminates with a weak lc model (X', 7, B’ M')/U of (X,F,B,M')/U.
By Lemma 16.1.1, there exists a nef/U b-divisor M” and an ample/U R-divisor A” such that
M5, + A" ~py Mx + A" and (X', F',B',M")/Z is lc. By Lemma 9.1.4, P is also a (Kx +
A+ A+ Nx)-MMP/U. Since (X,A,N + A) is le, (X', A/, N + A) is lc, where A’ is the image
of A on X’. Moreover,

K]:/ —|—B,+A”+Mg(/ ~R,Z KX’ —|—A,+NX/ —|—/_1X/

The theorem follows from Theorem 16.1.3. O

16.2. A special case of Prokhorov-Shokurov’s effective b-semi-ampleness conjecture.

Theorem 16.2.1. Let (X,B,M)/U be an lc g-pair and f : (X,B,M) — Z a contraction
satisfying Property (x). Let N be the moduli part of f : (X, B,M) — Z. Assume that

(1) f is equi-dimensional,

(2) Kx + B+ Mcx is nef/Z,

(3) (X,B,M) is BP semi-stable/Z, and

(4) there exists an ample/U R-divisor H such that either B" > H or M — H is nef/U, where
B" the horizontal/Z part of B.

Then N descends to X and Nx is semi-ample/U.

Proof. Let F be the foliation induced by f. By Proposition 11.1.1, (X, F,B" M) is lc and
(X,F,B" M;B — B")/Z is weak ACSS. By Theorem 11.1.5, (X, B,M) is BP stable/Z. By
Proposition 11.1.3, N descends to X and is nef/U. By Proposition 7.3.6, Kx + B" + Mx = Ny
is nef/U. By Theorem 16.1.3, Nx = Kr + B" 4+ M is semi-ample/U. O

When we have an lc-trivial fibration, we can prove stronger b-semi-ampleness.

Theorem 16.2.2. Let d and m be two positive integers. Then there exists a positive integer I
depending only on d and m satisfying the following.

Assume that (X, B,M)/U is an lc g-pair and f : (X, B,M) — Z is a contraction/U satisfying
Property (). Let N be the moduli part of f : (X,B,M) — Z. Assume that

(1) f is equi-dimensional,

(2) X is of Fano type over Z,

(3) Kx + B+Mx ~q,z 0,

(4) (X,B,M) is BP semi-stable/Z,

(5) mB is a Weil divisor and mM is b-base-point-free/U, and

(6) there exists an ample/U R-divisor H such that either B > H or M — H is nef/U, where
B" the horizontal/Z part of B.

Then N descends to X, INx is Cartier, and Ox (nINx) is globally generated/U for any integer
n > 0.



MMP for algebraically integrable foliations and generalized pairs 131

Proof. Let By be the discriminant part of f : (X, B,M) — Z. By [Has22, Lemma 4.2] (cf.
[Birl9, Proposition 6.3]), there exist a positive integer ¢ depending only on d and m and a
choice M7 of the moduli part of f : (X, B,M) — Z, such that

¢(Kx + B+ My) ~ qf*(Kz + Bz + M%)

and ¢M? is nef/U. Since f : (X,B,M) — Z satisfies Property (), Z is smooth and By is
reduced. In particular, ¢(Kx + B + Mx) is Cartier.
By Theorem 16.2.1, N descends to X and Ny is semi-ample/U. By Proposition 7.3.6,

Nx ~Kr+B'"4+ My ~7 Kx + B+ My

is semi-ample/U, where F is the foliation induced by f. Since Z is smooth and ¢(Kx +B+Myx)
is Cartier, gNx and q(Kr+B"4+My) are Cartier, and we may let I := ¢. By Theorem 16.1.3(3),
Ox(nI(Kz + B" + Mx)) = Ox(nINx) is globally generated/U for any integer n > 0. O

Theorem 16.2.3. Let (X, B,M)/U be an lc g-pair, G > 0 an R-Cartier R-divisor on X, and
f: X — Z an equi-dimensional contraction/U. Assume that

o G is vertical/Z,
e [:(X,B+ G,M) — Z satisfies Property (x),
e (X,B+ G,M) is BP semi-stable/Z,
e Kx + B+ Mx ~gr 70,
e there exists an ample/U R-divisor H such that either B > H or M — H is nef/U, where
B" the horizontal/Z part of B, and
o cither X is Q-factorial kit or M is NQC/U.
Let N be the moduli part of f: (X,B,M) — Z. Then:
(1) N descends to X and Nx is semi-ample/U.
(2) Suppose that there exists a positive integer m such that mB" is a Weil divisor, mM is
b-base-point-free/U, and X is of Fano type over Z. Then there exists a positive integer
I depending only on dim X and m, such that INx is Cartier and Ox(nINx) is globally
generated/U for any integer n > 0.

Proof. For any prime divisor D on Z, we let
tp:=sup{t >0|G—tf*D >0}
and let
Go:=G — > tpm*D.
D|D is a prime divisor on Z

Then Gy > 0 and Gy is very exceptional/Z.
Let F be the foliation induced by f. By Proposition 11.1.1, (X,F,B" M) is lc, so
(X,F,B" M;G + B — B")/Z is weak ACSS. By Proposition 7.3.6,

Kz +B"+Mx ~pz Kx + B+ G+ Mx ~p z G ~r 7 Go.

By Theorem 9.4.1, we may run a (Kr + B" + Mx)-MMP/Z which terminates with a weak lc
model (X', F',(B"),M)/Z of (X, F,B" M)/Z, such that Kz + (B") + My ~g z 0.

Let B’ and G’ be the images of B an G on X' respectively, f' : X’ — Z the induced
contraction, and let N’ be the moduli part of f' : (X', B’ + G'M) — Z. By Lemma 9.1.4,
(X',B"+ G',M)/Z satisfies Property (x). By Proposition 11.1.1, (X', B’ + G',M)/Z is BP
semi-stable. By Proposition 7.3.6,

KX’ +B/+GI +MX’ ~R,Z K]-‘/ +B/+Mxl ~R,Z 0.

By Lemma 16.1.1, there exists an ample/U R-divisor H" > 0 on X’ such that either (BMY >
H' >0 or M — H'is nef/U. By Theorem 16.2.1, N” descends to X’ and Ny, is semi-ample/U.
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Moreover, under the condition of (2), there exists a positive integer I depending only on d and
m such that IN’, is Cartier and Ox (nIN'y,) is globally generated/U for any integer n >> 0.
Let MZ and M'? be the base moduli part of f : (X, B,M) — Z and f': (X', B'"+G'\M) — Z
respectively. Since N’ descends to X’ and N, is semi-ample/U, M'Z descends to Z and M7
is semi-ample/U. Since the induced birational map ¢ is a G’-MMP and G’ is vertical/Z, ¢ is an
isomorphism over the generic point of Z. Thus f : (X, B,M) — Z and f': (X', B'+G',M) —» Z
are crepant over the generic point of Z. By Lemma 11.4.3, M? = M'?. Thus N = N’, and the
theorem follows. O

17. PROOFS OF THE MAIN THEOREMS

In this section, we prove all theorems that are listed in Sections 1 and 2. We recall the
theorems that are already proven in the previous parts of the paper.

2) Theorem 2.2.9 was proven in Subsection 13.3.

3) Theorem 2.3.1 was proven in Subsection 8.6.

4) Theorems 2.4.2, 2.4.3, 2.5.1 were proven in Subsection 8.5.
5) Theorem 2.4.5 was proven in Subsection 10.1.

(6) Theorem 2.4.4 was proven in Subsection 10.2.

Theorem 17.0.1 (cf. [CS23a, Conjecture 4.2(1)]). Let (X, F,B,M)/U be a Q-factorial F-dlt
gfq. Then (X, F,B,M) is ACSS.

Proof. Let h : Y — X be a foliated log resolution of (X, F, B,M) such that a(D,F, B,M) >
—ex(D) for any prime h-exceptional divisor D. Let Fy := h™'F and By := h;'B +
(Supp Exc(h))”Y, then (Y, Fy, By,M) is Q-factorial ACSS and Kr, + By + My ~gx £ >0
for some h-exceptional prime divisor E such that Supp E' = Supp Exc(h). By Theorem 9.4.1,
we may run a (Kr + B+ Mx)-MMP/X with scaling of an ample/U divisor A which terminates
with a good minimal model (X', 7', B’, M)/X of (X,F,B,M)/X, such that E is contracted
by this MMP. Thus the induced birational morphism X’ — X is small. Since X is Q-factorial,

X’ — X is the identity morphism. The theorem follows. O
Proof of Theorem 2.1.1. It follows from Theorem 17.0.1 and Proposition 9.3.2. U
Proof of Theorem 2.1.2. It follows from Theorems 17.0.1, 16.1.4, and Proposition 9.3.3. O
Proof of Theorem 2.1.3. We may assume that Kz + B + A is pseudo-effective/U. The theorem
follows from Theorems 17.0.1 and 16.1.4. O
Proof of Theorem 2.1./. It follows from Theorems 17.0.1 and 16.1.3. O
Proof of Theorem 2.1.5. 1t is a special case of Theorem 9.3.4. O

Proof of Theorem 2.1.6. First we prove (3). By Theorem 17.0.1 and Proposition 11.2.3, we may
run a (Kr + B)-MMP with scaling of an ample R-divisor, and any such MMP terminates with
a log minimal model (X', ', B") of (X, F, B) such that Kz + B’ = 0. By [DLM23, Theorem
1.4], Kr + B~ 0.

(2) follows from (3) and Theorem 2.5.1. (1) follows from (2). O

Proof of Theorem 2.1.7. Let (Y,Fy,By;G)/Z be a proper ACSS model of (X,F,B) with
induced birational morphism ¢g : ¥ — X, whose existence is guaranteed by Theorem 8.2.2.
Let Kz, + By := ¢*(Kr + B) and Ky + By, := ¢*(Kx + B). Since (X, B) is lc, the coefficient
of any component of BY, is < 1. In particular, any coefficient of B is < 1. We let

By := g;' B + (Supp Exc(g))”"

and E := By — By. Then E > 0 and F is exceptional /X .
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Suppose that Kz, + By is not pseudo-effective. We let
F = > D.
D|D is a g-exceptional prime divisor

Then G > F. Since (Y, By +G) islc and G > F, (Y, By + F) is lc. By [ACSS21, Theorem 5.3],
Ky + By + F is not pseudo-effective. For any prime f-exceptional divisor D such that D is not
Fy-invariant, we have multp By = 1. Therefore,

By + F = g;' B + Supp Exc(g).
Since the coefficient of any component of By, is < 1, we have
E':=g.'B + SuppExc(g) — B}, >0

and FE’ is exceptional/X. Therefore,

—00 = kig(Ky + By + F) = io(Ky + g, ' B + Supp Exc(g))

= ko(g*(Kx + B) + E') = ks (Kx + B) > 0,

a contradiction. Thus K, + By is not pseudo-effective. Since

0 < ko (KF, + By) < ko(KF, + By) = ko(Kr + B) = 0,
we have Kk, (K7, + By) = 0. By Theorem 2.1.6(1), k,(Kx, + By) =0, so

0=r,(Kr, + By) <k,(Kz, +By) =k (Kr+ B) < ky(Kr + B) =0.

Thus x,(Kr + B) = 0 and we are done. O
Proof of Theorem 2.1.9. It immediately follows from Theorem 17.0.1. U

Theorem 17.0.2. Let (X, F,B,M) be a Q-factorial lc generalized foliated quadruple such that
F is algebraically integrable. Assume that there exists a foliated log resolution h 1Y — X such
that a(D,F,B,M) > —1 for any h-exceptional prime divisor D. Then F is induced by an
almost holomorphic map.

Proof. Let Fy := h™'F and let By := h;!B + (Supp Exc(h))”", then (Y, Fy, By,M) is Q-
factorial ACSS and K, + By + My ~pr x E > 0 for some h-exceptional prime divisor E. Let F'
be the sum of all non-Fy-invariant prime h-exceptional divisors. By assumption, F' C Supp F.

By Theorem 9.4.1, we may run a (Kr+ B+Mx)-MMP /X with scaling of an ample/U divisor
A which terminates with a good minimal model (X', 7', B’ M)/ X of (X, F, B,M)/X, such that
E is contracted by this MMP. Then F is contracted by this MMP, and (X', 7/, B', M)/Z is ACSS
for some contraction f’: X’ — Z. Since X is Q-factorial, The induced morphism g : X’ — X
only extracts JF'-invariant divisors, so g is an isomorphism over the generic point of Z. In
particular,

fi=flog ' X-->Z

is an almost holomorphic map which induces F.
Proof of Theorem 2.1.10. 1t is a special case of Theorem 17.0.2.
Proof of Theorem 2.2.1. 1t follows from Theorems 2.3.1 and 14.3.3.
Proof of Theorem 2.2.2. 1t is a special case of Theorem 15.0.6.
Proof of Theorem 2.2.3. 1t follows from Theorems 2.2.1 and 2.2.2.
Proof of Theorem 2.2.4. It immediately follows from Theorem 14.2.5(2) by letting U = {pt}.

Proof of Theorem 2.2.5. It immediately follows from Theorem 14.2.5(2).

O 0O doooogd

Proof of Theorem 2.2.8. 1t is a special case of Definition-Lemma 12.2.4.
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Proof of Theorem 2.3.2. (1-4) follow from Definition-Theorem 12.1.4. (5) follows from Definition-
Theorem 12.1.4 and Proposition 11.5.5. (6) follows from Proposition 11.5.5. (7) follows from
Lemma 11.5.4. (8) follows from Lemma 11.5.3 and Definition-Lemma 12.1.2. (9) follows from
Definition-Lemma 11.5.1(3) and Definition-Lemma 12.1.2(6). O

Proof of Theorem 2.4.1. 1t is a special case of Theorem 2.4.2. O

Proof of Corollary 2.4.6. If K r is pseudo-effective, then Kr = B = M x = 0. By Lemma 10.1.1,
M = 0 so there is nothing left to prove. So we may assume that Kr is not pseudo-effective.
Since rank F = 1, by Theorem 6.1.11, F is algebraically integrable. The corollary follows from

Theorem 2.4.5. U
Proof of Theorem 2.4.7. It immediately follows from Theorem 10.3.7. U
Proof of Theorem 2.5.2. 1t is a special case of Theorem 9.4.1. U
Proof of Theorem 2.5.3. 1t follows from Theorem 16.2.1. U

Proof of Theorem A. (1) follows from Theorem 17.0.1, Proposition 7.3.6, Theorem 2.3.1, and
the contraction theorem and the existence of flips for lc pairs. (2) is a special case of Theorem
2.1.4. (3) is a special case of Theorem 2.1.2. (4) follows from Theorems 17.0.1 and 16.1.3. O

Proof of Theorem B. (1) follows from Theorem 2.2.1 and 2.2.2 and (2) follows from Theorem
2.2.7. U
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