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RELATIVE NAKAYAMA-ZARISKI DECOMPOSITION AND MINIMAL

MODELS OF GENERALIZED PAIRS

JIHAO LIU AND LINGYAO XIE

Abstract. We prove some basic properties of the relative Nakayama-Zariski decomposition.
We apply them to the study of lc generalized pairs. We prove the existence of log minimal
models or Mori fiber spaces for (relative) lc generalized pairs polarized by an ample divisor.
This extends a result of Hashizume-Hu to generalized pairs. We also show that, for any lc
generalized pair (X,B + A,M)/Z such that KX + B + A + MX ∼R,Z 0 and B ≥ 0, A ≥ 0,
(X,B,M)/Z has either a log minimal model or a Mori fiber space. This is an analogue of
a result of Birkar/Hacon-Xu and Hashizume in the category of generalized pairs, and is later
shown to be crucial to the proof of the existence of lc generalized flips in full generality.
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1. Introduction

We work over the field of complex numbers C.
The theory of generalized pairs (g-pairs for short) was introduced by Birkar and Zhang in

[BZ16] to tackle the effective Iitaka fibration conjecture. The structure of g-pairs naturally
appears in the canonical bundle formula and sub-adjunction formulas [Kaw98, FM00]. This
theory has been used in an essential way in the proof of the Borisov-Alexeev-Borisov conjecture
[Bir19, Bir21a]. We refer the reader to [Bir21b] for a more detailed introduction to the theory
of g-pairs.

Recently, there is significant progress towards the minimal model program theory for
generalized pairs. In particular, in [HL21a], Hacon and the first author proved the cone theorem,
contraction theorem, and the existence of flips for Q-factorial lc g-pairs. However, some related
results on the termination of flips and the existence of log minimal models and good minimal
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2 JIHAO LIU AND LINGYAO XIE

models for generalized pairs remain unknown. For example, we have the following results in the
setting of usual pairs:

Theorem 1.1 ([HH20, Theorem 1.5]). Let (X,B)/Z be a pair and A ≥ 0 an ample/Z R-divisor
such that (X,∆ := B + A) is lc and Z is normal quasi-projective. Then (X,∆)/Z has a good
minimal model or a Mori fiber space.

Theorem 1.2 ([Has19, Theorem 1.1]; see [Bir12, HX13] for the Q-coefficient case). Let (X,B)/Z
be a pair and A ≥ 0 an R-divisor such that (X,B + A) is lc, Z is normal quasi-projective, and
KX +B +A ∼R,Z 0. Then:

(1) (X,B)/Z has either a Mori fiber space or a log minimal model (Y,BY )/Z.
(2) If KY +BY is nef/Z, then KY +BY is semi-ample/Z.
(3) If (X,B) is Q-factorial dlt, then any (KX + B)-MMP/Z with scaling of an ample/Z

R-divisor terminates.

In this paper, we further investigate the minimal model program for generalized pairs. We
prove the following results, which can be considered as analogues of Theorems 1.1 and 1.2
respectively:

Theorem 1.3. Let (X,B,M)/U be an NQC lc g-pair and A ≥ 0 an ample/U R-divisor such
that (X,∆ := B +A,M) is lc. Then

(1) (X,∆,M)/U has a log minimal model or a Mori fiber space, and
(2) if MX is R-Cartier, then (X,∆,M)/U has a good minimal model or a Mori fiber space.

Theorem 1.4. Let (X,B,M)/U be an NQC lc g-pair such that X → U is a projective morphism
between normal quasi-projective varieties, and A ≥ 0 an R-divisor such that (X,B+A,M) is lc
and KX +B +A+MX ∼R,U 0. Then

(1) (X,B,M)/U has a log minimal model or a Mori fiber space, and
(2) if (X,B,M) is Q-factorial dlt, then any (KX + B + MX)-MMP/U with scaling of an

ample/U R-divisor terminates.

Theorems 1.3 and 1.4 have played important roles in the minimal model program theory for
lc generalized pairs, especially the existence of generalized lc flips. See the Postscript for details.

Note that when M = 0, Theorem 1.3 is exactly Theorem 1.1 and Theorem 1.4 is exactly
Theorem 1.2(1)(3). For technical reasons, at the moment, we cannot remove the “MX is R-
Cartier” assumption in Theorem 1.3(2).

We still expect the analogue of Theorem 1.2(2) to be true. That is, we expect that any log
minimal model of (X,B,M)/Z is a good minimal model (of) a generalized pair (X,B,M)/Z as
in Theorem 1.4 is in fact good; see the first paragraph of the Postscript. This is because such
KX +B +MX is log abundant/U with respect to (X,B,M) by Theorem 7.3 below. However,
the following example shows that the question is very subtle as “log abundance” does not imply
semi-ampleness in general for lc g-pairs:

Example 1.5. Let C0 be a nodal cubic in P2 and l the hyperplane class on P2. Let P1, P2, ..., P12

be twelve distinct points on C0 which are different from the nodal point. Let

µ : X = Bl{P1,...,P12} → P2

be the blow-up of P2 at the chosen points with the exceptional divisor E =
∑12

i=1 Ei, where Ei is
the prime exceptional divisor over Pi for each i. Let H := µ∗l and C := µ−1

∗ C0. Then C ∼= C0,
C ∈ |3H − E|, and KX + C = µ∗(KP2 +C0) = 0. Moreover, we have C2

0 = 9 and C2 = −3.
We consider the big divisor M = 4H − E ∼ H + C. Since H is semi-ample and M · C = 0,

M is nef. Notice that OC(M) = OC0
(4l −

∑12
i=1 Pi) and Pic0(C) ∼= Gm, where Gm is the

multiplication group of C∗.

(1) Suppose that P1, ..., P12 are in general position so that OC(M) is a non-torsion line
bundle in Pic0(C). Then M can never be semi-ample since M |C is not. However, the
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normalization Cn of C is P1, so M |Cn is semi-ample. This gives an lc g-pair (X,C,M :=
M) such that both M and KX +C +M ∼M are nef and log abundant with respect to
(X,C,M), but KX +C+M is not semi-ample. One can further take the blow-up of the
nodal point and take the crepant pullback to make each lc center normal.

(2) Suppose that P1, ..., P12 are the intersection points of C0 with a general quartic curve
Q0 ∈ |4l|. Let Q be the birational transform of Q0 on X. Then M ∼ Q ∼ H+C is semi-
ample and defines a projective birational contraction f : X → Y which contracts exactly
the nodal curve C. Let M ′ = H − 3E1. Then M ′ ·C = 0 and OC(M ′) = OC0

(l− 3P1) is
a non-torsion line bundle since Q0 is general. Therefore M ′ is not Q-linearly equivalent
to 0 over Y (which also implies that f(M ′) is not Q-Cartier). This gives an lc g-pair
(X,C,M′ := M ′)/Y such that both M ′ and KX + C +M ′ ∼M ′ are log abundant and
numerically trivial over Y but KX + C +M ′ is not semi-ample over Y .

We refer the reader to [BH22] for some other interesting examples on the failure of positivity
results for generalized pairs.

To prove our main theorems, the central idea is to combine the methods in [Has22a] (some
originated in [Has20, Has22b, HH20]) and [HL21a]. In particular, we need to generalize many
results in [Has22a] for projective varieties X to normal quasi-projective varietiesX equipped with
projective morphisms π : X → U . Despite their similarities, a major difficulty is the use of the
Nakayama-Zariski decomposition [Nak04, III. §1], which is usually applied to projective varieties
only. It is important to remark that the relative Nakayama-Zariski decomposition [Nak04, III.
§4] does not always behave as good as the global Nakayama-Zariski decomposition (see [Les16]),
and we lack references for even the most basic properties of them. In this note, we will study
the behavior and basic properties of the relative Nakayama-Zariski decomposition. We refer the
reader to [LT22b] for further applications of the relative Nakayama-Zariski decomposition on
the minimal model theory for generalized pairs.

Idea of the proof. It is important to notice that Theorems 1.3 and 1.4 both have some “b-log
abundant” conditions:

(1) In Theorem 1.3, possibly replacing (X,B,M) with (X,B,M+ 1
2Ā) and A with 1

2A, we
may assume that M is b-log abundant with respect to (X,B,M).

(2) In Theorem 1.4, KX +B+A+MX is automatically b-log abundant/Z as it is R-linearly
trivial over Z.

Therefore, one important goal of this paper is to study the minimal model program for g-pairs
(X,B,M) with b-log abundant nef part M or with log abundant KX + B +MX . Despite the
technicality, the condition “b-log abundant” is actually a very natural condition as it is preserved
under adjunction. The key idea to study the minimal model program for such g-pairs is the
following:

• By applying the Iitaka fibration and the generalized canonical bundle formula, we reduce
the questions to the cases when either κι(X/U,KX + B +MX) = 0 or κι(X/U,KX +
B +MX) = dimX − dimU (see Section 4).

• When the invariant Iitaka dimension is 0, by abundance, the minimal model program
behaves well (cf. Lemma 4.1). So we can reduce the question to the case when KX +
B +MX is big/U .

• If (X,B,M) is klt then we can apply [BZ16, Lemma 4.4(2)]. Otherwise, by induction
on dimension, we can apply special termination results near Nklt(X,B,M).

Structure of the paper. In Section 2, we introduce some preliminary results. In particular, we will
recall some results on the minimal model program for generalized pairs that are already included
in [HL21a, Version 2, Version 3] (but may not appear in the published version). In Section 3,
we study the basic behavior of the relative Nakayama-Zariski decomposition. In Section 4, we
use the Iitaka fibration and the generalized canonical bundle formula to simplify the question.
In Section 5,6 and 7, we use the relative Nakayama-Zariski decomposition to prove analogues of
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most results in [Has22a, Section 3] (Section 5), [Has22a, Theorem 3.14] (Section 6), and [Has22b,
Theorem 4.1] (Section 7) respectively. In Section 8, we prove Theorems 1.3 and 1.4.

Acknowledgement. The authors would like to thank Christopher D. Hacon, Jingjun Han,
Junpeng Jiao, Vladimir Lazić, Yuchen Liu, Yujie Luo, Fanjun Meng, Nikolas Tsakanikas, and
Qingyuan Xue for useful discussions. The authors would like to thank Kenta Hashizume for
useful comments on an earlier manuscript of this paper. Part of the work is done during the
visit of the first author to the University of Utah in March and April 2022, and the first author
would like to thank their hospitality. The second author is partially supported by NSF research
grants no: DMS-1801851, DMS-1952522 and by a grant from the Simons Foundation; Award
Number: 256202.

Some parts of this note has overlap with results in [HL21a, Version 2 or Version 3]. Since these
results are not expected to be published in the final version of [HL21a] due to the simplification
of the proofs of the main theorems of [HL21a], for the reader’s convenience, we include some of
the results of [HL21a, Version 2 or Version 3] in this paper and provide detailed proofs. The
authors would like to thank Christopher D. Hacon for granting the text overlap.

We thank Xiaowei Jiang for useful comments for the first version of the paper.
We wish to thank the anonymous referee for useful comments and suggestions that helped

the authors improve the clarity of this work.

Postscript. After the first version of the paper appeared on the arXiv, the authors proved
a stronger version of Theorem 1.4 in [LX22, Theorem 1.1], which shows that the log minimal
model (Y,BY ,M)/Z is essentially a good minimal model of (X,B,M)/Z. This is crucial for the
complete solution of the existence of flips for lc generalized pairs [LX22, Theorem 1.2], which
removes the R-Cartier assumption of MX as in [HL21a, Theorem 1.2]. Although the proof
of [LX22] heavily relies on this paper, we decided to write and submit them as two separate
papers, as this paper contains most technical results that we need while [LX22] mainly focuses
on establishing a Kollár-type gluing theory.

We also remark that the second author and N. Tsakanikas proved a stronger version of
Theorem 1.3, removing the R-Cartierness assumption of MX in Theorem 1.3(2), see [TX23,
Theorem F]. The proof of [TX23, Theorem F] relies on [LX22, Xie22] which in turn rely on this
paper. Therefore, we will avoid citing results from [LX22, Xie22, TX23] in this paper.

2. Preliminaries

We adopt the same notation as in [KM98, BCHM10]. For g-pairs, we adopt the same notation
as in [HL21a], which is the same as [FS20, Has22a] except that we use “a(E,X,B,M) instead
of “a(E,X,B+MX)” to represent log discrepancies. This is because (X,B+MX) is a sub-pair
and the log discrepancies of this sub-pair may be different from the log discrepancies of the
generalized pair (X,B,M).

2.1. Equidimensional reduction.

Theorem 2.1. Let (X,B) be a dlt pair and π : X → U a projective surjective morphism over
a normal variety U . Then there exists a commutative diagram of projective morphisms

Y
f

!!

π′

""

X

π
""

V
ϕ

!! U
such that

(1) f,ϕ are birational morphisms, π′ is an equidimensional contraction, Y only has Q-
factorial toroidal singularities, and V is smooth, and

(2) there exist two R-divisors BY and E on Y , such that
(a) KY +BY = f∗(KX +B) + E,
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(b) BY ≥ 0, E ≥ 0, and BY ∧ E = 0,
(c) (Y,BY ) is lc quasi-smooth, and any lc center of (Y,BY ) on X is an lc center of

(X,B).

Proof. This result follows from [AK00], see also [Hu20, Theorem B.6], [Kaw15, Theorem 2] and
[Has19, Step 2 of the proof of Lemma 3.1]. !

2.2. Iitaka dimensions. We refer the readers to [HH20, Section 2] for the formal definitions
and basic properties of κσ(X/U,D) and κι(X/U,D).

Lemma 2.2 (cf. [Nak04, V. 2.6(5) Remark]). Let X be a normal projective variety and D an
R-Cartier R-divisor on X such that κσ(D) ≥ 0. Then D is pseudo-effective.

Proof. By definition, there exists a Cartier divisor A on X such that σ(D;A) ≥ 0. In particular,
there exists a sequence of strictly increasing positive integers mi, such that dimH0(X, ⌊miD⌋+
A) > 0, hence ⌊miD⌋ + A is effective for any i. Thus miD + A is effective for any i, hence
D + 1

mi
A is effective for any i. Thus D is the limit of the effective R-divisors D + 1

mi
A, hence

D is pseudo-effective. !

Lemma 2.3. Let π : X → U be a projective morphism from a normal variety to a variety, and
D an R-Cartier R-divisor on X. Then:

(1) D is big/U if and only if κσ(X/U,D) = dimX − dimU .
(2) Let D1,D2 be two R-Cartier R-divisors on X. Suppose that D1 ∼R,U E1 ≥ 0 and

D2 ∼R,U E2 ≥ 0 for some R-divisors E1, E2 such that SuppE1 = SuppE2. Then
κσ(X/U,D1) = κσ(X/U,D2) and κι(X/U,D1) = κι(X/U,D2).

(3) Let f : Y → X be a surjective birational morphism and DY an R-Cartier R-divisor on Y
such that DY = f∗D+E for some f -exceptional R-divisor E ≥ 0. Then κσ(Y/U,DY ) =
κσ(X/U,D) and κι(Y/U,DY ) = κι(X/U,D).

(4) Let g : Z → X be a surjective morphism from a normal variety such that Z is projective
over U . Then κσ(Z/U, g∗D) = κσ(X/U,D) and κι(Z/U, g∗D) = κι(X/U,D).

(5) Let D̄ be an R-Cartier R-divisor on X such that D ≡U D̄. Then κσ(X/U,D) =
κσ(X/U, D̄).

(6) Let φ : X ""# X ′ be a partial D-MMP/U and let D′ := φ∗D. Then κσ(X/U,D) =
κσ(X ′/U,D′) and κι(X/U,D) = κι(X ′/U,D′)

Proof. For (1)-(5), let F be a very general fiber of the Stein factorization of π. Possibly replacing
X with F , U with {pt}, andD,D1,D2, D̄ withD|F ,D1|F ,D2|F , D̄|F respectively, we may assume
that X is projective and U = {pt}. (2) follows from [HH20, Remark 2.8(1)] and (3)(4) follow
from [HH20, Remark 2.8(2)].

To prove (1)(5), let h : X̃ → X be a resolution of X. By (4), we may replace X with X̃, D
with h∗D, and D̄ with h∗D̄, and assume that X is smooth.

If D is big, then κσ(D) = dimX by definition. If κσ(D) = dimX, then D is pseudo-effective
by Lemma 2.2, hence D is big by [Nak04, V. 2.7(3) Proposition]. This gives (1).

To prove (5), notice that D is pseudo-effective if and only if D̄ is pseudo-effective. If D is not
pseudo-effective, then κσ(D) = κσ(D̄) = −∞ by Lemma 2.2. If D is pseudo-effective, then (5)
follows from [Nak04, V. 2.7(1) Proposition].

To prove (6), let p : W → X and q : W → X ′ be a common resolution such that q = φ ◦ p.
Then p∗D = q∗D′ + F for some F ≥ 0 that is q-exceptional. By (3), we have

κσ(X/U,D) = κσ(W/U, p∗D) = κσ(W/U, q∗D′ + F ) = κσ(X
′/U,D′)

and
κι(X/U,D) = κι(W/U, p∗D) = κι(W/U, q∗D′ + F ) = κι(X

′/U,D′). !

Lemma 2.4. Let f : X → Y and g : Y → Z be two contractions between normal quasi-projective
varieties such that general fibers of Y → Z are smooth and Y is Q-Gorenstein. Let (X,B) be a
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pair that is lc over a non-empty open subset of Y . Let D be an R-Cartier R-divisor on X such
that D − (KX/Y +B) is nef/Z. Then for any R-Cartier R-divisor Q on Y , we have

κσ(X/Z,D + f∗Q) ≥ κσ(X/Y,D) + κ(Y/Z,Q).

Proof. Let z ∈ Z be a very general point and let Xz := (g ◦ f)−1(z), Yz := g−1(z) be the fibers
of X and Y over z respectively. We have an induced contraction fz : Xz → Yz. Let F be a very
general fiber of fz. Then F is also a very general fiber of f .

First assume that dimY > dimZ. By our assumption, Yz is smooth, (Xz, B|Xz) is lc over a
non-empty open subset of Yz, and

D|Xz − (KXz/Yz
+B|Xz) = (D − (KX/Y +B))|Xz

is nef. By [Fuj20, (3.3)],

κσ(X/Z,D + f∗Q) = κσ(Xz ,D|Xz + f∗
zQ|Yz) ≥ κσ(Xz/Yz,D|Xz ) + κ(Yz , Q|Yz)

= κσ(F,D|F ) + κ(Y/Z,Q) = κσ(X/Y,D) + κ(Y/Z,Q).

Now assume that dimY = dimZ so that κ(Y/Z,Q) = 0. If dimX = dimY then there is
nothing left to prove, so we may assume that dimX > dimY . In this case f∗Q|Xz = 0, so we
have

κσ(X/Z,D + f∗Q) = κσ(Xz,D|Xz + f∗Q|Xz) = κσ(Xz ,D|Xz) = κσ(X/Z,D)

= κσ(X/Y,D) = κσ(X/Y,D) + κ(Y/Z,Q),

and we are done. !

Lemma 2.5. Let (X,B,M)/U be an lc g-pair such that KX+B+MX ≡U G for some R-divisor
G ≥ 0, such that U is quasi-projective and G is abundant over U . Let X ""# V be the Iitaka
fibration over U associated to G, and (W,BW ,M) a log smooth model of (X,B,M) such that
the induced map ψ : W → V is a morphism over U . Then

(1) κσ(W/U,KW +BW +MW ) = dimV − dimU , and
(2) κσ(W/V,KW +BW +MW ) = 0.

Proof. Let hV : V̄ → V be a resolution of V . By Lemmas 2.3(3) and [HL21a, Lemma 3.6]
possibly replacing (W,BW ,M)/U with a higher model, we may assume that the induced map
ψ̄ : W → V̄ is a morphism. Since (W,BW ,M) a log smooth model of (X,B,M), we have

KW +BW +MW = h∗(KX +B +MX) + E

where h : W → X is the induced morphism, M descends to W , and E ≥ 0.

W

ψ̄
""

ψ

##!!
!!

!!
!!

!!
!!

!!
!

h !! X

""
✤

✤

✤

V̄

$$❆
❆❆

❆❆
❆❆

❆

hV !! V

%%⑦⑦
⑦⑦
⑦⑦
⑦⑦

U

Since G ≥ 0 is abundant over U , by [Cho08, Proposition 2.2.2(1)],

dimV − dimU = κ(X/U,G) = κι(X/U,G) = κσ(X/U,G) ≥ 0.

Since X ""# V is the Iitaka fibration associated to G over U , there exists an effective ample/U
R-divisor A on V and an R-divisor F ≥ 0 on W such that h∗G = ψ∗A+F for some h-exceptional
R-divisor F ≥ 0 on W . Then for any real number k, we have

KW +BW +MW + kψ∗A ≡U (1 + k)ψ∗A+ E + F.
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By Lemma 2.3(2)(3)(5), for any k ≥ 0 we have

κσ(W/U,KW +BW +MW + kψ∗A) = κσ(W/U, (1 + k)ψ∗A+ E + F ) = κσ(W/U,ψ∗A+ E + F )

= κσ(W/U,KW +BW +MW ) = κσ(X/U,KX +B +MX)

= κσ(X/U,G) = κ(X/U,G) = dimV − dimU.

In particular, we get (1). Since A is ample/U , h∗V A is big/U , and we may pick a sufficiently
large positive integer k such that KV̄ + kh∗V A is big/U .

Since (W,BW ,M) is a log smooth model of (X,B,M), (W,BW ) is lc. Since V̄ is smooth, any
very general fiber of the induced morphism V̄ → U is smooth. Let D := KW+BW+MW−ψ̄∗KV̄
and Q := KV̄ + kh∗V A. Then D − (KW/V̄ +BW ) = MW is nef/U . By Lemma 2.4 and noticing

that the restriction of ψ̄∗KV̄ to a general fiber of ψ̄ is zero, we have

dimV − dimU = κσ(W/U,KW +BW +MW + kψ∗A) = κσ(W/U,KW +BW +MW + kψ̄∗h∗V A)

= κσ(W/U,D + ψ̄∗Q) ≥ κσ(W/V̄ ,D) + κ(V̄ /U,Q)

= κσ(W/V̄ ,KW +BW +MW − ψ̄
∗KV̄ ) + κ(V̄ /U,KV̄ + kh∗V A)

= κσ(W/V̄ ,KW +BW +MW ) + (dimV − dimU).

Thus κσ(W/V̄ ,KW +BW +MW ) ≤ 0, hence κσ(W/V,KW +BW +MW ) ≤ 0. Since KW +BW +
MW ≡U h∗G+E ≥ 0, κσ(W/V,KW +BW +MW ) ≥ 0. Thus κσ(W/V,KW +BW +MW ) = 0,
and we get (2). !

2.3. Preliminaries on the MMP for generalized pairs.

Lemma 2.6 ([HL21a, Lemma 2.20], cf. [HL22, Proposition 3.9]). Let (X,B,M)/U be a Q-
factorial lc g-pair such that X is klt and KX + B + MX ≡U D1 − D2 (resp. ∼R,U D1 − D2)
where D1 ≥ 0, D2 ≥ 0 have no common components. Suppose that D1 is very exceptional over
U (see [Bir12, Definition 3.1]). Then any (KX +B+MX)-MMP/U with scaling of an ample/U
R-divisor either terminates with a Mori fiber space or contracts D1 after finitely many steps.
Moreover, if D2 = 0, then this MMP terminates with a model Y such that KY +BY +MY ≡U 0
(resp. ∼R,U 0), where BY is the strict transform of B on Y .

Lemma 2.7 ([HL21a, Lemma 2.25]). Let X → U be a projective morphism such that X is
normal quasi-projective. Let D,A be two R-Cartier R-divisors on X and let φ : X ""# X ′ be a
partial D-MMP/U . Then there exists a positive real number t0, such that for any t ∈ (0, t0], φ
is also a partial (D + tA)-MMP/U . Note that A is not necessarily effective.

Proof. We let
X := X0 ""# X1 ""# · · · ""# Xn = X ′

be this partial MMP, and Di, Ai the strict transforms of D and A on Xi respectively. Let
Xi → Zi be the Di-negative extremal contraction of a Di-negative extremal ray Ri in this MMP
for each i. Then Di · Ri < 0 for each i. Thus there exists a positive real number t0 such that
(Di + t0Ai) · Ri < 0 for each i. In particular, (Di + tAi) · Ri < 0 for any i and any t ∈ (0, t0].
Thus φ is a partial (D + tA)-MMP/U for any t ∈ (0, t0]. !

Lemma 2.8 (cf. [LT22a, Lemma 2.17]). Let (X,B,M)/U be a Q-factorial NQC lc g-pair such
that X is klt and KX +B +MX is pseudo-effective/U . Let A ≥ 0 be an ample/U R-divisor on
X such that (X,B +A,M) is lc and KX +B +A+MX is nef/U . Let

(X,B,M) := (X0, B0,M) ""# (X1, B1,M) ""# · · · ""# (Xi, Bi,M) ""# . . .

be a (KX + B + MX)-MMP/U with scaling of A, and Ai the strict transform of A on Xi

for each i. Then there exists a positive integer n and a positive real number ϵ0, such that
KXj+Bj+ϵAj+MXj is movable/U for any ϵ ∈ (0, ϵ0) and j ≥ n. In particular, KXj+Bj+MXj

is a movable/U (cf. Definition 3.1) R-divisor for any j ≥ n.
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Proof. Let λi be the i-th scaling number of this MMP for each i, i.e.

λi := inf{t ≥ 0 | KXi +Bi + tAi +MXi is nef/U}.

We may assume that this MMP does not terminate. By [HL21a, Theorem 2.24], we have
limi→+∞ λi = 0.

Let n be the minimal positive integer such that Xi ""# Xi+1 is a flip for any i ≥ n. If
λi < λi−1, then X ""# Xi is a (KX +B + tA+MX)-MMP/U with scaling of (1 − t)A for any
t ∈ [λi,λi−1). Since X is Q-factorial klt, there exists ∆t ∼R,U B + tA+MX such that (X,∆t)
is klt and ∆t is big for any t ∈ (0, 1]. By [BCHM10, Corollary 3.9.2], KXi + Bi + tAi + MXi

is semi-ample/U for any i and any t ∈ [λi,λi−1). Let ϵ0 := λn. Then for any ϵ ∈ (0, ϵ0), there
exists i ≥ n such that λi < λi−1 and ϵ ∈ [λi,λi−1), and KXi +Bi + ϵAi +MXi is semi-ample/U .
Since Xi ""# Xj is small for any i, j ≥ n, KXj + Bj + ϵAj +MXj is movable/U for any j ≥ n
and ϵ ∈ (0, ϵ0), and KXj +Bj +MXj is a /U R-divisor. !

Lemma 2.9. Let X → U be a projective morphism such that X is quasi-projective. Assume
that D is an R-Cartier R-divisor on X such that D is a movable/U R-divisor on X, and let
φ : X ""# X ′ be a partial D-MMP/U . Then φ only contains flips.

Proof. Since D is a movable/U R-divisor, D is pseudo-effective/U , so φ only contains flips and
divisorial contractions.

If φ contains a divisorial contraction, let ψ : X1 → X ′
1 be the first divisorial contraction in φ.

Let D1 be the strict transform of D on X1. Then X ""# X1 only contains flips, hence it is an
isomorphism in codimension one, so D1 is also a movable/U R-divisor on X1. Let D′

1 := ψ∗D1.
Then

D1 = ψ∗D′
1 + F

for some F ≥ 0 that is exceptional over X ′
1.

Since D1 is a movable/U divisor, D′
1 is a movable/X ′

1 divisor. Thus for any very general ψ-
exceptional curve C, D1 ·C ≥ 0. By the general negativity lemma [Bir12, Lemma 3.3], −F ≥ 0.
Thus F = 0, and ψ cannot be a D1-negative extremal contraction, a contradiction. Thus φ only
contains flips. !

Lemma 2.10. Let (X,B,M)/U be a Q-factorial NQC lc g-pair. Let H ≥ 0 be an R-divisor on
X such that (X,B+H,M) is lc and KX+B+H+MX is nef/U . Assume that (X,B+µH,M)/U
has a log minimal model for any µ ∈ (0, 1]. Then we can construct a (KX +B +MX)-MMP/U
with scaling of H:

(X,B,M) := (X0, B0,M) ""# (X1, B1,M) ""# · · · ""# (Xi, Bi,M) ""# . . . .

Let Hi be the strict transform of H on Xi for each i, and let

λi := inf{t ≥ 0 | KXi +Bi + tHi +MXi is nef/U}

be the i-th scaling number of this MMP for each i. Then this MMP

(1) either terminates after finitely many steps, or
(2) does not terminate and limi→+∞ λi = 0.

Proof. If λ0 = 0 then there is nothing left to prove. So we may assume that λ0 > 0. By [HL22,
Lemma 3.21], we may pick λ′0 ∈ (0,λ0) such that any sequence of the (KX +B + λ′0H +MX)-
MMP/U is (KX +B + λ0H +MX)-trivial.

By [HL21a, Theorem 2.24], we may run a (KX +B + λ′0H +MX)-MMP/U with scaling of a
general ample/U divisor, which terminates with a log minimal model. We let

(X,B,M) := (X0, B0,M) ""# (X1, B1,M) ""# · · · ""# (Xk1 , Bk1 ,M)

be this sequence of the MMP/U . Then this sequence consists of finitely many steps of a (KX +
B +MX)-MMP/U with scaling of H, with scaling numbers λ0 = λ1 = · · · = λk1−1. Since

KXk1
+Bk1 + λ′1Hk1 +MXk1
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is nef/U , we have λk1 ≤ λ
′
1 < λ1.

We may replace (X,B,M)/U with (Xk1 , Bk1 ,M)/U and continue this process. If this MMP
does not terminate, then we may let λ := limi→+∞ λi. By our construction, λ ̸= λi for any i,
and the lemma follows from [LT22b, Theorem 4.1]. !

Lemma 2.11 (cf. [HL22, 3.5 Lifting flips, Page 727-728], [LT22b, 2.5 Lifting a sequence of flips
with scaling, Lemma 2.13]). Let (X,B,M)/U be an NQC lc g-pair, S an lc center of (X,B,M),
(Y,BY ,M) a dlt model of (X,B,M) with induced birational morphism f : Y → X, and SY a
component of ⌊BY ⌋ such that f(SY ) = S. Let

φ : (X,B,M) ""# (X ′, B′,M)

be a partial (KX +B+MX)-MMP/U and S′ an lc center of (X ′, B′,M) such that φ|S : S ""# S′

is a birational map. Then there exists a partial (KY +BY +MY )-MMP/U

ψ : (Y,BY ,M) ""# (Y ′, B′
Y ,M),

such that

(1) (Y ′, B′
Y ,M) is a dlt model of (X ′, B′,M), and

(2) the strict transform of SY on Y ′ is a component of ⌊B′
Y ⌋.

Proof. We only need to prove the lemma when φ is a divisorial contraction or a flip. If φ is a flip,
then we let X → Z be the flipping contraction and let X ′ → Z be the flipped contraction. The
rest of the proof of (1) is similar to the [LT22b, First paragraph of the proof of Lemma 2.13]:
If φ is a divisorial contraction, then we let Z = X ′. Thus (X ′, B′,M)/Z is a log minimal model
of (X,B,M)/Z such that KX′ + B′ + MX′ is ample/Z. By [HL21a, Lemmas 3.9, 3.15] and
[HL21a, Theorem 3.14], we may run a (KY + BY +MY )-MMP/Z with scaling of an ample/Z
divisor which terminates with a good minimal model (Y ′, B′

Y ,M)/Z. By [HL21a, Lemma 3.9],
(Y ′, B′

Y ,M) is a dlt model of (X ′, B′,M), and we get (1).
We let p : W → Y and q : W → Y ′ be a resolution of indeterminacies of the induced birational

map φY : Y ""# Y ′. By [HL21a, Lemma 3.8], p∗(KY +BY +MY ) = q∗(KY ′ +BY ′ +MY ′) + F
where F ≥ 0 is exceptional/Y ′, and Suppp∗F contains all φY -exceptional divisors. By (1),
a(SY , Y,BY ′ ,M) = 0, hence SY is not a component of Suppp∗F , and we get (2). !

2.4. Proper log smooth models.

Definition 2.12 (Log smooth model, [HL21a, Definition 3.1]). Let (X,B,M)/U be an lc g-pair
and h : W → X a log resolution of (X,SuppB) such that M descends to W . Let BW ≥ 0 and
E ≥ 0 be two R-divisors on W such that

(1) KW +BW +MW = h∗(KX +B +MX) + E,
(2) (W,BW ) is log smooth dlt,
(3) E is h-exceptional, and
(4) for any h-exceptional prime divisor D such that a(D,X,B,M) > 0, D is a component

of E.

Then (W,BW ,M) is called a log smooth model of (X,B,M). If we additionally assume that

(5) for any h-exceptional prime divisor D such that a(D,X,B,M) > 0, D is a component
of {BW },

then (W,BW ,M) is called a proper log smooth model of (X,B,M).

Lemma 2.13. Let (X,B,M)/U be an lc g-pair. Then there exists a proper log smooth model
(W,BW = Bh

W +Bv
W ,M) of (X,B,M), such that

(1) Bh
W ≥ 0 and Bv

W is reduced,
(2) Bv

W is vertical over U , and
(3) for any real number t ∈ (0, 1], all lc centers of (W,BW − tBv

W ,M) dominate U .
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Proof. By [HL21a, Lemma 3.6], possibly replacing (X,B,M) with a proper log smooth model,
we may assume that (X,SuppB) is log smooth and M descends to X. By [Has18, Lemma 2.10],
there exists a proper log smooth model (W,BW = Bh

W +Bv
W ) of (X,B), such that

• Bh
W ≥ 0 and Bv

W is reduced,
• Bv

W is vertical over U , and
• for any real number t ∈ (0, 1], all lc centers of (W,BW − tBv

W ) dominate U .

Since M descends to X, (W,BW ,M) is a proper log smooth model of (X,B,M), and for any
real number t ∈ (0, 1], any lc center of (W,BW − tBv

W ,M) is an lc center of (W,BW − tBv
W ) and

dominates U . Thus (W,BW = Bh
W +Bv

W ,M) satisfies our requirements. !

2.5. Canonical bundle formula.

Theorem 2.14. Let (X,B,M)/U be an NQC lc g-pair such that U is quasi-projective, and let
π : X → V be a surjective morphism over U . Assume that KX + B +MX ∼R,V 0. Then there
exists an NQC lc g-pair (V,BV ,MV )/U , such that

(1) KX +B +MX ∼R π∗(KV +BV +MV
V ),

(2) any lc center of (V,BV ,MV ) is the image of an lc center of (X,B,M) in V , and
(3) if all lc centers of (X,B,M) dominate V , then (V,BV ,MV ) is klt.

Proof. By the theory of Shokurov-type rational polytopes (cf. [HL22, Proposition 3.20]) and the
theory of uniform rational polytopes (see [HLS19, Lemma 5.3], [Che20, Therem 1.4]), we may
assume that (X,B,M)/U is a Q-g-pair.

Step 1. In this step we prove the case when X → V is a generically finite morphism.
By [HL20, Theorem 4.5, (4.3),(4.4)], there exists an lc Q-g-pair (V,BV ,MV )/U , such that

KX +B +MX ∼Q π∗(KV +BV +MV
V ), and BV and MV are defined in the following way:

Let V 0 be the smooth locus of V , X0 := X ×V V 0, and π|X0 : X0 → V 0 the restriction of π.
Then we have the Hurwitz formula

KX0 = (π|X0)∗KV 0 +R0

where R0 is the effective ramification divisor of f |X0 . Let R be the closure of R0 in X, and let
BV := 1

deg ππ∗(R + B). For any proper birational morphism µ : V ′ → V , let X ′ be the main

component of X ×V V ′ with induced birational map π′ : X ′ → V ′. We let MV
V ′ = 1

deg ππ
′
∗MX′ .

(1) follows immediately.
Since (V,B,MV )/U is a g-pair, for any prime divisor E over V , there exists a birational

morphism hV : Ṽ → V such that MV descends to Ṽ and E is on Ṽ . We let h : X̃ → X
be a birational morphism such that M descends to X̃ and the induced map π̃ : X̃ → Ṽ is a
morphism.

X ′

π′

""

!! X

π
""

X̃
h&&

π̃
""

V ′ µ
!! V Ṽ

hV&&

There are two cases:

Case 1. E is exceptional over V . In this case we let F ⊂ π̃−1(E) be a prime divisor, and let
r ≤ deg f be the ramification index of π̃ along F . Near the generic point of F , we have

KX̃ = h∗(KX +B +MX) + (a(F,X,B,M) − 1)F

∼Q h∗π∗(KV +BV +MV ) + (a(F,X,B,M) − 1)F



RELATIVE NAKAYAMA-ZARISKI DECOMPOSITION AND MINIMAL MODELS OF GENERALIZED PAIRS 11

and

KX̃ = π̃∗KṼ + (r − 1)F

= π̃∗h∗V (KV +BV +MV ) + r(a(E,V,BV ,M
V )− 1)F + (r − 1)F

= h∗π∗(KV +BV +MV ) + (ra(E,V,BV ,M
V )− 1)F.

Let X̃ → X̄ → V be the Stein factorization of π ◦ h = hV ◦ π̃. Since E is exceptional over V , F
is exceptional over X̄. Therefore aF ∼Q,X̄ 0 iff a = 0 (applying negativity lemma to both aF
and −aF ). By comparing the two expressions of KX̃ above, we have

a(F,X,B,M) − 1 = ra(E,V,BV ,M
V )− 1,

hence a(F,X,B,M) ≥ 0 if and only if a(E,V,BV ,MV ) ≥ 0 and a(F,X,B,M) > 0 if and only
if a(E,V,BV ,MV ) > 0. Moreover, since F ⊂ π̃−1(E), if E is an lc place of (V,BV ,MV ), then
F is an lc place of (X,B,M) and centerV E is contained in the image of centerX F in V .

Case 2. E is not exceptional over V . In this case, if E is not a component of BV , then
a(E,V,BV ,MV ) = 1 > 0. If E is a component of BV , then we may let B1, . . . , Bm ⊂ π−1(E)
be the prime divisors on X lying over V and let di be the degree of the induced morphism
π|Bi : Bi → E. By our construction of BV ,

a(E,V,BV ,M
V ) = 1−multE BV = 1−

∑m
i=1 di multBi B

deg π
.

Since
∑m

i=1 di ≤ deg π, a(E,V,BV ,MV ) ≥ 0 if multBi B ≤ 1 for each i, and a(E,V,BV ,MV ) > 0
if multBi B < 1 for each i. Moreover, since Bi ⊂ π−1(E) for each i, if E is an lc place of
(V,BV ,MV ), then Bi is an lc place of (X,B,M) for some i and E is contained in the image of
Bi in V .

By our discussions above, we finish the proof in the case when X → V is a generically finite
morphism.

Step 2. In this step we prove the case when X → V is a contraction.
By [FS20, Theorem 2.20], there exists an lc Q-g-pair (V,BV ,MV )/U , such that KX + B +

MX ∼Q π∗(KV +BV +MV
V ). Moreover, for any birational morphism hV : Ṽ → V , we have an

R-divisor BṼ satisfying KṼ +BṼ +MV
Ṽ
= h∗V (KV +BV +MV

V ) and defined in the following way:

let X̃ be the main component ofX×V Ṽ , and h : X̃ → X and π̃ : X̃ → Ṽ the induced morphisms.
Let KX̃ + B̃ +MX̃ := h∗(KX +B +MX). For any prime divisor E on Ṽ , multE BṼ = 1− tE ,
where

tE := sup{s | (X̃, B̃ + sπ̃∗E,M) is lc over the generic point of E}.

Note that E may not be Q-Cartier but π̃∗E is always defined over the generic point of E.
(1) follows immediately.
If E is an lc place of (V,BV ,MV ) on Ṽ , then tE = 0, hence π̃∗E contains an lc center F of

(X̃, B̃,M) over the generic point of E. We have F ⊂ Supp π̃∗E and π̃(F ) ⊂ E, hence π̃(F ) = E.
Thus E is the image of an lc center of (X̃, B̃,M) on Ṽ , hence centerV E is the image of an lc
center of (X,B,M) in V .

By our discussions above, we finish the proof in the case when X → V is a contraction.

Step 3. In this step we prove the general case.

We let X
f
−→ Y

g
−→ V be the Stein factorization of π. Then KX +B+MX ∼Q,Y 0, f : X → Y

is a contraction and g : Y → V is a finite morphism. By Step 2, KX + B +MX ∼Q f∗(KY +
BY +MY

Y ) for some lc Q-g-pair (Y,BY ,MY )/U such that any lc center of (Y,BY ,MY ) is the
image of an lc center of (X,B,M) in Y . Moreover, KY + BY + MY

Y ∼Q,V 0. By Step 1,
KY + BY + MY

Y ∼Q g∗(KV + BV + MV
V ) for some lc g-pair (V,BV ,MV )/U such that any lc
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center of (V,BV ,MV ) is the image of an lc center of (Y,BY ,MY ) in V , hence the image of an
lc center of (X,B,M) in V . We immediately get (1)(2) and (3) follows from (2). !

2.6. Special termination.

Definition 2.15. Let I ⊂ [0, 1] and I ′ ⊂ [0,+∞) be two sets. We define

S(I,I ′) := {1−
1

m
+

∑

j

rjbj
m

+
∑

i

siµi

m
| m ∈ N+, ri, si ∈ N, bj ∈ I, µj ∈ I ′} ∩ (0, 1].

Proposition 2.16 ([HL22, Proposition 2.10]). Let I ⊂ [0, 1] and I ′ ⊂ [0,+∞) be two sets. Let
(X,B,M)/U be a Q-factorial NQC dlt g-pair such that B ∈ I and M =

∑
µiMi, where µi ∈ I ′

for each i and each Mi is nef/U b-Cartier. Then for any lc center S of (X,B,M), the g-pair
(S,BS ,MS)/U given by the adjunction

KS +BS +MS
S := (KX +B +MX)|S

is dlt, and BS ∈ S(I,I ′).

Definition 2.17 (Difficulty, [HL22, Definition 4.5]). Let I and I ′ be two finite sets of non-
negative real numbers. Let (X,B,M)/U be a Q-factorial NQC dlt g-pair such that B ∈ I and
M =

∑
µiMi, where µi ∈ I ′ for each i and each Mi is nef/U b-Cartier. For any lc center S of

(X,B,M) of dimension ≥ 1, let (S,BS ,MS) be the g-pair given by the generalized adjunction

KS +BS +MS
S := (KX +B +MX)|S ,

then we define

dI,I′(S,BS ,M
S) :=

∑

α∈S(I,I′)

#{E | a(E,BS ,M
S) < 1− α, centerS E ̸⊂ ⌊BS⌋}

+
∑

α∈S(I,I′)

#{E | a(E,BS ,M
S) ≤ 1− α, centerS E ̸⊂ ⌊BS⌋}.

The following special termination result is similar to [Fuj07, LMT20, HL22]. The proofs are
also similar. For the reader’s convenience, we provide a full proof here.

Lemma 2.18. Let (X,B,M)/U be a Q-factorial NQC dlt g-pair and let

(X,B,M) := (X0, B0,M) ""# (X1, B1,M) ""# · · · ""# (Xi, Bi,M) ""# . . .

be a (KX +B +MX)-MMP/U . Let φi,j : Xi ""# Xj be the induced birational maps for each i.
For any i ≥ 0 and any lc center Si of (Xi, Bi,M) of dimension ≥ 1, we let (Si, BSi ,M

Si)/U be
the generalized pair given by adjunction

KSi +BSi +MSi
Si

:= (KXi +Bi +MXi)|Si .

Then we have the following.

(1) For any i≫ 0, j ≥ i, and any lc center Si of (Xi, Bi,M), φi,j induces an isomorphism
near the generic point of Si. In particular, for any i, j ≫ 0 and any lc center Si of
(Xi, Bi,M), we may let Si,j be the strict transform of Si on Xj .

(2) Fix i ≫ 0 and an lc center Si of (Xi, Bi,M) such that φi,j induces an isomorphism for
every lc center of (Si, BSi ,M

Si)/U for any j ≥ i. Then
(a) φj,k|Si,j : Si,j ""# Si,k is an isomorphism in codimension 1 for any j, k ≫ i, and
(b) BSi,j is the strict transform of BSi,k

for any j, k ≫ i.
(3) Suppose that this (KX+B+MX)-MMP/U is a MMP with scaling of an R-divisor A ≥ 0

on X. Let

λj := inf{t | t ≥ 0,KXj +Bj + tAj +MXj is nef/U}

be the scaling numbers, where Aj is the strict transform of A on Xj for each j. Fix i≫ 0
and an lc center Si of (Xi, Bi,M) such that φj,k|Si,j : Si,j ""# Si,k is an isomorphism
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in codimension 1 and BSi,j is the strict transform of BSi,k
for any k, j ≥ i. Let T be

the normalization of the image of Si on U , (S′
i, BS′

i
,MSi) a dlt model of (Si, BSi ,M

Si),
and AS′

i
the pullback of Ai on S′

i. Then this (KX + B +MX)-MMP/U with scaling of
A induces the following commutative diagram/T

(S′
i, BS′

i
,MSi) !!❴❴

""

(S′
i,i+1, BS′

i,i+1
,MSi) !!❴❴

""

. . . !!❴❴ (S′
i,j , BS′

i,j
,MSi) !!❴❴

""

. . .

(Si, BSi ,M
Si) !!❴❴ (Si,i+1, BSi,i+1

,MSi) !!❴❴ . . . !!❴❴ (Si,j , BSi,j ,M
Si) !!❴❴ . . .

such that
(a)

(S′
i, BS′

i
,MSi) ""# (S′

i,i+1, BS′

i,i+1
,MSi) ""# · · · ""# (S′

i,j , BS′

i,j
,MSi) ""# . . .

is a (KS′

i
+ BS′

i
+ MSi

S′

i
)-MMP/T with scaling of AS′

i
. Note that it is possible

that (S′
i,j, BS′

i,j
,MSi) ""# (S′

i,j+1, BS′

i,j+1
,MSi) is the identity morphism or a

composition of several steps of the (KS′

i,j
+BS′

i,j
+MSi

S′

i,j
)-MMP/T for some j,

(b) for any j ≥ i, (S′
i,j , BS′

i,j
,MSi) is a dlt model of (Si,j, BSi,j ,M

Si), and

(c) let

µj := inf{t | t ≥ 0,KS′

i,j
+BS′

i,j
+ tAS′

i,j
+MSi

S′

i,j
is nef/T}

for each j ≥ i, where AS′

i,j
is the pullback of Aj on S′

i,j. Then µj ≤ λj for each
j ≥ i.

Proof. Let I ⊂ [0, 1] be a finite set such that B ∈ I, and let I ′ ⊂ [0,+∞) be a finite set such
that M =

∑
µiMi, where each Mi is nef/U b-Cartier and each µi ∈ I ′. Let φi := φi,i+1 for

each i.
We may assume that the MMP does not terminate, otherwise there is nothing left to prove.

Possibly replacing X with Xi for i≫ 0, we may assume that each φi is a flip. Since the number
of lc centers of (X,B,M) is finite, possibly replacing X with Xi for i≫ 0, we may assume that
the flipping locus of φi does not contain any lc centers. This proves (1).

We prove (2). We let S := Si. By (1), we may let Sj := Si,j for any j ≥ i. Possibly
replacing X we Xi, we may assume that i = 0. By [HL22, Proposition 2.10], for any j, the
g-pair (Sj , BSj ,M

S) given by the adjunction

KSj +BSj +MS
Sj

:= (KXj +Bj +MXj )|Sj

is dlt, and BSj ∈ S(I,I ′). By assumption, φj,k induces an isomorphism on ⌊BSj⌋ for any
j, k. Thus for any j and any prime divisor E over Sj, centerSj E ⊂ ⌊BSj⌋ if and only if
centerSj+1

E ⊂ ⌊BSj+1
⌋. By the negativity lemma, a(E,Sj , BSj ,M

S) ≤ a(E,Sj+1, BSj+1
,MS)

for each j and any prime divisor E over Sj. Thus

dI,I′(Sj, BSj ,M
S) ≥ dI,I′(Sj+1, BSj+1

,MS)

for each j. Moreover, for any j such that Sj and Sj+1 are not isomorphic in codimension 1, if
there exists a prime divisor E on Sj+1 that is exceptional over Sj, then

1− α = a(E,Sj+1, BSj+1
,MS) > a(E,Sj , BSj ,M

S)

for some α ∈ S(I,I ′), and hence

dI,I′(Sj , BSj ,M
S) > dI,I′(Sj+1, BSj+1

,MS).

By [HL22, Remark 4.6], dI,I′(Sj , BSj ,M
S) < +∞. Thus possibly replacing X with Xj for some

j ≫ 0, we may assume that dI,I′(Sj, BSj ,M
S) = dI,I′(Sk, BSk

,MS) for any j, k. Thus Sj ""#



14 JIHAO LIU AND LINGYAO XIE

Sj+1 does not extract any divisor for any j. In particular, ρ(Sj+1) ≤ ρ(Sj), and ρ(Sj+1) < ρ(Sj)
if Sj ""# Sj+1 contracts a divisor. Thus possibly replacing X with Xj for some i ≫ 0, we may
assume that Sj and Sj+1 are isomorphic in codimension 1 for each j, which implies (2.a). Since
dI,I′(Sj, BSj ,M

S) = dI,I′(Sk, BSk
,MS) for any j, k, (2.b) follows from (2.a).

We prove (3). Since i ≫ 0, possibly replacing X with Xi, we may assume that i = 0 and φj
is a flip for every j. We let S := S0, S′ := S′

0, Sj := S0,j, and S′
j := S′

0,j for every j. We let
Xj → Zj ← Xj+1 be each flip and let Tj be the normalization of the image of Sj on Zj for each
j. Then we have an induced birational map Sj ""# Sj+1 for each j.

Since φ0 is a (KX0
+B0 +MX0

)-flip/U , X1 → Z0 is (KX1
+ B1 +MX1

)-positive and KS1
+

BS1
+ MS

S1
is ample/T0. In particular, (S1, BS1

,MS)/T0 is a weak lc model of (S0, BS0
,MS).

By [HL21a, Lemmas 3.9, 3.15] and [HL21a, Theorem 3.14], we may run a (KS′

0
+ BS′

0
+MS

S′

0
)-

MMP/T0 with scaling of an ample/T0 divisor, which terminates with a good minimal model of
(S′

0, BS′

0
,MS)/T0. By [HL21a, Lemma 3.9], (S′

0, BS′

0
,MS) is a dlt model of (S1, BS1

,MS). Since

KS′

0
+BS′

0
+ λ0AS′

0
+MS

S′

0
≡T0

0,

this MMP is also a (KS′

0
+ BS′

0
+ MS

S′

0
)-MMP/T0 with scaling of λ0AS′

0
. We may replace

(S0, BS0
,MS)/T with (S1, BS1

,MS)/T and continue this process. This gives us the desired
(KS′

0
+ BS′

0
+ MS

S′

0
)-MMP/T with scaling of AS′

0
, which gives the commutative diagram, and

proves (3.a) and (3.b). For each j, sinceKS′

j
+BS′

j
+λjAS′

j
+MS

S′

j
≡Tj 0, KS′

j
+BS′

j
+λjAS′

j
+MS

S′

j

is nef, hence µj ≤ λj , and we get (3.c). !

3. Relative Nakayama-Zariski decomposition

Definition 3.1. Let π : X → U be a projective morphism from a normal variety to a variety, A
an ample/U R-divisor on X, D a pseudo-effective/U R-Cartier R-divisor on X, and P a prime
divisor on X. For any big/U R-Cartier R-divisor B, we define

σP (X/U,B) := inf{multP B′ | 0 ≤ B′ ∼R,U B}.

We define

σP (X/U,D) := lim
ϵ→0+

σP (X/U,D + ϵA),

where we allow +∞ as a limit as well. As in [Nak04, III §1.], we can easily check that σP (X/U,D)
is well-defined and does not depend on the choice of A (we left the proof for the readers). We
let

Nσ(X/U,D) :=
∑

C is a prime divisor on X

σC(X/U,D) · C

be a formal sum of divisors with coefficients in R≥0 ∪ {+∞}. We say that D is movable/U if
Nσ(X/U,D) = 0, and this coincides with the original definition when D is big/U .

For any divisor D′ on X, we say D′ ≤ Nσ(X/U,D) if multC(D′) ≤ σC(X/U,D) for any prime
divisor C on X. We can naturally define the addition of D′ and Nσ(X/U,D) as

Nσ(X/U,D) +D′ :=
∑

C is a prime divisor on X

(σC(X/U,D) + multC(D
′)) · C,

by noticing that +∞+a = +∞ for any a ∈ R. If f : X → Y is a projective birational morphism
over U , then we can define the pushforward

f∗Nσ(X/U,D) :=
∑

C is a prime divisor on X

σC(X/U,D) · f∗C

as a formal sum of divisors with coefficients in R≥0 ∪ {+∞}.



RELATIVE NAKAYAMA-ZARISKI DECOMPOSITION AND MINIMAL MODELS OF GENERALIZED PAIRS 15

We define the support of Nσ(X/U,D) as

SuppNσ(X/U,D) :=
⋃

σC(X/U,D)>0

C.

If there are only finitely many prime divisors C on X such that σC(X/U,D) > 0 and
σC(X/U,D) < +∞ (e.g D ≥ 0), then (we say) Nσ(X/U,D) is well-defined as a divisor and
we let

Pσ(X/U,D) := D −Nσ(X/U,D).

Definition 3.1 is the same as the one adopted in [HX13, HMX18]. The following lemma shows
that the relative Nakayama-Zariski decomposition defined in Definition 3.1 is the same as the
σ-decomposition defined in [Nak04, III. §4.a]:

Lemma 3.2. Notation as in Definition 3.1. If X is smooth, then σP (X/U,D) is the same
as σP (D,X/U), where the latter is the value defined as in Nakayama’s original relative σ-
decomposition [Nak04, III. §4.a].

Proof. By definition, we only need to deal with the case when D is big. We may pick an
affine open subset U0 of U such that P intersects X0 := X ×U U0. Let P 0 := P ×U U0 and
D0 := D ×U U0. Then

σP (X/U,D) = σP 0(X0/U0,D0).

Possibly replacing (X/U,D) and P with (X0/U0,D0) and P 0 respectively, we may assume that
U is affine. Thus for any Cartier divisor Q on U , there exists a principal divisor Q′ on U such
that Q′ = Q in a neighborhood of the generic point of π(P ). In particular, we have

σP (X/U,D) = inf{multP 0 B′ | 0 ≤ B′ ∼R B0}.

For any Cartier divisor F on X, let

mF := inf{+∞,multP F ′ | 0 ≤ F ′ ∼ F}.

If mF < +∞, then by definition,

mF = max{m ∈ N | H0(X,F −mP ) ↪→ H0(X,F ) is an isomorphism}.

Moreover, since U is affine and H0(X,OX (F )) = H0(U,π∗OX(F )), if mF < +∞, then

mF = max{m ∈ N | π∗OX(F −mP ) ↪→ π∗OX(F ) is an isomorphism}.

Now the lemma follows from the construction in [Nak04, III. §4.a]. !

Lemma 3.3. Let π : X → U be a projective morphism from a normal variety to a variety,
D,D′ two pseudo-effective/U R-Cartier R-divisors on X, and P a prime divisor on X.

(1) If D is nef/U , then σP (X/U,D) = 0.
(2) σP (X/U,D +D′) ≤ σP (X/U,D) + σP (X/U,D′).
(3) If σP (X/U,D′) < +∞, then limϵ→0+ σP (X/U,D + ϵD′) = σP (X/U,D).

Proof. Let A be an ample/U divisor on X.
(1) is straightforward from the definition.
(2) follows from the fact that σP (X/U,D+D′+ϵA) ≤ σP (X/U,D+ ϵ

2A)+σP (X/U,D′+ ϵ
2A).

There exists a > 0 such that A− aD′ is ample/U . Thus, by (1) and (2), we have

σP (X/U,D) + σP (X/U, aϵD′) ≥ σP (X/U,D + aϵD′) ≥ σP (X/U,D + ϵA),

and (3) follows after taking ϵ→ 0+. !

Lemma 3.4. Let π : X → U be a projective morphism from a normal variety to a variety and
D a pseudo-effective/U R-Cartier R-divisor on X. Let f : Y → X be a projective birational
morphism. Then:

(1) For any prime divisor P on X, we have

σP (X/U,D) = σf−1
∗ P (Y/U, f

∗D).
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(2) For any exceptional/X R-Cartier R-divisor E ≥ 0 and any prime divisor P on Y , we
have

σP (Y/U, f
∗D + E) = σP (Y/U, f

∗D) + multP E.

(3) For any exceptional/X R-Cartier R-divisor E ≥ 0 on Y we have

Nσ(X/U,D) = f∗Nσ(Y/U, f
∗D + E)

as a formal sum of divisors with coefficients in R≥0 ∪ {+∞}. In particular, if
Nσ(Y/U, f∗D + E) is well-defined, then Nσ(X/U,D) is well-defined.

(4) If D′ ≥ 0 is an R-Cartier R-divisor on X such that D′ ≤ Nσ(X/U,D), then f∗D′ ≤
Nσ(Y/U, f∗D) and D −D′ is pseudo-effective/U .

Proof. Set g = π ◦ f and let A (resp. A′) be an ample/U divisor on X (resp. Y ). Fix a
real number a > 0 such that aA′ + f∗A is ample/U . Notice that f−1

∗ P is a prime divisor on
Y . Since f∗A is semi-ample/U , by Lemma 3.3 we have limϵ→0+ σf−1

∗ P (Y/U, f
∗D + ϵf∗A) =

σf−1
∗ P (Y/U, f

∗D).
Since π∗OX(F ) = g∗OY (f∗F ) for any Cartier divisor F on X, by definition we have

σP (X/U,D + ϵA) = σf−1
∗ P (Y/U, f

∗D + ϵf∗A) for any ϵ > 0. Thus we have

σP (X/U,D) = lim
ϵ→0+

σf−1
∗ P (Y/U, f

∗D + ϵf∗A) = σf−1
∗ P (Y/U, f

∗D)

which is (1).
Since limϵ→0+ σP (Y/U, f

∗D+ ϵf∗A) = σP (Y/U, f∗D), we may assume that D is a big/U . (2)
follows from the fact that g∗OY (f∗F +E) = π∗OX(F ) for any Cartier divisor F on X and any
exceptional/X divisor E ≥ 0.

We have
Nσ(Y/U, f

∗D + E) = Nσ(Y/U, f
∗D) + E

by (2) and
f∗Nσ(Y/U, f

∗D) = Nσ(X/U,D)

by (1), which imply (3).
For (4), since there are only finitely many prime divisors P on X such that multP D′ > 0,

by assumption and by the definition of σP (X/U,D) we know that D′ ≤ D′′
ϵ for any element

D′′
ϵ ∼R,U D + ϵA and any 1 ≫ ϵ > 0. Then [D − D′] = limϵ→0+ [D

′′
ϵ − D′] is indeed pseudo-

effective/U . Moreover, f∗D′ ≤ f∗D′′
ϵ for any 1 ≫ ϵ > 0 and Lemma 3.3(3) implies that

multP f∗D′ ≤ σP (Y/U, f∗D) for any prime divisor P on Y by the same argument as in the
proof of (2) above. !

Lemma 3.5. Let π : X → U be a projective morphism from a normal variety to a variety and
D a pseudo-effective/U R-Cartier R-divisor on X. Then there are only finitely many prime
divisors P on X such that σP (X/U,D) > 0. In particular, SuppNσ(X/U,D) can be regarded
as a reduced divisor. If furthermore σP (X/U,D) < +∞ for any prime divisor P on X, then
Nσ(X/U,D) and Pσ(X/U,D) are well-defined as divisors.

Proof. Let f : Y → X be a resolution of X. By Lemma 3.4(1), for any prime divisor P on X
such that σP (X/U,D) ̸= 0, σf−1

∗ P (Y/U, f
∗D) ̸= 0. Therefore, we only need to show that there

are finitely many prime divisors PY on Y such that σPY
(Y/U, f∗D) ̸= 0. Possibly replacing X

with Y and D with f∗D, we may assume that X is smooth. In the following, we will show that
there are at most ρ(X/U) = dimN1(X/U)R prime divisors P on X such that σP (X/U,D) ̸= 0.

Let P1, P2, ..., Pl be distinct prime divisors of X such that σPi(X/U,D) > 0 for each i. If
l ≤ dimN1(X/U)R then we are done. Otherwise, P1, P2, ..., Pl are not linearly independent in
N1(X/U)R and possibly reordering indices, we have

s∑

i=1

xiPi ≡U

l∑

j=s+1

xjPj ∈ N1(X/U)
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for some x1, x2, ..., xl ∈ R≥0 and 1 ≤ s ≤ l, we may also assume that x1 ̸= 0. By Lemma 3.2
and [Nak04, III, Lemma 4.2(2)], we have

σPi(X/U,
l∑

j=1

xjPj) = xi

for any x1, x2, ..., xl ∈ R≥0. Since σP (X/U,D) depends only on the numerical equivalence class
of D over U , by Lemma 3.2 and [Nak04, III, Lemma 4.2(2)] again, we obtain

x1 = σP1
(X/U,

s∑

i=1

xiPi) = σP1
(X/U,

l∑

j=s+1

xjPj) = 0,

a contradiction. !

Definition 3.6. Let π : X → U be a projective morphism from a normal variety to a variety, D
a pseudo-effective/U R-Cartier R-divisor on X, and P a prime divisor over X. Let f : Y → X
be a projective birational morphism such that P descends to Y . We define

σP (X/U,D) := σP (Y/U, f
∗D).

By Lemma 3.4, σP (X/U,D) is independent of the choice of Y . Also notice that f∗D is pseudo-
effective/U iff D is.

Lemma 3.7. Let π : X → U be a projective morphism from a normal variety to a variety,
D,D′ two pseudo-effective/U R-Cartier R-divisors on X, and P a prime divisor over X. Then

(1) σP (X/U,D +D′) ≤ σP (X/U,D) + σP (X/U,D′).
(2) If σP (X/U,D′) < +∞, then limϵ→0+ σP (X/U,D + ϵD′) = σP (X/U,D).
(3) If D is a movable/U R-Cartier R-divisor, then Nσ(X/U,D) = 0 and Pσ(X/U,D) = D

is movable.
(4) SuppNσ(X/U,D) coincides with the divisorial part of B−(D/U).
(5) If 0 ≤ D′ ≤ Nσ(X/U,D), then Nσ(X/U,D −D′) +D′ = Nσ(X/U,D).
(6) If D′ ≥ 0 and SuppD′ ⊂ SuppNσ(X/U,D), then Nσ(X/U,D+D′) = Nσ(X/U,D)+D′.

Proof. Let A be an ample/U R-divisor on X.
(1) and (2) follow directly from Lemma 3.3(2)(3).
For (3), if this is not true, then we have σP (X/U,D) > 0 for some P . By definition, there

exist an ϵ > 0 such that σP (X/U,D + ϵA) > 0. Assume [D] = limi→∞[Di], where Di is a
movable divisor for each i ≥ 1. Then ϵA− (Di −D) is ample for any i≫ 0, and we have

0 < σP (X/U,D + ϵA) = σP (X/U,Di + ϵA− (Di −D)) ≤ σP (X/U,Di) = 0,

which is a contradiction.
For (4), from the definition of B−(D/U) we know that SuppNσ(X/U,D) ⊂ B−(D/U). For

any divisorial component P of B−(D/U), there exist ϵ > 0 such that P ⊂ B(D + ϵA/U), so
σP (X/U,D) ≥ σP (X/U,D + ϵA) > 0.

By Lemma 3.4, possibly replacing X with a resolution, we may assume that X is smooth and
P is a prime divisor on X. Then (5) and (6) follow from Lemma 3.2 and [Nak04, III, Lemma
4.2]. Notice that Nσ(X/U,D −D′) makes sense by Lemma 3.4(4). !

Lemma 3.8 (cf. [Has20, Lemma 2.4]). Let π : X → U be a projective morphism from a normal
variety to a variety, D (resp. D′) a pseudo-effective/U R-Cartier R-divisor on X such that
Nσ(X/U,D) (resp. Nσ(X/U,D′)) is well-defined as a divisor. Then there exists t0 > 0 such
that SuppNσ(X/U,D + tD′) is independent of t for any t ∈ (0, t0].

Proof. The proof is exactly the same as that of [Has20, Lemma 2.4]. !

Lemma 3.9. Let (X,B,M)/U be a Q-factorial NQC dlt g-pair. Then for any partial (KX +
B +MX)-MMP/U φ : X ""# X̄,
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(1) the divisors contracted by φ are contained in SuppNσ(X/U,KX +B +MX), and
(2) let B̄ be the strict transform of B on X̄. If KX̄ + B̄ + MX̄ is movable/U , then

SuppNσ(X/U,KX +B +MX) is the set of all φ-exceptional divisors.

Proof. Let p : W → X and q : W → X̄ be a resolution of indeterminacies of φ. Then

p∗(KX +B +MX) = q∗(KX̄ + B̄ +MX̄) + E

for some E ≥ 0 that is exceptional/X̄ and SuppE contains the strict transforms on W of all
φ-exceptional divisors. By Lemma 3.4(2) we have

SuppE ⊂ SuppNσ(W/U, q∗(KX̄ + B̄ +MX̄) + E) = SuppNσ(W/U, p∗(KX +B +MX)),

and by Lemma 3.4(3) we know that Supp p∗E ⊂ SuppNσ(X/U,KX +B+MX). Therefore, any
φ-exceptional divisor is contained in SuppNσ(X/U,KX +B +MX).

IfKX̄+B̄+MX̄ is movable/U , then by Lemma 3.4(3) we have q∗Nσ(W/U, q∗(KX̄+B̄+MX̄)+
E) = 0 so SuppNσ(W/U, q∗(KX̄ + B̄+MX̄)+E) (viewed as a reduced divisor) is q-exceptional.
By Lemma 3.4(3) again we have SuppNσ(X/U,KX + B + MX) = Suppp∗Nσ(W/U, q∗(KX̄ +
B̄ +MX̄) + E), whose components are all φ-exceptional. !

Lemma 3.10. Let (X,B,M)/U be an NQC lc g-pair such that KX + B + MX is pseudo-
effective/U . Let φ : X ""# X ′ be a birational map/U which does not extract any divisor and B′

the strict transform of B on X ′, such that

(1) KX′ +B′ +MX′ is nef/U , and
(2) φ only contracts divisors contained in SuppNσ(X/U,KX +B +MX).

Then (X ′, B′,M)/U is a log minimal model (not necessarily Q-factorial) of (X,B,M)/U .

Proof. Let p : W → X and q : W → X ′ be a resolution of indeterminacies of φ such that

p∗(KX +B +MX) + E = q∗(KX′ +B′ +MX′) + F

where E ≥ 0, F ≥ 0, and E ∧ F = 0. Then E and F are q-exceptional. By Lemma 3.7(3) and
3.4(2)(3), F = Nσ(W/U, q∗(KX′ +B′ +MX′) + F ).

We may write E = E1 + E2 such that E1 is p-exceptional and every component of E2 is
not p-exceptional. Then p∗E2 is φ-exceptional and therefore by assumption (2), we obtain
Suppp∗E2 ⊂ SuppNσ(X/U,KX +B +MX). By Lemma 3.4(3), we know

SuppE2 ⊂ SuppNσ(W/U, p∗(KX +B +MX)).

By Lemma 3.4(2), we have

Nσ(W/U, p∗(KX +B +MX) + E1) = Nσ(W/U, p∗(KX +B +MX)) + E1.

Therefore,

Supp(E1 +E2) ⊂ SuppNσ(W/U, p∗(KX +B +MX) + E1),

and then by Lemma 3.7(6), we have

Nσ(W/U, p∗(KX +B +MX) + E1 + E2) = Nσ(W/U, p∗(KX +B +MX) + E1) + E2

= Nσ(W/U, p∗(KX +B +MX)) + E1 + E2,

which immediately implies that

SuppE = Supp(E1 + E2) ⊂ SuppNσ(W/U, p∗(KX +B +MX) + E1 + E2) = SuppF,

and hence E must be zero. Now by Lemma 3.4(3) again Suppp∗F = SuppNσ(X/U,KX +B +
MX), which contains all φ-exceptional divisors and we are done. !
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4. Reduction via Iitaka fibration

Lemma 4.1. Let (X,B,M)/U be a Q-factorial NQC lc g-pair with X klt and π : X → U the
induced morphism, such that

(1) π is an equidimensional contraction,
(2) U is quasi-projective and Q-factorial, and
(3) κσ(X/U,KX +B +MX) = κι(X/U,KX +B +MX) = 0.

Let A ≥ 0 be an ample/U R-divisor on X such that (X,B+A,M) is lc and KX +B+A+MX

is nef/U , and run a (KX + B +MX)-MMP/U with scaling of A. Then this MMP terminates
with a good minimal model (X ′, B′,M)/U of (X,B,M)/U . Moreover, KX′ +B′+MX′ ∼R,U 0.

Proof. If dimX = dimU , then π is the identity map since π is an equidimensional contraction
and there is nothing left to prove. In the following, we assume that dimX > dimU .

Since κι(X/U,KX + B +MX) = 0, KX + B +MX ∼R,U E ≥ 0 for some R-divisor E on X.
We may write E = Eh+Ev, such that Eh ≥ 0, Ev ≥ 0, each component of Eh is horizontal over
U , and Ev is vertical over U . Since π is equidimensional, the image of any component of Ev on
U is a divisor. Since U is Q-factorial, for any prime divisor P on U , we may define

νP := sup{ν ≥ 0 | Ev − νπ∗P ≥ 0}.

Then νP > 0 for only finitely many prime divisors P on U . Possibly replacing Ev with Ev −
π∗(

∑
P νPP ), we may assume that Ev is very exceptional over U .

Let F be a very general fiber of π. Let

(X,B,M) := (X0, B0,M) ""# (X1, B1,M) ""# · · · ""# (Xi, Bi,M) ""# . . .

be a (KX +B+MX)-MMP/U with scaling of A, and let Ai, Eh
i , E

v
i , Fi be the strict transforms

of A,Eh, Ev, F on Xi respectively. Then we have

κσ(Xi/U,KXi +Bi +MXi) = κι(Xi/U,KXi +Bi +MXi) = 0

by Lemma 2.3(6) and hence

κσ(E
h
i |Fi) = κσ((KXi +BXi +MXi)|Fi) = κι((KXi +BXi +MXi)|Fi) = κι(E

h
i |Fi) = 0,

since Eh
i |Fi = (Eh

i + Ev
i )|Fi ∼R (KXi + Bi +MXi)|Fi . As in the proof of [Bir12, Theorem 3.4],

there exists a positive integer n such that KXn +Bn+MXn is a movable/U R-Cartier R-divisor.
Therefore the restriction (KXn +Bn+MXn)|Fn ∼R Eh

n |Fn is also a movable R-Cartier R-divisor
since F is a very general fiber. In particular, Nσ(Eh

n |Fn) = 0 by Lemma 3.7(3). Notice that
now Fn is a normal projective variety and let g : F ′

n → Fn be a resolution of singularities. Then
κσ(g∗(Eh

n |Fn)) = κι(g∗(Eh
n |Fn)) = 0. By [Nak04, V, 1.12 Corollary] we have

Nσ(g
∗(Eh

n|Fn)) ≡ g∗(Eh
n|Fn).

Since g∗(Eh
n |Fn) ≥ 0, we have Nσ(g∗(Eh

n |Fn)) ≤ g∗(Eh
n |Fn) by the definition. Hence we must

have

Nσ(g
∗(Eh

n|Fn)) = g∗(Eh
n|Fn).

Therefore by Lemma 3.4(3) we get

Eh
n|Fn = g∗(g

∗(Eh
n|Fn)) = g∗Nσ(g

∗(Eh
n|Fn)) = Nσ(E

h
n|Fn) = 0.

This immediately implies that Eh
n = 0 since Eh

n ≥ 0 is horizontal over U . Notice that our
(KX +B +MX)-MMP/U is also a (Eh +Ev)-MMP/U and Ev is very exceptional over U . By
Lemma 2.6, this MMP terminates with a log minimal model (X ′, B′,M)/U = (Xm, Bm,M)/U
of (X,B,M)/U for some positive integer m, such that KX′ + B′ +MX′ ∼R,U 0. In particular,
(X ′, B′,M)/U is a good minimal model of (X,B,M)/U . !
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Theorem 4.2. Let (X,B,M)/U be an NQC lc g-pair and π : X → V a contraction over U such
that V is quasi-projective. Assume that κσ(X/V,KX +B+MX) = κι(X/V,KX +B+MX) = 0.
Then there exists a Q-factorial NQC dlt g-pair (X ′, B′,M)/U , a contraction π′ : X ′ → V ′ over
U , and a birational projective morphism ϕ : V ′ → V over U satisfying the following:

X ′

π′

""

!!❴❴❴❴❴❴❴ X

π
""

V ′ ϕ
!!

$$❆
❆❆

❆❆
❆❆

❆ V

''⑦⑦
⑦⑦
⑦⑦
⑦⑦

U

(1) X ′ is birational to X and V ′ is smooth,
(2) KX′ +B′ +MX′ ∼R,V ′ 0.
(3) (X,B,M)/U has a good minimal model if and only if (X ′, B′,M)/U has a good minimal

model.
(4) Any weak lc model of (X,B,M)/U is a weak lc model of (X ′, B′,M)/U , and any weak

lc model of (X ′, B′,M)/U is a weak lc model of (X,B,M)/U .
(5) If all lc centers of (X,B,M) dominate V , then all lc centers of (X ′, B′,M) dominate

V ′.
(6) κσ(X/U,KX +B +MX) = κσ(X ′/U,KX′ +B′ +MX′) and κι(X/U,KX +B +MX) =

κι(X ′/U,KX′ +B′ +MX′)

Proof. Let h : W → X be a log resolution of (X,SuppB) such that M descends to W . By
[HL21a, Lemma 3.6], (X,B,M) has a proper log smooth model (W,BW ,M) for some R-divisor
BW on W . By Lemmas 2.3(3) and [HL21a, Lemma 3.7], [HL21a, Theorem 3.14], and [HL21a,
Lemmas 3.10, 3.17], we may replace (X,B,M) with (W,BW ,M), and assume that (X,B) is log
smooth and M descends to X.

By Theorem 2.1, there exists a commutative diagram of projective morphisms

Y
f

!!

πY
""

X

π
""

V ′ ϕ
!! V

such that

• f,ϕ are birational morphisms, πY is an equidimensional contraction, Y only has Q-
factorial toroidal singularities, and V ′ is smooth, and

• there exist two R-divisors BY and E on Y , such that
– KY +BY +MY = f∗(KX +B +MX) + E,
– BY ≥ 0, E ≥ 0, and BY ∧ E = 0,
– (Y,BY ) is lc quasi-smooth, and any lc center of (Y,BY ,M) on X is an lc center of

(X,B,M).

In particular, (Y,BY ,M) is Q-factorial NQC lc and Y is klt. Since ϕ is birational, by Lemma
2.3(3) we obtain

κσ(Y/V
′,KY +BY +MY ) = κσ(Y/V,KY +BY +MY ) = κσ(X/V,KX +B +MX) = 0

and

κι(Y/V
′,KY +BY +MY ) = κι(Y/V,KY +BY +MY ) = κι(X/V,KX +B +MX) = 0.

By Lemma 4.1, we may run a (KY + BY +MY )-MMP/V ′ with scaling of a general ample/V ′

divisor A on Y , which terminates with a good minimal model (X ′, B′,M)/V ′ of (Y,BY ,M)/V ′

such that KX′ +B′ +MX′ ∼R,V ′ 0. Let π′ : X ′ → V ′ be the induced contraction.
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We show that (X ′, B′,M)/U,π′,ϕ satisfy our requirements. (1)(2) follow from our construc-
tion.

Let p : W ′ → Y and q : W ′ → X ′ be a resolution of indeterminacies of the induced map
Y ""# X ′ such that p is a log resolution of (Y,BY ).

W ′

q
""

p

((④④
④④
④④
④④

X ′

π′

))❈
❈❈

❈❈
❈❈

❈ Y&&❴ ❴ ❴
f

!!

πY
""

X

π
""

V ′ ϕ
!! V

Then we have

p∗(KY +BY +MY ) = q∗(KX′ +B′ +MX′) + F

for some F ≥ 0 that is exceptional over X ′. Let BW ′ := p−1
∗ BY +Exc(p), then (W ′, BW ′ ,M) is

a log smooth model of (Y,BY ,M) and (X ′, B′,M).
Since KY + BY +MY = f∗(KX + B +MX) + E, by [HL21a, Theorem 3.14], (X,B,M)/U

has a good minimal model if and only if (Y,BY ,M)/U has a good minimal model, if and only
if (W ′, BW ′ ,M)/U has a good minimal model, if and only if (X ′, B′,M)/U has a good minimal
model, hence (3).

By [HL21a, Lemmas 3.10, 3.17], a g-pair (X ′′, B′′,M)/U is a weak lc model of (X,B,M)/U if
and only if (X ′′, B′′,M)/U is a weak lc model of (W ′, BW ′ ,M)/U , if and only if (X ′′, B′′,M)/U
is a weak lc model of (X ′, B′,M)/U , hence (4).

Let D be an lc place of (X ′, B′,M). Since Y ""# X ′ is a (KY + BY +MY )-MMP/V ′, D is
an lc place of (Y,BY ,M), hence an lc place of (X,B,M). Thus if all lc centers of (X,B,M)
dominate V , then all lc centers of (X ′, B′,M) dominate V , hence all lc centers of (X ′, B′,M)
dominate V ′ as ϕ is birational, and we have (5).

Finally, by Lemma 2.3(3) we obtain

κσ(X/U,KX +B +MX) = κσ(Y/U,KY +BY +MY ) = κσ(W
′/U, p∗(KY +BY +MY ))

= κσ(W
′/U, q∗(KX′ +B′ +MX′) + F )

= κσ(X
′/U,KX′ +B′ +MX′)

and

κι(X/U,KX +B +MX) = κι(Y/U,KY +BY +MY ) = κι(W
′/U, p∗(KY +BY +MY ))

= κι(W
′/U, q∗(KX′ +B′ +MX′) + F )

= κι(X
′/U,KX′ +B′ +MX′),

and we get (6). !

Proposition 4.3 (cf. [Has22a, Lemma 3.10]). Let (X,B,M)/U be an NQC lc g-pair and
π : X → V a contraction over U , such that

• V is normal quasi-projective,
• κσ(X/V,KX +B+MX) = κι(X/V,KX +B+MX) = 0 and κσ(X/U,KX +B+MX) =
dimV − dimU , and

• all lc centers of (X,B,M) dominate V .

Then:

(1) (X,B,M)/U has a good minimal model, and
(2) Let (X̄, B̄,M)/U be a good minimal model of (X,B,M)/U and X̄ → V̄ is the contraction

over U induced by KX̄ + B̄ +MX̄ . Then all lc centers of (X̄, B̄,M) dominate V̄ .
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Proof. By Theorem 4.2, there exists a Q-factorial NQC dlt g-pair (X ′, B′,M)/U , a contraction
π′ : X ′ → V ′ over U , and a birational projective morphism ϕ : V ′ → V over U such that

• X ′ is birational to X and V ′ is smooth,
• KX′ + B′ + MX′ ∼R,V ′ 0. In particular, κσ(X ′/V ′,KX′ + B′ + MX′) = 0 by Lemma
2.3(5),

• (X,B,M)/U has a good minimal model if and only if (X ′, B′,M)/U has a good minimal
model,

• any weak lc model of (X,B,M)/U is a weak lc model of (X ′, B′,M)/U , and any weak
lc model of (X ′, B′,M)/U is a weak lc model of (X,B,M)/U ,

• all lc centers of (X ′, B′,M) dominate V ′, and
• κσ(X ′/U,KX′+B′+MX′) = κσ(X/U,KX+B+MX) = dimV −dimU = dimV ′−dimU .

X ′

π′

""

!!❴❴❴❴❴❴❴ X

π
""

V ′ ϕ
!!

$$❆
❆❆

❆❆
❆❆

❆ V

''⑦⑦
⑦⑦
⑦⑦
⑦⑦

U

Claim 4.4. Assume that (X ′, B′,M)/U has a good minimal model (X̄ ′, B̄′,M)/U , X̄ ′ → V̄ ′ is
the contraction over U induced by KX̄′ + B̄′ +MX̄′ , and all lc centers of (X̄ ′, B̄′,M) dominate
V̄ ′. Then Proposition 4.3(2) holds for (X,B,M)/U .

Proof. Let (X̄, B̄,M)/U be a good minimal model of (X,B,M)/U . Then (X̄, B̄,M)/U is a weak
lc model of (X ′, B′,M)/U . Since (X̄ ′, B̄′,M)/U is also a weak lc model of (X ′, B′,M)/U , by
[HL21a, Lemma 3.9(1)], we may take a resolution of indeterminacies p : W → X̄ and q : W → X̄ ′

of the induced birational map X̄ ""# X̄ ′ such that

p∗(KX̄ + B̄ +MX̄) = q∗(KX̄′ + B̄′ +MX̄′).

Then:

• KX̄ + B̄+MX̄ is semi-ample/U , and if we let X̄ → V̄ be the contraction over U induced
by KX̄ + B̄ +MX̄ , then V̄ = V̄ ′ since they are defined by the same linear series.

• Any lc center of (X̄, B̄,M) is an lc center of (X̄ ′, B̄′,M), and any lc center of (X̄ ′, B̄′,M)
is an lc center of (X̄, B̄,M). In particular, since all lc centers of (X̄ ′, B̄′,M) dominate
V̄ ′ = V̄ , all lc centers of (X̄, B̄,M) dominate V̄ .

The claim is proved. !

Proof of Proposition 4.3 continued. By Claim 4.4, we may replace (X,B,M), V and π with
(X ′, B′,M), V ′ and π′ respectively, and assume that V is smooth and KX + B +MX ∼R,V 0.
By Theorem 2.14, there exists an NQC klt g-pair (V,BV ,MV )/U such that

KX +B +MX ∼R π
∗(KV +BV +MV

V ).

By Lemma 2.3(4)(5), we have

κσ(V/U,KV +BV +MV
V ) = κσ(X/U,KX +B +MX) = dimV − dimU.

By Lemma 2.3(1), KV + BV +MV
V is big/U . By [BZ16, Lemma 4.4(2)], we may run a (KV +

BV + MV
V )-MMP/U with scaling of some general ample/U divisor A, which terminates with

a good minimal model (V̂ , BV̂ ,M
V )/U of (V,BV ,MV )/U . Let φ : V ""# V̂ be the induced

morphism, and let g : Ṽ → V and ĝ : Ṽ → V̂ be a common resolution such that ĝ = φ ◦ g. Then

g∗(KV +BV +MV
V ) = ĝ∗(KV̂ +BV̂ +MV

V̂
) + F.

for some ĝ-exceptional R-divisor F ≥ 0 on Ṽ . Let h : W → X be a log resolution of (X,SuppB)
such that M descends to W and the induced map πW : W → Ṽ is a morphism.
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Z

f̂

))

f
""

W

h
""

πW

$$❅
❅
❅
❅
❅
❅
❅
❅

!!❴❴❴ Ŵ

π
Ŵ

**

X̄

""

X

π

""

&&❴ ❴ ❴ Ṽ
g

''⑦⑦
⑦
⑦
⑦
⑦
⑦
⑦

ĝ
""

V̄ V
φ

!!❴❴❴&&❴ ❴ ❴ V̂++

By [HL21a, Lemma 3.6], there exists a proper log smooth model (W,BW ,M) of (X,B,M).
In particular,

KW +BW +MW = h∗(KX +B +MX) + E

for some h-exceptional R-divisor E ≥ 0. Then

KW +BW +MW = h∗(KX +B +MX) + E ∼R (π ◦ h)∗(KV +BV +MV
V ) + E

= π∗W g∗(KV +BV +MV
V ) + E = π∗W ĝ∗(KV̂ +BV̂ +MV

V̂
) + π∗WF +E.

Since E is exceptional over X, E is very exceptional over V (see [Bir12, Paragraph after
Definition 3.1]). Since φ is a birational contraction, E is very exceptional over V̂ . Since F
is exceptional over V̂ , π∗WF is very exceptional over V̂ . Therefore

KW +BW +MW ∼R,V̂ π∗WF + E

is very exceptional over V̂ . By Lemma 2.6, we may run a (KW+BW+MW )-MMP/V̂ with scaling

of a general ample/V̂ divisor which terminates with a good minimal model (Ŵ ,BŴ ,M)/V̂ such

that K
Ŵ

+ B
Ŵ

+ M
Ŵ
∼

R,V̂ 0 and the induced birational map W ""# Ŵ exactly contracts

Supp(π∗WF +E). In particular, let πŴ : Ŵ → V̂ be the induced morphism, then

KŴ +BŴ +MŴ ∼R π
∗
Ŵ
(KV̂ +BV̂ +MV

V̂
).

Since (V̂ , BV̂ ,M
V )/U is a good minimal model of (V,BV ,MV )/U , KV̂ + BV̂ + MV

V̂
is semi-

ample/U , hence KŴ + BŴ + MŴ is semi-ample/U . Thus (Ŵ ,BŴ ,M)/U is a good minimal

model of (W,BW ,M)/U . By [HL21a, Lemma 3.10], (Ŵ ,B
Ŵ
,M)/U is a good minimal model

of (X,B,M)/U , which implies (1).
Let (X̄, B̄,M)/U be a good minimal model of (X,B,M)/U . By [HL21a, Lemma 3.9(1)],

there exists a resolution f : Z → X̄ and f̂ : Z → Ŵ of indeterminacies of the induced birational
map X̄ ""# Ŵ such that

f∗(KX̄ + B̄ +MX̄) = f̂∗(KŴ +BŴ +MŴ ).

In particular, any lc place of (X̄, B̄,M) is an lc place of (Ŵ ,BŴ ,M), hence an lc place of
(W,BW ,M), and thus an lc place of (X,B,M) by [HL21a, Lemma 3.7]. Therefore, any lc place
of (X̄, B̄,M) dominates V . Moreover, since

f∗(KX̄ + B̄ +MX̄) ∼R f̂∗ ◦ π∗
Ŵ
(KV̂ +BV̂ +MV

V̂
),

the contraction Z → V̄ induced by f∗(KX̄ + B̄ + MX̄) factors through V̂ , and the induced

morphism V̂ → V̄ is actually given by the big/U semi-ample/U R-divisor KV̂ + BV̂ +MV
V̂
. In

particular, the induced map V ""# V̄ is birational. Thus all lc places of (X̄, B̄,M) dominate V̄ ,
hence all lc centers of (X̄, B̄,M) dominate V̄ , which implies (2). !
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5. Applications of the Nakayama-Zariski decomposition

This section is similar to [Has22a, Section 3, before Theorem 3.14].

Lemma 5.1 (cf. [Has22a, Lemma 3.5]). Let (X,B,M)/U and (X ′, B′,M)/U be NQC dlt g-
pairs with a birational map φ : X ""# X ′ over U such that φ∗M = M. Let S and S′ be lc centers
of (X,B,M) and (X ′, B′,M) respectively, such that φ is an isomorphism near the generic point
of S, and φ|S : S ""# S′ defines a birational map/U . Suppose that

(1) KX +B +MX is pseudo-effective/U ,
(2) for any prime divisor D′ on X ′, a(D′,X ′, B′,M) ≤ a(D′,X,B,M), and
(3) for every prime divisor P over X such that a(P,X,B,M) < 1 and centerX(P ) ∩ S ̸= ∅,

then σP (X/U,KX +B +MX) = 0.

Let (S,BS ,MS)/U and (S′, BS′ ,MS)/U be the dlt g-pairs induced by adjunction

KS +BS +MS
S := (KX +B +MX)|S , KS′ +BS′ +MS

S′ := (KX′ +B′ +MX′)|S′ .

Then
a(Q,S′, BS′ ,MS) ≤ a(Q,S,BS ,M

S)

for all prime divisors Q on S′.

Proof. The proof follows exactly the same lines as [Has22a, Proof of Lemma 3.5] except the
following two places:

• [Has22a, Page 13, Line 30] cites [Has20, Remark 2.3(1)]. We shall replace [Has20, Remark
2.3(1)] with Lemma 3.7(1).

• [Has22a, Page 13, Line 32] cites [Has20, Remark 2.3(3)]. We shall replace [Has20, Remark
2.3(3)] with Lemma 3.4(2).

Therefore, we shall omit the details of the proof to avoid redundance. !

Lemma 5.2 (cf. [HMX18, Lemma 5.3]). Let (X,B1,M)/U and (X,B2,M)/U be Q-factorial
NQC dlt g-pairs such that KX +B1 +MX is pseudo-effective/U and

0 ≤ B1 −B2 ≤ Nσ(X/U,KX +B1 +MX).

Then (X,B1,M)/U has a log minimal model (resp. good minimal model) if and only if
(X,B2,M)/U has a log minimal model (resp. good minimal model).

Proof. First we assume that (X,B1,M)/U has a log minimal model (resp. good minimal
model). By [HL21a, Theorem 2.24], we may run a (KX +B1 +MX)-MMP/U which terminates
with a log minimal model (resp. good minimal model) (X ′, B′,M)/U with induced birational
map φ : X ""# X ′ over U . By Lemmas 3.3(1) and 3.9(2), φ contracts every component of
SuppNσ(X/U,KX +B1 +MX). Thus B′ is also the strict transform of B2 on X ′.

Let p : W → X and q : W → X ′ be a resolution of indeterminacies of φ, and write

p∗(KX +B1 +MX) = q∗(KX′ +B′ +MX′) + E

for some effective q-exceptional R-divisor E on W . Then by Lemmas 3.3(1) and 3.4(2)(3),
Nσ(X/U,KX +B1 +MX) = p∗E is well-defined as a divisor. Let F := E − p∗(B1 −B2). Then

F ≥ E − p∗Nσ(X/U,KX +B1 +MX) = E − p∗p∗E

and
p∗(KX +B2 +MX) = q∗(KX′ +B′ +MX′) + F.

Since E−p∗p∗E is p-exceptional, p∗F ≥ 0. By the negativity lemma, F ≥ 0. Thus (X ′, B′,M)/U
is a weak lc model of (X,B2,M)/U . By [HL21a, Lemmas 3.9(2), 3.15], (X,B2,M)/U has a log
minimal model (resp. good minimal model).

Now we assume that (X,B2,M)/U has a log minimal model (resp. good minimal model).
By [HL21a, Theorem 2.24], we may run a (KX + B2 + MX)-MMP/U which terminates with
a log minimal model (resp. good minimal model) (X ′, B′,M)/U with induced birational map
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φ : X ""# X ′ over U . Let C := B1 −B2. Then φ is also a (KX +B2 + ϵC +MX)-MMP/U for
any 0 < ϵ≪ 1 by Lemma 2.7. Let C ′ be the strict transform of C on X ′. By Lemma 3.7(5), we
obtain

Nσ(X/U,KX +B2 + ϵC +MX) + (1− ϵ)C = Nσ(X/U,KX +B1 +MX),

and

Nσ(X/U,KX +B2 +MX) + C = Nσ(X/U,KX +B1 +MX)

for any ϵ ∈ [0, 1]. Therefore, we have

Nσ(X/U,KX +B2 + ϵC +MX) = Nσ(X/U,KX +B2 +MX) + ϵC

for any ϵ ∈ [0, 1]. Hence, if ϵ ∈ (0, 1], then

SuppNσ(X/U,KX +B2 + ϵC +MX) = SuppNσ(X/U,KX +B1 +MX),

since they are both equal to SuppNσ(X/U,KX + B2 + MX) ∪ SuppC. Moreover, by [HL22,
Lemma 3.21], we may pick 0 < ϵ ≪ 1 such that any partial (KX′ + B′

2 + ϵC ′ +MX′)-MMP/U
is (KX′ +B′ +MX′)-trivial/U . We run a (KX′ +B′ + ϵC ′ +MX′)-MMP/U with scaling of an
ample/U R-divisor. By Lemma 2.8, after finitely many steps we get a birational map ψ : X ′ ""#

X ′′ such that KX′′ +B′′+ ϵC ′′+MX′′ is a movable/U R-divisor, where B′′ and C ′′ are the strict
transforms of B′ and C ′ on X ′′ respectively. By Lemma 3.9(2), the set of (ψ ◦ φ)-exceptional
divisors is exactly SuppNσ(X/U,KX+B2+ϵC+MX) = SuppNσ(X/U,KX+B1+MX). Thus,
by assumption, SuppC = Supp(B1−B2) is also (ψ ◦φ)-exceptional. Then C ′′ = 0 since it is the
pushforward of C toX ′′, henceB′′ is also the strict transform of B1 onX ′′ andKX′′+B′′+MX′′ is
nef/U (resp. semi-ample/U) by construction. By Lemma 3.10, (X ′′, B′′,M)/U is a log minimal
model of (X,B1,M)/U . The lemma follows from [HL21a, Lemma 3.9(2)]. !

Lemma 5.3 (cf. [Has22a, Lemma 3.6]). Let (X,B,M)/U and (Y,BY ,M)/U be NQC lc g-pairs
and f : Y → X a projective birational morphism such that

(1) KX +B +MX is pseudo-effective/U , and
(2) for any prime divisor D on Y ,

0 ≤ a(D,Y,BY ,M)− a(D,X,B,M) ≤ σD(X/U,KX +B +MX).

Then KY +BY +MY is pseudo-effective/U . Moreover, (X,B,M)/U has a log minimal model
(resp. good minimal model) if and only if (Y,BY ,M)/U has a log minimal model (resp. good
minimal model).

Proof. The assumptions imply that

0 ≤ f∗(KX +B +MX)− (KY +BY +MY ) ≤ Nσ(Y/U, f
∗(KX +B +MX))

and then KY +BY +MY is pseudo-effective/U by Lemma 3.4(4).
Let g : W → Y be a log resolution of (Y,SuppBY ) such that M descends to W and h := f ◦g

is a log resolution of (X,SuppB). Let BW := h−1
∗ B + SuppExc(h) and B′

W := g−1
∗ BY +

SuppExc(g). Then we have

KW +BW +MW = h∗(KX +B +MX) + E

for some EW ≥ 0 that is exceptional/X. By Lemma 3.4(1)(2),

σP (W/U,KW +BW +MW ) = σP (X/U,KX +B +MX) + multP E

for any prime divisor P on W .

Claim 5.4. For any prime divisor P on W , we have

0 ≤ a(P,W,B′
W ,M)− a(P,W,BW ,M) ≤ σP (W/U,KW +BW +MW ).
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Grant Claim 5.4 for the time being. By Claim 5.4 and [HL21a, Theorem 3.14], possibly
replacing (X,B,M)/U and (Y,BY ,M)/U with (W,BW ,M)/U and (W,B′

W ,M)/U respectively,
we may assume that (X,B,M) and (Y,BY ,M) are Q-factorial dlt and X = Y . The lemma
follows from Lemma 5.2. !

Proof of Claim 5.4. For any prime divisor P on W , one of the following cases holds:

Case 1. P is not exceptional over X. In this case

a(P,W,B′
W ,M)− a(P,W,BW ,M) = a(P, Y,BY ,M)− a(P,X,B,M)

and the claim follows.

Case 2. P is exceptional over X but not exceptional over Y . In this case a(P,W,BW ,M) = 0,
a(P,W,B′

W ,M) = a(P, Y,BY ,M), and a(P,X,B,M) = multP E, so

0 ≤ a(P, Y,BY ,M) = a(P,W,B′
W ,M)− a(P,W,BW ,M),

and

a(P, Y,BY ,M) ≤ σP (X/U,KX +B +MX) + a(P,X,B,M)

= σP (X/U,KX +B +MX) + multP E = σP (W/U,KW +BW +MW )

and the claim follows.

Case 3. P is exceptional over Y . In this case a(P,W,BW ,M) = a(P,W,B′
W ,M) = 0, and the

claim follows. !

Lemma 5.5 (cf. [Has22a, Lemma 3.8]). Let (X,B,M)/U be an NQC lc g-pair with induced
morphism π : X → U such that U is quasi-projective. Let S be a subvariety of X, and

(X,B,M) := (X0, B0,M) ""# (X1, B1,M) ""# · · · ""# (Xn, Bn,M) ""# . . .

a (KX +B +MX)-MMP/U with scaling of an R-divisor A ≥ 0. Let

λi := inf{t ≥ 0 | KXi +Bi +MXi + tAi is nef/U}

be the scaling numbers, where Ai is the strict transform of A on Xi. Suppose that

• each step of this MMP is an isomorphism on a neighborhood of S, and
• limi→+∞ λi = 0.

Then

(1) for any π-ample R-divisor H on X and any closed point x ∈ S, there exists an R-divisor
E such that 0 ≤ E ∼R,U KX +B +MX +H and x ̸∈ SuppE, and

(2) for any prime divisor P over X such that centerX P∩S ̸= ∅, σP (X/U,KX+B+MX) = 0.

Proof. (1) follows from [Has22a, Lemma 3.8] and (2) follows from (1) and Lemma 3.7(4). !

Lemma 5.6 (cf. [Has22a, Lemma 3.9]). Let (X,B,M)/U and (X ′, B′,M)/U be two NQC lc
g-pairs and φ : X ""# X ′ a birational map such that φ∗M = M. Suppose that

• a(P,X,B,M) ≤ a(P,X ′, B′,M) for any prime divisor P on X, and
• a(P ′,X ′, B′,M) ≤ a(P ′,X,B,M) for any prime divisor P ′ on X ′.

Then

(1) KX +B +MX is abundant/U if and only if KX′ +B′ +MX′ is abundant/U , and
(2) (X,B,M)/U has a log minimal model (resp. good minimal model) if and only if

(X ′, B′,M)/U has a log minimal model (resp. good minimal model).

Proof. Let p : W → X and q : W → X ′ be a resolution of indeterminacies such that M descends
to W , p is a log resolution of (X,SuppB), and q is a log resolution of (X ′,SuppB′). Let

BW :=
∑

D is a prime divisor on W

max{1− a(D,X,B,M), 1 − a(D,X ′, B′,M), 0}D.
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Then (W,BW ,M) is lc and (W,BW ) is log smooth. By construction, there exists a p-exceptional
R-divisor E ≥ 0 and a q-exceptional R-divisor F ≥ 0 such that

E + p∗(KX +B +MX) = KW +BW +MW = q∗(KX′ +B′ +MX′) + F.

(1) follows from Lemma 2.3(3) and (2) follows from [HL21a, Theorem 3.14]. !

6. A special log minimal model

The purpose of this section is to prove Theorem 6.1 and Theorem 6.6, which are analogues of
[Has22a, Theorem 3.14 and Theorem 3.15] in the relative setting.

Theorem 6.1 (cf. [Has22a, Theorem 3.14]). Let (X,B,M)/U be an NQC dlt g-pair such that

• KX +B +MX is pseudo-effective/U and abundant/U ,
• for any lc center S of (X,B,M), (KX +B +MX)|S is nef/U , and
• for any prime divisor P over X such that a(P,X,B,M) < 1 and centerX P ∩
Nklt(X,B,M) ̸= ∅, σP (X/U,KX +B +MX) = 0.

Then (X,B,M)/U has a log minimal model.

Proof. We divide the proof in six steps.

Step 1. In this step we show that we may replace (X,B,M) with a Q-factorial dlt model and
find two R-divisors G ≥ 0,H ≥ 0, and a real number 1 > t0 > 0 such that

(I) KX +B +MX ∼R,U G+H,
(II) SuppG ⊂ Supp⌊B⌋, and
(III) for any t ∈ (0, t0], the following hold:

(III.1) (X,B+ tH,M)/U is dlt, Nσ(X/U,KX +B+ tH +MX) is well-defined as a divisor
and SuppNσ(X/U,KX +B + tH +MX) does not depend on t, and

(III.2) (X,B − tG,M)/U has a good minimal model.

Since KX + B + MX is pseudo-effective/U and abundant/U , KX + B + MX ∼R,U D ≥ 0
for some R-divisor D on X. Let X ""# V be the Iitaka fibration/U associated to D. Then
dimV − dimU = κσ(X/U,KX +B +MX). Let h : W → X be a log resolution of (X,SuppB)
such that M descends to W and the induced map ψ : W ""# V is a morphism. Then we may
write

KW +BW +MW = h∗(KX +B +MX) + E

such that BW ≥ 0, E ≥ 0, and BW ∧ E = 0. Notice that (W,BW ,M) is a log smooth model of
(X,B,M). By Lemma 2.5,

(i) κσ(W/U,KW +BW +MW ) = dimV − dimU and κσ(W/V,KW +BW +MW ) = 0.

Thus by construction KW + BW + MW is R-linearly equivalent/U to the sum of an effective
R-divisor and the pullback of an ample/U R-divisor on V . In particular, we may find 0 ≤
DW ∼R,U KW + BW +MW such that SuppDW contains all lc centers of (W,BW ,M) that are
vertical over V .

Let (X̄, B̄,M) be a proper log smooth model of (W,BW ,M) with induced morphism g : X̄ →
W such that g is a log resolution of (W,BW +DW ), and

KX̄ + B̄ +MX̄ = g∗(KW +BW +MW ) + Ē

for some Ē ≥ 0. By Lemma 2.13, possibly replacing (X̄, B̄,M) with a higher model, we may
assume that there is a decomposition B̄ = B̄h + B̄v such that

(ii) B̄h ≥ 0 and B̄v is reduced,
(iii) B̄v is vertical over V , and
(iv) for any t ∈ (0, 1], all lc centers of (X̄, B̄ − tB̄v,M) dominate V .

Let D̄ := g∗DW +Ē. Then (X̄, B̄+D̄) is log smooth and D̄ ∼R,U KX̄+B̄+MX̄ . Since SuppDW

contains any vertical lc center of (W,BW ,M), by [HL21a, Lemma 3.7] we have Supp B̄v ⊂
Supp D̄. Thus we may find Ḡ, H̄ ≥ 0 and write D̄ = Ḡ+ H̄ such that
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(v) KX̄ + B̄ +MX̄ ∼R,U Ḡ+ H̄,
(vi) Supp B̄v ⊂ Supp Ḡ ⊂ Supp⌊B̄⌋, and
(vii) no component of H̄ is contained in ⌊B̄⌋ and (X̄, B̄ + H̄) is log smooth.

We fix a real number t1 ∈ (0, 1) such that B̄ − t1Ḡ ≥ 0. For any t ∈ (0, t1], by (ii)(iii)(iv)(vi),
any lc center of (X̄, B̄ − tḠ,M) dominates V . By (i)(v) and Lemma 2.3(2), we have

κσ(X̄/U,KX̄ + B̄ − tḠ+MX̄) = dimV − dimU

and
κσ(X̄/V,KX̄ + B̄ − tḠ+MX̄) = κι(X̄/V,KX̄ + B̄ − tḠ+MX̄) = 0.

Then by Proposition 4.3 we obtain

(viii) (X̄, B̄ − tḠ,M)/U has a good minimal model for any t ∈ (0, t1].

Since (X̄, B̄,M) is a log smooth model of (X,B,M), we may run a (KX̄ + B̄+MX̄)-MMP/X
which terminates with a dlt model (Y,BY ,M) of (X,B,M) with induced morphism f : Y → X
and birational map φ : X̄ ""# Y . Let GY and HY be the strict transforms of Ḡ and H̄ on
Y respectively. Then KY + BY + MY ∼R,U GY + HY . By (vii) and Lemma 2.7, there exists
0 < t2 < t1 such that (Ȳ , B̄ + t2H̄,M) is dlt and φ is a (KX̄ + B̄ + tH̄ +MX̄)-MMP/X as well
as a (KX̄ + B̄ − tḠ + MX̄)-MMP/X for any t ∈ (0, t2]. Then (Y,BY + t2HY ,M) is dlt, and
by (viii) and [HL21a, Theorem 2.24, Lemma 3.9(2)], (Y,BY − tG,M))/U has a good minimal
model for any t ∈ (0, t2]. Nσ(Y/U,KY + BY + tHY + MY ) is well-defined as a divisor since
KY +BY + tHY +MY ∼R,U GY + (1 + t)HY is effective for any t ≥ 0. By Lemma 3.8, we may
pick 0 < t0 < t2 such that SuppNσ(Y/U,KY +BY + tHY +MY ) does not depend on t for any
t ∈ (0, t0].

Y

,,❅
❅❅

❅❅
❅❅

❅ X̄
φ

&&❴ ❴ ❴
g

!! W
h

''⑥⑥
⑥⑥
⑥⑥
⑥⑥

ψ
""

X !!❴❴❴ V

We may replace (X,B,M) with (Y,BY ,M) and let G := GY and H := HY , and assume that
(X,B,M), G,H and t0 satisfy (I)(II)(III). In what follows, we forget all other auxiliary varieties
and divisors constructed in this step.

Step 2. For any t ∈ (0, t0], by (III.2), (X,B − t
1+tG,M)/U has a good minimal model. Since

KX +B + tH +MX ∼R,U (1 + t)(KX +B −
t

1 + t
G+MX),

by (III.1) and [HL21a, Theorem 2.24, Lemma 3.9(2), 4.2], we may run a (KX +B+ tH +MX)-
MMP/U φt : X ""# Xt which terminates with a good minimal model (Xt, Bt + tHt,M)/U of
(X,B+tH,M)/U . By Lemma 3.9(2), the divisors contracted by φt are precisely the components
of SuppNσ(X/U,KX+B+tH+MX). Since SuppNσ(X/U,KX+B+tH+MX) does not depend
on t ∈ (0, t0] by (III.1), each MMP φt contracts precisely the components of SuppNσ(X/U,KX+
B+ t0H +MX). We let X0 := Xt0 , B0 := Bt0 , and H0 := Ht0 . Then X0 and Xt are isomorphic
in codimension 1, and KX0

+ B0 + MX0
is a movable/U R-divisor. By the negativity lemma,

(Xt, Bt + tHt,M)/U is a good minimal model of (X0, B0 + tH0,M)/U for any t ∈ (0, t0].

Claim 6.2. We may run a (KX0
+B0 +MX0

)-MMP/U with scaling of H0

(X0, B0,M) ""# (X1, B1,M) ""# · · · ""# (Xi, Bi,M) ""# . . .

with scaling numbers

λi := inf{t ≥ 0 | KXi +Bi + tHi +MXi is nef/U},

where Hi is the strict transform of H on Xi, which consists only of flips such that

(1) either the MMP/U terminates with a minimal model, or limi→+∞ λi = 0,
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(2) for any i ≥ 1 and λ ∈ [λi,λi−1], (Xi, Bi + λHi,M)/U is a good minimal model of both
(X,B + λH,M) and (X0, B0 + λH0,M)/U , and

(3) the MMP only contracts sub-varieties of Supp⌊B0⌋.

Proof. Since KX0
+B0+MX0

is a movable/U R-divisor, by Lemma 2.9, any (KX0
+B0+MX0

)-
MMP/U only contains flips. (1) follows from Lemma 2.10. For any i ≥ 1 and λ ∈ [λi,λi−1],
(Xi, Bi+λHi,M) is dlt and KXi +Bi+λHi+MXi is nef/U . Since the induced birational maps
X0 ""# Xλ and Xi → Xλ are both small, by Lemma 3.10 and [HL21a, Lemma 3.9(2)], we get
(2).

Let Xi → Zi ← Xi+1 be the i-th step of the MMP where Xi → Zi the flipping contraction.
Then for any flipping curve Ci of Xi → Zi, we have (KXi +Bi +MXi) ·Ci < 0 and Hi ·Ci > 0.
Let Gi be the strict transform of G on Xi. Then 0 > (KXi + Bi + MXi − Hi) · Ci = Gi · Ci.
Thus Ci ⊂ SuppGi. Since SuppG ⊂ Supp⌊B⌋, SuppGi ⊂ Supp⌊Bi⌋, and we get (3). !

Claim 6.3. Let

(X0, B0,M) ""# (X1, B1,M) ""# · · · ""# (Xi, Bi,M) ""# . . . ,

λi, and Hi be the MMP/U , the scaling numbers, and the strict transform of H on Xi for each
i as in Claim 6.2 respectively. If the MMP/U terminates, then Theorem 6.1 holds.

Proof. Let λ−1 := t0. If the MMP/U terminates, then λl−1 > λl = 0 for some l ∈ N. By
Claim 6.2(2), for any t ∈ (0,λl−1], KXl

+ Bl + tHl +MXl
is nef/U , and a(P,X,B + tH,M) ≤

a(P,Xl, Bl + tHl,M) for any prime divisor P on X that is exceptional/Xl . Letting t → 0, we
have that KXl

+Bl +MXl
is nef/U and a(P,X,B,M) ≤ a(P,Xl, Bl,M) for any prime divisor

P on X that is exceptional/Xl . Thus (Xl, Bl,M)/U is a weak lc model of (X,B,M)/U . The
Claim follows from [HL21a, Lemma 3.15]. !

Proof of Theorem 6.1 continued. In the following, we let

(X0, B0,M) ""# (X1, B1,M) ""# · · · ""# (Xi, Bi,M) ""# . . . ,

λi, and Hi be the MMP/U , the scaling numbers, and the strict transform of H on Xi for each
i as in Claim 6.2 respectively.

Step 3. For every i and lc center Si of (Xi, Bi,M), we let (Si, BSi ,M
Si) be the g-pair induced

by adjunction
KSi +BSi +MSi

Si
:= (KXi +Bi +MXi)|Si ,

and let HSi := Hi|Si . For every lc center S of (X,B,M) we let (S,BS ,MS) be the g-pair induced
by adjunction

KS +BS +MS
S := (KX +B +MX)|S

and let HS := H|S . Since X0 ""# Xi is a (KX0
+ B0 + MX0

)-MMP/U , X0 ""# Xi is an
isomorphism near the generic point of Si, the strict transform S0 of Si on X0 is an lc center of
(X0, B0,M), hence also an lc center of (X0, B0 + t0H0,M). By the same argument, φt0 : X ""#

X0 is an isomorphism near the generic point of S0 and the strict transform S of S0 on X is an lc
center of (X,B+ t0H,M). Since (X,B,M) and (X,B+ tH,M) are both dlt and have the same
lc centers, S is also an lc center of (X,B,M). In particular, the induced maps φSi : S ""# Si

and φSj,i : Sj ""# Si are birational for any j ≤ i.
By Lemma 2.18(1), we may find m ≫ 0 such that Xm ""# Xi is an isomorphism near the

generic point of any lc center Sm of (Xm, Bm,M) and any i ≥ m. By Lemma 2.18(2.a), possibly
replacing m, we may assume that the induced φSm,i : Sm → Si is small for any lc center Sm of
(Xm, Bm,M) and any i ≥ m.

Then we only need to show that for any lc center Sm of (Xm, Bm,M) of dimension ≥ 1,
(Sm, BSm ,M

S)/U has a log minimal model. Indeed, if this is the case, then by Lemma
2.18, [HL22, Remark 3.25, Theorem 4.1], Claim 6.2(1), and induction on the dimension of
lc centers, the (KX0

+B0+MX0
)-MMP/U above will induce isomorphisms on any lc center Sm
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of (Xm, Bm,M) for m≫ 0. But by Claim 6.2(3) the (KX0
+B0+MX0

)-MMP/U only contracts
sub-varieties of Supp⌊B0⌋, so it must terminate.

Step 4. We prove the following claim.

Claim 6.4. There exists a Q-factorial lc g-pair (T,BT ,MS)/U and a birational morphism
ψ : T → Sm satisfying the following:

(1) For any prime divisor D on S such that a(D,Sm, BSm ,M
S) < a(D,S,BS ,MS), D is

on T and is a ψ-exceptional.
(2)

BT =
∑

D is a prime divisor on T

(1− a(D,S,BS ,M
S))D.

(3) For any i ≥ m and any prime divisor Q over S, we have

a(Q,S,BS + λiHS ,M
S) ≤ a(Q,Si, BSi + λiHSi ,M

S).

(4) For any prime divisor Q′ over Sm, we have

a(Q′, Sm, BSm ,M
S) ≤ a(Q′, T,BT ,M

S).

Proof. By Claim 6.2(2), (Xi, Bi + λiHi,M)/U is a good minimal model of (X,B + λiH,M),
hence (3) holds.

Since φi does not extract any divisor, a(P,Xi, Bi,M) ≤ a(P,X,B,M) for any prime divisor
P on Xi. Since σP (X/U,KX + B + MX) = 0 for any prime divisor P over X such that
a(P,X,B,M) < 1 and centerX P ∩ Nklt(X,B,M) ̸= ∅, by Lemma 5.1 and since φm,i is small
for any i ≥ m, a(D,Si, BSi ,M

S) ≤ a(D,S,BS ,MS) for any prime divisor D on Sm and i ≥ m.
Thus a(D,Si, BSi + λiHSi ,M

S) ≤ a(D,S,BS ,MS) for any prime divisor D on Sm and i ≥ m.
By (3), for any i ≥ m we have

a(D,S,BS + λiHS,M
S) ≤ a(D,Si, BSi + λiHSi ,M

S)

= a(D,Sm, BSm + λiHSm,M
S) ≤ a(D,S,BS ,M

S).

Letting i→ +∞, we have

a(D,S,BS ,M
S) = a(D,Sm, BSm ,M

S)

for any prime divisor D on Sm. We define

C := {D | D is a prime divisor on S, a(D,Sm, BSm ,M
S) < a(D,S,BS ,M

S)}.

Then any element of C is exceptional over Sm. Thus for any D ∈ C, by (3), we have

a(D,S,BS + λmHS ,M
S) ≤ a(D,Sm, BSm + λmHSm,M

S)

≤ a(D,Sm, BSm ,M
S) < a(D,S,BS ,M

S) ≤ 1.

Since any element of C is a prime divisor on S, any element of C is a component of HS. Thus C
is a finite set, and for every D ∈ C, since λm < t0, we have

0 ≤a(D,S,BS + t0HS ,M
S) < a(D,S,BS + λmHS ,M

S)

≤a(D,Sm, BSm + λmHSm,M
S) ≤ a(D,Sm, BSm ,M

S) < a(D,S,BS ,M
S) ≤ 1.

Thus 0 < a(D,Sm, BSm ,M
S) < 1 for any D ∈ C. By [Has22a, Lemma 3.4], there exists a

birational morphism ψ : T → Sm from a Q-factorial variety T which extracts exactly divisors
contained in C. (1) follows immediately from the construction of C. Since (S,BS ,MS) is lc,
there are only finitely many divisors D on T such that a(D,S,BS ,MS) ̸= 1, hence BT ≥ 0 is
well-defined, and we get (2).

For any prime divisor D on T , if D is ψ-exceptional, then

a(D,Sm, BSm ,M
S) < a(D,S,BS ,M

S) ≤ 1
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as D ∈ C, and if D is not ψ-exceptional, then centerSm D is a divisor, hence a(D,S,BS ,MS) =
a(D,Sm, BSm ,MS) ≤ 1. In either case,

a(D,Sm, BSm ,M
S) ≤ a(D,S,BS ,M

S) ≤ 1.

Since T is Q-factorial, KT +BT +MS
T is R-Cartier, and

KT +BT +MS
T ≤ ψ

∗(KSm +BSm +MS
Sm

).

Thus
0 ≤ a(Q′, Sm, BSm ,M

S) ≤ a(Q′, T,BT ,M
S)

for any prime divisor Q′ over Sm, and we get (4). In particular, (T,BT ,MS) is lc, and the proof
is concluded. !

Step 5. In this step we show that (T,BT ,MS)/U has a log minimal model. We first prove the
following claim:

Claim 6.5. For any prime divisor D over S,

(1) if D is on S, then a(D,S,BS ,MS) ≤ a(D,T,BT ,MS), and
(2) if D is on T , then a(D,T,BT ,MS) = a(D,S,BS ,MS).

Proof. By Claim 6.4(2), we only need to show that for any prime divisor D on S that is
exceptional over T , a(D,S,BS ,MS) ≤ a(D,T,BT ,MS). By Claim 6.4(1)(4),

a(D,S,BS ,M
S) ≤ a(D,Sm, Bm,MS) ≤ a(D,T,BT ,M

S),

and we get (1). !

By our assumption, (S,BS ,MS)/U is a log minimal model of itself, then by Lemma 5.6
(T,BT ,MS)/U also has a log minimal model.

Step 6. We conclude the proof in this step. Recall that we only need to show that
(Sm, BSm ,M

S)/U has a log minimal model.
For any i ≥ m, since KXi + Bi + λiHi + MXi is nef/U , KSi + BSi + λiHSi + MS

Si
=

(KXi + Bi + λiHi +MXi)|Si is nef/U . Since φSm,i is small, (Si, BSi + λiHSi ,M
S)/U is a weak

lc model of (Sm, BSm + λiHSm,M
S)/U . Let hm : W → Sm and hi : W → Si be a resolution

of indeterminacies of φSm,i. By Lemmas 3.3(1), 3.4(2), 3.7(3) and the negativity lemma, for any
prime divisor D on T we have

0 ≤ a(D,Si, BSi + λiHSi ,M
S)− a(D,Sm, BSm + λiHSm,M

S)

= σD(Sm/U,KSm +BSm + λiHSm +MS
Sm

).

By Claim 6.4(3), we have

σD(Sm/U,KSm+BSm+λiHSm+MS
Sm

) ≥ a(D,S,BS+λiHS,M
S)−a(D,Sm, BSm+λiHSm ,M

S).

By Claim 6.4(2), a(D,S,BS ,MS) = a(D,T,BT ,MS). By Lemma 3.7(2) and Claims 6.2(1) and
6.4(4), for any prime divisor D on T ,

σD(Sm/U,KSm +BSm +MS
Sm

)

= lim
i→+∞

σD(Sm/U,KSm +BSm + λiHSm +MS
Sm

)

≥ lim
i→+∞

(a(D,S,BS + λiHS ,M
S)− a(D,Sm, BSm + λiHSm ,M

S))

=a(D,S,BS ,M
S)− a(D,Sm, BSm ,M

S)

=a(D,T,BT ,M
T )− a(D,Sm, BSm ,M

S) ≥ 0.

Since (T,BT ,MS)/U has a log minimal model by Step 5, by Lemma 5.3, (Sm, BSm ,M
S)/U has

a log minimal model, and we are done. !
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Theorem 6.6 (cf. [Has22a, Theorem 3.15]). Let (X,B,M)/U be a Q-factorial NQC dlt g-pair
and A ≥ 0 an R-divisor on X such that (X,B+A,M)/U is lc and KX +B+MX +A is nef/U .
Then for any (KX +B +MX)-MMP/U with scaling of A

(X,B,M) =: (X0, B0,M) ""# (X1, B1,M) ""# · · · ""# (Xi, Bi,M) ""# . . . ,

with scaling numbers

λi := inf{t ≥ 0 | KXi +Bi + tAi +MXi is nef/U},

where Ai is the strict transform of A on Xi, if λi > 0 for each i and limi→+∞ λi = 0, then there
are only finitely many i such that KXi+Bi+MXi is log abundant/U with respect to (Xi, Bi,M).

Proof. We apply induction on the dimension. Suppose that the theorem holds in dimension
≤ dimX−1 but the theorem does not hold. Then there exists a (KX +B+MX)-MMP/U with
scaling of A as in the statement of the theorem such that KXi + Bi +MXi is log abundant/U
with respect to (Xi, Bi,M) for infinitely many i. Let φi,j : Xi ""# Xj be the induced birational
map. Possibly replacing (X,B,M) with (Xm, Bm,M) for some m ≫ 0, we may assume that
the maps φi,j are small for any i, j.

We prove the following claim.

Claim 6.7. If there exists m ≫ 0 such that φm,i|S is an isomorphism for any lc center S of
(Xm, Bm,M) and i ≥ m, then Theorem 6.6 holds.

Proof. Possibly replacing (X,B,M) with (Xm, Bm,M) we may assume that φi,j|Nklt(Xi,Bi,M)

is an isomorphism for any i, j and KX + B +MX is abundant/U . Since limi→+∞ λi = 0 and
φi,j are small for any i, j, KX + B + MX is a movable/U R-divisor, hence KX + B + MX is
pseudo-effective/U . Notice that (Xi, Bi,M) are all dlt and Q-factorial. Let D be a component
of ⌊Bi⌋. Then φi,i+1|D being an isomorphism implies that the flip φi,i+1 is an isomorphism near
D. Therefore φi,i+1 is an isomorphism on a neighborhood of ⌊Bi⌋. By Lemma 5.5, B−(KX +
B+MX/U) does not intersect Supp⌊B⌋, and σP (X/U,KX +B+MX) = 0 for any prime divisor
P over X such that centerX P ∩ Supp⌊B⌋ ≠ ∅. In particular, (KX + B +MX)|S is nef/U for
any lc center S of (X,B,M). By Theorem 6.1, (X,B,M)/U has a log minimal model, but this
contradicts [HL22, Theorem 4.1] so we are done. !

Proof of Theorem 6.6 continued. We let φi := φi,i+1 for every i and Xi → Zi ← Xi+1 the flip
defined by φi. By Claim 6.7, we only need to show that for any lc center S of (X,B,M), the
MMP terminates along S after finitely many steps. By induction on the dimension of lc centers,
we may assume that φi induces an isomorphism for every k-dimensional lc centers and i ≫ 0,
where k < d = dimS. Let Si be the strict transform of S on Xi and (Si, BSi ,M

S) the g-pair
given by adjunction

KSi +BSi +MSi
S := (KXi +Bi +MXi)|Si .

Let (S′
i, BS′

i
,MS) be a dlt model of (Si, BSi ,M

S). By Lemma 2.18, for i ≫ 0, the (KX +

B + MX)-MMP/U with scaling of A induces a (KS′

i
+ BS′

i
+ M

S′

i
S )-MMP/T with scaling of

AS′

i
such that the limit of the scaling numbers is 0, where AS′

i
is the pullback of Ai on S′

i and
T is the normalization of the image of Si in U . Since KXj + Bj + MXj is log abundant/U

with respect to (Xj , Bj ,M) for infinitely many j, KS′

j
+ BS′

j
+ MS

S′

j
is log abundant/T with

respect to (S′
j , BS′

j
,MS) for infinitely many j. By Theorem 6.6 in dimension < dimX, the

(KS′

j
+ BS′

j
+ MS

S′

j
)-MMP/T terminates, i.e the top horizontal maps in Lemma 2.18(3) are

isomorphisms for i≫ 0. Therefore the bottom horizontal maps in Lemma 2.18(3) must also be
isomorphisms for i ≫ 0 by the contructions in the proof. Thus there exists m ≫ 0 such that
φm,i|S is an isomorphism for any lc center Sm of (Xm, Bm,M) and i ≥ m and we are done. !
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7. Log abundance under the MMP

This section is similar to [Has22b, Section 3 and Theorem 4.1].

Theorem 7.1 (cf. [Has22b, Theorem 3.5]). Let (X,B,M)/U be an NQC lc g-pair and π : X →
Z a projective morphism/U such that Z is normal quasi-projective. Let C ≥ 0 be an R-divisor
on X, AZ an ample/U R-divisor on Z, and 0 ≤ A ∼R,U π∗AZ an R-divisor on X, such that

(1) C does not contain any lc center of (X,B,M),
(2) KX +B + C +MX ∼R,Z 0, and
(3) (X,B +A,M) is lc.

Then KX +B +A+MX is abundant/U .

Proof. Possibly replacing π with the contraction in the Stein factorization of π, we may assume
that π is a contraction. Possibly replacing Z → U with the Stein factorization of Z → U , we may
assume that Z → U is a contraction. Let F be a very general fiber of X → U and FZ := π(F ).
Then FZ is a very general fiber of Z → U . Possibly replacing (X,B,M), A,C,Z,AZ ,π, U with
(F,B|F ,M|F ), A|F , C|F , FZ , AZ |FZ

,π|F , {pt}, we may assume that U = {pt}. The theorem
follows from [Has22b, Theorem 3.5]. Note that we remove the R-Cartier assumption of C as it
is immediate from (2). !

Lemma 7.2 (cf. [Has22b, Lemma 3.6]). Let (X,B,M)/U be an NQC lc g-pair and π : X → Z
a projective morphism/U such that Z is normal quasi-projective. Let C ≥ 0 be an R-divisor on
X, AZ an ample/U R-divisor on Z, and 0 ≤ A ∼R,U π∗AZ an R-divisor on X, such that

(1) C does not contain any lc center of (X,B,M),
(2) KX +B + C +MX ∼R,Z 0, and
(3) (X,B +A,M) is lc.

Let h : W → X be a log resolution of (X,SuppB) such that M descends to W , and BW ≥ 0 an
R-divisor on W such that (W,BW + h∗A) is lc and (KW +BW +MW − h∗(KX +B +MX))≥0

is h-exceptional. Then KW +BW + h∗A+MW is abundant/U .

Proof. Possibly replacing π with the contraction in the Stein factorization of π, we may
assume that π is a contraction. Possibly replacing Z → U with the Stein factorization of
Z → U , we may assume that Z → U is a contraction. Let Fw be a very general fiber
of W → U , F := h(FW ), and FZ := π(F ). Then F and FZ are very general fibers of
X → U and Z → U respectively. Possibly replacing (X,B,M), A,C,Z,AZ ,π, U,W, h,BW with
(F,B|F ,M|F ), A|F , C|F , FZ , AZ |FZ

,π|F , {pt}, FW , h|FW
, BW |FW

, we may assume that U = {pt}.
The theorem follows from [Has22b, Theorem 3.5, Lemma 3.6]. Note that we remove the R-
Cartier assumption of C as it is immediate from (2). !

Theorem 7.3 (cf. [Has22b, Theorem 4.1]). Let (X,B,M)/U be an NQC lc g-pair and π : X →
Z a projective morphism/U such that Z is normal quasi-projective. Let C ≥ 0 be an R-divisor
on X, AZ an ample/U R-divisor on Z, and 0 ≤ A ∼R,U π∗AZ an R-divisor on X, such that

(1) C does not contain any lc center of (X,B,M),
(2) KX +B + C +MX ∼R,Z 0, and
(3) (X,∆ := B +A,M) is lc and Nklt(X,B,M) = Nklt(X,∆,M).

Then for any (KX +∆+MX)-MMP/U

(X,∆,M) := (X0,∆0,M) ""# (X1,∆1,M) ""# · · · ""# (Xi,∆i,M) ""# . . . ,

KXi +∆i +MXi is log abundant/U with respect to (Xi,∆i,M) for every i.

Proof. For each i, we let φi : X ""# Xi be the induced birational map.
By Theorem 7.1, KX +B +A+MX is abundant/U . By Lemma 2.3(6), KXi +∆i +MXi is

abundant/U for any i. Thus we only need to prove that (KXi +∆i +MXi)|Si is abundant/U
for any lc center Si of (Xi,∆i,M).
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Fix i and an lc center Si of (Xi,∆i,M). Then there exists an lc center S of (X,∆,M) such that
φi|S : S ""# Si is a birational map. Let (X ′, B′,M) be a dlt model of (X,B,M) with induced
birational morphism f : X ′ → X such that there exists a component S′ of ⌊∆′⌋ which dominates
S. Let C ′ := f∗C,A′ := f∗A, and ∆′ := B′ + A′. Since Nklt(X,B,M) = f(Nklt(X ′,∆′,M)),
(X ′,∆′,M) is a dlt model of (X,∆,M). By Lemma 2.11, we may run a (KX′ + ∆′ + MX′)-
MMP/U and get a dlt model (X ′

i,∆
′
i,M) of (Xi,∆i,M) such that the strict transform S′

i of
S′ on X ′

i is a component of ⌊∆′
i⌋. Then (KXi + ∆i + MXi)|Si is abundant/U if and only if

(KX′

i
+∆′

i +MX′

i
)|S′

i
is abundant/U . Moreover, we have

• C ′ does not contain any lc center of (X ′, B′,M),
• KX′ +B′ + C ′ +MX′ ∼R,Z 0,
• (X ′,∆′,M) is lc, and
• Nklt(X ′, B′,M) = Nklt(X ′,∆′,M).

Thus possibly replacing (X,∆,M) ""# (Xi,∆i,M) with (X ′,∆′,M) ""# (X ′
i,∆

′,M) and
A,B,C with A′, B′, C ′, we may assume that (X,∆,M) is Q-factorial dlt, S is a component
of ⌊∆⌋ = ⌊B⌋, and Si is a component of ⌊∆i⌋ = ⌊Bi⌋.

Let (S,BS ,MS)/U and (Si, BSi ,M
S)/U be the dlt g-pairs induced by the adjunction formulas

KS +BS +MS := (KX +B +MX)|S

and

KSi +BSi +MSi := (KXi +Bi +MXi)|Si .

Let p : W → S and q : W → Si be a resolution of indeterminacies of the induced birational
map S ""# Si such that MS descends to W , p is a log resolution of (S,SuppBS), and q is a
log resolution of (Si,SuppBSi). Since A is semi-ample/U , possibly replacing A with a general
member of |A/U |R∗ and setting AS := A|S and ASi := ((φi)∗A)|Si , we may assume that

• AS ≥ 0, ASi ≥ 0,
• (S,∆S := BS +AS ,M) and (Si,∆Si := BSi +ASi ,M) are dlt, and
• p is a log resolution of (S,Supp∆S) and q is a log resolution of (Si,Supp∆Si).

Moreover, since A is general in |A/U |R, p∗AS = p−1
∗ AS, hence AW := p∗A ≤ q∗ASi . We may

write

KW +BW +AW +MS
W = q∗(KSi +∆Si +MS

Si
) + E

and let ∆W := BW + AW , such that BW ≥ 0, E ≥ 0, and ∆W ∧ E = 0. Then (W,∆W ) is log
smooth. We may write

KW +BW +MS
W = p∗(KS +∆S +MS

S) +G+ −G−,

where G+ ≥ 0, G− ≥ 0, and G+ ∧G− = 0.
For any component D of G+,

a(D,S,∆S ,M
S) > a(D,W,∆W ,MS) = min{a(D,Si,∆Si ,M

S), 1}.

Since φi is (KX +∆+MX)-non-positive, by [Fuj07, Lemma 4.2.10],

a(D,Si,∆Si ,M
S) ≤ a(D,S,∆S ,M

S).

Thus a(D,S,∆S ,MS) > 1, hence D is p-exceptional (since any divisor on S has log discrepancy
≤ 1.). We conclude that G+ is p-exceptional.

∗The “general member” of the R-linear system |A/U |R is constructed in the following way: we write A =∑
riAi where ri ∈ (0, 1) are real numbers and Ai are base-point-free/U Cartier divisors. We replace A with∑
riHi where Hi ∈ |Ai/U | are general members.
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W

p
""

q

$$❆
❆❆

❆❆
❆❆

❆

S
φi|S

!!❴❴❴

πS
""

Si

Z !! U

Let πS := π|S and CS := C|S. Since C does not contain any lc center of (X,B,M), S is
not a component of C, hence CS ≥ 0. Then (S,BS ,MS)/U is an NQC lc g-pair, πS : S → Z
is a projective morphism/U , Z is normal quasi-projective, CS ≥ 0 is an R divisor on X, 0 ≤
AS ∼R,U π∗SAZ , such that

• CS does not contain any lc center of (S,BS ,MS),
• KS +BS + CS +MS

S ∼R,Z 0,
• (S,∆S = BS +AS ,MS) is lc and Nklt(S,BS ,MS) = Nklt(S,∆S ,MS),
• p : W → S is a log resolution of (S,SuppBS) such that MS descends to W , BW ≥ 0 is
an R-divisor on W such that (W,BW + p∗AS) is lc and

(KW +BW +MS
W − p∗(KS +BS +MS

S))
≥0 = G+

is p-exceptional.

By Lemma 7.2, KW + ∆W + MS
W is abundant/U . By Lemma 2.3(3), KSi + ∆Si + MS

Si
=

(KXi +∆i +MXi)|Si is abundant/U and we are done. !

Theorem 7.4 (cf. [Has22b, Theroem 1.3]). Let (X,B,M)/U be an NQC lc g-pair and A ≥ 0 an
ample/U R-divisor such that (X,∆ := B+A,M) is lc and Nklt(X,B,M) = Nklt(X,B+A,M).
Let (Y,∆Y ,M) be a dlt model of (X,∆,M). Then for any partial (KY +∆Y +MY )-MMP/U

φ : (Y,∆Y ,M) ""# (Y ′,∆′
Y ,M),

KY ′ +∆′
Y +MY ′ is log abundant/U with respect to (Y ′,∆′

Y ,M).

Proof. It follows from Theorem 7.3. !

8. Proof of the main theorems

Proof of Theorem 1.3. By [HL21a, Lemma 4.2], possibly replacing A by a sufficiently general
member, we may assume that Nklt(X,B,M) = Nklt(X,∆,M).

First we prove (1). Let (Y,∆Y ,M) be a dlt model of (X,∆,M). By [HL21a, Theorem 3.14],
we only need to show that (Y,∆Y ,M)/U has a log minimal model. We run a (KY +∆Y +MY )-
MMP/U

(Y,∆Y ,M) := (Y0,∆0,M) ""# (Y1,∆1,M) ""# · · · ""# (Yi,∆i,M) ""# . . .

with scaling of a general ample/U divisor H ≥ 0, and let

λi := inf{t | t ≥ 0,KYi +∆i + λiHi +MYi is nef/U}

be the scaling numbers. If λi = 0 for some i then (Yi,∆i,M)/U is a log minimal model of
(Y,∆,M) and we are done. Thus we may assume that λi > 0 for each i. By [HL21a, Theorem
2.24], limi→+∞ λi = 0. By Theorem 7.4, KYi +∆i +MYi is log abundant/U for each i, which
contradicts Theorem 6.6.

Now we prove (2). We may pick 0 < ϵ≪ 1 such that 1
2A+ϵMX is ample/U . Possibly replacing

(X,B,M) with (X,B, (1− ϵ)M) and A with a general member in |A+ ϵMX |R, we may assume
that Nklt(X,B) = Nklt(X,B,M) = Nklt(X,∆,M). By [HL21a, Lemma 5.18], there exists a
birational morphism h : W → X such that M descends to W and Supp(h∗MX−MW ) = Exc(h).
Let F := h∗MX −MW , then F ≥ 0 and F is exceptional over X. In particular, SuppF does
not contain any lc place of (X,B). Thus we may pick E ≥ 0 on W such that −E is ample/X.
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Let KW + BW := h∗(KX + B). Since Nklt(X,B) = Nklt(X,B,M), there exists 0 < δ ≪ 1
such that (W,BW + δE) is sub-lc and 1

2h
∗A − δE is ample/U . Thus MW + 1

2h
∗A − δE is

ample/U , and we may pick 0 ≤ HW ∼R,U MW + 1
2h

∗A− δE such that (W,BW +HW + δE) is
sub-lc. Let ∆′ := h∗(BW +HW + δE). Then (X,∆′) is lc and ∆′ ∼R,U B+MX + 1

2A. Possibly
replacing A we may assume that (X,∆′ + 1

2A) is lc. By [HH20, Theorem 1.5], (X,∆′ + 1
2A) has

a good minimal model. By [HL21a, Lemma 4.2], we get (2). !

Proof of Theorem 1.4. If KX + B + MX is not pseudo-effective/U , then the theorem follows
from [BZ16, Lemma 4.4(1)] after passing to a dlt model of (X,B,M). So we may assume that
KX + B + MX is pseudo-effective/Z. By [HL21a, Theorem 3.14], we only need to prove (2),
so we may assume that (X,B,M) is Q-factorial dlt. We run a (KX +B +MX)-MMP/U with
scaling of an ample/U R-divisor H ≥ 0:

(X,B,M) := (X0, B0,M) ""# (X1, B1,M) ""# · · · ""# (Xi, Bi,M) ""# . . . .

By Theorem 7.3 (U and Z in Theorem 7.3 both correspond to our U , AZ and A of Theorem 7.3
correspond to 0, and C corresponds to our A), KXi +Bi+MXi is log abundant/U with respect
to (Xi, Bi,M) for every i. By [HL21a, Theorem 2.24] and Theorem 6.6, this MMP terminates
with a log minimal model of (X,B,M)/U . !

References

[AK00] D. Abramovich and K. Karu, Weak semistable reduction in characteristic 0, Invent. Math. 139 (2000),
no. 2, 241–273.

[Bir12] C. Birkar, Existence of log canonical flips and a special LMMP, Pub. Math. IHES., 115 (2012), 325–368.
[Bir19] C. Birkar, Anti-pluricanonical systems on Fano varieties. Ann. of Math. (2), 190 (2019), 345–463.
[Bir21a] C. Birkar, Singularities of linear systems and boundedness of Fano varieties, Ann. of Math. 193 (2021),

no. 2, 347–405.
[Bir21b] C. Birkar, Generalised pairs in birational geometry, EMS Surv. Math. Sci. 8 (2021), no. 1-2, 5–24.
[BCHM10] C. Birkar, P. Cascini, C. D. Hacon and J. McKernan, Existence of minimal models for varieties of log

general type, J. Amer. Math. Soc. 23 (2010), no. 2, 405–468.
[BH22] C. Birkar and C. D. Hacon, Variations of generalised pairs, arXiv:2204.10456v1.
[BZ16] C. Birkar and D.-Q. Zhang, Effectivity of Iitaka fibrations and pluricanonical systems of polarized pairs,

Pub. Math. IHES., 123 (2016), 283–331.
[Che20] G. Chen, Boundedness of n-complements for generalized pairs, arXiv: 2003.04237v2.
[Cho08] R. Choi, The geography of log models and its applications, PhD Thesis, Johns Hopkins University (2008).
[FS20] S. Filipazzi and R. Svaldi, On the connectedness principle and dual complexes for generalized pairs, arXiv:

2010.08018v2.
[Fuj07] O. Fujino, Special termination and reduction to pl flips, Flips for 3-folds and 4-folds (Alessio Corti, ed.),

Oxford Lecture Ser. Math. Appl., 35 (2007), Oxford Univ. Press, Oxford, 63–75.
[Fuj20] O. Fujino, Corrigendum to “On subadditivity of the logarithmic Kodaira dimension”, J. Math. Soc. Japan

72 (2020), no. 4, 1181–1187.
[FM00] O. Fujino and S. Mori, A canonical bundle formula, J. Differential Geom. 56 (2000), no. 1, 167–188.
[HL21a] C. D. Hacon and J. Liu, Existence of generalized lc flips, arXiv: 2105.13590v3.
[HMX18] C. D. Hacon, J. McKernan, and C. Xu, Boundedness of moduli of varieties of general type, J. Eur.

Math. Soc. 20 (2018), 865–901.
[HX13] C. D. Hacon and C. Xu, Existence of log canonical closures, Invent. Math. 192 (2013), no. 1, 161–195.
[HL22] J. Han and Z. Li, Weak Zariski decompositions and log terminal models for generalized pairs, Math. Z.

302 (2022), no. 2, 707–741.
[HLS19] J. Han, J. Liu, and V. V. Shokurov, ACC for minimal log discrepancies of exceptional singularities,

arXiv: 1903.04338v2.
[HL21b] J. Han and W. Liu, On a generalized canonical bundle formula for generically finite morphisms, Ann.

Inst. Fourier (Grenoble) 71 (2021), no. 5, 2047–2077.
[HL20] J. Han and W. Liu, On numerical nonvanishing for generalized log canonical pairs, Doc. Math. 25 (2020),

93–123.
[Has18] K. Hashizume, Minimal model theory for relatively trivial log canonical pairs, Ann. Inst. Fourier

(Grenoble) 68 (2018), no. 5, 2069–2107.
[Has19] K. Hashizume, Remarks on special kinds of the relative log minimal model program, Manuscripta Math.

160 (2019), no. 3, 285–314.

http://arxiv.org/abs/2204.10456


RELATIVE NAKAYAMA-ZARISKI DECOMPOSITION AND MINIMAL MODELS OF GENERALIZED PAIRS 37

[Has20] K. Hashizume, Finiteness of log abundant log canonical pairs in log minimal model program with scaling,
arXiv:2005.12253, to appear in Michigan Math. J.

[Has22a] K. Hashizume, Iitaka fibrations for dlt pairs polarized by a nef and log big divisor, Forum Math. Sigma.
10 (2022), Article No. 85.

[Has22b] K. Hashizume, Non-vanishing theorem for generalized log canonical pairs with a polarization, Sel. Math.
New Ser. 28 (2022), Article No. 77.

[HH20] K. Hashizume and Z. Hu, On minimal model theory for log abundant lc pairs, J. Reine Angew. Math.,
767 (2020), 109–159.

[Hu20] Z. Hu, Log abundance of the moduli b-divisors for lc-trivial fibrations, arXiv: 2003.14379.
[Kaw98] Y. Kawamata, Subadjunction of log canonical divisors, II, Amer. J. Math. 120 (1998), 893–899.
[Kaw15] Y. Kawamata, Variation of mixed Hodge structures and the positivity for algebraic fiber spaces, Advanced

Studies in Pure Mathematics, 65 (2015), 27–57.
[KM98] J. Kollár and S. Mori, Birational geometry of algebraic varieties, Cambridge Tracts in Math. 134 (1998),

Cambridge Univ. Press.
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