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ON GENERALIZED LC PAIRS WITH b-LOG ABUNDANT NEF PART

JUNPENG JIAO, JIHAO LIU, AND LINGYAO XIE

Abstract. We study the behavior of generalized lc pairs with b-log abundant nef part, a
meticulously designed structure on algebraic varieties. We show that this structure is preserved
under the canonical bundle formula and sub-adjunction formulas, and is also compatible with the
non-vanishing conjecture and the abundance conjecture in the classical minimal model program.
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1. Introduction

We work over the field of complex numbers C.
The classical birational geometry and the minimal model program originated with the study

of smooth complex projective varieties X and their canonical divisors KX . It turns out that
in order to understand smooth varieties, it is also necessary to study varieties with mild
singularities and several natural structures on these varieties. More precisely, starting from
a smooth projective variety, the minimal model program predicts that after finitely many flips
and divisorial contractions, we will reach a birational model X ′ of X with terminal singularities,
such that

(1) either X ′ is a good minimal model (i.e. KX′ is semi-ample) and the induced morphism
f : X ′ → Z := Proj(R(KX)) is the Iitaka fibration, or

(2) there exists a morphism f : X ′ → Z which is a Mori fiber space, and in particular,
dimZ < dimX ′ and −KX′ is ample/Z.

Thus the study of these two kinds of fibrations is of fundamental importance in the minimal
model program. In the study of these fibrations X → Z, a structure called the canonical bundle
formula naturally appears. This was first studied for minimal elliptic fibrations in [Kod63].
More precisely,we have the following. In case (1), we can always write

KX ∼Q f∗(KZ +BZ +MZ
Z)
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for some Q-divisor BZ measuring the singularities of the fibration (defined by certain lc
thresholds) and a nef b-divisor MZ measuring the variation of the morphism. In case (2),
for any general ample/Z Q-divisor 0 ≤ B ∼Q −KX , one can write

KX +B ∼Q f∗(KZ +BZ +MZ
Z)

for the pair (X,B) and thus we reduce to a situation similar to case (1). The above formulas
are called canonical bundle formulas. In fact, it is known that for any pair (X,B) that is lc over
the generic point of Z and KX + B ∼R,Z 0, we also have canonical bundle formula inducing a
similar structure (Z,BZ ,MZ) (cf. [Kaw98, Amb99, PS09]).

It is interesting to ask whether we can understand the structure of (Z,BZ ,MZ) more precisely.
Prokhorov-Shokurov conjectured that MZ is a b-semi-ample [PS09, Conjecture 7.13], however
this is known to be a very difficult conjecture and is not even known in the case when dimX = 3.
A weaker conjecture is that MZ is b-abundant. This was proven by Ambro [Amb05, Theorem
3.3] when (X,B) is klt, and by Fujino-Gongyo [FG14, Theorem 1.1] when (X,B) is lc.

In 2014, Birkar and Zhang [BZ16] introduced a more general structure for algebraic varieties,
called generalized pair (g-pair for short):

Definition 1.1 (cf. Definition 2.3). A generalized pair (g-pair for short) (X,B,M)/U consists of
a projective morphism X → U from a normal quasi-projective variety to a variety, an R-divisor
B ≥ 0 on X, and an NQC/U b-divisor M over X, such that KX +B +MX is R-Cartier.

G-pairs play an important role in many recent developments in birational geometry, such as
the effective Iitaka fibration [BZ16], the proof of the BAB conjecture [Bir19, Bir21a], and the
connectedness principles [HH19, Bir20b, FS20]. The classical minimal model program also works
well for all glc g-pairs [BZ16, HL21]. We refer the reader to [Bir20a] for a survey on other recent
progress.

Canonical bundle formula for generalized pairs. It is immediate from the definition that
any structure (Z,BZ ,MZ) deduced from the canonical bundle formula is a g-pair. Therefore,
the canonical bundle formula allows us to apply the structure of g-pairs in lower dimensions
to study the behavior of pairs in higher dimensions. Following this philosophy, one question
naturally arises for inductive purposes: can we find a canonical bundle formula between g-pairs?
Fortunately for us, we already have a partial positive answer to this question:

Theorem 1.2 (cf. [HL19, Theorem 1.2]; see also [FS20, Theorem 2.20], [Fil20, Theorem 1.4]).
Let (X,B,M)/U be a glc (resp. gklt) g-pair and f : X → Z a projective surjective morphism/U ,
such that KX +B+MX ∼R,Z 0. Then there exists a glc (resp. gklt) g-pair (Z,BZ ,MZ)/U such
that

KX +B +MX ∼R f∗(KZ +BZ +MZ
Z).

Moreover, if (X,B,M) is a Q-g-pair, then we may choose (Z,BZ ,MZ)/U to be the g-pair
induced by a canonical bundle formula∗ of f : (X,B,M) → Z.

A massive disadvantage for Theorem 1.2 is the following: unlike the usual canonical bundle
formulas for varieties and pairs, we cannot expect either the semi-ampleness or the b-abundance
property of MZ in general. Therefore, we ask the following questions:

Question 1.3. Let (X,B,M)/U and (Z,BZ ,MZ)/U be g-pairs as in Theorem 1.2. Under what
additional conditions on M, will

(1) MZ be b-semi-ample/U?
(2) MZ be b-abundant/U?

Naturally, we will insist that these additional conditions are always satisfied by the case M = 0
(so that the usual pair case is included).

∗A canonical bundle formula for a projective surjective morphism f is given as the composition of a Fujino-
Gongyo type canonical bundle formula [FG12] and a Kodaira type canonical bundle formula [Kod63] via the Stein
factorization of f . We refer the reader to Subsection 2.4 formal definitions.
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Of course, M is necessarily semi-ample for (1) and necessarily abundant for (2), otherwise we
get a contradiction by simply considering the identity morphism f : X → X := Z. In this case,
it is proven by Filipazzi ([Fil19, Chapter 6, Theorem 10]; see also [Fil20, Theorem 7.3]) that if
we have a positive answer for (1) when M = 0, then we have a positive answer for (1) for all
semi-ample/U nef part M, provided that (X,B,M) is a Q-g-pair.

In this paper, we provide a satisfactory answer for (2):

Theorem 1.4. Let (X,B,M)/U be a glc g-pair and f : X → Z a projective surjective
morphism/U , such that KX + B + MX ∼R,Z 0 and M is b-log abundant/U (see Definition
2.18) with respect to (X,B,M). Then we have a canonical bundle formula

KX +B +MX ∼R f∗(KZ +BZ +MZ
Z)

such that MZ is NQC/U and b-log abundant/U with respect to (Z,BZ ,MZ).

We note that Ambro [Amb05, Theorem 3.3] proves Theorem 1.4 when M = 0, f is a
contraction, and (X,B) is a klt Q-pair (see [Hu20, Theorem 1.2] for a more general case). We
also note that the assumption “b-log abundant” in Theorem 1.4 is a natural assumption in the
study of lc and glc singularities, and is equivalent to “b-abundant” for klt and gklt singularities.
We refer the reader to Definition 2.17 for more details.

Sub-adjunction formula for generalized pairs. Kawamata’s sub-adjunction formula states
that if W is an lc center of an lc Q-pair (X,B), then

KW +BW +MW
W ∼Q (KX +B)|W

for some Q-glc g-pair (W,BW ,MW ) (cf. [Kaw98]). This formula provides important information
in the study of high codimensional lc centers. Thanks to work of J. Han and W. Liu, we also
have a sub-adjunction formula for generalized pairs. That is, given a glc g-pair (X,B,M)/U
and the normalization of a glc center W of (X,B,M), we have

(1.1) KW +BW +MW
W ∼R (KX +B +MX)|W

for some glc g-pair (W,BW ,MW )/U ([HL19, Theorem 5.1]). Despite its technical appearance,
(1.1) is very useful for inductive purposes and plays a crucial role in the proof of the cone
theorem of glc g-pairs [HL21, Proof of Lemma 5.14]. An immediate application of Theorem 1.4
is the sub-adjunction formula for glc g-pairs with b-log abundant nef part:

Theorem 1.5. Let (X,B,M)/U be a glc g-pair such that M is b-log abundant/U with respect
to (X,B,M). Let W be the normalization of a glc center of (X,B,M) of dimension ≥ 1. Then
there exists a glc g-pair (W,BW ,M)/U given by the sub-adjunction

KW +BW +MW
W ∼R (KX +B +MX)|W

such that MW is b-log abundant/U with respect to (W,BW ,MW ).

It is important to notice that Theorems 1.4 and 1.5 will allow us to apply induction on
dimension for glc g-pairs with b-log abundant nef part.

Non-vanishing and log abundance for generalized pairs. Many standard conjectures in
birational geometry for pairs have analogues for g-pairs. Some of these analogues hold (e.g. the
effective birationality [BZ16], ACC for glc thresholds and global ACC [BZ16], the boundedness
of complements ([Bir19, Che20]), the connectedness principle [Bir20b, FS20], DCC for volumes
[Bir21b], and the cone theorem and the existence of flips [HL21]).

However, not all analogues hold in a satisfactory fashion. The non-vanishing conjecture and
the abundance conjecture both fail for generalized pairs even in dimension 1 by considering an
elliptic curve and a numerically trivial non-torsion divisor on it. In fact, even if we consider the
numerical non-vanishing conjecture ([HL20, Conjecture 1.2]; see also [LP20a, Section 1]) and the
numerical abundance conjecture ([LP20a, Section 1]) for generalized pairs, there are counter-
examples in general (cf. [LP20a, Examples 6.1, 6.2], [HL20, Examples 1.3, 3.14]). Nevertheless,
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if we add some conditions to the nef part M, these analogical conjectures may hold. As an
application of Theorem 1.2, we prove the non-vanishing and log abundance for glc g-pairs with
b-log abundant nef part assuming the corresponding conjectures for klt pairs:

Theorem 1.6. Let d be a positive integer, and (X,B,M)/U a glc g-pair of dimension d, such
that M is b-log abundant/U with respect to (X,B,M). Assume the non-vanishing conjecture
for all klt pairs in dimension ≤ d. Then

(1) if KX +B +MX is pseudo-effective/U , then |KX +B +MX/U |R ̸= ∅, and
(2) if we further assume the abundance conjecture for all klt pairs in dimension ≤ d, then

KX+B+MX is log abundant/U with respect to (X,B,M). In particular, κι(X/U,KX+
B +MX) = κσ(X/U,KX +B +MX).

Since the non-vanishing and abundance hold for klt pairs in dimension 3, we immediately
have the following corollary:

Corollary 1.7. Let (X,B,M)/U be a glc g-pair of dimension ≤ 3, such that M is b-log
abundant/U with respect to (X,B,M). Then KX + B +MX is b-log abundant/U with respect
to (X,B,M). In particular, κι(X/U,KX +B +MX) = κσ(X/U,KX +B +MX).

Theorems 1.4 and 1.6 indicate that the category of g-pairs with b-log abundant nef part is
a meticulous structure which epitomizes the advantages from both the nice numerical property
of usual pairs and the induction convenience of g-pairs. Therefore, we expect this category of
g-pairs to play an important role in the future studies of both pairs and generalized pairs.

The following example is complementary to Theorems 1.4 and 1.6, which shows that we cannot
replace the assumption “b-log abundant” with “b-abundant”:

Example 1.8 (=Example 6.1). There exists a contraction f : X → E from a smooth projective
surface to a smooth elliptic curve, and a projective glc Q-g-pair (X,B,M), such that

(1) M = MX is b-abundant but is not b-log abundant with respect to (X,B,M),
(2) KX +B+MX is pseudo-effective but not effective. In particular, KX +B +MX is not

abundant, and
(3) KX +B +MX ∼Q,E 0 but ME is not b-abundant for any canonical bundle formula

KX +B +MX ∼Q f∗(KE +BE +ME
E).

Remarks on log structures on varieties. It is worth to mention that many other additional
structures for generalized pairs have been proposed in recent years. For example:

(1) Hashizume [Has20] proved the non-vanishing and log abundance for projective glc g-pairs
(X,B,M + Ā) where A is an ample R-divisor. This structure is also used in the proof
of the cone theorem for glc g-pairs [HL21, Theorem 1.3].

(2) The proof of the cone theorem and the existence of flips for glc g-pairs heavily rely on
the structure of generalized pairs with “generically trivial nef part”, that is, generalized
pairs (X,B,M)/U such that MX ∼R 0 over an open subset of U [HL21, Theorem 1.1].

We remark that the structures in both (1) and (2) are special cases of g-pairs with b-log abundant
nef part, but these structures are not preserved under the canonical bundle formula.

We summarize different types of log structures on varieties and their behavior under the non-
vanishing conjecture, abundance conjecture, canonical bundle formula, sub-adjunction formula,
and the minimal model program in the following table.

Acknowledgement. The authors would like to thank Guodu Chen, Christopher D. Hacon,
Jingjun Han, Yuchen Liu, Yujie Luo, Fanjun Meng, and Qingyuan Xue for useful discussions.
The first and the third author are partially supported by NSF research grants no: DMS-1801851,
DMS-1952522 and by a grant from the Simons Foundation; Award Number: 256202.

2. Preliminaries

We will freely use the notation and definitions from [KM98, BCHM10].
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Table 1. Different log structures on varieties

klt lc glc(+ample) glc (M|U0 ∼R 0) glc, M b-ab. glc
Non-vanishing? C C T C C F
Abundance? C C C C C F

Preserved under cbf? C∗ C F F T T
Preserved under sub-adj? C∗ C T F T T
Preserved under MMP? T T F T T T

C: Conjecturally true. T: True. F: False. C∗: True, but we lose control of coefficients. Only
conjecturally true if we want to control the coefficients.

2.1. Divisors and b-divisors.

Definition-Lemma 2.1 ([Nak04, III.§1], [BCHM10, Definition-Lemma 3.3.1], [BH14, Lemma
4.1(1)],[Hu20, Section 2.2]). We have the following:

(1) Let X be a normal projective variety, C a prime divisor over X, and D and R-Cartier
R-divisor on X such that |D|R ̸= ∅. We define

oC(D) := inf{multC B′ | B′ ∈ |B|Q}.

(2) Let X be a smooth projective variety, D a pseudo-effective R-divisor on X, and A an
ample Q-divisor on X. For any prime divisor C on X, we define

σC(D) := lim
ϵ→0+

oC(D + ϵA).

Then σC(D) is well-defined and independent of the choice of A. Moreover, there are only
finitely many prime divisors C such that σC(D) > 0. We define Nσ(D) :=

∑
C σC(D)C.

(3) Let X be a normal projective variety, D a pseudo-effective R-Cartier R-divisor on X,
and f : Y → X a resolution of X. We define Nσ(D) := f∗Nσ(f∗D). Then Nσ(D) is
independent of the choice of f .

Definition 2.2 (b-divisors). Let X be a normal quasi-projective variety. We call Y a birational
model over X if there exists a projective birational morphism Y → X.

Let X !!" X ′ be a birational map. For any valuation ν over X, we define νX′ to be the center
of ν on X ′. A b-divisor D over X is a formal sum D =

∑
ν rνν where ν are valuations over X

and rν ∈ R, such that νX is not a divisor except for finitely many ν. If in addition, rν ∈ Q for
every ν, then D is called a Q-b-divisor over X. The trace of D on X ′ is the R-divisor

DX′ :=
∑

νi,X′ is a divisor

riνi,X′ .

If DX′ is R-Cartier and DY is the pullback of DX′ on Y for any birational model Y of X ′, we
say that D descends to X ′ and write D = DX′ . We let 0 be the b-divisor 0̄.

Let X → U be a projective morphism and assume that D is a b-divisor over X such that D
descends to some birational model Y over X. If DY is nef/U (resp. semi-ample/U), then we
say that D is nef /U (resp. semi-ample/U). If DY is a Cartier divisor, then we say that D is
b-Cartier. If D can be written as an R≥0-linear combination of nef/U b-Cartier b-divisors, then
we say that D is NQC/U .

2.2. Generalized pairs. We will follow the original definitions in [BZ16] but will adopt the
same notation as in [HL21]. Notice that there are some small differences with the definitions in
[HL21]: in this paper, all generalized (sub)-pairs are assumed to be NQC.

Definition 2.3 (Generalized pairs). A generalized sub-pair (g-sub-pair for short) (X,B,M)/U
consists of a normal quasi-projective variety X associated with a projective morphism X → U ,
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an R-divisor B on X, and an NQC/U b-divisor M over X, such that KX+B+MX is R-Cartier.
If B is a Q-divisor and M is a Q-b-divisor, then we say that (X,B,M)/U is a Q-g-sub-pair.

IfM = 0, a g-sub-pair (X,B,M)/U is called a sub-pair and is denoted by (X,B) or (X,B)/U .
If U = {pt}, we usually drop U and say that (X,B,M) is a projective. If U is not important,

we may also drop U . This usually happens when we emphasize the structures of (X,B,M) that
are independent of the choice of U , such as the singularities of (X,B,M).

A g-sub-pair (resp. Q-g-sub-pair) (X,B,M)/U is called a g-pair (resp. Q-g-pair) if B ≥ 0.
A sub-pair (X,B) is called a pair if B ≥ 0.

Definition 2.4 (Singularities of generalized pairs). Let (X,B,M)/U be a g-(sub-)pair. For any
prime divisor E and R-divisor D on X, we define multE D to be the multiplicity of E along D.
Let h : W → X be any log resolution of (X,SuppB) such that M descends to W , and let

KW +BW +MW := h∗(KX +B +MX).

The log discrepancy of a prime divisor D on W with respect to (X,B,M) is 1−multD BW and
it is denoted by a(D,X,B,M).

We say that (X,B,M) is (sub-)glc (resp. (sub-)gklt) if a(D,X,B,M) ≥ 0 (resp. > 0) for
every log resolution h : W → X as above and every prime divisor D on W . We say that
(X,B,M) is gdlt if (X,B,M) is glc, and there exists a closed subset V ⊂ X, such that

(1) X\V is smooth and BX\V is simple normal crossing, and
(2) for any prime divisor E over X such that a(E,X,B,M) = 0, centerX E ̸⊂ V and

centerX E\V is an lc center of (X\V,B|X\V ).

If M = 0 and (X,B,M) is (sub-)glc (resp, (sub-)gklt, gdlt), we say that (X,B) is (sub-)lc (resp.
(sub-)klt, dlt).

Suppose that (X,B,M) is sub-glc. A glc place of (X,B,M) is a prime divisor E over X such
that a(E,X,B,M) = 0. A glc center of (X,B,M) is the center of a glc place of (X,B,M) on
X. The non-gklt locus Ngklt(X,B,M) of (X,B,M) is the union of all glc centers of (X,B,M).

Definition-Lemma 2.5 (cf. [HL18, Proposition 3.9]). Let (X,B,M)/U be a glc g-pair. Then
there exists a birational morphism f : Y → X and a glc g-pair (Y,BY ,M)/U , such that

(1) (Y,BY ,M) is Q-factorial gdlt,
(2) KY +BY +MY = f∗(KX +B +MX), and
(3) any f -exceptional divisor is a component of ⌊BY ⌋.

For any birational morphism f and (Y,BY ,M) which satisfies (1-3), f will be called a gdlt
modification of (X,B,M).

Definition-Lemma 2.6. Let (X,B,M)/U be a glc g-pair and S ⊂ ⌊B⌋ a prime divisor with
normalization S̃. Then there is a naturally defined g-pair structure (S,BS ,MS)/U such that

KS +BS +MS
S = (KX +B +MX)|S

(cf. [BZ16, Definition 4.7]). We say that (S,BS ,MS)/U is the glc g-pair induced by the
adjunction. If (X,B,M) is glc, then (S,BS ,MS) is glc [BZ16, Definition 4.7, Remark 4.8], and
if (X,B,M) is gdlt, then (S,BS ,MS) is gdlt [HL18, Lemma 2.6].

Definition 2.7. Let (X,B,M)/U and (X ′, B′,M)/U be two g-sub-pairs and f : X !!" X ′

a birational map. We say that f : (X,B,M) !!" (X ′, B′,M) is B-birational if there exists a
common resolution p : W → X and q : W → Y such that p∗(KX + B + MX) = q∗(KX′ +
B′ + MX′) and q = f ◦ p. In addition, if f does not extract any divisor, then we say that
f : (X,B,M) !!" (X ′, B′,M) is a B-birational contraction.

2.3. Canonical bundle formula.

Definition 2.8 (Canonical bundle formula). Let (X,B,M)/U be a g-sub-pair and f :
(X,B,M) → Z a projective surjective morphism/U . A canonical bundle formula of f :
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(X,B,M) → Z is a formula of the form

KX +B +MX ∼R f∗(KZ +BZ +MZ
Z),

such that (Z,BZ ,MZ)/U is a g-sub-pair. We say that (Z,BZ ,MZ)/U is a g-sub-pair induced
by a canonical bundle formula of f : (X,B,M) → Z.

Definition 2.9 (Discrepancy b-divisor, cf. [FS20, Example 2.6]). Let (X,B,M)/U be a g-sub-
pair. We define b-divisors A(X,B,M) and A∗(X,B,M) in the following way: for any birational
morphism f : Y → X, we define

A(X,B,M)Y := KY +MY − f∗(KX +B +MX), and A∗(X,B,M)Y := A(X,B,M)>−1
Y .

Definition 2.10 (Glc-trivial fibration, cf. [FS20, Definition 2.19]). Let (X,B,M)/U be a g-
sub-pair and f : X → Z a contraction/U . If

(1) (X,B,M) is sub-glc over the generic point of Z,
(2) rank f∗OX(⌈A∗(X,B,M)⌉) = 1, and
(3) KX +B +MX ∼R,Z 0,

then we say that f : (X,B,M) → Z is a glc-trivial fibration/U . Moreover, if M = 0, then we
say that f : (X,B) → Z is an lc-trivial fibration/U .

If we additionally have

(1’) (X,B,M) is sub-gklt over the generic point of Z,

then we say that f : (X,B,M) → Z is a gklt-trivial fibration/U . Moreover, if M = 0, then we
say that f : (X,B) → Z is a klt-trivial fibration/U .

Definition 2.11 (Glc-trivial morphism). Let (X,B,M)/U be a sub-glc g-sub-pair and f : X →

Z a projective surjective morphism between normal quasi-projective varieties. Let X
τ
−→ Z̃

γ
−→ Z

be the Stein factorization of f . We say that f : (X,B,M) → Z is a glc-trivial morphism/U if
KX +B +MX ∼R,Z 0 and τ : (X,B,M) → Z̃ is a glc-trivial fibration/U .

Definition 2.12. Let f : X → Z a projective surjective morphism between normal quasi-
projective varieties, (X,B,M)/U a g-sub-pair that is sub-glc over the generic point of Z, such
that KX+B+MX ∼R,Z 0. Let D be a prime divisor over Z, and let hZ : Z ′ → Z be a birational
morphism such that D is on Z ′. We let X ′ be the normalization of the main component of
X ×Z Z ′, f ′ : X ′ → Z ′ and h : X ′ → X the induced morphisms, and KX′ + B′ + MX′ :=
h∗(KX +B +MX). We define

tD(X,B,M; f) := sup{(X ′, B′ + tf ′∗D,M) is sub-glc over the generic point of D}.

Note that f∗D is well-defined over the generic point of D even if D is not Q-Cartier. It is clear
that tD(X,B,M; f) is independent of the choice of hZ .

2.4. Canonical bundle formulas.

Definition-Lemma 2.13. Let f : (X,B,M) → Z be a glc-trivial fibration. A (Kodaira type)
canonical bundle formula for f : (X,B,M) → Z is a canonical bundle formula

KX +B +MX ∼R f∗(KZ +BZ +MZ
Z)

such that for any prime divisor D over Z and any birational morphism hZ : Z ′ → Z such that D
is on Z ′, we have multD BZ′ = 1−tD(X,B,M; f) whereKZ′+BZ′+MZ

Z′ := h∗Z(KZ+BZ+MZ
Z).

If (Z,BZ ,MZ)/U is a g-sub-pair, then we call it a g-sub-pair induced by (a canonical bundle
formula of) f : (X,B,M) → Z. Moreover, by our construction, if (X,B,M) is sub-glc (resp.
sub-gklt, glc, gklt), then (Z,BZ ,MZ) is sub-glc (resp. sub-gklt, glc, gklt). Note that we cannot
find any reference answering whether (Z,BZ ,MZ)/U is a g-sub-pair in general. Nevertheless,
by [Fil19, Chapter 6, Theorem 7] and [FS20, Theorem 2.20], if f : (X,B,M) → Z a glc-trivial
fibration/U such that (X,B,M) is a Q-g-sub-pair and

(1) either B ≥ 0 over the generic point of Z, or
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(2) M is semi-ample/Z,

then MZ is always nef/U , and in these cases, (Z,BZ ,MZ)/U will be guaranteed as a g-sub-pair.
We will show later that the Q-coefficient assumption can be removed (Theorem 2.23).

Definition-Lemma 2.14. Let (X,B,M)/U be a sub-glc g-sub-pair and f : (X,B,M) → Z
a finite morphism/U such that KX + B +MX ∼R,Z 0. Let Zo be the smooth locus of Z and
Xo := f−1(Zo). By Hurwitz formula, we have

KXo = (f |Xo)∗KZo +Ro,

where Ro is the ramification divisor of f |Xo. We let R be the closure of Ro in Xo. We define

BZ :=
1

deg f
f∗(R+B).

Now consider any proper birational morphism hZ : Z ′ → Z. We let X ′ be the normalization of
the main component of Z ′ ×Z X, and f ′ : X ′ → Z ′ the induced morphism. We define

MZ
Z′ :=

1

deg f
f ′
∗MX ,

and let MZ be the corresponding b-divisor. By [HL19, Theorem 4.5], (Z,BZ ,MZ)/U is a sub-glc
g-sub-pair, and we will call

KX +B +MX ∼R f∗(KZ +BZ +MZ
Z).

the (Fujino-Gongyo type) canonical bundle formula of f : (X,B,M) → Z. We will call
(Z,BZ ,M)/U a g-sub-pair induced by (a canonical bundle formula of) f : (X,B,M) → Z.

Definition-Lemma 2.15. Let (X,B,M)/U be a sub-glc g-sub-pair and f : (X,B,M) → Z

a glc-trivial morphism/U . Let X
τ
−→ Z̃

γ
−→ Z be the Stein factorization of f . Assume that we

have a g-sub-pair (Z̃, BZ̃ ,M
Z̃)/U induced by τ : (X,B,M) → Z̃, and we let (Z,BZ ,MZ)/U be

the g-sub-pair induced by γ : (Z̃, BZ̃ ,M
Z̃) → Z. We say that (Z,BZ ,MZ)/U is a g-sub-pair

induced by (a canonical bundle formula of) f : (X,B,M) → Z.

Moreover, f : (X,B,M) → Z is called good if γ∗MZ = MZ̃ , and f : (X,B,M) → Z is
called a gdlt-trivial morphism/U if (Z,BZ ,MZ) and (X,B,M) are both gdlt. We remark that
if M = 0, then a gdlt-trivial morphism/U is called a good dlt model in [Hu20].

2.5. Numerical properties.

Definition 2.16. Let π : X → U be a projective morphism from a normal variety to a variety
and D an R-divisor on X. We define κ(X/U,D),κι(X/U,D),κσ(X/U,D) to be the Iitaka
dimension, invariant Iitaka dimension, and numerical Iitaka dimension of D over U respectively.
For formal definitions and their basic properties, we refer the reader to [Nak04, Chapters II,V],
[Cho08, Section 2], and [HH20, Section 2].

Definition 2.17. Let X → U be a projective morphism between normal varieties, D an R-
divisor on X, D a b-divisor over X, and Y a birational model of X such that D descends to Y .
We say that D is abundant/U if κι(X/U,D) = κσ(X/U,D), and we say that D is b-abundant/U
if DY is abundant/U .

Definition 2.18. Let (X,B,M)/U be a sub-glc g-sub-pair, D an R-divisor on X, D a b-divisor
over X, Y a birational model of X with induced birational morphism f : Y → X such that D
descends to Y , and (Y,BY ,M)/U the sub-glc g-sub-pair defined by KY +BY +MY := f∗(KX +
B+MX). We say that D is log abundant/U with respect to (X,B,M) if D is log abundant/U ,
and for any glc center W of (X,B,M) with normalization W ν, D|W ν is abundant/U . We say
that D is b-log abundant/U with respect to (X,B,M) if DY is log abundant/U with respect to
(Y,BY ,M).
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Lemma 2.19. Let X → U be a projective morphism from a normal variety to a variety, {Di}
+∞
i=1

a sequence of R-divisors on X, and D an R-divisor on X, such that

(1) D ≥ Di for each i,
(2) limi→+∞ ||D −Di|| = 0, and
(3) each Di is abundant/U .

Then D is abundant/U . Moreover, if each Di is nef/U , then D is nef/U .

Proof. Possibly passing to a subsequence, we may assume that D2 ≥ D1 and Supp(D2 −D1) =
Supp(D −D1). Thus D2 ≥ λD1 + (1− λ)D for some λ ∈ (0, 1). Since D2 is nef and abundant,
κι(X/U,D2) = κσ(X/U,D2) ≥ 0. Since D ≥ D2, κι(X/U,D2) ≥ 0, and κσ(X/U,D2) ≥ 0. Then

κι(X/U,D) ≥ κι(X/U,D2) = κσ(X/U,D2) ≥ κσ(X/U,D).

So D is abundant/U . The moreover part is obvious. #

Lemma 2.20 ([Hu20, Lemma 2.8]). Let π : X → U be a projective morphism from a normal
variety to a variety, and D a nef/U R-divisor on X. Then the following conditions are equivalent:

(1) D is abundant/U .
(2) There exists a birational model h : X ′ → X and a surjective morphism/U g : X ′ → Y

such that g∗H ∼R h∗D, where H is a nef and big/U R-divisor on Y .
(3) Given a sufficiently general fiber F of π, oΓ(D|F ) = 0 for every prime divisor Γ over F .

2.6. On real coefficients.

Lemma 2.21. Let M be an abundant R-divisor on X and V the minimal rational affine subspace
of WeilR(X) which contains M . Then there is a rational polytope P ⊂ V containing M such
that any M ′ ∈ P is abundant.

Proof. Write M =
∑n

i=1 aiMi+
∑n

i=1 bidiv(φi) =
∑l

i=1 ciEi, whereMi, Ei are Q-divisors, Ei ≥ 0
and ci > 0. Then we have a linear map

Φ : Rm × Rn × Rl → WeilQ(X)⊗Q R

sending (x,y, z) to
∑n

i=1 xiMi +
∑n

i=1 yidiv(φi)−
∑l

i=1 ziEi. We note that Φ is defined over Q.
Then the statement follows easily by considering the Q-affine space Φ−1(0) and the following
fact:

l∑

i=1

diEi is abundant iff
l∑

i=1

eiEi is abundant where ei, di > 0.

#

Lemma 2.22. Let (X,B) be a sub-lc sub-pair and V the minimal rational affine subspace of
WeilR(X) such that B ∈ V . Let D ≥ 0 be a Q-Cartier Q-divisor on X and

t := sup{s ∈ R|(X,B + sD) is sub-lc}.

Then there exists a rational polytope P ⊂ V containing B, such that for any B′ ∈ P ,

(1) (X,B′) is sub-lc,
(2) if a(E,X,B + tD) = 0, then a(E,X,B′ + t′D) = 0 , where

t′ := sup{s ∈ R|(X,B′ + sD) is sub-lc}.

Proof. The minimality of V implies that KX +B′ is Q-Cartier for any B′ ∈ V . Possibly passing
to a log resolution of (X,SuppB ∪ SuppD), we may assume that (X,SuppB ∪ SuppD) is log
smooth. Let E1, . . . , En be the components of D for some positive integer n. For each i, we

have an affine function ti : V → Q given by ti(B′) :=
1−multEi

B′

multEi
D . Notice that if (X,B′) is

sub-lc, a(Ei,X,B′ + t′D) = 0 is equivalent to say that ti(B′) ≥ tj(B′) for all 1 ≤ j ≤ n. Thus
{B′ ∈ V | B′ satisfies (1) and (2)} is a rational polyhedron and we are done. #
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Theorem 2.23 (Kodaira-type formula for R-coefficients). Let (X,B,M)/U be a g-sub-pair and
f : (X,B,M) → Z a glc-trivial fibration/U , such that

• either B ≥ 0 over the generic point of Z, or
• M is semi-ample/Z (in particular, this includes the case when M = 0).

Then there exists a g-sub-pair (Z,BZ ,MZ) on Z such that a(D,Z,BZ ,MZ) = 1−tD(X,B,M; f)
for any prime divisor D over Z and KX +B +MX ∼R f∗(KZ +BZ +MZ

Z).

Proof. We only need to show that MZ is NQC/U . Possibly by replacing B with B − f∗H for
some ample divisor on Z we can assume (X,B,M) is sub-glc. By [HL19, Lemma 4.1], we may
find a positive integer k, real numbers a1, . . . , ak and Q-g-sub-pairs (X,Bi,Mi)/U ,such that∑k

i=1 ai = 1,
∑k

i=1 aiBi = B,
∑k

i=1 aiMi = M, KX +Bi+Mi,X ∼Q,Z 0, and either each Bi ≥ 0
over the generic point of Z or Mi is semi-ample/Z. By [Fil19, Chapter 6, Theorem 7] and [FS20,
Theorem 2.20], for every 1 ≤ i ≤ c+ 1, there exists a Q-g-sub-pair (Z,BZ,i,MZ,i)/U such that

KX +Bi +Mi,X ∼Q f∗(KZ +BZ,i +M
Z,i
Z ),

and a(D,Z,BZ,i,MZ
i ) = 1− tD(X,Bi,Mi; f) for any prime divisor D over Z. We only need to

choose suitable (X,Bi,Mi) such that
∑k

i=1 aitD(X,Bi,Mi; f) = tD(X,B,M; f) for any prime
divisor D over Z. By applying the weak-semistable reduction [AK00] (see [Hu20, Theorem B.6]
for details), we only need to consider finitely many prime divisors D over Z. The theorem follows
from Lemma 2.22, [Hu20, Lemma 3.3], and [HL19, Lemma 4.1] after replacing (X,Bi,Mi) and
ai for each i so that ||Bi − B|| is sufficiently small and Bi is contained in the minimal affine
subspace of WeilQ(X) which contains B. #

3. Canonical bundle formula: the klt case

In this section, we prove Theorem 1.4 when (X,B,M) is klt. More precisely, we have the
following theorem:

Theorem 3.1. Let (X,B,M)/U be a Q-g-sub-pair such that M is b-abundant/U , and f :
(X,B,M) → Z a gklt-trivial fibration/U . Let

KX +B +MX ∼Q f∗(KZ +BZ +MZ
Z)

be a canonical bundle formula. Then MZ is b-abundant/U .

Lemma 3.2. Let (X,B,M)/U be a Q-g-sub-pair such that M = MX , and f : (X,B,M) → Z
a gklt-trivial fibration/U , such that M is semi-ample/U . Let

KX +B +MX ∼Q f∗(KZ +BZ +MZ
Z)

be a canonical bundle formula. Then MZ is b-abundant/U .

Proof. Possibly replacing Z and X with higher models, we may assume that MZ descends to
Z. By [Fil19, Chapter 6, Theorem 7], MZ is nef/U , hence MZ

Z is nef/U .
Fix a prime divisor Γ over a sufficiently general fiber F of Z → U . In the following, we will

show that oΓ(MZ
Z |F ) = 0, and the theorem will follow from Lemma 2.20.

Take a resolution hZ : Z ′ → Z and a prime divisor D on Z ′, such that Γ is on a sufficiently
general fiber F ′ of the induced morphism Z ′ → U . Possibly replacing Z with Z ′ and replacing
X accordingly, we may assume that Γ is on F . Let FX be the fiber of X → U which dominates
F . By the definition of relative Iitaka dimensions and numerical dimensions, possibly replacing
X with FX , Z with F , and U with {pt}, we may assume that X and Z are projective, U is a
point, and Γ is on Z.

Since MX is semi-ample, we may pick a positive integer n such that nMX is base-point-free.
In particular, we may pick H ∈ |2nMX | such that f∗H does not contain the generic point of Γ
and (X,B + 1

2H) is sub-klt over the generic point of Z.

Claim 3.3. f : (X,B + 1
2H) → Z is a klt-trivial fibration/U .
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Proof. Since (X,B +H) is sub-klt, rank f∗OX(⌈A∗(X,B +H)⌉) > 0. Since

a(D,X,B +H) ≤ a(D,X,B) = a(D,X,B,M)

for any prime divisor D over X,

rank f∗OX(⌈A∗(X,B +H)⌉) ≤ rank f∗OX(⌈A∗(X,B,M)⌉) = 1,

hence rank f∗OX(⌈A∗(X,B +H)⌉) = 1 and f is a klt-trival fibration/U . #

Proof of Lemma 3.2 continued. By Claim 3.3 and [Amb05, Theorem 3.3], we have a canonical
bundle formula

KX +B +
1

2
H ∼Q f∗(KZ +BH

Z +M
Z,H
Z )

of f : (X,B + 1
2H) → Z which induces a gklt g-pair (Z,BH

Z ,MZ,H)/U , such that MZ,H is
b-abundant. Since f∗H does not contain the generic point of Γ,

lct(X,B +
1

2
H; f∗Γ) = lct(X,B; f∗Γ) = glct(X,B,M; f∗Γ)

over the generic point of Γ, hence multΓ BZ = multΓBH
Z .

Let hZ : Z ′ → Z be a birational morphism such that MZ,H descends to Z ′. Let KZ′ +BH
Z′ +

M
Z,H
Z′ := h∗Z(KZ +BH

Z +M
Z,H
Z ), KZ′ +BZ′ +MZ

Z′ := h∗Z(KZ +BZ +MZ
Z), and Γ′ := (h−1

Z )∗Γ.

By our construction, BH
Z′ ≥ BZ′. Since M

Z,H
Z′ is abundant,

oΓ′(MZ
Z′) = oΓ′(MZ,H

Z′ +BH
Z′ −BZ′) ≤ oΓ′(MZ,H

Z′ ) = 0,

hence oΓ(MZ
Z) = 0. This concludes the proof. #

Proof of Theorem 3.1. Since M is b-abundant, by Lemma 2.20, possibly replacing (X,B,M)
with a high resolution, we may assume that (X,SuppB) is log smooth, M = MX , and there
exist a surjective morphism/U g : X → Y and a big and nef/U Q-divisor H on Y , such that
g∗H = MX . Thus there exists a Q-divisor E ≥ 0, such that for any n ≫ 0, there exists an
ample/U Q-divisor An on Y such that H = An + 1

nE. We let F := g∗E and let Nn := g∗An.
Since (X,B,M) is sub-gklt, (X,B + 1

nF,Nn) is sub-gklt for any n ≫ 0. Moreover, since

M = MX , for any prime divisor D over X and any positive integer n,

a(E,X,B,M) = a(E,X,B) ≥ a(E,X,B +
1

n
F ) = a(E,X,B +

1

n
F,Nn).

Thus

1 = rank f∗OX(⌈A∗(X,B,M)⌉) ≥ rank f∗OX(⌈A∗(X,B +
1

n
F,Nn)⌉) > 0

for any n ≫ 0. Therefore, rank f∗OX(⌈A∗(X,B+ 1
nF,Nn)⌉) = 1, hence f : (X,B+ 1

nF,Nn) → Z
is a gklt-trivial fibration/U for any n ≫ 0. We let

KX + (B +
1

n
F ) +Nn,X ∼Q f∗(KZ +BZ,n +M

Z,n
Z )

be a canonical bundle formula for f : (X,B + 1
nF,Nn) → Z. Since Nn descends to X for each

n and since Supp(B + 1
nF ) is a fixed divisor for n ≫ 0, possibly replacing X,Z with higher

resolutions, we may assume that MZ,n descends to Z for any n ≫ 0 and MZ descends to Z.
By the construction of the canonical bundle formulas, we have BZ,n ≥ BZ for any n and

limn→+∞ ||BZ,n−BZ || = 0. Since BZ,n+M
Z,n
Z ∼Q BZ +MZ

Z for any n, possibly replacing MZ,n

with MZ
Z +BZ −BZ,n, we may assume that MZ

Z ≥ M
Z,n
Z and limn→+∞ ||MZ

Z −M
Z,n
Z || = 0. By

Lemma 3.2, MZ,n is b-abundant/U for any n ≫ 0, hence M
Z,n
Z is abundant/U for any n ≫ 0.

By Lemma 2.19, MZ
Z is abundant/U , hence MZ is b-abundant/U . #
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4. Canonical bundle formula: the general case

In this section, we prove Theorems 1.4 and 1.5. The proof of Theorem 1.4 is similar to [Hu20,
Subsection 3.4] (see also [FL19, Proposition 4.4]) whose ideas were originated in [FG14]. For
the reader’s convenience, we give a full proof here.

First, we set up the following condition, which will be applied several times in this section.

Condition 4.1. (X,B,M)/U, (Z,BZ ,MZ)/U , f : X → Z, and ∆ and ∆Z are given as follows:

(1) (X,B,M)/U and (Z,BZ ,MZ)/U are sub-glc Q-g-sub-pairs.
(2) ∆,∆Z are reduced divisors, (Z,∆Z) is log smooth, SuppB ⊂ ∆, and SuppBZ ⊂ ∆Z .
(3) M descends to X and MZ descends to Z.
(4) f : (X,∆) → (Z,∆Z) is a toroidal from a quasi-smooth toroidal variety to a smooth

variety, and f−1(Z\∆Z) is smooth.
(5) f : (X,B,M) → Z is a glc-trivial fibration/U .
(6)

KX +B +MX ∼Q f∗(KZ +BZ +MZ
Z)

is a canonical bundle formula.
(7) All fibers of f are reduced, and f is flat. In particular, f is equi-dimensional.

The statement and proof of the following lemma is similar to [Hu20, Lemma 3.33].

Lemma 4.2. Suppose that (X,B,M)/U, (Z,BZ ,MZ)/U , f : X → Z, and ∆ and ∆Z satisfy
Condition 4.1. Let D be a prime divisor on Z such that D ̸⊂ ∆Z.

(1) If (Z,D+∆Z) is log smooth, then tD(X,B,M; f) = 1 (see Definition-Lemma 2.13) and
(X,B + f∗D,M) is sub-glc.

(2) Let S ⊂ B=1 be a prime divisor that is horizontal/Z, and let (S,BS ,MS)/U be the g-pair
induced by the adjunction KS +BS := (KX +B)|S and MS := MX |S, and f |S : S → Z
the induced morphism. Then tD(S,BS ,MS ; f |S) = 1.

(3) Let S ⊂ B=1 be a prime divisor that is vertical/Z such that T := f(S) ⊂ Z is a
prime divisor. Let (S,BS ,MS)/U be the g-pair induced by the adjunction KS + BS :=
(KX + B)|S and MS := MX |S, and f |S : S → T the induced morphism. Let DT be a
prime divisor on T such that DT ̸⊂ (∆Z − T )|T . Then tDT

(S,BS ,MS ; f |S) = 1.

Proof. (1) Let t := tD(X,B,M; f), then by our assumption, t > 0. Thus there exists a glc
center S of (X,B + tf∗D,M) supported on f∗D which is not a glc center of (X,B,M).
Therefore, there exists a glc center T of (Z,BZ + tD,MZ) such that T ⊂ D. Notice that
(Z,D +∆Z) is log smooth and MZ descends on Z, we must have t = 1 since D ̸⊂ BZ

and thus (X,B + f∗D,M) is sub-glc.
(2) Possibly shrinking Z to a neighborhood of the generic point of D and shrinking X

accordingly, we may assume that ∆Z = 0. (2) follows from (1) and a direct adjunction
computation.

(3) Possibly shrinking Z and X, we may assume that DT is smooth and ∆Z = T . By
[Hu20, Lemma 3.32], there exists a prime divisor D ⊂ Z such that DT ⊂ D and
(Z,D+∆Z) is log smooth. By (1), (X,B+ f∗D,M) is sub-glc, hence tD(X,B,M; f) =
tDT

(S,BS ,MS ; f |S) = 1.
#

The statement and the proof of the following lemma is similar to [Hu20, Lemma 3.35]. It is
also similar to [FL19, Proposition 4.4] and [FG14, Proof of Theorem 1.1].

Lemma 4.3. Suppose that (X,B,M)/U, (Z,BZ ,MZ)/U , f : X → Z, ∆ and ∆Z satisfy
Condition 4.1. Let S ⊂ B=1 be a prime divisor and F a general fiber of f , such that

(1) T := f(S) is either Z or a prime divisor on Z and
(2) −B<0|F = Nσ((KX +B>0 +MX)|F ).
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Let (S,BS ,MS)/U be the sub-glc g-sub-pair induced by the adjunction KS +BS := (KX +B)|S
and MS := MX |S, and f |S : S → T the induced morphism. Then there exists a canonical bundle
formula

KS +BS +MS
S ∼Q (f |S)

∗(KT +BT +MT
T )

such that MT
T = MZ

Z |T . Note that we do not guarantee (T,BT ,MT )/U is a g-sub-pair at this
point.

Proof. For any prime divisor D on Z, we define tD := tD(X,B,M; f). For any prime divisor D
onX, we defineDv andDh to be the vertical/Z part and the horizontal/Z part of D respectively.

Let
Θ := B +

∑

D is a component of ∆Z

tDf
∗D.

By our construction, ∆ ≥ Θ>0, and (X,Θ>0,M) is log smooth and gdlt. Let Λ be the set of
all prime divisors E over X, such that f(E) ⊂ ∆Z and multE Θ < 1. Then we may pick a real
number 0 < ϵ≪ 1 such that (X,Ξ,M) := (X,Θ>0 + ϵ

∑
E∈ΛE,M) is glc. Now we may write

KX + Ξ+MX ∼Q,Z D := Dh +Dv

where Dh := −Bh,<0 ≥ 0 is horizontal/Z and Dv := −Θv,<0 + ϵ
∑

E∈ΛE is vertical/Z. By our
construction, Dv is very exceptional/Z. By assumption (2),

Dh|F = −Bh,<0|F = −B<0|F = Nσ((KX +B>0 +MX)|F ).

By [Hu20, Lemma 2.19], we may run a (KX +Ξ+MX)-MMP/Z which terminates with a good
minimal model (X ′,Ξ′,M)/Z of (X,Ξ,M)/Z, such that the induced birational map φ : X !!" X ′

contracts exactly SuppD.
For any prime divisor D′ on X ′, we define D′v and D′h to be the vertical part/Z and the

horizontal/Z part of D′ respectively. Let B′ be the strict transform of B on X ′ and f ′ : X ′ → Z
the induced contraction, then

Ξ′ = B′ +
∑

D is a component of ∆Z

tDf
′∗D.

Since f satisfies Condition 4.1, we have

Ξ′v = (B′ +
∑

D is a component of ∆Z

tDf
′∗D)v =

∑

D is a component of ∆Z

f ′∗D = f ′∗∆Z .

Since multS B = 1, S ̸⊂ SuppD, hence S is not contracted by φ. We may let S′ be the strict
transform of S on X ′ and S̃′ the normalization of S′.

Let fS̃′ := f ′|S̃′ : S̃′ → T be the induce morphism and KS̃′+ΞS̃′+MS
S̃′

:= (KX′+Ξ′+MX′)|S̃′

the adjunction formulas. We let ∆T := ∆Z if T = Z, and ∆T := (∆Z − T )|T if T is a prime
divisor on Z. Then we have

(4.1) ΞS̃′ ≥ (B′ +
∑

D is a component of ∆Z

tDf
′∗D − S′)|S̃′ ≥

∑

DT is a component of ∆T

f∗
S̃′
DT = f∗

S̃′
∆T .

For any prime divisor DT on T , we define t′DT
:= tDT

(S,BS ,MS ; f |S). By Condition 4.1(7), f |S
has equi-dimensional and reduced fibers. By Lemma 4.2, the discriminant part SuppB′

T ⊂ ∆T ,
hence

B′
T =

∑

DT is a component of ∆T

(1− t′DT
)DT .

Let BT := BZ if T = Z and BT := (BZ − T )|T if T is a prime divisor on Z. For any component
DT of ∆T , we may associate a component D := r(DT ) of ∆Z to ∆T , such that D|T = DT , and
we have multDT

BT = multD BZ = 1− tD. In particular, we have

BT =
∑

DT is a component of ∆T

(1− tr(DT ))DT .
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Since
(X,B +

∑

D is a component of ∆Z

tDf
∗D,M)

is sub-glc,

(S,BS +
∑

DT is a component of ∆T

tr(DT )(f |S)
∗DT ,M

S)

is sub-glc. Thus tr(DT ) ≤ t′DT
, which implies that BT ≥ B′

T . On the other hand, let

KS̃′ +BS̃′ +MS
S̃′

:= (KX′ +B′ +MX′)|S̃′ ,

then
ΞS̃′ = BS̃′ +

∑

DT is a component of ∆T

tr(DT )f
∗
S̃′
DT .

By 4.1, we have

BS̃′ ≥
∑

DT is a component of ∆T

(1− tr(DT ))f
∗
S̃′
DT ,

hence
t′DT

= tDT
(S̃′, BS̃′ ,MS ; fS̃′) ≤ tr(DT )

for any component DT of ∆T . Thus B′
T ≥ BT , hence BT = B′

T , and the lemma follows. #

The following lemma is similar to [Hu20, Proposition 3.30]:

Lemma 4.4. Let (X,B,M)/U be a glc Q-g-pair and f : (X,B,M) → Z a good glc-trivial
morphism/U . Then there exists a birational morphism hZ : Z ′ → Z and a Q-factorial glc Q-g-
pair (X ′, B′,M) associated with a B-birational contraction h : (X ′, B′,M) !!" (X,B,M), such
that the induced map f ′ : (X ′, B′,M) !!" Z ′ is a good gdlt-trivial morphism/U . Moreover, if f
is a contraction, then f ′ is a contraction.

Proof. Let (Z,BZ ,MZ) be the Q-g-pair induced by f : (X,B,M) → Z, hZ : Z ′ → Z be a gdlt
modification of (Z,BZ ,MZ), and KZ′ +BZ′ +MZ

Z′ := h∗Z(KZ +BZ +MZ
Z).

Let p : W → X be a log resolution of (X,SuppB) such that M descends to W and the
induced map fW : W !!" Z ′ is a morphism. Let BW := p−1

∗ B + SuppExc(p), then (W,BW ) is
log smooth and (W,BW ,M) is Q-factorial gdlt.

Let X
τ
−→ Z̃

γ
−→ Z and W

τ ′
−→ Z̃ ′ γ′

−→ Z ′ be Stein factorizations. Since hZ is a birational
morphism, the induced map hZ̃ : Z̃ ′ → Z̃ is a birational morphism. We let (Z̃, BZ̃ ,M

Z̃)/U

and (Z̃ ′, BZ̃′ ,MZ̃)/U be the sub-glc pairs such that KZ̃ + BZ̃ + MZ̃
Z̃

:= γ∗(KZ + BZ + MZ
Z)

and KZ̃′ + BZ̃′ + MZ̃
Z̃′

:= γ′∗(KZ′ + BZ′ + MZ
Z′) where γ∗MZ = MZ̃ and γ′∗MZ′

= MZ̃′

. In

particular we have MZ̃ = MZ̃′

since MZ = MZ′

. Notice that (Z̃, BZ̃ ,M
Z̃)/U is exactly the glc

pair induced by the canonical bundle formula of τ since f is good. Therefore (Z̃ ′, BZ̃′ ,MZ̃)/U is
also the sub-glc pair induced by the canonical formula of τ ′, hence f ′ is good. Possibly replacing
W with a higher model, for any prime divisor D on Z̃ ′ that is exceptional/Z̃ , we have that

• a(D, Z̃,BZ̃ ,M
Z̃) = 0, and

• D is dominated by a component S ⊂ ⌊BW ⌋ such that a(S,X,B,M) = 0

(cf. [HL21, Version 2, Theorem 5.1]). Let E := (KW + BW +MW ) − p∗(KX + B +MX) and
let Eh and Ev be the horizontal/Z̃ ′ part and the vertical /Z̃ ′ part of E respectively. Let F be
a general fiber of τ ′. Since Eh is exceptional/X, Eh = Nσ((KW +BW +MW )|F ).

Claim 4.5. Ev is very exceptional/Z̃ ′.

Proof. Since Ev is exceptional/X, Ev is very exceptional/Z̃ . Let Ev =
∑

i aiEi, then for any
irreducible closed subset T ⊂ f(SuppEv), we define ET :=

∑
f(Ei)=T aiEi. There are three

cases:



ON GENERALIZED LC PAIRS WITH b-LOG ABUNDANT NEF PART 15

(1) T is a codimension ≥ 2 subset of Z̃. In this case, ET is very exceptional/Z̃ .
(2) T and hZ̃(T ) are divisors. In this case, since ET is very exceptional/Z̃ , ET is also very

exceptional/Z̃ ′.
(3) T is a hZ̃ -exceptional divisor. In this case, T is dominated by a component S ⊂ ⌊BW ⌋

such that a(S,X,B,M) = 0. Since S ̸⊂ SuppEv , ET is very exceptional/Z̃ ′.

Thus Ev =
∑

T ET is very exceptional/Z̃ ′ by definition. #

Proof of Lemma 4.4 continued. By [Hu20, Lemma 2.19], we may run a (KW + BW + MW )-
MMP/Z̃ ′ which terminates with a good minimal model (X ′, B′,M)/Z̃ ′ such that the induced
birational map W !!" X ′ contracts exactly E. Therefore, the induced birational map
h : (X ′, B′,M) !!" (X,B,M) is a B-birational contraction, and the induced morphism
f ′ : (X ′, B′,M) → Z ′ is a gdlt-trivial morphism/U .

If f is a contraction, then Z = Z̃ and Z ′ = Z̃ ′, hence f ′ is a contraction. #

The statement and the proof of the following theorem is similar to [Hu20, Theorem 3.38].

Theorem 4.6. Let (X,B,M)/U be a gdlt Q-g-pair, f : (X,B,M) → Z a good gdlt-trivial
morphism/U , S a component of ⌊B⌋, and T = Z or a component of ⌊BZ⌋, such that f(S) = T .

Let (S,BS ,MS)/U be the gdlt Q-g-pair induced by the adjunction KS + BS + MS
S :=

(KX + B + MX)|S , (T,BT ,MT )/U the glc Q-g-pair induced by the glc-trivial morphism/U
f |S : (S,BS ,MS) → T , and (T,B′

T ,N
T )/U the gdlt Q-g-pair induced by the adjunction

KT +B′
T +NT

T := (KZ +BZ +MZ
Z)|T . Then:

(1) f |S : (S,BS ,MS) → T is good, and
(2) B′

T = BT , hence we may choose MT and MZ such that NT = MT . In particular,
f |S : (S,BS ,MS) → T is a gdlt-trivial morphism/U .

Proof. Step 1. In this step we reduce to the case when f is a contraction. Let X
τ
−→ Z̃

γ
−→ Z be

the Stein factorization of f and let S
τS−→ T̃

γS−→ T be the induced factorization, where T̃ is the
normalization of the image of S on Z̃. Since γS is finite and f |S : (S,BS ,MS) → T is a glc-trivial

morphism/U , τS : (S,BS ,MS) → T̃ is a glc-trivial morphism/U . Let (T̃ , BT̃ ,M
T̃ )/U be the glc

g-pair induced by τS : (S,BS ,MS) → T̃ , then MT = 1
deg γS

(γS)∗MT̃ . Let (Z̃, BZ̃ ,M
Z̃)/U be

the g-pair induced by a canonical bundle formula

KX +B +MX ∼Q τ
∗(KZ̃ +BZ̃ +MZ̃

Z̃
)

such that KZ̃ + BZ̃ + MZ̃
Z̃

= γ∗(KZ + BZ + MZ
Z), then MZ̃ = γ∗SM

Z since f is good. Let

(T̃ , B′
T̃
,NT̃ )/U be the glc g-pair induced by the adjunction KT̃ +B′

T̃
+NT̃

T̃
:= (KZ̃+BZ̃+MZ̃

Z̃
)|T̃ .

Notice that NT̃ = MZ̃ |T̃ = γ∗SM
Z |T = γ∗SN

T . Then by [Hu20, Lemma 3.22], we only need

to show that τS : (S,BS ,MS) → T̃ is good and NT̃ = MT̃ . By Lemma 4.4, there exists a

gdlt modification Z̄ → Z̃ of (Z̃, BZ̃ ,M
Z̃) and a gdlt-trivial morphism/U f̄ : (X̄, B̄,M) → Z̄

such that the induced birational map h : (X̄, B̄,M) !!" (X,B,M) is B-birational and f̄ is a
contraction. Possibly replacing f : (X,B,M) → Z with f̄ : (X̄, B̄,M) → Z̄, we may assume
that f is a contraction, and f : (X,B,M) → Z is a glc-trivial fibration/U .

Step 2. In this step we reduce to the case when f |S is a contraction. Let S
τT−→ T ′ γT−→ T

be the Stein factorization of f |S. Either T = Z, then we choose Z ′ to be T ′. Or T is a
prime divisor in Z, then by [Hu20, Theorem A.1], there exists a finite morphism γZ : Z ′ → Z
together with a prime divisor T̂ on Z ′ such that the induced morphism ν : T ′ → T̂ is the
normalization. Then there exists a an induced finite morphism γ : X ′ → X and an induced
glc-trivial fibration/U f ′ : (X ′, B′,M′) → Z ′. In either case, by [Hu20, Fact (♣)], there exists
a component S′ of S ×T T ′ which is isomorphic to S. Let (S′, BS′ ,MS′

)/U be the g-pair
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induced by KS′ + BS′ + MS′

S′ := (KX′ + B′ + M′
X′)|S′ . Then we have an induced contraction

f ′
S′ := f ′|S′ : S′ → T ′, such that f ′

S′ : (S′, BS′ ,MS′

) → T ′ is a glc-trivial fibration/U . We let

KS′ +BS′ +MS′

S′ ∼Q f ′∗
S′(KT ′ +BT ′ +MT ′

T ′)

and
KX′ +B′ +M′

X′ ∼Q f ′∗(KZ′ +BZ′ +MZ′

Z′)

be canonical bundle formulas, and let

KT ′ +B′
T ′ +NT ′

T ′ := (KZ′ +BZ′ +MZ′

Z′)|T ′

be the adjunction formulas. Since the induced g-pair structure of glc-trivial fibrations are
compatible with generically finite base change [Fil19, Chapter 6, Remark 7] (see also [Fil20,
Remark 4.3]), we can pick canonical bundle formulas such that MZ′

= γ∗ZM
Z and NT =

1
deg γT

(γT )∗NT ′

. By [Hu20, Lemma 3.22], we only need to prove MT ′

= NT ′

which will imply

that f |S : (S,BS ,MS) → T is good. By Lemma 4.4, there exists a gdlt modification Z ′′ → Z ′

of (Z ′, BZ′ ,MZ′

) and a gdlt-trivial fibration/U f ′′ : (X ′′, B′′,M′) → Z ′′ such that the induced
birational map (X ′′, B′′,M′) !!" (X ′, B′,M′) is a B-birational contraction. Possibly replacing
f : (X,B,M) → Z with f ′′ : (X ′′, B′′,M′) → Z ′′, and replacing S, T with the strict transforms
of S′ and T ′ on X ′′ and Z ′′ respectively, we may assume that f |S is a contraction.

Step 3. We finish the proof in this step. By [Hu20, Thereoms B.6, B.7], there exist birational
morphisms π : X1 → X and φ : Z1 → Z such that the induced map f1 : X1 → Z1 is a flat
morphism, a Galois finite morphism ψ : Z2 → Z1 with induced morphisms µ : X2 → X1 and
f2 : X2 → Z2 where X2 is the main component of X1 ×Z1

Z2, and two reduced divisors ∆ on
X2 and ∆Z on Z2, such that (X2, B2,M2)/U, (Z2, BZ2

,M2,Z)/U , f2 : X2 → Z2, and ∆ and ∆Z

satisfy Condition 4.1, where KX2
+B2 +M2

X2
:= (π ◦ µ)∗(KX +B +MX).

Let S2 be the strict transform of S on X2, T2 the strict transform of T on Z2, and F a
general fiber of f2. Since the induced g-sub-pair structure of glc-trivial fibrations are compatible
with generically finite base change [Fil19, Chapter 6, Remark 7] (see also [Fil20, Remark 4.3]),
the theorem follows by applying Lemma 4.3 to (X2, B2,M2)/U, (Z2, BZ2

,M2,Z)/U, f2,∆,∆Z ,
S2 and F . #

Theorem 4.7. Let (X,B,M)/U be a glc Q-g-pair, f : (X,B,M) → Z a good glc-trivial
morphism/U , and (Z,BZ ,MZ)/U a glc Q-g-pair induced by f : (X,B,M) → Z. Assume
that M is b-log abundant/U with respect to (X,B,M). Then MZ is b-log abundant/U with
respect to (Z,BZ ,MZ).

Proof. By Lemma 4.4, we may assume that f : (X,B,M) → Z is a gdlt-trivial morphism/U .
Since any component of ⌊BZ⌋ is dominated by a component of ⌊B⌋ (cf. [HL21, Version 2,
Theorem 5.1]), by Theorem 4.6 and induction on dimensions, we only need to prove that MZ

is b-abundant/U . By Theorem 4.6 again, we may assume that (X,B,M) does not have any glc
center that is horizontal/Z. The theorem follows from Lemma 3.2. #

Lemma 4.8. Theorem 1.4 holds when f is a contraction.

Proof. The Q-coefficient follows from Theorem 4.7 as any contraction is good. Thanks to Lemma
2.21 and Theorem 2.23, the R-coefficient case follows from theQ-coefficient case and the standard
theory of Shokurov-type rational polytopes (cf. [HL18, Proposition 3.16]) and uniform rational
polytopes (cf. [HLS19, Lemma 5.3], [Che20, Therem 1.4]). See also [HL19, Lemma 4.1]. #

Proof of Theorem 1.4. By Lemma 4.8 and taking the Stein factorization of f , we can assume
that f is a finite morphism. After birational base change we can also assume that M descends
to X, MZ descends to Z and Z is smooth. Notice that MZ = 1

deg f f∗M is already nef and

abundant by [Hu20, Lemma 2.12], so we only need to prove that MZ
Z |T is abundant for any

g-sub-lc center T of (Z,BZ ,MZ)/U . Possibly by replacing Z with higher models we can assume
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T is a prime divisor on Z. Let S1, . . . , Sn be the components of f∗T , ri the ramification index
of f along Si, di be the degree of the finite morphism f |Si

: Si → T , and ai := multSi
Bi. Since

(X,B,M)/U is a sub-glc g-sub-pair, ai ≤ 1 for each i.
By the Hurwitz formula, We have KX = f∗KZ +

∑
i(ri − 1)Si over a neighborhood of the

generic point of T . By Definition-Lemma 2.15, over a neighborhood of the generic point of T ,
we have

T = BZ =
1

deg f
f∗(

∑

i

(ri + ai − 1)Si) =
∑

i

(ri + ai − 1)diT.

Since
∑

i ridi = deg f , ai = 1 for each i.
Therefore, each Si is a glc center of (X,B,M). Since MX is b-abundant/U , MX |Si

is b-
abundant over U . By the projection formula, MZ

Z |T =
∑

i
1
di
fSi,∗MX |Si

. By [Hu20, Lemmas

2.12] and Lemma 2.20(3), MZ
Z |T is abundant/U , which concludes the proof. #

Proof of Theorem 1.5. The proof is similar to the proof of [HL19, Theorem 5.1]. Let V be
a glc center of (X,B,M) with normalization W . Let f : Y → X be a gdlt modification
of (X,B,M) such that there exists a prime divisor S ⊂ BY ⌋ such that f(S) = V , where
KY + BY + MY := f∗(KX + B + MX). Let WY be a glc center of (Y,BY ,M) which is
minimal with respect to inclusion under the condition f(WY ) = V . Since (Y,BY ,M) is gdlt, by
repeatedly applying adjunction, we get a gdlt g-pair (WY , BWY

,MWY )/U such that

KWY
+BWY

+MWY

WY
:= (KY +BY +MY )WY

.

SinceM is b-log abundant/U with respect to (X,B,M), MWY is b-log abundant/U with respect
to (WY , BWY

,MWY ). By construction, there exists a naturally induced projective surjective

morphism fW : WY → W such that KWY
+BWY

+MWY

WY
∼R,W 0. By Theorem 1.4, there exists

a glc g-pair (W,BW ,MW )/U induced by fW : (WY , BWY
,MWY ) → W , such that MW is b-log

abundant/U with respect to (W,BW ,MW ). (W,BW ,MW )/U is the glc g-pair we desire. #

5. Non-vanishing and abundance

In this section, we prove Theorem 1.6 and Corollary 1.7.

Proof of Theorem 1.6. It is clear that Theorem 1.6 holds when d = 1. If d ≥ 2, by induction, we
may further assume that Theorem 1.6 holds in dimension ≤ d− 1. Possibly replacing (X,B,M)
with a gdlt modification, we may assume that (X,B,M) is Q-factorial gdlt. In particular, if
we are in case (2), then we only need to prove that KX + B +MX is abundant/U and the log
abundance/U will follow from induction on dimension by applying adjunction to glc centers.

We may assume that KX+B+MX is pseudo-effective/U , otherwise there is nothing to prove.
If KX +B − ϵ0⌊B⌋+MX is pseudo-effective/U for some positive real number ϵ0, then since

M is b-abundant/U , we may pick 0 < ϵ ≪ ϵ0 and pick 0 ≤ ∆ ∼R,U B − ϵ⌊B⌋+MX such that
(X,∆) is klt. By the non-vanishing conjecture for klt pairs in dimension d, KX +∆ ∼R,U D ≥ 0
for some R-divisor D. Thus KX + B + MX ∼R,U D + ϵ⌊B⌋ ≥ 0. Moreover, if we are in case
(2), then KX +B − ϵ⌊B⌋+MX is abundant/U , and KX +B +MX is abundant/U by Lemma
2.19. Therefore, we may assume that KX + B − ϵ⌊B⌋ +MX is not pseudo-effective/U for any
positive real number ϵ.

For any real number 0 < ϵ≪ 1, since (X,B−ϵ⌊B⌋,M) is gklt, by [BZ16, Lemma 4.4], we may
run a (KX+B−ϵ⌊B⌋+MX )-MMP/U which terminates with a Mori fiber space/U : fϵ : Xϵ → Zϵ.
Let Bϵ be the birational transform of B on Xϵ for each 0 < ϵ≪ 1. SinceKX+B+MX is pseudo-
effective/U , KXϵ +Bϵ +MXϵ is pseudo-effective/U for any 0 < ϵ ≪ 1. Since ρ(Xϵ/Zϵ) = 1, for
any 0 < ϵ ≪ 1, there exists δϵ ∈ [0, ϵ) such that KXϵ + Bϵ − δϵ⌊Bϵ⌋+MXϵ ∼R,Zϵ 0. By [BZ16,
Theorem 1.5], for any 0 < ϵ≪ 1, (Xϵ, Bϵ,M) is glc, hence (Xϵ, Bϵ−δϵ⌊Bϵ⌋,M) is glc. By [BZ16,
Theorem 1.6], for any 0 < ϵ≪ 1, δϵ = 0 and KXϵ +Bϵ +MXϵ ∼R,Zϵ 0. In the following, we will
fix 0 < ϵ≪ 1 and denote X ′ := Xϵ, Z ′ := Zϵ, and Bϵ := B′.



18 JUNPENG JIAO, JIHAO LIU, AND LINGYAO XIE

Let p : X̄ → X and q : X̄ → X ′ be a common resolution such that M descends to X̄, p is a
log resolution of (X,SuppB), and q is a log resolution of (X ′,SuppB′). Then we may write

KX̄ + B̄ +MX̄ = p∗(KX +B +MX) + E

for some p-exceptional R-divisor E ≥ 0 and gdlt g-pair (X̄, B̄,M)/U such that B̄ ∧ E = 0, and
write

KX̄ + B̄ +MX̄ = q∗(KX′ +B′ +MX′) + F −G

for some q-exceptional R-divisors F ≥ 0, G ≥ 0 such that F ∧ G = 0. By [HL18, Proposition
3.8], we may run a (KX̄ + B̄ + MX̄)-MMP/X ′ which terminates with a log minimal model
(X̄ ′, B̄′,M)/X ′ of (X̄, B̄,M), such that

KX̄′ + B̄′ +MX̄′ +GX̄′ = q′∗(KX′ +B′ +MX′) ∼R,Z′ 0,

where GX̄′ is the strict transform of G on X̄ ′ and q′ : X̄ ′ → X ′ is the induced morphism.
Since KX + B + MX is pseudo-effective/U , KX̄′ + B̄′ + MX̄′ is pseudo-effective/U by our

construction. Since ρ(X ′/Z ′) = 1, X ′ is Q-factorial klt, and KX′ + B′ +MX′ ∼R,Z′ 0, we may
find 0 ≤ ∆ ∼R,Z′ B′ +MX′ such that (X,∆) is klt. By [Has20, Proposition 3.2], there exists a
(KX̄′ + B̄′ +MX̄′)-negative birational contraction/Z ′: X̄ ′ !!" X ′′ such that KX′′ +B′′ +MX′′

is semi-ample/Z ′, where B′′ is the strict transform of B̄′ on X ′′. In particular, M is b-log
abundant/U with respect to (X ′′, B′′,M). We let f : X ′′ → Z be the contraction/Z ′ defined by
KX′′ + B′′ + MX′′ . Since KX′ + B′ + MX′ ∼R,Z′ 0, the restriction of KX′′ + B′′ + MX′′ to a
general fiber of X ′′ → Z ′ is R-linearly equivalent to 0. Thus Z is birational to Z ′.

Since KX′′ +B′′ +MX′′ ∼R,Z 0 and M is b-log abundant/U with respect to (X ′′, B′′,M), by
Theorem 1.4, we have a canonical bundle formula

KX′′ +B′′ +MX′′ ∼R f∗(KZ +BZ +MZ
Z)

for some glc g-pair (Z,BZ ,MZ)/U such that MZ is b-log abundant/U with respect to
(Z,BZ ,MZ)/U . Since dimZ ≤ d−1, by Theorem 1.6 in dimension ≤ d−1, |KZ+BZ+MZ

Z/U | ≠
∅, and if we are in case (2), then KZ+BZ+MZ

Z is abundant/U . Thus |KX′′+B′′+MX′′/U | ≠ ∅,
and if we are in case (2), then KX′′ +B′′ +MX′′ is abundant/U . Theorem 1.6 follows from our
construction of (X ′′, B′′,M)/U . #

Proof of Corollary 1.7. It immediately follows from Theorem 1.6 and the abundance theorem
for klt pairs in dimension ≤ 3 (cf. [KMM94]) #

6. Example

The following example shows that, given a canonical bundle formula KX + B + MX ∼Q

f∗(KZ + BZ +MZ
Z) with (X,B,M) glc but not gklt, it is possible that MZ is not b-abundant

even if M = MX is b-abundant.

Example 6.1 (=Example 1.8). Let E be a smooth elliptic curve, L an ample divisor on E,
V := OE ⊕ OE(L), X := PE(V ), and f : X → E the induced contraction. Let v be the class
of a fiber of f and let h be the class of sheaf OX(1) in Pic(X). Then there are two sections
E1, E2 on X, such that [E1] = h − f∗(L) is the negative section and [E2] = h is the positive
section. Notice that c2(V ) = 0 and c1(V ) = c1(L), we have h2 = f∗c1(L) · h = degE(L). Since
L is ample, E2 is nef and big as E2 = h2 > 0. Since ωX/E = f∗(detV ) ⊗ OX(−2), we have
KX + E1 + E2 ∼ 0, hence KX + E1 + E2 ∼ f∗KE .

Let P be a non-torsion numerically trivial divisor on E. Then (X,B := E1,M := E2 + f∗P )
is a projective glc g-pair and KX+B+MX ∼Q f∗(KE+P ). In particular, KX+B+MX ∼Q,E 0.
Since (X,E1) is log smooth over E, (E,BE := 0,ME := P ) is a projective g-pair induced by a
canonical bundle formula. Since E2 is big and nef, E2 + f∗P is big and nef, hence abundant.
Thus M is b-abundant. However, P is not abundant, hence ME is not b-abundant. Moreover,
it is clear that KX +B+MX is pseudo-effective but not effective. In particular, KX +B+MX

is not abundant.
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[LP20a] V. Laźıc and T. Peternell, On generalised abundance, I, Publ. Res. Inst. Math. Sci. 56 (2020), no. 2,

353–389.
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