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Abstract— The discovery of CRISPR-mediated gene activa-
tion (CRISPRa) has transformed the way in which we perform
genetic screening, bioproduction and therapeutics through its
ability to scale and multiplex. However, the emergence of loads
on the key molecular resources constituting CRISPRa by the
orthogonal short RNA that guide such resources to gene targets,
couple theoretically independent CRISPRa modules. This cou-
pling negates the ability of CRISPRa systems to concurrently
regulate multiple genes independent of one another. In this
paper, we propose to reduce this coupling by mitigating the
loads on the molecular resources that constitute CRISPRa. In
particular, we design a multi-variable controller that makes the
concentration of these molecular resources robust to variations
in the level of the short RNA loads. This work serves as a
foundation to design and implement CRISPRa controllers for
practical applications.

I. INTRODUCTION

Resource competition is a ubiquitous problem in many
engineered and natural systems. It occurs when multiple
species/entities compete with each other for a shared re-
source, which is limited in supply. The competition for such
shared resources gives rise to loads on the resource itself
and thereby to coupling among the entities that compete for
the resource. Resource competition has led to major conse-
quences such as the extinction of species [1], geo-political
conflicts between countries [2], and human aggression lead-
ing to wars [3]. Competition in biomolecular networks takes
many forms, from competition for cellular resources by gene
expression processes [4], [5], to competition of different
transcription factors or proteins for the same binding targets
[6]. In the case of synthetic genetic modules, in particular,
these effects may cause performance degradation and loss of
modularity.

CRISPR-mediated gene regulation (CRISPRi/a) is one
synthetic biology tool that has been shown to be affected
by resource competition. CRISPRi/a theoretically allows
concurrent regulation of multiple genes through catalytically
dead Cas9 (dCas9), which binds to and regulate a target gene
after associating with a suitable guide RNA [7]. Specific
guide RNAs (gRNAs), in turn, are designed specifically for
each target gene thereby keeping the regulation of genes
independent of each other [8], [9]. The toxicity of dCas9,
at high concentration, limits the supply of this molecular
resource and thereby induces competition between different
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gRNA species [10]. As a result, and in contrast to what was
originally hoped for, current CRISPR/dCas9 systems are not
easily scalable nor modular.

During CRISPR-mediated repression (CRISPRi), target
specific gRNAs recruit the limited resource dCas9 to bind
to the promoter site of their respective target gene to prevent
the binding of RNA polymerase and hence transcription.
Recent studies on CRISPRi have investigated the effects of
resource competition [11], [12], and introduced the design of
controllers to mitigate these effects [13]. Unlike CRISPRi,
CRISPR-mediated gene activation (CRISPRa) requires two
resources for the activation of a target gene, dCas9 and
an RNA binding protein with an activation domain (RBP-
AD) [14]. The effects of competition for both dCas9 and
RBP-AD in CRISPRa networks was characterized in our
earlier modeling study [15]. Specifically, we demonstrated
that competition can lead to degradation of on-target acti-
vation performance and to coupling between theoretically
independent modules. In this paper, we address the problem
of mitigating competition effects in CRISPRa by designing a
biomolecular control architecture that concurrently regulates
the free level of dCas9 and RBP-AD to a constant value,
robustly to the presence of gRNAs that load these resources.

This paper is organized as follows. We review the effects
of competition for two resources in CRISPRa networks in
Section II. We then focus on the design of a controller
for RBP-AD by first assuming no competition for dCas9 in
Section III. In Section IV-A, we provide a brief description of
the dCas9 controller designed in [13]. We then, implement
both the dCas9 and RBP-AD controllers concurrently and
compare the performance of this multi-variable control ar-
chitecture in Section IV-B to the one of Section III, in which
the two resource control problems are artificially decoupled.
In Section V, we conclude the study and provide insights on
possible future advancements and developments in the field.

II. OPEN-LOOP BEHAVIOR OF CRISPRA SYSTEMS

Here, we review a model that we previously published
in [15]. The activation of a protein through CRISPRa is a
multi-step process involving the guide RNA (si) that recruits
the two protein resources, dCas9 (d) and RBP-AD (r), to
activate the target gene Di for i ∈ {1, n} where n is the
total number of CRISPRa modules. The presence of two
shared resources gives rise to multiple possible pathways for
each binding reaction leading to the activation of the protein.
These different pathways can be condensed as shown in Fig.
1 (a) to form a double diamond structure. The guide RNA
(si), produced at a constant rate ui (input) combines with
either dCas9 or RBP-AD to form the intermediate complexes



A1,i and A2,i, respectively. The intermediate complex A1,i

binds with the target gene, Di (forming ci), and then with
RBP-AD to become the transcriptionally active gene Ci. The
path from A1,i to Ci can also occur by binding with RBP-
AD first (forming the CRISPRa complex, Ai) and then with
the target gene. Moreover, A2,i binds with RBP-AD forming
the same CRISPRa complex, Ai. The transcriptionally active
gene produces the output protein Yi through transcription and
translation. The reactions describing the system are:

d + si
ri

+

−−⇀↽−−
ri

−
A1,i r + si

pi
+

−−−⇀↽−−−
pi

−
A2,i (1)

A1,i +Di
ti

+

−−⇀↽−−
ti

−
ci A1,i + r

qi
+

−−−⇀↽−−−
qi

−
Ai

A2,i + d
si

+

−−⇀↽−−
si

−
Ai ci + r

hi
+

−−−⇀↽−−−
hi

−
Ci

Ai +Di
gi

+

−−⇀↽−−−
gi

−
Ci Ci

κ−−→ Yi +Ci. (2)

Letting rt, dt and Dit denote the total concentrations
of RBP-AD, dCas9 and the target gene, respectively, their
conservation in the system can be written as:

DNA:Dit = Di + Ci + ci (3)
dCas9:dt = d+ΣiCi +ΣiAi +Σici +ΣiA1,i (4)

RBP-AD:rt = r +ΣiCi +ΣiAi +ΣiA2,i. (5)

The corresponding reaction rate equations (RREs) can be
obtained using mass action kinetics as [16]:

Ẏi = κCi − γYi

Ċi = g+i AiDi + h+
i cir − (h−

i + g−i + δ)Ci

ċi = t+i A1,iDi + h−
i Ci − (t−i + h+

i r + δ)ci

Ȧi = q+i A1,ir + s+i A2,id+ g−i Ci

− (q−i + s−i + g+i Di + δ)Ai

Ȧ1,i = r+i sid+ q−i Ai + t−i ci − (r−i + q+i r + t+i Di + δ)A1,i

Ȧ2,i = p+i rsi + s−i Ai − (p−i + s+i d+ δ)A2,i

ṡi = ui + r−i A1,i + p−i A2,i − (r+i d+ p+i r + δ)si. (6)

for i ∈ {1, n}, where, δ and γ are the corresponding decay
rate constants of scRNAs and proteins.

Figure 1 (b) displays a block diagram with n concurrent
CRISPRa modules, each having an input ui and a corre-
sponding output Yi. Internal to each CRISPRa module, there
is a guide RNA generator (denoted as sG) producing si,
which in turn regulates the expression of the protein Yi (de-
noted by GER). All CRISPRa modules sequester resources
from the shared dCas9 and RBP-AD pool of resources. In
the presence of the competitor CRISPRa module, limited
resources lead to unwanted coupling between the modules.
Specifically, when the input of module1 (u1) increases,
the module uses more resources, decreasing the available
resource pool for the rest of the modules. This gives rise to
an unintended load (shown in red) on the resource-generating
unit and, in turn, causes a coupling between otherwise
independent modules.

Fig. 1. CRISPRa network description. (a) Schematic of the double-diamond
reaction diagram displaying all the chemical reactions involved for CRISPR-
mediated gene activation. (b) Block diagram representation of n parallel
CRISPRa modules concurrently utilizing the shared dCas9 and RBP-AD
resources along with the loads on the resources due to competition. The
concentration levels of (c) output protein Y1 (showing on-target effects), (d)
output protein Y2 (showing off-target effects), (e) free RBP-AD resource r
and (f) free dCas9 resource d as the input u1 is varied with (u2 = 500
nM/hr) and without (u2 = 0 nM/hr) competition.

For n = 2, Fig. 1 (c) and (d) show the numerical solutions
for the steady-state levels of the output proteins Y1 and Y2 as
the input u1 varies in a concurrent pair of CRISPRa module.
In Fig. 1 (c), we observe a biphasic response in the on-
target regulation of the CRISPRa module. The amount of the
output protein increases showing the intended activation for
low input values, whereas, the amount of the output protein
decreases for high input values showing an unintended
repression in the system. Such a biphasic response is due
to the double diamond structure of the network (Fig. 1 a).
The sequestration of the shared resources by the intermediate
complexes in the top half of the diamond structure (A1,i,
A2,i and ci), causes a decrease in the concentration levels
of Ai, Ci and therefore Yi. Such a behavior is referred to
as self-sequestration or squelching [17], [18]. Figure 1 (d)
shows the decrease in the levels of Y2 as the competitor
input u1 is increased for a fixed value of u2. Figure 1 (e)
and (f) captures the load on the shared resources, RBP-AD
and dCas9, respectively. In the absence of competitors, we
observe a monotonic decrease in the resources from their
total amounts (rt and dt), showing the rapid sequestration of
resources. For high values of u2, both resources are almost
completely depleted and remain near zero.



III. CONTROLLER DESIGN FOR RBP-AD

Having identified the effects of resource competition in
the physics-based model in Section II, we move on to create
a controller to mitigate the effects of competition. Prior
research on competition for dCas9 in CRISPRi networks
designed and experimentally implemented a feedback con-
troller of free dCas9 concentration with the objective of keep-
ing free dCas9 level constant irrespective of the load. The
result is that any two CRISPRi modules become decoupled
from each other despite resource competition [13]. Our first
step here, therefore, is to design a controller for RBP-AD
such that the free level of RBP-AD does not significantly
change when the inputs to the CRISPRa modules are varied.
To this end, we consider two different strategies: buffering
and feedback control. Specifically, in Sections III-A and III-
B, we assume that the concentration of free dCas9 is constant
and thereby assume that an ideal dCas9 controller can keep
such levels constant independent of the RBP controller.
In Section IV-B, we consider the concurrent operation of
the dCas9 controller and RBP-AD controller, including the
coupling between these two, and evaluate the performance
compared to the idealized case considered in this section.

A. Buffering based controller

The first approach takes advantage of the fact that the
resource binding sites for dCas9 and RBP-AD on the guide
RNA are disjoint and hence, the binding process of one
resource to the scRNA is not affected by the binding process
of the other resource to the same scRNA. We design an
additional scRNA (denoted as sb), that binds to RBP-AD
alone (Fig. 2a). The rationale for adding this load through
sb is to create a controllable reservoir of molecules that
can be released based on the demand for the resource [19].
To determine the efficacy of the approach, we compare the
open-loop system described in Section II with free RBP-AD
resource denoted as r to the CRISPRa system with the RBP-
AD buffering controller (controlled system), with the RBP-
AD denoted as rb. The controlled system is still described
by the reactions (1)-(2) in Section II, but with r replaced
with rb, and the additional reactions described below:

rb + s0
p+

−−⇀↽−−
p−

Rb. (7)

The RREs are all the ODEs listed in Eq. (6) with r replaced
with rb as:

Ẏi = κCi − γYi (8)

Ċi = g+i AiDi + h+
i cirb − (h−

i + g−i + δ)Ci (9)

ċi = t+i A1,iDi + h−
i Ci − (t−i + h+

i rb + δ)ci

Ȧi = q+i A1,irb + s+i A2,id+ g−i Ci

− (q−i + s−i + g+i Di + δ)Ai

˙A1,i = r+i sid+ q−i Ai + t−i ci

− (r−i + q+i rb + t+i Di + δ)A1,i

˙A2,i = p+i rbsi + s−i Ai − (p−i + s+i d+ δ)A2,i

ṡi = ui + r−i A1,i + p−i A2,i − (r+i d+ p+i rb + δ)si (10)

Ṙb = p+rbsb − (p− + δ)Rb (11)
ṡb = ub + p−Rb − (p+rb + δ)sb, (12)

for i ∈ {1, n}. The conservation laws for dCas9 and DNA
remain unchanged, while, the conservation law for RBP-AD
modifies to:

RBP-AD: rtotal = rb +Σi(Ci +Ai +A2,i) +Rb. (13)

where we define:

rtotal = rt +
rtub

δ(Kp + rt)
, (14)

with Kx = x−+δ
x+ with x ∈ {p, q, r, s, t, g, h} and are the

same across CRISPR modules (i.e. x−
i = x−

j and x+
i = x+

j

for all i ̸= j). Now we show that with rtotal as in (14)
keeps the free RBP-AD amounts at steady-state, with (r̄b)
and without (r̄) the controller the same. This is required to
make a legitimate comparison between the open-loop and
the controlled system. Since now on, the steady state value
of any concentration level x is denoted here on as x̄.

Claim 1: For the CRISPRa system with the buffering
controller governed by (3) - (4) and (8) - (14), we have:

r̄b = r̄ when ui = 0 ∀i.
Proof. To compare the open-loop and the closed-loop
system, we examine the conservation laws for RBP-AD,
(5) and (13). In the absence of any guide RNAs, ui =
0, for alli ∈ {1, n}, the conservation law for the open-loop
system, (5), becomes:

r̄ = rt, (15)

whereas, the conservation law for the closed-loop system,
(13), becomes:

r̄b + R̄b = rtotal. (16)

The steady-state levels of Rb is calculated from (11) as:

R̄b =
r̄bs̄b
Kp

.

The steady state levels of total sb, s̄b + R̄b calculated from
(11) and (12) is

R̄b + s̄b = s̄b

[
1 +

r̄b
Kp

]
=

ub

δ

=⇒ R̄b =
r̄bub

δ(Kp + r̄b)
(17)

Substituting (17) in (16):

r̄b +
r̄bub

δ(Kp + r̄b)
= rtotal = rt +

rtub

δ(Kp + rt)
. (18)

As the left-hand side, is a strict-monotonic function, there
exist a unique solution for the equation, i.e. r̄b = r̄t.

Next, we prove that the controller ensures that with high
values of ub ≫ Σiui, which is the production rate of the
controller guide RNA (sb see (12)), corresponding to a high-
gain feedback control law, the controller is able to reduce the



competition effects with respect to those in the open loop
system. To this end, we determine how r̄b varies with Σiui

as shown in the next theorem.
Theorem 1: For the CRISPRa system with the buffering

controller governed by (3) - (4) and (8) - (14), under the
assumption of independent binding of RBP-AD (i.e. Kp =
Kq = Kh), we have:

r̄b ≥
rt

exp
(

Σn
i=1ui

ub

) ,
and the sensitivity of free RBP-AD, rb to total inputs in the
system ut = Σn

i=1ui is given by:

1

r̄b

∣∣∣∣dr̄bdut

∣∣∣∣ = α

1 + βut +
ub

δ(Kp+r̄b)

where,

α =
p+

δ(δ + p− + p+r̄b)
, β =

p+(δ + p−)

(δ(δ + p− + p+r̄b))2
.

Proof. To obtain the lower bound on r̄b, we define:

ai = si +A1,i + ci and bi = A2,1 +Ai + Ci (19)

Using the new variables, ai and bi, and assuming indepen-
dent binding of RBP-AD, (9) - (10) is condensed:

ȧi = ui − p+rbai + p−bi − δai

ḃi = p+rbai − p−bi − δbi. (20)

At steady state:

āi =
ui + p−b̄i
p+r̄b + δ

and b̄i =
p+r̄bui

δ(δ + p− + p+r̄b)

=⇒ Σn
i=1b̄i =

p+r̄but

δ(δ + p− + p+r̄b)

Substituting in (13) at steady-state:

r̄b +Σn
i=1b̄i + R̄b = rtotal

=⇒ rb +
p+r̄but

δ(δ + p− + p+r̄b)

+
r̄bub

δ(Kp + r̄b)
− rtotal := f1(r̄b, ut, ub) = 0

Using the implicit function theorem on f1(r̄b, ut, ub), we get:

dr̄b
dut

= − αr̄b
β + ub

δ(Kp+r̄b)

≥ − αr̄b
ub

δ(Kp+r̄b)

,

=⇒ 1

r̄b

∣∣∣∣dr̄bdut

∣∣∣∣ = α

β + ub

δ(Kp+r̄b)

(21)

The sensitivity tends to zero, as ub tends to infinity, showing
that the variation of r̄b to the inputs to CRISPRa modules is
negligible. Let us define rmin as the solution for:

drmin

dut
= − αr̄b

ub

δ(Kp+r̄b)

= − p+rmin(Kp + rmin)

ub(δ + p− + p+rmin)

Hence, we have that:

dr̄b
dut

≥ drmin

dut
, (22)

then rmin is the minimum amount of r̄b for all ui, r̄b ≥
rmin. The above inequality can be proved by contradiction,
assuming there exists a ui for which r̄b < rmin satisfies
(22). r̄b < rmin implies the trajectories of r̄b and rmin with
ui would cross at a point. Computing the derivative dr̄b

dut
at

the point of the crossing would not satisfy (22), which is a
contradiction.

Integrating the above ODE for rmin with the limits of 0
to ut and rt to rmin, we get:

rt
rmin

= exp

(
ut

ub

)
=⇒ rmin =

rt

exp
(

ut

ub

)
Under the limit of ub → ∞:

lim
ub→∞

rmin = lim
ub→∞

rt

exp
(

ut

ub

) = rt.

This theorem states that as we increase the feedback “gain”
ub, the free RBP level approaches rt, thereby attenuating the
effect of the loads ui on the free RBP concentration.

Fig. 2. Buffering controller attenuates loads for ui ≪ ub in the absence of
dcas9 competition. (a) Genetic circuit diagram for the CRISPRa module with
the buffering controller, where the guide RNA sb, sequesters the RBP-AD
resource by forming the complex Rb. The levels of dCas9 is kept constant
and there are n CRISPRa units functioning in parallel. The concentration
levels of (b) free RBP-AD resource r (c) output protein Y1 (showing on-
target effects), (d) output protein Y2 (showing off-target effects), as the
input u1 is varied with (ub = 108 nM/hr) and without (ub = 0 nM/hr) the
controller. u2 = 0 nM/hr for (b) and (c), while u2 = 500 nM/hr for (d).
The vertical line in (c) and (d) correspond to ub = 108 nM/hr.

Figure 2 (b) shows the variation of the steady-state levels
of free resource RBP-AD (r̄b) as u1 is varied for the case
of n = 1 assuming d = dt. The concentration levels of
free RBP-AD resource is regulated such that the competition
effects are mitigated for ub ≫ u1. For the on-target activation
in the absence of a competitor (Fig. 2 c), self-sequestration is
also evaded when ub ≫ u1, and commence as u1 approaches
ub. For n = 2, Fig. 2 (d) shows the off-target response for
a constant u2. For ub ≫ u1, the variation in Y2 with u1 is
negligible.



B. Feedback controller

The RBP-AD controller consists of a CRISPRa unit which
activates a CRISPRi module that negatively regulates the
production of RBP-AD (Fig. 3a). In particular, the CRISPRa
unit has guide RNA s0 activating the gene D0 that expresses
the guide RNA sf , which recruits dCas9 to repress the
production of RBP-AD from the RBP-AD gene Dr. In
this manner, a feedback loop is introduced to regulate the
concentration of RBP-AD. The CRISPRa system with the
feedback controller is referred to as the closed-loop system.
We denote the amount of free RBP-AD resource present in
this system as rf , where subscript ‘f ’ stands for feedback
controller. The reactions involved are those listed in (1)-(2)
with r replaced with rf and the following ones.

d + s0
r0

+

−−⇀↽−−−
r0

−
A1,0 rf + s0

p0
+

−−−⇀↽−−−
p0

−
A2,0

A1,0 +D0
t0

+

−−⇀↽−−−
t0

−
c0 A1,0 + rf

q0
+

−−−⇀↽−−−
q0

−
A0

A2,0 + d
s0

+

−−⇀↽−−−
s0

−
A0 c0 + rf

h0
+

−−−⇀↽−−−
h0

−
C0

A0 +D0
g0

+

−−−⇀↽−−−
g0

−
C0 C0

κ−−→ sf +C0.

d + sf
rf

+

−−−⇀↽−−−
rf

−
A1,f A1,f +Dr

tf
+

−−−⇀↽−−−
tf

−
cf

Dr
κr−−→ rf +Dr. (23)

The corresponding RREs for the CRISPRa system with a
feedback controller are:

Ẏj = κCj − γYj (24)

Ċi = g+i AiDi + h+
i cirf − (h−

i + g−i + δ)Ci

ċi = t+i A1,iDi + h−
i Ci − (t−i + h+

i rf + δ)ci

Ȧi = q+i A1,irf + s+i A2,id+ g−i Ci

− (q−i + s−i − g+i Di + δ)Ai

˙A1,i = r+i sid+ q−i Ai + t−i ci

− (r−i + q+i rf + t+i Di + δ)A1,i

˙A2,i = p+i rfsi + s−i Ai − (p−i + s+i d+ δ)A2,i

ṡi = ui + r−i A1,i + p−i A2,i − (r+i d+ p+i rf + δ)si

ṡf = κ0C0 + r−f A1,f − (r+f d+ δ)sf

˙A1,f = r+f sfd+ t−f cf − (r−f + t+f Dr + δ)A1,f

ċf = t+f A1,fDr − (t−f + δ)cf

ṙf = κrDr +Σn
i=0(p

−
i A2,i + q−i Ai + h−

i Ci)

− Σn
i=0(p

+
i si + q+i A1,i + h+

i ci)rf − γrf

for i ∈ {0, 1, 2, ..., n} and j ∈ {1, n}. The conservation laws
for the system are:

DNA: Dit = Di + Ci + ci

RBP-AD gene: Drt = Dr + cf

dCas9: dt = d+Σi(Ci +Ai + ci +A1,i) +A1,f + cf .

We set the production rate of rf as:

κr =

[
rt +

rtu0

δ(Kp + rt)

]
γ(1 + dtY

KrKt
)

Drt
. (25)

where Y = Y(rt) is the function defined as the steady
state concentration of the output from an isolated CRISPRa
module with input u0, free RBP-AD and free dcas9 held
constant at rt and dt, respectively.

Fig. 3. Feedback controller performs better than buffering controller in the
absence of dcas9 competition. (a) Genetic circuit diagram for the CRISPRa
module with the feedback controller, where the guide RNA s0, activates the
production of the repressing guide RNA sf that regulates the production of
RBP-AD. The levels of dCas9 is kept constant and there are n CRISPRa
units functioning in parallel. The concentration levels of (b) free RBP-AD
resource r (c) output protein Y1 (showing on-target effects), (d) output
protein Y2 (showing off-target effects), as the input u1 is varied with (uf =
108 nM/hr) and without (uf = 0 nM/hr) the controller. u2 = 0 nM/hr for
(b) and (c), while u2 = 500 nM/hr for (d). The vertical line in (c) and (d)
correspond to uf = 108 nM/hr.

Now, we show that with κr as in (25) keeps the RBP-
AD concentration of the closed-loop system the same as
that of the open loop system when CRISPRa modules are
absent. This is done to ensure the two nonlinear systems are
compared when operating about the same nominal point.

Claim 2: For the CRISPRa system with the feedback
controller governed by (24) - (25), we have:

r̄f = r̄t when ui = 0 for all i ∈ {1, n}.
Proof. To compare the open-loop and the closed-loop
system, we examine the conservation laws for RBP-AD, (5)
with that of the closed-loop at steady state. In the absence of
any guide RNAs, ui = 0, for alli ∈ {1, n}, the conservation
law for the open-loop system, (5), is r̄ = rt. The conservation
law for the closed-loop system at steady state is:

r̄f +Σn
i=0

[
Ā2,i + Āi + c̄i

]
=

κrD̄r

γ
.

For ui = 0 for i ∈ {1, n}, the conservation law becomes:

r̄f +
r̄fu0

δ(Kp + r̄f )
=

κrD̄r

γ
=

κrD̄rt

γ(1 +A1,f )

=⇒ κr =

[
r̄f +

r̄fu0

δ(Kp + r̄f )

]
γ(1 +

A1,f

Kt
)

Drt



The right-hand side being a strict-monotonic function
implies r̄f = r̄t.

Now, we characterize the performance of this controller
in regulating rf .

Theorem 2: For the CRISPRa system with the feedback
controller governed by (24) - (25), under the assumption of
independent binding of RBP-AD (Kp = Kq = Kh), we
have:

r̄f ≥ rtKp

(rt +Kp)exp
(

ut

u0

)
− rt

and the sensitivity of free RBP-AD, rf to ut is given by:

1

r̄f

∣∣∣∣dr̄fdut

∣∣∣∣ = αf

1 + βfut + βfu0 +∆f

where

αf =
1

δ(Kp + r̄f )
, βf =

Kp

δ(Kp + r̄f )2
,

∆f =
κrDrtd̄

γKr(1 +
Ā1,f

Kt
)2

dY
drt

∣∣∣∣
rf

> 0.

Proof. From the RRE of rf and the conservation law for
Dr:

γr̄f+p+r̄fΣ
n
i=0(si +A1,i + ci)

− p−Σn
i=0(A2,i +Ai + Ci) = κrD̄r

Let ai and bi be defined as shown in (19) and performing a
similar approach as theorem 1,

γr̄f + p+r̄fΣ
n
i=0ai − p−Σn

i=0bi = κrD̄r.

The steady-state equation for bi (similar to (20)) gives
p+r̄fai − p−bi = −δbi. Substituting bi, we obtain:

γr̄f +
r̄fut

Kp + r̄f
= κrDr = κr

DrtKt

Kt + Ā1,f

Ā1,f =
s̄f d̄

Kr
=

d̄

Kr
Y(r̄t)|r̄f . (26)

Applying the implicit function theorem on the (26), we
obtain:

dr̄f
dut

= − αf r̄f

1 + βf (ut + u0) + ∆f
dY
dr̄f

≥ − α

βfu0
. (27)

=⇒ 1

r̄f

∣∣∣∣dr̄fdut

∣∣∣∣ = αf

1 + βf (ut + u0) + ∆f
dY
dr̄f

. (28)

Same as before, the derivative of dr̄f
dut

tends to zero, as uf

tends to infinity, showing that the sensitivity of r̄f to the
inputs to CRISPRa modules is negligible. Let rfmin be
defined as the solution for:

drfmin

dut
= −

r̄f
δ(Kp+r̄f )

Kp

δ(Kp+r̄f )2
u0

= − r̄f (Kp + r̄f )

Kpu0

Using a similar approach as before,
dr̄f
dut

≥ drfmin

dut
,

implies that r̄f ≥ rfmin. Integrating the above ODE for
rfmin with the limits of 0 to ut and rt to rfmin, we get:

rfmin +Kp

rt +Kp
= exp

(
ut

u0

)
,

=⇒ rfmin =
rtKp

(rt +Kp)exp
(

ut

u0

)
− rt

.

Under the limit of u0:

lim
u0→∞

rfmin = lim
u0→∞

rtKp

(rt +Kp)exp
(

ut

u0

)
− rt

= rt.

This theorem states that as we increase the feedback gain
uf , the free RBP concentration approaches a uniform value
independent of the loads ui, just like in the buffering case
(Theorem 1). Figure 3 (b) shows the variation of the steady-
state levels of free resource RBP-AD (r̄f ) as u1 is varied for
the case of n = 1 for d = dt. We observe that the feedback
controller regulates rf and the resources start to deplete at
a larger ui. In Fig. 3 (c), self-sequestration is observed as
ui approaches uf . For the case n = 2, Fig. 3 (d) shows
negligible off-target effects as the output Y2 remains constant
irrespective of u1 for a constant u2 and uf ≫ ui.

Fig. 4. Sensitivity comparison between buffering and feedback controllers
for RBP-AD. (a) Sensitivity of free RBP-AD using the buffering controller
(rb from 21) and feedback controller (rf from 28) as u1 is varied for
uf = ub = 1010 nm/hr. Variation of the terms βfu0 corresponding to the
buffering controller (and the buffering section of the feedback controller)
and ∆f

dC0
du1

corresponding to the feedback loop in the feedback controller
with (b) loads u1 and (c) controller gain u0.

The sensitivity of the feedback controller (28) is decreased
due to the added term ∆f in the denominator when compared
to the buffering controller. This change in sensitivity is
illustrated in Fig. 4. the sensitivity of r̄f to ui in the feedback
controller is lower than The sensitivity of r̄b to ui in the
buffering controller for low values of the inputs, ui (Fig.
4a). As the input ui is increased the sensitivities of both
the controllers coincide. This is further verified in Fig. 4 (b),
where the terms in the sensitivity equation responsible for the
feedback control unit is ∆f and the buffering unit is βfu0.
For small ui, the feedback unit of the controller dominates
the regulation. On the other hand, the buffering unit in the
controller dominates for high ui. Furthermore, analysing the
behavior of the sensitivity term in the feedback controller for
increasing controller gain u0, the feedback term dominates
the regulation dynamics irrespective of u0 (Fig. 4 c).

We conclude that the feedback controller outperforms
the buffering controller when competition for dCas9 is
nonexistent, i.e., dCas9 is maintained constant. So far, we



have established that both the buffering controller and the
feedback controller are effective in making the concentration
levels of RBP-AD robust to loads under constant dCas9
availability. In the next section, we introduce the dCas9
controller published in [13] and combine it with the RBP
controller designed here.

IV. COMBINED dCas9 AND RBP-AD CONTROLLER

A. Brief review of the dCas9 controller

Here, we review the design of a controller to regulate free
dCas9 levels in the face of loads designed in [13]. The design
of the dCas9 controller involves an additional guide RNA,
sd that recruits dCas9 (df , where subscript ‘f ′ stands for
feedback control) and target the promoter for dCas9 (Dd).
In this manner, at high dCas9 levels, sd represses the dCas9
production thereby creating a negative feedback loop. The
reactions involved are:

df + sd
rd

+

−−−⇀↽−−−
rd

−
A1,d A1,d +Dd

td
+

−−−⇀↽−−−
td

−
cd

cd
rd

−

−−→ df + sd +Dd Dd
κd−−→ df +Dd.

and the corresponding RREs are:

ṡd = ud + r−d A1,d + r−d cd − (r+d df + δ)sd
˙A1,d = r+d sddf + t−d cd − (r−d + t+d Dd + δ)A1,d

ċd = t+d A1,dDd − (t−d + r−d + δ)cd

ḋf = κdDd + r−d A1,d − (r+d + γ)df

where:

κd = (dt + Ā1,d +
Ā1,dDdt

(Kt + Ā1,d)
)
γ(Kt + Ā1,d)

DdtKt

with conservation law:

dCas9 gene: Ddt = Dd + cd.

B. Concurrent operation of dCas9 and RBP-AD controllers

In this section, we examine the behavior of the buffering
and feedback controller designed in Section III with the addi-
tional dCas9 controller introduced in Section IV-A. Although
the dCas9 controller attenuates the loads on the resource, it
does not completely remove resource competition from the
system. Therefore, the coupling of the two resources may
affect the performance of each of these controllers. Specif-
ically, as the feedback controller designed in Section III-B
uses dCas9 for both its CRISPRa and CRISPRi modules, the
presence of dCas9 competition is unfavourable. Hence, the
performance of the buffering and the feedback controllers for
RBP-AD with the dCas9 controller requires examination.

The buffering controller, given in Section III-A is by
design independent of the levels of dCas9. Therefore Claim
1 and Theorem 1 apply, even with the addition of the
dCas9 controller. The RBP-AD concentration in Figure 5
(b) compared with the dCas9 controller with Fig. 2 (b)
with constant dcas9 show negligible change. Moreover, the
behavior of output protein Y1 (compare Fig. 2 c and Fig. 5

c) and Y2 (compare Fig. 2 d and Fig. 5 d) also show similar
behavior.

Fig. 5. Efficacy of the buffering controller for RBP-AD with the dCas9
controller designed in [13]. (a) Genetic circuit diagram for the CRISPRa
module with the buffering controller for RBP-AD (from Section III-A) and
feedback controller for dCas9 (from Section IV-A).The concentration levels
of (b) free RBP-AD resource rb (c) output protein Y1 (showing on-target
effects), (d) output protein Y2 (showing off-target effects), as the input u1 is
varied with (ub = 108 nM/hr and ud = 1010 nM/hr) and without (ub = 0
nM/hr and ud = 0 nM/hr) the controller. u2 = 0 nM/hr for (b) and (c),
while u2 = 500 nM/hr for (d). The vertical line in (c) and (d) correspond
to ub = 108 nM/hr.

Contrary to the buffering controller, dCas9 is used in the
design of the feedback controller (Section III-B). Due to the
use of dCas9, the transcription rate κd for dCas9 controller
is modified to:

κd = (dt + Ā1,d +
Ā1,dDdt

(Kt + Ā1,d)
)

+ Ā1,0 + Ā1,f + Āf + c̄f + C̄f )
γ(Kt + Ā1,d)

DdtKt
.

This ensures that in the absence of load ui = 0 for all
i ∈ {1, n}, df is the same as dt, for a fair comparison of
the CRISPRa system without any controllers and CRISPRa
system with feedback controller for RBP-AD and dCas9
regulation. The numerical simulations on RBP-AD feedback
controller are shown in Fig. 6. Fig. 6 (b) shows a decrease in
the RBP-AD levels in the presence of the dCas9 controller
when compared to keeping dCas9 constant (see Fig. 3 b).
Furthermore, a similar adverse shift is observed in the self-
sequestration behavior (Fig. 6 c) and the off-target response
(Fig. 6 d) when compared to the case with the constant dCas9
(Fig. 3 c and d).

Comparing the performance of the buffering and the
feedback controller on the on-target performance, the value
of u1 at which the output Y1 begins to decrease is higher
for the feedback controller. This is the case for when the
dCas9 levels are maintained constant and for when the dCas9
controller is added. Hence, the feedback controller maintains
the Y1 value until larger u1 compared to the buffering
controller before the self-sequestration sets in (compare Fig.
6 c with Fig. 5 c). However, the buffering controller is more
efficient at removing off-target effects when compared to a
feedback controller (compare Fig. 6 d with Fig. 5 d).



Fig. 6. Efficacy of the feedback controller for RBP-AD with the dcas9
controller designed in [13]. (a) Genetic circuit diagram for the CRISPRa
module with the feedback controller for RBP-AD (from Section III-B) and
feedback controller for dCas9 (from Section IV-A).The concentration levels
of (b) free RBP-AD resource rb (c) output protein Y1 (showing on-target
effects), (d) output protein Y2 (showing off-target effects), as the input u1 is
varied with (uf = 108 nM/hr and ud = 1010 nM/hr) and without (uf = 0
nM/hr and ud = 0 nM/hr) the controller. u2 = 0 nM/hr for (b) and (c),
while u2 = 500 nM/hr for (d). The vertical line in (c) and (d) correspond
to uf = 108 nM/hr.

Fig. 7. Temporal dynamics with and without the controller. Time series
data for the concentration levels of (a) RBP-AD (rf ), (b) dCas9 (df ), (c)
output protein Y1, uf = 108 nM/hr, ud = 1010 nM/hr and n = 1. The
inputs to the CRISPRa modules are u10 nM/hr for time t < 10 minutes
and u1 = 100 nM/hr for time t ≥ 10 minutes.

Figure 7 displays the time course of the controlled re-
sources RBP-AD and dCas9, both with feedback controllers.
Without the controller the levels of the resources RBP-
AD and dCas9 drop when the input u1 is introduced to
the system (Fig. 7 a, b). By contrast, their concentrations
show negligible change when regulated with the controller.
Furthermore, the drop in the output protein concentration is
mitigated when the controller is in action (Fig. 7 c).

V. CONCLUSIONS

CRISPRa has been widely used for the parallel activation
of multiple genes for the field of genetic screening and
therapeutics [20], [21]. Resource competition for dCas9 and
RBP-AD, however, cause performance degradation and thus
may affect the outcomes in these applications. In this paper
we have designed a multi-variable controller for attenuating
competition effects in CRISPRa networks. The controllers
were designed based either on a buffering approach or a feed-
back mechanism. The feedback controller outperforms the
buffering one in maintaining the sensitivity of the resources
to loads as low. On the other hand, concurrent operation of
RBP-AD buffering controller and dCas9 feedback controller

shows that the off-target effects were mitigated significantly.
Furthermore, the orthogonality of the buffering controller
with the dCas9 controller facilitates easier experimental
implementation and validation. This work then sets the foun-
dations for future two-variable controllers to make CRISPRa
networks resilient to loads.
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