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Abstract

We propose an effective strategy to significantly enhance the thermoelectric power

factor (PF) of a series of 2D semimetals and semiconductors by driving them towards

a topological phase transition (TPT). Employing first-principles calculations with ex-

plicit consideration of electron-phonon interactions, we analyze the electronic transport

properties of germanene across the TPT by applying hydrogenation and biaxial strain.

We reveal that the nontrivial semimetal phase, hydrogenated germanene with 8% bi-

axial strain, achieves a considerable fourfold PF enhancement, attributed to the highly

asymmetric electronic structure and semimetallic nature of the nontrivial phase. We

extend the strategy to another two representative 2D materials—stanene and HgSe—

and observe a similar trend, with a marked sixfold and fivefold increase in PF, respec-

tively. The wide selection of functional groups, universal applicability of biaxial strain,
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and broad spectrum of 2D semimetals and semiconductors render our approach highly

promising for designing novel 2D materials with superior thermoelectric performance.

Thermoelectric (TE) materials, enabling direct heat and electricity conversion, have been

intensively studied over the past decades. Their realization affords wide potential applica-

tions ranging from waste-heat recycling to microscale cooling.1,2 To promote the massive

application of TE materials, the central challenge is achieving high TE conversion efficiency

characterized by the figure of merit ZT = σS2T/κ. Here, σ, S, T , and κ represent the

electrical conductivity, Seebeck coefficient, absolute temperature, and thermal conductivity,

respectively. Recent advancements in materials sciences and nanotechnology have been con-

siderably pushing the frontiers of TE research .3–8 Notably, nanostructured bulk TE materials

with thermal conductivity pushed towards the amorphous limit have yielded remarkable ZT

reaching approximately 2,9–12 equivalent to a Carnot efficiency of about 20%.13 The consen-

sus is that further improvement in ZT must come from optimizing the electronic transport

properties σS2, namely, the power factor (PF).14 Innovative materials design strategies like

band convergence,15,16 resonant levels,17,18 and modulation doping19,20 have been proposed

to resolve this conundrum in conventional TE materials. However, it is still challenging to

enhance PF by several folds through band engineering alone.

Fu et al.,14 in their recent review, highlight the nontrivial electronic topology in topologi-

cal materials and their vast potentials for gigantically enhancing PF. Among these materials,

topological insulators/semiconductors have garnered extensive attention, owing to intrinsi-

cally high PF21,22 and the suitability for novel PF enhancement strategies, such as the con-

vergence of regular bands with anisotropic bands23 or 2D Dirac bands24 and energy filtering

effect.25 Topological semimetals, such as Dirac and Weyl semimetals, though possessing high

σ attributed to massless linear bands, are rarely considered for TE applications due to their

negligible S resulting from severe bipolar effects. Remarkably, our prior studies have theo-

retically demonstrated that an energy filtering effect derived from intrinsic electron-phonon

interactions (EPI) leads to exceptionally high S in semimetals such as CoSi26 (PF = 76
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µW/cm/K2 at 300 K) and MoS2
27 (PF = 37 µW/cm/K2 at 300 K). Nevertheless, this effect

requires an asymmetric electronic structure featuring a heavy-effective-mass band crossing

with linear bands around the Fermi level (Ef ), a characteristic not commonly found in most

semimetals. Recently, Chen et al.’s work28 on the enhancement of PbSe TE performance to-

wards a topological phase transition (TPT) by external pressure demonstrates the possibility

of fine-tuning the topological states. The topology-mandated band inversion at the Dirac

point during TPT guarantees the emergence of aforementioned band-crossing features, which

promises for gigantic PF enhancement in trivial semimetals and semiconductors. Given the

stronger correlation between electronic topology and transport in 2D materials due to the in-

herent quantum confinement effect,29 they stand out as superior candidates for implementing

the strategy and exemplifying its influence. Moreover, recent studies have demonstrated the

flexibility of applying multiple approaches, including external electric field,30 biaxial strain31

, and functionalization,32 for modifying the electronic structure in 2D materials, providing

practical ways to induce TPT in these systems.

In this Letter, we propose an effective strategy to significantly enhance PF via induc-

ing TPT by hydrogenation and application of biaxial strain in a series of 2D monolayer

compounds, including germanene, stanene, and HgSe. Employing rigorous first-principles

calculations with an explicit consideration of EPI, we thoroughly analyzed the electronic

properties of these materials across the TPT. We uncover the underlying mechanism that

significantly enhances PF in the topological nontrivial semimetal phase. The versatility of

our strategy promises applicability to a broad spectrum of 2D materials, including both their

semimetal and semiconductor phases.

Germanene is in hexagonal honeycomb structure (Figure 1a) with a calculated lattice

parameter a = 4.05 Å, in good agreement with previous studies.33,34 As depicted in Fig-

ure 1c, the in-plane orbitals of Ge, i.e. 4s, 4px, and 4py, hybridize to form covalent bonds,

manifesting as a light conduction band, along with a light and a heavy valence bands nesting

at the Γ point. Meanwhile, the out-of-plane orbitals, 4pz, contribute to π-bonds, resulting in
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Figure 1: Perspective views of (a) germanene and (b) hydrogenated germanene (GeH)
wherein hydrogen and germanium atoms colored red and blue, respectively. Orbital-resolved
electronic structures and density of states (DOS) of (c) germanene, (d) GeH, and (e) GeH ap-
plied with a critical biaxial strain of 8% (GeH-8%), respectively. Spin-orbit coupling (SOC)
effects were included in the calculation of electronic structures.

a massless Dirac band at the K point. With the spin-orbit coupling (SOC) effect included in

our calculations, a negligible SOC bandgap of 28 meV opens up at the K point, consistent

with previous findings.34,35 When Ef situated at the Dirac point, the Dirac band dominates

the electronic transport and leads to a high carrier mobility, presenting a typical semimetallic

character. This typical semimetal phase exhibits inferior PF due to the low S arising from

severe bipolar effect. Consequently, we seek to modify the electronic topology of germanene

by TPT and induce asymmetric band-crossing feature, which promises for significantly en-

hancing PF. Previous studies36–39 have shown that the electronic structure of germanene can

be modified by biaxial strains and functionalization. These modified forms of germanene ex-

hibit various topological phases, including trivial semiconductors, nontrivial semimetals, and

nontrivial insulators. These findings indicate the potential for TPT during the evolution of

germanene’s electronic topology. Notably, though many functional groups, such as H, OH,

F, CH3, etc.,
37,40–42 were explored theoretically, only the hydrogenated germanene, i.e. GeH,

was experimentally synthesized.43 This highlights our motivation to further investigate the
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potential TPT in GeH. In GeH (Figure 1b), the formation of σ-bonds between Ge and H

removes the Dirac band at K point (Figure 1d). This leads to the proximity of in-plane

bonding states to Ef , enabling the semiconducting nature of GeH with a bandgap of 1.03

eV. Further application of biaxial strain on the GeH lattice decreases the bandgap at the

Γ point. Eventually, with 8% of the biaxial strain applied, GeH goes through TPT and

exhibits the desired asymmetric band-crossing feature — the light valence band and con-

duction band merge into a linear band, crossing with the heavy valence band at the Γ point

(Figure 1e). Comparative analysis of GeH band structures with or without SOC (detailed in

Supporting Information) indicates the critical band-crossing feature persists under both

conditions, consistent with Ren et al.’s42 recent study of GeH. We emphasize that SOC is

necessary for the TPT, as confirmed by previous studies.41,42,44 However, the essence of our

strategy—the asymmetric band crossing at Ef—varies negligibly with the SOC effect. Con-

sequently, the relative enhancement of PF due to this feature should remain consistent under

both SOC and non-SOC frameworks. Given the substantial increase of computational cost

when considering the SOC effect in EPI, we exclude it in the following electronic transport

calculations.

We now move on to discuss the impacts of TPT-induced asymmetric band crossing on

thermoelectric properties, including S, σ, and PF. Figure 2a shows the calculated S as a

function of reduced chemical potential (µ-Ef ) for germanene and GeH with application of

various biaxial strains (GeH-4/6/8%). Near the valence band maximum (VBM) or con-

duction band minimum (CBM), GeH-4% and GeH-6% present very large S, aligning with

the semiconducting nature of the two phases which possess a finite bandgap. In contrast,

much smaller S are observed for the other two semimetal phases, germanene and GeH-8%,

consistent with their semimetallic nature with strong bipolar effects. However, distinctive

features in S, including both magnitudes and symmetries, are found between germanene and

GeH-8%. The S of germanene exhibits symmetric behavior near Ef , whereas the GeH-8%

displays rather asymmetric behavior that shows much larger peak value of negative S when
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Figure 2: Thermoelectric transport properties of germanene and hydrogenated germanene
(GeH) with application of various biaxial strains (GeH-4/6/8%). Theoretically calculated
(a) Seebeck coefficient, (b) electrical conductivity, and (c) power factor (PF) as a function
of reduced chemical potential (µ-Ef ). (d)-(f) displays the values of Seebeck coefficient,
electrical conductivity, and power factor at the reduced chemical potential that leads to the
optimal power factor (first peak away from the Ef ) in germanene, GeH, and GeH-4/6/8%,
respectively. The gray dashed lines are guides to the eye.
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the chemical potential moves to slightly above Ef . Such vastly contrasting behaviors in the

two semimetal phases might be traced back to the presence of the heavy band near the Dirac

point in GeH-8%. A similar asymmetric behavior of GeH-8% can be seen in the calculated

chemical-potential-dependent σ as shown in Figure 2b. The conductivity above Ef attains

a significantly higher value than that below Ef , indicating a non-negligible difference in the

transport of holes and electrons in GeH-8%. Meanwhile, σ is generally much larger in the two

semimetal phases than the two semiconductor phases, which is not unexpected since σ are

significantly boosted with the presence of massless Dirac bands which possess larger Fermi

velocities. As displayed in Figure 2c, the PF shows a drastic change from germanene to GeH-

8% and the latter retains the largest magnitude in a vast chemical potential range above Ef ,

as well as the strongest asymmetric behavior across Ef . To elucidate the enhancement in

PF as the electronic structure transitions from germanene to GeH, GeH-4/6%, and GeH-8%,

we show S and σ in Figures 2d and 2e, respectively. These values are associated with the

peak PF values closest to Ef (Figure 2f) for the respective systems, as marked by arrows in

Figure 2c. Figures 2d suggests that S associated with the optimal PF display very similar

values (≈ 160 µV/K) in the semiconductor phases (GeH and GeH-4/6%), while GeH-8%

has a value of about -135 µV/K which is about 35% larger than that of germanene (∼-100

µV/K). Concerning the conductivity, it is significantly reduced from germanene to GeH and

then increases as the finite bandgap deminishing, reaching a maximum value in GeH-8%

(Figure 2e). Figure 2f shows that the optimal PF exhibit similar trends as σ. Therefore, it

can be inferred that the maximum PF achieved in GeH-8% results from maintaining a fairly

large S while achieving a gigantic enhancement in σ.

Despite the strong correlation with the sharp change in the electronic structure, the phys-

ical mechanism underlying the peculiar enhancement in PF cannot be attributed to static

band structure properties alone. It is essential to consider the dynamic processes, namely,

the specific scattering processes arising from EPI. This conclusion is inferred from a con-

trol calculation that employs the constant relaxation time approximation (CRTA). Without
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Figure 3: (a) Calculated Seebeck coefficient as a function of reduced chemical potential at
300 K in semimetal GeH-8% using the constant relaxation time approximation (CRTA) and
relaxation time approximation (RTA). (b) Calculated energy-dependent imaginary part of
electron self-energy of germanene, hydrogenated germanene (GeH), and GeH applied with
various biaxial strains (GeH-4/6/8%) at 300 K. (c) The same as (a) but for the transport
distribution function σ(ϵ). Blue shade indicates the energy range of major carriers that obey
Fermi-Dirac distribution.

considering the variation of electron lifetime,45 the CRTA fails drastically in computing S

of GeH-8%. As shown in Figure 3a, a notable discrepancy of S is found near the Ef . At

the Ef , the CRTA predicts a S of 175 µV/K, while RTA yields -141 µV/K, indicating a

radical sign change induced by EPI. To elucidate the underlying mechanisms, we analyze S

using the Mott formula46 within the degenerate limit (µ= Ef±kBT , note this only serves

as a conceptual demonstration rather than the exact formula used for calculating S in this

study, see details in Supporting Information)

S = −π2k2
BT

3e

d lnσ(ϵ)

dϵ

∣∣∣∣
ϵ=µ

, (1)

where σ(ϵ) = n(ϵ)v2(ϵ)τ(ϵ)e is termed the transport distribution function,47 and e, n(ϵ), v(ϵ)

and τ(ϵ) are the absolute charge of an electron, enegy-dependent density of states, Fermi

velocity, and lifetime, respectively. The Mott formula essentially reveals that S is propor-

tional to the negative of the energy derivative of σ(ϵ). When CRTA is employed (Figure 3c),

an abrupt reduction of σ(ϵ) in GeH-8% is observed when the chemical potential shifts up-

ward away from the heavy band, giving rise to a large negative derivative of σ(ϵ) and thus

large positive S near the Ef . By contrast, the large negative S under RTA unambiguously
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reveals a strong energy dependence of lifetime τ(ϵ) (omitted by CRTA) near the Ef , which

not only changes the sign of S but also ensures its large absolute magnitude. Indeed, it is

confirmed in Figure 3b, wherein the energy-dependent imaginary part of electron self-energy

(1/τ ∝ Im(Σ)) arising from the intrinsic EPI is explicitly depicted. The results clearly

reveal that the abrupt decrease in Im(Σ) (increase in τ(ϵ)) near the Ef becomes stronger

and stronger across the TPT from germanene to GeH-8%. The largest change is found in

GeH-8% which shows increased τ(ϵ) by more than two orders of magnitude across the Ef .

When this abrupt lifetime change is considered, the transport distribution function σ(ϵ) is

drastically modified. As detailed in Figure 3c, σ(ϵ) under RTA increases sharply across the

Ef , giving rise to large negative S.

The pronounced variation in lifetimes near the Ef not only affects S but also σ. The

exceptionally long lifetimes associated with the linear bands above the Ef in GeH-8%, com-

bined with the large Fermi velocity, leads to remarkable conductivity across a wide range of

chemical potentials (Figure 2b). To understand the peculiarities of lifetimes, an examination

of the details of electron-phonon scattering is necessary. We select three phases across the

TPT—germanene, GeH, and GeH-8%—to demonstrate the distinct electron-phonon scat-

tering process. Figure 4a reveals that the acoustic (PMG1) and optical phonon (PMG2)

branches in germanene are well separated by a finite phononic bandgap. The major differ-

ence in phonon dispersions among these three phases are the additional six optical branches

in GeH and GeH-8%. These optical branches all have energy higher than 50 meV, forming

two well separated groups (Figures 4b and 4c), which corresponds to the bending (PMG3)

and stretching of Ge-H bonds (PMG4). Notably, due to the polar and semiconducting nature

of GeH phase, there are polar optical phonon modes (in PMG3) which gives rise to a finite

slope of phonon energies at the zone center,48 potentially introducing extra scattering for

electrons. Contributions to Im(Σ) from each phonon mode groups are shown in Figures 4d–

4f. Compared to germanene (Figure 4d), GeH shows asymmetric Im(Σ) across the Ef , with

dominant contribution from PMG3 (Figure 4e). A more asymmetric Im(Σ) is observed in
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Figure 4: (a)-(c) Calculated phonon dispersions of germanene, hydrogenated germanene
(GeH) and GeH under 8% biaxial strain (GeH-8%), respectively. Phonon branches are
grouped into four phonon mode groups (PMG) with different colors. PMG1 indicates the low-
lying three acoustic branches, PMG2 indicates the low-lying three optical branches, PMG3
denotes the intermediate four optical branches including the polar optical branch, and PMG4
shows the high-lying tow optical branches. (d)-(f) Calculated energy-dependent imaginary
part of electron self-energy Im(Σ) at 300 K of germanene, GeH, and GeH-8%, respectively.
Im(Σ) is further decomposed into contributions from the electron-phonon interactions arising
from the four phonon mode groups as defined above. (g)-(i) Electron-phonon interaction
matrix element |g| along the high symmetry points of the irreducible Brillouin zone. These
matrix elements, which are colored according to the four phonon mode groups defined above,
denote the scattering strength of the electronic states at the valence band maximum (VBM)
by phonon modes with various frequencies and wave vectors.
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GeH-8% (Figure 4f), while contribution from PMG3 is significantly suppressed. These dis-

tinctions can be ultimately traced back to the key ingredients entering the expression of

Im(Σ), as described below:

Im (Σ) = π
∑
j,v

∫
BZ

dq

ΩBZ

|gji,v (k,q)|2

× [(nv,q + fj,k+q) δ (ϵi,k + ωv,q − ϵj,k+q) + (1 + nv,q − fj,k+q) δ (ϵi,k − ωv,q − ϵj,k+q)] ,

(2)

where v, q, ω, n, and gji,v(k,q) are the phonon mode index, wave vector, frequency, pop-

ulation, and electron-phonon interaction matrix element (denoted as |g| in subsequent dis-

cussions). The terms in the brackets represent an electron-phonon scattering phase space

Φ allowed by energy and momentum conservation. Disregarding the complexity induced by

crystal symmetry, it is apparent that a heavy band (the minimal energy variation across a

extensive range of momentum change) provides a larger Φ, which more directly reflects on a

higher density of state (DOS, n(ϵ)). As inferred from the above definition, Im(Σ) is propor-

tional to |g|2 and n(ϵ), i.e., Im(Σ)∝ |g|2n(ϵ). Since |g| in germanene and GeH-8% exhibit

similar strengths (Figures 4g and 4i), the asymmetric (GeH-8%) and symmetric (germanene)

Im(Σ) with respect to Ef as well as the their magnitudes can be mostly attributed to the

DOS. This argument also applies to Im(Σ) of GeH from PMG1/PMG2/PMG4. That is,

the symmetric massless linear band in germanene leads to a symmetric Im(Σ) with overall

low intensity, whereas the presence of a heavy band in GeH leads to an asymmetric Im(Σ)

showing much higher intensity below the Ef . The coexistence of linear and heavy bands in

GeH-8% exhibits a combination of the above features, while presenting the minimal Im(Σ)

(Figure 3b) due to the decreased DOS. On the other hand, the significantly reduced |g| near

the Γ point from PMG3 in GeH-8%, compared to GeH, is attributed to its semimetallic

nature with non-polar optical phonons. Therefore, it is conclusive that the significant re-
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duction in Im(Σ) when semiconducting GeH is strained into semimetallic GeH-8% results

from (i) a decrease in DOS due to the energy filtering effect and (ii) a decrease in |g| due to

the elimination of polar optical phonon scattering. In addition, though DOS decreased, the

higher conductivity of linear band above the Ef in GeH-8% compared to that of germanene

(Figure 2b) also highlights the importance of lifetime effects which may dominate over the

DOS effects in contributing to high conductivity.49

a b c

d e f

p  type
n  type

GeH-8% SnH-4% HgSe-3%

GeH SnH HgSe
Germanene Stanene

n
p-type
n-type

Figure 5: (a)-(c) Schematic plot of the electronic structure evolution towards the topological
phase transition from (a) typical nontrivial semimetal to (b) trivial semiconductor to (c)
atypical nontrivial semimetal. The band structures are colored according to the magnitudes
of imaginary part of electron self-energy Im(Σ) with blue indicating small values while yellow
large values. (d)-(f) Calculated optimal thermoelectric power factor of both p- and n-type
monolayer germanene, stanene, their hydrogenated counterparts and HgSe with and without
strain at 300 K.

The essential features relevant to aforementioned enhancement are elucidated in the

evolution of the electronic structure and dynamics, transitioning from typical nontrivial

semimetal germanene to trivial semiconductor GeH, and ultimately to atypical nontrivial

semimetal GeH-8%, as shown in Figures 5 a-5 c. In the case of germanene (Figure 5a), elec-

tronic states near the Ef are symmetric and exhibiting small Im(Σ), resulting in appreciable
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σ but minimal S. When a finite bandgap opens in the case of GeH (Figure 5b), Im(Σ) is

significantly enhanced at both the VBM and CBM. Despite the substantial S due to the

presence of bandgap, σ is markedly suppressed by the polar optical phonon scattering. By

straining the semicondutor GeH into a nontrivial semimetal topological phase (Figure 5c),

Im(Σ) is significantly reduced at conduction bands while preserving strong asymmetry be-

tween conduction and valence bands. This asymmetry fosters a large S arising from the

filtering of low-energy holes by the presence of a heavy valence band. Combined with the

ultrahigh σ guaranteed by the bare linear bands, a gigantic enhancement of PF is realized

in GeH-8%. This suggests constructing a band structure comprising both a massless linear

band and a heavy band crossing at the Ef is particularly advantageous for achieving a high

PF. To extend this strategy to more systems, similar calculations were performed for another

group-IV 2D material, stanene (detailed in Supporting Information). We have found the

bare linear bands inherent in stanene give rise to an optimal PF of less than 10 µW/cm/K2

(Figure 5d). In contrast, when stanene is hydrogenated and under a critical strain of 4%, the

optimal PF achieves a remarkable enhancement to 70 µW/cm/K2 (Figure 5f), over seven-

fold that of pristine stanene. Moreover, we explore cases beyond the group-IV 2D materials

using the semiconductor HgSe monolayer (detailed in Supporting Information). It has

been demonstrated by Li et al.50 that monolayer low-buckled HgSe undergoes a similar TPT

with the evolution of electronic band structure under strain of about 3%. The calculated

optimal PF of the nontrivial semimetal phase HgSe achieved a remarkable enhancement of

about fivefold. We emphasize that the major achievement here is the demonstration of rel-

ative enhancement of PF rather than absolute values which might be sensitive to the level

of theory used such as relaxation time approximation, rigid band approximation, and SOC

effects.51–54

To summarize, we proposed an effective strategy to significantly enhance the PF. By

applying a combined modification of functionalization and biaxial strain, we theoretically

induce the TPT in a series of 2D materials, including germanene, stanene, and HgSe mono-
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layer. Our investigation involves rigorous first-principles calculations considering both the

static electronic structure and the dynamic EPI. We revealed that a massless linear band

crossing with a heavy band at the Ef can create significant change in carrier lifetime by

selectively scattering one type of carriers, which results in substantial enhancements in S

that is not commonly seen in typical semimetal phases. Meanwhile, the decrease in DOS and

elimination of polar optical phonon scattering in strained semimetal phases also accounted

for a significant enhancement in σ. A well-balanced interplay between S and σ eventu-

ally contributed to a gigantically enhanced PF, which is promising for high-performance

2D thermoelectric materials. Our findings pave the way for the design and optimization of

2D thermoelectric materials, suggesting that a combination of functionalization and biaxial

strain could be a key strategy for constructing the critical asymmetric band-crossing feature,

which is rarely seen in the trivial semimetals and semiconductors.
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