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ABSTRACT. We prove some K-theoretic descent results for finite group actions on stable oco-
categories, including the p-group case of the Galois descent conjecture of Ausoni—-Rognes. We also
prove vanishing results in accordance with Ausoni—-Rognes’s redshift philosophy: in particular,
we show that if R is an Eco-ring spectrum with Ly, R = 0, then Ly, 1)K (R) = 0. Our key
observation is that descent and vanishing are logically interrelated, permitting to establish them
simultaneously by induction on the height.

RESUME. Nous démontrons quelques résultats sur la descente K-théorique pour des actions de
groupes finis sur des oco-catgories stables, dont le cas des p-groupes de la conjecture de descente
galoisienne d’Ausoni—-Rognes. Nous obtenons aussi des résultats d’annulation en accord avec la
philosophie de “décalage vers le rouge” d’Ausoni—Rognes: en particulier, nous démontrons qui si
R est un Eoo-anneau avec Ly(,)R = 0, alors on a LT(n+1)K(R) = 0. Notre observation-clef est
que la descente et 'annulation sont logiquement liées, ce qui permet de les établir simultanément
par récurrence sur la hauteur.
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In this paper, we prove some results concerning the algebraic K-theory of ring spectra and stable
oo-categories after T'(n)-localization. Throughout this paper, our telescopes T'(n) are taken at a
fixed implicit prime p and height n > 0; we adopt the convention T'(0) = S[1/p]. Our starting point

is the following two results concerning classical commutative rings R:
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Theorem 1.1 ([Mit90]). Forn > 2, we have Ly, K(R) = 0.

Theorem 1.2 ([Tho85], [TT90], [CMNN20]). For G a finite group and R — R’ a G-Galois exten-
sion, the natural comparison map Ly1)K(R) = (Lr@1)K(R'))" is an equivalence.

Thus, the K-theory of an ordinary commutative ring has no chromatic information beyond height
one, and the localization to height one is well-behaved in its descent properties. In fact, T'(1)-local
K-theory is even better-behaved than suggested by Theorem 1.2: under mild finiteness hypotheses,
the Galois descent can be upgraded to an étale hyperdescent result, which leads to a descent
spectral sequence from étale cohomology to T'(1)-local K-theory as produced by [Tho85, TT90].
Furthermore, one knows that under such conditions, the map K(R;Z,) — Lp@)K(R) from p-
adic K-theory to its T'(1)-localization is an equivalence in high enough degrees, i.e., one has the
Lichtenbaum—Quillen conjecture, thanks to the work of Voevodsky-Rost, cf. [R006, CM21] for
accounts. However, we will not touch on these more advanced aspects in this paper.

Moving from ordinary rings to more general ring spectra, Ausoni—Rognes suggested that the
above two theorems should fit into a broader “redshift” philosophy in algebraic K-theory, [AR02,
ARO8]. For an E;-ring spectrum R, one expects that taking algebraic K-theory increases the “chro-
matic complexity” of R by one. In the setting of Theorem 1.1, the Eilenberg-MacLane spectrum
HR has no chromatic information at heights > 1, while the result states that K(R) = K(HR)
has no chromatic information at heights > 2; furthermore, Theorem 1.2 and its refinement to
hyperdescent control the height one information very precisely.

For Eo.-rings R, there is a particularly well-behaved notion of chromatic complexity, thanks to a
theorem of Hahn [Hah16]: if Ly, R = 0, then Ly, R = 0 also for all m > n. If R is an E-ring,
then so is K(R), and in this setting one possible expression of the redshift philosophy would be
that Ly R =0 Ly K(R) = 0. Here we prove half of this statement.

Theorem A. Let R be an Eoo-ring and n > 0. If Ly, R =0, then Ly, +1)K(R) = 0.

Recent work of Burklund—Schlank—Yuan [BSY22, Th. 9.11] and Yuan [Yua21] proves the converse
of Theorem A: if R is a p-local Eoo-ring with Lp,)R # 0, then Lp,11)K(R) # 0. Many special
cases of Theorem A were previously known. In particular, in important specific cases, much more
precise (Lichtenbaum—Quillen) statements about K (R) have been proved, as in [HW22, AKAC*22,
HRW22, Aus10, AR02].

Theorem A generalizes Mitchell’s vanishing Theorem 1.1. We note that there is a more gen-
eral statement which applies also to E;-rings A: if both Ly, )A = 0 and Ly(,11)A = 0, then
L1n+1)K(A) = 0; see Corollary 4.11, which is also explored in [LMMT20].

We also have an analog of Thomason’s descent Theorem 1.2. For the statement, we need to
assume 7T'(n)-local vanishing of the C,-Tate construction R'C» (taken with respect to the trivial
action); this assumption is satisfied if R is a discrete ring and n = 1, i.e., the setting of Theorem 1.2.
In addition, we need to assume the finite group G is a p-group, where p is the (throughout fixed)
prime at which chromatic localizations are taken.

Theorem B. Let R be an Eo-ring and n > 0. Suppose LT(n)(RtCP) = 0 for the fixed prime p.
Then for C any R-linear idempotent-complete stable co-category equipped with an R-linear action
of a finite p-group G, the homotopy fixed point comparison map for T(n + 1)-local K-theory is an
equivalence:

(1'1) LT(nJrl)K(ChG) — (LT(nJrl)K(C))hG'
If R — R’ is a G-Galois extension of commutative rings, then by Galois descent we have

Perf(R) = Perf(R')"%; thus, when n = 0, Theorem B recovers the p-group case of Theorem 1.2.
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But in fact the case of general G in Theorem 1.2 reduces to the p-group case by a simple transfer
argument, as already pointed out and exploited by Thomason; in particular, Theorem B implies
Theorem 1.2.

However, Theorem B does not hold for an arbitrary finite group G, essentially because the
G-action is allowed to be arbitrary. In fact, for the trivial action of G on Perf(C) and n = 0,
one can calculate both sides of (1.1) using Suslin’s equivalence [Sus84] between topological and
algebraic K-theory. One obtains that the source is the p-completed G-equivariant topological K-
theory of a point while the target is KUE ¢ For G of prime-to-p order the result is evidently false
because KU%B ¢ = KU, while for G a p-group, Theorem B amounts to the p-complete Atiyah—
Segal completion theorem. Nonetheless, there is a generalization of Theorem B to arbitrary finite
groups which shows that the descent question for arbitrary G reduces to that for cyclic subgroups
of prime-to-p order; see Theorem 6.5.

We remark that these theorems also hold with K-theory replaced by an arbitrary additive invari-
ant, and one also has “co-descent” or “assembly map” equivalences dual to the descent statements
of Theorem B; see Proposition 4.1 for more details.

Let us now give the basic example of these results. Throughout this paper, we will use the nota-
tion LS = Ly 0)e...ar(n), following [LMMT20]; in particular, we have the L/ local sphere LE7S.
An L2:f-local stable co-category is one where the mapping spectra are LP/-local, or equivalently
one which is LP:/S-linear. By Kuhn’s “blueshift” theorem [Kuh04], if a spectrum X is LP/-local
then X*Cr is LfL’f ;-local. Thus, from Theorem A and Theorem B we deduce the following:

Theorem C. Let n > 0, and let C be an L2 -local idempotent-complete stable oco-category. Then
LymyK(C) =0 for all m > n+ 2, and for any finite p-group G acting on C we have

LrminK(C") S (Lpyn K (C)C.

In fact, for the proofs of Theorem A and Theorem B we proceed by first proving this special case,
Theorem C. Then we combine with a recent result of Land—Mathew—Meier—Tamme [LMMT20] to
the effect that Ly, K(R) = Ly, K(LEIR) (for n > 1) which lets us deduce the general case.
(Actually, we also use the result of [LMMT20] in the proof of Theorem C, but in a more indirect
way. )

It turns out that our arguments establish a logical connection between the vanishing and the
descent theorems. This is expressed in the following result, from which we deduce all of the above
theorems.

Theorem 1.3 (Inductive vanishing, Lemma 4.9). Let R be an Eo.-ring spectrum and n > 1. Then
for the following conditions, we have the implications (A) = (B) = (C):
(A) LT(n)R =0 and LT(n)K(RtC”) =0.
(B) For any action of a finite p-group G on an R-linear idempotent-complete stable co-category
C, the comparison map

LK (C") 5 (Lyoy K (C)"

i an equivalence.
(C) Ly K(R) =0 fori>n+1.

Theorem 1.3 allows an inductive approach to simultaneously proving vanishing and descent
statements. In fact, Theorem C follows immediately from it by inductively taking R = LP/S (and
replacing n with n + 1), via Kuhn’s blueshift theorem.
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Concerning the general descent result Theorem B, we have already mentioned that it recov-
ers Galois descent for K(1)-local K-theory and the p-completed p-group case of the Atiyah-Segal
completion theorem. We also use it to obtain the following p-group case of a conjecture of Ausoni-
Rognes [AR08, Conj. 4.2]:

Corollary (Corollary 4.16). Let A — B be a T(n)-local G-Galois extension of Es-rings, in the
sense of Rognes [Rog08], for G a finite p-group. Then the maps Lp(,11)K(A) = Lpi1)(K(B)"C) —
(LT(nH)K(B))hG are equivalences.

Besides the above thread of results, we also prove some other descent results of a slightly different
nature with different techniques. Like the results of our previous paper [CMNN20], these work
uniformly for all chromatic heights, including height zero, and do not assume G to be a p-group;
but on the other hand they make more restrictive assumptions on the action of the group G.

Theorem D. Let C be a monoidal, idempotent-complete stable co-category with bieract tensor
product equipped with a (monoidal) action of a finite group G. Let tr: C — C"Y denote the G-
equivariant biadjoint to the forgetful functor C"¢ — C. Suppose the G-equivariant object tr(1) €
Fun(BG,C"%) has class in Ko(Fun(BG,C")) equal to that of the induced G-object @ lene €
Fun(BG,C"%). Then the comparison map

K(C"%) — K(C)hC
induces an equivalence after T'(n)-localization for any n > 0 and for any prime p.

Theorem D states that a type of normal basis property (e.g., for a Galois extension of fields, the
condition on tr(1) follows from the normal basis theorem) for the G-equivariant object tr(1) € C*“
implies that the homotopy fixed point comparison map for K-theory is an equivalence after T'(n)-
localization. The argument is based on the vanishing [Kuh04] of Tate spectra in telescopic homotopy
theory. In fact, Theorem D yields another proof of Theorem 1.2 avoiding the use of E.-structures,
see Remark 5.6.

Next, we use [MNN15] to prove a third descent result (Theorem F below), which applies in more
general situations, albeit with a weaker conclusion. For this, we first formulate a generalization of
the homotopy fixed point comparison maps with respect to a family of subgroups of G.

Construction 1.4 (Comparison maps for families of subgroups). Let C be an idempotent-complete
stable co-category with an action of a finite group G. Let . be a family of subgroups of G, i.e.,
Z is nonempty and closed under subconjugation, and let O4(G) be the category of G-sets of the
form G/H, H € %. We obtain a comparison map

(1.2) KC®)—  lm K"
G/HEO z(G)op
this generalizes the homotopy fixed point comparison map, which is the case where % = {(1)}.
The map (1.2) is dual to the type of assembly maps which (for infinite groups) are the subject
of the Farrell-Jones conjecture and its variants. In the rest of this paper, we will introduce a

basic condition on an E.-ring that guarantees the maps (1.2) are equivalences after telescopic
localization, and implies a bound on the chromatic complexity of the algebraic K-theory.

Definition 1.5 (Swan K-theory, Malkiewich [Mall7]). Let R be an E,,-ring spectrum, and let G
be a (discrete) group. We define the ring Rep(G, R), called the Swan K-theory of R, via

Rep(G, R) = Ko(Fun(BG, Perf(R))).
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For G finite, using induction and restriction functors, one makes Rep(—, R) into a Green functor,
cf. Definition 6.1.

The co-category Fun(BG, Perf(R)) is an analog of the category of complex representations of the
finite group G; studying this in analogy with complex or modular representation theory for R = KU
has been proposed by Treumann [Trel5]. In this analogy, the ring Rep(G, R) is an analog of the
classical representation ring of G (to which it reduces when R = HC). In general, the calculation
of the rings Rep(G, R) seems to be an interesting problem (e.g., for R = KU), although we know
very few examples.

Definition 1.6 (R-based Swan induction). Fix a finite group G and an E..-ring R. If the Green
functor Rep(—, R) ® Q (for subgroups of G) is induced from a family .% of subgroups of G, then
we say that R-based Swan induction holds for the family .%.

In [Swa60], Swan shows that HZ-based Swan induction holds for the family of cyclic groups for
any finite group; see also [Swa70] for a detailed treatment of Swan K-theory for a discrete ring.
For HC, this is Artin’s classical induction theorem for the representation ring. Via some explicit
geometric arguments, we prove the following instances of Swan induction for E..-ring spectra.

Theorem E. If R is an Eo-ring, then for every finite group, R-based Swan induction holds for:

(1) the family of abelian subgroups if R admits an Ei-map from MU.

(2) the family of abelian subgroups of rank < 2 if R = KU.

(3) the family of abelian subgroups of p-rank < n+1 and £-rank < 1 for primes L £ p if R=E,
is Morava E-thory of height n at the prime p = 2.

This statement subsumes Theorem 7.4, Theorem 7.13, and parts of Theorem 7.12. Informally,
(2) states that while a complex representation of a finite group G is determined by its character
(i.e., its restriction to cyclic subgroups), the class in Rep(G,KU) of a “representation” of G with
KU-coefficients should be determined by a sort of “2-character,” defined on pairs of commuting
elements of GG; moreover, there should be generalizations to higher heights. We conjecture that (3)
should be true for odd primes too (Conjecture 7.22).

We show that the Swan induction condition guarantees that the maps (1.2) become equivalences
after telescopic localization, for every R-linear co-category. This relies on similar techniques as in
[CMNN20].

Theorem F (Descent via Swan induction, see Theorem 6.4). Let R be an Eoo-ring spectrum, G a
finite group, and F a family of subgroups of G. Suppose that R-based Swan induction holds for the
family % . Then, for every R-linear idempotent-complete stable oco-category C with an action of G,
the natural map (1.2), namely
K"~ lm  K(C")
G/HEO 5 (G)oP

becomes an equivalence after T (n)-localization, for any n and any implicit prime p. Furthermore,
the limit in (1.2) commutes with Lpy).

In fact, Theorem F can be combined with Theorem B, yielding the following result (Theo-
rem 6.5): if Ly ,)(R'“?) = 0, then the comparison map (1.2) becomes an equivalence after T'(n+1)-
localization, for .% the family of cyclic subgroups of prime-to-p order.

Our final main result, which is inspired by the character theory of Hopkins—Kuhn—Ravenel
[HKROO], is that a certain case of Swan induction implies the vanishing of the T'(i)-localizations of
algebraic K-theory for large i.
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Theorem G. Let R be an E-ring, p a prime, and n > 0. Suppose that R-based Swan induction
holds for the family of proper subgroups of C™. Then LpuK(R) = 0 for i > n at the implicit
prime p.

As a consequence, we obtain a new proof of Mitchell’s theorem (Theorem 1.1), and we recover
several chromatic bounds, e.g., that if p = 2 or n = 1, then we have LT(i)K(En) =0fori>n+2.
These bounds are special cases of Theorem A above, although the method is different and could be
useful in other settings as well; for instance, in Theorem 7.12 we prove 2-primary Swan induction
results for MO (n) which therefore implies bounds on the chromatic complexity of K (MO (n)).

Conventions. We let S denote the co-category of anima, Sp denote the co-category of spectra,
S¢ the oo-category of G-anima (i.e., genuine G-spaces), and Spe the oo-category of (genuine) G-
spectra. We denote by S the unit of either of these (i.e., the sphere spectrum). We write DX for
the Spanier—Whitehead dual of X.

We let L2 denote the finite localization [Mil92] on Sp away from a finite type n + 1 spectrum
(at the implicit prime p). In particular, for n = 0, we have Lg’f(X) = X[1/p]. This convention
follows [LMMT20]; for p-local spectra, it agrees with what is usually denoted L. Equivalently, if
T'(i) denotes the telescope of a v;-self map of a finite type ¢ complex (so by convention T'(0) can be
taken to be S[1/p]), then LY = Ly(gya..e7(n)-

We write K for connective algebraic K-theory. Most of our results hold only after telescopic
localization, after which there is no difference between connective and nonconnective K-theory, and
we will anyway state them in the generality of additive invariants.

We write Catgfrf for the oo-category of small, idempotent-complete stable co-categories and exact
functors between them, cf. [BGT13]. More generally, given an E..-ring R, we write Cat‘l){ci for
the oo-category of small, idempotent-complete R-linear stable co-categories and R-linear functors
between them, so Cat%‘fr; is Perf(R)-modules in Cat?™™. Compare [HSS17] for a treatment.

An oo-category C is called preadditive (also called semiadditive in the literature) if it is pointed,
admits finite coproducts, and finite coproducts are (canonically) identified with finite products, see
[GGN15, Sec. 2]. Given a preadditive oo-category C, we say that C is additive if the E-anima
Home (X,Y) for X, Y € C are grouplike.

Acknowledgments. We thank Clark Barwick, Jesper Grodal, Jeremy Hahn, Rune Haugseng,
Michael Hopkins, Marc Hoyois, Markus Land, Jacob Lurie, Lennart Meier, John Rognes, Georg
Tamme, and Craig Westerland for helpful discussions. We are very grateful to the referee for
many comments on an earlier version of this paper. The second author thanks the University of
Copenhagen and the University of Regensburg for hospitality. The second author was supported
by the NSF Graduate Fellowship under grant DGE-114415, a Clay Research Fellowship, and the
National Science Foundation under Grant No. 2152311. The third and fourth authors were partially
supported by the SFB 1085, Regensburg.

2. MACKEY FUNCTORS AND EQUIVARIANT ALGEBRAIC K-THEORY

In this section, we review the setup of equivariant algebraic K-theory which plays an integral
role in our approach to the present descent theorems. The use of equivariant algebraic K-theory
refines the use of the transfer, which is central to all such descent results, going back to [Tho85].!

N toy example of this argument is the Galois descent for rationalized algebraic K-theory, cf. [Tho85, Th. 2.15].
6



In studying the comparison map K (C"%) — K(C)"“, one observes that there is also a map
(2.1) K(C)hG — K(Chc),

arising from the G-equivariant functor C — C"“ biadjoint to the forgetful functor C*“ — C, such
that the composition with the comparison map is the norm map K (C)ne — K(C)*“. In the case
of C = Perf(R’) for a G-Galois extension R — R’ of commutative rings, then Galois descent gives
Perf(R) ~ Perf(R')"¢ and (2.1) is the map

K(R/)hg — K(R)

which arises from restriction of scalars from R’-modules to R-modules. These types of transfer
maps and their functorialities can be encoded using the language of (genuine) G-spectra, and some
of the techniques for proving descent results can be expressed using the language of .#-nilpotence
[MNN17, MNN19].

Several authors have considered the setup of equivariant algebraic K-theory, including Merling
[Mer17], Barwick [Barl7], Malkiewich-Merling [MM19], and Barwick—Glasman—Shah [BGS20]. We
will follow the setup of [Barl7, BGS20], but will try to keep the exposition mostly self-contained.
In particular, we will use the theory of spectral Mackey functors, which is equivalent to the theory
of G-spectra by work of Guillou-May [GM11] and Nardin [Nar16]; we will also give another proof
of this equivalence in the appendix.

Definition 2.1 (The effective Burnside oo-category, [Barl7, Sec. 3]). For a finite group G, let
Burn'é;H denote the effective Burnside oo-category of the category of finite (left) G-sets and G-maps;
informally, Burn&! is the nerve of the (weak) (2,1)-category defined as follows:

e The objects of Burnd! are finite G-sets S,
e Given finite G-sets S and T, Homg,,, e (S, T) is the nerve of the groupoid of spans of finite

G-sets
U
S T
and isomorphisms of spans.

e Composition is given by pullback of spans.

That is, Burn%;ff is the span category of the category of finite G-sets, as in [BH21, App. C]. The
oo-category Burn?;lcf is preadditive, and the direct sum comes from the disjoint union of finite G-sets.

One then obtains the following definition [Barl7, Sec. 6] of a Mackey functor; this reduces to the
classical notion when C is the category of abelian groups.

Definition 2.2 (Mackey functors). Given any presentable, preadditive co-category C, we define a
C-valued Mackey functor (for the finite group G) to be a C-valued presheaf on Bulrnﬁ;ff which takes
finite coproducts of G-sets to products in C. We let Mackg(C) denote the co-category of C-valued
Mackey functors.

Let M € Mackg(C). Given a subgroup H C G, we write

M NGy m,
and call this the H-fized points of M.



Remark 2.3 (Comparison with the Ps-construction). Consider the nonabelian derived co-category
Ps(Burnd) of Burnd, in the sense of [Lur09, Sec. 5.5.8], i.e., Pg(Burndl) is the oo-category of
presheaves on Burngf which preserve finite products, or equivalently Pz(Burngf) is obtained by
freely adding sifted colimits to Burnd. Then Mackg(C) = Px(Burnd) ® C via the Lurie tensor
product, cf. [Lurl7, Sec. 4.8.1].

Construction 2.4 (The symmetric monoidal structure on Mackey functors). Suppose now C is
a presentably symmetric monoidal co-category which is preadditive. Then there is a canonical
structure of a presentably symmetric monoidal structure on Mackg (C), obtained (implicitly by Day
convolution) as follows. We consider the symmetric monoidal structure on Burn obtained from
the cartesian product on finite G-sets (and products of spans). This symmetric monoidal structure
commutes with finite coproducts in each variable. Applying Px, we obtain a canonical presentably
symmetric monoidal structure on Py, (BurneGH) such that the Yoneda functor is symmetric monoidal,
[Lurl7, Prop. 4.8.1.10]. Now via the Lurie tensor product, Mackg(C) = Ps(Burnd) @ C then
acquires the structure of a presentably symmetric monoidal co-category.

Remark 2.5 (Functoriality of Mackg(—)). Let C, D be presentable, preadditive co-categories. Let
F:C — D be an accessible functor which commutes with finite coproducts (but not necessarily
all colimits). Then we can still define a natural functor Mackg(C) — Mackg (D) induced by F by
sending a C-valued Mackey functor to the corresponding D-valued one (i.e., composing with F').
However, this is slightly awkward to formulate in our setup where Mackg(C) = C ® Px(Burnd),
since this tensor product takes place in the world of presentable oco-categories. We can modify
this by fixing a suitable cardinal s, considering the x-compact objects C* C C, then defining the
cocontinuous functor Ind(C*) — D and applying Mackg(—) = (—) ® Ps(Burnd) to it. Varying ,
we obtain a functor out of C. In particular, this also shows that if C, D are symmetric monoidal and
if F has a lax symmetric monoidal structure, then Mackg(C) — Mackg (D) has a lax symmetric
monoidal structure; alternatively one could see this using Day convolution, cf. [Glal6] or [Lurl?7,
Sec. 2.2.6].

Remark 2.6 (Spectral Mackey functors and G-spectra). Suppose C = Sp is the co-category of
spectra. Then by [GM11, Narl6], we have an equivalence between Macks(Sp) and the oo-category
Spg of (genuine) G-spectra, cf. also the appendix for an independent account of this equivalence.
The target of equivariant algebraic K-theory will naturally be Mackg(Sp), and so we can equally
regard equivariant algebraic K-theory as a G-spectrum.

Example 2.7 (The case of the trivial group). Suppose G = (1) is the trivial group. Then Burnfff) is
the category of finite sets and correspondences between them. This is the free preadditive category
on a single generator, a result due to Cranch [Cral0], cf. [BH21, Prop. C.1] for another account.
It follows that Mack)(C) = C. In particular, it follows that PE(Burn?gf)) is the co-category of
E-anima, since this is the free presentable preadditive co-category on one object, cf. [GGN15].

Construction 2.8 (Relation to the orbit category). Let &(G) be the orbit category of G, i.e., the
category of nonempty transitive G-sets. We have a natural functor 0(G) — BurneGﬂr which sends
the G-set S to S € Burn‘éff and the G-map f: S — T to the span

S
AN
id
S T.
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We also obtain a natural functor ¢(G)°° — Burnd in a similar (dual) manner. Suppose f: G/H —
G/H' is a morphism in €(G). Given a C-valued Mackey functor M, we then obtain morphisms in
C
M s ME e M M
Thus, given the Mackey functor M, we obtain two functors
0G)* -C, OG)—C,

which both send G/H ~ M(G/H) = M and such that the functoriality is via f* in the first case
and via f, in the second case.

Next, we discuss the most basic source of Mackey functors: the Borel-equivariant ones, or those
M for which M(G/H) ~ M(G)"" for all subgroups H C G. We begin with the case where C is
given by E,,-monoids in anima.

Proposition 2.9. There is a symmetric monoidal Bousfield localization functor PE(BurneGH) —
Fun(BG, Ps, (Burn?{f))) such that the essential image of its Tight adjoint inclusion consists of those

product-preserving presheaves F : (Burn‘éﬁ)‘)p — 8§ such that for each finite G-set S, the natural
map F(S) — F(G x S)'C is an equivalence. Here G acts on G (in the category of finite G-sets,
and hence in Burngﬂ ) by right multiplication.

Proof. Let y: Burngff — Px (BurneGH) be the Yoneda embedding, and consider the Bousfield local-
ization functor Lz on Ps(Burndl) with respect to the maps Z = {y(G x S)ng — y(S)}, for each
finite G-set S. Here we use the map of G-sets G x S — S given by projection onto the second
factor, and the G-action on the source (in the category of G-sets) by right multiplication on the
first factor.

Since y is symmetric monoidal and the tensor product on Py (BurneGH) commutes with colimits
in each variable, the class Z is preserved by tensoring with objects in the image of y, and we
see that this Bousfield localization Lz respects the symmetric monoidal structure. Unwinding the
definitions, we see that the image of Lz is precisely those product-preserving presheaves F as in
the statement because Homp_ gy (Y(G X S)na, F) = F(G % S)"G. In particular, for any finite
G-set S which is G-free, y(S) is Z-local, as one sees by unwinding the definition of mapping anima
in Burng!

We claim that the {y(S)} for S finite and G-free form a set of compact projective generators for
LI’PZ(BurnEH). Compactness and projectivity follow because for a finite free G-set S, the functor
F + F(S) (with values in S) commutes with sifted colimits on Ps(Burnd) and carries the maps
in Z to equivalences. Moreover, the y(T) for T € BurnCGff can be expressed up to Z-equivalence as
colimits of the y(S) for S finite G-free by construction; therefore, the {y(S)} generate. This verifies
the claim about LzPs(Burnd).

The symmetric monoidal functor Burngff — Fun(BG7Burn?§f)) which remembers an underly-
ing set, or correspondence, with G-action extends to a cocontinuous symmetric monoidal func-
tor Py (Burnd) — Fun(BG, Pz(Burn?{f))). Evidently, this functor carries the class of maps 7
to equivalences, and factors symmetric monoidally through the Bousfield localization Lz. It re-
mains to show that the induced functor LzPs(Burnd) — Fun(BG,Pg(Burn?{f))) is an equiv-
alence. The compact projective generators on both sides are given by y(S) for S a finite free
G-set, so it suffices to compare maps between them. Equivalently, it suffices to show that the map
HomBumerf(S, T) — Homp,,( BG.Bung!t) (S,T) is an equivalence for S, T finite free G-sets (in fact, it
suffices for the G-action on one of them to be free). By decomposing S and T and using duality, it
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suffices to prove that this map is an equivalence when S = x and T = G; then one checks directly
that both sides are the free E.-space on a generator and the map is an equivalence. (|

Construction 2.10 (Borel-equivariant objects). Let C be a presentably symmetric monoidal,
preadditive oo-category. Tensoring the Bousfield localization of Proposition 2.9 with C, we ob-
tain a symmetric monoidal Bousfield localization functor

Mackg(C) — Fun(BG,C),
with a fully faithful lax symmetric monoidal right adjoint functor called “Borelification”,
(—)B°": Fun(BG,C) — Mackg(C).

The essential image of (—)B°" (called Borel-equivariant objects) is given by those product-preserving
presheaves F: (Burn&! )° — C such that for any finite G-set S, we have F(S) = F(G x S)"C.
In other words, F is Borel-equivariant if and only if the restriction of F to €(G)°P is right Kan
extended from the full subcategory spanned by the G-set G.

We will be interested in the above construction when C = CatP®'f. For this, recall that CatPe"
is preadditive (cf. [Barl6, Prop. 4.7] for this result in the closely related context of Waldhausen
oco-categories). Moreover, CatP®™ is presentable [BGT13, Cor. 4.25], and symmetric monoidal under
the Lurie tensor product [BGT13, Th. 3.1]. For an idempotent-complete stable co-category A with
G-action, we obtain a Cat?-valued Mackey functor M4 such that M, (G/H) = A" . For a map
of finite G-sets f: G/H — G/K, then f* is the natural pullback map A"% — A" We will need
to know that in this case, f,. can also be described explicitly.

Proposition 2.11. Let M € Mackg(CatP™™) be Borel-equivariant. Then for any map f: S — T
of finite G-sets, the functor f. : M(T) — M(S) (of Construction 2.8) is both left and right adjoint
to f*: M(S) — M(T).

Proof. We will verify this by invoking from [Barl7] a construction of a CatP-valued Mackey
functor which does have the desired adjointness property, which is Borel, and whose underlying
object of Fun(BG, CatP™) agrees with that of M.

Let A= M(G/ {e}) € Fun(BG, Cat?™™). Note first that for any map of finite sets f: Sy — Tp,
the pullback functor f*: Fun(7p,.4) — Fun(Sy, A) admits a right (and left) adjoint f,: Fun(Sp, A) —
Fun(Ty, A) given by summing over the fibers. Moreover, one has the base-change property: given
a pullback square of finite sets

Up——=Wy

]

So — 1o,

the induced square in CatP™ obtained by applying pullback everywhere is left and right adjointable
[Lur09, Def. 7.3.1.2].

Now for every G-set S, we consider Fung(S,A) € CatP; this is also Fun(S,.4)"¢ for the
diagonal G-action (with G acting on both S and A). Given a map of G-sets f: .S — T, we have
a pullback functor f*: Fung(T,A) — Fung(S,.A); we obtain a Catggrf—valued presheaf on the
category of finite G-sets. We claim that for any map f: S — T, the functor f*: Fung(T,A) —
Fung(S,.A) admits an adjoint (in either direction), and furthermore that for any pullback square
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of finite G-sets

| ]

S——T,
the induced square in Catggrf obtained by pullback functoriality is adjointable (in either direction).
This follows from the above verification in the case of finite sets, and then taking homotopy fixed
points in view of [Lurl7, Cor. 4.7.4.18]. Indeed, the result of loc. cit. shows that given a square
in Fun(BG, Caty,) which is left (or right) adjointable, the square in Cats, obtained by taking
G-homotopy fixed points remains left (or right) adjointable.

We thus have a CatP-valued presheaf on the category of finite G-sets, S — Fung(S,.A),
and we have verified the adjointability conditions needed to apply the unfurling construction of
[Bar17, Sec. 11], which produces a CatP*"-valued Mackey functor M’ extending the above presheaf
whose restriction to O(G) is given by the adjoints f.. In particular, M’ satisfies the condition
of the proposition. The Mackey functor M’ is Borel-complete (since this condition only depends
on the restriction to the category of finite G-sets) and must therefore agree with M, since the

restrictions of M, M’ in Fun(BG, Catgfrf) agree; it follows now that M has the desired property in
the proposition. O

Now we describe the fundamental construction for our purposes, the equivariant algebraic K-
theory of group actions, in the form constructed by Barwick—Glasman—Shah, cf. [BGS20, Sec. §].

Construction 2.12 (Equivariant K-theory of group actions [BGS20, Sec. 8]). It follows from
Construction 2.10 that we have a lax symmetric monoidal functor of “Borelification”

(—)B°": Fun(BG, CatP™) — Mackg (CatPe™),

and composing it with the lax symmetric monoidal algebraic K-theory functor as in Remark 2.5,
we obtain a lax symmetric monoidal functor

(2.2) K¢ : Fun(BG, CatP™) — Macke (Sp),
such that Kg(A)Y = K(A") whenever A € Fun(BG, Cat?™") and H C G.

Example 2.13 (Equivariant algebraic K-theory of Eo.-rings). Let R be an E-ring with G-action.
Then we write K¢g(R) for Kg(Perf(R)).

We will actually need a slight generalization of the above, in order to handle invariants other
than algebraic K-theory. Given a base E.-ring R, we consider the presentably symmetric monoidal
oo-category Mot of R-linear noncommutative motives, cf. [BGT13, HSS17]. We have a symmetric
monoidal functor U: Ca‘cpefo — Moty which is an additive invariant, i.e., it preserves filtered
colimits and carries semiorthogonal decompositions to direct sums in Mot g; moreover, I is initial
for these data and conditions.

Construction 2.14 (Motg-valued Mackey functors). Composing the functor (—)B°" with U, we
obtain a lax symmetric monoidal functor

Ug: Fun(BG, Cautperf ) — Mackg(Motg) ~ Mackg(Sp) ® Motg,

i.e., Ug takes values in Mackey functors in R-linear noncommutative motives. (Here we use Re-

mark 2.5, since U does not preserve all colimits.) Since for any A € Cat%ff;, the algebraic K-

theory K(A) can be recovered as Hompot, (1,U(A)) by [BGT13] and [HSS17], it follows that
11



the equivariant algebraic K-theory functor K¢ is the composition of Ug and the functor id ®
Homyot, (1, —): Mackg(Sp) ® Motg — Mackg(Sp).

Finally, in order to treat assembly-type maps for group rings, we will need to discuss the coBorel
variant of the above.

Construction 2.15 (coBorel Mackey functors). Let M be a C-valued Mackey functor, for C a
presentable preadditive oo-category. Note that Macke (C) = Ps(Burnd!) @ C is naturally tensored
over Ps(Burnd). Let y : Burnd! — Py (Burnd') denote the Yoneda embedding.

We will say that M is coBorel if the natural map (M ® y(G))hne — M is an equivalence in
Mackg(C). Any M € Mackg(C) admits its coBorelification Mcopor = (M @ y(G))ng, which is
the universal coBorel Mackey functor mapping to M; this follows because the object y(G)ng in
Ps (Burnd) is an idempotent object for the tensor structure. (In fact, there is a natural symmetric
monoidal functor from the oco-category of G-anima to Py (Burngﬂ) which is the identity on G-sets;
then y(G)nq is the image of the G-space EG.) The coBorelification only depends on the underlying
object of Fun(BG,C) (since M ® y(G) does), so we can also consider this as a functor

(_)coBor: FHH(BG,C) — MaCkG(C).

Dually as in Construction 2.10, (—)copor is fully faithful; the essential image consists of those
M € Mackg(C) such that the dual comparison maps (M {1})h g~ M H are equivalences for all
H C G. By the universal property, we obtain a natural map (—)coBor — (—)B°" which is an
equivalence after forgetting to Fun(BG,C). The functor (—)coBor: Fun(BG,C) — Mackg(C) is the
left adjoint to the localization functor Mackg(C) — Fun(BG,C) of Construction 2.10 (whose right

adjoint was the Borelification).

We now describe the coBorelification of the Cat2-valued Mackey functors constructed above.
This involves controlling homotopy orbits in Catggrf. To begin with, we need some facts about
limits and colimits of presentable, stable oo-categories, cf. [Lur09, Sec. 5.5.3]. Let Prk denote
the oo-category of presentable, stable co-categories and left adjoint functors between them. Let
PrL denote the oo-category of presentable, stable co-categories and right adjoint functors between
them, so we have an equivalence in Prk ~ (Prf)°P. It follows that the underlying co-category of a
colimit in Prl (of some diagram i + C;,i € I) can be calculated by taking the inverse limit along
I°P of the right adjoints [Lur09, Th. 5.5.3.18]. Explictly, via the Grothendieck construction, we can
express the diagram I — Prk in terms of a presentable fibration Co1I , which is both a cartesian
and a cocartesian fibration (cf. [Lur09, Def. 5.5.3.2]); the limit in Pr% is given by the oo-category
of cocartesian sections, whereas the colimit is given by the oco-category of cartesian sections.

We can use this to describe colimits in CatP'™.

Construction 2.16 (Colimits in CatP®™). Consider the functor Ind: CatP™* — PrL ([Lur09,
Sec. 5.3.5]). This functor admits a right adjoint sending a presentable, stable co-category to its
subcategory of compact objects; therefore, Ind commutes with all colimits. To compute a colimit
in CatP™™ of an I-indexed diagram, i — A;, we therefore form the I°P-indexed diagram of Ind(A;)
and the right adjoint functors, and then take the compact objects in the limit.

Example 2.17 (Homotopy orbits in Cat?™™). Let A € Fun(BG, Catl™). We claim that A,g is
naturally described as the full subcategory of compact objects in Ind(A)"“.

To see this, we first describe the homotopy orbits Ind(A)xg in ’Prft. Form the presentable
fibration over BG with fiber Ind(.A); as above, the cocartesian sections give Ind(.A)"“ (the homotopy
limit in PrL) while the cartesian sections give Ind(A),c. Since BG is an oo-groupoid, the cartesian
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and cocartesian sections are the same and we have a canonical identification Ind(A)xg = Ind(A)"¢
in PrL. The claim about Ajg now follows by passage to compact objects.

Equivalently, we find that Ang € CatP is the full subcategory of A" generated as a thick
subcategory by the image of the functor A — A" adjoint to the forgetful functor, since this
image forms a set of compact generators of Ind(.A)"“. In particular, we have a natural fully faithful
embedding Anc € A"E (which we verify below to be the norm map); it follows that for any diagram
Aj,j € J in Fun(BG, CatP®"), the natural map (l&nJ Aidne — @J(Aj)hg is fully faithful, since
(—)"¢ commutes with limits.

Proposition 2.18. Let A € Fun(BG,Catggrf). Then the natural map of Catgoerf—valued Mackey
functors

AcoBor — ABor’
is fully faithful on H-fized points for H C G. Moreover, (Acopor)? C (AB)H = AP s the thick
subcategory generated by the image of the biadjoint A — AP

Proof. Let H C G. Then we claim that the natural map (i.e., the norm map) in Catgoerf,
(2.3) Ang = (A2 G — A = (A G)pe)!

is fully faithful; this map is the H-fixed points of Acopor — AP°". But this follows from the
observation in the previous example: we saw that if T: Fun(BG, CatP) — CatP™ is the functor
B+ Bhg, then if B has a G x H-action, then T(B") — T(B)" is fully faithful. It follows
that Acopor — AP is fully faithful on each fixed points. To see that its essential image is the
subcategory as claimed, we observe that A — A,y has image generating the target as a thick
subcategory. O

Example 2.19 (Assembly maps). Let G act trivially on Perf(R). Then we find that for each sub-
group H C G, one has Perf(R)py ~ Perf(R[H]) C Fun(BH, Perf(R)) is the collection of compact
objects in Fun(BH, Mod(R)). In particular, the CatP™-valued Mackey functor (Perf(R))copor i
precisely the one that leads to the theory of assembly maps, cf. [RV18].

Construction 2.20 (Equivariant algebraic K-theory, coBorel version). Combining the above, we
obtain a functor

Uc coBor : Fun(BG, Cat%froi) (Deosor, Mackg(Cat‘;;rf ) = Mackg(Motg),

,00

which is the coBorel version of Construction 2.14. If A is an algebra object of Fun(BG, Cat%ei),

then Acopor = AP @ y(G)ne is a module over AB°T in Mackg(Catprf)i). Therefore, Ug coBor (A) s
a module over Ug(A) (which is an algebra object of Mackg(Motg)).

3. REVIEW OF NILPOTENCE

To prove our descent theorems, it will be convenient to use the language of nilpotence, as in
[MNN17, MNN19]. For the material in section 5 and further, we also need the variant of e-
nilpotence, as used in [CMNN20].

Definition 3.1 (Nilpotence). Given a finite group G and a family .% of subgroups, a G-spectrum X

is said to be % -nilpotent [MNN17, Def. 6.36] if it belongs to the thick subcategory (or equivalently

the thick ®-ideal) generated by G-spectra which are induced from subgroups in .%. We say that a

G-spectrum X is (F, €)-nilpotent if there exists a finite set of prime numbers ¥ such that for every

finite spectrum F' whose localizations at primes in 3 are nontrivial, then X belongs to the thick
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®-ideal of G-spectra generated by F' and the Z-nilpotent G-spectra. (This somewhat involved
definition in particular implies that every passage to T'(n)-local coefficients makes X F-nilpotent,
and this is an if and only if for the endomorphism G-ring spectrum of X. Compare [CMNN20,
Sec. 2.3] with A = [[,c» F(G/H,,S).)

Definition 3.2 (%-completeness, cf. [MNN17, Sec. 6.1]). Given a finite group G and a family %
of subgroups, let E% be the classifying space of the family .# as reviewed in [MNN17, Cons. 6.3].
We say that X € Sp; is .F -complete if the map X — F(E.%,,X) is an equivalence, or equivalently
if X is complete with respect to the algebra object A = [], .5 F(G/H,,S). This in particular

implies that X¢ = @G/Heog(c‘)or) X
Proposition 3.3. Given an (F,e)-nilpotent G-spectrum X , the natural comparison maps

(3.1) lim X7 - XY~ lim X"
G/HEO % (G) G/HEO z(G)op

)

become equivalences after applying L,y for any height n and implicit prime p; moreover, the
functor L,y can be applied either inside or outside the homotopy limit on the right of (3.1), i.e.,
the map

(3.2) LT(n)< lim XH>—> lim LymyXT
G/HEO 5 (G)op G/HEO 5 (G)op

is an equivalence.

Proof. Fix n and the implicit prime p. Given an Z-nilpotent G-spectrum X, the maps of (3.1) are
equivalences, cf. [MNN19, Prop. 2.8] (in particular, X is #-complete). If X is F-nilpotent then
the T'(n)-localization of X remains .#-nilpotent by a thick subcategory argument, whence (3.2) is
also an equivalence. Now the collection of G-spectra for which (3.1) and (3.2) are equivalences is a
thick subcategory which contains the .#-nilpotent G-spectra and the G-spectra of the form F ® Y’
for Y € Spy and F a finite torsion spectrum of type (at p) > n+1; this collection therefore contains
the (&, e)-nilpotent G-spectra. a

‘We now discuss some criteria for nilpotence, starting with the case of the family .7 consisting only
of the trivial subgroup. Let EG denote the universal free G-space (or equivalently the classifying
space of the family consisting of the trivial subgroup). Let EG denote the cofiber of EG; — Sin
Spg; it is naturally an algebra object in Sp, as the smashing localization of S in Sp, away from
the localizing ®-ideal generated by the free G-spectra, cf. [MNN17, Prop. 6.5]. In the following, let

R be an associative algebra in Sp.. Then we consider the associative algebra (R ® EZ?)G in Sp.
Since EG = (G)p¢ (in the co-category of G-anima), we have a cofiber sequence

Rne — RY = (R® EQ),
where R = R,{;G} and Rpc — RC is the transfer for the G-spectrum R.

Proposition 3.4 (Criteria for 7 -nilpotence). An associative algebra R in Spq is 7 -nilpotent (for
T ={(1)}) if and only if (R® EG)® is contractible.

Proof. This follows from [MNN17, Th. 4.19], since R ® EG is the localization of R (in Spe) away
from the localizing ®-ideal generated by the free G-spectra. ]
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Proposition 3.5 (Criterion for (.7, ¢)-nilpotence). Let R be an associative algebra in Spy. Suppose

that (R ® EC:’)G has trivial T'(n)-localization for n > 1 and all primes p and trivial rationalization.
Then R is (T, e)-nilpotent.

Proof. Our assumptions imply that there exists a finite set of prime numbers 3 such that for every
finite complex F with nontrivial localizations at primes in X, the associative algebra spectrum
(R ® EG)% belongs to the thick ®-ideal generated by F, cf. [CMNN20, Prop. 2.7]. Thus, the G-
spectrum R ® EG belongs to the thick ®-ideal generated by F'; here we use the natural adjunction
(i, (—)%) : Sp = Spg. Therefore, R belongs to the localizing ®-ideal generated by F and by the
G-spectrum G (using the fiber sequence R ® FG; - R - R ® E\C/r’), and hence it belongs to
the similarly generated thick ®-ideal by [MNN17, Th. 4.19] (which we apply to C = Sp, and the
dualizable associative algebra object FF @ DF' x DG € Spg, for D the categorical dual) again. The
result follows. ]

We next include three general results about .#-nilpotence for an arbitrary family. The first
result states that when R is rational (i.e, T'(0)-local), .#-nilpotence is a purely algebraic condition
on 7p; the second (which will only be used with &% = 7) gives a generalization of this to T'(n)-local
objects. The third result allows us to transfer rational %-nilpotence to (&, ¢)-nilpotence in the
presence of an E.-structure, using the May nilpotence conjecture [MNN15]. For this, we let EZ#
denote the universal G-space for the family % and E.Z the cofiber of the map FZ, — S in Spg,
so E.7Z is the localization of S away from the localizing ®-ideal generated by the {G/H,,H € % }.

Proposition 3.6 ([MNN19, Prop. 4.11]). Suppose that the associative algebra R in Spy is rational.
Then R is F -nilpotent if and only if the induction map @ ¢ 5 mo(R?) — mo(RC) is surjective, or
equivalently has image containing the unit. |

Let Lp(;)Spe denote the full subcategory of Spg spanned by the 7'(i)-local objects, i.e., those for
which the H-fixed points for each subgroup H C G are T'(i)-local spectra (at the implicit prime p);
this equivalence follows because the orbits form a set of compact generators for Sp,. We next give
a criterion for .7-completeness in Ly (;)Spg. This will use the vanishing of the Tate constructions
in Ly Sp, due to [Kuh04], in the following equivalent form:

Lemma 3.7. If C is any presentable stable oo-category and X € Fun(BH,C) is an H-object in C
for some finite group H, then Xy @T (i) € C belongs to the thick subcategory generated by X T (7).

Proof. An equivalent form of the telescopic Tate vanishing is that, as an object of Fun(BH, Sp) (with
trivial H-action), T'(i) belongs to the thick subcategory of Fun(BH, Sp) generated by T'(i) ® H;,
cf. [MNN19, Prop. 5.31]. From this, the result easily follows, since (XQT ())@H )pg = XQT (7). O

In the next result, we use the notation ®¥ for the H-geometric fixed points functor on Sp.

Proposition 3.8 (Properties of T'(i)-local G-spectra). Let G be a finite group, F a family of
subgroups and i > 0. Let M € Lp;)Spg. Then the following are equivalent:

(1) M is F-complete.

(2) For every finite type i complex F, the G-spectrum M ® F is & -nilpotent.

(3) We have Ly(;(®¥M) =0 for H ¢ F.

Proof. We first claim that for each family ¢ of subgroups of G, the G-spectrum E¥, ® T(i) is
@-nilpotent; we prove this by induction on 4. To start with, when ¥ = 7, then EY, = (G4 )na;
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this uses the G-action on the G-space G (by right multiplication, so in the category of G-anima).
It follows from Lemma 3.7 that E.7, ® T(i) is Z-nilpotent. Now we treat the inductive step.
Fix a proper family ¢ such that F¥, ® T(i) is ¥-nilpotent. Choose a subgroup H C G which is
minimal for the property of not belonging to ¢; one forms a new family ¢’ obtained by adding the
conjugates of H to 4. Then there is a cofiber sequence of pointed G-anima

EY, — B9, — B9, NEY = (G/H{)nwy, N EY,

where W is the Weyl group of H C G. Using this, the inductive assumption, and Lemma 3.7, the
inductive step follows and the claim is proved.

Now we prove the result. Suppose M € Lp(;Spg is #-complete. By the thick subcategory
theorem, condition (2) is independent of the choice of F' and we choose a finite type ¢ complex F
such that F' admits the structure of a ring spectrum; given a v;-self map v of F' which we may
assume central, we can take T(i) = F[v~!]. Then M ® F admits the structure of a 7'(i)-module,
since M is T'(i)-local. It follows that the .7 -cellularization (cf. [MNN17, Cons. 3.2, Prop. 6.5] for
an account, where cellularization is called acyclization.) E.%; ® M ® F of M ® F belongs to the
thick ®-ideal of Sp, generated by E.#, ® T(i) and is therefore .Z-nilpotent, by our initial claim.
Consequently, the #-completion F(EZ;,E#, ® M ® F) (which is M ® F again since this is
F-complete) is also F-nilpotent (here we implicitly use that the %-completion of a G-spectrum
depends only on its .#-cellularization). Thus, (1) implies (2). Clearly (2) implies (3), again by
smashing with F. If (3) holds, then M ® F = M ® T(i) has trivial geometric fixed points ®¥ for
H¢ .7, whence MF =E%,M®F = EZ, ® M ®T(i), which we have seen is .%-nilpotent.
Thus, (3) implies (2). Finally, (2) implies (1) by writing M (which is assumed T'(i)-local) as an
inverse limit of M ® F' for suitable finite type ¢ complexes F' (e.g., generalized Moore spectra). [

Corollary 3.9. Let R € Ly(;) Spg be an algebra object which is & -complete. Then any R-module
M € Ly Spg is & -complete.

Proof. This follows from item (3) of Proposition 3.8, since ®* is a symmetric monoidal functor. [J

Proposition 3.10. Let R € Lp(;) Spg be an Ei-algebra, and let M € Ly Spg be an R-module.
Then the map MG — M"G admits a section as R® -modules. Similarly, the map Ly (Myg) — M€
admits a section as R® -modules. If G = Cp, then M is Borel-complete if and only if either of these
maps is an equivlaence.

Proof. All of this follows because the composite map Ly (Mpa) — MS% — M"C is the norm,
which is an equivalence since Tate constructions vanish in 7'()-local homotopy [Kuh04]. O

Proposition 3.11. Let R be an E-algebra in the symmetric monoidal co-category Spg. Suppose
that the rationalization Rq is & -nilpotent. Then R is (F,¢e)-nilpotent.

Proof. By assumption, the Eo-ring (R ® EZ )8 is contractible. Therefore, by the main result of
[MNN15], the Eoo-ring (R ® @)G is annihilated by Ly, for all n and implicit primes p. In
particular, by [CMNN20, Prop. 2.7], there exists a finite set ¥ of primes such that (R ® EA?)G
belongs to the thick ®-ideal of spectra generated by any finite spectrum F' such that F,) # 0 for
p € X. This implies that R ® EF belongs to the thick ®-ideal of Sp, generated by F', whence
R Dbelongs to the localizing ®@-ideal generated by F' and {G/H{,H € Z#} in view of the cofiber

sequence R® E.%, — R — R® E.Z. Finally, [MNN17, Th. 4.19] again implies that R belongs to
the thick ®-ideal generated by F and {G/H.,H € Z} in Sp, as desired. O
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Definition 3.12. Let C be a presentably symmetric monoidal stable co-category. We say that
an object of Mackg(C) = Mackg(Sp) ® C ~ Spg ® C is % -nilpotent (resp. (F,e)-nilpotent) if it
belongs to the thick ®-ideal of Mackg(C) generated by the F-nilpotent (resp. (%, ¢)-nilpotent)
objects in Spg.

It follows that for any cocontinuous functor C — Sp, the induced functor Mackg (C) — Macks(Sp)
Sp¢ carries .7 -nilpotent (resp. (%, e)-nilpotent) objects in the source to .#-nilpotent (resp. (%, ¢)-
nilpotent) objects in the target. Using the adjunction Sp & C where the symmetric monoidal left
adjoint carries S to the unit, we obtain the next result.

Proposition 3.13. Let C be a presentably symmetric monoidal stable co-category, and suppose
1 € C is compact. Let A be an object of Mackg(C) which admits a unital multiplication in the
homotopy category. Then A is Z -nilpotent (resp. (F,e)-nilpotent) in Mackg(C) if and only if
it is carried to an ZF -nilpotent (resp. (F,e)-nilpotent) object of Mackg(Sp) under the functor
Home (1, —): Mackg(C) — Mackg(Sp).

Proof. Let i* : Mackg(Sp) — Mackg(C) denote the canonical symmetric monoidal functor (ob-
tained from Sp — C), and let i, : Mackg(C) — Mackg(Sp) denote its right adjoint (which is
equally obtained by the cocontinuous functor Home (1, —) : C — Sp). By assumption, i, A is .%-
nilpotent (resp. (&,e)-nilpotent); thus, so is i*i, A and hence so is A since our assumption of a
unital multiplication implies that A belongs to the thick ®-ideal generated by i*i, A. a

Example 3.14. Let A € Fun(BG, Cat%fgi). Counsider Ug(A) € Mackg(Motg), a Mackey functor

valued in Motg. Suppose A is an algebra object of CatpRCf)fo (i.e., is an R-linear monoidal stable
oo-category). Then Ug(A) is F-nilpotent (resp. (%, ¢)-nilpotent) if and only if the G-spectrum
Kg(A) is Z-nilpotent (resp. (&, e)-nilpotent), using the representability of K-theory.

4. DESCENT FOR p-GROUPS; PROOF OF THEOREM A AND THEOREM B

In this section, we give the proof of Theorems A and B via Theorem 1.3. We start with the
following general reduction.

Proposition 4.1. Let R be an Eg-ring, and let j > 0. Then the following are equivalent:

(1) Ly (9% K¢, (R)) = 0.

(2) The Cp-spectrum Lp;yKc, (R) is Borel-complete.

(3) For every R-linear idempotent-complete stable oco-category C equipped with an (R-linear)
action of a finite p-group G, and every additive invariant E with values in T'(j)-local spectra,
we have E(C"?) = E(C)"C.

(4) For every R-linear idempotent-complete stable oco-category C equipped with an (R-linear)
action of a finite p-group G, and every additive invariant E, we have

(41) Ly (BEQCne) = L E(Cha) = Ly E(C"Y) & Ly (BE(C)"Y) &5 (Ly) E(C)"C.

Proof. (1) and (2) are equivalent by Proposition 3.8; (2) is the special case of (3) where E =
LpjyK(—) and G = C,, acts trivially on Perf(R); and (3) is a special case of (4). Thus let us show
(1) implies (3) and (3) implies (4).

First, we show (1) implies (3). Since every p-group has a composition series with successive
quotients cyclic of order p, we can use dévissage to reduce to the case when G = C,. Let E¢, (C) =
E(CB°") denote the Cp-spectrum obtained by applying E to the C,-Mackey functor CB°" in CatP'™.
By construction, E¢, (C) is a module in Cp-spectra over K¢, (R). In fact, this follows because
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CP°r is a module over Perf(R)B°", and Uc, (C) € Macke, (Mot) is therefore a module over K¢, (R).
Since E¢,(C) is T'(j)-local, we find that E¢, (C) is a module over Lp(;)K¢,(R) and is therefore
Borel-complete by Corollary 3.9.

Finally, we show (3) implies (4). To this end, we will produce a sequence of G-spectra which we
will show to be Borel-complete, and which on fixed points realizes the maps in (4.1). In fact, consider
the G-Mackey functors CP°", Ceopor With values in Catggrf; we have a natural map Ceopor — CB.
Both are modules over Perf(R)B°" in Mackeg(CatP™"). Applying E and then Lp(jy, we obtain a
sequence of G-spectra

(4.2) E(CeoBor)eoBor — E(CeoBor) = E(CP") — E(CP)P" — (Lp(;) E(CPT))PO.

Note that all of these G-spectra are modules over Kg(R). Therefore, the T'(j)-localization of the
G-spectra in (4.2) are modules over the G-ring spectrum Ly ;) Kg(R), which is Borel-complete by
(3) (applied to the trivial G-action on Perf(R)). Consequently, in view of Corollary 3.9, the T'(5)-
localizations of the G-spectra in (4.2) are all Borel-complete. Finally, all the maps of G-spectra in
(4.2) induce T'(j)-equivalences on underlying spectra; consequently, the T'(j)-localizations induce
equivalences on G-fixed points, whence the equivalences in (4). O

For future reference, we recall also the following lemma.

Lemma 4.2. Let E; denote Morava E-theory of height i. For any T(i)-local By -algebra R over

E;, we have that Eith ®p, R = R"Cr | and this is a free R-module of rank p*. Here we always have
C, acting trivially, and the relative tensor product is algebraic, not (a priori) T'(i)-localized.

Proof. As E; is complex oriented and even periodic, and the p-series [p|(t) € (moFE;)[[t]] of its
associated formal group law is a nonzerodivisor, the Gysin sequence for S' — BC, — BS! shows
that E?Cp = EiBC" is also even periodic, and WOE?CP = (moE;)[[t]]/[p](t). Since the formal group
has height 4, this is a free module of rank p® over 7o E;. Since F; is T'(i)-local, Kuhn’s Tate vanishing
result from [Kuh04] (or the earlier [GS96]) shows that this implies that Lp)((Ei)nc,) is free of

rank p’. Mapping out to an arbitrary T'(i)-local E;-module M, we deduce that
M"Cr = Homp, (L) (Ei)ac,), M) = Homp, (Lr) (Eac, ), i) @5, M = " @5, M,
implying all the desired claims. O

4.1. The case of ordinary rings. For the proof of Theorem 1.3, we will need to give an inde-
pendent treatment of a special case: namely, the case where R is an ordinary ring. Note that for
n =1, T(1) and K(1)-local homotopy coincide [Mah81, Mil81], and for all n we have Lp,)A =0
if and only if Lg,)A = 0 whenever A is a ring spectrum, thanks to the nilpotence theorem; see
[LMMT?20, Lem. 2.3]. This will let us consider K (n) instead of T'(n).

What we will really need for the main proof is the following.

Lemma 4.3. Let R be a commutative ring. Then the assembly map
K(R)nc, = K(R[Cy))
is a T(n)-equivalence for all n > 1.

The hypothesis that R should be commutative is a posteriori not necessary, by Theorem 4.12,
but it will be used in the proof here.
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Proof. In fact, we will show that the assembly map is a T'(n)-local equivalence for n = 1. By
Mitchell’s theorem (Theorem 1.1), Ly, K(Z) = 0 for n > 2, which implies the statement also
holds when n > 2 since both sides vanish.

Thus, assume n = 1. Since K(A) — K(A[l/p]) is a K(1)-equivalence for all rings A (see
[BCM20, LMMT20, Mat21] for three different proofs), we can reduce to the case where R is a
Z[1/p]-algebra. By transfer along the degree p — 1 extension Z[1/p] — Z[1/p,(,], we can even
assume R is a Z[1/p, (,]-algebra. The claim is equivalent to the assertion that the Cp-spectrum
K (Perf(R)coBor) (obtained by applying K(—) to the Cp,-Mackey functor Perf(R)¢oBor) has the
property that (KU @ K (Perf(R)coBor))/p is Borel-complete. Equivalently, we need to show that the
map

(4.3) (KU ®K(R))hcp — KU®K(R[Cp))

induces an equivalence upon p-completion.

The p-completion of the map (4.3) admits a retraction as (KU ®K(R))s-modules by Proposi-
tion 3.10. (For this argument, cf. [Mall7].) We will show that the p-completions of both sides are
free (KU®K (R))p-modules of rank p, which will therefore imply the claim. Indeed, the fact that
the p-completion of (KU @K (R)) he, 18 free of rank p follows from Lemma 4.2. Moreover, the fact
that (KU ® K (R[C)]))z is free of rank p follows because the standard idempotents in the group ring
give R[Cp] ~ R*P as R-algebras. This proves the claim and hence the lemma. O

Remark 4.4 (A proof of Mitchell’s theorem). The above methods also reprove the vanishing
LpnyK(Z) = 0 for n > 2 using similar methods; it suffices to prove Ly (,)K(Z) = 0 for such n. By
Quillen’s localization sequence K (F,) — K(Z) — K(Z[1/p]) and Quillen’s calculation K (F,)) =
Zp), it suffices to show Ly () K (Z[1/p]) = 0, or again by a transfer argument L g (,,) K (Z[1/p, (p]) =
0. We now run a similar argument as above. Let R = Z[1/p, (;]. The map

(4.4) L(n)(En @ K(R)nc,) = Li(n)(En @ K(R[Cy]))

admits a retraction of Ly ,)(E, ® K(R))-modules by Proposition 3.10. We showed in the proof
of Lemma 4.3 that K (R[C,)]) is a free K(R)-module of rank p, whence the right-hand-side of (4.4)
is a free Lg(y)(En ® K(R))-module of rank p. By Lemma 4.2, the left-hand-side of (4.4) is a free
module of rank p™. In particular, we obtain a split injection from a free module of rank p™ over
Lgm)(En ® K(R)) to a free module of rank p. As p" > p, this forces Lg ) (E, ® K(R)) = 0,
whence the claim.

Remark 4.5. Suppose R is an associative Z/p™-algebra for some n > 1. Then the assembly map
K(R)nc, — K(R[Cy]) is a T(0)-equivalence as well. In fact, after 7(0)-localization this map is
simply the map K (R)[1/p] = K(R[C,])[1/p]. This map admits a section given by the augmentation
R[C,] — R which is surjective with nilpotent kernel, and induces an equivalence on K (—)[1/p] by
[LT19, Th. 2.25]. We thank the referee for this remark.

4.2. Extending to higher heights. In this subsection, we prove Theorem B and Theorem A
together and in full generality via an inductive argument on the height.

To obtain the desired bounds on the chromatic complexity on K(R), we will use the following
converse to chromatic blueshift.

Theorem 4.6 (Cf. [Hahl6, Prop. 4.7] and [BSY22, Th. 9.8]). Let A be an Eoo-ring and let i > 0.
Suppose that LT(i)(Ath) =0. Then LpjyA =0 for j >i+1.

For the convenience of the reader, we include a deduction of Theorem 4.6 from the main theorem
of [Hahl16].
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Lemma 4.7. The mo(F;11)-algebra wo(Eff{) has the property that Wo(Eff’f)/(p, Viyenr, V1) 08

faithfully flat over the field mo(Eiy1)/(psv1, -, vi—1)[v; 1] = k((v;)).

Proof. Note that WO(Efffl’) /(p,v1,...,v;—1) is nonzero and has v; invertible, since Eff’l’ has trivial
K (i+1)-localization but nontrivial K (i)-localization by [GS96, HS96]. Therefore, the result follows.

]

Proof. The vanishing results for the telescopic localizations are equivalent to those for the analogous
K (j)-localizations, i.e., it suffices to show that Ly ;yA =0 for j > i+ 1 (cf. [LMMT20, Lem. 2.3]).
By [Hah16, Th. 1.1], it suffices to show that Lx(;41)A = 0. Therefore, without loss of generality,
we may replace A with Ly (;41)(Ei11 ® A) and assume that A is a K (i + 1)-local E-E;1-algebra
such that Lg ;) (A*Cr) = 0; we then need to show that A = 0.

Now we have

(4.5) Ath =A ®Ei+1 E:fi)a

by Lemma 4.2. Furthermore, W*(Effi) ) is a localization of , (Efff) and is therefore flat over
7« (E;+1), whence it follows from Lemma 4.7 (and the Kiinneth spectral sequence) that the map

mo(A/(p,v1, ..., vi_l)[vi_l]) — Wo(AtCP/(p, vy, .. ,vi_l)[vi_l])

is faithfully flat. Our assumption is that the target vanishes since A*“» is L;_i-local. Therefore,
the source vanishes and we find that Ly ;A = 0, whence L (;1)A = 0 by [Hah16, Th. 1.1]; thus
A = 0 since it is K (i 4+ 1)-local, as desired. O

We will also need to use some of the results of [LMMT20] on the chromatic behavior of algebraic
K-theory.

Theorem 4.8 ( [LMMT20, Th. 3.8]). Let A be an Ei-ring and let n > 1. Then the map K(A) —
K(LPf A) is a T(i)-local equivalence for 1 <i < n.

Now we get into the proofs of Theorem B and Theorem A; the following lemma, equivalent to
Theorem 1.3 from the introduction (thanks to Proposition 4.1), will be the key inductive step.

Lemma 4.9. Let R be an Ey-ring and let i > 1. For the following conditions, we have the
implications (1) = (2) = (3):

(1) Ly R =0 and Ly K (RCr) = 0.

(2) Ly @ (Ke,(R)) = 0.

(3) Ly K(R) =0  forall j>i+1.

Proof. In the following proof, we use the following notation: given a Cj,-Mackey functor M with
values in CatP™®, we simply write K (M), TC(M), etc. for the associated Cp-spectrum obtained by
applying K, TC, etc. With this notation, we have that K¢, (R) = K (Perf(R)B°"); note that our
hypotheses imply that this is an E-algebra in Cp-spectra.

We start by showing (1) implies (2). First, we reduce to the case where R is connective. Indeed,
given a coconnective spectrum X, the Cp-Tate construction X tCv is annihilated by L2/ for any
n > 0; this follows by dévissage and filtered colimits (note that (—)!“» commutes with filtered
colimits on coconnective spectra) from the case where X is an Eilenberg—MacLane spectrum in a
single degree. Therefore, the map (7>0R)!“» — R'“» induces an equivalence on LP/-localizations
for any n > 0. It follows that Ly K ((t>0R)"“?) =+ Ly(;yK(R'°?) by Theorem 4.8. Therefore, the
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hypotheses of (1) hold for R if and only if they hold for 7>¢R, so we may assume R is connective;
note also that the conclusion of (2) for 7>oR implies it for R.

Now we have the categorical Mackey subfunctor Perf(R)copor C Perf(R) By definition,
this map of categorical Cp-Mackey functors is an equivalence on underlying objects (both have
underlying object of CatP™! given by Perf(R)), and on Cp,-fixed points it is given by the in-
clusion Perf(R[C}]) € Fun(BC,,Perf(R)), see Proposition 2.18 and Example 2.19. The Verdier
quotient of categorical Mackey functors Perf(R)B°"/ Perf(R)qopor is therefore a Catggrf—valued Cp-
Mackey functor with trivial underlying object and C)p-fixed points given by the Verdier quotient
Fun(BC,, Perf(R))/ Perf(R[C,]), which is linear over the E,-ring R‘C» (cf. [NS18, Sec. 1.3]). Ap-
plying K-theory, we obtain a cofiber sequence of C,-spectra

K (Perf(R)coBor) = Kc, (R) — K(Perf(R)Bor/ Perf(R)coBor)-

If we suppose that LT(i)K(RtCT') = 0, then by the above, it follows that LT(Z-)@CT' (—) annihilates the
last term. Therefore, in order to prove (2), it suffices to show that Ly ;) ®°» K (Perf(R)coBor) = 0.

Now K (Perf(R)copor) of any E;-algebra is group-ring K-theory, cf. Example 2.19. Thus, since
R is now assumed connective, we may apply the Dundas—Goodwillie-McCarthy theorem [DGM13]
to obtain a pullback square of Cp-spectra,

Bor

K(Perf(R)coor) —— TC(Perf(R)coBor)

i i

K (Perf(moR) coBor) — TC(Perf(moR) coBor)-

Here K (Perf(mgR)coBor) has trivial T'(i)-localized geometric fixed points by Lemma 4.3. Thus,
to prove (2), it suffices to prove that Lp;)®“» TC(Perf(A)copor) = 0 whenever A is a connective
[Ei-ring with Lp(;A = 0 (as this holds for both A = R by hypothesis and A = moR trivially).

Now we use an expression for the p-completion of ®“» TC(Perf(A)c,por) given in the work of
Hesselholt-Nikolaus, [HN19, Th. 1.4.1]. Indeed, ®“» TC(Perf(A)coBor) is the cofiber of the assembly
map TC(A)® BCp — TC(A[C,]) and loc. cit. shows that after p-completion, this cofiber becomes
THH(A; Zy)nr,[1] ® Cp for T, the p-fold cover of the circle T. In particular, our assumption that
L7(;)A = 0 thus implies that Ly (#“» TC(Perf(A)copor)) = 0 as desired. This shows (1) implies
(2).

Finally, we show (2) implies (3). The Borel-completion of the Cp-spectrum K¢, (R) is the Borel-
complete C)-spectrum associated to the trivial Cp-action on K(R); in particular, we have a map
of Eoo-rings ®» K¢ (R) — K(R)!“». It follows from (2) that Lz ;)(K(R)!“?) = 0, whence (3) by
Theorem 4.6. ]

We now prove Theorem A and Theorem B from the introduction, by starting with their special
case Theorem C, which we restate here:

Theorem 4.10. Let n > 0, and let C be an LP7 -local stable co-category. Then LrmyK(C) =0 for
all m > n+ 2, and for any finite p-group G acting on C we have

LT(n+1)K(ChG) = (LT(n+1)K(C))hG'

Proof. Taking R = LP/S, by applying Lemma 4.9 and Proposition 4.1 it suffices to show that

Ly(41)R =0 and LT(nJrl)K(RtCP) = 0. The first vanishing follows from the definition. As for the

second vanishing, we use induction on n. When n = 0 we have R = S[1/p] so R‘®» = 0. When
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n > 0, Kuhn’s blueshift theorem [Kuh04] shows that RCr is LP7 -local, whence K(R!Cr) is a
module over K (L?¥S) and we conclude by induction. O

As a corollary of combining this theorem with the results of [LMMT20] (in particular, The-
orem 4.8), one obtains the following purity result in T'(n)-local K-theory; this also appears in
[LMMT?20] and is explored further there.

Corollary 4.11. Let A be an Eq-ring, and let n > 1. Then the map A = Lym—_1)ygr(n)A induces
an equivalence on L) K(—).

Proof. By Theorem 4.8, we may assume that A is already L2f-local. We have a pullback square
K(A) K(Lr(n-1)er(m)A)

! i

K(LDT ) A) —— KLYy (L n-nyerm A)),

since both vertical homotopy fibers are given by the (non-connective) K-theory of the thick sub-
category of Perf(A) generated by A® F, for F a finite type n — 1 complex. The result now follows
from Theorem C, which shows that the spectra on the bottom row are T'(n)-acyclic. O

Now we can input this back in to our arguments and obtain Theorem A and Theorem B, which
we combine and restate here.

Theorem 4.12. Let R be an Eo,-ring.

(1) Suppose LT(n)(thp) = 0 for some n > 0. Let C be an R-linear idempotent-complete
stable co-category equipped with an R-linear action of a finite p-group G. Let E be an
additive invariant of R-linear idempotent-complete stable co-categories. Then the natural
maps induce equivalences

L1y (EC)ne) = LrninB(Cha) = LrminE(C") = Lrminy (B(C)"Y) = (Lrmin E(C)"C.
(2) Suppose Lypmy1yR =0 for somen > —1. Then LpjyK(R) =0 for j >n+2.

Proof. For (1), by Lemma 4.9 and Proposition 4.1 it suffices to show that L+ = 0 and
Ly K (R*“») = 0. The first follows from Theorem 4.6; for the second, we also get the weaker
vanishing Ly(,41)(R'“?) = 0 (Hahn’s theorem, [Hah16]) so this follows from the purity result
Corollary 4.11. For (2), Hahn’s theorem shows Lp(,,42)R = 0 as well, so this follows from Corol-
lary 4.11. O

Remark 4.13. The converse of part (2) of Theorem 4.12 is proved (for p-local E..-rings) in [BSY22,
Th. 9.11] using the nonvanishing of Lp(,41)K (Ey) proved in [Yua2l].

4.3. Comparison with the redshift conjectures. Finally, we discuss the relationship of our
results to redshift. Conjecture 4.2 of [ARO8] predicts that if A — B is a K(n)-local G-Galois
extension of Eo.-rings in the sense of [Rog08], then Lyp(,11)K(A) = Ly(,41)(K(B)"Y). Here we
will prove this conjecture in the case where G is a p-group. In fact, we will allow the (a priori more
general) case of a T'(n)-local G-Galois extension.

We recall that the condition of being a T'(n)-local G-Galois extension, in which the map B ® 4
B — [ B need only be a T'(n)-equivalence, is much weaker than being a G-Galois extension of
underlying E.-ring spectra (also known as a “global Galois extension”), and fundamental examples
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such as the Galois extensions of the K (n)-local sphere produced by Devinatz—Hopkins are only T'(n)-
locally (or K (n)-locally) Galois. Thus the descent results in our previous paper [CMNN20] do not
apply to them. Moreover, even in the case of underlying G-Galois extensions our previous results
required being able to verify an extra condition: the rational surjectivity of the transfer map.

In the global case, we directly obtain from Theorem 4.12 and Galois descent the following.

Corollary 4.14. Let A — B be a faithful G-Galois extension of By -rings (the faithfulness assump-
tion is imposed to ensure Galois descent, in the form of [Mat16, Th. 9.4] or [Banl7]) with G a finite
p-group, and suppose that LT(n)(AtCP) = 0. Then the maps Lpn+1)K(A) — LT(H_H)(K(B)”G) —
(Lr(ns1) K (B)"C are equivalences. O

Now we consider the T'(n)-local case, where we can also obtain results, but with an additional
argument. Given a T'(n)-local Eo.-ring A, we write K'(A) for the K-theory of the small, symmetric
monoidal, stable co-category Z(A) of dualizable objects in T'(n)-local A-modules. We have a natural
inclusion Perf(A4) C Z(A), whence a map of Eo-rings K(A) — K’(A). The next result (together
with Theorem A) shows that this map is a T'(n + 1)-equivalence and implies that K or K’ can be
used equivalently in the Ausoni—-Rognes conjecture.

Proposition 4.15. Let A be a T(n)-local E-ring. Then the homotopy fiber of K(A) — K'(A) is
naturally a module over K(LP',S).

Proof. Indeed, consider the Verdier quotient Z(A)/Perf(A). We claim that this stable co-category
is naturally Lfl’f 1S-linear. To this end, we need to show that if F' is a finite type n complex, then
for any M € 9(A), we have M ® F € Perf(A) (so that this vanishes in the Verdier quotient). To
this end, we observe that dualizability implies that the functor

Homyp, ,\Mod(a)(M; =) : Lp@nyMod(A) — LymyMod(A)

commutes with all colimits. Tensoring with F, we find that M ® F is a compact object of
LpnyMod(A); this uses that tensoring with I’ yields a colimit-preserving functor Lp(,)Sp — Sp.
Since Ly ,yMod(A) is compactly generated by A ® F, it follows that M ® F' belongs to the thick
subcategory generated by A ® F' and is therefore a perfect A-module, whence the result. O

Given a T'(n)-local G-Galois extension A — B with G a finite group, we have 2(A) ~ 2(B)"%;
this follows because Ly, Mod(A) ~ (LT(n)Mod(B))hG by Galois descent,? and using [Lurl?7,
Prop. 4.6.1.11] to commute the formation of dualizable objects over homotopy fixed points. There-
fore, the next result follows in a similar manner; this proves [AR08, Conj. 4.2] in the case of a
p-group.

Corollary 4.16. Let A — B be a T(n)-local G-Galois extension, with G a finite p-group. Then

L1y K(A) = Ly (K(B)"S) = (Lygni1) K (B))"C.

Let G be a finite p-group acting on a T'(n)-local Ey-ring B’; then the map A’ df G _, pr s

T'(n)-locally G-Galois, cf. [BCSY22, Cor. 7.31].

Proof. In fact, Theorem B yields the analog of this result with K'(—) replacing K, since 2(—)
satisfies T'(n)-local Galois descent. Using Proposition 4.15, we find that the difference between
the statements for K’(—) and K(—) is controlled by modules over K (LF7,S), which have trivial
T'(n + 1)-localizations by Theorem A. O

2Note that A — B is automatically T (n)-locally faithful. In fact, A ~ B"G ~ L7(n)Bha, so tensoring with B is
conservative on Lp(,)Mod(A).
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Example 4.17. An important example of a T'(n)-local (pro-)Galois extension is the map L ,)S —
E,,, where the profinite group in question is the extended Morava stabilizer group G,. We have a
short exact sequence

1—S, = G, — Gal(F,/F,) — 1,

where S,, has an open subgroup which is pro-p. For each open subgroup H C G,,, we write E!'
for the (Devinatz—Hopkins) continuous homotopy fixed points, [DH04]. Now, we choose an open
subgroup U of G,, such that U N'S,, is a pro-p-group. Then for any normal inclusion V' <V C U
of open subgroups, we have Ly, K(ELY) = (LT(nH)K(EﬁV/))h(V/V/), i.e., we obtain Galois
descent for the K (n)-local finite Galois extensions of E"Y  and we therefore obtain a sheaf of
T (n+1)-local spectra on finite continuous U-sets. This follows from the descent for p-groups proved
above as well as the descent for finite étale extensions, proved as in [CMNN20]. Our methods do
not (to the best of our knowledge) yield hyperdescent for this sheaf, which would closely relate

LT(n+1)K(En) and LT(n+1)K(LK(n)S).

Remark 4.18. Finally, [AR08, Conjecture 4.3] predicts that for appropriate K (n)-local Eq.-
ring spectra B (e.g., Li(n)S), and for a finite type n + I-complex V, the map V ® K(B) —
Lpm41)(V ® K(B)) is an equivalence in high enough degrees; this is a higher chromatic analog of
the Lichtenbaum—Quillen conjecture, cf. [AR02, Aus10, HW22, AKAC™22, HRW22] for instances
where such statements are proved. Our methods are certainly not strong enough to prove such
statements; however, this conjecture would imply the weaker assertion Ly (,44) K (B) = 0 for i > 2,
which we have proved above as Theorem A.

5. DESCENT BY NORMAL BASES; PROOF OF THEOREM D

In this section, we will give another condition that guarantees T'(n)-local descent, which will
work uniformly for all n (including n = 0).

Construction 5.1 (The transfer). We use the transfer map of the finite group G, which is a map
of spectra

trpg: BG4 — S.
The adjoint map of anima BG — 2°°S arises from interpreting the target as the K-theory of the
category Fin of finite sets (the Barratt—Priddy—Quillen theorem), and considering the G-action on
the G-set G (by right multiplication), so we take the composite map BG — Fin®™ — Q®° K (Fin) =
Q°°S. Our basic tool will be the following observation:

Theorem 5.2. For any n > 0 and implicit prime p, the map Ly (trea): Lrm)BGy — Ln)S
admits a section.

Proof. This follows from (and is equivalent to, as explained in [CM17]) the vanishing of Tate spectra
in the T'(n)-local category, due to Kuhn [Kuh04]. In fact, this vanishing yields that Ly, BG1 =
C*(BG, L(y)S) via the norm map, and the transfer is the composite of the norm with the projection
C*(BG, L1(n)S) — L1n)S, which clearly admits a section.? O

Proposition 5.3. Let R be an associative algebra in Spg. Suppose that there is a factorization of
BG4 86, § 3 RC through the R-transfer Rng — RE. Then R is (7, ¢)-nilpotent.

SNote also that as explained in [CM17], the existence of the section in the essential case G = Cj fol-
lows via the Bousfield-Kuhn functor [Bou01l, Kuh89] from the Kahn—Priddy theorem [KP78], which states that
Q°Fl(trgg): QT BG+ — Q1S has a section.
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Proof. By Proposition 3.5, it suffices to show that Lz (,)(R%/Rpa) = L) (R® EG)% =0 for any
p and n (including p = 0). For this, it suffices to show that the map

Ly (Bna) = Ly (R)

has image on 7y containing the unit. But this follows because we have seen above that the map
Lrmy(tra): L) (BG4) — LS has image (on mg) containing the unit. O

We will apply this below to associative G-ring spectra of a particularly special kind, where one
has a homotopy commutative diagram

(5.1) RhG — RG

|l

BG-&-“i)Sv

in which the factorization BG; — Ry required in Proposition 5.3 is obtained as the G-homotopy
orbits of the map S — R; in particular, these satisfy the conditions of Proposition 5.3. Note that
this now is merely a condition on the algebra R in Sps, namely that the diagram

(5.2) Ryg — R®
(Mne n
BG. tree S,

should commute up to homotopy, where 1 denotes the unit map. Such R arise via the following
categorical construction, namely by taking R = K¢ (C) below.

Let (C,®,1) be a monoidal, stable co-category equipped with a G-action. Let f: G — x be
the map of G-sets. We use the induction functor f,: C — C"@ (biadjoint to the forgetful functor
Ch — C); we note that this is G-equivariant with respect to the trivial action on the target. Since
1 € C is G-invariant, we obtain a G-action on f,(1) € C"“.

Definition 5.4 (The normal basis condition). We say that the G-action on C as above satisfies the
normal basis property if the object f.(1) € Fun(BG,C"%) defines the same K(-class as the object
1chG ® G+ - Fun(BG,ChG).

In other words, the normal basis condition implies that the following diagram, which is not
commutative,

(5.3) Cr — > (Ch6)=
[l]h,GT 1chG
BG 2% oos

gives rise to two objects in Fun(BG, C"?) with the same Kj-class; the class obtained by going right
and up is the normal basis class 1ohe ® G, while the class obtained by going up and right is fi(1).
It follows that we do have a homotopy commutative diagram if we replace the top right in (5.3)
with Q> K (ChY).
We now prove the following result, which is a slight refinement of Theorem D.
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Theorem 5.5. Suppose R is an Ex-ring, C is an algebra object of Cat%ff; equipped with an action

of a finite group G, and the G-action on C satisfies the normal basis property. Then Ug(C) €
Mackg(Motg) is (7, €)-nilpotent. In particular, for any additive invariant E on Cat%ii, the map
E(C"Y) — E(C)"C induces an equivalence after T(i)-localization for any i and any implicit prime
p, including p = 0.

Proof. We show that Ug(C) € Mackg(Motr) is (7, €)-nilpotent, which also implies the other
claims. By Example 3.14, it suffices to show that K (C) is (7, ¢)-nilpotent. By Proposition 5.3, it
suffices to show that we have a factorization of the BG; — S through K (C)ne — K (C"“). However,
this follows from the diagram (5.3) (which is not commutative, but which becomes homotopy
commutative when we replace the upper right by Q> K (C"%) by our hypotheses). O

Remark 5.6 (Alternative proof of Theorem 1.2). Let R — R’ be a G-Galois extension of commu-
tative rings. Then Zariski locally on R, one has the normal basis property (even before passage to
Kp): the R[G]-module R’ is locally isomorphic to R[G]; indeed, this follows because of the usual
normal basis theorem when R is a field, and hence more generally a local ring. Using Zariski descent
for K-theory [TT90], one reduces to this case, whence the result via Theorem 5.5.

Remark 5.7. In fact, the above argument for Theorem 1.2 is valid more generally (with Lypy)-
localization for any n) if R — R’ is a G-Galois extension of E,-ring spectra in the sense of [Rog08]
in the case where mo(R) — mo(R’) is additionally G-Galois, i.e., R — R’ is étale in the sense of
[Lurl?, Sec. 7.5]. This is a special case of the results of [CMNN20], which assume a weaker condition
on R — R’, but which essentially use the E,-structures on the algebras in question.

6. SWAN INDUCTION AND APPLICATIONS; PROOFS OF THEOREM F AND G

In this section, we recall the notion of Swan K-theory, and prove Theorems F and G from the
introduction. In the final section, we will give a number of examples of Swan induction.

The Swan K-theory of a ring spectrum with respect to a finite group was introduced by Malkiewich
in [Mall7], following ideas of Swan [Swa60, Swa70] who defined it for discrete rings. Throughout
the subsection, let R be an E.,-ring spectrum.

Definition 6.1 ([Mall7, Def. 4.11]). Given a finite group G, we let Rep(G, R) denote the Grothendieck
ring of the stable co-category Fun(BG, Perf(R)). We will call this the Swan K-theory of R with
respect to G. The groups {Rep(H, R)}ucg form a Green functor, as the my of the E-algebra
Kg(R) in Spg.

For a family .% of subgroups of G, we will say that .% -based Swan induction holds for R if there
exist classes zy € Rep(H, R) ® Q for H € % such that

(6.1) 1= ) Indj(zn) € Rep(G,R) ® Q,
HeZ

for Ind%;: Rep(H, R) — Rep(G, R) the map obtained by induction of representations on R-modules.

Remark 6.2. The condition that .#-based Swan induction holds for R is precisely the condition
that Kg(R) ® Q € Spg; is F-nilpotent, in light of Proposition 3.4.

Example 6.3 (Classes in Rep(G, R)). Let M be a finite G-CW complex. Then R ® M, defines
an object of Fun(BG,Perf(R)) and consequently an element [R ® M.] € Rep(G,R). If M has
the homotopy type of a G-CW complex, then a cell decomposition shows that the class [R ® M, ]
actually belongs to the image of the map A(G) — Rep(G, R), for A(G) the Burnside ring.

26



We now prove the descent statement in the K-theory of R-linear co-categories that Swan induc-
tion implies (this is Theorem F); the use of a rational statement to deduce telescopic ones follows
[CMNN20].

Theorem 6.4 (Descent via Swan induction). Let R be an Eo.-ring and let G be a finite group.
Suppose that R-based Swan induction holds for the family % . Then for any R-linear co-category C
equipped with a G-action, and for any additive invariant E on Cat%'fli, the maps

(6.2) E(C"Y) — lim E(C"H)
G/HEDO 5 (G)oP
and
(63) @ E(ChH) — E(Chg)
G/HeO z(G)

become an equivalence after T'(n)-localization, for any n and any implicit prime p.

Proof. For the first claim, it suffices to show that Ug(C) € Mackg(Motpg) is (%, €)-nilpotent. By
multiplicativity, this reduces to showing that Ug(Perf(R)) is (Z, €)-nilpotent, where the G-action
on Perf(R) is trivial; for this in turn, it suffices to show that Kg(R) € Spg is (&, €)-nilpotent as
in Example 3.14. By Proposition 3.11, it suffices to show that Kg(R)qg is .Z-nilpotent, which is
precisely the condition of R-based Swan induction for .# (Remark 6.2).

For the second claim, we use the coBorel construction of Construction 2.20. We claim that
Ug coBor(C) € Mackg(Motg) is (%, ¢)-nilpotent. But this follows because it is a module over
Ug(Perf(R)), which we have just seen is (%,¢)-nilpotent; thus Ug coBor(C) is (.F,€)-nilpotent.
This implies that (6.3) becomes an equivalence after T'(n)-localization, cf. Proposition 3.3. ]

Now we record a variant of Theorem 6.4 specifically in the context where R = LE-/S, and where
the localization is precisely at height n + 1; this relies on similar techniques as in section 4, and
follows from combining them with the above. In fact, this yields a slight refinement of the results
of section 4 to non-p-groups.

Theorem 6.5. Fizn > 0. Let R be an E-ring such that LT(n)(thp) = 0. Let C be an R-
linear idempotent-complete stable co-category equipped with an R-linear action of a finite group G.
Then for any additive invariant E, the maps (6.2) and (6.3) become equivalences after T(n + 1)-
localization, for F the family of cyclic subgroups of G of prime-to-p-power order.

Proof. Let us first observe that we may replace R by its connective cover 7>¢R. Indeed, via the
Postnikov tower, we find that (Tg,lR)tCP is annihilated by T'(n). Thus, the vanishing assumption
for R is equivalent to the same assumption for 7> R, whence we may assume for the rest of the
argument that R is connective.

Now observe that for any finite group H, we have LT(n)(RtH ) = 0. Indeed, we reduce to the case
where H is a p-group by restricting to a p-Sylow. Inductively, we have a normal subgroup C, < H.
The norm map Rz — R" factors as

Ruu = (Rue,)nyc,) = (R"")nmsc,) — (Rr)

By induction on H and the assumption L, (R'°?) = 0, we see that each map above has T'(n)-
acyclic cofiber, whence R is T'(n)-acyclic.

The rest of the argument will closely follow that of Lemma 4.9. We will show that Ly, 4+1)Kq(R)

is #-complete, for % as in the statement. This will imply the result. Indeed, for any addi-

tive invariant F, the G-spectra E(CB°"), E(Cecopor), F(EZ 1, E(CE")) are modules over Kg(R). If
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Lpm4+1)Ka(R) is shown to be .7-complete, then the G-spectra
Ly E(CP), LrnsnE(CeoBor), Lrnin)F(EZ, E(CP™M))

will be .#-complete by Corollary 3.9 and thus become .Z-nilpotent after smashing with a finite type
(n + 1)-spectrum by Proposition 3.8. The result then follows in light of [MNN19, Prop. 2.8].

To see that Lp(,41)Kq(R) is #-complete, we let D = Perf(R) with trivial G-action. We
have the fully faithful inclusion of G-Mackey functors Deopor — DB (Proposition 2.18); the
cofiber takes values in R*-linear co-categories for various subgroups H C G indeed, this follows
because the Verdier quotient Fun(BH, Perf(R))/ Perf(R[H]) is linear over R** as in [NS18, Sec. I.3].
Therefore, using Theorem A, we find an equivalence of G-Mackey functors Lp,11)K (DeoBor) =
LT(nH)K(DB“) = Lp(n+1)Kc(R). Thus, it suffices to show that Lp(,41) K (DeoBor) is F-complete,
or equivalently that its T'(n+ 1)-local geometric fixed points vanish at all subgroups except possibly
those which are cyclic of prime-to-p order (Proposition 3.8).

Now K(DcoBor) is group-ring K-theory (Example 2.19). Since R is connective, we obtain from
the Dundas—-Goodwillie-McCarthy theorem [DGM13] a pullback square of G-spectra,

LT(n+1)K(DcoBor) LT(n+1)TC(Perf(R)coBor)

! l

LT(71,+1)K(Perf(’]TOR)COBor) —_— LT(n+1)TC(Perf(TrOR)coBor)'

Now we obtain from [LRRV19, Th. 1.2] that the G-spectra TC(Perf(R)copor), TC(Perf(moR)coBor)
are modulo p induced from the family of cyclic subgroups of G; in particular, their geometric
fixed points at non-cyclic subgroups vanish modulo p. Finally, the term Ly (41K (Perf(moR)coBor)
vanishes for n > 1 by Mitchell’s theorem; if n = 0, it follows from Theorem 6.4 and Swan’s induction
theorem from [Swa60] (reproved below as Theorem 7.5) that Ly, 1)K (Perf(moR)coBor) is induced
from the family of cyclic subgroups.

Thus, we find that Lyp,11)K(DeoBor) = LT(n+1)K(DB°r) = Lp(n+1)Kc(R) is complete for the
family of cyclic subgroups. In particular, the T'(n + 1)-local geometric fixed points vanish for non-
cyclic subgroups. Suppose then that G is cyclic and has order divisible by p; we must show that
Li(ns1) 9K (DBor) = 0.

In fact, since there is an inclusion H < G with G/H ~ C,, we have the transfer map

(K(DBor)H)th N K(DBor)G’.
This map, or equivalently K (D") nc, — K (D", is T(n + 1)-locally an equivalence thanks to
Theorem 4.12 (applied to the residual Cp-action on D). Since it factors through the map (EZ ®

K(DB)E — K(DB")E for & the family of proper subgroups, it follows that this last map has
T'(n + 1)-local image (on ) containing the unit, whence Ly, 41)®“ K (DBT) = 0 as desired. O

Next, we prove Theorem G, which was inspired by the generalized character theory of Hopkins,
Kuhn, and Ravenel [HKRO00] as well as the results of [MNN19]. We will apply this below to recover
some cases of the chromatic bounds on K-theory spectra.

Proposition 6.6. Fix a prime p and a non-negative integer n. Let R be an E-ring spectrum and
G = C)". Suppose that the sum of the rationalized transfer maps

(6.4) P R (BH)®Q - R(BG)®Q
HCG
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is a surjection (or equivalently has image containing the unit). Then Lypg,+yR ~ 0 for all i >0
(at the prime p).

Proof. A T(n)-local ring spectrum is contractible if and only if its K (n)-localization is contractible,
cf. [LMMT20, Lem. 2.3]. Therefore, it suffices to prove that Ly 4, R = 0. To verify the desired
vanishing, we can replace R by the E,.-R-algebra Ly (,4)(Enyi ® R); by naturality of the trans-
fer map, the hypotheses of the result are preserved by this replacement. Thus, we may assume
throughout that R = L (,44) R receives an Eo-map from E,, ;. By the main result of [MNN15]
then, it suffices to show TR ® Q = 0.

When n = 0, the left hand side of (6.4) is 0, so mgR ® Q = 0. So it suffices to consider the case
n > 0. Since each transfer map factors through a maximal proper subgroup, the surjectivity of
(6.4) is equivalent to the surjectivity of

(6.5) P R (BH)2Q-R(BG)=Q

cx"Yx~pca

The left hand side of this equation contains p::ll -copies of RO(BCPX(nfl)). Since R is a K(n + 1)-
local B, -module, it follows that for any k, one has that C*(BC*, R) = C*(BC)*, E, 1) ®p,,, R
is a free R-module of rank p("*t9* (cf. Lemma 4.2). In particular, the right-hand-side of (6.5) is
free over mo(R) ® Q of rank p(" 9" while each summand on the left-hand-side has rank p(*+9 (=1,
Using the surjectivity of (6.5), we find that if 7o(R) ® Q # 0, then we would conclude the inequality
of ranks,

. 1 p” — .
p(n+z)(n— ) > p(n-i-z)n.
p—1
However, we see easily that this inequality cannot hold if ¢ > 0 and n > 0. This contradiction
proves the result. O

Theorem 6.7. Let p be a prime, n > 0 and R an E-ring spectrum. Suppose that R-based Swan
induction holds for the family of proper subgroups of C™. Then L@ K(R) = 0 fori > n at the
prime p.

Proof. We write G = C)" and consider the E-algebra in G-spectra Kg(R). By assumption,
K (R)q is nilpotent for the family of proper subgroups, cf. Remark 6.2. There is a natural map
of E-algebras in Spg of the form Kg(R)g — (Kg(R)Bor)Q, so the target is also nilpotent for the

family of proper subgroups. But Kg(R)P°" is simply the Borel-equivariant G-spectrum associated
to the trivial G-action on K(R), so the condition that (Kg(R)Bor)@ should be nilpotent for the
family of proper subgroups is exactly that the map (6.4) (with K(R) replacing R) should be a
surjection. Thus, the result follows from Proposition 6.6. O

7. SWAN INDUCTION THEOREMS; PROOF OF THEOREM E

In this section, we establish several examples of Swan induction theorems for structured ring
spectra, and prove Theorem E. In particular, we show that one always has Swan induction for
the family of abelian subgroups for MU (Theorem 7.4), for the cyclic groups for Z (Theorem 7.5,
recovering results of [Swa60]) or for S[1/|G]] (Theorem 7.6), for the rank < 2 abelian subgroups for
KU (Theorem 7.13), and for the rank < n + 1 abelian subgroups for E,, at p = 2 (Theorem 7.12).
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7.1. Geometric arguments. Throughout, let R be an E..-ring spectrum. We first observe the
following basic features of the Swan induction property.

Remark 7.1. (1) If R is an E-ring such that one has R-based Swan induction with respect
to a family of subgroups .% of some group G, and R’ is an E..-ring admitting a map from
R (even an E;-map suffices), then R’-based Swan induction for . and G holds as well (this
was used in the proof of Proposition 6.6).

(2) Inorder to prove that R-based Swan induction holds with respect to a family .% of subgroups
of G, it suffices to show that for every subgroup H C G which is not in .%, then one has
Swan induction with respect to the family of proper subgroups of H. This is an elementary
observation about Green functors, c¢f. [MNN17, Prop. 6.40].

(3) Suppose G — G’ is a surjection, and R-based Swan induction holds for the family of proper
subgroups of G’. Then R-based Swan induction holds for the family of proper subgroups
of G.

In this subsection, we give geometric proofs of Swan induction in several cases. Our basic tool
is the following.

Proposition 7.2. Let M be a G-space such that:
(1) M admits a finite G-CW structure.
(2) M has isotropy in the family F of subgroups of G.
(3) There is an equivalence

(7.1) R& M, ~ P T**R € Fun(BG, Perf(R))
k=1
for some integers iy, ..., i,. Here we equip the 2" R with the trivial G-action.*

Then R-based Swan induction holds for the family 7.

Proof. We consider the object X = R® My € Fun(BG, Perf(R)) and calculate its Ko-class [X] in
two different ways.
(1) By assumption, M has a finite G-CW decomposition with equivariant cells of the form
G/H x D™. The G-cells necessarily satisfy H € % by hypothesis on the isotropy of M. It
follows that there exist integers ny, H € .% such that

(7.2) (X]= > ny[R®G/H = > Indf(ng) € Rep(G, R).
HeZ HeZz
(2) The assumption (3) gives an equivalence in Fun(BG, Perf(R)) between X and a direct sum
of n > 0 even shifts of the unit. It follows that
(7.3) [X] =n € Rep(G, R).
Equating (7.2) and (7.3), we obtain the result. O

The first condition in Proposition 7.2 will be satisfied if, for example, M is a compact smooth
manifold with G-action, by the equivariant triangulation theorem [I1178]. We can check the condition
(3) of Proposition 7.2 via the following result.

4n fact, for the argument, it suffices that the class in Rep(G, R) of R ® M is a nonzero integer. This would be
satisfied, for example, if there are odd suspensions of R that appear in (7.1), as long as the Euler characteristic is
nonzero.
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Proposition 7.3. Let M be a G-space with the homotopy type of a finite G-CW complex. Then
M satisfies condition (3) of Proposition 7.2 if and only if:
(1) The R*-cohomology R*(Mnc) is a free module on generators in even degrees over R*(BG).
(2) The natural map

R*(*) ®R*(BG) R*(MhG) — R*(M)
s an isomorphism.

Proof. In fact, using (1), we can produce a G-equivariant map from a sum of shifts of the unit into
R®DM, € Fun(BG, Perf(R)), by choosing a basis of R*(Mpg) = 7_. Hompyn(pa, pert(r) (R, R ®
DM, ); the induced map is an equivalence in Fun(BG, Perf(R)) by the second condition. O

Theorem 7.4. Suppose there exists an Ei-map MU — R. Then R-based Swan induction holds for
the family of abelian subgroups (for any finite group G).

Proof. We fix an embedding G C U(n) and consider the action on the flag variety M = F = U(n)/T
for T C U(n) a maximal torus. As a smooth G-manifold, M admits a finite G-CW structure. The
stabilizers of the G-action are abelian (as they are contained in conjugates of T'). By [MNN17,
Prop. 7.49], we obtain an equivalence of the form (7.1). Alternatively, we can use Proposition 7.3
and the projective or flag bundle formula to see this. Therefore, we can apply Proposition 7.2 to
conclude. O

When R is a discrete commutative ring, a classical theorem of Swan [Swa60] states that one has
Swan induction for the family of cyclic subgroups. We give a geometric proof of Swan’s theorem in
the spirit of some of our other results.

Theorem 7.5 (Swan [Swa60]). Let R be an Eo-ring which admits an Ei-map from HZ. Then
R-based Swan induction holds for the family of cyclic groups (for any finite group G).

Proof. Without loss of generality, we may take R = HZ. By Theorem 7.4 and downward induction
based on Remark 7.1, we see that it suffices to consider G = C’pX2 for some prime p. We consider
the p-dimensional projective Heisenberg representation of G on CP, given by the matrices

(7.4) A= G ., B=

¢t

Here A is a diagonal matrix whose eigenvalues are the powers of a primitive pth root (, of unity,
and B is the permutation matrix for a cyclic permutation. Since the matrices A and B commute
up to scalars, they define a projective representation of G, yielding an embedding G C PGL,(C).
The group PGL,(C) acts naturally on CP*~!, and the action of the subgroup G € PGL,(C) has
no fixed points. It follows that the class [HZ ® (CIP’ffl] in Rep(G,Z) is a sum of classes induced
from proper subgroups. To calculate the class [HZ ® (CIP”:l] in another manner, we can also
consider the finite Postnikov filtration {7<o,(HZ ®CIP’{’;1)} whose successive subquotients are even
suspensions ¥2'Z. The G-action on each of the (shifted discrete) associated graded terms is trivial
because the G-action extend to an action of the connected group PGL,(C). Therefore, we find that
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[HZ ® (CIP’?[l] = p € Rep(G, Z). It follows that we have integers ny for each H C G such that

(7.5) p=Y_ nuIndf(1) € Rep(G, Z). 0
HCG

Theorem 7.6. Let G be a finite group. If R is any By -ring with |G| € mo(R)*, then R-based
Swan induction holds for the family of cyclic subgroups of G.

Proof. Without loss of generality, we may take R = S[1/|G|]. We have Fun(BG, Perf(R)) ~
Perf(R[G]); equivalently, an R[G]-module is perfect if and only if its underlying R-module is perfect,
and similarly for every subgroup of G. This follows from the fact that taking homotopy G-fixed
points commutes with arbitrary colimits in the oco-category of R-modules. Recall that if A is a
connective Ei-ring, then the natural map Ko(A) — Ko(mpA) is an isomorphism. We thus find a
chain of isomorphisms

Rep(G, R) = Ko(Fun(BG, Perf(R))) ~ Ky(R[G])
~ Ko(moR[G]) = Ko(Fun(BG, Perf(Z[1/|G|]))).
Applying Swan’s theorem (Theorem 7.5 above), we conclude the result. (]

Next, we prove a Swan induction result for KU. We give a geometric argument here that only
works at small primes; we will prove the result in full generality later in Theorem 7.13.

Theorem 7.7. For any finite group G, KU-based Swan induction holds for the family of abelian
subgroups of G whose p-part for p € {2,3,5} has rank < 2.

Proof. In view of Theorem 7.4, we may assume that G is abelian. We then reduce to proving
that one has Swan induction for G = C’;3 and p € {2,3,5} for the family of proper subgroups
(cf. Remark 7.1). Since p < 5, we have an embedding G — T for T" a suitable simply connected
compact Lie group whose image is not contained in any maximal torus: by the results of [Bor61],
it suffices to choose I" such that H*(T';Z) has p-torsion in its cohomology, e.g., we can take I' = Fj.
Let T C T" be a maximal torus and consider the I'-action on the flag variety I'/T', as well as its
restricted G-action. We will show that the G-space I'/T satisfies the hypotheses of Proposition 7.2,
for % the family of proper subgroups. First of all, G acts without fixed points since it is not
contained in any maximal torus of I'. By [MNN17, Cor. 8.17], we have an equivalence

W]
/T, @ KU ~ @5 KU € Fun(BT, Perf(KU)),
1

where W is the Weyl group of I'. Restricting to G, this proves hypothesis (3) of Proposition 7.2
and thus our result. O

Next, we include some results which are specific to the prime 2, based on the use of representation
spheres; they have the advantage of applying at arbitrary chromatic heights. We first need two
lemmas that will enable us to recognize the triviality of group actions (for which we fix an arbitrary

prime p).
Lemma 7.8. Let E be an even Ei-ring spectrum such that moE is p-torsion-free. Let M €
Fun(BCp, Perf(E)) be such that:

(1) The underlying E-module of M is equivalent to a direct sum of copies of E.
(2) The Cy-action on m, M is trivial.
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Then M is equivalent to a direct sum of copies of the unit in Fun(BC,, Perf(E)).

Proof. Let {x;} C moM be a basis of the free m, F-module 7, M. For each i, we want to produce a
Cp-equivariant map of E-modules

(7.6) E—M

which carries 1 — z; in homotopy. Taking the direct sum of these maps, we will have the desired
equivalence. Equivalently, to produce (7.6), we need to show that the image of 7, (M"“r) — 7, M
contains each x;. However, the E>-term of the homotopy fixed point spectral sequence for 7, (M"Cr)
is concentrated in even total degree by our assumptions, and thus collapses. This shows that there
are no obstructions to producing the maps (7.6) and thus to providing the equivalence of the
lemma. |

Lemma 7.9. Fiz a group G. Let E be an E;-ring spectrum such that m,.(C*(BG; E)) is even and
p-torsion-free. Let M € Fun(B(Cp x G), Perf(E)) be such that:
(1) The underlying object of M in Fun(BG,Perf(E)) is equivalent to a direct sum of copies of
the unit.
(2) The Cp-action on m.(M"E) is trivial.
Then M is equivalent to a direct sum of copies of the unit in Fun(B(Cp x G), Perf(E)): in particular,
the C, x G-action is trivial.

Proof. We use that Fun(B(C), x G), Perf(E)) = Fun(BC), Fun(BG, Perf(E))). The thick subcate-

gory of Fun(BG, Perf(FE)) generated by the unit is equivalent to Perf(C*(BG; E)), via the functor

(—)"“. Thus, the result follows from Lemma 7.8 applied to the object M"¢ € Fun(BC,, Perf(C*(BG; E))).
O

Proposition 7.10. Let p be a prime, n > 1 and G be an elementary abelian p-group of rank
n+ 2. Let R be a T(n)-local, even Eo-ring under E, such that w«R is torsion-free. Let M €
Fun(BG, Perf(R)). Suppose that for each H C G, the object ResGM € Fun(BH, Perf(R)) is
equivalent to a direct sum of copies of the unit. Then M is equivalent to a direct sum of copies of
the unit in Fun(BG, Perf(R)).

The above proposition establishes a very weak result towards the general expectation that the
complexity of the representation theory over E,-rings should stabilize once the rank of the group
is a bit larger than the chromatic complexity of the coefficients. A more subtle such result would
be our Conjecture 7.22.

Proof of Proposition 7.10. Let G’ C G be a maximal proper subgroup, and fix a complement C), ~
H C G, so that G = G’ x H. By our assumptions and Lemma 7.9, it suffices to show that
the H-action on m,(M"C") is trivial (cf. Lemma 4.2, which shows that C*(BG’; R) is even and
torsion-free).

To see this, we claim that the map of C*(BG’, R)-modules

(7.7) M I M
G =CXCG!

is injective on homotopy. Since M is G’-equivariantly isomorphic to a sum of copies of the unit, it
suffices to verify the injectivity of 7. ((7.7)) with M replaced by R; this case follows because

(7.8) C*(BG R)— ][] C*(BG".R)
G'~Cx"CQ’
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is injective on . (—) ® Q in light of [MNN19, Th. 3.18 and Prop. 5.36] (this is essentially a conse-
quence of the character theory of [HKRO0O]) since both sides are torsion-free.

For any G” C G’, we have an induced H-action on the C*(BG”, R)-module M"G” and the
map in (7.7) is H-equivariant. Since M restricts to a direct sum of copies of the unit for every
proper subgroup of G, the H-action on M hG" i trivial; indeed, this follows because the action of
the proper subgroup generated by G and H on M is trivial. It follows from the injectivity on
homotopy of (7.7) and this observation that the H-action on M hG’ ig trivial on homotopy groups.
This completes the proof. (|

We now start considering representation spheres. For a based space B, let B(n) be the (n —1)st
connective cover of B, so the first potentially non-trivial homotopy group is in degree n. Let MO(n)
be the Thom spectrum associated to the J-homomorphism BO(n) — BO — BGL;S. We define
the function ¢ for all integers n > 1 via ¢(n) = 8a + 2° when n = 4a + b+ 1 with 0 < b < 3.

Lemma 7.11. Let n > 1, G = C5" and consider the characters {n;}1<i<n of G obtained by
pulling back the sign character along the n projection maps. Define o = [[;_,(1 — n;) € RO(G).

Then for any MO{¢(n))-oriented Eq-ring spectrum R, there is an equivalence S* ® R ~ R in
Fun(BG, Perf(R)).

Proof. We claim that the map

(7.9) poyr L=lom), g
lifts to BO (¢(n)). This implies that for any MO{¢(n))-oriented R, there is an equivalence S*® R ~
R in Fun(BG, Perf(R)) as desired.

By Bott periodicity, ¢(n) is the degree of the nth nonzero homotopy group of BO, starting with
¢(1) = 1. We argue inductively on n > 1 to construct the lifting. If 5 is the sign representation of
C5, then the virtual representation sphere S'~" is classified by a map

BC, ~BO(1) - BO

which lifts to BO (¢(1)) = BO (1) because BC5 is connected. This settles the base case n = 1.
Suppose now we have a lifting of (7.9) to BO (¢(n)) for some n > 1. The next classifying map
is obtained as follows:

)OI, (1-m:))

BCOZ™ ~ BCy x Boxm U2m BO(1) A BO(¢(n)) — BOABO 2 BO.

Since BO(1) ABO(¢(n)) is ¢(n)-connected, the composite of the last two maps lifts to BO{¢(n+1))
as desired. 0]

Theorem 7.12. Let G be an abelian 2-group. Let R be an Eo,-ring spectrum. Suppose that for
some n > 1, we have either:

(1) R = E,, a Lubin-Tate theory of height n at the prime 2.
(2) R is MO(¢(n + 2))-orientable (as an Ei-ring and with ¢ as defined before Lemma 7.11).

Then R-based Swan induction holds for the family of subgroups of G of rank at most n + 1.

Proof. By pulling back along the map to a maximal elementary abelian quotient of G, it suffices

to treat the case where G = C" "2 and prove that R-based Swan induction holds for the family

of proper subgroups, cf. Remark 7.1. Let ¢1,...,&,42 be independent sign characters G — {%1},
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i.e., {&;} is a basis for the Fa-vector space Hom(G, {£1}). Let n; € RO(G) (1 < i < n+ 2) be the
class of the associated one-dimensional representation (as in Lemma 7.11). We consider the class

n+2
a= ][]0 -n) eRO@),

i=1
and the associated representation G-sphere S* € Spy. Note that for any proper subgroup H C G,
a restricts to a class in RO(H) which is divisible by 2 and therefore comes from the complex
representation ring. This follows because « belongs to the (n + 2)-th power of the augmentation
ideal, and for any m, the augmentation ideal in RO(C5™)/2 = Fo[C5™] has its (m + 1)th power
equal to zero.

Given a nontrivial character p of G, considered as a 1-dimensional real representation, the
cofiber sequence S(u)4 — S — S* shows that the class [S¥] € Rep(G,S) has the property that
[S#] =1 = [S(u)+] is induced from a proper subgroup, namely the kernel of . Consequently, if V' is
a sum of nontrivial characters in RO(G), then [SV]—1 € Rep(G,S) is a sum of classes induced from
proper subgroups in Rep(G, S). Expanding out the product defining « into a sum of characters, we
find only a single trivial representation (since the e; are linearly independent). It follows that in
Rep(G, S), one has

(7.10) [S¥] = —[S* Y =-1+C,

for C' a sum of classes induced from proper subgroups.
We also claim that

S“® R ~ R in Fun(BG, Perf(R)).

Under the first hypothesis, this follows from Proposition 7.10 since the restriction of « to a proper
subgroup is a complex representation sphere, and thus trivializable. Under the second hypothesis,
this follows from Lemma 7.11. Consequently, [S* ® R] =1 € Rep(G, R). By (7.10), it follows that
1=-1+40C,so02 e Rep(G, R) is a sum of classes induced from proper subgroups, as desired. O

Note that this argument cannot work at odd primes, since all representations of C}, are complex
for p > 2.

Proof of Theorem E, (8). This follows from Theorem 7.6 to handle the prime-to-2 case combined
with Theorem 7.12, which handles the prime 2. |

7.2. Swan induction for KU. In this subsection, we prove the Swan induction theorem for KU.
Note that we have already given (geometric) proofs earlier for the p-part with p < 5, see Theo-
rem 7.7.

Theorem 7.13. Let G be any finite group. Then KU-based Swan induction holds for the family of
abelian subgroups of rank < 2.

To prove Theorem 7.13, it suffices (cf. Remark 7.1) to treat the case of G = C)® for an arbitrary
prime p. Our proof will rely essentially on twisted K-theory. We will first need various preliminaries.

Construction 7.14 (Twists of K-theory). There is a natural map of anima
K(Z,3) — BGL, (KU),

where B GL;(KU) is the classifying space of trivial invertible KU-modules, cf. [ABG10, Sec. 7] for
an account, which induces the identity on 73. Consequently, for any finite group G, we have a
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natural map
(7.11) H3(G;Z) — Pic(Fun(BG, Perf(KU))),

where the right-hand-side is the Picard group of the symmetric monoidal co-category Fun(BG, Perf(KU)).
Given a class 7 € H3(G;Z), we let KU, be the associated object of Fun(BG, Perf(KU)).

We will be especially interested in the case G = CPXQ. Choosing a nonzero class 7 € H*(G;Z) =
F,, we obtain an invertible object KU, € Fun(B(C)‘?),Perf(KU)). The induced map B(Cy?) —
B GL;(KU) is nontrivial, as it lifts uniquely to the 3-connective cover 7>3B GL;(KU), and K(Z, 3)
splits off as a direct factor from here; this means that KU, is not equivalent to the unit in
Fun(BG, Perf(KU)).

In the next lemma, to distinguish the factors, we write Cp C C'pX2 for the first factor and
Cz - C’px2 for the second. Note that KUO(BC’;’) is isomorphic to the completion of the representation
ring R(C’fj) at the augmentation ideal by the Atiyah—Segal completion theorem [AS69, Ati61]. If ¢
is a nontrivial character of C3, then R(CP) is free on the powers of [(].

Lemma 7.15. Let 7 € H3(C)?;7Z) be a nontrivial element.
(1) The underlying object KU, |C}; in Fun(BC}, Perf(KU)) is isomorphic to the unit.

(2) The residual Cj-action on (KUT)hcg ~ C* (BC;;, KU) has the property that the action by a
generator in Cy acts by multiplication by [C]*, for some 0 < i < p.

Proof. The first assertion follows because 7 restricts to zero in H?(C),; Z) = 0. The second assertion
follows because the action of a generator is necessarily given by multiplication by an element of
KU® (BC)p) whose pth power is the identity. Moreover, this generator is necessarily nontrivial or
the entire Cp“—action on KU, would be trivial by Lemma 7.9. (]

Our key tool is the following result. We consider the Cp“-action on CPP~! arising from the
projective representation on CP as in the proof of Theorem 7.5. We identify the KU-linearization
of this action.

Proposition 7.16. We have a decomposition in Fun(B(C’pX2),Perf(KU))

(7.12) KUDCP, '~ €  KU,.
TGHB(C;Q;Z)

Proof. Again, we label the first and second factors of C’pX2 by Cp, CS. We first calculate KU, (CPp_l),

i.e., the C’g—equivariant KU-theory of CPﬂ_l. Fix a nontrivial character ¢ of Cg. The underlying
Cz—space of CIP’ﬁfl is the projectivization of the representation 1@ ¢ @ - -- @ (®@—1 of C’g.
By the projective bundle theorem, it follows that there is an isomorphism of R(C})-algebras,

KUy (CPP™Y) = R(Cy)[2]/ H(x = [¢'D,

cf. [Seg68, Prop. 3.9]. Here x is the class of the tautological line bundle on CPP~'  which is

(canonically) CP-equivariant. We have a residual Cg-action on this R(C})-algebra. Using the

definition of z as the class of a tautological bundle, one checks that a generator of Cp carries x

to x[¢?] for an appropriate i # 0. Explicitly, we consider the Cg—equivariant line bundle on CPP~*

given by the set of pairs (x,v) for € CPP~! and v € x; the C’g—equivariant structure is by action
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on the pair. The claim follows by noting that C7, Cg act on CP, but their actions fail to commute
by a pth root of unity.

From this, it follows that (KU ®]D)(C]P’ﬂ_1) |C£ is a direct sum of p copies of the unit in Fun(BC’g7 Perf(KU)).
Therefore, we have (KU ®DCP{’[1)}LC$ Y @f;ol C*(BC},KU). By the comparison between equi-
variant and Borel-equivariant K-theory, and the above calculation, we see that the residual C} acts
on the ith factor by multiplication by [¢?] € R(C’g) — KU (BC;;) (up to renumbering factors).

Now we prove the desired equivalence. It suffices to compare the Cg—homotopy fixed points of
both sides of (7.12), Cj-equivariantly as free modules over the even, torsion-free E-ring spectrum
C*(BC}Z;;KU). We will do this by a homotopy fixed-point spectral sequence argument. On 7,

we have seen from the previous paragraph and Lemma 7.15 that mg ((KU ®D(C[P>I_’;1)h05) and

hC?
7o(P, KU- *) are isomorphic as mo(C* (BC’;,KU))—modules equipped with a Cp-action. Using
the homotopy fixed point spectral sequence (and observing that there is no room for obstructions
b

since all the summands 7 (KU};C") for 7 # 0 have trivial higher Cy-cohomology), we can produce

- hCp - . .
Cp-equivariant maps KUr 7 — (KU @DCP” 1)hczl: for each 7, and the direct sum of these is an
equivalence. O

Proof of Theorem 7.13. Tt suffices to show that KU-based Swan induction holds for the family of
proper subgroups of C’pX?’. We first observe that Rep(—,KU) ® Q is a Green functor and thus
Rep(G,KU) ® Q receives a map from the rationalized Burnside ring A(G) ® Q. For any finite group
G, we have complementary idempotents eg, €g in A(G) ® Q (which is isomorphic to a product of
copies of Q over conjugacy classes of subgroups H C @) such that:

(1) eq is a Q-linear combination of the classes of the G-sets G/H, H C G.

(2) For each H C @G, the restriction of eq to A(H) ® Q is equal to 1. Equivalently, for each

H C G, the homomorphism A(G) ® Q — Q which sends a G-set T to |T*| carries eg to 1.

(3) eq+eqg=1.

Let M be a rational Green functor for the group G, so that we have a ring map A(G)@Q — M (G).
Then M is induced from the family of proper subgroups (equivalently, 1 € M(G) is a sum of classes
induced from proper subgroups) if and only if this map carries e to 1 (or, equivalently, sends €g
to zero); indeed, this follows because multiplication by eg acts as the identity on classes induced
from a proper subgroup.

Our strategy of proof is to verify this identity in Rep(CpX?’7 KU) ® Q directly using (7.12), using
a relation (proved in the next paragraph) between the idempotent for C]DX2 and the class of CPP~!,

Consider Rep(CIfz, R) for any E.-ring R. In this case, we have another expression for the image
of ecx2 under A(C)?) ® Q — Rep(C)%, R) ® Q (for which we will simply write ecx2). In fact, we
claim that

(7.13) [R®CPY ' /p = egx2 € Rep(Cy% R) © Q,

for the C;Q—action on CPP~! arising from the p-dimensional projective representation as above. In

other words, pecx2 is the class of R @ C]P’ﬁfl € Fun(BC)?, Perf(R)) in rationalized Ky. To see

this, we first observe that any finite G-CW complex has a well-defined Euler characteristic taking

values in A(G) which can be calculated by taking the Euler characteristic of the cellular chains. Now

CPP~! is a finite fixed-point-free Cpxz—complex such that the fixed points under any proper subgroup

have Euler characteristic p (since these fixed points will either be p distinct points or CPP~1). This
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implies the associated class in A(CPXQ) is pecy2 as desired, by the above characterization of the
idempotent eq, whence the claim.

We specialize now to the case where R = KU. Let 7 be a generator of HB(CPXQ; Z) =T, and let
x = [KU,]. Then, combining (7.13) and the decomposition of Proposition 7.16, we conclude

1_|_$_|_..._|_x:0*1

p

Note that 2P = 1, so the left hand side is clearly idempotent. This also determines the complemen-
tary idempotent; we therefore have

= egx2 € Rep(C) %, KU) @ Q.

10 |
(7.14) ];H(l—xﬂ) = Zox2s
j=1
since % H?;i (1—27) is the complementary idempotent to " in the group ring Z[1/p,x]/(aP =

1) = Z[1/p, Gp] x Z[1/p].
Our goal is to show that Ecpxs =0in Rep(CpX3, KU)®Q, which is equivalent to the Swan induction

1+x+- 2P~
p

claim. Given an elementary abelian p-group G of rank rk(G) > 2, one has eg = H¢: G D€,
where the product ranges over all surjections G — G’ with rk(G’) = rk(G) — 1. This follows
since the given product over all ¢ is an idempotent in A(G) ® Q with trivial restriction to proper
subgroups and with image under the G-fixed point map A(G) — Q equal to 1. Therefore, we can
express gcpxs as the product

(7.15) 1T ¢ ez,
¢: CpP—Cp?
using the pullback in the representation ring. We will now analyze this using group rings.

For any finite group G, we have a natural map H3(BG;Z) — Pic(Fun(BG, Perf(KU))), which
defines a map of commutative rings

(7.16) ¢c: QUH?(BG;Z)] — Q @z Rep(G, KU),

which is compatible with pullback in G. By (7.14), there exists a class in the group ring Q(H*(BC%; Z)]
whose image under ler is precisely the idempotent 'evcpxz. Using the expression (7.15), we see that
there is a class u € Q[H?*(BC3; Z)] whose image under Pc 5 is é'Cpxs. Moreover, u restricts to zero

in Q[H?(BH;Z)] for all proper subgroups H C Cps. By the next two lemmas, this is enough to
force u = 0, which proves the theorem. O

Lemma 7.17. Let X ~ CPXS be a rank 3 elementary abelian p-group, so H3(X;Z) is also a rank 3
elementary abelian p-group by the Kinneth formula. As Z C X ranges over the rank 2 subgroups
of X, the maps H*(X;Z) — H*(Z;Z) ~ F, range over the nonzero maps H*(X;Z) — F,, up to
scalars.

Proof. The construction which sends Z C X to the kernel of the surjection H*(X;Z) — H*(Z;Z)
establishes a map
(7.17) U: {2-dimensional subspaces Z C X} — {hyperplanes in H3(X; Z)}.

We need to show that (7.17) is a bijection. Note that both sides are finite sets of the same cardinality,
and that the map is Aut(X) = GL3(F,)-equivariant (using the induced action on H?(X;Z)).
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Choose a decomposition X = V & W where V has rank 2 and W has rank 1. By the universal
coeflicient theorem, we have a natural short exact sequence

(7.18) 0— H3V;Z) — H3(X;Z) — Tor,(H*(V;Z), H*(W;Z)) — 0,

where Tor,(H?(V;Z), H*(W;Z)) has rank two. On the left-hand-side of (7.17), we consider the
collection C' of subspaces Z C X such that the composite Z C X — V is not surjective; equivalently,
Z = LeW for some L C V a 1-dimensional subspace. Note that |C| = p+1. On the right-hand-side,
consider the collection D of hyperplanes in H3(X;Z) which contain H?(V;Z); the exact sequence
(7.18) also easily shows |D| =p+ 1.

We claim that ¥=}(D) = C. In fact, given a two-dimensional subspace Z C X such that
H3(V;Z) — H3(X;Z) — H3(Z;7Z) is zero, it follows easily that the map Z — X — V fails to be
surjective, and conversely. The group Aut(V) C Aut(X) (via the diagonal embedding, fixing W)
preserves and acts transitively on C. Moreover, Aut(V) C Aut(X) preserves and acts transitively on
D, because we have an Aut(V)-equivariant identification H?(V;Z) ~ H*(V;Q/Z) = Hom(V,F,),
and D is identified with the set of lines in H?(V;Z). Therefore, for ¢ € C, we necessarily have that
U~1(W(c)) consists of a single point since the fibers of ¥ at points of D must all have the same
cardinality. Since Aut(X) acts transitively on the set of 2-dimensional subspaces of X, it follows
easily that (7.17) is an isomorphism as desired. O

Lemma 7.18. Let A be a finite abelian group. Let x € Q[A] be an element such that for every map
A — C, for C a cyclic group, the image of x under Q[A] — Q[C] is zero. Then x = 0.

Proof. We can extend scalars to C. Then we have a natural isomorphism C[A] ~ [] . C, for AY
the group of characters of A. Our assumption is that for any map C’ — AY with C’ cyclic, the
restriction [],v C = [[, C annihilates z; this clearly forces x = 0. O

7.3. Applications to chromatic complexity. In this subsection, we record the applications of
the above Swan induction theorems to chromatic bounds for the K-theory of certain ring spectra.
We recover another new proof of Mitchell’s theorem and are able to treat some special cases of
Theorem A.

Corollary 7.19 (Mitchell [Mit90]). For i > 2, we have Ly K(Z) ~ 0 (for any prime p).
Proof. Combine Theorem 6.7 and Theorem 7.5 (Swan induction for HZ). O

Corollary 7.20. Let E, be a height n > 1 Lubin-Tate theory at the prime 2 and G C G, a finite
subgroup of the extended Morava stabilizer group. Then LT(n+m)K(EZG) =0 for allm > 2.

Proof. When G is the trivial subgroup, this follows directly from Theorem 7.12 and Theorem 6.7.
The general case then follows from the Galois descent theorem [CMNN20, Thm. 1.10], which gives
Ly (ntm) K (EXC) = (Lpngm) K (En))"® ~ 0. O

We next recover the following result. At p > 5, the result is a consequence of the calculations
of Ausoni-Rognes [AR02] and Ausoni [Aus10], which determine the mod (p,v;) homotopy groups
of K({) (resp. K(ku)) at such primes (and in particular yield the stronger Lichtenbaum—Quillen
style claim that K (ku)/(p,v1) agrees with its T'(2)-localization in high degrees). For all primes,
this result has been recently proved by Angelini-Knoll-Salch [AKS20] and Hahn—Raksit—Wilson
[HRW22]. The result is also a special case of Theorem A.

Corollary 7.21. Fori > 3, we have LK (KU) = Ly K(KO) ~ 0 (at any prime p).
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Proof. By Galois descent [CMNN20], it suffices to handle the case of KU. In this case, Theorem 6.7
together with Theorem 7.13 imply the result. (|

Motivated by the above results, we conjecture the following Swan induction result for F,; we
have proved it at p = 2 in Theorem 7.12, or for n = 1 as a consequence of Theorem 7.13.

Conjecture 7.22. Let p be a prime, n > 1, E,, a Lubin-Tate theory of height n at the prime p
and G finite group. Then E,-based Swan induction holds for the family of those abelian subgroups
of G for which:

(1) The prime-to-p part is cyclic.

(2) The p-part has rank < n+ 1.

Remark 7.23 (A purely algebraic question). Finally, Theorem 6.7 can be used to prove that
LigyK(F,) = 0, which is a consequence of the stronger result K(F,;Z,) = HZ, proved by
Quillen; indeed, one sees that HIF,-based Swan induction holds for the trivial family in C, us-
ing the filtration of the regular representation F,[C,] by trivial representations. One also knows
that Ly 1)K(Z/p") = 0 for any n > 1, cf. [LMMT20, BCM20, Mat21] for three proofs. Can this
result also be proved using Theorem 6.7, i.e., does HZ/p"-based Swan induction hold for the trivial
family in C,?

APPENDIX A. MACKEY FUNCTORS AND ORTHOGONAL (GG-SPECTRA

This appendix provides a fairly self-contained proof of the fact that, for a finite group G, the
symmetric monoidal co-categories afforded by orthogonal G-spectra and by spectral Mackey func-
tors are equivalent. This result is due originally to Guillou and May [GM11] (ignoring the monoidal
structure), and was revisited by Barwick and Barwick-Glasman-Shah [Barl7, BGS20] in the context
of more general parametrized homotopy theory, see specifically [Nar16, Thm. A.4]. Compared to
their work, our approached is streamlined by ignoring all models (as used by [GM11]), and by not
addressing any universal properties of Mackey functors (as in [Barl7, BGS20]).

The motivation for giving our proof of their result is the immediate need of the present paper:
We use categorical methods to construct Mackey functors, and then apply descent results proven
for the homotopy theory of orthogonal G-spectra to them. Our work also yields a new proof of the
equivariant Barratt-Priddy-Quillen theorem (which however uses the non-equivariant one).

Throughout, let G denote a finite group. We refer the reader to [MNN17, Sec. 5] for a quick
account of the symmetric monoidal co-category Sp extracted from the model category of orthog-
onal G-spectra. We denote by O(G) the orbit category of G, by S the oo-category of anima,
by S¢ := Fun(O(G)°P,S) the presentable, cartesian closed oco-category of G-anima (see [BH21,
Lem. 2.1]), by Sg,e ~ Sg,./ the presentable, closed symmetric monoidal oo-category of based G-
anima, and by ¥¥: Sg.e — Spe the suspension spectrum functor. We consider Sg with its
cartesian monoidal structure. In the appendix, we will write the units of G-spectra and spectral
Mackey functors by 1 rather than S.

To set the notation for Mackey functors, we denote by Fing the category of finite G-sets, by
Span(Fing) the (2, 1)-category of spans on Fing (cf. [BH21, App. C]) and set

Mackg := Mackg(Sp) = Fun™ (Span(Fing)°P, Sp),
the category of finite product-preserving presheaves on Span(Fing) with values in the oo-category
Sp of spectra. Note that Span(Fing) = Bulrn'éff as recalled in Definition 2.1, but we stick to the

former notation in the Appendix, in order to be compatible with our main references. We recall
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that Mackg ~ Px(Span(Fing)) ® Sp, cf. Remark 2.3. Below, we will recall the suspension functor
in the Mackey context, to be denoted

E?&: SG’. — Mackg.

The cartesian product on Fing induces a symmetric monoidal structure on Span(Fing), we endow
Mackg with the symmetric monoidal structure given by Day-convolution and denote it by ®. This is
the unique symmetric monoidal structure which is bicocontinuous and is such that X% is symmetric
monoidal.

Our main result is the following.

Theorem A.1. There is a unique symmetric monoidal left-adjoint L: Sps — Mackg such that
LoX¥y ~ X%, and L is an equivalence.

The rest of this section will provide a proof of this result.
The construction of L rests on the following result, and we thank Markus Hausmann for providing
a key reference in its proof. Compare also [GM20, App. C] for a treatment.

Theorem A.2. The suspension X : Sg.e — Spg 15 the initial ezample of a presentably symmet-
ric monoidal functor (in other words, a map in CAlg(PrL)) which inverts the functor S & — for
all finite-dimensional, orthogonal representations V' of G.

Proof. We have the symmetric monoidal suspension functor £ : Sg,e — Spg. By construction
of Spg, the representation spheres map to invertible objects in Sp,. Now the initial presentably
symmetric monoidal co-category C equipped with a cocontinuous, symmetric monoidal functor
from Sg.e inverting the representation spheres is discussed (in a more general context) in [Robl15,
Sec. 2.1], cf. also [BH21, Lem. 4.1]; note that the representation spheres are symmetric objects by
[GM20, Lem. C.5] and that the required cyclic invariance condition is easily checked. Equivalently,
we can also perform this construction at the level of small finitely cocomplete symmetric monoidal
oo-categories by restricting to the compact objects. By [Robl5, Prop. 2.19, Cor. 2.22], we find that
this formal inversion (in Prk) is given by the colimit of smashing with S¥ on Sg., as V ranges
over G-representations. By construction, we obtain a canonical, cocontinuous symmetric monoidal
functor C — Spg. It follows from the above that the mapping anima between the finite G-sets T', T’
are computed in the same way (namely, as lim  Homs, , (SV ATy, SV ATY)), so C — Spg is fully
faithful on compact generators, whence the result. (]

To construct X5, recall from [BH21, §9.1 before Lem. 9.4] the canonical cartesian monoidal
functor ¢: Fing + — Span(Fing) and the symmetric monoidal equivalence Py (Fing +) ~ Sg.e
([BH21, Lem. 2.1]). This induces ¥5%, to be defined as the composition

X% = (SG,. ~ Px(Fing ) KielON Ps(Span(Fing)) = Fun™ (Span(Fing )", S) — Mackg> ,

where the final map is the stabilization. By construction, 3% is a map in CAlg(Prh).

Theorem A.2 tells us that to construct the functor L in Theorem A.1, we need to see that 3%
inverts all representation spheres. We will do this by constructing from scratch on Mackg what
will a posteriori turn out to be geometric fixed point functors, and by establishing some of their
basic properties. Denote by P the family of proper subgroups of G and recall the cofiber sequence
in 8¢, defining EP:

lim  G/H, ~ EPy — . = 5° — EP,
G/HeO(G)p
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(cf. [MNN19, Appendix A.1]). The least formal part of our argument is the following.

Lemma A.3. We have an equivalence (Eﬁ (E’T))) (G/G) ~'S in Sp (since the source is an Eo,-

ring, the equivalence is uniquely specified).

To see this, we will need the following result on manipulating colimits. For an oo-category C, we
denote by C* the result of freely adjoining a final object to C, and by C= the maximal underlying
subgroupoid of C. The construction C — C= is right adjoint to the inclusion & ~ Grps, C Cato, of
oo-groupoids into all co-categories.

Proposition A.4. Let C be an oco-category and F: C> — S the functor defined by F(c) =
((CD)/C):.N Then the canonical map of anima @CF — @Cb F is equivalent to the inclusion
C=C(CP)™.

Proof. The closely related functor F”: C* — Catos defined by F'(c) := (C*) . classifies the cocarte-
sian codomain fibration cd: Fun(A',C>) — C™ given by evaluation on 1 [Lur09, Cor. 2.4.7.12].
It follows that F' = (=)~ o F’ classifies the left fibration cd’: Fun(A!,C>)!f* — C™> obtain by
passing from Fun(A®,C™) to the sub-simplicial set Fun(A®,C>)'f* C Fun(A',C™) consisting of all
simplices all of whose edges are cd-cocartesian. Informally then, the objects of Fun(A®,C™)'** are
the morphisms in C”, and the morphisms are the commuting squares in which the map between
sources is an equivalence.

We now observe that evaluation at zero, ez: Fun(A',C)"** — C= is a Cartesian fibration which
has all fibers contractible (because each of them has an initial object). In particular, ez is a weak
equivalence, and an inverse equivalence is provided by sending objects to identity morphisms. We
have thus seen that liglc F~C=.

Furthermore, the canonical map h_ng c F— hg o F is equivalent to the obvious map Fun(Al, C)left —
Fun(A',C™)"®  the target of which is equivalent to the fiber over the cone point, namely (C>)~.
One checks that this identifies the canonical map with the inclusion C= C (C>)~, as claimed. [

Proof of Lemma A.3. Applying Proposition A.4 with C = O(G)p the category of orbits with proper
isotropy (hence C* = O(G)), we obtain a cofiber sequence in anima

lim  (O(G)/(G/H))™ = O(G)p — O(G)™ — +U+
G/HEO(G)p
where the final map sends all orbits with proper isotropy to +, and sends G/G to *. We can
consider this as a cofiber sequence in pointed anima S, of the form

i (O(Q)/(G/H)); = OG5, — OG)F — 50 = x,
G/HEO(G)p
where the final map sends all orbits with proper isotropy to the base-point +, and sends G/G to
*. Applying the free commutative monoid functor P: S, — CMon(S) yields a cofiber sequence in
CMon(S):
(A.1) lim (Fing/(G/H))™ — Fing; — Fin™
G/HEO(G)p
in which the final map is identified with taking G-fixed points. To see this, observe that O(G) /(q/m) =~
O(H) and that P(O(H)T) ~ Fin%, as can be checked most easily using the general formula
P(Z) = V>0 (2% x5, ESy,).
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We denote by (—)* the group completion on CMon(S), and observe that
o (zﬁ (G/H+)(G/G)) = HomSpan(Fing)(G/Gv G/H)+ =~ (FlnG/(G/H))§7+ .

We thus see that the delooping of the group completion of the cofiber sequence (A.1) is a cofiber
sequence in Sp of the form

(EXM(EP)) (G/G) — B3(S°)(G/G) — BF(EP)(G/G) ~,
using the Barratt—Priddy-Quillen theorem that Q>°(S) ~ Fin™™. O
Next, we will need to discuss restriction for Mackey functors.
Construction A.5 (Restriction for Mackey functors). Let H C G be a subgroup.
(1) We have a symmetric monoidal and coproduct preserving functor
Res$ : Span(Fing) — Span(Fing).
This sends a G-set U to the underlying H-set of U, and behaves accordingly on correspon-
dences (cf. [BH21, App. C.3)).
(2) We also have a functor
G x g (—): Span(Fing) — Span(Fing),
which takes a H-set T to the G-set G x g T', and behaves analogously on correspondences.
Note that the construction T+ G Xy T on finite H-sets preserves fiber products.

Proposition A.6. Both the functors (Res$ (=), G x5 (—)) : Span(Fing) = Span(Fing) and the
functors (G x5 (=), Res$(—)) : Span(Fing) = Span(Fing) are biadjoint.

Proof. If S is a finite H-set and T is a finite G-set, then we have an equivalence of categories

(Fing) /(ax ysyxr — (Finm) /s ress (1) -
given by pulling back along the H-map S x T — (G x g S) x T. Using that Homgpan(ping) (X, Y) ~
(Fing)/:XXy, the result follows. See also [BH21, App. C.3] for a more general treatment of Span(—)
as an (00, 2)-functor. O

We now define restriction for Mackey functors, essentially by left Kan extension. Namely, we
define the symmetric monoidal, cocontinuous functor Res% - Mackg — Macky to be Resﬁy M=

Ps(Res) @ idsp,, -
As an example, note that for F' € Mackg and subgroups H' C H C G we have

Res§ \(F)(H/H') ~ F(G/H').

To see this, since both sides are colimit preserving functors of F', it suffices to check the case when
F' is the suspension of an orbit, and then the claim is immediate from the second adjunction in
Proposition A.6.

Proposition A.7. Assume F € Mackg is such that for all proper subgroups H C G we have
RestM (F) ~ . Then the canonical map

F(G/G) — (S3(EP) 8 F)) (G/G)

is an equivalence.
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Proof. First observe that for all subgroups H C G, the suspension 3% (G/H ) € Mackg is self-dual.
It then follows that for all proper subgroups H C G, the spectrum

(F & S5(G/H))(G/G) = F(G/H) = Res§ v (F)(H/H) = +
is contractible, and hence that (F ® X% (EP,)) (G/G) ~ *. The result follows. O

We next introduce geometric fixed points in the Mackey context. The fixed point functor (—)¢ :
Fing — Fin commutes with pullbacks and hence induces a functor on span categories. This
functor preserves finite coproducts and the cartesian product, hence the functor

S, := Ps(Span((—)¢)) @ ids, : Mackg — Px(Span(Fin)) ® Sp ~ Sp

commutes with all colimits and is symmetric monoidal. By construction, it takes the expected values
on orbits, namely ®§,(X55(G/H)) is contractible for a proper subgroup H C G, and equivalent
to S for H = G. In fact, more generally, for each X € Sg o we have

(DX (X)) = B¥(X(G/G)).

For a subgroup H C G, we denote @/C\:;[H = <I>/I\{A ) ResgﬁM.
We will need to know that our geometric fixed points are given by the familiar contruction:

Proposition A.8. There is an equivalence® of functors ®§,(—) ~ (Ej‘jl (E/TD) ® (—)) (G/G).

Proof. First, we have a natural transformation for F' € Macke given by F(G/G) — ®5,(F), since
F(G/G) is corepresented by the unit and ®§,(—) is symmetric monoidal by construction. Since the
target is unaffected by replacing F' by ¥ (573 ® F'), we obtain a map (E?\‘j[ (ET? ® (f))) (G/G) —

@%(7). This map is an equivalence on all orbits, because for a subgroup H C G we can compute
that

(Sx(EP) @ 3%(G/H) ) (G/G) = (S5 (EP @ (6/H1)) ) (G/G)
is contractible if H is proper, and is S if H = G by Lemma A.3. Therefore, the result follows since
both functors preserve colimits. O

This allows to easily establish the basic properties of geometric fixed points in the Mackey
context:

Proposition A.9. The family {@%H}HQG of symmetric monoidal left adjoints is jointly conser-
vative.

Proof. Assume @f/’[H (F) ~ =« for all H C G, and we need to see that F' ~ .

This is clear for trivial G, and we argue by induction on the group order in general. We can thus
assume that Resg M (F) = « for all proper subgroups H C G. In particular then, for all proper
subgroups H C G we know that

F(G/H) = Res§y y (F) (H/H) = =

is contractible, and need to see that F(G/G) is as well. But combining Proposition A.7 and
Proposition A.8, we see that F(G/G) ~ ®§,(F) = @%G(F), and this is contractible by assumption.
(]

This finally lets us check that suspension for Mackey functors inverts all representation spheres.

5The equivalence is constructed in the proof, we will only need an abstract equivalence.
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Proposition A.10. For every representation V of G, £5(SY) € Mackg is invertible.

Proof. We first note that E?&(Sv) € Mackg is at least dualizable. Since Mackg is stable, the
dualizable objects are stable under finite colimits, and SV is a finite colimits of orbits. It thus
suffies to remark that the orbits are dualizable (in fact, self-dual) already in Span(Fing). Once we
know 55 (SY) € Macke is dualizable, it will be invertible if and only if it becomes so after applying
any family of jointly conservative symmetric monoidal functors. By Proposition A.9 it will thus
suffice to see that for every subgroup H C G, the spectrum @f/’[H(Ej\‘jl(S V) is invertible, but this
follows from a direct computation:

im(VH
SN (SRA(SY)) = BFy(Res i (SF(SY)) = £((8Y) ") =~ s8m(, 0
We can now complete the proof of our main result.

Proof of Theorem A.1. Theorem A.2 and Proposition A.10 show that there is a unique symmetric
monoidal left adjoint L : Sp; — Mackg such that L o g ~ X%. It remains to see that L is
an equivalence. Denote by R the right adjoint of L. Since both Sp, and Mackg are generated
under colimits by dualizable objects (namely the suspensions of orbits), it follows from [BDS16,
Thm. 1.3] that R admits itself a right adjoint, hence preserves colimits, and that the adjunction
(L, R) satisfies a projection formula. Furthermore, R is conservative because the image of its left
adjoint L contains a set of generators. We can thus apply [MNN17, Prop. 5.29] to conclude that
the adjunction (L, R) induces an adjoint equivalence

MOdSpG (R(lMackc;)) ~ Mackg,
and it remains to see that the counit of the adjunction
(A.2) lsp, — R(L(lspc)> ~ R(1Macke)

is an equivalence.
Now we use induction on the group order. Given a proper subgroup H C G, we have a commu-
tative diagram in CAlg(Pr’),

Spe — Mackg

|

Spy — Macky,

by the universal property of Sp,. The inductive hypothesis gives that the bottom horizontal arrow
is an equivalence. This implies that if X € Spg, then Homg, ,(G/Hy, X) = Homnack, (G/Hy, X)
since both sides are calculated as maps out of the unit in Spy (resp. Macky). In particular, this
implies that (A.2) restricts to an equivalence after restriction to proper subgroups; therefore, it
suffices to see that ®¢ (i.e., geometric fixed points for orthogonal spectra) turns this map into an
equivalence. Since @G(lsp ) = S and we are looking at a map of commutative algebras, it suffices
in fact to see that there is an equivalence of spectra ®“(R(1packe)) =~ S. This follows from the
following computation:

36 (R(1acke)) =~ (53 (BP)© Rllaerc)))” = (R [L(SE (BP) © yaerc)] ) =

~ L(SE (EP))(G/G) ~ (S3(EP))(G/G) ~ S.
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This computation used in turn: The definition of ®¢, the projection formula for (L, R), the fact

that (R(—))¢ ~ (=)(G/G) (by adjointness of L and R), the fact that L o XY ~ X%, and finally
Lemma A.3. g

As promised earlier, our account yields the following proof of the equivariant Barratt—Priddy—
Quillen theorem (originally due to [GM11]), which by-passes any loop-space theory (but uses the
non-equivariant version).

Corollary A.11. For a finite group G, there is an equivalence in CMon(S)
lim QY SV ~ (Fing)™ ™,
Vv

where the colimit is taken along any cofinal system of representations of G, and (=) denotes group
completion.

For the proof, one simply computes the endomorphism anima of the unit of both Sp,; and Mackg
from the definition, and compares the result.
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