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ABSTRACT. The paper concerns the Gelfand-Kirillov dimension and
the generating series of nonsymmetric operads. Herein, an analogue of
Bergman’s gap theorem is proved: specifically, no finitely generated lo-
cally finite nonsymmetric operad has GK-dimension strictly between 1
and 2. Foreveryr € {0} U{1}U[2, %) or ¥ = o0, we construct a single-
element generated nonsymmetric operad 2 such that GKdim(?) = r.
We also provide counterexamples to two expectations of Khoroshkin
and Piontkovski about the generating series of operads.

1. INTRODUCTION

Let [ be a base field. An algebra stands for a unital associative algebra over F unless
otherwise stated. The Gelfand-Kirillov dimension (GK-dimension for short) of an
algebra A is defined to be

n
GKdim(A) := sup { lim sup log,, [dim[F ( Z V‘)]}
v~ omoe i=0
where the supremum is taken over all finite-dimensional subspaces V of A. Simi-
larly, one can define the GK-dimension of nonassociative algebras. GK-dimension
is a standard and powerful invariant for investigating associative and nonassocia-
tive algebras. We refer to [KLO0O] for more background and properties of the
GK-dimension of algebras and modules.
The range of possible values for the GK-dimension of an algebra is

(1.1) Rgkdim := {0} U {1} U [2,00) U {eo].

The gap between 0 and 1 follows easily from the definition of GK-dimension.
The existence problem of algebras A with 1 < GKdim(A) < 2 was open for
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some years until Bergman [KL0O, Theorem 2.5] proved that no such algebras
exist. Bergman’s gap theorem is also valid for some other classes of algebras, for
example, Jordan algebras [MZ96] and dialgebras [ZCY20]. However, there exist
Lie algebras [Pet97] and Jordan superalgebras [PS19] with GK-dimension strictly
between 1 and 2.

The notion of an operad was first introduced by Boardman-Vogt [BV73] and
May [May72] in the late 1960s and early 1970s in the study of iterated loop
spaces. Since 1990s, because of Ginzburg-Kapranov’s Koszul duality theory of op-
erads [GK94], Kontsevich’s [Kon03] and Tamarkin’s [Tam98] operadic approach
to the formality theorem, as well as Getzler’s study on topological field theories
[Get94, Get95], operad theory has become an important tool in homological al-
gebra, category theory, algebralc geometry, and mathematical physics.

In this paper, we investigate the GK-dimension and the generating series of
non-symmetric operads. The GK-dimension of locally finite operads was defined
in [KP15, p. 400] and [BYZ20, Definition 4.1]. Let P be a locally finite operad,
that is, an operad P with each P(i) finite dimensional over the base field F. The
GK-dimension of P is defined to be

GKdim(?P) := limsuplog, ( > dims P(i)).

noe i=0

Our main result is an analogue of Bergman’s gap theorem.

Theorem 1.1. No finitely generated locally finite nonsymmetric operad has GK-
dimension strictly between 1 and 2.

(For the definition of a finitely generated operad, see Definition 2.16.) Berg-
man’s gap theorem for associative algebras was proved by counting specific words
that satisfy a set of conditions and form a monomial basis of the algebra under
consideration, equivalently, by counting a set of single-branched tree monomials
(defined in Section 5) where the algebra is interpreted as an operad. This method
cannot be extended directly to prove the gap theorem for nonsymmetric operads
since the tree monomials we want to count are not necessarily single branched.
To overcome the above difficulty, we divide the underlying tree into three sub-
trees such that the “big” subtree is single branched and thus we can count its tree
monomials similarly as for the case of associative algebras. The other two subtrees
are both “small” such that their tree monomials are well controlled.

Note that if we drop the condition “finitely generated” in Theorem 1.1, then
the statement does not hold. In fact, as Example 4.4 shows, any positive real
number is the GK-dimension of some nonsymmetric operad.

Theorem 1.1 serves as an essential ingredient of the next result. Recall that
RGkdim 1s defined in (1.1).

Theorem 1.2.

(1) If P is a finitely generated locally finite nonsymmetric operad, then we have
GKdlm(’P) S RGKdim-
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(2) Ifr € RGkdim, then there is a single-element generated single-branched locally
[finite nonsymmetric operad P such thar GKdim(P) = r.

The Gelfand-Kirillov dimension of an operad is closely related to the generat-
ing series that is defined as follows. Let 2 be a locally finite operad. The generating
series of P is defined to be the formal power series [KP15, (0.1.2)]

(1.2) Gp(z):= > dimgP(n)z".

n=0

We recall the following definition.
Definition 1.3 ([Sta80,Z¢i90,BBY12, Ber14, KP15]). Let

F(z):= > f(m)z"

n=0

be a formal power series or a C*-function where f(n) € R for all n.

(1) F(z) is called holonomic (also called D-finite or differentiably finite) if it
satisfies a nontrivial linear differential equation with polynomial coefhi-
cients.

(2) F(z) is called differential algebraic if it satisfies a nontrivial algebraic dif-
ferential equation with polynomial coefficients.

It is well known that
rational = algebraic (over R(z)) = holonomic = differential algebraic

where the second implication is [Sta80, Theorem 2.1]. Several researchers have
recently been studying holonomic and differential algebraic properties of Gp(z)
[Ber14,KP15]. In particular, Khoroshkin-Piontkovski showed that, under moder-
ate assumptions, operads with a finite Grébner basis have rational, or algebraic, or
differential algebraic generating series [KP15, Theorems 0.1.3, 0.1.4, and 0.1.5].
In [KP15, Section 4] Khoroshkin-Piontkovski listed several expectations and con-
jectures, one of which is as follows.

Expectation 1.4 ([KP15, Expectation 2]). The generating series of a generic
finitely presented nonsymmetric operad is algebraic over Z[z].

We construct a finitely presented nonsymmetric operad such that the generat-
ing series is not holonomic (hence, not algebraic), which provides a (non-generic)
counterexample to the above expectation (Example 7.4). We also prove the fol-
lowing result.

Proposition 1.5. Letv € RGxdim \10}. Then, there is a single-element generated
locally finite nonsymmetric operad P with GKdim(P) = v and Gp(z) not being
holonomic. As a consequence, Gp(z) is neither rational nor algebraic in this case.
Therefore, such an operad is a counterexample to Expectation 3 in [KP15].
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Remark 1.6. Constructions 2.3, 6.1, and 8.1 provide useful constructions
of nonsymmetric operads (or symmetric ones in Construction 8.1) from graded
algebras (or monomial algebras in Construction 6.1). A lot of algebraic properties
of graded (or monomial) algebras can be transformed to the corresponding prop-
erties of the related operads. Using this idea, in addition to Proposition 1.5 and
Example 7.4, we obtain a potential counterexample to [KP15, Expectation 1] in
Example 8.5.

This paper mainly concerns nonsymmetric operads. In the final section we
touch upon the symmetric ones. The following theorem is easy to prove.

Theorem 1.7.

(1) Let P be a finitely generated locally finite symmetric operad. Then, we have
GKdim(’P) € Rgkdim Y (1,2).

(2) For every v € Rgkdim \ (2,3), there exists a finitely generated locally finite
symmetric operad P such thar GKdim(P) = r.

(3) For every v € Rgkdim \ ({0} U {1} U (2, 3)), there exists a finitely generated
locally finite symmetric operad P such that GKdim(P) = v and that Gp(z)
is not holonomic.

In light of [KP15, Ber14], it would be very interesting to determine which
classes of operads have rational (respectively, algebraic, holonomic, differential al-
gebraic) generating series. Theorem 1.7 suggests that, generically, Gp(z) is not
holonomic. Theorem 1.7 (1)—(2) lead to the following question.

Question 1.8. Lerv € (1,2) U (2,3). Is there a finitely generated locally finite
symmetric operad P such thar GKdim(P) = r?

In view of Theorem 1.7 (2)—(3) the following result of [BYZ20] is quite sur-
prising (see [BYZ20] for details).

Theorem 1.9. Let P be a 2-unitary locally finite symmetric operad. Then,
GKdim(?P) is either an integer or the infinity. If GKdim(P) is finite, then P is
[finitely generated and Gp(z) is rational.

This paper is organized as follows. Section 2 recalls basic definitions and
properties of nonsymmetric operads. Section 3 introduces Grobner-Shirshov bases
of nonsymmetric operads. Section 4 contains definitions, examples, and properties
of the GK-dimension of nonsymmetric operads. In Section 5, we prove the main
result, Theorem 1.1, and in Section 6, we prove Theorem 1.2. In Section 7 we
study the generating series of operads and prove Proposition 1.5. Finally, Section 8
provides some comments and examples about symmetric operads.

2. PRELIMINARIES

Let F be the base field and F* := F\ {0}. Let N denote the natural numbers and
N* := N\ {0}. To save space, some non-essential details are omitted here and
there. But we try to provide as much detail as possible for the proof of the main
result, that is, Theorem 1.1.
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2.1. Nsoperads. The following definition is copied from Definition 3.2.2.3
[BD16] (see also [LV12, Chapter 5]).

Definition 2.1. A nonsymmetric operad or simply ns operad is a collection of
vector spaces P = {P(n)}n>0 equipped with an element id € P(1) (called the
identity element) and maps (called partial compositions), for 1 < i < n,

oj: PM)®@P(m)—-Pmn+m-1), B~ xo;p.

These satisty the following properties for all x € P(n), B € P(m) and y € P(r):
(i) (sequential axiom)

(2.1) (xoiB)ojy=aoi(Boj_ir1y) fori<j<i+m-—1.
(ii) (parallel axiom)

(Xoj_mr1y)oiB, i+m=<j=n+m-1,

(2.2) (@i B) ij:{((xoj')’)oiw—lﬁ, l<j=i-L

(ii1) (unit axiom)
(2.3) idojx =&, xojid=« forl <i<n.

The above definition is called the partial definition of a ns operad. (For the
classical definition and the monoidal definition, see [LV12, Chapter 5]). Except
for the final section, we only consider ns operads, and sometimes “ns” or the word
“nonsymmetric” is omitted.

A collection P = {P(n)}n=o of spaces (especially, an operad) is called finite
dimensional if the dimension of P is finite, that is,

dim? := dim (P P(n)) < .

n=0

Also, P is called locally finite (respectively, reduced, connected) if P(n) is finite
dimensional for all n € N (respectively, if 7(0) = 0, if P(1) = Fid = F). We say a
collection 'V = {V (1)} n=¢ of spaces is a subcollection of P if V(n) is a subspace
of P(n) for all n = 0. Furthermore, if the subcollection "V is an operad with the
partial compositions of P, we call 'V a suboperad of P.

To simplify notation, we also view a collection G = {G(1)}n>0 of sets (e.g.,
a collection of vector spaces) as a disjoint union G = | |9 G(n) (respectively, a
direct sum G = @,,-0 G (n)), and vice versa.

As demonstrated in the following examples, an operad can be viewed as a
generalization of an algebra.

Example 2.2 ([LV12, p. 137]). A unital associative algebra A can be inter-

preted as an operad P with P(1) = A and P(n) = 0 for all n # 1, and the
compositions in P are given by the multiplication of A.
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The following construction is due to Dotsenko [Dot19].

Construction 2.3 ([Dot19, Definition 3.2 (2)]). Let A := @;>9A; be an N-
graded algebra with unit 14. Suppose that A has a graded augmentation € : A — F
such that m := ker € is a maximal graded ideal of A. Let P4(0) = 0 and P4(n) =
Ap forall n = 1. Define compositions as follows:

0j : Pa(m) ® Pa(n) - Pan+m —1),

CaAm-1 An_1=cly, c €F,
Am-1®An-1~ {Am-1Gn-1 anp-1 €M, i =1,
0 aAn-1 €m, i+ 1.

It is easy to check by definition that P4 := {Ps(n)}n>0 is an operad with id :=
1a. This operad is called the min-envelope operad of A. Note that Piontkovski
[Piol7, Theorem 3.1] used this construction to produce a counterexample to
[BD16, Conjecture 10.4.1.1]. (See [Dot19, Definition 3.2 (1)] for another re-
lated construction.)

If A is generated by A;, then Py is generated by P4 (2). By Lemma 7.3, A is
finitely generated as an algebra if and only if P4 is finitely generated as an operad.

For an N-graded locally finite algebra A, its Hilbert series is defined to be
Hx(z) = X9 dim Apz™ in the same way of defining the generating series of an
operad.

By the construction given in Construction 2.3, one sees that

(2.4) Gp,(z) = zHa(2).

A morphism ¢ between two operads P and P’ is a collection of linear maps
¢n: P(n) — P'(n), n =0, such that ¢ (idp) = idp and

bm(U) i pn(V) = pmin-1(1 i V)

forallu e P(m), v € P(n), 1 <i <m, n = 0. If each P(n) is a subspace of
P’ (n), we call P a subcollection of P’, and write P < P’.

An operation alphaber (or generating operations) is a collection of sets X (n),
denoted X = {X(1)}n>0. The number n is then called the arity of an element
x € X(n) and denoted by Ar(x) = n.

Let X be an operation alphabet. The free operad over X is an operad F(X)
that is equipped with an inclusion n : X — F(X) (i.e., a collection of inclusions
Nn: X(m) — F(X)(n) forall n = 0) which satisfies the following universal prop-
erty: any map f : X — P, where P is an operad, extends uniquely to an operad

morphism f : F(X) — P [BD16, Section 3.3].

2.2. Planar rooted tree. Much as in the case of associative algebras, an
operad can be presented by generators and relations, that is, as a quotient of a
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free operad. In this subsection, we introduce a language for working with planar
rooted trees, which will be used later to construct free operads. We mainly follow
the ideas in [BD16, Section 3.3] and use the language introduced in [BD16] with
minor modification for the rest of the paper (see Remark 2.6).

Definition 2.4. A rooted tree T consists of the following:
e a finite set Vert(T) of vertices, which is a disjoint union

Vert(T) = Int(T) U Leaves(T) U {r},

where elements of the (possible empty) set Int(T) are called internal ver-
tices of T, elements of the nonempty set Leaves(T) are called leaves of T,
and the element 7 is called the 700z of T and denoted by Root(T);

e a parent function

Parent = Parent; : Vert(T) \ {r} — Vert(T) \ Leaves(T)

such that |Parent ' (7)| = 1, |Parent '(v)| = 1 for all v € Int(T),
and the connectivity condition is satisfied: for each vertex v # 7, there
are an h € N* and vertices v = 7,V1,...,Vn_1,Vn = U, such that
v; = Parent(vi;1) forO<i< h - 1.

When we draw a rooted tree on the plane, the root is always drawn at the
bottom of the tree; a hollow circle presents an internal vertex while a black solid
circle presents a leaf or the root; a solid segment between two vertices indicates
that the lower vertex is the parent of the higher one. (See Figure 2.1 for examples.)

v v

To T T2
FIGURE 2.1. Rooted trees

Let T be a rooted tree. The following lemma is straightforward.

Lemma 2.5. Suppose v € Vert(T) \ Root(T), and h and v; for 0 < i < h are
the same as in Definition 2.4. Then, the number h and the sequence Vo, V1, ...,y
are uniquely determined by v, called, respectively the height of v (denoted by h(v))
and the path from root to v.

The height of T is the maximal height of its internal vertices, that is,

h(T) := max{h(v) : v € Int(T)}.



658 ZIHAO QI, YONGJUN XU, JAMES J. ZHANG ¢ XIANGUI ZHAO

For v € Vert(T) \ Leaves(T), elements in Child(v) := Parent ' (v) are called
children of v. More generally, we define the descendants of v to be

Child® (v) := {v’ € Vert(T) : Parent' (v’) = v for some i € N*}.

The number of children of v (respectively, the number of leaves of T) is called
the arity of v (respectively, of T), denoted by Ar(v) (respectively, Ar(T)). Define
the weight of T to be wt(T) := |Int(T)|. The only tree with weight 0 is called
the #rivial (rooted) tree, denoted by Ty, the only two vertices of which are the root
Root(Ty) and the leaf in Child(Root(T¢)) (see Figure 2.1). For a nontrivial rooted
tree, the only child of the root must be an internal vertex.

When working with more than one rooted trees, we usually use subscripts
(e.g., the height hr(v)) to indicate the tree under consideration. We write a
map @ : Vert(T) — Vert(T’) between the vertex sets of rooted trees T and T’ as
@ : T — T’ for short. An isomorphism from T to T’ is a bijective map @ : T — T’
that respects the parent functions, that is,

@ (Parent¢ (v)) = Parentr (@ (v)), Vv € Vert(t) \ Root(T).

We say T is isomorphic to T' if there is an isomorphism from T to T'. It is easy
to see that an isomorphism also respects the type of each vertex; more precisely, if
@ : T — T’ isan isomorphism, then v € Vert(T) is a leaf (respectively, an internal
vertex, the root) in T if and only if so is @ (v) in T'.

Remark 2.6. The only difference between our rooted trees and those in Sec-
tion 3.3 of [BD16] is that an internal vertex of our rooted tree always has positive
arity while an internal vertex in the sense of [BD16] may have zero arity. Note
that the existence of internal vertices of arity zero makes Proposition 3.4.1.6 of
[BD16] false (see Example 3.3 for a counterexample).

Definition 2.7. A planar rooted tree (PRT, for short) is a rooted tree together
with a planar structure, that is, a rooted tree with a total order on Child(v) for
each v € Vert(1) \ Leaves(T).

The planar structure of a PRT T induces a total order on Vert(T). Suppose u
and u’” are two different vertices and consider the paths from root to u and u’:

Vo =7,V1,..., Vhw); V) =T,U{,...,Ufl(u,).

We say u < u” if one of the following holds:
(i) Either h(u) <h(u’) and vo = vy, V1 = Vi, ..., Vhaw) = Vhy)s
(ii) Or thereis 1 < k < min{h(u),h(u’)} — 1 such that vo = v{, v; = vy,
ooy Uk = Vg and Vg1 < Vg
If there is no confusion, we usually use positive integers to denote the leaves, that
is, Leaves(T) = {1,2,...,Ar(T)}, to indicate the order on Leaves(T) in the obvi-
ous way. We draw a PRT on the plane in a way that the planar order on Child(v)
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is determined by ordering the corresponding vertices left to right. A PRT T is
isomorphic to PRT T’ if there exists a rooted tree isomorphism @ : T — T’ such
that @ (1) < @ (v) whenever u < v for u, v € Vert(T).

Example 2.8. Let T and T’ be PRTs as drawn in Figure 2.2. It is easy to see
that T is isomorphic to T’ as rooted trees. However, they are not isomorphic as

PRTs.

v v

T T

FIGURE 2.2. Non-isomorphic PRTs that are isomorphic as rooted trees

The following lemma is clear.
Lemma 2.9 (IBD16, Definition 3.4.2.1]). Let T be a PRT, and suppose that
@ # V' < Inu(T) satisfies the following conditions:
(i) There is a unique v' € V' such that Parentr (V') ¢ V.
(1) For each v’ € V' there exist h € N* and vertices vi = V', Vo, ..., Un—1,
n = V" such that v; = Parentr (Vi) forall1 <i<h - 1.
Then, V' defines a PRT T’ as follows:

Root(1’) = Parent (v"), Int(t') = V', Leaves(t') = ( | Child(w)) \V’,

veV’

and the parent function and the planar structure of T' are the restrictions of the parent
function and the planar structure of T. We call T" a subtree of T, denoted ' < 1.

Note that, in Lemma 2.9, condition (i) implies that each v; in condition (ii)
belongs to V'.

Let T bea PRT, v € Int(T), and V' = (Int(T) nChild” (v)) U {v}. Then, V’
satisfies the conditions in Lemma 2.9 and thus defines a subtree T’ of T. We call
this subtree the maximal subtree of T rooted at Parent(v) and containing internal
vertex V. Given ¥ € Vert(T) and v’ € Int(7) n Child(#"), it is easy to see that
there is a unique maximal subtree of T that is rooted at ¥’ and contains v’. We
denote it by MaxSub. (', v").

2.3. Free ns operads. Let X be an operation alphabet. A labelling of a
nontrivial PRT T is a map x : Int(T) — X such that Ar(x(v)) = Ar(v) =
| Child(v)| forall v € Int(T). A nontrivial tree monomial in X isa pair T = (T, x)
of a nontrivial PRT T and a labelling x of T. Define the tree monomial for
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the trivial tree to be the #ivial tree monomial, denoted by 1 := (79,D). The
PRT T is called the underlying tree of tree monomial T, denoted by Tr(T) := T.
More generally, if W is a set of tree monomials, denote Tr(W) := {1 : T =

Te(T), T € W}. The arity and weight of a tree monomial T = (T, x) are defined
as Ar(T) := Ar(T) and wt(T) := wt(T) respectively. Let TM(X) denote the set
of tree monomials in X together with the trivial tree monomial.

Example 2.10. Suppose that X (1) = {a} and X(2) = {b,c}. In Figure 2.3

are examples of tree monomials in X.

1 2 3 4

AR

FIGURE 2.3. Tree monomials

Definition 2.11. Suppose T = (T,x) € TM(X) and 7’ is a subtree of T.
Then, the tree monomial T’ := (T’, X |1ne(r)) is called a submonomial of T. The
tree monomial T is said divisible by T) = (711,x1) € TM(X) if T contains a
subtree T isomorphic to Ty via ¢ : 7] — T; and x(v) = x;(Pp(v)) for all
v € Int(Ty).

A tree polynomial in X with coeflicients in F is an F-linear combination of
tree monomials of the same arity. The support of a tree polynomial f, denoted
by Supp(f), is the set of all tree monomials that appear in f with nonzero coef-
ficients. The arity of f is defined to be the arity of a tree monomial in Supp(f).
Denote the vector space of all tree polynomials of arity n > 1 by 7 (X)(n) and
T (X)(0) = 0. (Note that we only consider X with X (0) = @ in this paper.) Let
T(X) := {T(X)(N)}n>0. In order to make T (X) an operad, we need to define
compositions of tree polynomials. We first define the graftings of PRTs.

Definition 2.12 (IBD16, Definition 3.3.3.2]). Suppose that T, and T, are
PRTs. Let £ € Leaves(T1) = {1,2,...,Ar(T1)}. We define a PRT T; oy T», called
the result of partial grafting of T, to T at £, as follows:

Root(T; op T2) := Root(T1y),
Int(Ty 0op T2) := Int(Ty) U Int(Ty),

Leaves(Ty op T2) := Leaves(T1) U Leaves(Ty) \ {£};

the parent function and the planar structure on T; o T are induced respectively by
the parent functions and planar structures of T; and T, with two exceptions: for
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the only vertex v € Child,, (Root(T3)), define Parentr,o,r, (V) := Parentr, (£);
the total order needed by the planar structure puts v in the place of £.

Partial graftings of PRTs induce partial compositions of tree monomials.

Definition 2.13. Given two tree monomials Ty = (T1,x1) and T> = (T2, X2),
we define the partial composition Ty oy T, for 1 < £ < Ar(Ty) to be the tree
monomial T = (T, x), where T = T; oy T; and

(V) = x;1(v) v € lnt(ty),
X x2(v) v €lnt(ty).

Example 2.14. Let T; and T, be the same as in Example 2.10 (see Figure 2.3).
All possible compositions T; oy T, are demonstrated in Figure 2.4.

Ty 01T, Ty 02 T5

FIGURE 2.4. Partial compositions of tree monomials

Extending compositions of tree monomials by multilinearity to the collection
T (X) gives partial compositions of tree polynomials:

0o : T(X)M) T (X)(m) - T(X)(n+m-1),
x®B—~xoiff, 1=<i=<n.

The following lemma is easy to prove.

Lemma 2.15. Equipped with the partial compositions defined above, T (X) is
the free reduced ns operad generated by X.

An ideal 7 of an operad P is a subcollection of P such that each composition
S oi g belongs to 7 whenever f or g belongs to 7. Suppose S is a subcollection
of P. The ideal of P generated by S, denoted by (S), is the smallest (by inclusion)
ideal of P containing S.

We are ready now to define a presentation of an operad by generators and
relations.
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Definition 2.16. Suppose that an operad P is the quotient of the free operad
T (X) by some ideal 7, and that 7 is generated by a subcollection R C 7. We say
that the operad P is presented by generators X and relations R. We call P finitely
generated (respectively, finitely presented) if P can be presented by a finite set X
of generators; that is, | |,,-0 X (n) is a finite set (respectively, by a finite set X of
generators and a finite-dimensional subcollection R of relations).

3. GROBNER-SHIRSHOV BASES OF NS OPERADS

In this section, we follow the ideas in [BD16, Chapter 3] to introduce Grébner-
Shirshov bases (also known as Grobner bases) theory for ns operads. Much as in
the case of associative algebras, the Grébner-Shirshov basis method is useful for
the computation of GK-dimension of an operad.
Let X be an operation alphabet and X* be the free monoid generated by
X. Recall that a total order > on X* is called a monomial order on X* if >
is a well-order and u; > u, implies u1us > usus and usu; > usu, for all
U, U, U3 € X*.
A collection of total orders >, of TM(X)(n), n = 0, is called a monomial
order on TM(X) if the following conditions are satisfied:
(i) Each > is a well-order.
(i) Each partial composition is a strictly increasing function in each of its
arguments, that is if Ty, Ty € TM(X)(m), T, T{ € TM(X)(n), 1 <i <
m, then

Tooi T1 >men—1 Tgoi T1  if Ty >m T,
Tooi Ty »men-1Tooi T] if Ty >y T.

Now, we introduce a monomial order on TM(X). Let T = (T, x) be a tree
monomial. For each leaf £ of T, we record the labels of internal vertices of the
path from the root to ¥, forming a word in alphabet X. The sequence of these
words, ordered by the planar structure on Leaves(T), is called the path sequence of
the tree monomial T, denoted by Path(T).

Example 3.1. The path sequences of the tree monomials in Figure 2.3 are

Path(T;) = (ab, ab), Path(T,) = (b, bc, be),
Path(T3) = (bc, be,b), Path(Ty) = (be,be,bb,bb).

It is not difficult to prove that a tree monomial is uniquely determined by its
path sequence (see [BD16, Lemma 3.4.1.4]). Given a monomial order > on X*,
we define an order (still denoted by >, called the path extension of the monomial
order on X*) on TM(X) by using path sequences of tree monomials. Suppose
T, T € TM(X), Path(T) = (uy,uz,...,Um) and Path(T") = (uj, u,...,uy).
We say T > T’ if either m > n, or m = n and there exists 1 < i < m such that
UL =U, Uy = Uy, ., Uim] = Uy, Ui > UL

The following lemma is copied from [BD16, Proposition 3.4.1.6].
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Lemma 3.2. Suppose X = | |,»1 X (n); namely, X(0) = @. The path extension
of @ monomial order on X* is a monomial order on TM(X).

Note that the above statement does not hold if we allow internal vertices of
arity zero in a PRT. See the following example.

Example 3.3. Let X = {a,b} with a € X(2) and b € X(0). Consider the

1 1

® 0,
@ @

v v
T1 T2

FIGURE 3.1. Tree monomials with X(0) + @

tree monomials T; and T; in Figure 3.1. The path sequences of the tree monomials
are
Path(Ty) = (ab,a), Path(Ty) = (a,ab).

Under the path extension of a degree-lexicographic order on X*, we have T1 > T>.
However, if we denote T3 the tree monomial with only one internal vertex labeled
by b, then the compositions T; o1 T3 and T, oy T3 are equal, which shows that the
path extension is not a monomial order.

Fix a monomial order on TM(X). Suppose
g=aUy +aUs + - +a,Uy € T(X)

where n = 1, each a; € F*, U; € TM(X), and U; > Uy > --- > Uy. Then,
Uy (respectively, a1, aiU) is called the leading monomial (respectively, leading
coefficient, leading term) of g, denoted by g (respectively, lc(g), 1t(g)). We say g
is monic if Ic(g) = 1.

Suppose G < T (X). Let G:= {g: g € G} and
Irr(G) := {u € TM(X) : u is not divisible by g, V g € G}.

A tree polynomial f is reduced with respect to G if Supp(f) < Irr(G). We say G
is self-reduced if, for all g € G, g is monic and reduced with respect to G \ {g}.

Note that, for an ideal 7 of T (X), the vector space F7 spanned by the leading
monomials 7 is also an ideal (see [BD16, Proposition 3.4.3.1]), which is exactly
the ideal generated by 7, that is, (7) = F1.

Definition 3.4. Let 7 be an ideal of T (X). A subcollection G of 7 is called
a Grobner-Shirshov basis for 1 (or for the quotient operad T (X)/7) if the ideal
generated by G coincides with that generated by 7, that is, (G) = (7).
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It is clear that an ideal 7 < T (X) is a Grébner-Shirshov basis for 7.

Proposition 3.5 ([BD16, Proposition 3.4.3.4]). Let 1 be an ideal of T (X)
and G = 1. Then, G is a Gribner-Shirshov basis for 1 if and only if Irr(G) forms an
F-basis for the quotient T (X) /1.

4. GELFAND-KIRILLOV DIMENSION

We refer to [KLOO] for basics about the Gelfand-Kirillov dimension of associative
algebras. The Gelfand-Kirillov dimension of a locally finite operad is defined in
[KP15, p. 400] and [BYZ20, Definition 4.1].

Definition 4.1 (IKP15, p. 400], [BYZ20, Definition 4.1]). Let P be a locally
finite operad. The Gelfand-Kirillov dimension, or GK-dimension for short, of P is
defined to be

n

GKdim(?) := limsuplog,, ( " dim P(i))
nee i=0

where dim stands for dimg.

When we talk about the GK-dimension of an operad P, we always implicitly
assume P is locally finite. By Lemma 4.2 below, we might only consider the GK-
dimension of reduced (or reduced connected) operads from now on.

Given two subcollections V and W of P, let V o W be the subcollection
of P spanned by all elements of the form v o; w for v € V, w € W and
1 < i < Ar(v). Given a subcollection V of P, let V° = (0,F,0,0,...), and
inductively, let V™ = V™~1 0"V for m > 1. Itis clear that V™ = { V"™ (n)} =0
where V™ (n) is the subspace of P(n) spanned by all elements of arity n that
have the following form:

(4.1) (- - ((aq °j ay) szaa) °J’3"')°J'm71 am), aieV.

We call 'V a generating subcollection of P if

P= Y V= { Y Vil .

m=0 m=0

We say P is a finitely generated operad with a finite generating alphabet X, if 7
has a finite-dimensional generating subcollection V = {V(n)},>¢ where V(n)
is the space spanned by X (n).

The following lemma is easy to prove and its proof is omitted.

Lemma 4.2. Let P be a finitely generated locally finite operad. Then, the follow-
ing hold:
(1) We define a reduced operad associated with P:

=(0,7(1),P(2),P(3),...).

Then, Py is finitely generated and locally finite.
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(2) We define a reduced connected operad
Pyc = (0, [, ?(2), ?(3), )

Then, Py is finitely generated and locally finite.
(3) GKdim(?,) = GKdim(?) = GKdim(?P).

The lemma below gives a characterization of the GK-dimension of a finitely
generated operad.

Lemma 4.3. Suppose P is a locally finite operad generated by a finite-dimensional
subcollection V. Then,

GKdim(?P) = limsuplog, (dim ( i Vi)).
i=0

n—oo

Proof. Let t be the maximal arity of nonzero elements in 'V, and s be an
integer such that

S
(P(0),P(1),...,P(),0,0,...) € > V.
j=0
By the definition of t, we have V < (P(0),P(1),...,P(t),0,0,...). Then, for
everyn > 0,

(4.2) > Vic (P(0),P(1),...,P(nt — (n-1)),0,0,...) c > VL.
i=0

i=0
Consequently,
n nt-(n-1) ns
dim (Y. V?) < dim ( t (Z 1 P(i)) <dim (Y Vi), n>o0.
i=0 i=0 i=0

Thus, we have that

GKdim(P) = limsuplog,, ( dim ( i P(i)))

n—e i=0
= limsuplog,, (dim ( i Vl)) |
n—e i=0

The following example shows that, in general, the GK-dimension of an operad
is not the supremum of the GK-dimensions of its finitely generated suboperads.
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Example 4.4. Let  be any positive real number. Let 2 be the operad gener-
ated by infinitely many elements in X such that

X = {X(M)}n=0, X(0) = X(1) =, I X(n)| =[n"]-l(n-1D*], Vn =2,
and subject to relations
XmoixXn=0, VxpmeXim), xpneXn),mmn=2 1=<i=<m.

Then, it is easy to check that GKdim(?) = « > 0 but GKdim(?") = 0 for all
finitely generated suboperads P’ of .

We will use the following nice construction which is related to Warfield’s ex-
ample [War84].

Example 4.5. We fix a real number 7 strictly between 2 and 3 and let g be
(r — 1)/2 which is strictly berween 3 and 1. Let A be the quotient algebra
F(x1,x2)/J generated by two elements x1, X, of degree 1 and modulo the mono-
mial ideal J generated by monomials having degree > 3 in x; together with all
monomials of the form '

xixoxc]xoxt

satisfying j < n — [n1] wheren =i+ j + € + 2.
By an easy counting, dim Ay = 1, dim A; = 2, and for each n > 2,

n-2 |n1]-1
dimA,=1+n+ > m-1-j=1+n+ > p.
Jj=n-|nd] p=1

As a consequence, we have the following:

(1) dim Ay, is strictly increasing.
(2) We have

1 1 1
i = — a| _ A1) ~ —pn2a — -1
dimA,=1+n+ 2([n 1 =-1)(n%)) 2n 2n .

(3) GKdim(A) = 7.

Using the example above, we obtain the range of possible values for the GK-
dimension of an associative algebra.

Lemma 4.6.
(1) For every integer d € N*, there is a graded algebra A such that

GKdim(A) =d and {dimA;}{, is weakly increasing.

(2) There is a graded algebra A such that GKdim(A) = co.
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(3) Ford € Rckdim \ 10}, there is a graded algebra A such that GKdim(A) = d
and {dim A;} ) is strictly increasing.

(4) All algebras in parts (1), (2), (3) can be taken to be monomial algebras (hence
connected graded) finitely generated in degree 1.

Proof. (1) We can take A as the commutative polynomial ring F[x1,...,x4].
(2) We can take A to be the free algebra F(x1, x7).

(3) If d is an integer, it follows from part (1). If d = oo, it follows from part (2).
Now, we let d be a finite non-integral real number > 2. Let n be |d]| — 2 and
¥ =d —mn. Then, n = 0 and 2 < v < 3. Let A be the algebra given in Example
4.5,and let A" = A[x1,...,XxXn]. Then, the assertion follows.

(4) It is well known (see, e.g., [Bel15, Remark 4.1]) that given a finitely generated
associative algebra A, there is a finitely generated monomial algebra B = F(X) /I
such that GKdim(A) = GKdim(B), where F(X) is the free associative algebra
generated by a finite set X and I is an ideal consisting of words in X. Since A is
connected graded, we even have that A and B have the same Hilbert series. O

Below is a weak version of Theorem 1.2 (2).

Proposition 4.7. For any v € RGkdim, there exists a finitely generated operad P
such that GKdim(P) = r.

Proof. By Lemma 4.6 (3), there is a finitely generated connected graded mono-
mial algebra A such that GKdim(A) = r. By Construction 2.3, there is a finitely
generated operad P such that dimP(n) = dim A, _; for all n = 1. Therefore, by
definition, GKdim(?P) = GKdim(A) = r. The assertion follows. O

Proposition 4.8. Suppose P is a finitely generated and locally finite ns operad.
We then have the following:

(1) GKdim(P) = 0 if and only if P is finite dimensional.

(2) GKdim(P) cannot be strictly berween 0 and 1.

Proof. (1) The “if” part is clear. For the “only if” part, suppose dim(P) = co.
Since P is finitely generated, there is a finite-dimensional subcollection (1 €)V
that generates P. We claim that V™*! = V™ for every m. Suppose to the
contrary V™*+1 = V™ for some m. Then by induction, one sees that V" = V™
for every n > m. Thus, P = Uy, V" = V™, which is finite dimensional. This
yields a contradiction. Therefore, we have proved the claim, and consequently,
dim V™ > m + 1 for every m. By Lemma 4.3,

n
GKdim(?P) = limsuplog,, ( Z dimV‘) > Agr(}o log, (n+1) =1,
i=0

n—oo

a contradiction.

(2) (See the proof of part (1).) O
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In part (2) of the above proposition, as in the case of associative algebras, there
is a gap between 0 and 1 for the GK-dimensions of finitely generated operads. This
is false if 7 is infinitely generated (see Example 4.4 above and [BYZ20, Corol-
lary 6.12]).

A monomial operad means a quotient of free operad by an ideal generated by
tree monomials. The following lemma implies that given an operad, there exists a
monomial operad with the same GK-dimension.

Lemma 4.9. Suppose’] < T (X). Then,
GKdim(T(X)/7) = GKdim(T (X)/(1)).

Proof. Note that both 7 and (7) are ideals and thus Grobner-Shirshov bases.
Now;, the statement follows from Proposition 3.5 and Irr(7) = Irr((7)). O

5. BERGMAN’S GAP THEOREM

5.1. Single-branched ns operads. In this subsection, we will introduce so-
called single-branched tree monomials and study their properties, which will be
used in the next subsection to prove Bergman’s gap theorem for operads.

Let T be a PRT. An internal vertex v is called a zop internal vertex if its children
are all leaves. A branch of T is a path from the root to a top internal vertex v,
denoted by bran(v). A PRT is called a single-branched tree if it has exactly one
branch. The planar structure of T induces an order on branches of T:

bran(v) > bran(v’) if h(v) > h(v’), or h(v) =h(v’) and v > v’.

The maximal branch of T is called the pivor branch of T. Denote by Pivot(T)
the set of all vertices of T that belong to the pivot branch of T. The top internal
vertex of T belonging to Pivot(T) is called the pivor rop internal vertex, denoted by
TIV(T).

A tree monomial is said to be single branched if its underlying tree is single
branched. An operad is called single branched if it has an F-basis that consists of
single-branched tree monomials.

A tree monomial T is called right normal if it can be written in terms of partial
compositions of generating operations with parentheses from right to left, that is,

(5.1) T = (x104 (- (xXp-20i,, (Xn-1°i,_, Xn))---)).

Left normal tree monomials are defined similarly (see (4.1)). Note that every tree
monomial is left normal, but not necessarily right normal. For a right normal tree
monomial, we usually write without parentheses (and/or composition symbols o;
sometimes) for short when no confusion arises, for example,

(5.2) T = X104, X204, = ** %, ; Xn = X1X2* * * Xn.

The following lemma is straightforward.
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Lemma 5.1. Let T be a tree monomial. Then, the following statements are
equivalent:

(i) T is single branched.

(ii) T is right normal.

(1ii1) we(T) = h(T).

Example 5.2. 1n Figure 2.3, Ty, T», and T3 are single-branched and Tj is not
single branched.

A single-branched tree monomial w = X0, X304, - -0, Xy is called periodic
if there exists a positive integer p < 1 such that xj = xjp forall I < j<n-p
andij = ij4p forall 1 < j" <n—p — 1. The integer p is called a local period of
w and the smallest local period of w is called the minimal period of w. Given a
periodic tree monomial w = x 04, X3 04, - - * 04, , X, with minimal period p, by
using its minimal period, we can extend w to the left and/or to the right to get a
new single-branched tree monomial which contains w as a submonomial. More
precisely, w can be extended to

Win,f = X—m %i_p, =" " %y X0 %4 X1 94, X294, * =" %4,y Xn %4 =" " %4y XY

where m = —1, £ = n, for each integer g between —m and ¥ (say, -m < q =
ps+v <¥L,s,v €Z,1 <r <p), X5 =Xy, and o;, = o, (except o;,). It is clear
that p is still the minimal period of w,, ¢. If a positive integer p” is a local period
of all extensions w,, ¢ of w, we call p” a period of w. For example, given

w=a01a01b01a01a01b01a01a,

then 3 is the minimal period of w, 6 is a period of w, and 7 is a local period (but
not a period) of w.

The following lemma on periods is easy to prove.

Lemma 5.3. Suppose w is a single-branched tree monomial of minimal period

p. If € is a period of W, then p divides L.

Proof. Suppose to the contrary that £ = pg+7 withq,» e Nand 0 < v < p.
Assume w = X1 oj, X3 04, - + - 0, _, Xn. Consider the extension

Won+p = XL iy " i X0 % X1 %4 """ %y Xn Oy """ Ciyyyy Xntp-

Forall 1 <i <mn -7, since £ and pq are local periods of wy . ,, we have that

Xiyr = Xitf-pq = Xi—pq = Xi. Thus, 7 is a local period of w, contradicting the

minimality of p. O
The following is an analogue of [KL00, Lemma 2.3].

Lemma 5.4. Let w be a single-branched tree monomial of heightn > 0. Suppose
that w is periodic with minimal period p < n and has two equal submonomials

(5.3) Xitl Oy * " Ctiury Xitr = Xj+l Oxjiy * 77 Oy Xj+r
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of heightv = p, 0 < i < j. Then, p divides j — i.

Proof. We modify the proof of [KL00, Lemma 2.3] to take care of the com-
position indices. For the manipulations described below, if the tree monomial w
is too short, consider it in its extensions.

Since ¥ = p, we have i + ¥ > i + p. Similarly, j + v > j + p. Since p is the
minimal period of w,

Xi = Xi+p = Xj+p = Xj.

By periodicity, we have the following equality of two sets:
{oais Py s Ot} = {0055 Oajirs s Oipy -
By (5.3), we also have
{oairer Py} = (oo 20y by
which forces that oy, = oy;. Thus, w has two equal submonomials
XiOa; Xi+1 Oty * " " OQer—y Xitr = Xj Oa; Xj+1 Octjpy " " " Ojuroy Xjt7s

which have height ¥ + 1. Similarly, we can extend the above two submonomials
to any height > 7.

Next, we show that j — i is a period of w. In any extension Wyy,m' of w (for
somem > 0and m’ = n), let —=-m <€ <m’ — (j—1i) and t € Z such that
£+tp=i+5,0<s<p-1.Then,

Xp+(j—i) = X+ (j-i)+tp = Xits+(j—i) = Xj+s = Xi+s = Xp4tp = Xy
for—-m<¥f <m' - (j—1i)and
Kpr(j—i) = Opt(j—i)+tp = Kits+(j—i) = Kjys = Kits = Kpipp = Xy

for—-m <€ <m’ — (j — i) — 1. Hence, w has a period j — i, and now it follows
from Lemma 5.3 that p divides j — 1. 0

We modify [KLOO, Lemma 2.4] and obtain the following result.

Lemma 5.5. Suppose X is a finite operation alphabet. Let W be a set of single-
branched tree monomials on X such that all submonomials of elements in W still
belong to W. Suppose that, for some positive integer d = 3, W contains at most d — 1

tree monomials of height d. Then, W contains at most (d — 1) tree monomials of
height h for allh = d.
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Proof. Let w be a single-branched tree monomial of height h of the form
(5.2), and let Wy, be the subset of W consisting of w € W of height h.

If h <2d — 1, then w is completely determined by its top and bottom sub-
monomials of height d. There are at most (d — 1)? possibilities for this case.
Thus,

Whl < (d-1)? < (d-1).

If 2d < h < 3d — 2, then w is completely determined by its top and bottom
submonomials of height d and the submonomial x4 - - - x24-1. There are at most
(d — 1)? possibilities for this case. Thus,

Wl < (d - 1)°.

For other cases, we need to use the following claim.

Claim 5.6. Suppose w has height = 2d — 1. Then, w = wiwows3 (= wy op,
Wy og, W3) where Wy is periodic of minimal period p < d — 1, h(w,) = p + d,
h(wy) =d - p, andh(wsz) < d — p. The periodic submonomial wy is X1 - - - Xy
for some integers j < d —p andv = h — (p — d).

Note that our lemma for h = 3d — 1 (> 2d — 1) follows from the claim. In
fact, by the claim, w = xy - - - xp for h = 3d — 1 is uniquely determined by its
bottom and top submonomials of height d (each has at most d — 1 possibilities by
assumption), and the periodic submonomial w) := X4—p+1 - - - Xn—(a—p). Note
that w) is a submonomial of w, with minimal period p < d — 1. Hence, w; has
at most d — 1 possibilities, determined by its top submonomial of height d. As a
result, there are at most (d — 1)? possibilities for w, as desired.

Proof of Claim 5.6. We prove this claim by induction on h.

Initial step: Suppose h = 2d — 1. Then, w = x1X, - - - X24-1 has d submono-
mials of height d, all belonging to W by assumption. Hence, two of these tree
monomials must be equal, say,

Xj+1 " Xj+d = Xj+p+1 - Xj+p+d

where j =2 0, p = 1, j+p < d— 1, p chosen as small as possible. Then,
Xje1++Xjrd and Xjip41 - - Xj4p+d have a nonempty overlap, and thus

Wy = Xj41 " " Xj+p+d

is a periodic submonomial (of w) of minimal period p < d — 1 and of height
h(w;) = p + d. The bottom submonomial w; := x1 - - - x; and the top sub-
monomial W3 := Xjipsd+1 -+ - X241 are of height <d —p -1 <d — p. Thus,
the claim holds for h = 2d — 1 and we finish the initial step.
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Inductive step: Suppose the claim is true for an h > 2d — 1. Consider w =
X1X2+ - - Xp+1 € W of height h + 1. By hypothesis,

w=x1(x2 - Xj) (X1 -+ Xjar) (Xjars1 +* * XnXn1)

where h(x2---xj) =j—-1<d—-p, h(Xjers1- - XnXns1) =h—j—-r+1=
d —p,and Xj;1 - - - Xjiy is periodic of minimal period p < d — 1 and height
rzp+d. lfj—1<d-p,thatis, j <d — p, then the claim follows by taking

Wy =X1---Xj, W2=Xj+1" " Xjtyr, W3 =Xjrr41 """ XnXh+1-
Now suppose j — 1 = d — p. We will show that the periodicity of
Xj+1 " Xjrr = Xj+1 Oy * " " Oy Xj+r

can be extended down to include the term x j, which completes our inductive step.
Note that

j+r=d-p+1+r=d-p+1+d+p>2d.

Thus, x3 - - - X24 is a proper submonomial of x - - - Xj;, and contains two equal
submonomials of height d, say,

Xi+1** Xivd = Xitn+1 " * - Xitn+ds

wherei > 1, n > 1,andi+n < d. Since j =d —p + 1 < d, both of these
submonomials have an overlap with the periodic tree monomial X, - - - Xjir
and the overlap contains at least their top (i.e., right) d — (j — 1) = p terms. By
Lemma 5.4, we have that p divides n (say, n = cp = p for some integer ¢ > 0),
and hence

i+td>d=zj=d-p+1l=zd-n+1=i+1.

Thus, xj = Xjin and & = &j4n. Note that j+1 < j+p < j+ v and
J+1l=<j+n<j+d<j+r. By the periodicity, we have that

Xj+p = Xj+n—(c-1)p = Xj+n = Xj,
Kj+p = Kjtn—(c-1p = Kj+n = Kj,

that is, the periodicity of Xj+1 - - - X+ extends down to include x; as desired.
This finishes the inductive step, then the claim, and finally the assertion in the
lemma. O

The following example shows that the original [KL00O, Lemma 2.4] is not true
for the setting of operads, that is, if we replace d — 1 by d in Lemma 5.5, then the
statement does not hold any further.
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Example 5.7. Let W be the set of single-branched tree monomials of the
form
X 04 X Ojy 04, X

where Ar(x) = 2, n = 1, at most one composition index ij equals 2, and the
other indices are all 1. It is easy to see that all submonomials of elements in W are
still in W and that, for n = 1, W contains exactly n distinct monomials of height
n.

Lemma 5.8. Let P be a locally finite operad with GKdim(P) < 2. Let a and
b be two positive real numbers. The following hold:

(1) There are infinitely many integers n such that dimP(n) < an — b.

(2) Suppose P is finitely generated by V. Then, there are infinitely many integers

n such thar dim(31 o V) /(S15, Vi) < an - b.

Proof. (1) Suppose to the contrary that dim?P(n) = an — b for all n > 0.
Then, there is an m, such that

GKdim(?) = limsuplog, ( > dimP(i)) = limsuplog, ( > (ai—b)) =2,
i=0 nee

n—eo i=m

yielding a contradiction. The proof of part (2) is similar to the above. O

5.2. Gap theorem for ns operads. In this subsection, we first prove three
lemmas and then use them to prove an analogue of Bergman’s gap theorem for
finitely generated ns operads.

Roughly speaking, the following lemma says that, if the GK-dimension of a
finitely generated operad is less than 2, then there exists a uniform upper bound
for the heights of maximal subtrees that are rooted at the pivot branch and do not
contain the pivot top internal vertex.

Lemma 5.9. Let X be a finite operation alphabet and P = T (X)[1. Write V =
FX. Suppose dim(ZL, Vi) /(S Vi) < d - 2 for some d (or GKdim(P) < 2).
Then, there exists a positive integer My such that, for all T € Tr(Irr (7)),

h(MaxSub+ (v,v")) < M;

where v € Pivot(T), v’ € Int(T) \ Pivot(T).
Proof. Suppose to the contrary that for each n € N there is a tree monomial
Ty € Irr(7) with underlying PRT T, and a maximal subtree

T;’l = MaXSuan (vn, ‘U,,,L)

such that hy, := h(T,,) = n, where v,, € Pivot(Ty,) and v,, € Int(Ty) \ Pivot(Ty).
Assume that the vertices in Pivot(Ty,) are labelled from vy, to TIV(Ty,) by gener-
ating operations X, Y1, Y2, ..., Yh,, and that the vertices in Int(7y,) N Pivot(Ty)
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with height > h(vy) are labelled from vy, to TIV(Ty) by x,x1,x2,...,Xm (see
Figure 5.1, where only a subset of Vert(Ty) are drawn and the pivot branch is

drawn vertically).
@ ®
off

I
Tn

FIGURE 5.1. Tree monomial Ty,

It follows from the definition of a pivot branch that m > h, > n. Consider
the submonomial T}, of T), with underlying PRT T;, < T, for which Root(1)) =
Parentr, (Vy) and

Int(T,/) = Pivot(T,,) U {v € Pivot(Ty) N Int(Ty) : h(v) = h(vy)}.

Without loss of generality, we assume T, is of the form in Figure 5.1, and denote
it by

Ty = (xoj(x1x2+ - xXm)) i (V12" * Vh,)
where i and j are proper composition indices and i < j. The following are distinct
submonomials of T;; of weight n:

(xoj(x1-+-xs))oi (V1++Yn-s-1), 1<s=<n-1.

These submonomials are pairwise distinct since their underlying PRTs are pair-
wise distinct. Thus, Irr(7) contains at least n — 1 elements of weight 7, namely,

dim(S, Vi) /() Vi) = n—1forall n, yielding a contradiction. O
The following lemma says that, under suitable conditions, if an internal vertex

v in the pivot branch has a child that is an internal vertex and not in the pivot
branch, then v must be either “close” to the root or “close” to the top of the PRT.

Lemma 5.10. Let X be a finite operation alphabet and P = T (X) /1. Write

V = FX. Assume that dim(SL, Vi) (SE) Vi) < d - 3 for some d = 3 (or
GKdim(P) < 2). Suppose thar

W := {T € Irr(7) : T not single branched} # @.
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Then, there is a positive integer My such that, for all T € Tt(W) and allv € Pivot(T)
such that there is a maximal subtree MaxSub (v, v") for some v" € Int(T) \ Pivot(T),
the following inequality holds:

min{h(v),h(T) —h(v)} < M,.

Proof. Suppose to the contrary that for each n € N* there exist T, € W
with Tr(Ty) = Tn, vy € Pivot(Ty), and v;, € Int(Ty,) \ Pivot(Ty) such that
T, has a maximal subtree MaxSub(vy,, v,,) and min{h(vy),h(Ty,) — h(v,)} >
n. Without loss of generality, we suppose that Parent(v;,) = v,. Consider the
subtree T;, © Ty, that has internal vertices

Int(T,,) = (Int(Ty) N Pivot(Ty)) U {v,,}.

Assume that the vertex v, is labelled by generating operation x" and that the
internal vertices in Pivot(Ty,) are labelled from bottom to top by generating oper-
ations

X‘H’L!X‘H’L*IJ'"!xllxlyllyzl"'!yq

for some integers m = n — 1, q = n (see Figure 5.2, where only a subset of

Vert(T,,) are drawn).
v, (@) @
OX
£ s
T
FIGURE 5.2. Submonomial T}, of Ty,

Consider the following submonomial of Ty, of weight n + 1:

(XsXs_1 - X1XV1Y2 " Yn-s-1) i, X', 1l<s<mn-1
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with suitable composition indices is. These submonomials are pairwise distinct
since their underlying PRTs are as well. Thus, Irr(7) contains at least n — 1 ele-
ments of weight 1 + 1, namely,

n+1 n
dim (Y V(X Vi)zn-1,
i=0 i=0
yielding a contradiction. O

The following lemma is a generalization of Lemma 5.5.

Lemma 5.11. Retain the hypotheses of Lemma 5.10. Then, there exist positive
integers d1 and dy such that Irr(I) contains at most d, tree monomials of weight h
forallh = d,.

Proof. Let My and M, be the same as in Lemmas 5.9 and 5.10. Suppose
T € Irr(I) and denote T := Tr(T) and n := wt(T). Assume that h(T) is large
enough for the following decomposition (say, h(T) > 2(M; + 2M>)). Let Ty, 1>,
and T3 be the submonomials of T whose underlying PRTs 71, T, and T3 have
internal vertices

Int(T;) = {v € Int(T) : h(v) < M + My},
Int(Tz) = {U S Int('r) M+ M; < h(v) < h(T) —Mz},
Int(T3) = {v € Int(T) : h(v) = h(T) — M>,}.

These subtrees are well defined. In fact, by Lemmas 5.9 and 5.10, within each
Int(T;) vertices are connected by the parent function of T and T has a unique
internal vertex v; of height My + M, (respectively, v of height h(T) — M3), whose
parent is the root of T (respectively, T3). Note that, by Lemmas 5.9 and 5.10, all
v € Int(T) \ Pivot(T) are contained in Int(T1) U Int(T3), and thus T, is single
branched. See Figure 5.3 for an example of such decomposition, where only a
subset of the internal vertices of T are drawn and all leaves are omitted.
Set a := max{Ar(x) : x € X} and ¢ := | X|. Then,

(5.4) My +M, =h(T)) swt(T)) <Mz:=l+a+a*+---+ah*™
and
(55) M2 +1= h(T3) < Wt(T3) < M3.

There are only finitely many (say, M4) PRTs of weight < M3, and thus there are at
most ¢™s - My tree monomials of weight < M3. It follows from

wt(Ty) + wt(T2) + wt(T3) =n+ 2
and inequalities (5.4) and (5.5) that

h(Ty) = wt(Ty) > n — 2M3 + 2.
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0

1

1

:

1
T3:
]

I

1

+

T

FIGURE 5.3. Decomposition of T, where we have h(v,) =
M, + My, h(vy) = h(T) = My, v; € Int(Ty) N Int(Ty), and
v, € Int(12) N Int(T3).

Thus, foralln > d +2M3 — 2, we have h(12) > n—2M3+2 > d. By Lemma 5.5,
there are at most (d — 1)° possibilities for T, for all n > d + 2M3 — 2. Since
T is uniquely determined by its submonomials Ty, T>, and T3, there are at most
(cMs . My)2(d - 1)3 possibilities for T. Therefore, there exist positive integers

di:= (™ -M)*(d-1)° and dr:i=d+2M; -2

such that Irr(I) contains at most d; tree monomials of weight h forallh = d,. O

Now we are ready to prove our main result.

Theorem 5.12. Let X be a finite operation alphabet and P = T (X)[1. Write
V = FX. Assume that dim(Z%, Vi) /(S Vi) < d - 3 for some d = 3 (or
GKdim(P) < 2). Then, there exist positive real numbers a, b such that

n
dim z P(i) <an+b foralln = 0.
i=0
As a consequence, GKdim(P) < 1.
Proof. Define

dv(n) := dim Z Vi forallm € N.

i<n
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By Lemma 5.11, there exist positive integers d and d, such that Irr(I) contains at
most d; tree monomials of weight h for all h > d,. Thus, for all n > d,, setting
n :=d; + q, we have that

dv(n) <dv(dy) +qdi = dv(dy) + (n—dsy)di,

and the function on the righthand side is linear in n. The assertion now follows
from (4.2). The consequence is clear. O

Theorem 1.1 follows from Theorem 5.12 easily.

6. SINGLE-GENERATED NS OPERADS

We say an operad P is single generated (or single-element generated) if it is generated
by an operation alphabet X that consists of a single element. In this section, we
will describe an approach that can be used to construct a single-generated single-
branched operad from a finitely generated monomial algebra. This procedure is
called the operadization of a finitely generated monomial algebra, which is different
from that given in Construction 2.3.

Fix an integer d > 2. Denote X = {x1,X2,...,Xa} and X the free monoid
generated by Xo. (Note that Xj is not the generating alphabet X of an operad.) Let
F(Xo) := F(x1,X2,...,Xa) = @Dy=0F(Xo)¢ be the free graded algebra generated
by Xo with deg(x;) =1 (1 <i<d).

We always assume that the tree monomials T4 and R} f I<i<j=<ad

are defined as in Figure 6.1. Suppose that Q is the operad presented by generator

vV
T, Ri;
FIGURE 6.1

X = {a} and relations {(acja)e;a, 1 <i < j < d}; then, Qs a single-branched
operad. We also say Q is the operad generated by T4 and subject to the relations
R/, (I=<i<j=d).

Identifying the tree monomial T4 and its labelling a, we define the following
F-linear operadization map, which is an isomorphism of vector spaces

O :F(Xo) — 922
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by setting
O(w) =0(xiXi, -~ - Xi) =aoj acy -0y a:=(aoy (aoy (-4 a)))

forany w = x;,xi, - - - xi, € X' (See (5.1) and (5.2).)
We are now ready to give the following construction, in the proof of which
we describe an operadization of a finitely generated monomial algebra.
Construction 6.1. For any finitely generated monomial algebra A = F(Xy) /I
with I © @ys, F(Xo)p being a monomial ideal of the free algebra, there ex-
ists a single-generated single-branched ns operad Q 4 such that GKdim(Q4) =
GKdim(A).

Proof- Since I is a monomial ideal of F(X), it is routine to check that O(I) is
an ideal of 9. )
Define the operad 9 4 to be the quotient operad 9 /O(I). Noting that

1, whenn =1 ord,
dim94(n) = 1{dimAy, whenn=C+1)d—¥fand ¥l =1,
0, otherwise,
we obtain that GKdim(9 4) = GKdim(A). |

Definition 6.2. Suppose that d := |Xo| = 2. The single-generated single-
branched ns operad Q4 = 9/O(I) defined in Construction 6.1 is called the
operadization of the finitely generated monomial algebra A = F(Xo)/I, where
I € @y=; F(Xo)¢ is a monomial ideal of the free algebra.
Note that Construction 6.1 is related to some ideas presented in [DMR20,
DT20]. For example, a special case of this construction is given in Section 7.1.4
of [DT20].
Next, we present some examples of single-generated single-branched operads
by using the operadization procedure described above.
Example 6.3. Let d = 2. Suppose Tz,Rlv‘z,Rl,l,Rl,z,Rz,l,Rz,z are defined as
in Figure 6.2. We have the following:
(1) If Q is the operad generated by T> and subject to the relation Ry, then
we can check that dimQ(n) = 2" 2 for n = 2. Hence, in this case
Go(z) =z+2%/(1 - 2z) and GKdim(Q) = co.

(2) Define Q to be the operad generated by T, and subject to the relations
Rlv, 2> R1,1. Then, we can check that @ is an operadization of the graded
algebra A := F(x1,x2)/(x?), and

dim9(n) =dim9(n-1) +dimQ(n -2) forn = 2.

Hence, in this case Go(z) = z/(1 — z + z2), GKdim(Q) = o, and we
call Q the Fibonacci operad.
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Rip R>1 Ry

FIGURE 6.2

(3) Define Q to be the operad generated by T, and subject to the relations
Ry ,,R21,Rz5. Then, we see that Q is an operadization of the graded
algebra F(x1,%2)/(x2x1,%3), and

1, whenn =1or2,
dim9(n) =42, whenn >3,
0, whenn =0.

Hence, Go(z) = z+ z? + 22%/(1 — z) and GKdim(Q) = 1.
If we consider a graded algebra A = F(x1,x2)/{x1x2 — x?) which is not a
monomial algebra, it is easy to check that O(I) is not an ideal of 9. Thus, it

requires more work to understand the quotient operad 9 /(O(I)) in this case.
We are now ready to prove Theorem 1.2.

Proof of Theorem 1.2. (1) Let P be a finitely generated locally finite ns operad.
It is clear that GKdim(?) = 0. By Proposition 4.8, GKdim(?) is not strictly
between 0 and 1. By Theorem 1.1, GKdim(?) is not between 1 and 2. Therefore,
GKdim(?) € Rgkdim (see (1.1) for the definition of RGidim).

(2) Let ¥ € RGkdim- Let A be a finitely generated algebra of GK-dimension 7. By
[Bell5, Remark 4.1], we can assume A is a monomial algebra finitely generated
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in degree 1. By Construction 6.1, Q 4 is a single-generated single-branched locally
finite operad with GKdim(Q 4) = 7. The assertion follows. O

7. GENERATING SERIES AND EXPONENTIAL GENERATING SERIES

The generating series of an operad is defined in (1.2). By [KP15, (0.1.1)], the
exponential generating series of an operad P is defined to be

dim?P(n) ,
—2z"
n!

(7.1) Ep(z) = >

n=0

Clearly, Gp(z) (respectively, Ep(z)) contains more information than GKdim(?P).
A list of (exponential) generating series of operads is given in [Zin12, KP15]. Sev-
eral authors have recently been studying the holonomic and differential algebraic
properties of Gp(z) (respectively, E»(z)) (see Definition 1.3).

By [Sta80, Theorem 1.5], F(z) := Y.;,_o f (n)z" is holonomic if and only if
the sequence { f(1n)}n>0 satisfies a recurrence relation of the form

(7.2) Sy =qn)fm-1)+- - +qn-mn)f(n-m), n>0

for some fixed m and rational functions g (x), ..., gm(x). For all examples given
in Example 6.3, Gp(z) are rational, and consequently, holonomic. By using (7.2),
it is easy to see that

(7.3) Gp(z) is holonomic if and only if so is Ep(2).

For two integers a and b, let [a,b]y := [a,b] N N. Suppose the sequence
{f (n)}n>0 has infinitely many nonzeros. Let & = {n | f(n) = 0} and write ®
as [i1, j1ln U [i2, j2ln U - - - where is < js < @541 — 2 forall s = 1. Then, the
following is true.

Lemma 7.1. Let F(z) = Y.,_o f(n)z" with infinitely many nonzero coeffi-
cients. Write ®p = Uso1lis, jsIn. Suppose that limsup,_  (js — is) = . Then,
F(2) is not holonomic.

Proof- Suppose to the contrary F(z) is holonomic. Then, (7.2) holds for some
m. Pick any s such that js —is > m + 1. By the definition of ®f, f(n) = 0 for all
is < n < js. By (7.2) and induction, we have that f(n) = 0 forall n > iy + m.
Therefore, F(z) has only finitely many nonzero coefficients, a contradiction. [

The next example shows we can easily construct a monomial algebra such that
its Hilbert series is not holonomic.

Example 7.2. Let U be the monomial algebra F(xi, x,)/I where degx; =
degx, = 1 and I is a span of monomials satisfying the following:

(a) All monomials have degree > 3 in x;.
(b) xix,x{ withi> 0orj> 0.
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(¢) xaxixy where 2m + 1)2M*1 — 1 < i < 2m + 2)2™*2 _ 1 for some
integer m = 0.

Let A be Upp_ol(2m + 1)2mF1 4+ 1, (2m + 2)?™+2 + 1]y, which is a subset of N.
Let A€ = N\ A. Then,

A¢={0}u {1} u | [@2m+2)*™"2 +2,2m + 3)*" ]\

m=0

Define
0 neA,

1 mneA‘.

oa(n) = {

Then, U has an F-basis {x{}izo U {X{X2}izo U {XZX{}I'Z() U {XzX{Xz}HzeAc, and
its Hilbert series is

2

Hy(z) =1+2z+ > 3+6a(n)z" =1+2z+ (1fz)

n=2

+V(z)

where V(z) = 3;_, 6a(n)z". Since V(z) satisfies the hypothesis of Lemma 7.1,
it is not holonomic.
Let Py be the construction given in Construction 2.3. It is easy to see that

GKdim(?y) = GKdim(U) =1

and that

3z2
(1-2)
where z(1 + 2z + 3z%/(1 — z)) is holonomic, but zV(z) is not (by Lemma 7.1
again). Therefore, Gy, (2) is not holonomic by Holonomic Theorem 2 in [Ber14].

Let Qu be the construction given in Construction 6.1. Then, GKdim(Qy) =
1 and

Gp,(z) = zHy(z) = z (1 +2z+ ) +2zV(2)

Go,(z) = z+z%Hy(z% ") = z + z?Hy(2)

=z+zz(1+22+ )+22V(z)

322
(1-2)
as d = dim U; = 2. By an argument similar to the previous paragraph, Go,(2) is
not holonomic.

We are now ready to prove Proposition 1.5.

Proof of Proposition 1.5. Let ¥ € Rgkdim \ 10}. We claim there is a monomial
algebra B finitely generated in degree 1 such that GKdim(B) = v and Hg(z) is
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not holonomic. By [Bell5, Remark 4.1], there is a monomial algebra A finitely
generated in degree 1 such that GKdim(A) = r. If Ha(z) is not holonomic,
then we are done by setting B = A. If Hs(z) is holonomic, then we let B =
F & (A>; @ Us1). Then, B is a monomial algebra finitely generated in degree 1
such that GKdim(B) = v and Hg(z) = Ha(z) + Hy(z) — 1. Since Hy(2) is
not holonomic, by Holonomic Theorem 2 in [Ber14], Hg(z) is not holonomic.
Thus, we have proved the claim.

Let = Qp as in Construction 6.1. Then, P is single generated, GKdim(?) =
GKdim(B) =, and Gp = z + z4Hg(z%"1). Since Hg(z) is not holonomic, it is
routine to show that Gp(2) is not holonomic. O

The following lemma is easy and the proof is analogous to the one given in
the quadratic case (see the proof of [Dot19, Corollary 4.2 (i)]).

Lemma 7.3. Let A be a connected graded locally finite algebra, and let P4 be the
operad constructed in Construction 2.3. We have the following:

(1) A is finitely generated if and only if so is Pa.

(2) A is finitely presented if and only if so is P .

For the rest of this section, we construct a finitely presented locally finite ns
operad such that its generating series is not holonomic. Therefore, we give a “non-
generic” counterexample to [KP15, Expectation 2] (see Expectation 1.4).

Let us recall some history in the setting of noncommutative graded algebra.
In 1972 Govorov conjectured that the Hilbert series of a finitely presented graded
algebra is rational [Gov72]. This was shown to be false, for example, by Shearer
in [She80] by constructing an irrational (but algebraic) Hilbert series of a finitely
generated graded algebra. Shearer mentioned a similar construction giving also
an example with a transcendental (but still holonomic) Hilbert series. His third
example, involving the generating function of the number of partitions, indeed
has its Hilbert series not holonomic. A similar example was given in [Smi70],
which contains the following example as a special case.

Example 7.4. Suppose charF = 0. Let L be the graded Lie algebra with basis
{ei,ez,...,en,...} with dege; = i for all i and Lie bracket determined by

This is a subalgebra of the Witt algebra. Let A be the universal enveloping algebra
of L. Then, A has intermediate growth and is generated by e; and e, (dege; = 1)
and subject to the relations e3e; — e2e3 = es and ese; — ezes = 3e7. Thus, A is
finitely presented, but not generated in degree 1.

It is easy to see that

[ee]

Ha(z) =[]

i=1

1
(1-2zt)"

Note that Ha(z) is equal to P(z) := X.;}_o p(n)z" where p(n) is the number of
partitions of n.
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Now we list some facts about P(z):
(P1) [Sta80, p. 187] P(z) is not holonomic.
(P2) zP(z) is not holonomic.
(P3) Q(z) :=2z(zP(2))’ (= Xh_op(n)(n + 1)z"*1!) is not holonomic.
Note that parts (P2), (P3) follow from part (P1) immediately.
Now, let P4 be the operad given by Construction 2.3. By Lemma 7.3, Py is
finitely generated. By (2.4),

Gp,(2) = zHa(z) = zP(2),

which is not holonomic by (P2). Therefore, P4 is a “non-generic” counterexample
to [KP15, Expectation 2].

Note there is a quadratic algebra with similar properties on its Hilbert series,
but with 14 generators and 96 quadratic relations (see Theorem 1 (iv) in [Koc15]).
The algebra A could be replaced by Kogak’s example.

Remark 7.5. Using the same proof as above, one sees that a version of Propo-
sition 1.5 holds for exponential generating series. (See (7.1) for the definition of
the exponential generating series.)

8. COMMENTS ON SYMMETRIC OPERADS

In this final section we make some comments on symmetric operads and prove the
main result of this section, namely, Theorem 1.7.

First of all, we refer to [LV12, Chapter 5] or [BYZ20, Definition 1.2] for the
definition of a symmetric operad.

Given a graded algebra with augmentation, there is an easy construction of a
symmetric operad similar to the one given in Construction 2.3.

Construction 8.1. Let A := @;.¢A; be a locally finite N-graded algebra
with unit 14. Suppose that A has a graded augmentation € : A — F such that
m := ker & is a maximal graded ideal of A. We let Cy, be the cyclic group of order
n, and elements in Cy, are denoted by {1,...,n}.

Let S4(0) = 0and Sa(n) = Ay—; ® FCy, forall m = 1. Elements in S4(n)
are F-linear combinations of (a, i) where a € A;,_1 and 1 < i < n. The S-action
on S4(n) is determined by

(a,i) x o = (a,0" (1))

forall o € S,,.
Define partial compositions as follows, for 1 < s < m:

og: Sam)® Sa(n) - Sa(n+m-—1),
(cam-1,1) an-1=cla, c €F,
(am-1,1) ® (an-1,J) = (@m-1an-1,i+j—-1) apn-1 €ms =1,
0 Ap-1 €m, S # 1.
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We claim that Sa := {Sa(1)}n>0 is a symmetric operad with identity id = (14, 1).
We give a sketch proof below.

We refer to [LV12, Section 5.3.4] for the partial definition of a symmetric
operad. In fact, a symmetric operad P is an S-module satisfying the axioms of
a nonsymmetric operad [Definition 2.1] and the following two additional equa-
tions:

(8.1) pPos (Vxo)=(UosV) %0,

(8.2) (U* @) osV = (Uogi) V) * P,

where y € P(m), v € P(n), 1 < s <m, 0 € Sy, ¢ € Sy, and where
0 =1y o050 and ¢ = ¢ o5 1,,. (See [LV12, Section 5.3.4] and (E1.2.1),

(E8.1.3) in [BYZ20] for the explanation of 0" and ¢"".) We first verify (8.1) and
(8.2) and then the rest of axioms given in Definition 2.1 for P := Sa.

Verification of (8.1): Write u = (am-1,1) and v = (an-1,j). If n = 1 and
an-1=cly(orifn=1and ay_y €m),then j=1land o =1, €Sy and

!
0" =1pim-1 € Sntm-1-

Clearly, (8.1) holds. If n = 2 and s # i, both sides of (8.1) are zero. It remains to
consider the case when n > 2 and s = i. Write

kiky--- k
(8.3) o=(11 2{__;)
where by convention k; = 07! (i) for all i. Then, by definition,

, (1 i-1ki+i-1ky+i-1---kp+ti-li+n---n+m-1
SO & P T i+1 - n+i-li+n---n+m-1)"

In this case, we have
LHS of (8.1) = (am-1,1) °i [(@n-1,]) * 0] = (Am-1,1) °i (@n-1,0 " 1(j))
= (@m-1an-1,i + 0 1(j) = 1) = (@m-r1an-1,i + kj — 1),
RHS of (8.1) = [(@m-1,1) oi (@n-1,))]1 % 0" = (@m-1an-1,i+j—1) x 0’

= (Am-1an-1,(0") i+ j-1)) = (@m-1an-1,kj +i-1).

Therefore, (8.1) holds.
Verification of (8.2): Recycle the letter k; and write

C(kiky e km
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using the convention of (8.3). If ay—1 = cla, then we have n = j = 1 and
¢ = ¢ o511 = ¢p. Consequently, p~1(i) = ki = (¢"")"1(i). In this case,

LHS of (8.2) = [(@m-1,1) * ¢l os (cla, 1) = (@m_1,P (i) o5 (clyx, 1)
= (cam-1,9 ' (Q)) = (cam-1,ki),

RHS of (8.2) = [(@m-1,1) o¢(s) (cla, D] * ¢ = (cam-1,1) * ¢”
= (cam-1,1) *x ¢ = (cam-1,ki).

Hence, (8.2) holds. Next, we assume that ay_; € m. If s # ¢~1(i), then both

sides of (8.2) are zero. It remains to consider the case when s = ¢~ 1(i) ori =
¢ (s). By definition,

oo (ky e K KK+ k=1 Ky - K.,
A T T I T A I R |

where
K — ki+n-1 kt>S,
- kt kt <Ss.

In particular,
(") Mi+j-D=ki+j-1l=s+j-1=ki+j—-1=¢ @) +j-1
Now, we compute

LHS of (8.2) = [(@am—1,1) * Pp]os (An_1,J)
= [(@m-1,1) * P]ogp-1(4) (An-1,J)
= (am-1,¢" (1) op-1(5) (An-1,7)
= (@m-1an-1,$~ (1) +j— 1),
RHS of (8.2) = [(@m-1,1) °¢(s) (@n—1,J)]1 * ¢”
= [(@m-1,1) oi (An-1,7)] * "
= (@m-1an-1,1+j—1) % ¢p"
= (@m-1an-1, (") (i +j-1))
= (@m-1an-1,d" (D) +j—1)
which implies that (8.2) holds in this case. Thus, we have verified (8.2) for all
cases.

Verification of (2.3): It follows easily from the definition that

(IAJ 1) o1 (a’}’l—lij) = (an—l,j) = (a’}’l—lij) Og (IAJ 1)
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forall 1 < s <mn, which is (2.3).
Verification of (2.2): Recall that (2.2) is equivalent to

(8.4) (Aosp) op—11mV =(Aorv)os

forA e PU),uc Pm),vecPn),and1l <s <t < WrteA = (ap_i,1),
U= (am-1,j), and v = (an_1,k). If the LHS of (8.4) were nonzero, we must
have s =iands+j—1=t -1+ m. Buts <t and j < m which contradict
the equation s + j — 1 =t — 1 + m. Thus, the LHS of (8.4) is zero. For a similar
reason, the RHS of (8.4) is zero. Hence, (8.4) holds.

Verification of (2.1): Recall that (2.1) is equivalent to
(8.5) (Aogp) os_ 144V =A~A05 (Lop V)

forA € PW), u € Plm), v € Pn), 1 <s <¥ and1 <t < m. Write
A = (ap_1,1), U = (am-1,J), and v = (an_1,k) as before. If the LHS of
(8.5) is nonzero, then we must have both s = i and t = j. Similarly, if the
RHS of (8.5) is nonzero, then s = i and t = j. Thus, it suffices to consider
the case when s = i and t = j. In this case, both sides of (8.5) are equal to
(ap_1am-1an-1,1i+ j + k —2). Hence, (8.5) holds.

We have now verified all axioms of a symmetric operad for P := S4, and
therefore S4 is a symmetric operad.

It is obvious that

(8.6) Gs,(z) = z(zHa(2))'.

Lemma 8.2. Let A be a connected graded algebra and let Sy be the symmetric
operad provided in Construction 8.1. The following hold:

(1) If A is finitely generated, then Su is finitely generated as a symmetric operad
(respectively, as a nonsymmetric operad).

(2) If A is finitely presented, then S4 is finitely presented as a nonsymmetric op-
erad.

(3) If A is finitely presented, then Sa is finitely presented as a symmetric operad.

Proof. We continue to use the notation introduced in Construction 8.1.

(1) Let m = @1 A;. Suppose V < m is a finite-dimensional graded subspace that

generates A. Let {vy,...,V.} be a basis of V. We claim that S4 is generated by
E:=3%, (Zjiwi)ﬂ F(vi, j)) where deg(v;) is as defined in the graded algebra

A. Note that Ar((vy, j)) = deg(v;) + 1. Since every element in S4 is of the
form (an-1,d) where 1 < d < n and ay— is generated by V in A, it can be
generated by (v, j) by partial compositions. Therefore, S4 is finitely generated as
a nonsymmetric operad (respectively, as a symmetric operad).
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(2) Suppose A is generated by a finite-dimensional graded subspace V' and subject
to a finite-dimensional relation subspace W := 7., Ffj. Then, A is the factor
algebra F(V) /(W) where F(V) is the free algebra generated by V and where (W)
denotes the relation ideal generated by W. Note that F(V) is connected graded.
Let E be defined as in the proof of part (1), and let F"(E) be the free nonsym-
metric operad generated by E (see [LV12, 5.9.6] for the definition).

Our first step is to define the relation subspace R of the F"(E) such that
Sa = F™(E)/(R). For each homogeneous element g in the free algebra F(V), fix
an expression of g as a linear combination of possibly repeated monomials

(87) g:ZC.vil...viS...viu

where the sum is over o := (iy,...,1s,...,1y) and where ¢, are scalars in F. Note
that monomials {v;, - - - v, - - - Vi, } in expression (8.7) are not assumed to be
distinct. For each term vy, - - - vy, - - - vj, appearing in (8.7), let {ki }*", be a

sequence of integers such that 1 < k;, < deg(v;,) + 1 forall 1 <5 < u. We will
use K. to denote {k; }¥ ;. Define

u
Kol := > ki, —u+ 1.

s=1

Fix any integer d between 1 and deg(g) + 1. For each o := (iy,...,iy) appearing
in (8.7), pick any sequence {k; }*_; such that [k.| = d. Such a sequence {k; }i",
is called a d-sequence. Let kg be the collection of d-sequences associated with
expression (8.7). Now, we define the following element in the free operad F"*(E)

N (9) = > i, ki) on,, (Viy, ki) o, -+ ok, (Vi ki),
k.€ky

where each (vy,, ki) ok, (ViyyKiy) ok, + ok, (Vi ki, ) isa right normal tree
monomial defined in (5.1)—(5.2).
For example, let
h = viv4 — 20,03 + 30104

be in F(V') where degv; = i for 1 < i < 4. Note that the first monomial in the
above expression of h equals the third one. Let d = 4, and pick three d-sequences
{1,4}, {3,2}, and {2, 3} corresponding to three monomials in the expression of

h. Then,
T, (h) = (v, 1) o1 (v4,4) — 2(v2,3) 03 (v3,2) + 3(V1,2) 03 (V4,3).
Let g’ be another homogeneous element of degree equal to deg(g), and fix an

expression of g’ similar to (8.7). Let ¢ and ¢’ be scalars in F, and let f = cg+c'g’
with expression of f induced by the expression of g and g’. Let kg (respectively,
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k/;) be a collection of d-sequences of g (respectively, g’) corresponding to the
monomials appeared in (8.7). Then, the disjoint union kg @ Kk, is a collection of
d-sequences corresponding to the expression of f. It follows from the definition
that

(8.8) gk, (f) = €1, (9) + ', (g)-
For any given d, there are only finitely many possibilities for d-sequences
{ki }i~,, and consequently, for 7y, (g).

Now, let f; be an element in the relation space W, and fix an expression of f;
as in (8.7). It is easy to check that all of

(8.9) Tk, (f5) =0

are relations of Sy for 1 < d < deg f; and different choices of d-sequences. By
the definition of Sy, the following are also relations of Sa:

(8.10) (Wi, 1) op (Viy, j2) =0

for all (vi,, js) € E and for all € # j; and

(8.11) (viy, J1) oj, (Viy, j2) — (Wi, J1 = 1) oj,—1 (i, o+ 1) =0

for all (vi,js) € Eand forall 1 < j; < degv;, +1and 1 < j, < deg(vy,) + 1.
Let R be the graded vector subspace generated by the lefthand side of equations

(8.9), (8.10), and (8.11).
By part (1), there is a surjective morphism of nonsymmetric operads

®: FS(E) — Sa

sending (v;,j) € E € F™(E) to (vi,j) € Sa. It is clear that & maps rela-
tions defined in (8.9)—(8.11) to zero. Therefore, ® induces naturally a surjective
morphism of nonsymmetric operads

¢ F(E)/(R) — Sa,

such that ® = ¢o1r where 7 is the canonical quotient map F"(E) — F"(E)/(R).
Our next step is to show that the natural map ¢ is injective (consequently,
bijective).
We now need the following notion of leading form. For each tree monomial
t € F™(E)/(R) of the form

t= (vilijl) ©ji (vizijZ) Ojy """ %fm-1 (Uim,jm),
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there exist finitely many elements of the form
’ o7 .7 .7
t = (i, J1) ojr Wiy o) oy -+ o (Vigys Jim)s

such that ji + -+~ +jp, = ji+ -+ jmand 1 < j, < deg(v;,) + 1 for
1 < £ < m. Call the largest tree monomial (under the path-lexicographic order)
among these elements the leading form of t, and denote it by L(t). Let (Rg.11) be
the ideal of F"¢(E) generated by relations given in (8.11). It follows from (8.11)
that L(t) —t € (Rg.11), and it is clear that L(t") — L(t) = 0 for any choice of
(J1s---»Jm). As a consequence, modulo the ideal (Rg.11), 7k, (g) is independent
of the expressions of g given in (8.7) and the choices of kg—that is, the collec-
tion of d-sequences. By pre-composing with 77, the argument in this paragraph
together with (8.8) implies that 1171, (g) is independent of the expressions of g
and the choices of d-sequences and that 7y, is a well-defined F-linear map from
FV) — F™(E)/(R).

Fix any n, and let {ax}«er, be a monomial basis of Aj,—; for some index
set I. Then, {(a, 1) }acr,, 1<i<n is an F-linear basis of Sa(n). For any ax =
Va1Va2 "+ - Vagmys let b&‘i € F™(E)/(R) be a monomial of the following form:

byi= a1, di) oj; (Wa2,Ja) o - - - © et (Vaymas Jmg )

where ji + -+ + jj,, = i+ mg—1land 1 < j, < deg(vyy) +1for 1 <
{ < my. Then, béc,i € ¢ '((an,i)). Take by, to be the largest one among
the monomials of this form, that is, by := L(b:x,i), which is independent of
the choice of b, ;. By definition, both by and by, ;, considered as elements in
F"™(E), are of the form 7y, (a«) for some choices of i-sequences k.. By (8.11),
byi = b;m- in F™(E)/(R). The conclusion of this paragraph is that by; =
Tk, (Ax) for 1 < i <n and any collection of i-sequences.

By definition, any monomial s € F"(E)/(R)(n) (or in F"(E)(n)) is left
normal, namely,

s = ( "t ((vilyjl) Okl (vizljZ)) Okz ttt ) Okm_l (vlm!.]m)

Using the relations of the form (8.10), s in F"*(E)/(R)(n) is either zero or equal
to

(8.12) s = Vi, j1) oj, Wiy, J2) ojy = = 0oy (Vi Jm),

namely, it is right normal (see (5.1)—(5.2)). For the rest of the proof of part (2),
we will only use right normal tree monomials in F"¢(E) and these will simply be
called monomials. For each monomial s, we will freely replace s by L(s) and vice
versaas L(s) = s in F™(E)/(R) by (8.11).

To prove ¢ is injective, it suffices to show that

dimg(Sa(n)) = dimg F*(E)/(R)(n) for all n.
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Then, it is enough to show that every s in (8.12) can be presented as a linear
combination of {by i} er,, 1<i<n in F¥(E)/(R)(n).
Since
Ar((viy, j1)) + - - - + Ar((Viy,, Jm)) =+ m -1,

the element v vy, - - - vj,,
generated by V as follows:

€ Ap-1, and it can be presented in the free algebra

ViyViy =« * Vipy, = anaa + chvy,l o VUypyGyVypy+1 7 " VUygys
(43 Y
where cy, ¢y € Fand gy € {fj | 1 < j < w}. Rewrite the above equation as

(8.13) Vi Vi, -+ Vi, — Q. Cala = D CyUy 1+ " Vy,p,GyVy,py+1 " Vya,-
x y

We claim that 71, (g) € (R), or equivalently, 1t71,(g) = 0, where g is the right-
hand side of (8.13). Note that each monomial in the righthand side of (8.13) has
degree n — 1. If the claim holds, then, for d := X;_; jw —m + 1,

§ = T, (Vi, Vg, - - - V) = T ( anaa) = > caTr,(Ag) = D cabad
8.4 6.4 8.4

in F™(E)/(R). We now prove the claim. Since 17y, (—) is additive, we may
assume g only has one term, namely,

(8.14) g="Vi-VUpfUpi1-- Vg,

where f is one of fi in W. Write f as a linear combination of monomials, say,
vpi vem,t. Then, (8.14) can be considered as an expression of g which is
a linear combination of monomials of the form

(815) Sl’l = ’Ul-..’Upvf‘l...vf‘mfvp+1...vq_
For any d-sequence K. corresponding to (8.15), it can be decomposed into

K(b). := {ke}l_,,
k(m). := {ks o},
k(e)e = {keli_pi
such that 1 < ky < deg(vy) + 1for1 <€ < q,1 < kypy < deg(vyy) + 1 for
1 <¥ <my,and

mg

a
Zky-l—Zkf‘g—q—mf—l—l:d.
0=1 =1
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Note that k(b). (respectively, k(f)., k(e).) is the beginning part (respectively,
the middle part, the ending part) of k.. For different sp, as degvys1 - - v m, =
deg f which is independent of the individual monomial vy -+ - v m,, one can
easily choose k. such that k(b). and k(e). are independent of the middle part
Vg1 Vgm,. Therefore,

Yk, (Sn) = Tk(b)g, (vg--- vp)odbrk(f)df (Vfy--- Uf,mf)odfrk(e)de (Vps1 -+ - Vgq)
for some fixed k(b)a,, k(e)a,, and d . This fact implies that
Tk (9) = Tkbyg, (V1 -+ Vp) oa), Ti(pa, (f) od, Tk(e), (Vp+1-+ - Vq) € (R).

Thus, we proved that 7, (g) € (R) as desired.

(3) By part (1), there is a surjective morphism of symmetric operads
¥ : FSY(E) — Sa
where F*Y (E) is the free symmetric operad generated by E. Let R be the relation

subspace defined in the proof of part (2). It is clear that ¥ maps R to 0. Hence, ¥
induces naturally a surjective morphism of symmetric operads

WP (E)(R*S) — Sa

where R * S is the space generated by f * o forall f € R and 0 € Sa,(y). By the
universal property, there is a morphism of nonsymmetric operads

F(E) = FP(E)(R*S)
which induces a morphism of nonsymmetric operads
F(E)/(R) — FY(E)/ (R % S).

Thus, we have the following sequence of morphisms

FNS(E)/(R-% F(E)/(R * S)—L Sa.

By part (2), the composition is an isomorphism, and consequently 0 is injcetive.
For simplicity, we consider 6 as an inclusion and identity f € F"(E)/(R) with
0(f) € FY(E)/(R % S).

It follows from the equivariance axiom [BYZ20, Definition 1.2(OP3’)] that
every element in F*Y (E) /(R % S) is a linear combination of elements of the form
s % 0 where s € F"(E)/(R) and o € S. It remains to show the claim that every



Growth of Nonsymmetric Operads 693

element of the form s * o is in fact in F™ (E)/(R). By the proof of part (2), we
may further assume that

s = Wi, J1) oj, Wiy J2) gy =+ = 2y Wiy Jm)

where v;, € Eand 1 < js < deg(vi,) + 1. Let d be >{~, js — m + 1. Note that
{Jjs}¥%, can be replaced by any d-sequence in the above formula. Let o be any
permutation in Sa(s). Using induction on m, relations of form (8.11), and that

(Wi, J) * T = (vi,, T 1(j)) forall T € Sarwy, )
we obtain that
s*0 = Vi, J1) oj (Wiyy Js) oy === o (Vigys Jim)

where d’ := 3%, ji — m + 1 is equal to 0~1(d). (The above equation can also
be seen from the tree presentation of s and s * 0.) Again, {j;}{2; can be any
d’-sequence by relations (8.11). Hence, s * 0 € F"(E)/(R) as desired. O

Note that Construction 8.1 can be viewed as a symmetric version of Construc-
tion 2.3. We are wondering if there is a symmetric version of Construction 6.1. If
A is a commutative graded algebra, there is another construction of a symmetric
operad associated with A (see [DK10, Section 4.2]).

Suppose a symmetric operad 2 is finitely generated by a finite alphabet X. Let
V = FX, and for every m > 0, V™ is defined as in (4.1). For any subcollection
WP let Ws = {Wn)®Sntn=o0. Now, let VS™ denote (V™)s, so VS™(n)
is a right Sy-module for all n. We have a symmetric version of Lemmas 4.2

and 4.3.

Lemma 8.3. Suppose P is a locally finite symmetric operad generated by a finite-
dimensional subcollection V. Then, the fol[owing hold:

(1) GKdim(#) = lim suplog, (dim ( Z Vsi)).

(2) The reduced symmetrzc operad t/nzt is msoczated with P, and defined as in
Lemma 4.2 (1), is finitely generated and locally finite.

(3) The reduced connected symmetric operad associated with P, defined as in
Lemma 4.2 (2) is finitely generated and locally finite.

We have a version of Proposition 4.8 for symmetric operads.

Lemma 8.4. Suppose P is a finitely generated locally finite symmetric operad.

The following hold:

(1) GKdim(P) = 0 if and only if P is finite dimensional.

(2) GKdim(P) cannot be strictly between 0 and 1.

We are now ready to show Theorem 1.7.
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Proof of Theorem 1.7. (1) Let P be a finitely generated and locally finite sym-
metric operad. It is clear that GKdim(?) = 0. The assertion then follows from
Lemma 8.4 (2).

(2) It is well known that, if ¥ € N, then there are finitely generated and locally
finite symmetric operads P such that GKdim(?) = r. Now suppose that 7 is not
an integer and ¥ € RGkdim \ (2,3). Then, ¥ > 3. By Lemma 4.6 (3), there is a
connected graded algebra A such that GKdim(A) = ¥ — 1 and f(n) := dim A,
is increasing. By Construction 8.1 and Lemma 8.2, there is a locally finite and
finitely generated symmetric operad S such that dim Sa(n) = nf(n — 1) forall
n € N. Then, using the fact that f(n) are increasing,

n

imSa(i)) = limsuplog, ( > if(i—1))

n-—eo i=0

GKdim(S4) = limsup logn (

n—oo

< limsuplog, (n > f(i—1)) = 1+ GKdim(A),

>'d

i=0

n2,
i=0

Nn— oo
n
GKdim(S,) = limsuplog, ( > if (i - 1))
n—eo i=0
n
> limsuplog, (> if(i-1))
n-o i=[n/2/+1

n
> lim sup log,, <% > f(i—1)>
oo i=|n/2]+1
n [n/2]
> limsuplog, (5 > f(i—1)) = 1+GKdim A,
i=1

n—oo

Therefore, GKdim(S4) = GKdim(A) + 1 = 7.

(3) Let U be the finitely generated graded algebra given in Example 7.2. Thus,
GKdim(U) = 1. Let Sy be the finitely generated locally finite symmetric op-
erad constructed in Construction 8.1 and Lemma 8.2. By the proof of part (2),
GKdim(Sy) = 2. In fact, its generating series is

z(14+2z+22%2-22%)

TS +V(2),

Gs,(z) = z(zHy(2)) =

where

V(z) = > (n+1)6a(n)z"".

n=2

By Lemma 7.1, V(z), and hence Gs, (z) are not holonomic.
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Let ¥ = 2 be any real number such that there is a finitely generated locally
finite symmetric operad P with GKdim(?) = . If G is not holonomic, then we
are done. Otherwise, G is holonomic. Now consider a new operad @ := P @ Sy
with Gg = Gp+Gs,,. By Holonomic Theorem 2 in [Ber14], Gg is not holonomic.
Since GKdim(Sy) = 2, we have GKdim(9Q) = GKdim(?) = r. The assertion
follows. O

We finish with a potential counterexample to Expectation 1 in [KP15].

Example 8.5. Let A be the connected graded algebra in Example 7.4, and
let S4 be the operad given in Construction 8.1. Then, S4 is a finitely presented
symmetric operad by Lemma 8.2. By (8.6), its generating series is

Gs,(2) = z(zHa(2)) = z(zP(2))’

which is not holonomic by property (P3) in Example 7.4. Therefore, Sa is a “non-
generic” counterexample to the symmetric version of Expectation 2 in [KP15].

Since Gs, (z) is not holonomic, by (7.3), Es, (z) is not holonomic. We con-
jecture that Es,(z) is not differential algebraic. If this is the case, then S4 is a
“non-generic” counterexample to [KP15, Expectation 1].
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