
Algorithms for mean-field variational inference
via polyhedral optimization in the Wasserstein space

Yiheng Jiang∗ Sinho Chewi† Aram-Alexandre Pooladian‡

June 11, 2024

Abstract

We develop a theory of finite-dimensional polyhedral subsets over the Wasserstein
space and optimization of functionals over them via first-order methods. Our main
application is to the problem of mean-field variational inference, which seeks to approxi-
mate a distribution π over Rd by a product measure π⋆. When π is strongly log-concave
and log-smooth, we provide (1) approximation rates certifying that π⋆ is close to the
minimizer π⋆

⋄ of the KL divergence over a polyhedral set P⋄, and (2) an algorithm for
minimizing KL(·∥π) over P⋄ with accelerated complexity O(

√
κ log(κd/ε2)), where κ

is the condition number of π.

1 Introduction

This paper develops a framework for optimizing over polyhedral subsets of the Wasserstein
space, with accompanying guarantees. Our main application is to provide the first end-to-end
computational guarantees for mean-field variational inference (Wainwright and Jordan, 2008;
Blei et al., 2017) under standard tractability assumptions on the posterior distribution. We
now contextualize our work with respect to the broader literature.

Optimization over (subsets of) the Wasserstein space (the metric space of probability mea-
sures over Rd endowed with the 2-Wasserstein distance, see Section 2) has found diverse and
effective applications in modern machine learning. Notable examples include distributionally
robust optimization (Kuhn et al., 2019; Yue et al., 2022), the computation of barycenters
(Cuturi and Doucet, 2014; Zemel and Panaretos, 2019; Chewi et al., 2020; Altschuler et al.,
2021; Backhoff-Veraguas et al., 2022), sampling (Jordan et al., 1998; Wibisono, 2018; Chewi,
2024), and variational inference (see below). The development of optimization algorithms over
this space, however, has been hindered by significant implementation challenges stemming
from its infinite-dimensional nature and the curse of dimensionality which impedes efficient
representation of high-dimensional distributions.
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To alleviate these hurdles, a popular approach is to restrict the optimization to tractable
subfamilies of probability distributions, such as finite-dimensional parametric families. Note
that this is in contrast to Euclidean optimization, in which constraint sets are typically
imposed as part of the problem (e.g., affine constraints in operations research). Here we view
the use of a constraint set in the Wasserstein space as a design choice, with the end goals of
flexibility, interpretability, and computational tractability.

An important motivating example is that of variational inference (VI), which seeks the
best approximation to a probability measure π over Rd in the sense of KL divergence over
some subset of probability measures C:

π⋆ ∈ argmin
µ∈C

KL(µ∥π) = argmin
µ∈C

∫
log

(dµ
dπ

)
dµ . (1)

For example, C could be taken to be the class of non-degenerate Gaussian distributions, in
which case (1) is known as Gaussian VI. Recently, by leveraging the rich theory of gradient
flows over the Wasserstein space, Lambert et al. (2022); Diao et al. (2023) provided algorithmic
guarantees for Gaussian VI under standard tractability assumptions, i.e., strong log-concavity
and log-smoothness of π.

In this paper, we instead study the problem of mean-field VI, in which C is taken to be
the class of product measures over Rd, written P(R)⊗d. In this context, the works Zhang
and Zhou (2020); Yao and Yang (2022); Lacker (2023) have also developed algorithms based
on Wasserstein gradient flows, although computational guarantees for VI are still nascent
(see Section 5.1 for further details and comparison with the literature).

The main result of our work is to provide computational guarantees under the usual
tractability assumptions for π. Our approach is to replace the set of product measures by
a smaller, “polyhedral” subset P⋄ which we prove is an accurate approximation to P(R)⊗d,
in the sense that the minimizer π⋆ of (1) is in fact close to the KL minimizer π⋆

⋄ over
P⋄ with quantifiable approximation rates. This motivates our development of a theory of
polyhedral optimization over the Wasserstein space which, when applied to the mean-field VI
problem, furnishes algorithms for minimization of the KL divergence over P⋄ with theoretical
(even accelerated) guarantees. More broadly, we are hopeful that the success of polyhedral
optimization for mean-field VI will encourage the further use of polyhedral constraint sets to
model other problems of interest.

We discuss the implementation of our algorithm in Section 5.5.1, with code available here.
Below, we describe our contributions in more detail.

Main contributions

Polyhedral optimization in the Wasserstein space. We study parametric sets of the
following form:

cone(M)♯ρ :=
{(∑

T∈M λTT
)
♯
ρ
∣∣∣ λ ∈ R|M|

+

}
,

where R|M|
+ is the non-negative orthant,M is a family of user-chosen optimal transport maps,

and ρ is a fixed, known, reference measure. To our knowledge, such sets have not previously
appeared in the literature.
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Before proceeding, however, we must dispel a potential source of confusion: although
cone(M) is a convex subset of the space of optimal transport maps at ρ—in other words,
a convex subset of the tangent space to Wasserstein space at ρ—the set cone(M)♯ρ is not
always a convex subset of the Wasserstein space itself, in the sense of being closed under
Wasserstein geodesics. For this to hold, we impose a further condition on M, known as
compatibility (Boissard et al., 2015). Although compatibility is restrictive, it is nevertheless
powerful enough to capture our application to mean-field VI described below. We refer to the
set cone(M)♯ρ, for a compatible familyM, as a polyhedral subset of the Wasserstein space
(or more specifically, a cone).

The assumption of compatibility entails strong consequences: we show that in fact,
(cone(M)♯ρ,W2) is isometric to (R|M|

+ , ∥ ·∥Q), where ∥ ·∥Q is a Euclidean norm. This isometry
allows us to optimize functionals over cone(M)♯ρ via lightweight first-order algorithms for Eu-
clidean optimization in lieu of Wasserstein optimization, which often requires computationally
burdensome approximation schemes such as interacting particle systems. In particular, we can
apply projected gradient descent or incorporate faster, accelerated methods. Moreover, under
the isometry, convex subsets of cone(M) map to convex subsets of cone(M)♯ρ, giving rise to
a bevy of geodesically convex constraint sets over which tractable optimization is feasible.
This includes Wasserstein analogues of polytopes, to which we can apply the projection-free
Frank–Wolfe algorithm. We show that as soon as the objective functional F is geodesically
convex and smooth, these algorithms inherit the usual rates of convergence from the convex
optimization literature.

Application to mean-field VI. We next turn toward mean-field VI as a compelling
application of our theory of polyhedral optimization. Throughout, we only assume that π
satisfies the standard assumptions of strong log-concavity and log-smoothness. By leveraging
the structure of the mean-field VI solution and establishing regularity bounds for optimal
transport maps between well-conditioned product measures, we first prove an approximation
result which shows that the solution π⋆ to mean-field VI in (1) is well-approximated by the
minimizer π⋆

⋄ of the KL divergence over a suitable polyhedral approximation P⋄ of the space
of product measures. Importantly, our approximation rates, owing to the coordinate-wise
decomposability of mean-field VI, do not incur the curse of dimensionality.

Next, we establish the geodesic strong convexity and geodesic smoothness of the KL
divergence over P⋄. Consequently, bringing to bear the full force of the Euclidean–Wasserstein
equivalence, we obtain, to the best of our knowledge, the first accelerated and end-to-end
convergence rates for mean-field VI.

Organization. Our paper is outlined as follows: In Section 2 we provide relevant background
information on optimal transport theory and the Wasserstein space. In Section 3, we develop
known properties of compatibility which provide tools for building large compatible families,
and we establish the key isometry with (R|M|

+ , ∥ · ∥Q). We prove our general continuous- and
discrete-time guarantees for Wasserstein polyhedral optimization in Section 4. We apply our
framework to mean-field variational inference in Section 5; in particular, the implementation
is discussed in Section 5.5.1. Section 6 contains our numerical experiments. Section 7 extends
our framework to mixtures of product measures. We conclude with numerous open directions.
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Related work

To the best of our knowledge, our introduction of polyhedral sets and theory of polyhedral
optimization over the Wasserstein space are novel. A special case of our set is

conv(M)♯ρ :=
{(∑

T∈M λTT
)
♯
ρ
∣∣∣ λ ∈ ∆|M|

}
,

where ∆|M| is the |M|-simplex. Such a constraint set is used by Boissard et al. (2015);
Gunsilius et al. (2022); Werenski et al. (2022), and is usually studied in the context of
Wasserstein barycenters. The work of Bonneel et al. (2016) also considers conv(M)♯ρ, but
makes no assumptions on the maps, and they tackle the problem from a computational angle
via Sinkhorn’s algorithm (Cuturi, 2013; Peyré and Cuturi, 2019), albeit without convergence
guarantees. Albergo et al. (2024) use the same set, but without incorporating any optimal
transport theory.

Our approach to mean-field VI, which parameterizes the variational family as the pushfor-
ward of a reference measure via transport maps, has its roots in the literature on generative
modeling and normalizing flows (Chen et al., 2018; Finlay et al., 2020a,b; Huang et al., 2021).
We provide further background information and literature on mean-field VI in Section 5.1,
and omit it here to avoid redundancies.

2 Background on optimal transport

In this section, we provide background on optimal transport relevant to our work and refer
to Villani (2009); Santambrogio (2015) for details. Throughout, we assume that all probability
measures admit a density function with respect to Lebesgue measure. We let P2(Rd) denote
the set of probability measures with density over Rd with finite second moment.

For ρ, µ ∈ P2(Rd), the squared 2-Wasserstein distance is written as

W 2
2 (ρ, µ) = inf

T :T♯ρ=µ

∫
∥x− T (x)∥22 dρ(x) , (2)

where the collection {T :T♯ρ = µ} is the set of all valid transport maps: for X ∼ ρ, T (X) ∼ µ.
Since we assumed ρ has a density, Brenier’s theorem (Brenier, 1991) states that there

exists a unique minimizer to Equation (2), called the optimal transport map T⋆ between ρ
and µ. Further, T⋆ = ∇φ⋆ for some convex function φ⋆, called a Brenier potential.

Additionally, since µ also has a density, then there exists an optimal transport map
between µ and ρ, given by ∇φ∗

⋆ = (T⋆)
−1, where φ∗

⋆(y) := supx∈Rd{⟨x, y⟩ − φ⋆(x)} is the
Fenchel conjugate of φ⋆. For more information on (differentiable) convex functions and
conjugacy, we suggest Rockafellar (1997); Hiriart-Urruty and Lemaréchal (2004).

Recall that a function f : Rd → R is m-strongly convex in some norm ∥ · ∥ if

f(y) ≥ f(x) + ⟨∇f(x), y − x⟩+ m

2
∥x− y∥2 , x, y ∈ Rd ,

and M-smooth in some norm ∥ · ∥ if

f(y) ≤ f(x) + ⟨∇f(x), y − x⟩+ M

2
∥x− y∥2 , x, y ∈ Rd ,
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where m,M > 0.
For two probability measures µ0, µ1 ∈ P2(Rd), let ∇φ0→1 denote the optimal transport

map from µ0 to µ1. The (unique) constant-speed geodesic between µ0 and µ1 is given by the
curve (µt)t∈[0,1], with

µt = (∇φt)♯µ0 := (id + t (∇φ0→1 − id))♯µ0 . (3)

If we equip P2(Rd), the space of probability distributions with finite second moment over
Rd, with the 2-Wasserstein distance, we obtain a metric space W := (P2(Rd),W2) (Villani,
2021, Theorem 7.3), which we call the Wasserstein space. In fact, it can be formally viewed
as a Riemannian manifold over which one can define gradient flows of functionals (Otto,
2001). We refer the interested reader to consult the background sections of Altschuler et al.
(2021) or to Chewi (2024) for a light exposition and further details.

The Riemannian structure of the Wasserstein space is crucial for the development of opti-
mization over this space, as it furnishes appropriate Wasserstein analogues of basic concepts
from Euclidean optimization, such as the gradient mapping, convexity, and smoothness. In
particular, we say that a subset C of the Wasserstein space is geodesically convex if it is closed
under taking geodesics (3). Also, a functional F : P2(Rd) → R is geodesically (strongly)
convex (resp. geodesically smooth) if the map [0, 1]→ R, t 7→ F(µt) is (strongly) convex (resp.
smooth) along every constant-speed geodesic (µt)t∈[0,1].

3 Polyhedral sets in the Wasserstein space

In this section, we establish properties of the constraint set

cone(M)♯ρ :=
{(∑

T∈M λTT
)
♯
ρ
∣∣∣ λ ∈ R|M|

+

}
, (4)

with respect to the known base measure ρ and a fixed set of optimal transport maps M.
Typically, we have in mind finite M, in which case (4) is valid. Otherwise, (4) should be
modified to range only over λ with finitely many non-zero coordinates, or in other words,
cone(M) is the smallest set containing all conic combinations of maps inM.

Despite its simplicity, we argue that the geometry of cone(M)♯ρ is surprisingly deceptive.
Most strikingly, it is not always a geodesically convex set. Consider T1(x) = x, T2(x) = A1/2x,
and T3(x) = B1/2x, with ρ = N (0, I), the standard Gaussian in Rd, and A,B ≻ 0. In this
setting, cone(M)♯ρ is the following set of Gaussians:

cone(M)♯ρ =
{
N (0, (λ1I + λ2A

1/2 + λ3B
1/2)2)

∣∣ λ ∈ R3
+

}
. (5)

One can check with virtually any randomly generated positive definite matrices A and B that,
as long as all three matrices I, A,B are not mutually diagonalizable, the geodesic between
N (0, A) and N (0, B) does not lie in (5). This simple example illustrates that some care is
required in order to define convex constraint sets in the Wasserstein space.

3.1 Compatible families of transport maps

In the Gaussian example above, geodesic convexity of cone(M)♯ρ is recovered if we additionally
assume that I, A, and B are mutually diagonalizable. This reflects a certain property of the
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maps T1, T2, T3, which can be generalized to a property known as compatibility (Boissard
et al., 2015). We recall its definition and basic properties in the sequel. As always, we assume
that ρ admits a density with respect to Lebesgue measure.

LetM be a set of bijective vector-valued maps, given by gradients of convex functions.
We call the set of mapsM compatible if

for all T1, T2 ∈M, T1 ◦ (T2)−1 is the gradient of a convex function.

Compatibility is a fundamental notion which lies at the heart of numerous other works (see
Boissard et al., 2015; Bigot et al., 2017; Panaretos and Zemel, 2016; Cazelles et al., 2018;
Chewi et al., 2021; Werenski et al., 2022). See Panaretos and Zemel (2020) for details.

The main motivation for compatibility is the following theorem.

Theorem 3.1 (Compatibility induces geodesic convexity). Suppose thatM is compatible.
Then, cone(M)♯ρ is a geodesically convex set. Moreover, for any convex subset K ⊆ cone(M),
the set K♯ρ is a geodesically convex set.

Although this result is not difficult to prove, we were unable to find it in the existing
literature. In fact, it follows as a direct consequence of the isometry established in Section 3.2,
which will show that cone(M)♯ρ is isometric to a convex subset of a Hilbert space.

Motivated by this theorem, we propose the following definition.

Definition 3.2. LetM be a compatible and finite family of optimal transport maps. We
refer to cone(M)♯ρ as a polyhedral set in the Wasserstein space.

More generally, a polyhedral set in the Wasserstein space is a set of the form K♯ρ where
K ⊆ cone(M) is polyhedral andM is a compatible family.

The next sequence of lemmas furnish important examples of compatible families, which
we prove in Appendix A.

Lemma 3.3 (Mutually diagonalizable linear maps). LetM be a family of mutually diago-
nalizable and positive definite linear maps Rd → Rd. Then,M is a compatible family.

Lemma 3.4 (Radial maps). Let

M := {x 7→ g(∥x∥2) x | g : R+ → R+ is continuous and strictly increasing} .

Then,M is a compatible family.

Lemma 3.5 (One-dimensional maps). LetM denote the family of continuous and increasing1

functions R→ R. Then,M is a compatible family.

Lemma 3.6 (Direct sum). LetM1 andM2 be compatible families of maps on Rd1 and Rd2

respectively. Then,M := {(x1, x2) 7→ (T1(x1), T2(x2)) | T1 ∈M1, T2 ∈M2} is a compatible
family of maps on Rd1+d2.

1Technically,M does not consist of bijective maps, which we required in the definition of compatibility.
In one dimension, however, the notion of compatibility still makes sense once we replace the inverse function
with the quantile function.
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Lemma 3.7 (Adding the identity). Let M be a compatible family. Then, M∪ {id} is a
compatible family.

Lemma 3.8 (Adding translations). Let M be a compatible family of maps on Rd. Then,
{x 7→ T (x) + v | T ∈M, v ∈ Rd} is a compatible family of maps.

Lemma 3.9 (Cones). LetM be a compatible family. Then, cone(M) is a compatible family.

In the sequel, we will use these results in order to build rich compatible families, especially
with an eye toward approximating coordinate-wise separable maps which arise in mean-field
VI (see Section 5.3). In particular, Lemma 3.9 is the starting point for the development of
our theory of polyhedral optimization in the Wasserstein space.

Remark 3.10. In our applications of interest, cone(M) is typically constructed as follows:
letM1, . . . ,Md be univariate compatible families (Lemma 3.5). We then take cone(M) to
be the cone generated by the direct sum of M1, . . . ,Md via Lemma 3.6. It is easy to see
that a generating family of this cone is the set of maps x 7→ (0, . . . , 0, Ti(xi), 0, . . . , 0), where
Ti ∈Mi. This is a finite family of size

∑d
i=1 |Mi|.

3.2 Isometry with Euclidean geometry

A key consequence of compatibility is that the Wasserstein distance equals the linearized
optimal transport distance with respect to ρ, i.e., for T, T̃ ∈M,

d2LOT,ρ(T♯ρ, T̃♯ρ) := ∥T̃ − T∥2L2(ρ) = ∥T̃ ◦ T−1 − id∥2L2(T♯ρ)
= W 2

2 (T♯ρ, T̃♯ρ) , (6)

where we applied compatibility in the last equality to argue that T̃ ◦ T−1 is the optimal
transport map from T♯ρ to T̃♯ρ. This equality shows that for compatibleM, the geometry of
cone(M)♯ρ is in a sense trivial, being isometric to a convex subset of the Hilbert space L2(ρ).
This fundamental property lies at the heart of the widespread usage of one-dimensional
optimal transport in applications, see Wang et al. (2013); Basu et al. (2014); Kolouri and
Rohde (2015); Kolouri et al. (2016); Park and Thorpe (2018); Cai et al. (2020) for applications.

Next, we consider a family of the form cone(M), whereM is finite. By its very definition,
cone(M) is naturally parameterized by the non-negative orthant. Henceforth, we write

T λ :=
∑
T∈M

λTT , µλ := (T λ)♯ρ .

We can therefore consider the induced metric on R|M|
+ . A straightforward calculation reveals:

d2LOT,ρ(µη, µλ) = ∥
∑

T∈M(ηT − λT )T∥2L2(ρ) = (η − λ)⊤Q(η − λ) = ∥η − λ∥2Q ,

where the matrix Q has entries QT,T̃ := ⟨T, T̃ ⟩L2(ρ) for T, T̃ ∈ M. Here, Q is nothing more
than a Gram matrix, which is always positive semi-definite. This collection of observations
proves the following result.

Theorem 3.11. Let M be a finite family of optimal transport maps. Then, (R|M|
+ , ∥ · ∥Q)

is always isometric to (cone(M)♯ρ, dLOT,ρ). If, in addition,M is a compatible family (i.e.,

cone(M)♯ρ is polyhedral), then (R|M|
+ , ∥ · ∥Q) is isometric to (cone(M)♯ρ,W2).
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As we develop in the next section, Theorem 3.11 paves the way for the application
of scalable first-order Euclidean optimization algorithms for minimization problems over
polyhedral subsets of the Wasserstein space.

4 Polyhedral optimization in the Wasserstein space

Let cone(M)♯ρ be polyhedral and recall the Gram matrix Q from Theorem 3.11, with entries
given by QT,T̃ = ⟨T, T̃ ⟩L2(ρ). We now turn toward the problem of minimizing a functional F
over cone(M)♯ρ. Henceforth, we assume that Q is positive definite, so that Q−1 exists. The
positive definiteness of Q follows if the maps T ∈M are linearly independent in L2(ρ).

4.1 Continuous-time gradient flow

The isometry of Section 3.2 implies that the constrained Wasserstein gradient flow of F is
equivalent to the gradient flow of the functional λ 7→ F(µλ) with respect to the Q-geometry.
The latter gradient flow can be written explicitly as

λ̇(t) = −Q−1∇λF(µλ(t)) . (7)

Then, geodesic strong convexity over W translates to strong convexity of λ 7→ F(µλ) over

(R|M|
+ , ∥ · ∥Q) for free. The following theorem establishes convergence rates for this continuous-

time flow; see Lambert et al. (2022, Appendix D) for a proof.

Theorem 4.1. Suppose F is geodesically m-strongly convex over W, for m ≥ 0. Let
cone(M)♯ρ be polyhedral. Then, F is geodesically m-strongly convex over cone(M)♯ρ. More-
over, if µ⋆ ≡ µλ⋆ ∈ cone(M)♯ρ is a minimizer of F over cone(M)♯ρ, the following convergence
rates hold for the gradient flow (7).

1. If m = 0, then F(µλ(t))−F(µ⋆) ≤ 1
2t
W 2

2 (µλ(0), µ⋆).

2. If m > 0, then:

(a) W 2
2 (µλ(t), µ⋆) ≤ exp(−2mt)W 2

2 (µλ(0), µ⋆).

(b) F(µλ(t))−F(µ⋆) ≤ exp(−2mt) (F(µλ(0))−F(µ⋆)).

4.2 Time-discretization made easy

Appealing to the isometry in Section 3.2, optimization of a geodesically convex and geodesically
smooth functional F over a polyhedral set cone(M)♯ρ boils down to a finite-dimensional,
convex, smooth, Euclidean optimization problem of the form

min
λ∈R|M|

+

F(µλ) . (8)

More generally, we consider optimization over arbitrary convex subsets K ⊆ R|M|
+ , and we let

K := {T λ | λ ∈ K} denote the corresponding subset of cone(M). It leads to the problem

min
λ∈K

F(µλ) .
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Our consideration of general constraint sets K is not purely for the sake of generality, as we
in fact use the full power of polyhedral optimization in our application to mean-field VI (in
particular, see Theorem 5.7 and Appendix C.3).

We consider accelerated projected gradient descent (Beck, 2017), as well as stochastic
projected gradient descent which is useful when only a stochastic gradient is available (as
in Section 5.5.2). Moreover, when restricted to any polytope in the non-negative orthant, we
also consider the projection-free Frank–Wolfe algorithm (Frank and Wolfe, 1956). We briefly
describe the algorithms and state their corresponding convergence guarantees. Note that
we could also port over guarantees for other Euclidean optimization algorithms in a similar
manner, but we omit them for brevity.

4.2.1 Accelerated projected gradient descent

Starting at an initial point λ(0) ∈ K, we can solve (8) by applying a projected variant of
Nesterov’s accelerated gradient descent method (Nesterov, 1983), a well-known extrapolation
technique that improves upon the convergence rate for projected gradient descent and is
optimal for smooth convex optimization (Nemirovski and Yudin, 1983). The algorithm is
given as Algorithm 1. Here, projK,Q(·) is the orthogonal projection operator onto K with
respect to the ∥ · ∥Q norm.

We summarize the following well-known convergence results for accelerated projected
gradient descent (APGD) below; see Beck (2017, Chapter 10) for proofs.

Theorem 4.2 (Convergence results for APGD). Let cone(M)♯ρ be polyhedral and K ⊆
cone(M) be convex. Suppose that F is geodesically m-strongly convex and M-smooth over
K♯ρ and let µ⋆ denote a minimizer over this set. Let (λ(t) : t = 0, 1, 2, 3 . . .) denote the iterates
of Algorithm 1.

1. If m = 0, then F(µλ(t))−F(µ⋆) ≲Mt−2W 2
2 (µλ(0) , µ⋆) .

2. If m > 0, then for κ :=M/m,

(a) W 2
2 (µλ(t) , µ⋆) ≲ κ exp(−t/

√
κ)W 2

2 (µλ(0) , µ⋆).

(b) F(µλ(t))−F(µ⋆) ≤ (1− 1/
√
κ)

t (F(µλ(0))−F(µ⋆) +
m
2
W 2

2 (µλ(0) , µ⋆)
)
.

4.2.2 Stochastic projected gradient descent

In some situations, the full gradient ∇λF(µλ) cannot be computed, usually due to high
computational costs. Instead, stochastic first-order methods alleviate this issue by instead
allowing for the use of an unbiased stochastic gradient oracle, written ∇̂λF(µλ).

2 The
decreased computational overhead has contributed to the widespread use of stochastic
gradient methods as a pillar of modern machine learning (Bubeck, 2015). We limit our
discussions to the case where F is smooth and strongly convex, as this setting will be the
most relevant later. Other settings readily generalize, though we omit them for brevity.

2An unbiased estimator of the gradient is one which Eµλ
[∇̂λF(µλ)] = ∇λF(µλ).
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Algorithm 1 Accelerated projected gradient descent over cone(M)

Input: λ(0) ∈ K, functional F (m-convex and M -smooth in W2), compatible familyM
Set η(0) = λ(0), κ :=M/m if m > 0, and γ(0) = 1 if m = 0.
for t = 0, 1, 2, 3, . . . do

λ(t+1) ← projK,Q(η
(t) − 1

M
Q−1∇λF(µη(t)))

if m > 0 then
η(t+1) ← λ(t+1) +

√
κ−1√
κ+1

(λ(t+1) − λ(t))
else

γ(t+1) ←
1+

√
1+4γ2

(t)

2

η(t+1) ← λ(t+1) +
(γ(t)−1

γ(t+1)

)
(λ(t+1) − λ(t))

end if
end for

Algorithm 2 Stochastic projected gradient descent over cone(M)

Input: λ(0) ∈ K, functional F (m-convex and M -smooth in W2), compatible familyM,
fixed step-size h > 0, and unbiased stochastic gradient oracle ∇̂λF(·).
for t = 0, 1, 2, 3, . . . do

λ(t+1) ← projK,Q(λ
(t) − hQ−1 ∇̂λF(µλ(t)))

end for

We provide a description of stochastic projected gradient descent (SPGD) in Algorithm 2,
and convergence analysis in Theorem 4.3 which requires the following standard assumption
on the variance of the unbiased estimator:

(VB) There exist constants c0, c1 ≥ 0 such that for any λ ∈ K, the gradient estimate satisfies

E[∥Q−1 (∇̂λF(µλ)−∇λF(µλ))∥2Q] ≤ c0 + c1 E[W 2
2 (µλ, µ⋆)] .

Note that c0, c1 in (VB) will typically depend on the smoothness and strong convexity
parameters of F , and possibly the dimension of the problem.

Theorem 4.3 (Convergence results for SPGD). Let cone(M)♯ρ be polyhedral and K ⊆
cone(M) be convex. Suppose that F is geodesically m-strongly convex andM -smooth over K♯ρ,
let µ⋆ denote a minimizer over this set, and suppose that (VB) holds. Let (λ(t) : t = 0, 1, 2, 3 . . .)
denote the iterates of Algorithm 2. If we choose h ≍ mε2

c0
≤ m

2c1
∧ 1

2κM
, and the number of

iterations is at least

t ≳
c0

m2ε2
log(W2(µλ(0) , µ⋆)/ε) ,

then E[W 2
2 (µλ(t) , µ⋆)] ≤ ε2.

For completeness, we provide a short proof of Theorem 4.3 in Appendix B.
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Algorithm 3 Frank–Wolfe over conv(M)

Input: λ(0) ∈ ∆|M|, functional F , and compatible familyM with |M| = J .
for t = 0, 1, 2, 3, . . . do

j∗ ← argminj∈[J ] ⟨∇λF(µλ(t)), ej − λ(t)⟩
λ(t+1) ← (1− α(t))λ(t) + α(t) ej∗ ▷ α(t) = 2

t+2
is a standard step size choice

end for

4.2.3 Frank–Wolfe

In this section, we consider optimization over a polytope, i.e., a set of the form

conv(M)♯ρ :=
{(∑

T∈M λTT
)
♯
ρ
∣∣∣ λ ∈ ∆|M|

}
,

whereM is a finite family of compatible maps and ∆|M| denotes the |M|-dimensional simplex.
Note that conv(M) ⊆ cone(M), where cone(M)♯ρ is polyhedral, so that conv(M) is an
example of a convex constraint set K considered in the previous subsection. The convergence
guarantees for accelerated projection gradient descent in Theorem 4.2 therefore apply to
optimization over conv(M)♯ρ.

In this setting, however, there is a popular alternative to projected gradient descent known
as conditional gradient descent or the Frank–Wolfe (FW) algorithm (Frank and Wolfe, 1956;
Jaggi, 2013). In this scheme, we find a descent direction that ensures our iterates remain
within the constraint set. This direction η(t) is found at each iterate λ(t) by solving the
following linear sub-problem:

η(t) = argmin
η∈∆|M|

⟨∇λF(µλ(t)), η − λ(t)⟩ . (9)

Finding this direction can be substantially cheaper than the projection step in Algorithm 1.
Indeed, the sub-problem (9) does not depend on the matrix Q. It is not hard to see that the
minimizer η(t) must be attained at one of the |M| vertices of the simplex.

The full algorithm is presented in Algorithm 3. Known results provide sublinear conver-
gence of the objective gap, which does not improve under strong convexity assumptions; see
Beck (2017, Chapter 13) for proofs and discussions.

Theorem 4.4 (Convergence results for FW). Suppose that F is geodesically convex and
M-smooth over conv(M)♯ρ, and let µ⋆ be a minimizer of F over this set. Let (λ(t) : t =
0, 1, 2, 3 . . .) denote the iterates of Algorithm 3, with α(t) = 2/(t+ 2). Then,

F(µλ(t))−F(µ⋆) ≲Mt−1 diam
(
conv(M)♯ρ

)2
. (10)

Via the isometry in Section 3.2, diam(conv(M)♯ρ) equals the diameter of conv(M) in the
Q-norm. In terms of the matrix Q, this is at most 2maxT∈M

√
QT,T .

Remark 4.5. We are not the first to consider applying FW over the Wasserstein space. Kent
et al. (2021) use FW to optimize functionals over the constraint set {W2(·, π) ≤ δ} for some
δ > 0 and some fixed probability measure π. In their work, the optimization truly occurs in
an infinite-dimensional space. The authors prove various discrete-time rates of convergence
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under noisy gradient oracles and Hölder smoothness of the objective function, among other
general properties. The core difference between our works is the constraint set of interest,
resulting in our algorithm being simpler. Indeed, our setup is purely parametric.

4.3 Enriching the family of compatible maps

When applying our polyhedral optimization framework to specific problems of interest, it is
sometimes useful to first enrich the compatible family. For example, one notable advantage
of doing so is that it increases the expressive power of the constraint set. Another example is
that for our application to mean-field VI in Section 5, it will be necessary for us to ensure a
uniform lower bound on the Jacobian derivatives of the maps in our family (i.e., they are
gradients of strongly convex potentials).

The second issue can be addressed by adding α id to each member of the family. Indeed,
by Lemma 3.9 and Lemma 3.7, cone(M∪ {id}) is a compatible family, and then we can
restrict to the convex subset K ⊆ cone(M∪{id}) corresponding to λ for which the coefficient
λid in front of id is α. The guarantees of Section 4.2.1 then apply directly to optimization
over K♯ρ. However, we prefer to handle the α id term separately, and so we define the cone
generated byM with tip α id to be the family

cone(M; α id) := α id+ cone(M) .

Similarly, to address the first issue, we would like to enrich our compatible family by
adding translations, via Lemma 3.8. To this end, we define our augmented cone, cone(M)
for short, to be

cone(M) :=
{∑

T∈M λTT + v
∣∣∣ λ ∈ R|M|

+ , v ∈ Rd
}
.

Similarly, we define

cone(M; α id) := α id + cone(M) .

The augmented cone is parameterized by (λ, v) ∈ R|M|
+ ×Rd. We may assume that each of the

maps T ∈M has mean zero under ρ, since this does not affect the augmented cone. Under
this assumption, it is easy to see (c.f. the proof of Proposition 5.10) that we still obtain an
isometry with a Euclidean metric: W 2

2 (µη,u, µλ,v) = ∥η − λ∥2Q + ∥u− v∥2. In this setting, the
first-order algorithms must be modified to compute the gradient and projection steps with
respect to this metric.

5 Application to mean-field variational inference

As our main application of polyhedral optimization over the Wasserstein space, we turn to
variational inference (VI) (Blei et al., 2017). In this framework, we are given access to an
unnormalized probability measure, known as the posterior, written π ∝ exp(−V ), from which
we wish to obtain samples for downstream tasks. In principle, one can draw samples from
π via Markov chain Monte Carlo methods, but these have computational drawbacks, such

12



as potentially long burn-in times. Instead, VI suggests to minimize the Kullback–Leibler
(KL) divergence over a constraint set to obtain a proxy measure that is easy to sample
from. Commonly used constraint sets in the literature include the space of non-degenerate
Gaussians, location-scale families, mixtures of Gaussians, and the space of product measures.

For a general constraint set C, the VI optimization problem reads

π⋆
C ∈ argmin

µ∈C
KL(µ∥π) := argmin

µ∈C

∫
V dµ+

∫
log µ dµ+ logZ , (11)

where Z, the unknown normalizing constant of π ∝ exp(−V ) plays no part in the optimization
problem. The following assumption, which will play a crucial role in our analyses in Section 5.3
and Section 5.4, is standard in the literature on log-concave sampling (Chewi, 2024):

(WC) π is ℓV -strongly log-concave and LV -log-smooth, i.e., ℓV I ⪯ ∇2V ⪯ LV I for ℓV , LV > 0.

In brief, we say that π is well-conditioned. We denote by κ := LV /ℓV the condition number.
The following lemma allows us to refer to the unique minimizer of the VI problem, which

follows from the strong geodesic convexity of the KL divergence (see the discussions around
Proposition 5.9).

Lemma 5.1. Suppose C is a geodesically convex subset of P2(Rd), and suppose that π is
strongly log-concave. Then, there is a unique minimizer of KL(·∥π) over C.

Despite the widespread use of variational inference in numerous settings (see for example
Wainwright and Jordan, 2008; Blei et al., 2017), explicit guarantees have only recently
been established for a few constraint families. Recently, Lambert et al. (2022); Diao et al.
(2023) obtained computational guarantees for Gaussian VI by way of constrained Wasserstein
gradient flows. Domke (2020); Domke et al. (2023); Kim et al. (2023) considered VI for
location-scale families and provided algorithmic guarantees, though they abstained from the
gradient flow formalism. Subsequent work by Yi and Liu (2023) made this connection precise.

In the sequel, we develop end-to-end computational guarantees for mean-field variational
inference. This is done in five stages:

1. Transfer assumptions on the posterior π, namely (WC), to the mean-field solution π⋆

(see Proposition 5.2 in Section 5.1).

2. Use the properties of π⋆ to obtain regularity properties of the optimal transport map
T ⋆ from the standard Gaussian measure to π⋆, via Caffarelli’s contraction theorem and
the Monge–Ampère equation (see Theorem 5.4 in Section 5.2).

3. Show that polyhedral sets in the Wasserstein space can approximate mean-field measures
arbitrarily well, making use of the regularity properties of the optimal transport
map, approximation theory, and Wasserstein calculus (see Theorem 5.6, Theorem 5.7,
and Theorem 5.8 in Section 5.3).

4. Provide convergence guarantees for optimizing the KL divergence over these polyhedral
sets (see Theorem 5.11 in Section 5.4).

5. Describe implementation details for our final algorithm (see Section 5.5.1).

13



5.1 Mean-field variational inference

In mean-field VI, the constraint set is the space of product measures over Rd, written P(R)⊗d.
Thus, the optimization problem is

π⋆ ∈ argmin
µ∈P(R)⊗d

KL(µ∥π) , (12)

where, by design, the constraint set forces the minimizers to be of the form

π⋆(x1, . . . , xd) =
d⊗

i=1

π⋆
i (xi) . (13)

Mean-field VI has a rich history in the realm of statistical inference; see Section 2.3 in
Blei et al. (2017) for a brief historical introduction. Despite being widely used, computational
and statistical guarantees have only recently emerged. A standard algorithm to solve (12) is
Coordinate Ascent VI (CAVI) (see Blei et al., 2017, Section 2.4), the updates for which can
be implemented for certain conjugate models. Guarantees for CAVI were provided recently
in Bhattacharya et al. (2023) under a generalized correlation condition for π.

More closely related to our work is the use of Wasserstein gradient flows. The work of
Lacker (2023) connects mean-field VI to constrained Wasserstein gradient flows, providing
continuous-time guarantees via projected log-Sobolev inequalities but without a concrete
algorithmic implementation; see also Lacker et al. (2024). Also, in the context of a Bayesian
latent variable models, convergence guarantees for a Wasserstein gradient flow under a
well-conditioned assumption at the population level was established by Yao and Yang (2022).
Toward the issue of implementation, they suggested two strategies based on particle ap-
proximation combined with either Langevin sampling or optimization over transport maps
respectively, but they did not analyze the error arising from the particle approximation.
Zhang and Zhou (2020) study the theoretical and computational properties of mean-field
variational inference in the context of community detection. Despite the promising nature
of these works, implementation remains a challenge in complete generality.3

Mean-field equations. Via calculus of variations, one can readily derive the following
system of mean-field equations from (12): for i ∈ [d],

π⋆
i (xi) ∝ exp

(
−
∫
Rd−1

V (x1, . . . , xd)
⊗
j ̸=i

π⋆
j (dxj)

)
. (14)

These are also sometimes called self-consistency equations; we give a derivation in Ap-
pendix C.1. From the structure of π⋆, we can prove the following result.

Proposition 5.2. Suppose that π is well-conditioned (WC). Then, (12) admits a unique
minimizer of the form (13), where each π⋆

i is well-conditioned (WC) with the same parameters
ℓV , LV as π.

Uniqueness of the minimizer follows as a corollary of Lemma 5.1 and Lacker (2023,
Proposition 3.2), which shows that P(R)⊗d is a geodesically convex subset of the Wasserstein
space, and the individual π⋆

i measures being well-conditioned is immediate from (14).

3Tran et al. (2023) also study discrete-time rates for mean-field VI, though their draft has numerous errors,
and incorrectly applies several prior results.
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Our approach. We approach solving mean-field VI by optimizing over a suitably rich
family of compatible maps. To this end, we want to relate (12) to

π⋆
⋄ := (T ⋆

⋄ )♯ρ ∈ argmin
µ∈P⋄

KL(µ∥π) , (15)

where P⋄ is a polyhedral subset of the Wasserstein space (Definition 3.2). Recall that
polyhedral subsets of the Wasserstein space are geodesically convex (see Theorem 3.1).
Combined with Lemma 5.1, the following corollary is immediate.

Corollary 5.3. Suppose that P⋄ is a polyhedral subset of the Wasserstein space, and that π
is well-conditioned (WC). Then the minimizer to (15) is unique, denoted by π⋆

⋄.

Borrowing inspiration from the existing literature combining normalizing flows and optimal
transport (Chen et al., 2018; Finlay et al., 2020a,b; Huang et al., 2021), our goal is to transfer
the difficulty of estimating the measure π⋆ to estimating an appropriate optimal transport
map. Indeed, P⋄ is a collection of pushforwards of a base measure ρ via optimal transport
maps. In this work, we will provide a systematic way of choosing both ρ, the base measure,
andM, the set of optimal transport maps which generates P⋄.

A natural candidate for the base density ρ is the standard Gaussian distribution in Rd.
Beyond its naturality, this choice is justified by powerful regularity results, described in the
next section, for the optimal transport map T ⋆ from ρ to the mean-field solution π⋆. This
regularity result, in turn, will feed into the approximation theory of Section 5.3.

5.2 Regularity of optimal transport maps between well-conditioned
product measures

In this section, we study the regularity of the optimal transport map from the standard
Gaussian to the mean-field solution π⋆. More generally, our regularity bounds hold for
the optimal transport map from the Gaussian to any well-conditioned product measure,
or between any two well-conditioned product measures µ and ν (either by writing T µ→ν

as T ρ→ν ◦ (T ρ→µ)−1 and directly applying the results of this section, or by repeating the
arguments thereof).

Theorem 5.4. Let ρ = N (0, I) and suppose that π is well-conditioned (WC). Then, there
exists a unique, coordinate-wise separable optimal transport map from ρ to π⋆, the minimizer
to (12), written T ⋆(x) = (T ⋆

1 (x1), . . . , T
⋆
d (xd)). Each map T ⋆

i satisfies√
1/LV ≤ (T ⋆

i )
′ ≤

√
1/ℓV .

Moreover, we have the higher-order regularity bounds

|(T ⋆
i )

′′(x)| ≲ κ√
ℓV

(1 + |x|) , and |(T ⋆
i )

′′′(x)| ≲ κ2√
ℓV

(1 + |x|2) . (16)

The bounds on (T ⋆
i )

′ in Theorem 5.4 in fact follow immediately from two landmark
results in optimal transport, and Proposition 5.2. First, since ρ admits a density, then
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Brenier’s theorem (Brenier, 1991) states that there always exists a unique optimal transport
map from ρ to any target measure, in this case, π⋆. Obviously, since both ρ and π⋆ are
product measures, the corresponding optimal transport map is coordinate-wise separable.
Then, Caffarelli’s contraction theorem (Caffarelli, 2000) yields tight lower and upper bounds
on the derivatives of each component of T ⋆ as a function of the strong log-concavity and
log-smoothness parameters of ρ and π⋆. See, e.g., Chewi and Pooladian (2023, Theorem
4) for a precise statement of the contraction theorem, and a short proof based on entropic
optimal transport.

On the other hand, we have not seen the bounds (16) in the literature. In general, regularity
theory for optimal transport is notoriously challenging due to the fully non-linear nature of
the associated Monge–Ampère PDE; see Villani (2021, Section 4.2.2) for an exposition to
Caffarelli’s celebrated regularity theory. Here, we can avoid difficult arguments by exploiting
the coordinate-wise separability of the transport map and straightforward computations with
the Monge–Ampère equation. See Appendix C.2 for the proof.

The regularity we obtain is essentially optimal, since we started with information on
the derivatives of π⋆ up to order two, and we obtain regularity bounds for the Kantorovich
potential (of which T ⋆ is the gradient) up to order four. Such higher-order regularity bounds
are not only useful for obtaining sharper approximation results, but are in fact essential for
establishing the key result Theorem 5.8 in Section 5.3.

Remark 5.5. In prior works that statistically estimate optimal transport maps on the basis
of samples (such as Deb et al. (2021); Hütter and Rigollet (2021); Manole et al. (2021);
Pooladian and Niles-Weed (2021); Divol et al. (2022)), bounds on the Jacobian of the optimal
transport map of interest are necessary and standard. In contrast, here these bounds hold as
a consequence of our problem setting (in particular, from (WC)).

5.3 Approximating the mean-field solution with compatible maps

So, Theorem 5.4 tells us that we can view π⋆ = (T ⋆)♯ρ, where T
⋆ obeys desirable regularity

properties. The goal of this section is to demonstrate that we can prescribe a class of maps
M such that the minimizer of the KL divergence over P⋄ := cone(M; α id)♯ρ,

π⋆
⋄ ∈ argmin

µ∈P⋄

KL(µ∥π) ,

is close to π⋆ in the Wasserstein distance. Then, Section 5.4 will provide guarantees for
computing π⋆

⋄ via KL minimization over this set.
The first step is to prove an approximation theorem: there exists an element π̂⋄ ∈ P⋄

such that π⋆ is close to π̂⋄. We state this as the following general result. Here, we write
∥D(T̄ − T̂ )∥2L2(ρ) for the quantity

∫
∥D(T̄ − T̂ )∥2F dρ.

Theorem 5.6. Let ρ = N (0, I). For any ε > 0, there exists a compatible family M
of optimal transport maps of size Õ(κ1/2d5/4/ε1/2), with the following property. For any
coordinate-wise separable map T̄ : Rd → Rd with Jacobian satisfying the first and second
derivative bounds of Theorem 5.4, there exists T̂ ∈ cone(M; α id), with α = 1/

√
LV , such

that W2(T̄♯ρ, T̂♯ρ) = ∥T̄ − T̂∥L2(ρ) ≤ ε/ℓ
1/2
V and ∥D(T̄ − T̂ )∥L2(ρ) ≲ κ1/2d1/4ε1/2/ℓ

1/2
V .
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Approximation theory has a large literature which aims at proving uniform rates of
approximation over various function classes by linear combinations of well-chosen basis
elements. Typical choices of basis functions include polynomials, splines, wavelets, etc., with
more recent literature investigating approximations via neural networks.

While resting on standard techniques, the most important departure of our result from
the literature is the coordinate-wise structure of T̄ , which allows for approximation rates that
do not incur the curse of the dimensionality, in the sense that the cardinality of |M| does not
depend exponentially on the dimension d. Observe the presence of a structural constraint:
in one dimension, the problem essentially boils down to approximating a monotonically
increasing function via conic combinations of the generating setM.

Our construction is described as follows. Let R > 0 denote a truncation parameter, and
let δ > 0 denote a mesh size. We partition the interval [−R,+R] into sub-intervals of size δ.
Then,M consists of all functions of the form x 7→ (0, . . . , 0, ψ(δ−1 (xi − a)), 0, . . . , 0), where
only the i-th coordinate of the output is non-zero, I = [a, a+ δ] is a sub-interval of size δ, and
ψ : R→ R is piecewise linear, defined via ψ(x) := 1 ∧ x+. Proofs are given in Appendix C.3.

This piecewise linear construction exploits the smoothness of T̄ up to order two, but no
further. On the other hand, from Theorem 5.4 we see that T ⋆ also obeys a bound on its
third derivative, so we can expect to obtain better approximation rates through a smoother
dictionary. This is indeed the case, but the approximating set becomes more complicated (in
particular, it is no longer the pushforward of a pointed cone, but a general polyhedral set),
so we defer the details to Appendix C.3.

Theorem 5.7. There exists a polyhedral set P⋄ with an explicit generating family (see Ap-

pendix C.3) of size Õ(κ2/3d7/6/ε1/3) with the following property. In the setting of Theo-
rem 5.6, assume also that each component T̄i of T̄ obeys the third derivative bound in The-
orem 5.4. Then, there exists T̂ ∈ P⋄ such that W2(T̄♯ρ, T̂♯ρ) = ∥T̄ − T̂∥L2(ρ) ≤ ε/ℓ

1/2
V and

∥D(T̄ − T̂ )∥L2(ρ) ≲ κ2/3d1/6ε2/3/ℓ
1/2
V .

The two preceding results show that we can, with prior knowledge of π⋆, construct some
π̂⋄ ∈ P⋄ which is close to π⋆, but it does not guarantee that we can find π̂⋄ easily. The
next result addresses this issue by showing that π⋆ is close to the minimizer π⋆

⋄ of the KL
divergence over P⋄, and hence can be computed using the algorithms in Section 5.4. As
the proof reveals, establishing this statement is related to a geodesic smoothness property
for the KL divergence, which is quite non-trivial since the entropy is non-smooth over the
full Wasserstein space (see the further discussion in the next section). We are able to
verify this smoothness property on the geodesic connecting π̂⋄ to π⋆ using the bounds on
∥D(T̂⋄ − T ⋆)∥L2(ρ) in our approximation results (Theorem 5.6 and Theorem 5.7). The proof
of Theorem 5.8 is also found in Appendix C.3.

Theorem 5.8. The mean-field solution π⋆ is close to the minimizer π⋆
⋄ of the KL divergence

over P⋄ with corresponding generating familyM, in the sense that
√
ℓV W2(π

⋆
⋄, π

⋆) ≤ ε, in
the following two cases.

1. For the piecewise linear construction of Theorem 5.6, the size of the family is bounded
by |M| ≤ Õ(κ2d3/2/ε).

2. For the higher-order approximation scheme of Theorem 5.7, the size of the family is
bounded by |M| ≤ Õ(κ3/2d5/4/ε1/2).
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5.4 Computational guarantees for mean-field VI

Having identified polyhedral subsets P⋄ of the Wasserstein space over which the KL minimizer
π⋆
⋄ is close to the desired mean-field VI solution π⋆, we are now in a position to apply our

theory of polyhedral optimization and thereby obtain novel computational guarantees for
mean-field VI. Recall that π ∝ exp(−V ), and

KL(µ∥π) = V(µ) +H(µ) :=
∫
V dµ+

∫
log µ dµ+ logZ , (17)

where Z > 0 is the normalizing constant of π.
For concreteness, we focus our discussion on the setting in which P⋄ = cone(M; α id)♯ρ,

such as in Theorem 5.6, although the discussion below can be adapted to more general
polyhedral sets. As in Section 4.2, we apply Euclidean optimization algorithms over the
parameterization of cone(M; α id); see Section 5.5.1 for a discussion of implementation.

In order to apply the algorithmic guarantees from Section 4.2, we must verify the strong
geodesic convexity and geodesic smoothness of the KL divergence over the set P⋄. Strong
convexity follows from the celebrated fact that the KL divergence with respect to an ℓV -
strongly log-concave measure π is ℓV -strongly geodesically convex (see Villani, 2009, Particular
Case 23.15), together with the geodesic convexity of P⋄ (Theorem 3.1 and Section 4.3).

Proposition 5.9 (Strong convexity of the KL divergence over geodesically convex sets).
Assume that π is well-conditioned (WC). Then, the KL divergence KL(· ∥π) is ℓV -strongly
geodesically convex over any geodesically convex subset of the Wasserstein space.

Smoothness of the KL divergence, however, is more subtle, owing to the non-smoothness
of the entropy H over the full Wasserstein space; see Diao et al. (2023) for further discussion
of this point. Prior works therefore established smoothness over restricted subsets of the
Wasserstein space (e.g., Lambert et al., 2022), or utilized proximal methods which succeed in
the absence of smoothness (e.g., Diao et al., 2023). We adopt the former approach, and for
this we require a further property of the familyM of generating maps.

First, without loss of generality, we may assume that each T ∈M has mean zero under ρ:∫
T dρ = 0. Indeed, subtracting the means from the maps in the generating set does not affect

cone(M; α id), since cone(M; α id) is augmented by translations. Assuming now thatM is
centered, we recall the Gram matrix Q with entries QT,T̃ := ⟨T, T̃ ⟩L2(ρ). We also form the

Gram matrix of the Jacobians, Q(1), with entries Q
(1)

T,T̃
:= ⟨DT,DT̃ ⟩L2(ρ) :=

∫
⟨DT,DT̃ ⟩ dρ.

Our main assumption onM is an upper bound on Q(1) in terms of Q. We refer to families
M satisfying this condition as regular.

(Υ) There exists Υ > 0 such that for the Gram matrices associated with a centered family
M, it holds that Q(1) ⪯ ΥQ.

We remark that whenM is constructed as a direct sum of univariate families via Lemma 3.6
(c.f. Remark 3.10), as in our approximation results (Section 5.3), the matrices Q and Q̃ have
a d× d block diagonal structure; see Section 5.5.1 for details. Consequently, the regularity Υ
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of the familyM is the same as the regularity parameter for the univariate family used to
constructM, and is therefore nominally “dimension-free”.4

We can now establish our geodesic smoothness result for the KL divergence over the
augmented and pointed cone cone(M; α id)♯ρ, whereM is a regular generating family.

Proposition 5.10 (Smoothness of the KL divergence over cone(M; α id)♯ρ). Assume that
π is well-conditioned (WC) and that M is regular (Υ). Then, KL(· ∥π) is M-geodesically
smooth over cone(M; α id)♯ρ, with smoothness constant bounded by

M ≤ LV +Υ/α2 .

From Theorem 5.4, we know that the optimal transport map T ⋆ from ρ to the mean-field
solution π⋆ is the gradient of a 1/

√
LV -strongly convex potential, so we take α = 1/

√
LV .

The smoothness constant for the KL divergence then becomes (1 +Υ)LV . With these results
in hand, we can state our accelerated convergence guarantees for mean-field VI, which follow
directly from the previous propositions, and Theorem 4.2.

Theorem 5.11 (Accelerated mean-field VI). Assume that π is well-conditioned (WC) and
thatM is regular (Υ). Let π⋆

⋄ denote the unique minimizer of KL(·∥π) over the polyhedral set
P⋄ = cone(M; α id)♯ρ with α = 1/

√
LV . Then, the iterates of accelerated projected gradient

descent yield a measure µ(t) with the guarantee W2(µ(t), π
⋆
⋄) ≤ ε, with a number of iterations

bounded by

t = O
(√

κ (1 + Υ) log
(√

κW2(µ(0), π
⋆
⋄)/ε

))
,

where κ := LV /ℓV is the condition number of π.

By combining Theorem 5.11 with our approximation result in Theorem 5.8, which provides
a bound on W2(π

⋆
⋄, π

⋆) for explicit choices of P⋄ with corresponding bounds on the size of
|M|, we can then ensure that the iterate µ(t) is close to π⋆ in the Wasserstein distance. To
the best of our knowledge, this constitutes the first accelerated and end-to-end convergence
result for mean-field VI. See Section 5.1 for comparisons with the literature.

5.5 Algorithms for mean-field VI

In this section, we discuss implementation details for our proposed mean-field VI algorithm,
which includes an analysis of stochastic gradient descent over our polyhedral sets.

5.5.1 Implementation details

Recall that the goal is to compute a product measure approximation to π which has density
proportional to exp(−V ) on Rd.

4However, if one wishes to maintain the same quality of approximation in high dimension, our approximation
results in Section 5.3 require taking the size of the univariate family to scale mildly with the dimension,
and in this case the parameter Υ may indeed scale with the dimension. We leave the detailed quantitative
analysis of Υ for future work.
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Building the family of maps. The first step is to build a familyM1 of increasing maps
R→ R. The specification of these maps is left to the user; in Section 5.3, we have provided
an example of a family of maps with favorable approximation properties. For later purposes,
it is also important to center the maps to ensure that they have mean zero under ρ; this is
done by computing the expectations of the maps via one-dimensional Gaussian quadrature
and subtracting the means.

Let J denote the size of |M1| and writeM1 = {T1, . . . , TJ}.

Parameterization of the cone. As discussed in Section 4.3, it is useful to augment
the cone with translations. Once the one-dimensional family M1 has been specified, it
generates the d-dimensional augmented cone of maps parameterized by (λ, v) ∈ RJd

+ × Rd:

the corresponding map T λ,v is given by T λ,v(x) = αx+
∑d

i=1

∑J
j=1 λi,jTj(xi) ei + v.

Construction of the Q matrix. For concreteness, let us fix the reference measure ρ to
be the standard Gaussian N (0, Id). We must compute the Jd× Jd matrix Q, with entries
Q(i,j);(i′,j′) :=

∫
⟨Tj(xi) ei, Tj′(xi′) ei′⟩ ρ(dx). From this expression, it is clear that Q is block

diagonal; in fact, if we let QM1 denote the matrix corresponding to the one-dimensional
family, with entries QM1

j,j′ :=
∫
TjTj′ dρ1 (here ρ1 is the one-dimensional standard Gaussian),

then Q = Id ⊗QM1 , and hence the full matrix Q never has to be stored in memory.
The entries of the J×J matrix QM1 can be precomputed, either via Monte Carlo sampling

from ρ1, or via one-dimensional Gaussian quadrature.

Computation of the gradient and projection. In order to apply the algorithms
in Section 4, we must specify the gradient of KL((T λ,v)♯ρ∥π) w.r.t. (λ, v) and the projection
operator w.r.t. the Q-norm, ∥ · ∥Q. Recall that we compute the gradients and projections for
the λ variable w.r.t. ∥ · ∥Q, and for the v variable in the standard Euclidean norm.

Using the change of variables formula,

KL((T λ,v)♯ρ∥π) =
∫

[V (T λ,v(x))− log detDT λ(x)] ρ(dx) +

∫
log ρ dρ+ logZ .

The partial derivatives are therefore computed to be

∂λi,j
KL((T λ,v)♯ρ∥π) =

∫ [
∂iV (T λ,v(x))Tj(xi)− ⟨ei, (DT λ)−1(x) ei⟩T ′

j(xi)
]
ρ(dx) ,

∇v KL((T λ,v)♯ρ∥π) =
∫
∇V (T λ,v(x)) ρ(dx) .

(18)

For the terms explicitly involving V , one can draw Monte Carlo samples from the Gaussian ρ
and approximate them via empirical averages (assuming access to evaluations of the partial
derivatives of V ).

To compute the second term, note that DT λ is diagonal:

DT λ(x) = αId + diag
( J∑

j=1

λi,jT
′
j(xi)

)d

i=1
.
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Hence, inversion of DT λ(x) is very fast, requiring only O(Jd) time to compute DT λ(x) and
then O(d) time to invert it. Moreover, the (i, i)-entry of (DT λ)−1(x) only depends on xi, so
the second term reduces to a one-dimensional integral :∫

⟨ei, (DT λ)−1(x) ei⟩T ′
j(xi) ρ(dx) =

∫
T ′
j(xi)

α +
∑J

j′=1 λi,j′T
′
j′(xi)

ρ1(dxi) .

In turn, this one-dimensional integral can be computed rapidly via Gaussian quadrature.
To summarize: the gradient of the potential energy term (the term involving V ) can be

approximated via Monte Carlo sampling, and the gradient of the entropy term decomposes
along the coordinates and can therefore be dealt with via standard quadrature rules. Note
that many of these steps can be parallelized. In Section 5.5.2, we control the variance of the
stochastic gradient, thereby obtaining guarantees for SPGD.

To compute the projection of a point η ∈ RJd onto the non-negative orthant RJd
+ w.r.t.

∥ · ∥Q, one must solve the following optimization problem:

min
λ∈RJd

+

⟨λ− η,Q (λ− η)⟩ .

Again, due to the block diagonal structure of Q, this is equivalent to solving d independent
projection problems: in each one, we must project a point in RJ onto RJ

+ in the QM1-norm.
This is a smooth, convex problem that can itself be solved via, e.g., projected gradient descent,
or L-BFGS-B (Zhu et al., 1997).

5.5.2 Convergence for stochastic mean-field VI

In Section 5.5.1, we noted that in general, the gradient of the KL divergence involves an
integral over ρ, which can be approximated via Monte Carlo sampling. This leads to a
stochastic projected gradient algorithm for mean-field VI, and this section is devoted to
obtaining convergence guarantees for SPGD.

Our goal here is not to conduct a comprehensive study, but rather to show how such
guarantees can be obtained, and hence we impose a number of simplifying assumptions. We
do not work with the cone augmented by translations, so that the maps are parameterized
solely by λ ∈ R|M|

+ (the v-component is easier to handle and only introduces extra notational
burden into the proofs). Also, we consider a stochastic approximation of the gradient of the
potential term via a single sample drawn from ρ at each iteration, and we assume that the
gradient of the entropy is computed exactly. As discussed in Section 5.5.1, the gradient of
the entropy can be handled via one-dimensional quadrature.

Even with these simplifications, the variance bound is somewhat involved. Motivated by
the piecewise linear construction of Theorem 5.6, in which all maps T ∈M can be taken to
be bounded, we impose the following assumption.

(Ξ) There exists Ξ > 0 such that for the Gram matrix QM1 associated with the centered
univariate familyM1, we have the pointwise bound ⟨Q−1, Q̄(x)⟩ ≤ ΞJ for all x ∈ R,
where Q̄T,T̃ (x) = ⟨T (x), T̃ (x)⟩ for T, T̃ ∈M1. Here, J := |M1|.

The following lemma established a variance bound of the type (VB) which, when combined
with Theorem 4.3, proves Theorem 5.13.
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Lemma 5.12 (Variance bound for stochastic mean-field VI). Assume that π is well-cond-
itioned (WC) and that M is generated from a univariate family M1 satisfying (Ξ). Let
Q−1 ∇̂λ KL(·∥π) denote the stochastic gradient (see Appendix C.5). Let π⋆

⋄ denote the unique
minimizer of KL(· ∥π) over cone(M; α id)♯ρ with α = 1/

√
LV . Then, the following second

moment bound holds:

E[tr Cov(Q−1/2 ∇̂λ KL(µλ ∥π))] ≤ 2L2
V ΞJ W

2
2 (µλ, π

⋆
⋄) + 4LV ΞJ (LV W

2
2 (π

⋆
⋄, π

⋆) + κd) .

Let us assume that the κd term is larger than LVW
2
2 (π

⋆
⋄, π

⋆); this can be guaranteed
via the approximation result in Section 5.3. The next theorem follows immediately from
Theorem 4.3 and the previous lemma.

Theorem 5.13 (Convergence of stochastic mean-field VI). Assume that π is well-conditioned
(WC) and that M is regular (Υ) and generated by a univariate family satisfying (Ξ). Let
π⋆
⋄ denote the unique minimizer of KL(·∥π) over cone(M; α id)♯ρ with α = 1/

√
LV . Then,

the iterates of stochastic projected gradient descent yield a measure µ(t) with the guarantee√
ℓV E[W2(µ(t), π

⋆
⋄)] ≤ ε, with a number of iterations bounded by

t ≳
Ξκ2Jd

ε2
log(

√
ℓV W2(µ(0), π

⋆
⋄)/ε) ,

and step size h ≍ ε2/(LV ΞκJd).

6 Numerical experiments

We showcase our proposed MFVI algorithm on numerical experiments. Experimental details
are deferred to Appendix D, and the code to reproduce the experiments is available here.
Across all experiments, which include low- and high-dimensional settings, we took the
piecewise linear dictionary (Theorem 5.6) with the same value for the size J = |M1| = 28 of
the univariate family (hence |M| = Jd), and we ran stochastic gradient descent (without
acceleration) with a batch size of 2000 samples per iteration.

6.1 Product Gaussian mixture

In our first experiment, the target is a mixture of four Gaussians in R2 which is itself a
product measure. Despite the non-log-concavity, our algorithm correctly recovers the correct
target. Though, we note that this approach is sensitive to the initialization, but this is
expected as the landscape is non-convex.

6.2 Non-isotropic Gaussian

Next, we computed the mean-field approximation of a randomly generated centered and non-
isotropic Gaussian in dimension d = 5. Letting Σ denote the covariance matrix, the mean-field
approximation is also a Gaussian with diagonal covariance and entries (ΣMF)i,i = 1/(Σ−1)i,i
(see Appendix D.2 for a calculation of this fact).
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Figure 1: KDEs for the optimal product Gaus-
sian mixture and our algorithm.

Figure 2: Our algorithm is robust to the
choice of α.

In Figure 2, we plot the W 2
2 error between the covariance matrix of our algorithm iterate

(computed from samples) and ΣMF, which is a lower bound on the true W 2
2 distance (cf.

Cuesta-Albertos et al., 1996).
In this case, the optimal parameter choice α∗ is known, though this is rarely the case in

practice. We ran our algorithm for various choices of α, fixing all other parameters to be the
same. We see that our algorithm does not depend heavily on the choice of hyperparameter α,
and the practitioner can safely choose a small value of α without sacrificing performance.

6.3 Synthetic Bayesian logistic regression

As a final example, we turn to Bayesian logistic regression on synthetic data; precise details
are deferred to Appendix D.3. In summary, we are given i.i.d. data (Xi, Yi) ∈ Rd × R for
i = 1, . . . , n, from which we want to recover a parameter θ. When assuming an improper
(Lebesgue) prior on θ, the posterior is given by

V (θ) =
n∑

i=1

[
log(1 + exp(θ⊤Xi))− Yi θ⊤Xi

]
.

With V and ∇V in hand, our algorithm is fully implementable. As we considered an improper
prior, a comparison to CAVI is not possible. Instead, we compared against standard Langevin
Monte Carlo (LMC). The final histograms were generated using 2000 samples from both the
mean-field VI algorithm and LMC. Figure 3 contains the 20 marginals for both our approach
and LMC, which are closely aligned.
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Figure 3: Histograms of the first ten marginals computed via our mean-field VI algorithm vs.
Langevin Monte Carlo for a 20-dimensional Bayesian logistic regression example.

7 Extension to mixtures of product measures

In this section, we extend our methodology to approximations via mixtures of product
measures. The motivation is simply that many more measures can be approximated via
mixtures of (approximate) product measures, e.g., Gibbs distributions with small gradient
complexity (Eldan, 2018; Eldan and Gross, 2018; Austin, 2019; Jain et al., 2019).

In Section 5.4, we minimized KL(· ∥ π) over cone(M; α id)♯ρ, where cone(M; α id) is

parameterized by the pair (λ, v) ∈ M := R|M|
+ × Rd, equipped with the norm ∥·∥Q⊕Id

. In
this section, following Lambert et al. (2022), a mixture of product measures is specified by a
mixing measure P ∈ P(M) and corresponds to the measure µP :=

∫
(T λ,v)♯ρP (dλ, dv). We

can now equip the space P(M) with the Wasserstein geometry (with respect to ∥·∥Q⊕Id
), and

we shall derive the Wasserstein gradient flow of the functional P 7→ KL(µP ∥π).
This approach to mixture modelling is inspired by the distance on Gaussian mixtures

proposed in Chen et al. (2019); Delon and Desolneux (2020); see Bing et al. (2023) for a
statistical perspective.

In this section, we again use the abstract parameterization T λ,v = α id+
∑

T∈M λTT + v.
Proofs are given in Appendix E.

Theorem 7.1. The Wasserstein gradient flow of P 7→ KL(µP ∥ π) is the flow (P (t))t≥0
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specified as follows. For each t ≥ 0, P (t) is the law of (λ(t), v(t)), where

λ̇
(t)
T = −

∫ 〈
∇ log

µP (t)

π
◦ T λ(t),v(t) , T

〉
dρ , for T ∈M ,

v̇(t) = −
∫
∇ log

µP (t)

π
◦ T λ(t),v(t) dρ .

In practice, we use a finite number K of mixture components, in which case

P =
1

K

K∑
k=1

δ(λ[k],v[k]) , µP =
1

K

K∑
k=1

(T λ[k],v[k])♯ρ . (19)

The system of ODEs above then becomes an interacting particle system:

λ̇
(t)
T [k] = −

∫ 〈
∇ log

µP (t)

π
◦ T λ(t)[k],v(t)[k], T

〉
dρ , for T ∈M ,

v̇(t)[k] = −
∫
∇ log

µP (t)

π
◦ T λ(t)[k],v(t)[k] dρ .

The particles interact through the common term log µP (t) . More explicitly, by the change of
variables formula,

µP =
1

K

K∑
k=1

ρ ◦ (T λ[k],v[k])−1

detDT λ[k],v[k] ◦ (T λ[k],v[k])−1
.

Note that computing ∇ log µP now requires taking the second derivative of the transport
maps, which hinders implementation.

The dynamics (19) maintains equal weights for each of the particles at each time. We
can similarly derive the gradient flow with respect to the Wasserstein–Fisher–Rao geometry,
which captures unbalanced optimal transport (Liero et al., 2016; Chizat et al., 2018; Liero
et al., 2018). The use of this geometry for sampling was pioneered in Lu et al. (2019).

Theorem 7.2. The Wasserstein–Fisher–Rao gradient flow of P 7→ KL(µP ∥π), initialized
at P (0) =

∑K
k=1w

(0)[k] δ(λ(0)[k],v(0)[k]) with
∑K

k=1w
(0)[k] = 1, can be described as follows. For

each time t ≥ 0, let P (t) =
∑K

k=1w
(t)[k] δ(λ(t)[k],v(t)[k]) and r

(t)[k] :=
√
w(t)[k]. Then,

λ̇
(t)
T [k] = −

∫ 〈
∇ log

µP (t)

π
◦ T λ(t)[k],v(t)[k], T

〉
dρ , for T ∈M ,

v̇(t)[k] = −
∫
∇ log

µP (t)

π
◦ T λ(t)[k],v(t)[k] dρ ,

ṙ(t)[k] = −
(∫

log
µP (t)

π
◦ T λ(t)[k],v(t)[k] dρ−

∫
log

µP (t)

π
dµP (t)

)
r(t)[k] .

We leave it as an open question to obtain convergence rates for this flow.
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8 Conclusion

In this paper, we have put forth a definition of polyhedral subsets of the Wasserstein space,
resting upon the notion of compatibility. Compatibility induces an isometry with Euclidean
geometry, allowing for the application of scalable first-order algorithms for convex optimization.
We then applied our framework to yield end-to-end guarantees for mean-field VI, showing
first that the mean-field solution lies arbitrarily close to the KL minimizer over a polyhedral
set, and then providing complexity guarantees for computing that KL minimizer.

Looking ahead, our work leaves open several questions which could be fruitful for future
study. Regarding our notion of Wasserstein polyhedra, one could investigate statistical
convergence guarantees as in Gunsilius et al. (2022), or develop further interesting applications
of polyhedral optimization.

As for our application to mean-field VI, one direction to explore would be to explicitly
quantify the dependence of the parameter Υ onM, thereby initiating the search for optimal
choices ofM. We also ask if our analysis of SGD can be improved, e.g., by removing the
boundedness assumption in (Ξ). Finally, another important question is to move beyond the
well-conditioned setting.
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Hiriart-Urruty, J.-B. and Lemaréchal, C. (2004). Fundamentals of convex analysis. Springer
Science & Business Media.

Huang, C.-W., Chen, R. T. Q., Tsirigotis, C., and Courville, A. (2021). Convex potential
flows: universal probability distributions with optimal transport and convex optimization.
In International Conference on Learning Representations.

Hütter, J.-C. and Rigollet, P. (2021). Minimax estimation of smooth optimal transport maps.
Ann. Statist., 49(2):1166–1194.

Jaggi, M. (2013). Revisiting Frank–Wolfe: projection-free sparse convex optimization. In
International Conference on Machine Learning, pages 427–435. PMLR.

Jain, V., Risteski, A., and Koehler, F. (2019). Mean-field approximation, convex hierarchies,
and the optimality of correlation rounding: a unified perspective. In STOC’19—Proceedings
of the 51st Annual ACM SIGACT Symposium on Theory of Computing, pages 1226–1236.
ACM, New York.

Jordan, R., Kinderlehrer, D., and Otto, F. (1998). The variational formulation of the
Fokker–Planck equation. SIAM J. Math. Anal., 29(1):1–17.

Kent, C., Blanchet, J., and Glynn, P. (2021). Frank–Wolfe methods in probability space.
arXiv preprint arXiv:2105.05352.

29



Kim, K., Oh, J., Wu, K., Ma, Y., and Gardner, J. (2023). On the convergence of black-box
variational inference. In Oh, A., Neumann, T., Globerson, A., Saenko, K., Hardt, M., and
Levine, S., editors, Advances in Neural Information Processing Systems, volume 36, pages
44615–44657. Curran Associates, Inc.

Kolouri, S. and Rohde, G. K. (2015). Transport-based single frame super resolution of very
low resolution face images. In Proceedings of the IEEE Conference on Computer Vision
and Pattern Recognition, pages 4876–4884.

Kolouri, S., Tosun, A. B., Ozolek, J. A., and Rohde, G. K. (2016). A continuous linear
optimal transport approach for pattern analysis in image datasets. Pattern Recognition,
51:453–462.

Kuhn, D., Esfahani, P. M., Nguyen, V. A., and Shafieezadeh-Abadeh, S. (2019). Wasserstein
distributionally robust optimization: theory and applications in machine learning. In
Operations Research & Management Science in the Age of Analytics, pages 130–166.
Informs.

Lacker, D. (2023). Independent projections of diffusions: gradient flows for variational
inference and optimal mean field approximations. arXiv preprint arXiv:2309.13332.

Lacker, D., Mukherjee, S., and Yeung, L. C. (2024). Mean field approximations via log-
concavity. International Mathematics Research Notices, 2024(7):6008–6042.

Lambert, M., Chewi, S., Bach, F., Bonnabel, S., and Rigollet, P. (2022). Variational inference
via Wasserstein gradient flows. Advances in Neural Information Processing Systems,
35:14434–14447.
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Wang, W., Slepčev, D., Basu, S., Ozolek, J. A., and Rohde, G. K. (2013). A linear optimal
transportation framework for quantifying and visualizing variations in sets of images.
International Journal of Computer Vision, 101:254–269.

Werenski, M., Jiang, R., Tasissa, A., Aeron, S., and Murphy, J. M. (2022). Measure estimation
in the barycentric coding model. In International Conference on Machine Learning, pages
23781–23803. PMLR.

Wibisono, A. (2018). Sampling as optimization in the space of measures: the Langevin
dynamics as a composite optimization problem. In Proceedings of the 31st Conference on
Learning Theory, volume 75 of Proceedings of Machine Learning Research, pages 2093–3027.
PMLR.

Yao, R. and Yang, Y. (2022). Mean field variational inference via Wasserstein gradient flow.
arXiv preprint arXiv:2207.08074.

31



Yi, M. and Liu, S. (2023). Bridging the gap between variational inference and Wasserstein
gradient flows. arXiv preprint arXiv:2310.20090.

Yue, M.-C., Kuhn, D., and Wiesemann, W. (2022). On linear optimization over Wasserstein
balls. Mathematical Programming, 195(1-2):1107–1122.
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A Proofs for Section 3

Proof of Lemma 3.3. Take T1(x) = A1x and T2(x) = A2x for A1, A2 positive definite, and
mutually diagonalizable: there exists an orthogonal matrix U such that Ai = UΛiU

−1 with
Λi diagonal with positive entries. Then

(T1 ◦ (T2)−1)(x) = UΛ1U
−1 (UΛ2U

−1)−1 x = UΛ1Λ
−1
2 U−1x = Ãx ,

with Ã ≻ 0; this completes the claim.

Proof of Lemma 3.4. See Panaretos and Zemel (2020, Section 2.3.2).

Proof of Lemma 3.5. Let S, T ∈ M, and for simplicity assume they are strictly increasing.
Note that T−1 is also strictly increasing, so S ◦ T−1 is strictly increasing.

Proof of Lemma 3.6. Take S1, T1 ∈ M1 and S2, T2 ∈ M2. Take (x, y) ∈ Rd1×d2 , and write
S(x, y) = (S1(x), S2(y)), and similarly for T . Since each of S1 ◦T−1

1 and S2 ◦T−1
2 are gradients

of convex functions, then S ◦ T−1 = (S1 ◦ T−1
1 , S2 ◦ T−1

2 ) is also the gradient of a convex (and
separable) function.

Proof of Lemma 3.7. For any T ∈M, T and T−1 are both gradients of convex functions, so
the claim is immediate.

Proof of Lemma 3.8. Suppose T1, T2 ∈M are compatible i.e., T1 ◦ (T2)−1 is the gradient of
a convex function. Write T̃1 = ∇φ̃1 = ∇(φ1 + ⟨u, ·⟩) and T̃2 = ∇φ̃2 = ∇(φ2 + ⟨v, ·⟩). One
can check that φ̃∗

2(y) = φ∗
2(y − v), and then by convex duality (T̃2)

−1 = ∇φ∗
2(· − v) is the

gradient of a convex function. So,

T̃1(T̃
−1
2 (y)) = ∇φ1(∇φ∗

2(y − v)) + u ,

which is the gradient of a sum of convex functions.

Proof of Lemma 3.9. For η, λ ∈ R|M|
+ , write Sη =

∑
S∈M ηSS and T λ =

∑
T∈M λTT in

cone(M). Assume η, λ ̸= 0 or otherwise the statement is trivial. The composition reads

T λ ◦ (Sη)−1 =
∑

T∈M λTT ◦
(∑

S∈M ηSS
)−1

,

so it suffices to show that T̃ := T ◦
(∑

S∈M ηSS
)−1

is the gradient of a convex function. Since
each S ∈M is the gradient of a convex function, we have that

T̃−1 =
(∑
S∈M

ηSS
)
◦ T−1 =

∑
S∈M

ηS (S ◦ T−1) .

Since T̃−1 is the gradient of a convex function, by conjugacy, it holds that T̃ is the gradient
of a convex function.
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B Proofs for Section 4.2

Proof of Theorem 4.3. For an iteration number t ∈ N, we use the shorthand ∇̂λFt :=
∇̂λF(µλ(t)), and similarly for the true gradient.

Since projections are contractive, a first manipulation gives

∥λ(t+1) − λ⋆∥2Q ≤ ∥λ(t) − λ⋆∥2Q + h2 ∥Q−1 ∇̂λFt∥2Q + 2h ⟨∇̂λFt, λ
⋆ − λ(t)⟩ .

Taking expectations conditioned on λ(t) yields, by linearity,

Et∥λ(t+1) − λ⋆∥2Q ≤ ∥λ(t) − λ⋆∥2Q + h2 Et∥Q−1 ∇̂λFt∥2Q + 2h ⟨∇λFt, λ
⋆ − λ(t)⟩ .

By m-strong convexity of F , we obtain

Et∥λ(t+1) − λ⋆∥2Q ≤ (1−mh) ∥λ(t) − λ⋆∥2Q + h2 Et∥Q−1 ∇̂λFt∥2Q + 2h (F(µ⋆)−F(µλ(t)))

≤ (1− 2mh)∥λ(t) − λ⋆∥2Q + h2 Et∥Q−1 ∇̂λFt∥2Q .

Taking expectations again,

E∥λ(t+1) − λ⋆∥2Q ≤ (1− 2mh)E∥λ(t) − λ⋆∥2Q + h2 E[Et∥Q−1 ∇̂λFt∥2Q] .

Adding and subtracting the true gradient at iterate λ(t), written Q−1∇λFt, the second term
can be bounded via smoothness of F :

h2 E[Et∥Q−1 ∇̂λFt∥2Q] ≤ 2h2 E[Et∥Q−1 (∇̂λFt −∇λFt)∥2Q] + 2h2 E∥Q−1∇λFt∥2Q
≤ 2h2 E[Et∥Q−1 (∇̂λFt −∇λFt)∥2Q] + 2M 2h2 E∥λt − λ⋆∥2Q .

Combining this with our previous bound results in

E∥λ(t+1) − λ⋆∥2Q ≤ (1− 2mh+ 2M2h2)E∥λ(t) − λ⋆∥2Q + 2h2 E[Et∥Q−1 (∇̂λFt −∇λFt)∥2Q]
≤ (1−mh)E∥λ(t) − λ⋆∥2Q + 2h2 E[Et∥Q−1 (∇̂λFt −∇λFt)∥2Q] ,

where in the last step we took h ≤ 1
2κM

.
By (VB), we obtain

E∥λ(t+1) − λ⋆∥2Q ≤ (1−mh+ c1h
2)E∥λ(t) − λ⋆∥2Q + c0h

2 .

If c1h
2 ≤ mh/2, i.e., h ≤ m/(2c1), then

E∥λ(t+1) − λ⋆∥2Q ≤ (1−mh/2)E∥λ(t) − λ⋆∥2Q + c0h
2 .

Iterating this bound gives

E∥λ(t+1) − λ⋆∥2Q ≤ (1− mh
2
)t ∥λ(0) − λ⋆∥2Q +

2c0h

m

≤ exp(−mht/2) ∥λ(0) − λ⋆∥2Q +
2c0h

m
.

Choosing h ≍ mε2/c0 concludes the proof.
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C Proofs for Section 5

C.1 Proofs for Section 5.1

To derive the mean-field equations, we recall that the KL divergence is

KL(µ∥π) =
∫
V dµ+

∫
log µ dµ+ logZ .

Over the space of product measures, we obtain the functional

(µ1, . . . , µd) 7→ KL
( d⊗

i=1

µi

∥∥∥ π) =

∫
V d

d⊗
i=1

µi +
d∑

i=1

∫
log µi dµi + logZ .

If we take the first variation of this functional (c.f. Santambrogio, 2015, Section 7.2) w.r.t. µi,
we obtain the equation

[
δµi

KL
( d⊗

j=1

µj

∥∥∥ π)](xi) = ∫
V (x1, . . . , xd)

⊗
j ̸=i

µj(dxj) + log µi(xi) + const .

At optimality, the first variation must equal a constant, which leads to

π⋆
i (xi) ∝ exp

(
−
∫
V (x1, . . . , xd)

⊗
j ̸=i

π⋆
j (dxj)

)
.

C.2 Proofs for Section 5.2

In this section, we prove the regularity bounds on the optimal transport maps given as Theo-
rem 5.4. Recall that π⋆ denotes the mean-field VI solution and T ⋆ is the optimal transport
map from ρ to π⋆. Let π⋆

i and T ⋆
i denote the i-th components respectively, and recall also

from (14) that π⋆
i ∝ exp(−Vi), where

Vi(xi) :=

∫
V (x1, . . . , xd)

⊗
j ̸=i

π⋆
j (dxj) .

We begin with a few simple lemmas which show that T ⋆
i (0), the mean of π⋆

i , and the mode of
π⋆
i are all close to each other.

Lemma C.1. Let T denote the optimal transport map from ρ = N (0, 1) to µ, and let m
denote the mean of µ. If T ′ ≤ β, then |T (0)−m| ≤

√
2/π β.

Proof. Let Z ∼ N (0, 1), so that T (Z) ∼ µ and m := ET (Z). Since T ′ ≤ β,

|T (0)−m| = |E(T (0)− T (Z))| ≤ β E|Z| =
√

2

π
β .

Lemma C.2. Let m and m̃ denote the mean and the mode of µ, respectively, where µ is
ℓV -strongly log concave and univariate. Then, |m− m̃| ≤ 1/

√
ℓV .
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Proof. This is a standard consequence of strong log-concavity, see, e.g., Dalalyan et al. (2022,
Proposition 4).

We are now ready to prove Theorem 5.4.

Proof of Theorem 5.4. As the main text contains the proof of the bounds on the first derivative
of T , we continue with the second and third derivative bounds.

We, obviously, start with the second derivative bounds. Recall the Monge–Ampère
equation (or the change of variables formula) yields

log π⋆
i ◦ T ⋆

i (x) = −
x2

2
− log(T ⋆

i )
′(x)− 1

2
log(2π) . (20)

Differentiating once yields

(log π⋆
i ◦ T ⋆

i )
′(x) = V ′

i (T
⋆
i (x)) (T

⋆
i )

′(x) = −x− (T ⋆
i )

′′(x)

(T ⋆
i )

′(x)
. (21)

Rearranging to isolate (T ⋆
i )

′′ gives

(T ⋆
i )

′′(x) = −(T ⋆
i )

′(x)
(
x+ V ′

i (T
⋆
i (x)) (T

⋆
i )

′(x)
)
. (22)

Let m⋆
i and m̃⋆

i denote the mean and mode of π⋆
i respectively. Recall also that 0 < 1/

√
LV ≤

(T ⋆
i )

′ ≤ 1/
√
ℓV . By Lemma C.1 and Lemma C.2,

|V ′
i (T

⋆
i (x))| ≤ |V ′

i (m̃
⋆
i )|︸ ︷︷ ︸

=0

+ LV |T ⋆
i (x)− m̃⋆

i |

≤ LV (|T ⋆
i (x)− T ⋆

i (0)|+ |T ⋆
i (0)−m⋆

i |+ |m⋆
i − m̃⋆

i |)

≤ LV

( 1√
ℓV
|x|+

√
2

π

1√
ℓV

+
1√
ℓV

)
≲

LV√
ℓV

(1 + |x|) .

Substituting this into (22), we obtain

|(T ⋆
i )

′′(x)| ≲ 1√
ℓV

(
|x|+ LV

ℓV
(1 + |x|)

)
≲

κ√
ℓV

(1 + |x|) .

For the third derivative control, we differentiate (21) again to yield

(log π⋆
i ◦ T ⋆

i )
′′(x) = V ′′

i (T
⋆
i (x)) (T

⋆
i )

′(x)2 + V ′
i (T

⋆
i (x)) (T

⋆
i )

′′(x)

= −1− (T ⋆
i )

′′′(x) (T ⋆
i )

′(x)− (T ⋆
i )

′′(x)2

(T ⋆
i )

′(x)2
.

Again, we rearrange and isolate, giving

(T ⋆
i )

′′′(x) =
(T ⋆

i )
′′(x)2

(T ⋆
i )

′(x)
− (T ⋆

i )
′(x)

(
1 + V ′′

i (T
⋆
i (x)) (T

⋆
i )

′(x)2 + V ′
i (T

⋆
i (x)) (T

⋆
i )

′′(x)
)
.
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Taking absolute values, we can collect the terms one by one:

|(T ⋆
i )

′′(x)2/(T ⋆
i )

′(x)| ≲ κ3/2√
ℓV

(1 + |x|2) ,

|V ′′
i (T

⋆
i (x)) (T

⋆
i )

′(x)2| ≤ κ ,

|V ′
i (T

⋆
i (x)) (T

⋆
i )

′′(x)| ≲ LV√
ℓV

(1 + |x|) · κ√
ℓV

(1 + |x|) ≲ κ2 (1 + |x|2) .

Hence, the final bound scales as

|(T ⋆
i )

′′′(x)| ≲ κ2√
ℓV

(1 + |x|2) .

C.3 Proofs for Section 5.3

For our approximation results, we begin with a simple construction via piecewise linear
maps. Let R > 0 denote a truncation parameter, and partition the interval [−R,+R] into
sub-intervals of length δ > 0. Let ψ be the elementary step function

ψ : R→ R , ψ(x) :=


0 , x ≤ 0 ,

x , x ∈ [0, 1] ,

1 , x ≥ 1 .

We then define the following family of compatible maps:

M :=
{
x 7→ ψ(δ−1 (xi − a)) ei

∣∣ i ∈ [d], I = [a, a+ δ] is a sub-interval
}
.

We suppress the dependence on the parameters R, δ in the notation.

Proof of Theorem 5.6. Owing to the isometry, we wish to show that we can find a map
T̂ ∈ cone(M; α id), with α = 1/

√
LV , such that

∥T̄ − T̂∥2L2(ρ) ≤ dε20 and ∥D(T̄ − T̂ )∥2L2(ρ) ≤ dε21 . (23)

Here, ∥D(T̄ − T̂ )∥2L2(ρ)
:=

∫
∥D(T̄ − T̂ )∥2F dρ.

We first make a series of reductions. By assumption, DT̄ ⪰ αI, and by definition, T̂ is
of the form α id +

∑
T∈M λTT + v. By replacing T̄ with T̄ − α id, it suffices to prove the

following statement: assuming that 0 ⪯ DT̄ ⪯ ℓ
−1/2
V I together with the second derivative

bound on T̄ , there exists T̂ of the form
∑

T∈M λTT + v such that (23) holds. However, from
the structure ofM, the problem now separates across the coordinates and it suffices to prove
this statement with d = 1.

Truncation procedure. We will construct T̂ so that T̄ (−R) = T̂ (−R) and T̄ (+R) =
T̂ (+R). Assuming that this holds, the bound on T̄ ′ and the fact that T̂ is constant on
(−∞,−R] and on [+R,+∞) readily implies

|T̄ (x)− T̂ (x)| ≤ 1

2
√
ℓV

(|x| − R) , for |x| ≥ R .
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The error contributed by the tails is therefore bounded by∫
R\(−R,+R)

|T̄ − T̂ |2 dρ ≤ 1

4
√
2π ℓV

∫
R\(−R,+R)

(|x| − R)2 exp(−x2/2) dx .

Similarly,

|T̄ ′(x)− T̂ ′(x)| ≤ 1/
√
ℓV , for |x| ≥ R ,

which gives ∫
R\(−R,+R)

|T̄ ′ − T̂ ′|2 dρ ≤ 1√
2π ℓV

∫
R\(−R,+R)

exp(−x2/2) dx .

Standard Gaussian tail bounds and the Cauchy–Schwarz inequality imply that with the
choice R ≍

√
log(1/(ℓV ε2)), we obtain ∥T̄ − T̂∥2L2(ρ) ∨ ∥T̄ ′ − T̂ ′∥2L2(ρ) ≲ ε2.

Uniform approximation over a compact domain. We now show that T̂ can be
chosen to uniformly approximate T̄ on [−R,+R]. Indeed, we take

T̂ (x) = T̄ (−R) +
2R/δ−1∑
m=0

λmψ
(x− (−R +mδ)

δ

)
,

where the λm are chosen so that T̄ and T̂ agree at each of the endpoints of the sub-intervals
of size δ. Consider such a sub-interval I = [a, a+ δ]. Then, for x ∈ I,

|T̄ (x)− T̂ (x)| =
∣∣∣T̄ (x)− T̄ (a)− T̄ (a+ δ)− T̄ (a)

δ
(x− a)

∣∣∣ .
By the mean value theorem, T̄ (x) = T̄ (a) + T̄ ′(c1) (x− a) and T̄ (a+ δ) = T̄ (a) + T̄ ′(c2) δ for
some c1, c2 ∈ I. Together with the second derivative bound on T̄ , it yields

|T̄ (x)− T̂ (x)| = |(T̄ ′(c1)− T̄ ′(c2)) (x− a)| ≲
κR√
ℓV

δ2 .

Similarly, for the derivative,

|T̄ ′(x)− T̂ ′(x)| =
∣∣∣T̄ ′(x)− T̄ (a+ δ)− T̄ (a)

δ

∣∣∣ = |T̄ ′(x)− T̄ ′(c2)| ≲
κR√
ℓV

δ .

To obtain our desired error bounds, we take δ = Θ̃(
√
ε/κ). Finally, to obtain the stated

bounds in the theorem in dimension d, replace ε with ε/
√
d.

Size of the generating family. Finally, the size ofM is O(R/δ) = Õ(κ1/2d1/4/ε1/2),
which completes the proof.

In the proof above, we have used the bounds on the first and second derivatives of T̄ .
However, from Theorem 5.4, we actually have control on the third derivative as well, so we
can expect to exploit this added degree of smoothness to obtain better approximation rates.

As above, we fix a truncation parameter R > 0 and a mesh size δ > 0. Our family of
maps will be constructed from the following basic building blocks.
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• Linear function. We let ψlin(x) := x for x ∈ R.

• Piecewise quadratics. Define the piecewise quadratic

ψquad,±(x) := ±


0 , x ≤ 0 ,

x2 , x ∈ [0, 1] ,

2x− 1 , x ≥ 1 .

• Piecewise cubics. Define the piecewise cubic,

ψcub,±(x) := ±


0 , x ≤ 0 ,

x2 (3− 2x) , x ∈ [0, 1] ,

1 , x ≥ 1 .

Given a univariate function ψ and i ∈ [d], we extend it to a map ψi : Rd → Rd by setting
ψi(x) := ψ(xi). Also, given a sub-interval I = [a, a+ δ], we define the map ψI,i : Rd → Rd

via ψI,i(x) := ψ(δ−1 (xi − a)).
Let I denote the set of sub-intervals. Our generating family will consist of

M := {ψlin
i | i ∈ [d]} ∪

⋃
I∈I

d⋃
i=1

{ψquad,−
I,i , ψquad,+

I,i , ψcub,−
I,i , ψcub,+

I,i } ,

which consists of (4 |I|+ 1) d elements. However, we will not consider the full cone generated
byM—indeed, if we did, then the presence of the negative piecewise quadratics and cubics
would mean that we obtain non-monotone maps.

Elements of our polyhedral set will be of the form x 7→ α id+
∑

T∈M λTT + v, where
v ∈ Rd and we may decorate components of λ according to the elements ofM to which they
correspond, e.g., λquad,−I,i is the coefficient in front of ψquad,−

I,i .
To provide some intuition, we will use the linear function and the piecewise quadratics to

approximate the derivative of T̄ . Indeed, suppose for the moment that T̄ is univariate and
note that the derivatives of the linear and piecewise quadratic functions give rise to piecewise
linear interpolations of T̄ ′. The interpolation of T̄ ′, once integrated, does not necessarily
interpolate T̄ , and the piecewise cubics will be used to remedy this issue.

Toward this end, note that since T̄ is monotonically increasing, T̄ ′ is non-negative. We
will want our approximating T̂ to have the same property, which will be ensured by imposing
linear constraints on λ. We consider the following polyhedral subset of R|M|

+ :

K :=
{
λ ∈ R|M|

+

∣∣∣ ∀i ∈ [d],
2

δ

∑
I∈I

(λquad,+I,i − λquad,−I,i ) + λlini ≥ 0 ,

and ∀I ∈ I, ∀i ∈ [d],
6λcub,−

δ
≤ α

2

}
.

(24)

We then take K := {x 7→ αx +
∑

T∈T λTT + v | λ ∈ K, v ∈ Rd} and P⋄ := K♯ρ. The
first constraint ensures that the sum of the linear and piecewise quadratic functions has
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non-negative slope. As for the second constraint, it ensures that the sum of the negative
piecewise cubic functions has slope at least −α/2. Since we always add α id, each of our
maps will have slope at least α/2 and therefore be increasing. With this choice, our family
consists of gradients of strongly convex functions with convexity parameter less than that of
the true map T ⋆, which does affect some of the other results of this paper (e.g., the geodesic
smoothness of the KL divergence in Proposition 5.10), but only by at most a constant factor,
and henceforth we ignore this technical issue.

We are now ready to prove our improved approximation result.

Proof of Theorem 5.7. We start with the same reductions as in the proof of Theorem 5.6,
reducing to the univariate case.

Truncation procedure. The truncation procedure is similar to the one before, except
that T̂ is no longer constant on (−∞,−R] and on [+R,+∞). Instead, on these intervals,
T̂ will be linear, with the additional conditions T̄ ′(−R) = T̂ ′(−R) and T̄ ′(+R) = T̂ ′(+R).
However, the arguments still go through, and we can take R ≍

√
log(1/(ℓV ε2)) as before.

Uniform approximation over a compact domain. We will first construct a pre-
liminary version of T̂ without using the piecewise cubics. Recall from the discussion above
that using the linear and piecewise quadratic functions, we can ensure that T̂ ′ is a linear
interpolation of T̄ ′. Namely, we set

T̂ ′ = T̄ ′(−R) +
∑
I∈I

[
λquad,−I (ψquad,−)′ + λquad,+I (ψquad,+)′

]
,

where the coefficients are chosen such that T̄ ′ and T̂ ′ agree at each of the endpoints of the
sub-intervals. Following the argument as before, for a sub-interval I = [a, a+ δ] and x ∈ I,

|T̄ ′(x)− T̂ ′(x)| =
∣∣∣T̄ ′(x)− T̄ ′(a)− T̄ ′(a+ δ)− T̄ ′(a)

δ
(x− a)

∣∣∣ .
By the mean value theorem, T̄ ′(x) = T̄ ′(a) + T̄ ′′(c1) (x− a) and T̄ ′(a+ δ) = T̄ ′(a) + T̄ ′′(c2) δ
for some c1, c2 ∈ I. Using the bounds on the derivatives of T̄ ,

|T̄ ′(x)− T̂ ′(x)| = |(T̄ ′′(c1)− T̄ ′′(c2)) (x− a)| ≲
κ2R2

√
ℓV

δ2 . (25)

Next, we wish to control |T̄ (x)− T̂ (x)|. Here, T̂ is defined by integrating T̂ ′, and choosing
the shift v so that T̄ (−R) = T̂ (−R). First, suppose that T̄ (a) = T̂ (a). We can then use the
fundamental theorem of calculus to obtain

|T̄ (x)− T̂ (x)| =
∣∣∣∫ x

a

(T̄ ′(y)− T̂ ′(y)) dy
∣∣∣ ≲ κ2R2

√
ℓV

δ3 . (26)

In particular, |T̄ (a+ δ)− T̂ (a+ δ)| is of order δ3.
To ensure that T̄ and T̂ agree at each of these endpoints, we scan the set of sub-intervals

left to right, and we iteratively add non-negative multiples of the piecewise cubics in order
to achieve this interpolating condition. Since the original endpoint error is bounded in (26),
it follows that the coefficients of the piecewise cubics that we add are small: 0 ≤ λcub,±I ≲
κ2R2δ3/

√
ℓV . In particular, the constraint on λcub,−I in (24) is met for small δ.
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The key property of the piecewise cubics is that (ψcub,±)′(0) = (ψcub,±)′(1) = 0. This
means that even after adding the piecewise cubics, T̄ ′ and T̂ ′ agree at all of the endpoints
of the sub-intervals. However, we must check that adding these piecewise cubics does not
destroy the approximation rates (25) and (26). Since |(ψcub,±

I )′| ≲ 1/δ, the bound on the

coefficients for the piecewise cubics shows that the derivative of the piecewise cubic part of T̂
is bounded in magnitude by O(κ2R2δ2/

√
ℓV ), so that (25) is intact. Similarly, (26) is also

intact, either by integrating (25) or by using the bound on the coefficients of the piecewise
cubics. The proof is concluded via bookkeeping.

Using the bounds on the Jacobian DT̂⋄ of the approximating map, we can bound the
change in the KL divergence on the path from π̂⋄ to π⋆. This shows that π̂⋄ has a small
suboptimality gap for KL minimization over P⋄. The following calculation is similar to the one
for Proposition 5.10, which establishes smoothness of the KL divergence over P⋄. However,
since π⋆ does not lie in P⋄, it does not apply here.

Corollary C.3. Assume that π is well-conditioned (WC). Let π̂⋄ = (T̂⋄)♯ρ denote the
approximation to π⋆ given by the piecewise linear construction (Theorem 5.6). Then,

KL(π̂⋄ ∥π)−KL(π⋆
⋄ ∥π) ≤ KL(π̂⋄ ∥π)−KL(π⋆ ∥π) ≲ κ3d1/2ε .

If, on the other hand, π̂⋄ = (T̂⋄)♯ρ is given by the construction of Theorem 5.7,

KL(π̂⋄ ∥π)−KL(π⋆
⋄ ∥π) ≤ KL(π̂⋄ ∥π)−KL(π⋆ ∥π) ≲ κ10/3d1/3ε4/3 .

Proof. Let (µt)t∈[0,1] denote the geodesic joining π⋆ to π̂⋄. Then, by differentiating the KL
divergence along this geodesic twice, we obtain the following expressions; see Chewi (2024)
and Diao et al. (2023, Appendix B.2) for derivations. We write T = T̂⋄ ◦ (T ⋆)−1 for the
optimal transport map from π⋆ to π̂⋄, and Tt = (1− t) id + t T .

For the potential energy term,

∂2t V(µt) = Eπ⋆⟨T − id, (∇2V ◦ Tt) (T − id)⟩ ≤ LV Eπ⋆∥T − id∥2 = LV Eρ∥T̂⋄ − T ⋆∥2 .

Next, for the entropy term,

∂2tH(µt) = Eπ⋆∥(DTt)−1 (DT − I)∥2F ,

By Theorem 5.4, DT = D((T ⋆)−1)DT̂⋄ ⪰ 1/
√
κ, so DTt ⪰ 1/

√
κ. Also, DT ⋆ ⪰ 1/

√
LV .

Therefore, we obtain

∂2tH(µt) ≤ κEπ⋆∥D((T ⋆)−1)DT̂⋄ ◦ (T ⋆)−1 − I∥2F
≤ κLV Eπ⋆∥DT̂⋄ ◦ (T ⋆)−1 −D((T ⋆)−1)∥2F = κLV Eρ∥DT̂⋄ −DT ⋆∥2F .

Therefore, adding the two terms together,

∂2t KL(µt ∥π) ≤ LV ∥T̂⋄ − T ⋆∥2L2(ρ) + κLV ∥D(T̂⋄ − T ⋆)∥2L2(ρ) .
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Integrating this expression from t = 0 to t = 1,

KL(π̂⋄ ∥π)−KL(π⋆ ∥π) ≤ Eπ⋆⟨[∇WKL(·∥π)](π⋆), T − id⟩

+
LV

2
(∥T̂⋄ − T ⋆∥2L2(ρ) + κ ∥DT̂⋄ −DT ⋆∥2L2(ρ)) .

However, since π̂⋄, π
⋆ both belong to the geodesically convex set of product measures, and π⋆

minimizes the KL divergence over this set, we must have Eπ⋆⟨[∇WKL(·∥π)](π⋆), T − id⟩ = 0.
We are now in a position to apply the approximation guarantees. Applying the result

of Theorem 5.6, we obtain

KL(π̂⋄ ∥π)−KL(π⋆ ∥π) ≲ κε2 + κ3d1/2ε .

If we instead use the improved guarantee of Theorem 5.7, we obtain

KL(π̂⋄ ∥π)−KL(π⋆ ∥π) ≲ κε2 + κ10/3d1/3ε4/3 .

Finally, from the small suboptimality gap of π̂⋄ and the strong geodesic convexity of the
KL divergence, we are able to prove that π⋆ is close, not just to our constructed π̂⋄, but
to the minimizer π⋆

⋄ of the KL divergence over P⋄, which in turn can be computed via the
algorithms in Section 5.4.

Proof of Theorem 5.8. By triangle inequality, we have

W2(π
⋆
⋄, π

⋆) ≤ W2(π
⋆
⋄, π̂⋄) +W2(π̂⋄, π

⋆) ,

and since we can control the second term (recall Theorem 5.6), it suffices to control the first.
Since KL(·∥π) is ℓV -strongly geodesically convex, the first term can be bounded above by

ℓVW
2
2 (π

⋆
⋄, π̂⋄)/2 ≤ KL(π̂⋄ ∥π)−KL(π⋆

⋄ ∥π) ≲ κ3d1/2ε̃ ,

where the final bound is obtained from Corollary C.3 (we only take the worst-case scaling
term), and ε̃ is the approximation accuracy guaranteed by Theorem 5.6. Setting this equal

to ε2, we apply Theorem 5.6 with ε2

κ3d1/2
replacing ε and we see that |M| = Õ(κ2d3/2/ε).

Similarly, for the higher-order approximation scheme, we use Corollary C.3 and apply The-
orem 5.7 with ε3/2

κ5/2d1/4
replacing ε, obtaining |M| = Õ(κ3/2d5/4/ε1/2).

C.4 Proofs for Section 5.4

Proof of Proposition 5.10. We write

KL(µ∥π) = V(µ) +H(µ) :=
∫
V dµ+

∫
log µ dµ+ logZ .

To prove smoothness, it suffices to show that the Wasserstein Hessians for both V and H are
bounded. Since we work with the augmented cone, we let

T λ,v := α id+
∑
T∈M

λTT + v , µλ,v := (T λ,v)♯ρ .
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Our goal is to upper bound the following quadratic forms

∇2
WV(µλ,v)[T

η,u
λ,v − id, T η,u

λ,v − id] = Eµλ,v
[(T η,u

λ,v − id)⊤∇2V (T η,u
λ,v − id)] ,

∇2
WH(µλ,v)[T

η,u
λ,v − id, T η,u

λ,v − id] = Eµλ,v
∥DT η,u

λ,v − I∥
2
F ,

in terms of the squared Wasserstein distance between µλ,v and µη,u, and T
η,u
λ,v is the optimal

transport map from µλ,v to µη,u. See Chewi (2024) and Diao et al. (2023, Appendix B.2) for
derivations of these expressions. We bound the two terms separately.

An upper bound on the potential term is straightforward. By (WC), ∇2V ⪯ LV I, and so

∇2
WV(µλ,v)[T

η,u
λ,v − id, T η,u

λ,v − id] = Eµλ,v
[(T η,u

λ,v − id)⊤∇2V (T η,u
λ,v − id)]

≤ LV Eµλ,v
∥T η,u

λ,v − id∥2 = LV W
2
2 (µλ,v, µη,u) .

The entropy term needs a bit more work. To start, we note that by compatibility,

T η,u
λ,v = T η,u ◦ (T λ,v)−1 = T η ◦ (T λ)−1(· − v) + u , (27)

where we write T λ,v = T λ + v and similarly T η,u = T η + u. By the chain rule,

DT η,u
λ,v (·) = [DT η ◦ (T λ)−1(· − v)]D[(T λ)−1](· − v) .

(For simplicity, the reader may wish to first read the following calculations setting u = v = 0.)
Performing the appropriate change of variables, the Wasserstein Hessian of H reads

Eµλ,v
∥DT η,u

λ,v − I∥
2
F = Eµλ,v

∥[DT η ◦ (T λ)−1(· − v)]D[(T λ)−1](· − v)− I∥2F
= Eρ∥DT ηD[(T λ)−1] ◦ (T λ,v − v)− I∥2F
= Eρ∥DT ηD[(T λ)−1] ◦ T λ − I∥2F
= Eρ∥DT η (DT λ)−1 − I∥2F ,

where we invoked the inverse function theorem in the last step. Given our set of maps, we
know that for any λ ∈ R|M|

+ , DT λ ⪰ αI, and since DT λ (DT λ)−1 = I, we obtain

Eµλ,v
∥DT η,u

λ,v − I∥
2
F ≤

1

α2
Eρ∥DT η −DT λ∥2F .

Since our maps are regular (i.e., (Υ) holds), there exists Υ > 0 such that

Eρ∥DT η −DT λ∥2F = Eρ

∥∥∥∑
T∈M

(λT − ηT )DT
∥∥∥2

F
= ⟨η − λ,Q(1) (η − λ)⟩

≤ Υ ⟨η − λ,Q (η − λ)⟩ .

Finally, note that

W 2
2 (µλ,v, µη,u) = Eρ

∥∥∥∑
T∈M

(ηT − λT )T + u− v
∥∥∥2

= Eρ

∥∥∥∑
T∈M

(ηT − λT )T
∥∥∥2

+ ∥u− v∥2

= ⟨η − λ,Q (η − λ)⟩+ ∥u− v∥2 ,

where we used the fact that the maps inM are centered. This shows that

∇2
WH(µλ,v)[T

η,u
λ,v − id, T η,u

λ,v − id] ≤ Υ

α2
W 2

2 (µλ,v, µη,u) .

Combining all of the terms completes the proof.
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C.5 Proofs for Section 5.5.2

In this section, we prove our variance bounds for SPGD for mean-field VI. We start with a
gradient bound under π⋆.

Lemma C.4. Let π be a (WC) measure, and let π⋆ be the mean-field approximation. Then

Eπ⋆∇V = 0 , Eπ⋆∥∇V ∥2 ≤ LV κd . (28)

Proof. Assuming the first, we can prove the second by applying the Brascamp–Lieb inequal-
ity (Brascamp and Lieb, 1976):

Eπ⋆∥∇V − Eπ⋆∇V ∥2 ≤ Eπ⋆ tr((∇2V )2 diag(V⃗ ′′)−1) ,

where V⃗ ′′ := (V ′′
1 , . . . , V

′′
d ). By Proposition 5.2, each component satisfies the bound (V ′′

i )
−1 ≤

1/ℓV , and we also have by assumption ∇2V ⪯ LV I. Together, the bound is clear:

Eπ⋆∥∇V ∥2 ≤ tr((LV I)
2)/ℓV = LV κd .

It remains to prove the first equality. Recall that for i ∈ [d],

Vi(xi) =

∫
V (x)

⊗
j ̸=i

π⋆
j (dxj) .

Consider a test vector e1 = (1, 0, . . . , 0) ∈ Rd. Appropriately interchanging the order of
integration, one can check that we obtain

Eπ⋆∇V ⊤e1 =

∫
V ′
1(x1) π

⋆
1(dx1) =

∫
V ′
1(x)

exp(−V1(x1))∫
exp(−V1(x′1)) dx′1

dx1 = 0 ,

by an application of integration by parts. The same is true for the other coordinates.

Proof of Lemma 5.12. We want to bound the quantity

E[∥Q−1 (∇̂λV(µλ)−∇λV(µλ))∥2Q] = E[∥Q−1/2 (∇̂λV(µλ)−∇λV(µλ))∥2] .

Using convenient notation choices, we first recall the expressions of the stochastic and
non-stochastic gradients of the potential energy:

∇̂λV(µλ) = T (X̂)∇V (T λ(X̂)) , ∇λV(µλ) = Eρ[T ∇V ◦ T λ] ,

where X̂ ∼ ρ is a random draw, and T (X̂) = (T1(X̂), . . . , T|M|(X̂)) ∈ R|M| × Rd is the
evaluation of the whole dictionary at the random draw.

We begin by exploiting symmetry in the problem, reducing it to one dimension. First,
note that T can be equivalently expressed as d repetitions of the following vectors,

T = (T1:J , . . . , T1:J) ,
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where T1:J denotes the first J maps in our dictionary (the same maps exist in all dimensions)
(This is a slight abuse of notation because the i-th occurrence of T1:J above acts only on the
i-th coordinate of the input.) Thus, the matrix Q−1/2 is block-diagonal, written

Q−1/2 = Id ⊗Q−1/2
1:J ,

where Q1:J is the first J × J block of the full Q matrix, which is Jd× Jd. We can similarly
express the gradients with respect to λ in this way (i.e., only differentiating the first J
components), which results in controlling the following quantity

E[∥Q−1/2 (∇̂λV(µλ)−∇λV(µλ))∥2] =
d∑

i=1

E[∥Q−1/2
1:J (∇̂1:JV(µλ)−∇1:JV(µλ))∥2] .

Combining these reductions, we are left with bounding the following term in each dimension:

tr Cov
(
Q

−1/2
1:J T1:J(X̂i) ∂iV (T λ(X̂)

)
= E

[
⟨T1:J(X̂i)T1:J(X̂i)

⊤, Q−1
1:J⟩ ∂iV (T λ(X̂))2

]
≤ ΞJ E[∂iV (T λ(X̂))2] ,

where we invoked (Ξ) in the last inequality. Summing over the coordinates,

E[∥Q−1/2 (∇̂λV(µλ)−∇λV(µλ))∥2] ≤ ΞJ Eρ∥∇V ◦ T λ∥2 .

We bound the remaining expectation by repeatedly invoking smoothness of V . First,

Eρ∥∇V ◦ T λ∥2 ≤ 2Eρ∥∇V ◦ T λ −∇V ◦ T ⋆
⋄ ∥2 + 2Eρ∥∇V ◦ T ⋆

⋄ ∥2

≤ 2L2
V ∥T λ − T ⋆

⋄ ∥2L2(ρ) + 2Eρ∥∇V ◦ T ⋆
⋄ ∥2

= 2L2
V W

2
2 (µλ, π

⋆
⋄) + 2Eρ∥∇V ◦ T ⋆

⋄ ∥2 .

For the next term, we apply the same trick, but we compare against π⋆, the true mean-field
approximation:

Eρ∥∇V ◦ T λ∥2 ≤ 2L2
V W

2
2 (µλ, π

⋆
⋄) + 4Eρ∥∇V ◦ T ⋆

⋄ −∇V ◦ T ⋆∥2 + 4Eρ∥∇V ◦ T ⋆∥2

≤ 2L2
V W

2
2 (µλ, π

⋆
⋄) + 4L2

V W
2
2 (π

⋆
⋄, π

⋆) + 4LV κd ,

where we used Lemma C.4 in the last step.
Our full variance bound reads

E[∥Q−1 (∇̂λV(µλ)−∇λV(µλ))∥2Q] ≤ 2L2
V ΞJ W

2
2 (µλ, π

⋆
⋄)

+ 4LV ΞJ (LV W
2
2 (π

⋆
⋄, π

⋆) + κd) .

D Remaining implementation details

D.1 Product Gaussian mixture

Let V1 (resp. V2) be the potential for a univariate Gaussian mixture with weights w1,1 and
w1,2 (resp. w2,1 and w2,2) that sum to unity, and centers m1,1 and m1,2 (resp. m2,1 and
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m2,2), where all the mixture components have unit variance. Then, V : R2 → R defined by
V (x, y) = V1(x) + V2(y) is the potential for the Gaussian mixture with mean-weight pairs
given by

{([m1,1,m2,1], w1,1w2,1), ([m1,1,m2,2], w1,1w2,2),

([m1,2,m2,1], w1,2w2,1), ([m1,2,m2,2], w1,2w2,2)} .

We take m1,1 = m2,1 = 2, m1,2 = m2,2 = −2, with w1,1 = w2,2 = 0.25 and w1,2 = w2,1 = 0.75.
As for the hyperparameters of our model, we chose J = 28, α = 0.1, a step-size h = 10−3

(for both λ and v), ran for 3000 iterations, and initialized at λ(0) = 02×J ∈ R2×J , and
v(0) = 02 ∈ R2. The KDE plots were generated via sklearn, after we generated 50,000
samples from the ground truth density and from our algorithm.

D.2 Non-isotropic Gaussian

We generated A ∈ Rd×d with entries Ai,j ∼ N (0, 1), and defined Σ = AA⊤ for d = 5, which
is fixed once and for all. We computed the optimal α∗ = 1/

√
LV , since the potential is a

Gaussian. For the remaining hyper-parameters of our model, we chose J = 28, a step-size
h = 10−4 (for both λ and v), ran for 2000 iterations, and initialized at λ(0) = 1d×J ∈ Rd×J ,
the all-ones matrix, and v(0) = 0d ∈ Rd. At each step, we computed Σ̂MF by pushing forward
10,000 samples, computing the empirical covariance, and computing the Bures–Wasserstein
distance to ΣMF.

We now compute the fact that ΣMF is diagonal with components 1/(Σ−1)i,i for i ∈ [d].
Recall the KL divergence between two Gaussians with mean zero is given by

KL(N (0, A)∥N (0,Σ)) =
1

2

[
tr(Σ−1A)− d+ log det(Σ−1)− log det(A)

]
.

Now, we impose that A is a diagonal matrix with entries Ai,i = ai for some ai ≥ 0. In this
case, up to constants denoted by C, the above reads

KL(N (0, A)∥N (0,Σ)) =
1

2

d∑
i=1

[
(Σ−1)i,iai − log(ai)

]
+ C .

Taking the derivative in ai, we see that the optimality conditions yield

1/(Σ−1)i,i = a⋆i

for every i ∈ [d], which completes the calculation.

D.3 Bayesian logistic regression

We first randomly drew θ⋆ ∼ N (0, Id) in d = 20 as the ground truth parameter. Further, we
let n = 100 and randomly generated X ∈ Rn×d as in the non-isotropic Gaussian experiment
(here, X takes the role of A), but we divided the matrix by λmax(X

⊤X) for normalization
purposes. Subsequently, Yi was generated for each i independently according to

Yi | Xi ∼ Bern(exp(θ⊤Xi)) ,
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where Xi is a row of X. Using this data, and assuming an improper (Lebesgue) prior on θ,
the potential of the posterior is given by

V (θ) =
n∑

i=1

[
log(1 + exp(θ⊤Xi))− Yi θ⊤Xi

]
.

With access to V and ∇V , we ran standard Langevin Monte Carlo (LMC) for 5000
iterations with a step size of h = 10−2, where we generated 2000 samples.

For the hyperparameters of our model, we chose J = 28, α = 0.1, a step size h = 10−2

for the λ iterates, and hv = 10−1 for updating v, and ran for 2000 iterations. We initialized
at λ(0) = 1d×J/(Jd) ∈ Rd×J , and v(0) = 0d ∈ Rd. The final histograms were generated using
2000 samples from both the mean-field VI algorithm and LMC.

E Proofs for Section 7

In this section, we derive the gradient flows in Section 7.

Proof of Theorem 7.1. We refer to Lambert et al. (2022, Appendix F) for the relevant
background. The first variation of the functional F(P ) := KL(µP ∥π) is given by

δF(P ) : (λ, v) 7→
∫

(V + log µP + 1) dµλ,v =

∫
log

µP

π
dµλ,v + 1 . (29)

Therefore, the Wasserstein gradient is given by

∇WF(P )(λ, v) =
(
Q−1∇λ

∫
log

µP

π
dµλ,v, ∇v

∫
log

µP

π
dµλ,v

)
. (30)

These terms are further computed as follows. First,

∂λT

∫
log

µP

π
dµλ,v = ∂λT

∫
log

µP

π
◦ T λ,v dρ =

∫ 〈
∇ log

µP

π
◦ T λ,v, T

〉
dρ .

Similarly, we have

∇v

∫
log

µP

π
dµλ,v =

∫
∇ log

µP

π
◦ T λ,v dρ .

This concludes the proof.

Proof of Theorem 7.2. This theorem follows from the expression of the first variation com-
puted in (29), see Lambert et al. (2022, Appendix H).
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