2408.02733v1 [quant-ph] 5 Aug 2024

.
.

arxiv

Quantum simulation of dynamical gauge theories in periodically
driven Rydberg atom arrays

Johannes Feldmeier!, Nishad Maskara!, Nazli Ugur Koyliioglu!2, and Mikhail D. Lukin®
! Physics Department, Harvard University, Oxford St. 17, 02138 Cambridge MA, USA
2Harvard Quantum Initiative, Harvard University, Cambridge, MA 02138, USA
(Dated: August 7, 2024)

Simulating quantum dynamics of lattice gauge theories (LGTSs) is an exciting frontier in quantum
science. Programmable quantum simulators based on neutral atom arrays are a promising approach
to achieve this goal, since strong Rydberg blockade interactions can be used to naturally create
low energy subspaces that can encode local gauge constraints. However, realizing regimes of LGTs
where both matter and gauge fields exhibit significant dynamics requires the presence of tunable
multi-body interactions such as those associated with ring exchange, which are challenging to realize
directly. Here, we develop a method for generating such interactions based on time-periodic driving.
Our approach utilizes controlled deviations from time-reversed trajectories, which are accessible in
constrained PXP-type models via the application of frequency modulated global pulses. We show
that such driving gives rise to a family of effective Hamiltonians with multi-body interactions whose
strength is non-perturbative in their respective operator weight. We apply this approach to a two-
dimensional U(1) LGT on the Kagome lattice, where we engineer strong six-body magnetic plaquette
terms that are tunable relative to the kinetic energy of matter excitations, demonstrating access to
previously unexplored dynamical regimes. Potential generalizations and prospects for experimental

implementations are discussed.

I. INTRODUCTION

A central challenge in the field of quantum simulations
is the programmable realization of a wide range of many-
body systems on current devices. Within any given ap-
proach, the primary control tools for engineering specific
quantum many-body Hamiltonians are typically provided
by geometric configuration and time-dependent classical
control of external fields. Neutral atoms in optical tweez-
ers constitute a promising platform for programmable
quantum simulations with an exceptional degree of ge-
ometric flexibility [1-4]. In combination with Rydberg
blockade interactions, highly constrained Hilbert spaces
can be realized as emergent low energy subspaces. These
can in turn give rise to exotic phases of matter includ-
ing spin liquid states [1, 5, 6], novel out-of-equilibrium
phenomena such as quantum many-body scars [1, 7, 8],
and can be used to encode classical optimization prob-
lems [9, 10] or local gauge constraints [11-17]. The latter
open the door to probing the nonequilibrium dynamics
of lattice gauge theories (LGTs) beyond one dimension,
an important quantum simulation goal with relevance to
high energy physics and emergent phenomena in con-
densed matter [18-22].

However, a remaining key challenge for realizing these
models is the generation of interesting dynamics while
simultaneously preserving the local constraints. In par-
ticular, energetic conditions that stabilize a desired sub-
space may also lead to strong suppression of subspace-
preserving evolution, which typically arises through high-
order, multi-body perturbative processes. Consequently,
the limited tunability of perturbation theory poses an
inherent difficulty to simulating different regimes of dy-
namical gauge field theories. A specific manifestation of
this challenge is the implementation of magnetic plaque-

tte terms with analog quantum simulators [23], corre-
sponding to multi-body interactions in the electric field
representation. While many advances in the quantum
simulation of LGTs have been achieved across a variety of
platforms in recent years [1, 24-31], a direct, large-scale
implementation of such interactions remains difficult.

In this work, we show that combining Rydberg block-
ade and periodic driving allows for the realization of
dynamical gauge field theories based on tunable multi-
body interactions. The central idea is related to the
observation of Ref. [7] that periodic driving can act as
a many-body echo and tuning knob for stabilizing the
dynamics of the so-called quantum many-body scars in
the ‘PXP’ models associated with the Rydberg blockade.
These observations indicate the possibility that Floquet-
engineering [32-41] can provide a potent tool for con-
trolling many-body dynamics in systems with Rydberg
blockade [42-44]. Building on these insights, we de-
velop a method involving the use of a Floquet perturba-
tion theory around closed periodic trajectories generated
by a many-body echo. Within this framework, initial
states periodically revive under continued forward- and
backward-evolution generated by a blockade-consistent
PXP model. The effect of deviations from an exact many-
body echo are described by an effective Hamiltonian [42]
with multi-body interactions, which can be engineered
from local operators dressed by interacting time evolu-
tion, see Fig. 1. Making use of operator spreading within
a finite time window, multi-body interactions are gener-
ated and can be controlled via the choice of a global de-
tuning profile. Small operator evolution times allow for a
perturbative expansion of the resulting Hamiltonian, an
approach which we use in Ref. [45] to implement novel,
blockade-consistent spin exchange interactions.

In this work, we develop and leverage a numerical op-
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Figure 1. Hamiltonian engineering and gauge theories.
a) We consider PXP models as an approximate description
of Rydberg atoms in optical tweezers. b) Due to blockade,
simple global detuning m-pulses reverse the direction of time
evolution, leading to an effective many-body echo. ¢) Intro-
ducing detuning perturbations A,(¢) around this echo realizes
an effective Hamiltonian that consists of the time-evolved Ry-
dberg number operators No (t). The spreading of this operator
leads to multi-body interactions in the effective Hamiltonian.
Intuitively, for an optimized choice of A,(t), part of the wave
function ‘scatters’ into a desired final state, realizing a coher-
ent interaction term. d) Our approach can be applied to study
lattice gauge theories, where multi-body plaquette terms are
required to realize dynamical gauge fields. We achieve in-
creased flexibility in tuning the relative strength of various
interactions, enabling access to regimes previously difficult to
realize.

timization technique that enables an extension of this
Floquet engineering protocol to intermediate time scales.
Crucially, this scheme takes into account the role of the
detuning profile as a perturbation around the echo evo-
lution, which we balance with the practical requirement
of a substantial prefactor for the effective Hamiltonian.
We find that interactions involving a moderate number of
spins are generated non-perturbatively, enabling a hard-
ware efficient realization of many-body systems in previ-
ously inaccessible regimes.

We subsequently apply our approach to the implemen-
tation of a two-dimensional U(1) lattice gauge theory
containing dynamical gauge and matter degrees of free-
dom. The local gauge constraints are realized through
nearest-neighbor blockade on a Kagome lattice, and we
use our Floquet protocol to engineer the strengths of both
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to finite evolution times.

II. FLOQUET PROTOCOL AND EFFECTIVE
HAMILTONIAN

To illustrate the key idea we consider a time-dependent
PXP model on an arbitrary lattice geometry,

H(t) ZP&"LP A(t an, (1)

where n; € {0,1} labels the occupation number at site
i, Q is the Rabi frequency and A(t) a time-dependent
detuning coupling to the global occupation number N =
> ;7. The operator P projects onto the space of configu-
rations without nearest neighbor sites simultaneously oc-
cupying the n; = 1 state; explicitly, P = H(i,j)(l_ﬁiﬁj)7
where the product runs over nearest neighbor sites (i, 7)
of the lattice. Eq. (1) is commonly used as an approx-
imation for the dynamics of Rydberg atoms subject to
strong van der Waals interactions that decay rapidly as
Vij = Q(Rp/ri;)%: Two atoms at a distance r;; smaller
than the blockade radius R; are effectively forbidden to
both occupy the Rydberg state, thus satisfying the con-
straint enforced by the projector P.



A. Many-body echo and effective Hamiltonian

The starting point for our construction is the ability
to generate a closed periodic trajectory through time-
dependent control of the detuning operator. Specifically,
we can reverse the sign of the off-diagonal (PXP) part of

Eq. (1),
o= %ZP&;R @)

N

by applying a global detuning pulse operator e
1, 6%, such that e’”Nﬁo eV = —PAIO‘ This pulse thus
generates a many-body echo and repeated application at
regular spacing 7 leads to periodic revivals with period
27. We denote the time-dependent Hamiltonian corre-
sponding to this many-body echo protocol as

Ho(t)=Hy— 7N Y _ 5(t —mr). (3)
meN

The unitary evolution  operator  U,(t) =

7A'exp{—i fot dt'H, (t)} then indeed reduces to the
identity at multiples of 27:

06(27_) _ e—iﬂNe—igoTe—iﬂNe—iﬁoT _ ﬂ, (4)

where we assume the pulses to be applied infinitesimally
prior to the times m7. We emphasize the special role of
the blockade in this construction: The model Eq. (2) is
a strongly interacting, non-integrable system, yet can be
dynamically decoupled using a simple m-pulse sequence,
as would more commonly be used for non-interacting dis-
order fields.

The stroboscopic time evolution at multiples of 27
is described by an effective Hamiltonian, U.(2mm) =
e~ 2™ Since Eq. (3) generates a perfect many-body
echo, H =0 is trivial. However, by adding perturbations
to Eq. (3), we can controllably generate a variety of terms
in the effective Hamiltonian. In order to show this, we
consider a modified detuning profile,

A(t)y=m Y 5(t—m7) + Ap(t), (5)

meEN

where A, (t + 27) = A,(t) denotes a 27-periodic devia-
tion from the pure echo. Moreover, we restrict to profiles
A,(t) = Ap(27 — t) symmetric around ¢ = 7, as con-
tributions to A, antisymmetric around 7 can always be
absorbed into a redefinition of the echo evolution U, (t).
Following Refs. [42, 58], we move to an interaction pic-
ture with respect to the time evolution U, () and perform
a high-frequency expansion [33], see Appendix A for de-
tails. Then, to leading order in the perturbation A,(t),
the effective Hamiltonian governing the stroboscopic time
evolution is given by

Al =~ [ N (6)

T
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Here, Ny(t) = e?Hot N e~iHot js the global number oper-
ator time-evolved under Ho. Using results from the the-
ory of prethermalization [59-63], in particular Ref. [58],
H s guaranteed to be the leading order expression
for an approximate, static Hamiltonian description of
the time evolution on a prethermal time scale t, 2
exp{C/ (7 B5ID)}, with A, ]| = (f; dt |A,(6)]%)""* the
two-norm of A, over one period of the drive and a con-
stant C' > 0, see Appendix A. Beyond this time scale the
system is expected to eventually thermalize to infinite
temperature. Here, our goal is to control the dynamics

for times smaller than ¢, via its dominant contribution
of Eq. (6).

B. Optimizing the detuning profile

The effective Hamiltonian A in Eq. (6) is a linear com-
bination of the time-evolved number operators Ny(t).
Under this evolution, the operator weight of N (t) grows,
producing multi-body interactions in #. In the follow-
ing, we develop a formalism for controlling such terms
through selection of suitable detuning profiles A,(t).
Specifically, our goal is to optimize the choice of Ap(%)
such that H is as close as possible to a desired tar-
get Hamiltonian T. Their distance can be quantified
most directly by the standard (Frobenius) two-norm
|7 — #[A,]|l, taking into account all matrix elements
between states in Hilbert space. However, in practice,
we often optimize H only with respect to a subset S of
all such matrix elements. Accordingly, the above two-
norm will be restricted to matrix elements in S, see Ap-
pendix F. For example, we may be interested in optimiz-
ing matrix elements of H between low-energy states of a
Hamiltonian we attempt to engineer. Further, reducing
the number of matrix elements renders the optimization
of H[A,] more tractable.

Then, we optimize the detuning profile by minimizing
the cost function

Crr (D) = [T =ABIP+ X417 (D

This cost function has two hyperparameters, the Floquet
period 7 and a regularization parameter A. The purpose
of regularization is to ensure the norm of the perturba-
tion remains small, while simultaneously attempting to
achieve the best approximation to the target Hamiltonian
T [64]. In particular, large values of ||A,| would intro-
duce higher order contributions to the effective Hamilto-
nian, and — crucially — eventually lead to a breakdown
of the prethermal regime of the Floquet system. Ulti-
mately, we will vary 7 and A in order to achieve the best
performance possible.

To perform the optimization, we transform it into a
linear-regression task. First, we discretize the problem
via small equidistant time steps t;—1,.. s, with t; = 0,

tpy = 7. Accordingly, we define the vector A, =



(Ap(t1), ..y Ap(tM))T € RM for the discretized detuning
profile. In addition, we adopt the notation Ny(t) € clsl
for the relevant subset of matrix elements, written as a
column vector of dimension |S|. Then, we can define an
|S| x M matrix Ng = (No(t1), ..., No(tar)) that acts as
a linear map from a detuning profile A, to an effective
Hamiltonian,

HA =T Ny A 0

Within this discretization, the solution of the least
squares minimization problem defined by Eq. (7) can be
given in closed form [65]. It reads

dt

-1
A, =A,\7,T)= —(NOTN0+TA 1) No'-T, (9)
—No' No No

and is linear in the target matrix elements T'. With the
discretized, time-evolved number operators in Ny as in-
put, Eq. (9) returns a detuning profile that optimizes the
matrix elements of the effective Hamiltonian subject to a
finite cost for large detuning perturbations. As the num-
ber of discretized steps M — oo (dt — 0) increases, the
optimized profile Ap converges to a continuous function
Ap(t). This property follows from the continuity of the
time-evolved operator J\Afo(t)7 see Appendix F. We note
that we may in principle also consider discrete contribu-
tions to Ap(t) in Eq. (6). However, for the remainder of
this work, we restrict our use of this possibility to sharp
detuning pulses of weight A/ at multiples of the period
27, which gives rise to a detuning contribution —QAT—OQN
to H, see Appendix A. To first order, the detuning in the
effective Hamiltonian H is thus freely adjustable.

In Sec. ITI we apply this optimization protocol to sev-
eral examples by evaluating Ny(t) = >, n;(t) numeri-
cally for small systems. Importantly however, due to the
locality of the operators 7;(t < 7), the presence of Lieb-
Robinson bounds ensures that our approach generalizes
to large systems and eventually converges in the thermo-
dynamic limit, see Appendix F.

C. Effect of Regularization

In order to gain intuition about the optimization proce-
dure, it is helpful to consider the singular value decompo-
sition (SVD) of the operator matrix Ng = WDVT. The
matrix W is an |S| x |S| unitary matrix, whose columns
form an orthonormal basis for the subspace of engineer-
able Hamiltonians in Eq.(8). In contrast, the matrix
V is an M X M real unitary matrix (see Appendix B),
whose columns form an orthonormal basis of detuning
profiles. Each detuning profile A;(t;) = V;; realizes the
effective Hamiltonian (H;); = W;; when applied. The
proportionality constant is given by the singular values
Dj, encoded by the diagonal matrix D. As such, the sin-
gular value associated with each profile/Hamiltonian pair

tells us about the efficiency of realizing the correspond-
ing interaction. Typically, we find that large singular val-
ues arise from smoothly varying profiles, which thus cor-
respond to ‘easy-to-engineer’ interactions. In constrast,
small singular values arise from rapidly oscillatory con-
tributions and thus represent interactions that are more
challenging to capture. We investigate this effect in more
detail in Appendix C.

Including the parameter A in Eq. (9) then amounts to
an effective cutoff on the profiles that contribute to the
optimization procedure. When D; < A, the contribution
of A; to the optimized solution Ap is suppressed. This
is physically intuitive: Profiles A; with small D; gener-
ate contributions to H with small efficiency, i.e., small
prefactor ~ D;. To make such contributions sizeable,
i.e., observable on accessible timescales, one must scale
up A, contrary to its role as a perturbation. This high-
lights a limitation inherent to our approach: Only target
operators T contained in the span of profiles with large
singular values can be engineered with both high fidelity
and appreciable prefactor. For target operators outside
this span, our regularization can be thought of as biasing
the effective Hamiltonian towards the closest efficiently
engineerable approximation.

It remains to choose the period 7 and the parameter A
that both enter the cost function Eq. (7). When the tar-
get matrix elements T include multi-body interactions,
small evolution times 7 are not sufficient to generate such
terms at appreciable weight in Ny(t) for ¢ < 7. On the
other hand, for very long times 7 the operator No(t) is
expected to scramble across an exponential number of
Pauli strings, thus strongly reducing the weight available
in particular terms of interest. Similarly, we can formal-
ize our intuition on the role of A presented above: For
small A, the optimized H is increasingly aligned with the
target direction T'. This results in a large value of the
quantity

(T, AIB,)
IS

where (-, ) denotes the operator inner product (with re-
spect to the matrix elements S, see Appendix F 1). How-
ever, small A also leads to large detuning perturbations,
and so the contribution of the desired target T' to H per
amount of perturbation ||A,|| is small, as quantified by

(& FUA,)
1T 1A

Hence, there is a tradeoff in the choice of A\, and we
prove in Appendix F that indeed 9 Q. (A, 7) < 0 and
O\Qa (A, 7) > 0 hold. Therefore, @, and @, quantify
the accuracy and efficiency of a given protocol respec-
tively, and give insight into the tradeoff between supress-
ing unwanted terms and achieving fast dynamics on early
time scales. In practice, we may then examine the quan-
tities of Egs. (10,11) for a range of values for A and 7 to
find suitable choices.

Q. \T1)= <1, (10)

Qa(\ 1) = (11)
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for each triangle of the Kagome geometry. Dimer mod-
els on bipartite lattices that preserve these close-packing
constraints map onto pure U(1) gauge theories [66]. Un-
der this equivalence, the occupation numbers n; = 0,1
map onto a spin-1/2-valued local electric field E; = 4+1/2;
thus giving rise to quantum link models [67-69]. Accord-
ingly, the constraints Eq. (12) correspond to local Gauss
laws, with G A/ generating U (1) gauge transformations.

Flipping a single qubit in a close-packed state creates
a pair of up- and downward pointing vacant triangles,
see Fig. 2 (a). In the language of gauge theory, these cor-
respond to positively and negatively charged matter ex-
citations, respectively. Introducing a local occupation
number pn/g € {0,1} for vacant triangles, the Gauss
laws in the presence of charged matter become

Gajg=1=parg— >, fi=0. (13)
IEAN/T

In the physical setup on the Kagome lattice, the pa /o
are not independent degrees of freedom, but entirely de-
termined by the electric fields ;. Per nearest-neighbor
blockade, the Gauss laws Eq. (13) are thus valid by con-
struction. In this approach of “integrating out the Gauss
laws”, gauge invariance need not be enforced explicitly.

V)

Ny, N

(

19112

Figure 2. Kagome lattice PXP model. a) We numeri-
cally study a PXP model on a Kagome lattice of 3 x 3 unit
cells. Each elementary triangle hosts at most one excited spin
(full circles) due to nearest neighbor blockade. Left: States
with maximum number of excited spins map to close-packed
dimer states on the honeycomb lattice, yielding a U(1) gauge
theory. Shown is a specific example [¢1). Right: Triangles
without excited spins are created in pairs and correspond to
charged matter excitations under this U(1) gauge field. The
depicted state |¢)2) contains a pair of charges. b) Dynami-
cal processes of increasing (off-diagonal) operator weight ~.

= 2 corresponds to hopping of charges, v = 6 to plaquette
terms that generate pure gauge field dynamics; v = 1 and
~v = 3 create/annihilate pairs of charges. ¢) Overlap of the
time evolved operator No(t) with the off-diagonal operators
illustrated in b). For intermediate times, No(t) develops sig-
nificant overlap with off-diagonal processes beyond single spin
flips.

However, to construct a sensible gauge theory, we gener-
ally demand that the charged matter excitations have a
finite energy gap. In particular, often it is interesting to
consider the limit in which the number >° 5 pa +> - py

of matter excitations, and thus also NV, is conserved.

One can directly realize this condition in the PXP
model at large static detuning, A(t) = A > Q. A
Schrieffer-Wolff transformation in the small parameter



/A leads to an effective Hamiltonian [14]

—E[s atic = —
tat IA
|A|=2
3 o 6 ) (14)
sy
T 32A° ZP< 0A71>P+ ’
[Al=6  “i=1
where each term is given to leading order. Note that

Eq. (14) is a perturbative description valid in a rotated
basis given by the Schrieffer-Wolff transformation. In the
original basis of n; = 0,1 spin states, the conservation of
N holds only approximately and deteriorates as the ra-
tio /A increases. The second term in Eq.(14) sums
over all strings of spin flips along connected paths A of
length |A| = 2 on the Kagome lattice. This process cor-
responds to a nearest neighbor hopping of charged mat-
ter excitations, see Fig. 2 (b). The third term in Eq. (14)
constitutes a six-body plaquette resonance as depicted
in Fig.2(b). This term is the analogue of a magnetic
term ~ B2 in the language of gauge theory and gener-
ates pure gauge field dynamics in the close-packed dimer
model without vacancies.

The lattice gauge theory Eq.(14) features dynamical
matter and gauge field degrees of freedom but features
several significant limitations. Specifically, magnetic pla-
quette terms occur at sixth order in ©Q/A. Thus, the
pure gauge dynamics is weak and possibly challenging
to observe on moderate time scales. Increasing the ratio
Q/A enhances such terms, but is detrimental to the ap-

proximate conservation of N and leads to a high density
of virtual charge excitations. Moreover, the dynamics of
charged matter excitations occurs already at second order
in Q/A and naturally dominates the six-body plaquette
terms. This limits tunability and precludes access to an
interesting strong coupling regime where gauge and mat-
ter field dynamics occur on comparable timescales. One
approach to overcome such limitations in analog setups
is to encode gauge and matter degrees of freedom sep-
arately in the hardware. Given sufficient local control,
such a ‘bottom-up’ approach to lattice gauge theories af-
fords more tunability, see e.g. [70-73], or [16, 74] for
recent proposals. At the same time, gauge invariance
needs to be enforced explicitly, for example via large en-
ergy penalties [75]. We emphasize that there also exists
a large body of work using digital approaches [21, 76]. In
what follows we present an alternative hardware efficient
route towards realization of these ideas.

B. Floquet protocol: Time-evolved operators

We now apply the Floquet framework introduced pre-
viously to the Kagome lattice PXP model. Concretely,
we work with a system of L x L = 3 x 3 unit cells contain-
ing 3L? sites and periodic boundary conditions, shown
in Fig. 2 (¢). The occupation number basis states are de-

noted as
[n) = |n1,...,ngr2), (15)

and N,, = ij n; is a short hand label for the number
of excited spins in |n). Before targeting a specific Hamil-
tonian engineering goal, we develop a more general intu-
ition on the capabilities of our approach in this setting.
For this purpose, we inspect the properties of the time
evolved operator Ny(t), the central ingredient in our con-
struction. Specifically, we are interested in the overlap
of No(t) with the most relevant, off-diagonal processes
of the gauge theory framework depicted in Fig. 2 (b).
They correspond to hopping of charge excitations and
six-body plaquette terms as present also in Eq. (14), as
well as single- and three-body spin flip terms that cre-
ate/annihilate pairs of charge excitations. These pro-
cesses can be captured via the off-diagonal operators

0,= % P(H a—gi)ﬁ. (16)

Al=y =1

In order to evaluate the contribution of these operators
to No(t) numerically, we restrict to the translationally
invariant zero momentum sector, spanned by the states

1 o
Ing) = N ZeZkIzJﬂknyx,y In) (17)
Z’y

for k = 0. Here, sz denotes the translation operator
by @,y unit cells and N is a normalization constant. Ac-
cordingly, the set of matrix elements between all £k = 0
basis states is given by

S = {(Ink=0) , Ink=0))}- (18)

Within this set of matrix elements, we subsequently com-
pute the overlap

1

M (No(t)’07)7 (19)

with the normalization constant N, = OAW ||2

The result of Eq.(19) for the 3 x 3 Kagome system
is depicted in Fig.2(c). At very early times Qt < 1,
the overlaps grow as (No(t),0,) ~ 7 as expected from

a small time expansion of No(t). Beyond perturbative
times, the overlaps display oscillatory behavior, with a
period of oscillation that increases with the weight v of
the corresponding operator. Thus, intuitively, evolution
to later times is required for Ny(t) to acquire apprecia-
ble overlap with larger weight operators. At the same
time, the maxima of the overlap decrease for increasing
~v. This agrees with the intuition that Ny(t) starts to
scramble across many different operators at late times
Qt > 1, such that overlaps with particular operators of
interest become smaller. As a consequence, overlap with
operators of very large weight is necessarily small at all
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N = L?, which our effective Hamiltonian should pre-
serve. For this purpose, on top of the continuous de-
tuning A, (t) derived below, we add a discrete detuning
perturbation of strength A/ at multiples of t =
This gives rise to a detuning fiel 2 % V
Hamiltonian that stabilizes global Rydberg number, see
Appendix A. For concreteness, we fix Ay/Q = 0.7 in the
following.

We then use the optimized continuous part A,(t) of
the detuning profile to construct the six-body plaquette
terms. We are mainly interested in the sector of max-
imum Rydberg occupation number N = L2, and thus
restrict our optimization to matrix elements within this
sector, as well as matrix elements between this sector and
states with occupation number N = L?2—1. Moreover, we
again work in the translationally invariant sector of zero
momentum states. Thus, we define the set of relevant
matrix elements to optimize over as

S = {(Ink=0) . Inh=0)) : Nuw + N > 202 — 1}, (20)

Our target operator within this set of matrix elements is
given by

T = g0y, (21)

with prefactor g. Here, we fix a small g/Q = 0.012 to
keep deviations from number conservation small. Tak-
ing Eq. (20) and Eq. (21) together, our approach targets
six-body processes within the N = L? sector while si-
multaneously minimizing all matrix elements connecting
it to the sector with N = L? — 1. An illustration of
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Figure 3. Engineering six-body terms. a) We optimize
the effective Hamiltonian in the £ = 0 momentum sector with
respect to the matrix elements S of Eq.(20). Within the
subspace of dimer states with N = L? excited spins, we op-
timize towards six-body plaquette terms while minimizing all
number-changing matrix elements. b) The optimization is
carried out for different values of the Floquet period 7 and
the detuning cost A. We fix values (marked with a green star)
where both the alignment with the target matrix elements
Q«(\, 1), as well as the target strength per amount of de-
tuning Qa (A, 7) for the corresponding effective Hamiltonian
are large. c¢) The resulting, optimized detuning profile for
Qr = 6, A = 0.1. d) Time evolution of the Rydberg num-
ber density n(t), starting from |¢1) (red) and |1)2) (blue), see
Fig.2(a). Under A,(t) of ¢) and discrete pulses described in
the main text, number conservation is strongly broken in the
micromotion (see inset), but highly accurate at multiples of
the stroboscopic time 207 = 12, in agreement with dynamics
under the effective Hamiltonian #. e) Dynamics of the vari-
ance (AV(t))? of next-nearest-neighbor excitations, Eq. (23).
Oscillations in (AV/(#))? for |41) (red) mark the onset of pla-
quette dynamics, while [i2) (blue) includes the dynamics of
charged matter excitations.

the matrix elements S and the desired target operator is
given in Fig. 3 (a).

We now determine A, (¢) by minimizing the cost func-
tion Cy +(T) of Eq. (7). To choose the period 7 as well
as the detuning cost parameter A\, we perform this opti-
mization for multiple values of A\, 7 and plot the quan-
tities Q¢ (A, 7) and Qa (A, 7) defined in Egs. (10,11) in
Fig.3(b). They quantify the alignment of the result-
ing effective Hamiltonian with the target direction along
T and the strength of the effective Hamiltonian along
the target direction per amount of detuning perturba-
tion, respectively. Based on the result of Fig. 3 (b), we
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Starting from the translationally invariant version of the
dimer initial state [11), ((AV(0))?) = 0. As the state
turns into a superposition of dimer states with different
values of V, ((AV/(t))?) starts to increase on the time
scale at which effective plaquette terms occur. Fig. 3 (e)
demonstrates oscillating dynamics of ((AV(t))?), with
good agreement between the driven time evolution and
dynamics under H. Simultaneously, the excitation num-
ber density remains very high, n(t) 2 0.33, demonstrat-
ing that the increasing variance ((AV(£))2) is indeed due
to the formation of superpositions in the subspace of
dimer states. Moreover, we consider dynamics for the
initial state |1)9) containing a pair of charged matter ex-
citations. Again, we find a high quality of approximate
number conservation and excellent agreement between
driven evolution and the dynamics of H. Non-trivial dy-
namics of ((AV/(t))?) occurs on timescales similar to the
dimer initial state. .

Although our approach suppresses terms in H that do
not commute with N, they generally remain non-zero. To
verify that dynamics of H in the fully-packed manifold is
indeed dominated by six-body interactions, we consider
a modified version of the effective Hamiltonian (in the
k = 0 sector):

1—v, - N

mp N e

Hv)=vH +

H(v) rescales the part of H orthogonal to N by a factor
v. To analyze the effect of this rescaling on the dynamics
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Figure 4. Engineering three-body terms. a) Optimiza-
tion of # in the k£ = 0 momentum sector with respect to the
matrix elements S of Eq. (25). Within the subspace of states
with N = L? or N = L? — 1 excited spins, we optimize to-
wards three-body number-changing terms, two-body hopping
processes for charged matter excitations, and a detuning con-
tribution. b) Optimization across different values of period
7 and detuning cost A\. We fix values marked with a green
star, where both Q«(\, 7) and Qa (X, 7) (see Egs. (10,11)) are
large. Due to optimization for lower-weight terms compared
to Fig. 3, smaller periods 7 are sufficient. ¢) Optimized de-
tuning profile for Qr = 2, A = 1.5. d) Time evolution of
the density n(t) starting from [¢1) and [¢2) (see Fig.2 (a)).
Stroboscopic number conservation remains robust, and agree-
ment with effective Hamiltonian dynamics remains accurate
at early times. Inset: Micromotion of the density in between
stroboscopic times. e) The variance (AV(t))? shows non-
trivial dynamics for both [¢1) (red) and |¢2) (blue) already
on intermediate timescales, indicating the presence of strong
effective six-body dynamics induced by three-body interac-
tions.

of ((AV/(t))2), starting from |t1), we consider the fre-
qUENCY Wiax = maxw¢0|}"[((AV(t))2>](w)| at which the
Fourier transform F[((AV(t))2)](w) of the time-evolved
variance is maximal. For dominant six-body terms, we
expect a linear relation wpmax ~ v upon rescaling, and
our numerics are consistent with this expectation as
shown in Fig.5(b). This further becomes manifest in
a linear scaling collapse of the early time dynamics of
((AV(1))?), Fig.5(c). At the same time, the long-time
average n(t) of the density remains near its maximum
value, see Fig. 5 (a). By contrast, applying an analogous
rescaling to a PXP model at static detuning results in
a sixth-order relation wmax ~ v® and leads to a rapidly
changing average density n(t), see Fig.5 (a,b).
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D. Floquet protocol for thr

In this section, we follow a differe
fective plaquette terms: Instead of _
interactions directly, we engineer an effective Hamilto-
nian in which the pure gauge field dynamics is predomi-
nantly generated via second-order perturbative processes
from three-body terms. As in the previous example, we
employ a discrete pulse at multiples of ‘the period 27 to

Hamiltonian, fixing Ag/Q = 1.0 in the following.

For the optimization of the continuous part of the de-
tuning profile, we take into account all matrix elements
between k = 0 states with either N = L? or N = L% — 1,
ie.,

S = {(\nk:()) Jnh—o)) : Ny, Ny > L2 — 1}. (25)

We now define our target operator within this set of ma-
trix elements as

T = —AN + g3 OA»y:S + 95 OA'\/ZQ; (26)

where we set A/Q = 0.22, g3/ = —go/Q = 0.055.
Hence, T gives an additional contribution to the detuning
and balances the two- and three-body terms correspond-
ing to the processes shown in Fig. 2 (b). Crucially, T does
not contain single-body spin flip terms. We illustrate the
matrix elements and target operator entering our opti-
mization scheme in Fig. 4 (a). Next, we perform the opti-
mization and evaluate the quantities Q (A, 7), Qa (A, 7)
for multiple values of A, 7 in Fig. 4 (b). Both are found to
be large for Q7 = 2.0, A = 1.5. The optimized detuning
profile corresponding to these parameter values is shown
in Fig.4 (¢). The chosen Floquet period is significantly
shorter compared to the previous section, a consequence
of optimizing for operators with smaller weight. More-
over, Fig. 4 (b) shows that H is well-aligned with the tar-
get direction along 7', Q¢(\ = 1.5, Q7 = 2.0) ~ 0.9.
With A, () fixed, we show the dynamics from the state
1) under H(t) in Fig. 4 (d). At stroboscopic times, the
approximate conservation law is less pronounced com-
pared to the previous section, but n(t) 2 0.31 remains
very high, consistent with evolution under 7. This ob-
servation extends to the variance (AV(t))? of Eq.(23),
which exhibits oscillations, and thus non-trivial gauge
field dynamics, already on the times Qt < 20 shown in
Fig.4 (e). Dynamics from the state [¢)2) with a pair of
charged matter excitations occurs on similar time scales.
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Figure 5. Effective Hamiltonian dynamics. Dynamics of
dimer state [¢1) under H(v) of Eq.(24), which rescales the
all terms in 7 orthogonal to N by a factor v. a) Long-time
average n(t) of the density as a function of v for the six-body
protocol outlined in Sec. 111 C (blue), the three-body protocol
of Sec. IIID (red), and a static PXP model at A/ = 2.0
(yellow). b) Dominant frequency wmax in the dynamics of the
variance (AV/(t))2. The observed scalings wmax ~ v, 1%, 1/°
are consistent with dominant six-body, three-body and single-
body terms, respectively. ¢)+d) Scaling collapse of early time
dynamics of (AV (t))? for six- and three-body protocols.

As in the previous section, we want to verify that the
gauge field dynamics of H is indeed dominated by low-
order perturbative processes. For this purpose, we con-
sider the rescaling of all terms orthogonal to N as in
Eq. (24). Accordingly, for strong second-order processes,
we see the dominant oscillation frequency wmax of the
variance (AV(t))? scale approximately as wmax ~ V2,
Fig.5(b). This relation becomes manifest in the early
time dynamics of (AV( ))? upon rescaling the time axis
with the factor v2. We further see in Fig. 5 (a) that the
long time average n(t) varies more strongly with v com-
pared to the six-body case of the previous section, but
remains well above the static PXP case despite orders-
of-magnitude more efficient gauge field dynamics.

Finally, we point out the general tradeoff between ac-
curacy and efficiency of implementing the targeted dy-
namics in Fig.5: As the strength v in Eq. (24) becomes
stronger, terms that were not optimized for are scaled up
as well. Thus, while dynamics becomes faster, Fig. 5 (b),
its accuracy decreases as shown for example in the de-
creasing quality of number conservation in the six-body
protocol, Fig. 5 (a), which was initially optimized for ideal
number conservation. In addition, there may be pro-
cesses besides those specifically targeted that contribute
to the gauge field dynamics, such as third order processes.
We leave as an interesting open question whether an even
better tradeoff between accuracy and efficiency for real-
izing pure gauge field dynamics can be constructed by
specifically targeting such processes as well.

E. Interplay of gauge and matter dynamics

We next investigate the physical consequences of the
strong plaquette interactions generated via our Floquet
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Figure 6. Local quantum dynamics. a)-c) (left panels) We characterize the time evolution of local observables for a
constant static detuning Astatic/2 = 2.0 and the Floquet protocols of Sec. IIIC and Sec. IIID. In the static setting a), the
autocorrelation C(t) (see Eq. (27)) of local densities exhibits a large separation of timescales between the fully packed dimer
initial state |¢1) and the initial state |i2) containing a pair of charge excitations. In contrast, the autocorrelation function of
both initial states decays on similar timescales in our Floquet protocols b)+c), indicating comparable coupling strengths of
pure gauge and matter dynamics. a)-c) (right panels) Time evolution of the strongest plaquette resonance max, | (X ), | in
the system (see Eq.(28)). For the dimer initial state |¢1), signifcant resonances eventually develop in all protocols. For |¢2),
the resonances are lost due to dominant matter hopping processes in the static case a), but persist in the strongly coupled
Floquet schemes of b) and c). d)-f) Site-resolved dynamics of densities and plaquette expectation values in the protocols of
a)-c), respectively. The thickness of the bonds indicates the local Rydberg density (7;), the area of the blue hexagons the
local plaquette resonance expectation value | (X,)|. In the static protocol d), the local densities show a strong memory of the
dimer initial state |¢1), while the state |1)2) rapidly becomes homogeneous due to dominant matter dynamics. In contrast,
in the Floquet approaches e) and f), both states become homogeneous on roughly similar time scales and develop plaquette
resonances even in the presence of matter excitations. The protocol shown in f) achieves this on relatively short time scales.
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approach. In particular, we are interested in the interplay
between dynamical gauge and matter degrees of freedom
in this strong coupling regime. For this purpose, we first
examine the local relaxation dynamics starting from the
non-translationally invariant versions (in contrast to the
previous sections) of occupation number initial states |1).
To quantify their relaxation, we consider the autocorre-
lation function

Oult) = 5 D L@l )1e) = (), ] (i), - (27)
Here, (f2;),, = (¢¥|Rs[), and <7A%>N¢ denotes the average
of f; over the ensemble of all product states |n) with
total occupation number N, = Ny equal to the initial
state. In a thermalizing system at high temperature but
with number conservation, we expect Cy(t — 00) =0 at
long times. We show Cly(t) starting from [i1) and |t2)
containing no charge excitations and a pair of charges,
respectively, in Fig. 6 (a-c). Crucially, we observe that
while a static approach leads to a large separation of
timescales in the decay of Cy, (t) and Cy,(t) (Fig.6 (a)),
both initial states relax on comparable times in the Flo-
quet protocols introduced in Sec. IITC and Sec. IIID
(Fig. 6 (b-c)). The more oscillatory character of Cy, (t)
compared to Cy,(t) is likely due to the smaller Hilbert
space of fully packed dimer states, and thus a finite size

effect. In Appendix E, we further show that computa-
tional basis snapshot measurements provide a qualitative
view into the mechanism by which gauge field dynamics
is generated in each protocol.

For initial states containing matter excitations, the
balance between gauge and matter field couplings results
in a dynamical competition that can be diagnosed by the
local plaquette operators

. = 5% 5Y 5Y 5Y 5Y 5Y
XP =0p19p29p39psTp5Tps-

(28)

We note that X p is different from the operators OAAY:G ap-
pearing in the effective Hamiltonian. In particular, the
presence of O, in H will generate a large expectation

value of Xp for plaquettes initially in a flippable product
state configuration. By evaluating the strongest plaque-
tte resonance in the system, max, | (X,,) (¢)|, we show in
Fig.6 (a-c) (right panels) that this is indeed the case in
the dynamics from the fully packed dimer initial state
|t)1). However, starting from the state |t3) with matter
excitations, no such plaquette resonances build up for
quenches under a static detuning, Fig. 6 (a). This is due
to charge hopping dynamics dominating the weak pure
gauge interactions. In contrast, starting from [|¢2) in
our Floquet protocols, Fig. 6 (b,c) demonstrate that sig-
nificant plaquette resonances still appear at early times
before eventual relaxation to a homogenous state. This



picture is further substantiated by the real-space resolved
dynamics of the local densities 7; and plaquette reso-
nances X,, displayed in Fig. 6 (d-f). In the static setting,
Fig. 6 (d), |11 (¢)) exhibits a strong memory of the initial
state |11) at times where [¢)2(¢)) quickly relaxes to a ho-
mogenous distribution of (7;). |¢2(t)) does not feature
significant plaquette resonances (X,) at any location in
the system. In the Floquet approach, Fig. 6 (e,f), |11 (¢))
develops strong resonances for plaquettes initially in a
flippable configuration and reaches a homogenous distri-
bution of (7;) at similar times as |¢5(t)), see in particu-
lar Fig. 6 (f). |¢2(t)) still develops significant resonances
<Xp> at plaquettes initally in a flippable configuration,
demonstrating the competition between gauge and mat-
ter dynamics.

IV. PROSPECTS FOR EXPERIMENTAL
REALIZATIONS

The scheme developed in our work relies on relatively
simple control provided by a global detuning field, which
is readily available in state-of-the-art Rydberg quantum
simulators. In addition, we have identified promising
protocols, such as the three-body scheme investigated in
Sec. III D, which display non-trivial gauge field dynam-
ics already at times of a few decades in units of 1/Q.
Assuming a Rabi frequency of 2 = 27 x 3.0MHz and a
coherence time of 7. = 1us, these interactions, as well as
their interplay with dynamical matter degrees of freedom,
are accessible with present-day hardware. Moreover, as
pointed out in Secs. IT C,III D, our approach exhibits a
tradeoff between supressing unwanted terms and generat-
ing fast dynamics, such that the targeted processes may
be enhanced to even earlier times by partially relaxing
the high quality of Rydberg number conservation. A
more detailed analysis of the effects of noise and other
experimental imperfections on our Floquet protocol, in
particular for potential heating, is left for future work.

In addition, while we consider a nearest-neighbor
blockaded PXP-setup throughout most of this work, a
significant aspect of realistic hardware is the presence of
long-range tails in the van-der-Waals interactions of the
Rydberg Hamiltonian Hgryq,

Hgya(t) = B ZUi — AN + Viaw

. o R\°.
Veaw = Z‘/ij iy = ZQ(#’) ning,
ij

(2] 1,9

(29)

where R; denotes the blockade radius. When contribu-
tions to Vygw from sites 7, j with r;; > Ry are sufficiently
small, such long-range terms can be incoporated as addi-
tional interactions (conjugated by PXP-evolution) in our
formulation of the effective Hamiltonian. They can fur-
thermore be partially counteracted with a constant mean
field shift of the global detuning [7]. However, while con-
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tributions from long-range tails may be reduced by low-
ering the blockade radius Ry, this also leads to a decrease
of the energy penalty for nearest-neighbor blockade vio-
lations, which constitute another source of perturbation
to our scheme. Thus, upon tuning Ry, there is a trade-
off in the severity of long-range tails and blockade viola~
tions, and both must be considered jointly in a realistic
treatment of our approach for experimental setups. We
further emphasize that these perturbations depend on
the geometry of the setup and we generally expect them
to be smaller in one dimension and on two-dimensional
lattices with a small ratio of nearest- to next-nearest-
neighbor distances [7]. This suggests that the hexagonal
lattice and the Kagome geometry considered in this work
are good candidates for two-dimensional realizations.

Finally, although we previously considered infinitely
sharp detuning pulses, we should use finite-width pulses
in experimental settings. Small deviations from the ide-
alized delta-shape can again be straightforwardly incor-
porated as contributions to the effective Hamiltonian in
our approach, and will depend both on the location and
precise shape of the pulses. A realistic pulse duration for
experimental realizations ranges around Tpuse = 20ns.
With the above Rabi frequency, Q7puse =~ 0.4, and the
pulse width does account for a sizeable fraction of the
Floquet period 227 = 4.0 chosen in our three-body
protocol. This suggests that the broadened pulses will
contribute substantially to the resulting effective Hamil-
tonian. However, strong contributions from broadened
pulses do not per se run counter to our approach: For
pulses at even multiples 2m7 of the pulse period 7, devi-
ations from a delta-shape primarily induce contributions
to the effective Hamiltonian from Ny(¢) within a pulse-
width of time zero. Per Fig. 2 (c), NO(O <t < Tpulse/2)
is dominated by the number operator N , leading to an
effective detuning contribution that is desirable in our
approach, as it enforces Rydberg number conservation.
Moreover, for the three-body protocol with Qr = 2.0,
broadened pulses at odd multiples (2m + 1)7 of 7 yield
contributions of the operators NQ(T — Tpulse/2 < t < T)
to # . Fig.2(c) shows that such terms are associated
with sizeable three- and two-body interactions but only
small single spin-flip contributions; they can thus be used
to realize the strong three-body dynamics targeted in
Sec. ITII D. Therefore, we may partially view these exper-
imental demands as additional restrictions on the echo-
perturbing detuning profiles A,(¢t) that can be imple-
mented in practice. Integrating these experimental re-
strictions into our optimization procedure is an impor-
tant avenue for future work. In addition, we note that a
finite pulse duration may further be helpful to prevent an
abundance of blockade violations, as sharp pulses contain
high-frequency components that may resonantly couple
to blockade-violating states. A more detailed analysis
that combines our approach with Hgyq of Eq.(29) be-
yond the approximation of a blockaded Hilbert space and
with the full set of experimental constraints on the time-



dependent detuning A(t) is left for future work.

V. DISCUSSION & OUTLOOK

We have introduced and analyzed a new method for re-
alizing dynamical gauge theories with strong multi-body
interactions in periodically driven systems with nearest-
neighbor Rydberg blockade. The key ingredient is a
many-body echo realized upon applying a simple global
detuning pulse. The micromotion between pulses is then
used a resource for operator spreading, which contributes
tunable multi-body interactions to an effective Hamilto-
nian. The latter can be steered towards a given target
upon selecting suitable perturbations around the ideal
echo point. Using this approach, we constructed effective
Hamiltonians of a two-dimensional U(1) lattice gauge
theory and demonstrated access to previously unexplored
regimes. In particular, this allows us to combine a high
quality of particle number conservation with strong six-
body magnetic plaquette terms on par with two-body
particle hopping processes, a constellation that is other-
wise challenging to realize in analog simulation.

Our approach builds on a number of key concepts in
the field of quantum many-body dynamics, such as Flo-
quet engineering, operator spreading, or prethermaliza-
tion, and exhibits connections to quantum many-body
scars and discrete time crystals [42, 77-79]. On the one
hand, it yields new insights on the dynamics of period-
ically driven many-body systems far from equilibrium.
On the other, it combines these concepts to create a new
quantum simulation tool that extends the capabilities of
systems with Rydberg blockade interactions and enables
experimental applications.

Our results can be extended along several promising
directions. In particular, the many-body echo considered
here is only one of (infinitely) many possible approaches.
We recall that Eq. (6) considers only profiles A, (t) sym-
metric around ¢ = 7. Contributions to A,(t) that are an-
tisymmetric around T may be absorbed into a new echo
evolution U/ (t), leading to differently time-evolved oper-
ators in H upon introducing perturbations. In addition,
the timing of m-pulses as in Fig. 1 (b) may be shifted, giv-
ing rise to effective models H ~ [T odt A, (t)No(t) with

No (t) evaluated at negative times. Moreover, larger sys-
tem sizes and longer evolution times may be analyzed
by combining our approach with tensor network meth-
ods [80-83] to compute the time-evolved local operators
7;(t), for example as matrix product operators. Further-
more, we note that our scheme applies equally to systems
with Rydberg blockade beyond nearest neighbors and
systems with site-dependent detuning fields [84], which
allows for the simulation of lattice gauge theories beyond
the example studied in this work.

While we focused on nonequilibrium dynamics of the
resulting effective Hamiltonian for high-energy initial
states, future work may address ground state properties
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or exotic low-energy dynamics of models that can arise
in our Floquet protocol [85, 86]. In particular, it would
be interesting to determine the presence of ground state
phases that are stabilized by multi-body ring-exchange
terms, such as plaquette valence bond solids [87] or even
topological spin liquid phases [6, 14, 88, 89]. A related
question concerns the preparation of low energy states of
the effective Hamiltonian, potentially by exploring con-
nections to counterdiabatic driving schemes [90-92]. In
addition, our protocol unlocks the simulation of block-
aded systems with conserved Rydberg number more gen-
erally. In Ref. [45] we show that this allows for probing
gapless phases of matter and the construction of Hamilto-
nians that generate multi-partite entanglement starting
from simple product initial states.

Finally, we note that our method involving the pertur-
bation around periodically reviving many-body trajecto-
ries can be applied to other experimental systems beyond
Rydberg atom arrays. Time-periodic many-body dynam-
ics is commonly employed in dipolar-interacting quantum
systems [46-50], and can be implemented, for instance,
in neutral atoms in optical lattices and cavities [93, 94],
in trapped ions [95, 96], or digitally in superconduct-
ing devices [97-99]. Furthermore, state-dependent peri-
odic revivals occur in systems with quantum-many body
scars [1, 7]. Devising Hamiltonian engineering protocols
for such systems, analogous to the present work, is a
promising direction for future work.
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Appendix A: Derivation and applicability of
effective Hamiltonian

We present the derivation of the effective Hamiltonian
of Eq. (6), largely following the works of Refs. [42, 58].
Our starting point is the many-body echo described in
Sec. IT A, consisting of evolution under Hy together with
periodic detuning pulses A(t) =7 ) -\ d(t —m7). We
denote the Hamiltonian generating this echo evolution as

H(t) = Ho— 7N > _ 6(t — mr),

meN

(A1)

such that the full time-dependent Hamiltonian is given
by
H(t) = B(5) - A, (ON, (A2)

with the detuning perturbation A,(t). The uni-
tary generated by H,(t) is denoted as U.(t) =
T exp(—i fg dt'H.(t')) and is explicitly given by
U(0<t<T)= e~ itHo

0@(7_ <t< 27_) _ efi(tfr)f{gefiﬂ]\?efi-rﬁo

Ue(27) = i

(A3)

—mNe—ZTHUe—zTrNe—zTHO = 1.

By definition, the 7w-pulses are applied infinitesimally
prior to the times mr, with m € N.

We now switch to an interaction plcture Wlth respect to
U.(t), in which states evolve as lYr(t)) = Ul(t)|w(t)) and
operators as Aj(t) = Ul(t)A(t)U,(t). In this interaction
picture, the time evolution of |¢;(t)) is readily shown to
be generated by the Schrédinger equation

Oe [ (t)) = A, () Ne(t) [ux (1)) ,

which s formally solved by

T exp (i fo dt' Ap(t") Ny (t )) |41(0)).

use of the echo property U@(2m7) =1 for m € N, which
implies that |¢r(2m7)) [(2mT)), i.e., interaction
picture and Schrodinger picture coincide at multiples of
27. Furthermore, Ni(t + 27) = Ni(t) is 27-periodic. As
a consequence, the evolution at stroboscopic times in
the Schrédinger picture is given by

[w(2mr)) = (UF)™ [¥(0)),

Up =T exp (2/02 dt Ap(t)NI(t)>.

We may now perform a high frequency expansion of the
Floquet system defined by Eq. (A5), provided that the
frequency of the periodic drive is fast compared to the
natural time scale of the detuning perturbation, ||A,| <
1/7. To leading order in A, (t), Ur = exp(—i27H), with
the effective Hamiltonian

(A4)
(@) =

We now make

(A5)

2T

1 ~
H=—o [ dEA M),

T Jo

(A6)
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given by the time average of A,(t)Ni(t) over one period

of the drive. Using the form of U,.(t) in Eq.(A3), the
number operator in the interaction picture is given by

N 0<t< — itHoN —itHQ — N t

i0 <t <) =eToNe o(t) (A7)

Ni(r <t <27) = No(21 — t).
Inserting  into ( 6) and using  that
[2Tdt A, No(2r — 1) = [T dt A2 — t)No(t), we
obtain

H=— / b [Ap(t) + A (27 — t)}NO(t). (A8)

2T

We thus see that # picks up contributions proportional to
No(t) from both forward and backward evolution of the
many-body echo. Finally, assuming symmetry of A,(t)
around ¢ = 7 leads to Eq. (6) of the main text.

We note that according to Ref. [58], the prethermal
timescale t, on which dynamics is approximately de-
scribed by a local Hamiltonian is bounded by ¢, 2
exp{C/ [ dt|A,(t)[}, ie., by the one-norm of A,(t)
(C > 0is an O(1) constant). However, using Cauchy-
Schwarz, [ dt|A,(t)] < ([ dtT|Ap(t)|2)1/2, and we may
thus also use the two-norm of A,(¢) to bound ¢.. While
this provides a less optimal bound, the two-norm is a
convenient ingredient in the optimization scheme for the
detuning profile described in Sec. 11 B. Nonetheless, the
one-norm in principle also allows for discrete perturba-
tions around the many-body echo, i.e., detuning pertur-
bations of the form

Agt) =) %5@ —t).

J

(A9)

The corresponding contribution Hy4 to the effective
Hamiltonian is given by

N N A
Hd:— Z ﬁNO(tj)_ Z o0 QN()(QT—T,>

T<t; <271

(A10)
Timed pulses thus allow to extract contributions of
N()( /) at specific instances ¢;. In this work, we only use
this poss1b1hty for adding a dlscrete pulse of strength Ag
at times ¢ = 27m, which accordingly enters the effective
Hamiltonian #H as a static detuning field, Hg = —QAT—(;ZN .
We note that this corresponds to changing the weight of
the m-pulses that are already applied at times 27m as
part of the echo protocol, Eq. (A1l).

Appendix B: Time-evolved operators: Matrix
elements

We consider the time-evolved operator No(t) entering
the expression for the effective Hamiltonian in Eq. (6).
Let |n), |n’) be two occupation number product states
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Figure 7. Singular value decomposition. a) The 14 largest singular values D; of the matrix Ny (see text) for a period
Qr = 3.0, evaluated for time step 2dt = 0.1 and Qdt = 0.01. The singular values scale as D; ~ 1/\/@ b) Selected detuning

profiles A,(t) associated to the singular values in a).
more rapidly in time.

containing N,, and N, excitations, respectively. Using
the anticommutation {[], 67 ,Hy} = 0 of the parity op-

erator with the PXP Hamiltonian HO, we obtain

(n'|No(t)|n) =

= (n| (H &f)QemﬂtNemﬂt(]:[ &f)2n> -

= (=)Mot (] (H &f) ¢iflot fyeiflot <H &f) n) =
(_1)N7,,+N”/ <n/|e—iﬁ0t]\7€iﬁot|n> —

(=1 (/| No () |m) =
(1NN (| Rt )

(B1)

The last equality in Eq. (B1) follows from the fact that
the matrix elements of Hy are real. Due to Eq. (B1), ma-
trix elements of the (leading order) effective Hamiltonian
between basis states whose Rydberg excitation numbers
differ by an even/odd integer are purely real/imaginary.
Furthermore, due to Rydberg blockade, for nearest neigh-
bor sites ¢, j we have

(B2)

Consequently, offdiagonal contributions to the effective
Hamiltonian in which spins are flipped along connected
paths A of length |A| = ~ can be written purely in
terms of 67 operators. This leads to the operators (A)nY

of Eq. (16).

Using the result of Eq.(B1), we can now show that
the matrix Ny Ny used in the optimization of Eq. (9) is
real (and thus symmetric, since hermiticity is manifest).

N is thus a

As the magnitude of singular values becomes smaller, A, (t) oscillates

Specifically,
(No'Noi j = TT[Ng(t‘)NO(t')] =
=" (nIN§ () |n) (0| No(t;)In) =

n,n’

fz (' [No(t3)|m)) " (| Mo (t) ) =
—Z | Ro(ta) ) (/| Ro(t;)ln))" = (NoNo); ;-
" (B3)

To go from the third to the fourth line in Eq. (B3) we
have used Eq. (B1) twice. Moreover, since the eigenval-
ues of %T% are given by the squared magnitudes of the
singular values of Ny, it follows that MT& is positive

semidefinite. As %T& is real and symmetric, its eigen-
vectors can always be chosen real. Equivalently, the ma-
trix V in the singular value decomposition Ny = WAV
(whose columns correspond to discretized detuning pro-
files) can be chosen real.

Appendix C: Time-evolved operators: Singular value
decomposition

In this appendix, we provide additional details on the
singular value decomposition Ny = WDV of the matrix
N(] = (No(tl),...,No(tM), where t1 = 0, tM = 7. For
concreteness, we fix a period Q7 = 3.0 and a subspace of
relevant matrix elements as in Sec. 111D,

S = {(|nk:0> y |n§€:0>) : N»,“Nn/ 2 L2 - 1} (Cl)
|S| x M matrix, where M = 7/dt is inversely
proportional to the time step dt = t;11 — t;. We sub-
sequently evaluate the SVD for a discretized time step
Qdt = 0.1, as well as for Qdt = 0.01. The number of
columns in Ny increases linearly in 1/dt, and the result-

ing singular values thus scale as D; ~ 1/ Vdt, as con-
firmed numerically in Fig.7 (a). In Fig. 7 (b) we display



the detuning profiles, i.e., the columns of the matrix V,
associated with the corresponding singular values. We
observe that as the magnitude D; of the singular val-
ues decreases, the associated profiles exhibit increasingly
rapid oscillations. This is in accordance with our physical
expectation: The time-evolved operator Ny(t) varies on
a characteristic time scale set by the Rabi frequency 2 of
the underlying PXP model. Detuning profiles oscillating
at frequencies much higher than Q predominantly lead
to destructive interference, resulting in a small prefactor
(and thus singular value) of the engineered interaction
term. As such, a highly precise implementation of Hamil-
tonians that require large amounts of descructive interfer-
ence is difficult, while ‘easy’ Hamiltonians rely primarily
on constructive interference.

Appendix D: Spectral properties of effective
Hamiltonian

In the main text, we have explored different avenues
to verify that the dynamics of the effective Hamiltonian
(as well as the stroboscopic Floquet evolution) is domi-
nated by the engineered interaction terms. This includes
dynamics under rescaling of the offdiagonal part of H
as well as analyzing occupation number snapshots from
specific initial states. Here, we show that related insights
can be gained from analyzing the spectrum of H.

We first consider the eigenstates in the £ = 0 momen-
tum sector of the static PXP Hamiltonian at constant
detuning A/Q = 3 in Fig.8(a). We resolve the eigen-
states with respect to their energy and global Rydberg
number expectation value. As expected, the spectrum
decomposes into sectors of approximately constant occu-
pation numbers N. In addition, the energy bandwidths
AFEpN of the individual number sectors are inverse re-
lated to their characteristic timescale of dynamics. In
particular, zooming in on the N = L? and N = L2 — 1
sectors, the large separation of timescales between gauge
fields and charge excitations, previously observed in real
time dynamics, translates into AE;: < AFEr2_q. Fi-
nally, we observe that the bands are tilted in the £ — N
plane of eigenstate energy and number expectation value.
This tilt is a direct consequence of the fact that dynam-
ics within a given number sector is induced perturba-
tively in Q/A via processes that change the global oc-
cupation number. Formally, the effective Hamiltonian
of Eq. (14) at large static detuning is valid in a dressed
basis, H = USWHstatlcUswa where USW is a Schrieffer-
Wolff basis transformation that is perturbative in /A
and number-changing.

In comparison, Fig. 8 (b) shows the spectrum of the ef-
fective Hamiltonian associated to the protocol of Sec I11 C
targeting six-body terms. Again, we find clearly sep-
arated, approximately number-conserving sectors. The
bandwidths AF;: < AFEp2_; are of more similar
strengths. The most striking difference to Fig. 8 (a) is the
absence of a tilt of the bands in the £ — N plane. This
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is indicative of direct matrix elements (instead of per-
turbatively generated processes) that lift the degeneracy
between states of equal global occupation number. For
the protocol of Sec II1 D that targets three-body interac-
tions, see Fig.8(c), a tilt in the E — N plane is present
only for the fully packed sector with N = L? excitations.
This agrees with our expectation that only pure gauge
dynamics requires a perturbative process.

Appendix E: Multi-body dynamics in snapshot
sampling

In the main text, we have verified the presence of
strong plaquette terms in our Floquet protocols. In addi-
tion, we want to infer from local observables the mecha-
nism by which they are engineered. For this purpose, we
consider snapshots of a time-evolved dimer initial state
|t)(t)) in the occupation number basis. To quantify the
degree to which the resulting snapshots differ from the
initial |¢) by application of specific v-body offdiagonal
operators, we consider the probabilities

py(t) =

3L22| (|9 (t) 25 Y — max AT | -

JEA

(7))

(E1)

This quantity has a simple interpretation: The first sum
samples occupation number basis states from the time-
evolved state [1(¢)). We then examine the ‘transition
graph’ between a given outcome |n’) and the initial state
|¢), i.e., the sites at which the two states differ from
each other. Each such site contributes to p.(t) if it is
part of a connected path of differing sites of length ~.
We thus have Zf’{z) py(t) = 1. We show p,(t) start-
ing from the dimer state |11) in Fig.9. Common to all
protocols is the growth of pg(t) due to the action of pla-
quette terms. However, for the static case, Fig.9(a),
the probability p;(¢) is large at early times and retains
a significant value throughout the shown times. In con-
trast, for the six-body Floquet protocol of Sec. II1 C, the
probabilites p«(t) remain very close to zero. For the
three-body Floquet scheme of Sec. III D, an initial peak
in p3(t) occurs, and p3(t) > p1(t) for the plotted times.
These results are consistent with single-body, six-body,
and three-body offdiagonal operators being the dominant
generators of dynamics in each of the protocols, respec-
tively. We note that the corresponding detuning profiles
of Fig.3 (c) and Fig. 4 (c) were optimized specifically in
the £ = 0 momentum sector, but are seen to generalize
well to other sectors here. The approach of verifying the
terms of an effective Hamiltonian via occupation basis
snapshots is readily accessible in current quantum simu-
lation hardware.
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Figure 8. Eigenspectrum of effective Hamiltonians. a) Energies and global Rydberg number expectation values of the
k = 0 momentum eigenstates of a PXP model at static detuning Agtatic/2 = 3.0. Energy bands with approximate number

conservation become apparent.

There is a large separation of scales in the bandwidths of the fully packed sector and the

remainder of the spectrum. The tilt of the bands in the F — N plane is due to the perturbative nature of the processes that
connect different basis states with the same global occupation number. b) Same as a) for the effective Hamiltonian of Sec. 111 C
targeting six-body terms. The bandwidth of the fully packed sector is now comparable to other sectors. Due to the dominant

il MAd«r vt avantinna 3 D Aivantler annnantinae abatan ol
a) Agtatic/Q = 2.0 c) f_. Cf—e
Ce«—r o0 Flg 3( Fig. 4(c
i): 0.1 ¥ | 5 } = é
— 2 o= 0.1 —7=
E — ] —_— =06
=
©
Qo
o
2005150 200 *% 200 200%% 20 40
time Qs time Qs time Q¢

Figure 9. Transition graph dynamics. To verify the mech-
anism behind the pure gauge dynamics, we evaluate the prob-
abilities p(t) of finding connected paths of length 7 along
which spins are flipped relative to the dimer initial state |i1),
see Eq. (E1). The static protocol a) shows a significant value
of p1(t) at early times, consistent with single-body spin flips.
In b), all py<e(t) remain close to zero, indicating dominant
six-body plaquette terms. In ¢), p3(t) > p1(t) is large at early
times, consistent with dominant three—body terms.

Appendix F: Properties of the optimization
procedure

In this appendix we provide additional details for the
optimization scheme described in Sec. II that determines
the detuning perturbation A, ().

1. Subspace-restricted optimization

As stated in the main text, we often optimize the ef-
fective Hamiltonian only with respect to a subset of all
possible matrix elements. Formally, we denote by

S:{(|81>7|s;>) :i:17...,‘5|} (F1)

Hhin o ~lakhal ssssnhan dandban ananeasr handa ava vad 1144 Gk 4L D \Va

a set of pairs of states (|s;),|s})), taken from an orthog-
onal basis of the Hilbert space. Within the set of matrix
elements determined by S, we define an inner product
and norm for operators as

|S|
(01,02) =3 (s:ilOn]s)) (silOalsl),  (F2)
=1
|S|
10]% = Z| (i]0]s}) (F3)

2. Subtracting traceful contributions

We may generally allow for an arbitrary traceful con-
tribution ~ 1 to the effective Hamiltonian H, since this
merely results in a global dynamical phase. We therefore
optimize only the traceless part of H in Eq. (7). This can
be achieved by subtracting the trace-part of both the tar-

Tr[[T]] 1, as well as the time evolved

number operator, No(t) — No(t) — TII\;[[NM]]l

get, operator, T T

3. Continuity of the detuning profile

The (discretized) detuning solution A, of Eq.(9) of
the main text that minimizes the cost function Eq. (7) in-
herits its continuity (in time) from the manifest smooth-

ness of the time-evolved No(¢) when A > 0. Formally, as



dt — 0,

lim |[A,(tiv1) — Ay(t)] =0,

dt—0 (F4)

where ti+1 = ti + dt.

In order to show this, let us consider the explicit de-
pendence of the cost function Eq. (7) on the discretized
detuning profile at the two time slices t;;1 and ¢;:

Cr-(T) =

dt dt
—No(ti)Ap(ti) + 7N0(ti+1)Ap(ti+1)||2

+ AN AL|? + dEA[AL () + Ap(tivr)?],

=T+

(F5)

where T/ = T — H[A,)] — LNo(t)A(t;) —
9 Ny (1) Ap(tier) and [JALR = A2 — Aylt:)? —
Ap(tiy1)? are independent of A,(t;), A,(ti41). Using
that

No(t:) = No(ti + dt/2) — = (9, No)(t; + dt/2)

_dt
df (F6)
No(tiv1) = Noti +dt/2) + 5 (9:No)(t: + dt/2),

Eq. (F5) can be written as
Cr-(T) =
= ||T"+ ?No(ti +dt/2) [Ap(ts) + Ap(tiv1) ]+
+ ‘;ij(atzvo)(ti +dt/2)[Ap (i) — Ay (t)] ||+

dt
F AN AL+ SA[AL () + Apltien)] +
dt

2
+ 5/\[Ap(ti+1) — Ap(t)]"
(F7)

Eq. (F7) expresses Cy ,(T) in terms of the symmetric
and antisymmetric combinations of A, (¢;) and A, (¢i41).
In order to minimize the cost function, we now per-
form the derivative of Eq. (F7) with respect to the an-
tisymmetric combination Ap(t;41) — A,(t;) and demand
OA,(tis) =2, (t)Orr(T) = 0. This condition can be
solved for Ay (ti41) — Ap(t;), resulting in

Ap(tir) — Ap(ts) =

Re|T" - (8;No)*(t; + dt/2) (F'8)

d?
27 Adt/2+ dt*/(472) ][(8; No) (t; + dt/2)|]2

with T = T" + L Ny (t; +dt/2) [Ap(t:) + Ap(tiy1)]. Col-
lecting factors of dt and using A > 0, we see from Eq. (F8)
that

dt—0

Apltivr) = Ap(t) = O(dt) <=0,  (F9)

which proves Eq. (F4).
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4. Proof of 9,Qa(N\,7) >0

We start with the solution A, in Eq. (9). For simplic-
ity, we assume that the target vector T' is normalized to
unity. According to Eq. (8), the H resulting from A, is

-1
No'No+7x1) Nof T

(F10)
Its projection along the target direction is given by

dt o~ dt _ [(dt
.%:%(
—No

T

dt dt -1
T -H ==-T%- N, (NOTN0 + ml) Nof - T.
T - T — -
(F11)

We now diagonalize the positive semidefinite M x M ma-
trix £NofNy = VI VI, Here, T is a diagonal matrix
containing the eigenvalues I'; = %A? > 0, where A; are
the singular values of Ny. Using this decomposition and
defining the vector p = VT%T - T, Eq. (F11) reads

dt pil?

T - H=— .
H T £ T+ 7

(F12)

At the same time, the norm of the optimized detuning

profile A, is given by

< dt -
18,02 = Mo (LMo + 7a1) Mo T =
_ Z pi|? '
= (D +7A)°
(F13)

Equipped with Eq. (F12) and Eq. (F13), we compute

T -H
OAQA (N, T) = O {~} o
Al
AT - H] Ay = (T - H) O]l A, =
2 -1/2 12104 12(Ts — T
:dt(z il 2) Z |pi |py‘2( i ]) -
(F14)

The term in Eq. (F14) in the double sum can be rewritten
as

> lpil?lp; (D = Ty)
= (T + ) (T + )
_ Z ‘pi|2|Pj|2(Fi*Fj)

i,§:0i > (Fi + T)\)Q(Fj + T)\)Q

1 B 1
Tj4+7Ah Ti4+7A
(F15)

AsT; > T; > 0 in Eq.(F15) and A > 0, the term in
square brackets on the right hand side of Eq.(F15) is
positive. Therefore, the full expression in Eq. (F15) is
non-negative, which proves d\Qa (A, 7) > 0.



5. Proof of 0,Q«(\,7) <0

This relation can be shown similarly to the previous
one by diagonalizing the matrix % NOTNO In addition to
the expression of Eq. (F12), we will need the norm of H,
which is readily calculated as

dt ;
1H]* = |pi |27z (F16)
Z ' F + 7'/\)
We can now evaluate
oy [ .
([ #]2
o [T - HI*] |HI? = |T* - H? o[ H]?] =
_dt? pil*1ps %k ]?
= — X
T oy (I‘Z- + T)\) (I‘j + T)\) (Fk + T)\)
Y 2 1 1
Li+rA | Ti+7A Tj+7X Tp+7A ’
(F17)

which follows after inserting Eq. (F12), Eq. (F16) and a
few lines of algebra. Due to the triple sum over i, j, k
in Eq.(F17), we can symmetrize the expression inside
the sum over all permutations of i,j,k. Eq.(F17) then
becomes

o x
[#H]?
at® [pi*Ip; 1 lpx |
X — X
T mk( JrT)\)( +T)\) (Fk+7')\)
T 2 1
- - F18
x{rﬁm[rﬁm T, +7A Fk+7>\]+ (F18)
T, [ 2 1 1 ]
- —~ — +
Liy+7A|T4+7A Ti+7A Tp+71A

LD 2 1 1
Tp+7A|Tr+7X T+7A Ti+7A| [

The term in the large curly bracket in Eq. (F18) can be
rearranged as

B 1 1 ][ T)\I‘ —I‘ }_’_
__FiJrT)\ Fj+7)\ (F —|—7'/\ F —‘rT/\
1 1 ][ T/\F —Fk }
+ — +
Di+7A Tp+7A (P —|—T)\ I‘k—i-T)\
Jr_ 1 1 }[ 7'/\ I‘k— ]
T +7A T +7A (I‘k + 7')\ —|— TA
19)

F

Let us now consider the first line on the right hand side
of Eq.(F19). If I'; > T';, the term in the first square
brackets will be negative, while the term in the second
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square brackets is positive, and vice versa if I'; < I';.
Thus, the first line in Eq. (F19) is always non-positive.
The same argument applies to the second and third line
of Eq. (F19), and thus the entire expression Eq. (F19) is
non-positive. This shows that Eq. (F18) is non-positive
and therefore 0,\Q ¢ (A, 7) < 0.

6. Convergence in system size

In Sec. III of the main text, we constructed the ef-
fective Hamiltonian H from the time-evolved operators
No(t) = >, n(t), evaluated numerically in small sys-
tems. Here, we show that due to the locality of the rel-
evant operators 7;(t), our approach generalizes to larger
systems and converges in the thermodynamic limit. For
this purpose, we consider a two-dimensional lattice with
a subsystem A centered around the origin, whose linear
length we denote as r4 ~ \/m . Moreover, we introduce
the operator P, that projects onto Pauli strings that
are fully supported on A [100]. Due to the locality of
the PXP Hamiltonian ﬁo, a time-evolved local operator
f;(t < 7T) originating at a site ¢ far from A has expo-
nentially small support on A. Formally, the standard
Lieb-Robinson bound implies [100, 101]

IPafa(t < 7)) S ectran™ (=) (F20)

where v is a finite Lieb-Robinson velocity and ¢ >
0. We now consider the projection P,Ny(t) of the
time-evolved global number operator onto A. Due to
Eq. (F20), the combined contribution of operators 7;(t)
originating at distances |i| —r4 > L from the region A is
bounded (up to constant factors) by

Py >

o0
ni(t < 7)| 5/ drrecirTT) =
i |i|—ra>L L
_ ﬂec(ULRT_L)
c2 '

(F21)

As a consequence, P, No(t) and the projection P ,H[A,]
of the effective Hamiltonian onto A converge exponen-
tially in system size when L 2 v;z7. On the one hand,
this implies that the effective Hamiltonian induced by a
fixed detuning profile A, () generalizes well to larger sys-
tems. On the other hand, optimizing the projected P A7:[
for large systems by minimizing the cost function

C = |[PaT — PaAH[A]I® + Al|A,* (F22)
results in an exponentially converging optimized detun-
ing profile A, (t).
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