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Realizing computationally complex quantum circuits in the presence of noise and imperfections is
a challenging task. While fault-tolerant quantum computing provides a route to reducing noise, it
requires a large overhead for generic algorithms. Here, we develop and analyze a hardware-efficient,
fault-tolerant approach to realizing complex sampling circuits. We co-design the circuits with the
appropriate quantum error correcting codes for efficient implementation in a reconfigurable neu-
tral atom array architecture, constituting what we call a fault-tolerant compilation of the sampling
algorithm. Specifically, we consider a family of [27,D,2] quantum error detecting codes whose
transversal and permutation gate set can realize arbitrary degree-D instantaneous quantum polyno-
mial (IQP) circuits. Using native operations of the code and the atom array hardware, we compile
a fault-tolerant and fast-scrambling family of such IQP circuits in a hypercube geometry, realized
recently in the experiments by Bluvstein et al. [Nature 626, 7997 (2024)]. We develop a theory
of second-moment properties of degree-D IQP circuits for analyzing hardness and verification of
random sampling by mapping to a statistical mechanics model. We provide strong evidence that
sampling from these hypercube IQP circuits is classically hard to simulate even at relatively low
depths. We analyze the linear cross-entropy benchmark (XEB) in comparison to the average fidelity
and, depending on the local noise rate, find two different asymptotic regimes. To realize a fully scal-
able approach, we first show that Bell sampling from degree-4 IQP circuits is classically intractable
and can be efficiently validated. We further devise new families of [O(d?), D, d] color codes of
increasing distance d, permitting exponential error suppression for transversal IQP sampling. Our
results highlight fault-tolerant compiling as a powerful tool in co-designing algorithms with specific

error-correcting codes and realistic hardware.

I. INTRODUCTION

Quantum computers hold a promise to significantly
outperform classical computers at various tasks. How-
ever, for many envisioned applications, very low error
rates below ~ 10719 are required [1-5], in stark contrast
to the state of the art experimental physical error rates
of ~1073. Quantum error correction (QEC) provides
a potential solution to this challenge by encoding error-
corrected “logical” qubits across many redundant physical
qubits [6-8]. In principle, QEC can exponentially sup-
press the logical error rate by increasing the code distance
d, thereby promising a realistic route to low error rates
required for large-scale algorithms. However, implement-
ing QEC in practice is a challenging task. In addition to
the large physical qubit overheads, QEC codes typically
realize a discrete gate set using native operations [9]. Al-
though universal computation can be realized through
various techniques such as magic state distillation [10—
12] and code switching [13, 14], these are generally very
resource intensive. Thus devising hardware-efficient and
fault-tolerant implementations of quantum algorithms is
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a non-trivial task, requiring co-design of error correcting
code and physical implementation with the algorithm.
We call this task fault-tolerant compiling.

Realizing computationally hard sampling algorithms is
an interesting goal for logical qubit processors for a num-
ber of reasons. First, using QEC the logical noise rate
can be exponentially suppressed and high circuit fideli-
ties can be maintained while system size is increased. In
contrast, the non-corrected signal decays exponentially
with increasing circuit depth and system size [15, 16].
Second, computationally complex sampling circuits can
be implemented using significantly fewer resources com-
pared to universal quantum computation. In particular,
a quantum computation does not have to be universal
in order to be classically hard to simulate [17, 18]. This
opens up intriguing opportunities for co-designing an al-
gorithmic implementation with a QEC code. Specifically,
complex quantum sampling circuits can be based on a va-
riety of non-universal gate sets [17-19], which allows us
to restrict the circuits to native gate sets of QEC codes.
Moreover, they profit from even a limited amount of error
detection and correction to improve the sample quality.
These features dramatically reduce the overhead in fault-
tolerant compiling. Finally, such circuits which are also
fast scrambling can be used to benchmark the perfor-
mance of a quantum processor [15, 16, 20-22].



In this work, we propose a viable path to systematically
improve experimental implementations of complex sam-
pling circuits with encoded qubits on the near-term quan-
tum processors. Our approach is based on D-dimensional
color codes with parameters [2°, D, 2] (distance-2 codes
with D logical qubits encoded in 2P physical qubits).
For D > 3, these codes support transversally imple-
mented D-qubit non-Clifford gates, as well as CNOT
and SWAP gates realized by qubit permutations. We
show that along with transversal CNOT gates these na-
tive operations allow us realize arbitrary degree-D in-
stantaneous quantum polynomial (IQP) circuits [17, 23];
sampling from such circuits is believed to be a hard task
for classical computers based on complexity-theoretic ar-
guments [24, 25]. The distance-2 codes allow us to detect
errors directly from the classical samples, yielding an im-
provement over bare circuits even without intermediate
measurements. Nonetheless, an approach based on er-
ror detection is not scalable. To achieve scalability, we
devise new families of [O(d”), D,d] color codes based
on the [2P, D, 2] family, allowing for repeated rounds of
error correction throughout the circuit execution. For
these code families and transversal IQP sampling, there
is a noise threshold [26] below which the noisy output dis-
tribution converges exponentially fast towards the ideal
output distribution as the code size is increased.

In order to maximize hardware efficiency, we focus on
the capabilities of the recently realized logical quantum
processor [27] that is based on reconfigurable arrays of
neutral atoms in optical tweezers [28-30]. In this set-
ting, many physical quantum operations can be natu-
rally parallelized, including single-qubit gates on blocks
of physical qubits and transversal entangling gates be-
tween large blocks. We design a hardware-efficient family
of degree-D IQP circuits with connectivity graph given
by a ®-dimensional hypercube which we call hypercube
IQP (hIQP) circuits. We show that this family rapidly
converges to uniform IQP circuits and can therefore be
thought of as a fault-tolerant compilation of the uniform
IQP family. In an hIQP circuit, transversal degree-D
and permutation CNOT circuits are performed in each
block and the blocks are coupled by transversal CNOT
gates. We analyze the conditions under which we expect
random degree-D hIQP circuits to be sufficiently scram-
bling for quantum advantage as well as benchmarking
applications. Finally, we address the issue of efficiently
verifying quantum advantage in this model, by showing
that degree-D IQP sampling can be efficiently validated
by measuring two copies of a logical degree-(D+1) circuit
in the Bell basis.

A. Summary of Results

Our approach to fault-tolerant implementations of
computationally hard algorithms is based on fault-
tolerant compiling of IQP circuit sampling using high-
dimensional color codes. Our goal is to devise a scal-

able path towards the quantum advantage regime start-
ing from experiments that are possible today, as demon-
strated in Ref. [27]. Thus, we address the finite-size
and asymptotic regimes of three distinct properties of
our proposed algorithm—fault tolerance, complexity, and
verification. Concretely, we start from co-designing the
quantum code and logical circuits with the reconfigurable
atom array hardware as in Refs. [27, 32], giving rise to the
hIQP circuits implemented natively on hypercube color
codes, see Fig. 1(a~e). In what follows we summarize our
key results.

First, in Section II, we analyze efficiently simulatable
instances of hIQP circuits in which error detection is per-
formed at the end of the circuit (Fig. 1(b)) in terms of the
achievable error reduction. To understand the behaviour
of the logical errors, we introduce a notion of the average
gate fidelity for logical quantum gates and study the per-
formance of the transversal and permutation gates of the
[8,3,2] code using classical simulation. We analyze the
behaviour of the average logical fidelity as a function of
the amount of error detection and explain its power-law
behaviour using a simple noise model.

Second, in Section III, we study the properties of
hIQP circuits that are relevant to quantum advantage
demonstrations: complexity and verification. We give a
complexity-theoretic argument that sampling from hIQP
circuits is classically intractable (Section IITA). Our ar-
gument is based on an analytical and numerical study of
the scrambling properties of the hIQP circuits. We find
that already after two rounds of gates on all hypercube
edges the output states are close to maximally scram-
bled. We also show that the runtime of existing classical
simulation methods, in particular the recently developed
near-Clifford simulator for degree-D circuits [33], roughly
scales as Q(2™). The increase in complexity compared to
the O(2"/2) scaling from Ref. [27] stems from additional
gate layers; while the difference to the O(2"/3) scaling
from Ref. [33] is due to additional random in-block per-
mutation CNOT gates.

We also analytically and numerically study the be-
haviour of the linear cross-entropy benchmark (XEB)
which has been used to benchmark global circuit be-
haviour [15, 16, 34, 35] (Section IIIB). We show that—
similar to random quantum circuits [16, 22, 36]—the
XEB in sparse degree-D IQP circuits (a toy model of
hIQP circuits) undergoes a transition as a function of the
local noise rate between being a good proxy for the global
state fidelity and being much larger than the fidelity. At
the same time, we argue that the relation between fidelity
and XEB is much tighter in the case of IQP circuits com-
pared to Haar-random circuits, making it a good measure
for quantum advantage. In particular, we show that the
transition can be arbitrarily shifted by adding fixed gates
to an otherwise random circuit. For small instances, we
numerically confirm a tight relation between the aver-
age fidelity and average linear XEB at low noise rates
for both physical and logical noise. In this context, we
discuss intriguing aspects of how to think about logical
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FIG. 1. Sampling from IQP circuits encoded in hypercube codes. (a) The [2”, D, 2] code family features a transversal
gate set that enables classically hard computation. The logical in-block operations are performed with high-fidelity single-
qubit rotations and permutations on physical qubits, and inter-block operations are realized via transversal CNOT gates.
(b,c) The measured physical qubit bitstring provides a logical bitstring as well as stabilizer check outcomes. Classical post-
processing (decoding) can be used to correct errors or post-select (error detection) based on the confidence for each measured
logical bitstring; both procedures improve sampling performance. (d) The [8,3,2] code is an instance of the family (D =3,
d=2). Tt can be visualized as a cube with logical X and Z operators corresponding to the three orientations of faces and
edges, respectively. (e) The single X-basis stabilizer is a product of Pauli-X on all eight qubits, and the Z-basis stabilizers
consists of the Pauli-Z products on four independent faces of the cube. (f) A D-dimensional code in the [O(d?), D, d] family
supports a transversal C*Z operation within a block [31], where k € {1,..., D —1}. For distance d=2, a D-dimensional code
is represented by a hypercube of dimension D. The X stabilizer is the product of all qubits, and the Z stabilizers are formed
from all independent faces. (g) A distance-d code can be constructed by placing distance-2 codes on a D-dimensional lattice
(for even d). This construction preserves the single-qubit realization of transversal in-block gates, and we argue that only codes
with even distance can have this property. (h) An alternative approach is to decorate the four vertices with small repetition
codes. This results in smaller codes with a higher rate of encoding, but it comes at the expense of introducing multi-qubit
gates for transversal in-block operations.

fidelities in encoded sampling circuits (Section IIIC).

To analyze the scrambling properties as well as the lin-
ear XEB of the hIQP circuits, we develop a broadly ap-
plicable theory for second-moment quantities of degree-
D IQP circuits (Section IIID). This theory is based
on a mapping of second-moment quantities to a classi-
cal statistical-mechanics model, analogous to a similar
model for Haar-random circuits [22, 37-40]. It can han-
dle CNOT entangling gates as well as noise on one or
two copies of the circuit. As a first application of the
statistical-mechanics model we prove that sparse degree-
2 IQP circuits anticoncentrate in logarithmic depth. The
understanding of the dynamics of the model gleaned from
the proof of this result then helps us analyze the asymp-
totic properties of the hIQP circuits as well as the dy-
namics of noisy IQP circuits.

To go beyond the inefficient verification of the hIQP
circuits via XEB, we propose a natural two-copy hIQP
protocol which involves a measurement in the transver-
sal Bell basis at the end of the circuit [41] (Section IV).

We show that sampling from the corresponding distri-
bution is classically intractable for degree-4 and higher
circuits. Interestingly, the simulation cost of these cir-
cuits halves to roughly ©(2"/2) while the number of log-
ical qubits needs to be doubled. At the same time, the
samples can be efficiently classically validated using prop-
erties of the two-copy measurement [41]. hIQP Bell sam-
pling thus constitutes a near-term achievable means of
performing efficiently validated quantum advantage in a
fault-tolerant setting.

Finally, in Section V, we consider the question of scal-
able fault tolerance of hIQP circuits beyond implemen-
tations in the [8,3, 2] color codes. To this end, we devise
two code families with the same transversal gate set. The
first one is a family of 3D color codes based on the [8, 3, 2]
code and has parameters [O(d?), 3, d], see Fig. 1(g). The
other family is a 3D toric/color code and has parame-
ters [O(d?),3,d]. Both constructions result in families
of topological quantum codes and have a fault-tolerance
threshold under a local stochastic noise model [26], prov-



ing the scalability of this approach. We also quantita-
tively compare the performance of error detection in the
hIQP circuits using the [8,3,2] code with the same cir-
cuits implemented in slightly larger codes that support
error correction—the [15,1, 3] code and a [16,3,4] code
(depicted in Fig. 1(h)). Interestingly, we find that the
[8,3,2] code with error detection outperforms the other
small codes.

Overall, our results highlight that the design of fault-
tolerant quantum algorithms requires careful analysis of
the algorithm as well as the fault-tolerance properties
of the employed error correcting codes for the particular
circuits. Most pointedly, this is highlighted by our com-
parisons of the performance of the 3D hypercube code
with error detection with similar small codes where error
correction is possible.

B. Implications

Our analysis indicates that sampling from the output
distribution of low-depth hIQP circuits is a viable path
towards a fault-tolerant quantum advantage over clas-
sical computation. hIQP sampling is hardware-efficient
on the recently realized logical processor using reconfig-
urable atom arrays [27]. For intermediate-scale imple-
mentations with error detection and/or correction at the
end of the computation, the [8,3,2] 3D color code has
not only the highest rate but also the best fault-tolerance
properties when compared to similar small codes. In the
experiment of Bluvstein et al. [27], hIQP sampling with-
out in-block permutation CNOT gates was performed on
48 logical qubits encoded in 24 blocks of the [8, 3, 2] code.
These specific circuits exhibit asymptotic quantum ad-
vantage but can be simulated in time ~ 2/3 [33]. This
classical scaling is considerably more favorable than what
we expect for hIQP circuits studied in this work that
include in-block CNOT gates. For these circuits, which
can be directly implemented using the techniques demon-
strated in Ref. [27], we expect the best classical simula-
tion algorithms to run in time at least roughly ~ 2.

Our results showing the existence of a transition in
the relation between XEB and fidelity imply that experi-
ments should require a careful analysis of the noise regime
in order to use XEB as a reliable benchmark. Our anal-
ysis suggest that the relation between XEB and fidelity
may be tighter for IQP circuits compared to random cir-
cuits [16, 22, 36], but exactly how so remains an open
question. The existence of a transition highlights the
need for fault tolerance in experiments benchmarked via
XEB since the local error rate needs to be suppressed to
~ 1/n for the XEB to be a good estimator of fidelity.
For the error rates and circuit parameters of Ref. [27],
we find that the experiments are in the “healthy” noise
regime in which the average logical XEB score is a good
measure of an appropriately defined logical fidelity.

Our results also suggest a path to scale up hIQP sam-
pling experiments to achieve fault-tolerant quantum ad-

vantage. Two natural improvements can be achieved
using the [2P, D, 2] hypercube color codes: First, one
can perform quantum advantage experiments that can
be efficiently validated from the classical samples by us-
ing transversal Bell measurements between two copies of
similar hIQP circuits based on the [16,4,2] code. Note
that using the [8, 3, 2] code, a classically simulatable Bell
sampling experiment has already been performed for 24
logical qubits by Bluvstein et al. [27, Fig. 6]. Second, one
can improve the fault-tolerance properties by performing
intermediate measurements to detect more errors and im-
prove the final state fidelity. Going beyond error detec-
tion will require scaling up the code sizes. We construct
some candidate families of 3D color codes with an er-
ror correction threshold that support the classically hard
hIQP circuits. If the experimental error rate is below the
threshold, the quantum output distribution converges ex-
ponentially to the target distribution as the code size is
increased. However, the rate of these codes decreases
with the code distance. Finding high-performing quan-
tum codes similar to [42, 43], that also support native
non-Clifford gates remains an important open question
to further scale up quantum advantage demonstrations
of the type proposed here. For example, one interesting
possibility we leave for future work is to use a [64, 15,4]
CSS code where a transversal T-gate implements a logical
circuit with 15 CCZ gates [44].

C. Overview

Section II outlines the fault-tolerant logical sampling
architecture based on [2P,D,2] codes and degree-D
hIQP circuits with error detection. Section IITA de-
scribes the hardness properties of our circuits, Sec-
tion IIIB the behaviour of the XEB under noise, Sec-
tion IIIC the relation between the logical XEB and fi-
delity in encoded circuits, and Section ITII D our statistical
mechanics mapping. Section IV addresses efficient veri-
fication by introducing and showing hardness of degree-
D Bell sampling. Section V compares the performance
of different small codes that allow limited error correc-
tion to the [8,3,2] code and describes the new family
of [O(dP), D, d] color codes that allow scalable transver-
sal IQP sampling in the presence of noise. Section VI
concludes with an outlook. Appendices A to H contain
various technical details and proofs.

II. LOGICAL SAMPLING ARCHITECTURE

In this section, we detail the concrete architecture for
IQP circuit sampling using logical circuits that employ
only transversal and permutation gates. The architec-
ture is co-designed with the capabilities of a neutral-atom
logical quantum processor [27-29, 32] in order to gener-
ate highly scrambled quantum states that are classically
intractable to simulate and at the same time minimize



errors incurred during the computation. To this end, we
exploit parallel transversal control of logical qubits by
moving atoms in arrays of tweezers, which can naturally
realize variable grid-like entangling patterns [27]. These
patterns will be reflected in a nested-hypercube structure
of the physical qubit quantum circuits we study.

As described in the introduction, our proposed archi-
tecture uses a family of distance-2 error detecting codes,
which have a family of non-Clifford transversal gates.
This circumvents the need for magic state distillation,
since the transversal gates efficiently realize classically
intractable operations. The computational task we con-
sider is sampling from the distribution of logical qubit
states. The redundancy afforded by the error-detecting
code is used to improve the quality of the sampled distri-
bution, therby yielding an advantage compared to unen-
coded computations. Moreover, several complex many-
qubit operations can be executed much more cheaply
than in a comparable bare physical circuit. The asso-
ciated cost of the relatively complex encoding step is
mitigated by the fact that this state preparation pro-
cess can be made fault-tolerant across the qubit array in
a scalable manner through parallelized postselection and
re-preparation.

A. A family of distance-2 codes and their native
operations

Our architecture is based on the D-hypercubic code
with code parameters [2P, D,2] for D > 2 [46, Exam-
ple 3]. The hypercubic code is a color code defined on
a D-dimensional hypercube, that is, its stabilizers are
given by products of X and Z operators on the faces of
the hypercube. The colorability of the D-dimensional hy-
percube determines the number of redundant stabilizers
and hence the number of encoded logical qubits, which
for the hypercube is just given by D.

The [2P, D, 2] code supports a logical gate-set com-
prising all Pauli gates, and logical

C*'zZ = (L— ")) e 1+ 1% © 2 (1)

gates for k = 1,...,D — 1 on any k + 1 of the D en-
coded qubits. Importantly, for k& > 2, the C¥Z gate is a
non-Clifford gate. All of these operations are physically
implemented with single-qubit rotations on a subset of
the physical qubits. These single-qubit operations can
be implemented in parallel with very high fidelities of
~0.9999 [47, 48].

The three-dimensional instance of the code with pa-
rameters [8,3,2] is considered “the smallest interesting
color code” [49]. It has a high encoding rate and al-
lows us to perform error-detected non-Clifford computa-
tions. In the following, we will use the [8,3,2] code as
the main focus of our study to illustrate concepts that
apply more generally to the [2°, D, 2] code. The logical
operators and stabilizers of the [8,3,2] code are illus-

trated in Fig. 1(d,e), the transversal in-block operations
in Fig. 2(b).

The Hadamard gate completes the universal gate set
for the hypercubic codes, as for other high-dimensional
codes, so it cannot have a transversal implementa-
tion [50]. Nonetheless, since the [2P,D,2] code is a
CSS code, the logical ’+D>-state can be prepared fault-
tolerantly [7, 51]. In Fig. 2(d), we show a circuit that
prepares the |+++) state of a single [8, 3, 2] code block
in a non-fault-tolerant way. This circuit can be under-
stood as preparing a GHZ state of two [4, 2, 2] blocks in
opposite bases and then applying a transversal CNOT be-
tween these blocks, and directly generalizes to higher D.
A fault-tolerant preparation can be achieved with three
additional physical flag qubits [45]. Moreover, measure-
ments in both the logical X and the logical Z-basis are
transversal.

Since the [27, D, 2] is a CSS code |7, 51] the transver-
sal CNOT gate implements a transversal CNOT gate on
the D encoded qubit pairs, see Fig. 2(e). We entangle
code blocks by applying the transversal CNOT gate in
parallel on all physical qubit pairs. We can further im-
plement in-block CNOT and SWAP gates between arbi-
trary pairs of logical qubits within each block and, us-
ing this capability, also between any inter-block pair.
Both of those gates can be realized just by permuta-
tions/relabelling of the physical qubits, see Fig. 2(c),
which comes at almost no extra cost. While permuta-
tions on their own do not grow the weight of errors, when
combined with transversal entangling gates they are no
longer fault-tolerant. In order to maintain fault toler-
ance, a round of error detection should be applied after
each permutation gate. We note that, for the circuits
studied in this work, fault tolerance is actually main-
tained for Z errors and a specific sequence of instruc-
tions needs to occur to break it for X and Y errors.
Moreover, one can efficiently check if fault tolerance is
preserved for any random circuit instance. The CNOT
gate between two specific qubits in two distinct blocks
can be realized using two transversal CNOTs interlaced
with in-block CNOT and SWAP gates, see Fig. 2(f) and
the inter-block SWAP gate by compiling it from inter-
block CNOT gates. Combined with in-block permutation
gates, arbitrary configurations of controls and targets can
be realized in this way.

Despite the blocked structure of the gates, with these
gadgets we can realize any-to-any logical qubit connec-
tivity by implementing SWAP gates between two specific
logical qubits in different blocks. This capability enables
us to extend the in-block operations to any three qubits
in the system—we can simply swap targeted qubits into a
block, perform the desired diagonal operation, and then
swap them back to their initial locations. Together with
the transversal CNOT gates, the capability to measure
in the logical X and Z basis also makes the Bell mea-
surement transversal.
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FIG. 2. IQP circuits as fault-tolerant operations on the [8,3,2] code. (a) Arbitrary degree-3 IQP circuits can be
decomposed into the transversal gate-set of the [8,3,2] code and its extensions. The logical qubits are grouped into sets of
three and encoded into code blocks consisting of eight physical qubits. (b) The diagonal gates between logical qubits within a
single block consist of all Z, CZ, and CCZ gates. These operations and are implemented with parallel single-qubit rotations
on the physical qubits. (¢) Additional transversal in-block operations include the CNOT and SWAP gates, which are realized
by simple re-labeling of the qubits. In hardware, re-labeling can be realized by exchanging the qubits’ positions. (d) State
preparation circuit for preparing a symmetric logical state |[+++). In this preparation circuit and its generalizations, the
method can be made fully fault-tolerant by utilizing flag protocols or Steane error detection [45] at each stage of the protocol in
a recursive manner. (e) Two encoded blocks can be entangled via a transversal CNOT, which is guaranteed by the CSS nature
of the code. (f) Two layers of transversal out-block CNOTs interspersed with in-block CNOTs can realize a CNOT between

individual logical qubits from different blocks, which enables transversal realization of arbitrary IQP circuits.

B. Random logical IQP sampling

Our proposal is based on sampling from encoded
degree-D IQP circuits. These circuits comprise Z, and
C*Z gates for k = 1,...,D — 1 between arbitrary sub-
sets of qubits with state preparation and measurement in
the X basis. We can implement those circuits as follows.
Consider a system comprising b blocks of the [2°, D, 2]
code. We can then prepare the entire system in the ‘—|—bD>
state, and implement arbitrary in-block degree-D IQP
circuits using the transversal gate set. In order to ap-
ply an IQP gate to an arbitrary subset of the qubits,
we can use the SWAP gadget discussed in the previous
section (Section ITA) to swap the involved logical qubits
into a single block, implement the transversally realized
IQP gate in that block, and then swap the logical qubits
back (or to a different block). Finally, we can measure
all blocks in the logical X basis. Thus, we can implement
sampling from arbitrary encoded degree-D IQP circuits.

We will now consider random degree-D IQP circuits.
In a wniformly random degree-D IQP circuit C' every
gate from the gate set {Z, CZ,..., CP~1Z} is applied

with probability one half to every subset of qubits with
the corresponding size, i.e., for every k-subset of qubits,
a CF~17 gate is applied with uniform probability. Brem-
ner et al. [24] have shown that approximately sampling
from the output distribution pc of an n-qubit uniformly
random degree-D IQP circuit C' with probabilities

pe(@) = | (= H"C+") %, (2)

is classically intractable under reasonable complexity-
theoretic assumptions for any D > 3.

In fact, the same is believed to hold true for a sparse
ensemble of IQP circuits comprising only O(nlogn) gates
from a slightly different gate set comprising the control-
phase gate CS and the T' gate [25]. This ensemble is sig-
nificantly more hardware-efficient to implement than uni-
formly random IQP circuits since it can be implemented
using only O(log n) parallel gate layers. Recently, Paletta
et al. [52] have demonstrated that this ensemble of IQP
circuits can be implemented fault-tolerantly in unit depth
using a certain family of quantum codes they call tetrahe-
lix codes. Tetrahelix codes are constructed from another
three-dimensional color code, namely, a tetrahedral code
whose smallest instance is the [15, 1, 3] Reed-Muller code



with a transversal T gate. Similar constructions make
use of fault-tolerant measurement-based quantum com-
puting [53-55].

A plausible analogous and resource-efficient approach
that we could take would be to define a sparse ensemble
of uniform degree-D IQP circuits, argue that it is hard
to simulate, and then implement this ensemble using the
gadgets from the previous section. This would yield a
possible path towards demonstrating quantum advantage
using only native operations of the [27, D, 2] code. How-
ever, this approach has the disadvantage that the SWAP
gadgets required to implement C*FZ gates on arbitrary
subsets of qubits require an overhead compared to a sin-
gle gate: three CNOT gates are required to implement
a single SWAP gate between an arbitrary pair of qubits,
each of which requires two transversal inter-block CNOT
gates, in-block qubit permutations, and additional er-
ror correction gadgets. As detailed in the next subsec-
tion, we develop for a more hardware-efficient approach
to demonstrating quantum advantage that we show con-
verges asymptotically to the behavior of random IQP
circuits. In this sense, it constitutes a (fault-tolerant)
compilation of random IQP circuits.

We close this subsection with some general remarks
on the relation between logical circuits realizable via
transversal gates and IQP circuits. In the case of qubit
stabilizer codes, a rigorous proof exists that all transver-
sal gates must be within a finite level of the Clifford hi-
erarchy [56, 57]. The set of unitaries in the hierarchy has
also been partially classified and it is conjectured (as well
as proven for the 3rd level of the hierarchy) that they all
take the form of so-called generalized semi-Clifford op-
erations [58, 59]. Moreover, as noted above, the set of
transversal gates forms a discrete group on an error de-
tecting code [60]. The finite groups formed out of gener-
alized semi-Clifford unitaries in the kth level of the hier-
archy have generators of the form (up to some technical
caveats) [61]

U=C"PDC, (3)

where C' is a Clifford unitary, D is a diagonal circuit in
the kth level (classified in [62]), and P is a permutation
circuit in the kth level. Up to the basis change by the
Clifford circuit C, these unitaries are exactly of the IQP
type. As a result, there seems to be fundamental connec-
tion between transversal computation on stabilizer codes
and IQP-like circuit dynamics. Interestingly, if one con-
siders non-stabilizer codes, the family of transversal op-
erations that is achievable on qubit error detecting codes
includes gates that lie completely outside the Clifford hi-
erarchy [63, 64].

C. Hypercube IQP circuits

In order to optimize the hardware efficiency, we focus
on a gate set which can be fully parallelized, namely,
inter-block transversal CNOT gates as well as in-block

degree-D IQP and CNOT circuits. Any in-block degree-
D circuit can be compiled in a single layer of physical
single-qubit gates which are powers of the T gate, and
an in-block CNOT circuit just requires physically per-
muting the atoms constituting the code block. In order
to achieve fast scrambling of the quantum circuits while
exploiting the long-range parallelization possible in the
reconfigurable atom arrays, we will consider an interac-
tion graph between code blocks given by a ®-dimensional
hypercube. In general, quantum dynamics in hypercube
geometry exhibit fast (Page) scrambling [65, 66] due to
the expansion properties of hypercube graphs.

When compiling the hypercube IQP circuits, our first
observation is that CNOT gates leave the family of
degree-D IQP circuits invariant under conjugation. In
other words, a degree-D IQP circuit with CNOT gates
is equivalent to some other degree-D IQP circuit. To
see this, we exploit the fact that a circuit comprised of
CNOT gates just acts as a linear map on bit strings, see
Appendix A 2. Given this observation, we define the en-
semble of hypercube IQP (hIQP) circuits (with degree D,
dimension ®, and hyperdepth £) as follows, see Fig. 3(a):

yo*"

1. Prepare the logical |—|—D state.

2. Perform £ hypercube layers each comprising

i. uniformly random logical degree-D circuits
and uniformly random logical CNOT gates in
every block alternated with

ii. transversal CNOT gates with random orien-
tation between blocks

on all © sets of parallel edges of the hypercube.

3. Perform a last layer of uniformly random logical
degree-D in-block circuits.

4. Measure all logical qubits transversally in the logi-
cal X-basis.

After encoding of the code blocks, a hyperdepth-£
hIQP circuit (i.e., a circuit with £ hypercube layers)
thus requires © - £+ 1 € O(logn) physical gate layers
each comprising a layer of in-block degree-D circuits, a
layer of in-block CNOT gates, and (except the last) a
layer of transversal CNOT gates. Finally, the transversal
CNOT gates along parallel edges of the hypercube can
be physically realized in the reconfigurable processor by
interlacing a pair of two-dimensional grids of qubits, see
ED Fig. 6 of Ref. [27]

We can also consider variants of random hyperdepth-
£ hIQP or combinations thereof that are motivated by
experimental feasibility, or fault-tolerant properties. In
one variant, random IQP gates are applied to a block
if and only if it was the target of a CNOT gate in the
previous layer. This is because diagonal gates commute
through the control of a CNOT gate so that the two ran-
dom in-block IQP circuits before and after the gate give
rise to a new random IQP circuit. In this variant, CP~1Z
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IQP circuit families. (a) Random ® = 2 hypercube IQP (hIQP) circuit on 4 blocks of the [8,3,2] code with

hyperdepth £ = 1. In-block transversal single-qubit gates realize a degree-3 in-block circuit (gray). In-block CNOT gates are
realized through permutations of the physical qubits (ochre). Transversal CNOT gates couple the code blocks (black). The
measurement is performed transversally in the X basis. (b) In a sparse degree-2 IQP (sIQP) circuit as we consider it here, in
every one of the ¢ circuit layers, a random degree-2 circuit consisting of a random CZ and Z gates (vertices) is applied to a
random pair of qubits, which in the noisy setting is followed by a parallel layer of Pauli noise (red squares).

gates are also applied deterministically, and single-qubit
Z gates are only applied in the last circuit layer, since
they commute through the circuit. This variant of hIQP
circuitswhich furthermore did not involve the in-block
CNOT gates as realized by physical atom permutations,
was implemented in Ref. [27]. This has the advantage
that of requiring less error detection to maintain fault
tolerance compared to the circuits considered here. As
was shown recently, however, the resulting symmetry in
the circuit can be exploited to reduce the exponent in
the time required to simulate these circuits [33]. This
motivates including the in-block random CNOT layers.

The logical hIQP circuit has several interesting in-
terpretations in terms of nested hypercubes. Consider
for concreteness the [8,3,2] code. First, observe that
the interaction graph of the entire physical circuit is
a (D + 3)-dimensional hypercube of individual physical
qubits, since the [8,3,2] code blocks themselves are de-
fined on a three-dimensional cube. Then, consider the
encoding circuit of the |[++4+) state. This state is created
by transversally entangling two logical |[+4) states of the
[4,2,2] code, see Fig. 1(d). Thus, the ®-dimensional
hypercube of [8,3,2] codes can be reinterpreted as a
(D 4 1)-dimensional hypercube of [4,2,2] codes. This
idea generalizes to encoding the logical |—|—D > state of the
[2P=1,D — 1,2] code using two sets of logical |+P~1)
states of the [2P~1 D — 1,2] code. If the single-qubit
rotations are altered, we can thus understand the phys-
ical hIQP circuit as state preparation of a more general
[2°+P, D + D, 2] code.

Finally, we also note that the output states of degree-D
IQP circuits before the last layer of Hadamard gates are
also known as hypergraph states with hyperedges com-
prising up to D qubits [67]. Hypergraph states have been
studied in the quantum information literature [68, 69]

and can serve as a resource for measurement-based quan-
tum computing [70-72].

D. Fault-tolerant sampling with error detection

The main advantage of sampling using logical encod-
ings is the resilience to errors. Typically, quantum error
correction consists of many rounds of syndrome extrac-
tion repeated throughout the circuit, in order to prevent
errors from spreading and, thus, suppress the probability
of logical faults. While this approach will be eventually
necessary to realize large-scale quantum algorithms, our
fault-tolerant compilation of IQP circuits allows us to
benefit from using encoded qubits with limited rounds
of mid-circuit measurement. In the extreme case, we
can perform the syndrome measurement only at the end
which significantly simplifies experimental implementa-
tion. We focus primarily on the [8, 3, 2] color code, which
is the smallest code with the desired properties, due to
its high rate and small size.

In Fig. 4(a), we show the linear XEB score for hIQP
circuits with ® =4 and £=2 using [8, 3,2] codes, with
various amounts of postselection based on evaluating the
X-type stabilizer from the measurement data. For each
measurement, we set a threshold on the number of vio-
lated stabilizers of which there are one per block and dis-
card the samples that fail this test. The fraction of the
remaining samples is the acceptance ratio. We observe
a significant increase in the XEB score as we increase
the amount of postselection in the system. The XEB
curve approximately obeys a power law o 7/8, which is
consistent with a simple independent and identically dis-
tributed (i.i.d.) error model description; see Appendix C.
Roughly speaking, the scaling arises from the fact that
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FIG. 4. Performance of encoded sampling in hIQP
circuits. (a) The logical XEB score can be improved with
increased postselection, at the cost of fewer samples. The re-
lationship between the XEB and acceptance fraction follows
an approximate power law, which for the [8,3,2] code has
an exponent close to —7/8. The simulation was performed
on a single random instance of (D=4, £=2) hIQP circuit
(128 physical, 48 logical qubits) with single-qubit depolariz-
ing noise corresponding to 99.9% and 99.5% fidelities for one-
and two-qubit gates, respectively. The circuit includes only
the Clifford subset of available operations, and the data points
are averaged over ~10° samples. The normalized XEB is eval-
uated relative to the ideal value for this circuit Yidea1 =3. (b)
Relative performance of logical operations within a circuit
can be compared using the notion of R-filtered fidelities with
R =0 (opaque) and R =2 (semi-transparent). The three main
operations in our circuits are the in-block diagonal gates, out-
block CNOT gates, and in-block CNOT gates which are re-
alized on the physical level by single-qubit gates, atom trans-
port, and two-qubit gates, respectively. The vertical lines
correspond to characteristic error rates for the relevant oper-
ations on the physical level. See Appendix B for more details.

one out of the eight physical qubits does not participate
in any logical operator. Using this approach, Ref. [27]
realized IQP circuits on 48 logical qubits with logical fi-
delities above those achievable with physical qubit imple-
mentations.

Importantly, the in-block CZ and CCZ gates (single-
qubit rotations), as well as the in-block CNOT (atom
transport) many-body logical operations in the [8,3, 2]
code are implemented with single-qubit operations on the
physical level. Since these single-qubit operations can be
realized with high fidelity, a logical implementation of
degree-D IQP circuits can be advantageous compared to
a physical one even in the absence of error detection. In
fact, we expect that errors in the circuits studied here are
dominated by the inter-block CNOT gates, rather than
the in-block CZ and CCZ gates.

To quantify the relative performance of our circuit el-
ements we introduce and use the concept of R-filtered
fidelity, which measures how a given (many-body) oper-
ation affects an input state with up to weight-R physical
errors, see Appendix B for details. Refining the fidelity
in this way is helpful in analyzing encoded computations.
There, in contrast to bare computations, entanglement
builds up between syndrome and logical degrees of free-
dom in a context-dependent way, giving rise to an intrin-

sically non-Markovian error model. For example, for a
computation encoded in a distance-2 fault-tolerant cir-
cuit, the 0-filtered fidelity of any single-qubit operation
is always 1. This is because no single-qubit error can
propagate to a logical one. In contrast, the 1-filtered fi-
delity is far from unity, since a “background” physical er-
ror can combine with the single-qubit operation to cause
a logical fault. In Fig. 4(b), we plot the R-filtered fidelity
and see that the inter-block CNOT indeed introduces the
most errors out of our basic operations. The capability
to realize the non-Clifford CCZ gates with high fidelity is
therefore a central element of our proposal, since in most
scenarios it is the most costly gate: physical implemen-
tations of the CCZ often have much lower fidelity than
two-qubit gates, and typical QEC codes require expensive
magic state distillation protocols to realize them. Thus,
we expect that this fault-tolerant approach to classically
hard circuits can result in very high XEB scores even
in early logical quantum processors, as demonstrated in
Ref. [27].

III. COMPLEXITY AND VERIFICATION OF
(H)IQP CIRCUITS

Let us now turn to a detailed investigation of random
hIQP circuits as defined in Section II C and their proper-
ties relevant to quantum advantage demonstrations. We
will address two questions in detail. The first question
regards the classical complexity of sampling from the
output distribution of the circuits and, second, how to
verify the correctness of the samples. We do so both
in the finite-size and the asymptotic regimes. As men-
tioned above, the complexity of various ensembles of IQP
circuits has been studied by Bremner et al. [24, 25] us-
ing a complexity-theoretic argument for the hardness of
sampling from random quantum circuits based on Stock-
meyer’s algorithm; see Ref. [19] for a review of that ar-
gument. Here, we will argue that this argument applies
also to random hyperdepth-2 hIQP circuits. To do so, we
make use of a measure of scrambling called anticoncen-
tration that features in this argument and serves as an
indicator of classical hardness [18, 19, 24]. We study an-
ticoncentration of random hIQP circuits in Section ITTA.

The second question regards verification. Verifying
classical samples from random quantum circuits is a chal-
lenging problem, one that in fact requires exponentially
many samples if the goal is unconditional verification [73].
What has become the standard approach to verification
in this scenario is to make use of the linear cross-entropy
benchmark (XEB) [15, 74]. This benchmark can be eval-
uated using only a small (polynomial) number of samples
but involves computing ideal output probabilities, which
can require exponential time. It is appealing, however,
because it has been argued that it can be used as a proxy
for the fidelity of the quantum pre-measurement states
averaged over instances of the random circuit [15, 40]. It
may also witness the achievement of a computationally



complex task [36, 75, 76]. The XEB has been studied in
detail for random universal circuits, revealing the value
of the XEB that we would obtain for ideal circuits, as
well as the behaviour of the XEB and fidelity under local
circuit noise [16, 22, 36, 39]. We study the linear XEB
for hIQP circuits in Section IIIB.

It turns out that both the anticoncentration property
and the linear XEB can be written as a second moment of
potentially noisy hIQP circuits. The tool of our analyti-
cal study of both complexity and verification of hIQP cir-
cuits will be a mapping of the behvaiour of such second-
moment quantities for general degree-D IQP circuits of
varying circuit depth to the dynamics of four classical
states. We introduce this mapping and discuss its most
important properties in Section III D, deferring details to
Appendices D and F.

A. Complexity of hIQP circuits

To set the stage for our results on the scrambling and
complexity properties of random hIQP circuits, let us
recap the results on uniform IQP circuits by Bremner
et al. [24]. They show that output distributions of circuits
comprising {Z,CZ,CCZ} in uniformly random locations,
i.e. uniform degree-3 circuits, are classically intractable
to simulate under certain complexity-theoretic assump-
tions. Specifically, there is no efficient classical sampling
algorithm for uniformly random IQP circuits, assuming
that the output probabilities (2) are #P-hard to approx-
imate on average over random IQP circuits, unless the
widely believed conjecture that the polynomial hierarchy
does not collapse is false. The key assumption on which
the result hinges is therefore the approximate average-
case hardness of computing the outcome probabilities.
To give evidence for this conjecture, Bremner et al. [24]
show approximation hardness for degree-3 IQP circuits
in the worst case and a strong version of the so-called
anticoncentration property.

At a high level, the anticoncentration property ensures
that the output distribution of random IQP circuits has
barely any structure that might be exploited by an ap-
proximate classical sampling algorithm to speed up the
computation compared to the worst case. Technically,
the (strong) anticoncentration property is the statement
that the average second moment of the output distribu-
tion of a random circuit family C as measured by the
ideal linear XEB score is constant as

Xe = 22" Ecec [pe(x)’] —1€0(1). (4)

The anticoncentration property ensures that in order to
sample from the correct output distribution it is not
merely sufficient to identify the dominant outcomes in
the distribution. Rather, almost all probabilities need
to be computed to exponential precision in order to per-
form the sampling correctly. In the following, we will use
anticoncentration as a key—but not the sole indicator—
that sampling from non-uniform IQP circuits remains in-
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FIG. 5. Convergence of hypercube IQP to uniform
IQP. The effective IQP circuits implemented by random
hIQP circuits converge to uniform IQP circuits as a function
of hyperdepth. For each data point, we average ~ 10° random
degree-2 hIQP circuits. (a) Convergence of the ideal XEB
score of hIQP circuits to the uniform value X, jqp = 2 as a
function of hyperdepth. (b) Total-variation distance between
the distribution over IQP circuits defined by hIQP circuits
and uniform IQP.

tractable. For uniform degree-D (ulQP) circuits with any
D > 2, Bremuer et al. [24] show that

Xuiqp = 2 — 27"t (5)

How do hIQP circuits fare in terms of their complexity?
We expect degree-3 and higher hIQP circuits to be clas-
sically hard to simulate already at constant hyperdepth
because of their large number of non-Clifford gates and
the expander properties of the hypercube. Therefore, we
expect that the quantum dynamics scramble very quickly
in this geometry. Fast scrambling on hypercubes has in
fact been observed in Ref. [66].

We provide analytical evidence for this in two steps.
We first show that degree-2 circuits anticoncentrate if
they have Q(nlogn) gates, but not for any constant num-
ber of gates. To this end, we consider a model of sparse
random degree-2 IQP (sIQP) circuits in which a CZ gate
and Z gates are applied with probability 1/2 to £ random
qubit pairs, see Fig. 3(b). For us, sparse IQP serves as
a toy model of low-depth hIQP circuits, which have sig-
nificantly more structure and are therefore more difficult
to analyze.

Theorem 1 (Anticoncentration of sparse IQP). The
ideal linear XEB score of sparse degree-2 IQP circuits
acting on n qubits with uniformly random Z gates and
random CZ gates acting on £ random pairs is given by

Xsiqp (£) = Xuigp + 2~ fHlegn)

Xsiqp (£) € Q(2")

This result is analogue to the sparse anticoncentration
result of Bremner et al. [77, Lemma 6] for degree-2 cir-
cuits. Next, we show that the ideal XEB score of hIQP
circuits approaches the uniform score as £ — oo. This
complements the sparse IQP result by showing that the

if € > %nlogn (6)
if L€ O0(n). (7)



structure of hIQP circuits is asymptotically irrelevant to
the XEB.

Theorem 2 (Anticoncentration of deep hIQP). The
ideal linear XEB score of degree-2, hyperdepth-£ hIQP
circuits acting on 2° blocks of D qubits satisfies

— L£—oo,
XhIQP(S) R XuIQP (8)

We defer the proofs of Theorems 1 and 2 to Ap-
pendix E. We note that Theorems 1 and 2, while formu-
lated for degree-2 circuits, provide upper bounds for the
XEB value of IQP circuits with additional higher-degree
gates. This is because all gates commute and therefore
additional gates cannot increase the XEB score.

The two anticoncentration results complement each
other. While Theorem 1 implies that uniformly sparse
degree-D circuits can anticoncentrate in logarithmic cir-
cuit depth, Theorem 2 implies anticoncentration of hIQP
circuits as £ — oco. Since IQP and hIQP share the same
gate set, this suggests that the ensemble of degree-D
hIQP circuits approaches degree-D uniform IQP in this
limit and, thus, that very deep hIQP circuits are also
classically hard to simulate. Together, they lend cre-
dence to our claim that hIQP circuits anticoncentrate
in constant hyperdepth, meaning that the total circuit
comprises ©(nlogn) (nonuniform) IQP gates.

To better understand the behaviour of the hypercube
circuits at low depths, we numerically compute the ideal
XEB value for random hIQP circuits as a function of hy-
perdepth £ and hypercube dimension ®. We do so by
classically sampling random degree-2 circuits, which are
efficiently simulatable. The results, shown in Fig. 5(a),
demonstrate that the XEB of hIQP circuits quickly con-
verges to the uniform value as a function of hyperdepth,
with hyperdepth-2 circuits being basically converged. We
also compare the full ensemble of degree-2 hIQP circuits
to uniform IQP and find a very similar behaviour. In-
deed, for any £ > 2 the hIQP distribution quickly con-
verges to uniform IQP, see Fig. 5(b).

Together, these observations provide evidence that af-
ter hyperdepth 2 any structure which might be exploited
by a classical simulation algorithm has essentially van-
ished, rendering classical simulation inefficient, and we
have the following conjecture.

Conjecture 3 (hIQP approximate average-case
hardness). Approzimating the output probabilities of
hyperdepth-2, degree-3 hIQP circuits up to error O(2™™)
is #P hard for a constant fraction of the instances.

Note that the output probabilities of degree-D circuits
are related to the normalized gap of degree-D Boolean
polynomials [24] and hence we can equivalently phrase
Conjecture 3 in terms of approximating the gap of those
polynomials, see Ref. [78] for an in-depth discussion.
Conjecture 3 implies hardness of sampling under a widely
believed complexity-theoretic conjecture by a standard
argument, see Ref. [19] for details.
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FIG. 6. Evidence for classical hardness. To give evi-
dence for the hardness of simulating random hIQP circuits,
we analyze the properties of the effective hypergraphs defined
by degree-3 hIQP circuits for 100 random instances at hy-
perdepth £ = 1 and £ = 2. Error bars are one standard
deviation. (a) The treewidth determines the complexity of
tensor-network contractions [79]. (b) The minimum vertex
cover of the degree-3 hyperedges determines the run-time of
the near-Clifford simulator of Ref. [33].

Theorem 4 (Hardness of hIQP sampling). There is no
efficient classical algorithm that samples from the output
distribution of hyperdepth-2, degree-3 hIQP circuits up
to constant total-variation distance error, unless Conjec-
ture 3 is false or the polynomial hierarchy collapses to its
third level.

How are these complexity-theoretic results reflected in
the concrete runtime of classical simulation algorithms?
To answer this question, we now discuss the runtime scal-
ing of the available classical algorithms.

The most important classes of general-purpose sim-
ulation algorithms are tensor-network algorithms. The
runtime of these algorithms is governed by the
treewidth of the circuits’ interaction graph [80]. While
the hyperdepth-1 circuits can be simulated in time
O(2"/?) [27], as discussed in more detail in Ref. [27], we
expect the treewidth of hyperdepth-2 circuits to (nearly)
saturate n. Tensor-network techniques can also be ap-
plied to the degree-D IQP circuit equivalent to the logi-
cally implemented hIQP circuit which comprises degree-
D and CNOT gates [79, 81, 82]. We show the treewidth
of the hypergraphs defined by the effective IQP circuits
in Fig. 6(a), and find that it is significantly smaller than
n by a constant factor for hyperdepth £ = 1 but nearly
saturating the maximal value of n — 1 at £ > 2.

Another family of simulation algorithms are near-
Clifford simulators [83, 84]. Since the number of non-
Clifford gates of a random degree-3 hIQP circuit scales
as - - £/3 we would expect those algorithms to have a
large runtime. Nonetheless, IQP circuits appear to be
prone to relatively low-rank stabilizer decompositions.
Notably, very recently Ref. [33] has demonstrated that
in the absence of the in-block permutation gates, there
is a decomposition of the output states of hIQP circuits
of any depth into 2"*/3 stabilizer states. To this end they
exploited the fact that the effective IQP hypergraph has



a vertex cover of size n/3. For the hIQP circuits consid-
ered here, the minimal vertex cover approaches its max-
imal size given by n — D + 1, however, see Fig. 6(b).
We note that one could attempt to classically optimize
the minimum vertex cover over CNOT circuits just be-
fore the X-basis measurement, since the addition of such
a circuit can be simulated in classical post-processing,
see Appendix A 2. A closely related approach to that
of Ref. [33] has also been explored in Ref. [85] where the
authors find low-rank stabilizer decompositions of 2-local
classically hard IQP circuits using large independent sets
of the IQP graph.

Further specific simulation algorithms for IQP circuits
can exploit the fact that one can additively approximate
their outcome probabilities in conjunction with sparsity
of the output distribution [86-88]. But such algorithms
fail due to anticoncentration. This is because anticon-
centration implies that the output distribution has expo-
nentially large support and hence the individual proba-
bilities need to be estimated with exponential precision.
The best known algorithm for exactly computing output
probabilities of IQP circuits scales as (29-9965") [39] and
exploits a clever way to find roots of degree-3 polynomi-
als. As discussed in Ref. [78] it seems unlikely that this
scaling can be improved beyond 2"/ for uniform degree-3
circuits. Importantly, the best known algorithm for gen-
eral IQP circuits thus has a runtime of Q(2°%-99657) per
amplitude.

The results above all apply to the computation of out-
come probabilities of IQP circuits. It is not immediately
clear that they also imply simulability in terms of sam-
pling. The best available approaches to sampling are,
first, the gate-by-gate simulation algorithm of Bravyi
et al. [90]. This algorithm efficiently turns any method
to compute amplitudes of degree-D phase states where
some qubits are measured in the X basis and others in
the Z basis into a sampling algorithm. For instance, this
has been done in Ref. [33] to simulate the experiments in
Ref. [27]. Second, one can use rejection sampling if the
output distribution is known to be very flat [91]. It is
not clear, however, that the output distributions of IQP
circuits are sufficiently flat for this approach to work.

Finally, let us note that when comparing to a noisy ex-
periment, the question of classical simulability becomes
more subtle. Now, we can also allow the classical al-
gorithm to exploit “the noise”, but what exactly this
means is up for debate. One could either require a clas-
sical algorithm to output samples close to the physically
noisy samples. In this scenario, under a simple noise
model, any constant amount of local noise makes IQP cir-
cuits classically simulatable after constant depth [77, 92].
However, these algorithms are not competitive in prac-
tice. Alternatively, one could merely require the sam-
ples to pass a test such as the cross-entropy benchmark
with a similar score, or “spoof the benchmark” [36, 39].
This approach relates closely to the question of verify-
ing the classical samples, a topic we discuss in detail in
the next section. For hIQP circuits Ref. [27, ED Fig. §]
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finds that an approach similar to that of Gao et al. [36]
is not successful. Ultimately, the question is whether
quantum error correction is needed for scalable quantum
advantage—progress towards this goal has been made in
restricted IQP settings [53, 77]. While we do not study
noisy simulability of IQP circuits in this work, the ques-
tion is therefore highly interesting and deserves further
study, in particular in the context of encoded circuits.

B. Verification of noisy IQP circuits

We now turn to the question how to verify samples
from potentially noisy implementations of random hIQP
circuits. We will show that IQP circuits have appeal-
ing properties in this respect. Generally speaking, un-
conditionally verying samples drawn from random quan-
tum circuits which anticoncentrate cannot be done from
less than exponentially many samples [73]. This is why
sample-efficient benchmarks are typically used to vali-
date the correctness of an experiment [15, 74, 93]. To the
extent that a benchmark does not reflect all intricacies
of the targeted task, ‘spoofing’ the experiment—that is,
achieving a similar score on the benchmark—can become
easier compared to simulating the full distribution. Nev-
ertheless, these benchmarks remain an important tool in
the verification of sampling experiments. Most sampling
experiments have used the average linear XEB [15, 16, 34]

X =Ec2"Y go(@)po(r) -1, (9)

between the ideal and noisy output distributions of a ran-
dom circuit C' denoted by pc and q¢, respectively, as
a benchmark of quantum advantage. The linear XEB
has the favourable property that it can be estimated effi-
ciently from few samples by averging the ideal probabili-
ties po(x;) corresponding to samples x; from a randomly
chosen quantum circuits. It has the unfavourable prop-
erty that computing those ideal probabilities can require
exponential time.

The second feature which makes the XEB appealing is
that it can be used to measure the many-body average
fidelity

F == Ec¢ (Clpc |C) (10)

of the pre-measurement state pc compared to the target
state |C) for sufficiently scrambling circuits or dynam-
ics [15, 35, 74, 94]. For circuits with Haar-random two-
qubit gates and local noise models, this relation holds so
long as the single-qubit error rate per gate layer ¢ < v/n
for some constant 7 [36, 40]. For error rates € > v/n on
the other hand, the XEB decays much slower than the fi-
delity, namely with the circuit depth [16, 22, 36, 95]. The
slower decay for large noise rates constitutes a vulnera-
bility of XEB that can be exploited when designing clas-
sical algorithms using bespokely planted noise at specific
locations of the targeted ideal circuit. These algorithms



achieve similar XEB scores [36, 96] as the first experimen-
tal demonstration of quantum advantage [15]. In fact, it
has been argued by Gao et al. [36] that polynomial-time
simulations should be able to achieve a comparably high
XEB score asymptotically that decays only with the cir-
cuit depth.

Intuitively, the deviation between XEB and fidelity for
locally Haar-random circuits can be understood in terms
of the comparison of error events close to the beginning
and the end of the circuit, respectively [36]. Consider
a noise model in which single-qubit Pauli errors occur
uniformly across the entire circuit volume. Errors at the
beginning of the circuit tend to affect XEB and fidelity
in the same way. To see this, consider their effect on the
initial state which can be gleaned from propagating them
backwards into a string with weight determined by the
backwards lightcone. Any Pauli error which propagates
into a string with a single Pauli-X term will flip a bit of
the all-zero input state giving rise to an orthogonal state.
This will cause the fidelity as well as the linear XEB to be
zero.[97] Pauli errors which propagate into a string with
only Z errors do not affect XEB and fidelity. In contrast,
an error close to the end of the circuit will affect XEB
and fidelity differently. For the XEB, a comparably high
fraction of such errors propagate into a low-weight Z-
type string at the end of the circuit. Such errors do not
affect the outcome probabilities. But they do affect the
fidelity: to compute it, we compute the overlap with an
ideal state, and therefore an error towards the end of the
circuit has a large lightcone. Thus, errors which prop-
agate into a low-weight Z-type string at the end of the
circuit will not affect XEB but do affect fidelity, giving
rise to the deviation.

Consider in contrast degree-D IQP circuits. Here, all
Z-type errors commute with the circuit and therefore
yield an orthogonal state. When commuting a single-
qubit X error through a degree-k gate, it will turn into
an X © Z2*=1 error. Unless there are cancellations we
can therefore commute an X error to the beginning or
the end of the circuit, where it will have picked up a
Z-string, which yields an orthogonal state. The only de-
viation between XEB and fidelity should therefore stem
from X errors in the very last circuit layer.

In the following, we will rigorously assess this intu-
ition by analyzing the relationship between XEB and fi-
delity for different circuit ensembles and noise regimes.
We find that, indeed, at low noise rates < 1/n there
is a correspondence between XEB and fidelity for gen-
eral local noise. However, that correspondence breaks
down for high noise rates and while the fidelity decays
exponentially in the circuit volume, the XEB only de-
cays exponentially in the circuit depth, as is the case
for Haar-random circuits [16, 22, 36, 74]. We then show
the transition between XEB and fidelity can be shifted
to higher noise rates by adding a fixed layer of gates,
which does not have an analogue for Haar-random cir-
cuits. Altogether, these results give evidence that the
intuition discussed above gives the correct mechanism,
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FIG. 7. XEB versus fidelity in hIQP circuits at low
noise rates. Measures of quality for noisy random degree-2
hIQP circuit ensemble at ® =4 with circuit-level single-qubit
depolarizing noise following a gate application with total er-
ror probability p, i.e., each X/Y/Z error occurs with proba-
bility p/3. Single-qubit and two-qubit fidelities are therefore
1 — p and 1 — 2p, respectively. To obtain the data, we aver-
age ~10* circuit realizations with 107 noise realizations each
and measure the average fidelity F' and normalized average
XEB X/Xuigp- (a) Decay of the normalized XEB (circles) and
fidelity (lines) with hyperdepth for various noise rate p. (b)
Decay rate with hyperdepth « of the normalized XEB (teal)
and fidelity (orange) fitted as x exp(af), respectively, shown
as a function of noise strength pN. (c) Decay of the normal-
ized XEB (circles) and fidelity (lines) with noise strength pN
for various hyperdepths. (d) Decay rate with noise strength 3
of the normalized XEB (teal) and fidelity (orange) fitted as
x exp(B x pN), respectively, shown as a function of the hy-
perdepth £. The inset shows the relative difference fy/8% be-
tween the decay rates of normalized XEB gy and fidelity 85.
The last two values of pN from are ommited from fitting due
to their large uncertainty.

while highlighting that error cancellations do in fact play
a significant role at high noise rates.

First, we show that in a general setting, at low noise
rates, the XEB of IQP circuits can be used as a proxy
for the average fidelity. Specifically, we consider gen-
eral noise occurring in encoded circuits as modelled by
quantum instruments and any quantum circuit that is
equivalent to an IQP circuit. In this setting, we show
that if the noise rate € < ¢/nlogn and the circuit depth
L € Q(logn), then

X =2F -2"""1 1 0(c). (11)

We elaborate the setting and concrete noise model in



Appendix F 1.

We quantitatively observe this behaviour in numeri-
cal simulations of degree-2 IQP circuits with circuit-level
noise, see Fig. 7. There, we compare the average fi-
delity with the average noisy XEB normalized by the
ideal XEB score X/Xpiqp- This normalized XEB removes
some finite-size differences between the average XEB and
fidelity at very low noise rates and is therefore a bet-
ter estimator for the average fidelity (see Refs. [21, 98]
for more details). At the same time, the normalization
does not change the noisy behaviour qualitatively, i.e.,
in terms of the decay in terms of the noise and depth
shown in Fig. 7(b,d). We find that for sufficiently low
noise rates, the (normalized) average XEB and fidelity
match extremely well. Together, the analytical and nu-
merical results justify the use of the XEB as a proxy for
the average fidelity at sufficiently low (Pauli) noise rates
and sufficiently high depth Q(logn).

But how far does the correspondence between XEB
and fidelity carry over to the high-noise regime? We find
that the relationship between XEDB and fidelity breaks
down for high local Pauli noise rates and we quali-
tatively recover its behaviour in Haar-random circuits.
Concretely, we consider the sparse degree-2 model with
a layer of single-qubit noise following every gate, see
Fig. 3(b). We further focus on local X-Y symmetric
Pauli noise with X and Y noise rates p, = p, = q1
and Z noise rate p,. Defining ¢ := ¢, + 2p, we have the
following result.

Theorem 5 (XEB versus fidelity transition). The aver-
age XEB for a local random degree-2 IQP circuits with
{ gates and ¢ layers of X-Y symmetric Pauli noise is
bounded as

x=2"(1—q) + (1 —9)]"
+27M(1—g)(1—q))',  (12)
X <24+ (1 )] + p(n)272/, (13)

where p(n) = n7/2/(2m)3/2.

We defer the proof of Theorem 5 to Appendix F 2.

The lower bound on the XEB shows directly that it
has two regimes depending on the strength of the noise.
When (p; +py +p:) < 2log2/n?, then the XEB is dom-
inated by the exponential decay that is linear in the cir-
cuit volume nf. Whereas for larger noise rates, the XEB
decay is dominated by the decay that is linear in the effec-
tive depth ¢/n (that one layer of gates requires £ = n/2 in
this model). This sharp change in behavior of the XEB is
exactly analogous to what has been found in noisy Haar
random circuits [16, 22, 36]. In both cases, it indicates
that the XEB ceases to be good proxy for the fidelity,
which always decays at a rate linear in the circuit vol-
ume until it reaches a value near 1/2"™. The upper bound
of the XEB shows that the two scaling regimes observed
in the lower bound are actually tight at low and large
enough noise rates.
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One way to understand the deviation between the in-
tuition we discuss above and the lower bound for high
noise rates is to consider the random gate choices in the
sparse IQP ensemble. In the model considered in Theo-
rem 5, for every one of the £ randomly chosen qubit pairs
a CZ gate is applied with probability 1/2. Think of a cir-
cuit comprising ¢/n parallel gate layers, and consider an
X-error occurring in the (¢/n — k)-th layer of the circuit.
Then the probability that no gate is applied in the last k&
layers decays as 27%, leading to a deviation between XEB
and fidelity on that order of magnitude.

This reasoning suggests that the deviation should van-
ish if we ensure that every X-noise event in the circuit
will meet a degree-2 or higher gate when we commute it
to the end of the circuit, and that its resulting attached
Z-type string is not cancelled by any other gates. As a
first step towards this, we can add a fixed parallel layer
of CZ gates between all qubit pairs at the very end of an
otherwise random degree-2 circuit. This will only leave
deviations due to cancellations of Z strings. We find that
a fixed gate layer indeed has the effect of lowering the
bounds on the average XEB from Theorem 5, an effect
that does not have an analogue for Haar-random circuits.

Lemma 6 (Shifting the transition). The average XEB
for the local random degree-2 IQP model on an even
number n of qubits with £ gates and £ layers of X-Y -
symmetric Pauli noise with a last layer of parallel CZ
gates between all neighbouring qubits is bounded as

X > 21— ) + (1— )] (14)
+ 2741~ g)(1 - g1 ). (15)
X <2 ML+ (L= )T +pm)2 ¥ (16)

We show Lemma 6 in Appendix F3. The new upper
bound implies that the transition in the XEB has been
shifted by a factor of 3/2 to larger circuit depths.

The bounds can be exponentially lowered further by
adding additional, non-overlapping fixed gate layers to
the circuit. More formally, this expectation can be un-
derstood via the proofs of the analytical results in this
section. In these proofs, we make use of a mapping of
second-moment quantities of degree-2 IQP circuits to a
classical statistical model whose states are evolved deter-
ministically by the circuit. In the following section, we
will detail this statistical model, and sketch the proofs
of our results regarding the ideal and noisy average XEB
values.

Before we do so, let us briefly summarize the findings
of this section. We have found that—as for Haar-random
circuits—the linear XEB is a good estimator of the global
state fidelity in the regime of relatively low noise. This
is witnessed by our noisy simulations of hIQP circuits
shown in Fig. 7 as well as our tight bounds in The-
orem 5. That correspondence extends to very general
types of noise. As for Haar-random circuits—the corre-
spondence breaks down for large noise rates at which the
XEB only decays with the circuit depth while the fidelity



decays with the circuit volume. We have argued, how-
ever, that XEB should be a better estimator of fidelity in
IQP circuits compared to Haar-random circuits because
of the way the noise affects the circuit. This intuition is
made rigorous in Lemma 6, which shows that fixed gates
in the circuit shift the transition further towards higher
noise rates until it eventually vanishes. Altogether, our
results shine light on the differences and similarities be-
tween random IQP and Haar-random circuits, which we
hope will further illuminate the underlying mechanisms.

An open question relevant to our findings is to what ex-
tent the noisy XEB score respects typicality or, in other
words, how it behaves across different instances of the
random circuits. For Haar-random circuits, it is well
known that the XEB indeed concentrates rapidly around
the mean and hence that typical instances are close to
the mean value, since these circuits are higher designs.
Second, while we have shown that a transition exists, the
precise nature of that transition remains an intriguing
field for future studies. This is true in particular when
considering the logical XEB and fidelity of encoded cir-
cuits subject to physical noise, as we will discuss it in the
next section.

Another question left open by our study is to under-
stand the reasons for the transition between hyperdepth
£ =1 and £ > 2 circuits. We find this transition in the
behaviour of the noisy XEB, as well as in measures of
complexity of the underlying IQP graph. This matches
the results of Hashizume et al. [66] who find the same
scrambling transition in a setting of only CZ entangling
gates on the hypercube. A more detailed study of a simi-
lar scrambling transition in a sparse random model anal-
ogous to the random sparse IQP circuits we studied here
is given in Ref. [99]. But the exact mechanism and type
of transition in the hypercube circuits remains unclear.
From a naive interpretation of the statistical-mechanics
mapping—elaborated in Section 111 D—we expect an ex-
ponentially decaying deviation with every circuit layer
from fully scrambled circuits rather than a sharp phase
transition at a given point.

C. Verification of noisy encoded IQP circuits

In the previous section, we showed that the XEB and
fidelity in IQP circuits match for local logical noise with
low rates. We now assess this correspondence for en-
coded IQP circuits subject to physical noise. For en-
coded qubits, there is an ambiguity in defining the logi-
cal fidelity in relation to the XEB: The XEB is evaluated
directly from measurement outcomes in the X-basis and
is not affected by (physical and logical) X errors just be-
fore the measurement, but the fidelity can be drastically
reduced. This reduction is determined by the physical
error density and happens because we are not applying
any correction in the Z basis and therefore the state af-
ter X measurements and postselection remains outside of
the code space. Therefore, a genuine comparison, akin to
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FIG. 8. Logical XEB and fidelity for an encoded cir-
cuit. We simulate 30 instances of random noisy encoded
degree-2 hIQP circuits (D =4, £=2) with the property that
the ideal XEB value X;g..; =3, taking 10° shots per circuit.
The circuits are subject to i.i.d. physical single-qubit Pauli
errors such that the single- and two-qubit gate fidelities are
1—p/10 and 1—p, respectively. Error bars represent one
standard deviation. (a) The average logical fidelity and nor-
malized logical XEB postselected on perfect X-basis stabiliz-
ers with and without error correction (EC) performed in the
internal state representation. (b) Relative value of the average
normalized XEB and fidelity for various X-axis postselection
thresholds T'.

that from the previous section, necessitates incorporation
of an error-correcting procedure in the fidelity definition
that leaves a valid code state.

In this procedure, we would typically assume a per-
fect round of stabilizer measurements and decoding.
However, in the sampling protocol we consider, the Z-
stabilizers are not measured and a fault-tolerant protocol
using the Z-stabilizer information might change the sam-
pling output. Therefore, a meaningful notion of logical
fidelity to compare with the XEB should only consider
corrections that do not change the logical X basis sam-
ples. This is why we define the reference logical fidelity
as a state overlap on the level of logical operators after
returning the state to the Z-basis code space by perform-
ing a virtual (in the simulation code) error correction step
that does not modify the XEB score. To achieve this, we
use a lookup-table decoder constructed by enumerating
low-weight X errors in an [8, 3, 2] code.

We simulate random encoded degree-2 hIQP circuits
(with the property that the ideal XEB value Yjdeal = 3) at
experimentally realistic two-qubit gate noise rates around
99.5% [30]. In Fig. 8 we then compare the logical XEB
with the logical fidelity with and without correction of
the X errors prior to the X measurement. We observe
that for the corrected logical fidelity the correspondence
with XEB is tight and consistent with Fig. 7. In contrast,
the deviation between XEB and fidelity increases when
comparing to the state fidelity without error correction.

These results show that intermediate-size encoded cir-
cuits with experimentally relevant noise rates exhibit a
close correspondence between logical XEB and an ap-
propriate notion of logical fidelity, i.e., they are in the
“healthy regime” of the correspondence between XEB and



fidelity. They also point to some of the inherent subtleties
in assessing the performance of encoded circuits where
the syndrome qubits necessitate context-dependent def-
initions of logical process, state preparation, and mea-
surement fidelities.

D. A statistical model for second moments of
random IQP circuits

In order to derive the results on the noisy and ideal
linear XEB score, we derive in this section a statistical-
mechanics mapping for second-moments of degree-2 IQP
circuits analogous to those used in the analysis of lo-
cally Haar-random circuits [22, 37, 38, 100]. We provide
a broad overview of the properties and behavior of our
mapping in Fig. 9.

We begin by observing that the ideal and noisy lin-
ear XEB score is a second-moment quantity of the IQP
circuit. To be precise, we define the second-moment op-
erator of a family Z of IQP circuits as the two-copy pro-
jector

My = EcnzC® |+7) (+7|2 C¥2. (17)

We can also allow for noise in one or both copies of the
circuit; denote by A a noise model and by pc(N) the
noisy state induced by the application of C' € 7 and the
noise model. Then the noisy second-moment operator is
just given by Mo (N, N') = Ecnzpc(N) @ pe(N7). With
this definition at hand, we can immediately see that the
(noisy) XEB is given by

X=2"> (x My(1,N) [2)¥* — 1, (18)

x

and hence we can derive all its properties from the (noisy)
second moment operator. The statistical-mechanics
model will describe the evolution of the second-moment
operator as a function of the depth of the IQP circuit.

The ideal XEB score of IQP circuits has been com-
puted for uniform degree-2 circuits by Bremner et al.
[24], while the general moment operator for degree-n cir-
cuits has been found by Nechita and Singh [101]. The
statistical-mechanics model will allow us to go beyond
both settings and analyze arbitrary circuits composed
of random degree-2 gates, as well as arbitrary IQP and
CNOT gates and (potentially distinct) Pauli noise on
each copy. To motivate our approach, we build on the
derivation of the ideal XEB score of uniform degree-2 IQP
circuits by Bremner et al. [24]. Their argument makes use
of the fact that the output states of degree-2 IQP circuits
can be written as a polynomial phase state

1
(~1)7 @ ), (19)

Cl+") =

where f(x) = >, bijziz;+3_; a;x; is a degree-2 Boolean
polynomial whose coefficients a; (b;;) are 1 if a degree-1

16

(degree-2) gate is applied to the qubits labeled by the
indices in the circuit C, and 0 otherwise. We can then
write the two-copy average over such phase states as

1 2
M,y = 5 Z Es [(—1)Zif( 1)] |2123) (2224]  (20)
214004924
1
= 5 (15" + 89" 4 P2 — 2X%"), (21)

where § = 37 ycio1ylab) (bal, P = 3", e (0.1 laa) (bb],
and X = }° cr 1y [aa) (aal. This follows from evaluat-
ing conditions under which the averages over the phase
(—1)2: /(=) does not vanish for any fixed configura-
tion z1, 29, 23, 24, through the randomness of the coef-
ficients a, b.

The formula (21) is reminiscent of the one for global
Haar-random circuits, where we find My oc (19" +S®™),
but additional invariances appear in the case of IQP aver-
aging. In fact, one can show that the action of a single-
qubit Haar-random gate in the two-copy average is to
project onto the space spanned by 1 and S. If a quantum
circuit contains layers of single-qubit Haar-random gates
one can therefore describe the average two-copy evolution
as an evolution of these two ‘states’, which represent the
local invariances of the circuit.

The same effect occurs for degree-2 IQP circuits. We
find that a good basis for the local state space of degree-2
circuits is given by S = {X,1,S, P} with

X = [00) (00| + [11) (11], (22)

| :=01) (01| + [10) (10], (23)
S == (01) (10 + [10) (01], (24)
P :=00) (11| + [11) (00| . (25)

Intuitively, this is because these states are invariant un-
der swaps between the two copies and contain two |1)
states each so that a Z gate on two copies leaves them
invariant. We illustrate the statistical model in Fig. 9
and describe it in detail in Appendix D.

The second-moment operator expressed in the S-basis
undergoes simple evolution under random degree-2 gates.
Without loss of generality, we can move a layer of random
single-qubit Z gates to the beginning of the circuit in all
of the models we study. Writing Z# = [[, Z" we can
then write the second moment of the input state

1
Eecqonp (27 [+7) (+7127)% = L1+ S +P+X)%7,
(26)
which can be expressed as a uniform mixture of all states
in S®*. If we apply a random degree-2 circuit C to a

pair of qubits, we find that a state P ® Q € S®? evolves
as

EcC®(P © Q)
_ P@Q ifP=XorQ=XorQ=P (27)
0 else,
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Statistical-mechanics mapping of degree-2 second moments. (a) To analyze the ideal and noisy XEB of

degree-2 IQP circuits we map the second moment 5> = Ecpc ® pc of IQP + CNOT circuits with random degree-2 circuits
on subsets of qubits to the evolution of four classical states X, 1,S, P at each physical site. This mapping is analogous to the
mapping used for Haar-random circuits, where the invariant states correspond to the identity and swap operator between the
two copies, 1 and S, respectively (b) Under a local random circuit in which random degree-2 circuits are applied to random
qubits or alternated with layers of SWAP gates the system (depicted here), the system will percolate to states with only one
Q € {I,S,P} and X states otherwise, yielding a globally invariant state in {Q, X}" for @ € {I,S,P}. The intermediate states
shown here represent typical states at the respective circuit layer since under the ideal circuit evolution states only survive or
die. (c) Under the noisy circuit evolution, all but the X and | state eventually die out. (d-f) Update rules under random and
fixed gates. (d) Subjected to a random IQP circuit a state on two sites either survives (if it contains X or is of the form QQ
for @ € {I,S,P}) or ‘dies’ otherwise (crossed out circles). (e) Under a deterministic CNOT gate a state PQ is permuted to a
state Pep(Q). (f) To analyze the noisy value of the linear XEB, we need to apply noise to one copy of the circuit. Under X-Y

symmetric Pauli noise the amplitude of all states is reduced, while the total amplitude of X + | is conserved.

see also Fig. 9(d). In other words, the states of our model
can only survive or die under random IQP circuit evolu-
tion.

Let us pause here for a moment and consider the evo-
lution of the states. In particular, we would like to un-
derstand under which condition the second moments of
a sparse random degree-2 circuit converges to its uni-
form value (21) as a function of depth. It is apparent
from Eq. (27) that the X-state plays a special role in the
model, and that the model tends towards completely ‘po-
larized states’ in which the only appearing states are X
and one of I,S, P. These states are invariant under the cir-
cuit evolution—they are immortal. We can understand
the behaviour of the circuit evolution to the completely
polarized states Simm = {X, 1}¥" U {X,S}*" U {X,P}®"
in terms of percolation, see Fig. 9(b). As soon as the
degree-2 gates form a large connected component of the
graph with high probability most states outside of Sjm
will have died so that the second moment approximately
recovers the form (21). It is at this point that we expect

anticoncentration, since every state contributes exactly
27" to the overall XEB. Indeed, in Theorem 1 we find a
sharp transition as the number of random degree-2 gates
exceeds 2.75nlogn which is precisely the scaling we ex-
pect from the percolation argument [102, 103].

Next, we notice that C*Z gates leave the immortal
states in Simm invariant. However, they can have a non-
trivial effect on states outside of that set that leaves the
space spanned by those states. For instance, a CCZ gate
maps ISX state to | ® S® (00) (00| — 1 ® S ® [11) (11]. In
our circuit ensembles, we always consider random higher-
degree gates in conjunction with uniformly lower-degree
gates on the same set of qubits, however. They therefore
cannot alter the invariant state. Indeed, even degree-n
circuits have the same second moment as degree-2 cir-
cuits [101]. Generally, adding additional higher-degree
random gates can only speed up anticoncentration.

Furthermore, we find that the action of a CNOT gate



on a string P ® Q
EcCNOT®?(P ® Q)CNOT®? = Pwep(Q),  (28)

is just a permutation £p(Q) € S that depends on the
control of the CNOT gate, illustrated in Fig. 9(e); see
Lemma 20 in Appendix D2 for details. In combina-
tion with local random degree-D circuits on fixed qubits,
CNOT gates thus have a similar effect compared to ran-
dom degree-D circuits on random subsets of qubits, since
they transport ‘excitations’, i.e., non-X states through
the system. We exploit this property when we com-
pute the asymptotic XEB score of block-random IQP and
hIQP circuits in Theorem 2.

Finally, consider the effect of noise. Noise is reflected in
an asymmetry between the two circuit copies, wherein—
in the case of Pauli noise—a Pauli operator is applied
somewhere in the circuit on one copy but not the other.
We find that Pauli X and Z noise leave the states X, |
invariant, and have a nontrivial effect on S,P: X noise
permutes S <> P, while Z noise adds a —1 phase to S
and P. If X noise occurs during the circuit evolution, it
therefore maps some immortal states to states which will
eventually die. Z noise can be moved to the end of the
circuit and adds a phase to S and P states. In the XEB,
Z noise thus leads to a cancellation of the contributions
of states with nontrivial S and P contribution at the end
of the circuit. X noise on the other hand leads to a decay
of all states outside of the set {X,1}®". If we therefore
consider Pauli noise which is X-Y symmetric, we find
a decay of the S, P states and a stochastic permutation
of the X, states, see Fig. 9(f). Under noisy degree-2
circuit evolution, the system thus undergoes a damped
percolation to (X + 1), while all other states die out,
eventually leading to an XEB score of 0, see Fig. 9(c).

In Theorem 5 we compute upper and lower bounds to
the noisy XEB of sparse IQP circuits with Pauli noise
during the circuit evolution as a function of the circuit
depth. To show the theorem, we find a set of long-lived
states of the form

{1L,X320 =2 @ {1} @ {S}, (29)

i.e., states with a single ‘excitation’ which slowly decays.
It is these states which lead to a deviation between XEB
and fidelity for circuits with depth ¢ € O(nlogn).

At the same time, the contribution of those states to
the XEB vanishes if we consider a last, fixed layer of

CZ gates. To see this, observe that IS 2, 1S while

XS +Z XS. Exactly half the states of the form (29) will
incur a negative sign at the end of the circuit since a CZ
gate is guaranteed to act on the excitation S. In order to
lower-bound XEB, we now need to consider states with
two excitations, e.g., PPI"~2. This reduces the upper and
lower bounds by a factor of 3/2 and 2 in the exponent,
respectively.

To summarize, our statistical model can be used to
qualitatively understand and quantitatively analyze the
behaviour of second-moment properties of IQP circuits.
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We have done so here for the noisy and ideal values of
the XEB score in the hIQP and sparse IQP model, but
other architectures can also be considered. An interest-
ing case to study in future work is, for instance, that of
geometrically local IQP circuits. A convenient model to
study in this case is an IQP + SWAP model wherein
degree-2 IQP circuits act on fixed pairs of qubits while
the qubits are coupled by SWAP gates acting in a ge-
ometrically local fashion. We expect the behaviour in
this setting to be quite similar to that of Haar-random
circuits, in particular, we expect anticoncentration in log-
arithmic depth [39, 100].

IV. VALIDATED ADVANTAGE VIA
TRANSVERSAL BELL SAMPLING

In the previous section, we have argued that sampling
from random degree-D hIQP and sIQP circuits for D > 3
is classically intractable, and that the linear XEB is a
good measure of the output state fidelity in the regime
of low noise. Together, these results allow us to perform
verified quantum advantage experiments in realistic set-
tings. The drawback of this approach, however, is the
fact that estimating the XEB requires evaluating ideal
outcome probabilities, which by definition are classically
hard to compute in the quantum advantage regime.

This raises the question whether there are more effi-
cient ways to validate the quantum advantage of IQP
sampling. In contrast to universal circuits, it is known
that the output states of IQP circuits can be veri-
fied using the ability to perform (near-)perfect single-
qubit measurements for certain families. These in-
clude IQP circuits with two-local rotations around ar-
bitrary angles [104, 105] and also general degree-3 cir-
cuits which can be thought of as preparing hypergraph
states [106, 107]. Such tests require very high-fidelity
state preparations, however. Since the stabilizers of IQP
circuits can be computed efficiently, it is also possible to
perform direct fidelity estimation [108], which is highly
sample-efficient, but beyond geometrically local architec-
tures [98] requires potentially long-range entangled mea-
surements whose correctness must be guaranteed. All of
these approaches furthermore require different measure-
ments for sampling and verification.

An alternative, unified approach to sampling and ver-
ification is to make use of a Bell measurement on two
copies of an IQP circuit [41]. For universal random cir-
cuits, this gives rise to a sampling task which is classically
intractable to simulate while at the same time the output
distribution has certain structure that can be exploited
for efficient validation of the samples as well as learning
properties of the underlying quantum circuit. While this
test can be efficiently spoofed by an adversary, it can be
used to efficiently validate samples from a noisy quantum
device in a ‘trusted’ laboratory environment.

The output probabilities of a Bell measurement on two



copies of a quantum state |C) are given by
1
Po(r,z) = 5[ {C] X 22 |C) 2, (30)

where by X, = [, X" and likewise for Z we denote
the Pauli X and Z operator on the sites labeled by z, 2z €
{0,1}", respectively. Since a degree-D IQP circuit C' is in
the D-th level of the Clifford hierarchy we thus find that
the Bell sampling probabilities of degree-D IQP sampling
are given by the output probabilities of certain degree-
(D —1) IQP circuit C, that depends on X*. Concretely,
we find

1 n n
Po(x,2) = o | (+" CaZ: [+ ) 2. (31)

The gates of C derive from the gates in C, observing
that for z € {0,1}%*1, C*Z. X, - C*"Z = X @ C"'Z.
In other words, a degree-k gate which meets one or sev-
eral X operators will reduce to a lower degree gate on
the complement sites. All other gates cancel. Thus, the
highest-degree gates in C, are those gates in C' which
meet a single X operator and are therefore reduced by
one degree.

It follows that computing the output probabilities of
Bell sampling with degree-3 circuits, which is hard in the
standard (X) basis, becomes easy since all amplitudes
are just amplitudes of various degree-2 Clifford circuits.
However, if we consider Bell sampling from degree-4 cir-
cuits, we recover hardness of sampling.

Theorem 7 (Hardness of degree-4 Bell sampling (infor-
mal)). Approximately sampling from the output distribu-
tion of Bell measurements on uniformly random degree-
D IQP circuits for D > 4 is classically intractable under
certain complezity-theoretic assumptions.

We elaborate the theorem more formally as Theo-
rem 32 in Appendix G.

Let us mention here that in contrast to Bell sampling
from universal random circuits [41], the fact that degree-
D circuits lie in the D-th level of the Clifford hierarchy
introduces significant structure in the output distribu-
tion of degree-D Bell sampling. In particular, the output
distribution ‘shatters’ into 2" sectors determined by the
x outcome, and for each such sector, the probabilities are
the output probabilities of the smaller IQP circuit C,. In
terms of the statistics of uniform degree-D Bell sampling,
we thus find n+ 1 sectors depending on the number |z| of
nonzero x outcomes which determine the support of C,.
While within each sector the statistics are the same, they
differ between the sectors. This is reminiscent of the situ-
ation in Gaussian boson sampling, where the distribution
falls into distinct sectors determined by the total photon
number [109-111]. Similarly, in boson sampling with a
low number of modes the statistics of the outcomes differ
depending on the ‘collision pattern’, that is, the number
and size of the collision outcomes [112].

In Appendix G, we detail an adapted hardness proof
based on Stockmeyer’s counting algorithm [113] for this
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scenario. A key observation in the proof is that the
probability weight is concentrated on outcomes (z, z) for
which |z| = n/2 £ O(y/n), and therefore hardness of
computing outcome probabilities still holds for most out-
comes.

For verification of the Bell samples we observe that
the degreee-D Bell distribution is supported only on out-
comes (z,z) € {0,1}?" for which there is no index i
such that 1 = z; = z;. In the terminology of Ref. [41],
such indices correspond to Y-outcomes or singlets. Let
suppy(z,2) == {i € [n] : z; = 2z = 1} be the Y-
support of (x, z) and 7y (x, z) = | suppy (x, z)| mod 2 be
its parity. For universal Bell sampling, the output dis-
tribution is supported on outcomes with even Y -support
7wy (z,z) = 0 [41]. Here, we find |suppy (x, z) = 0| for all
outcome strings.

In case the state preparation is noisy, it is discussed
in Ref. [41] how and in which scenarios the Bell samples
may be used to estimate the average fidelity of random
two-copy state preparations. The key element of this
verification protocol is to estimate the purity

tr[p?] ~ %(H(Jc’,zz) my (2, 2Y) = 0}

{2 sy (@' 2h) = 1)), (32)

from a set of M Bell samples {(z%,2%)};. Importantly,
this estimate can be computed fully efficiently from the
Bell samples. The outcomes with odd Y-parity thus in-
dicate errors in the circuit. In degree-D IQP sampling
we have an additional mechanism to detect errors which
is given by the even Y-parity outcomes. We leave a de-
tailed study of the possibility to exploit this additional
structure in the output distribution in order to diagnose
errors in degree-D Bell sampling to future work.

Suffice it to stress here that transversal degree-4 Bell
sampling using [2%,4,2] color codes provides a viable
route towards demonstrating efficiently validated quan-
tum advantage. Efficient validation is possible using the
additional structure afforded by the Bell samples. The
price at which the efficient validation comes is twofold.
First, as in universal Bell sampling, we need to double the
number of qubits and perform a Bell measurement across
the two circuit copies. This is feasible in the setting con-
sidered here since the Bell measurement is transversal in
stabilizer codes. Second, there is an additional price to
be paid in the specific setting of degree-D Bell sampling;:
As mentiond above, most outcomes (z,z) have support
|z| = n/2 4+ O(y/n). By Eq. (31) this implies that the
naive simulation cost scales exponentially in the worst
case as n/2 compared to n. On the flipside, that addi-
tional price is counterbalanced by doubling the amount
of error detection that is possible, since the Bell distribu-
tion is guaranteed to have zero weight on Y-outcomes.

To summarize, degree-(D + 1) Bell sampling using
transversal logical circuits as discussed here is a feasi-
ble route towards efficiently validated quantum advan-
tage that requires a linear overhead in the number of



qubits compared to standard degree-D sampling. This
overhead is given by a factor of four due to the struc-
ture of the Bell distribution times a factor of 2 due to
the larger codes. This approach can be compared to
other means of efficiently verified quantum advantage
using structured states such as cluster states [98, 104],
where the quadratic overhead can be thought of as a
space-time tradeoff. The space-time-overhead might be
traded for intermediate logical stabilizer measurements
in the context of encoded computations. An alternative
route towards error-detected or -corrected quantum ad-
vantage could therefore be to use three-dimensional clus-
ter states [55].

V. GENERALIZED CODES FOR SCALABLE
COMPUTATION

The [8,3,2] code is the smallest realization of the 3D
color code on a cube-like region with a logical CCZ gate
implemented via a transversal T gate [31].[114] Alter-
natively, the [8,3,2] code can be viewed as the D = 3
instance of the D-hyperoctahedron code [46] with pa-
rameters [2P, D, 2] for any D > 2. In what follows, we
present four constructions that lead to codes with simi-
lar transversal implementations of a logical CCZ but an
increased code distance d > 4. Before describing them
in more detail, we first provide an overview of each code
and their advantages and disadvantages.

In the first code construction, we concatenate a two-
qubit Z-repetition code into the [2, D, 2] code to form a
[2P+1, D, 4] code. The simplicity of this approach makes
it suitable for near-term devices; however, this simplicity
comes at the cost of performance because the transver-
sal IQP gates now have to be implemented via two-qubit
gates. Furthermore, fault tolerance in this code requires
some amount of error detection, so it is not a fully fault-
tolerant error correction scheme. We compare the perfor-
mance of this code to the [8, 3, 2] code, as well as IQP cir-
cuits implemented via transversal gates on the [15,1, 3]
code. For a physically reasonable noise model, our con-
clusion is that the [8,3,2] code has the best error detec-
tion performance, while the [15,1,3] code can be used
to reduce the postselection overhead of error detection
through error correction at low noise rates.

The next family of codes we consider is a direct gen-
eralization of the [2P,D,2] code to a higher distance
color code with parameters [22P, D,4]. The qubit over-
head increases substantially compared to the [2°+1, D, 4]
concatenated codes, but the IQP gates can now all be im-
plemented via transversal single-qubit gates. These are
the minimal size color codes with distance > 3 we have
found with transversally implemented non-Clifford IQP
gates, but the downside of the construction is that scaling
to higher distance leads to macroscopic stabilizers that
compromise fault-tolerance performance.

These considerations lead us to the third family of color
codes we consider, which maintain the LDPC property
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in their check operators as the code distance is scaled.
To achieve this favorable property the qubit overhead
(asymptotically) increases by a factor of 5 compared to
the previous color code construction with macroscopic
stabilizers.

The final family of codes we consider are variants of the
three-dimensional toric codes. In the case of the standard
3D toric code with certain boundary conditions, one can
implement a logical CCZ gate via transversal physical
CCZ gates on each code block. Unfortunately, this is a
lower-fidelity physical operation than single-qubit rota-
tions. To overcome this constraint, we propose to con-
catenate [8, 3,2] codes with three copies of the 3D toric
code so that the local CCZ gates can be implemented
via single-qubit gates on the [8,3,2] code blocks. This
method requires 72 qubits to realize a distance-4 code.

A. The [16,3,4] and [15,1, 3] codes

As a CSS code the [8,3,2] code has an unbalanced
X/Z-distance of 4/2. Thus, one way to improve the
code distance is to increase the Z distance by replac-
ing each qubit by a two-qubit repetition code with the
stabilizer group generated by the two-site X X operator.
This [16,3,4] code remains a CSS code with transver-
sal CNOT gates and X/Z measurements; however, the
in-block CZ and CCZ gates must now be implemented
via transversally applied two-qubit e???Z gates. The dis-
tance of a full transversal circuit thus remains 2, but,
depending on the noise model, one may find improved
performance of this code.

To test whether such an improvement is possible in
our transversal IQP sampling circuits, we compare the
performance of the [16, 3, 4] code to the [8,3,2] code in
Fig. 10. To implement error correction in the [16,3,4]
code we use a decoder that corrects all syndromes gen-
erated by weight-1 errors with the associated weight-1
error and discards samples with syndromes outside this
set. We use a noise model with perfect state preparation
of the logical code blocks, perfect single-qubit gates, and
noisy physical two-qubit gates, i.e., after each two-qubit
gate we apply i.i.d. depolarizing noise with rate p to each
qubit involved in the gate. Figure 10(a) shows a com-
parison between the error corrected [16,3,4] code and
error detection in the deviation of the logical XEB from
1. Both codes have an error rate that scales at low-noise
rates as p?, consistent with expectations; however, we no-
tice that the error detected [8, 3,2] code outperforms the
corrected [16, 3,4] code and matches the performance of
the [16, 3,4] code with full error detection. Figure 10(b)
then shows the performance of the codes in terms of the
postselection overhead. In this noise model, the [16, 3, 4]
code with error correction still has a larger postselection
overhead in our decoder than the [8,3,2] code. As a
result, when the noise is dominated by two-qubit gate
errors, we do not find evidence that the [16, 3,4] code of-
fers improved performance over the [8, 3, 2] code, despite
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FIG. 10. Comparison with the [16,3,4] and [15,1,3]
codes. The same hIQP logical circuit instance (D=4, £=2)
is executed using the [8,3,2], [16, 3,4], and [15, 1, 3] encod-
ings. The state preparation (encoding circuit) is noiseless,
and the transversal part of the circuit is realized with perfect
single-qubit gates and two-qubit gates with fidelity 1 — p, im-
plemented as independent single-qubit depolarizing channels
on the affected sites. The error bars represent standard devi-
ation of the mean from 107 samples and are within markers
for most data points. (a) The deviation from 1 of the normal-
ized XEB for various operation modes of the studied encod-
ings. The raw, corr., post. denote the raw XEB (for a fixed
logical operator set), XEB after a correction step, and XEB
after postselection, respectively. In the case of the [16,3,4],
corr. (1) corresponds to a decoder that corrects all distance-1
errors and discards all samples with syndromes that it cannot
correct while corr. (2) implements a sliding-scale postselection
protocol that discards a sample if two or more uncorrectable
syndromes appear in the entire system. (b) Acceptance frac-
tion for protocols utilizing some degree of postselection.

its improved distance.

To demonstrate an improvement over the [8, 3, 2] code
in this noise model, we instead turn to transversal IQP
circuits implemented with the punctured Reed-Mueller
[15,1,3] CSS code that has a logical T-gate imple-
mented by transversal T-gates. In addition, to transver-
sal T-gates, this code also has transversal logical CS
gates implemented via transversal CS gates between code
blocks [115]. Thus, we can realize a similar transver-
sal IQP sampling experiment with the [15,1, 3] code us-
ing physical one and two-qubit gates by doing the same
CNOT circuit on a hypercube interspersed with block-
random CS gates on subsets of [15,1,3] code blocks.
In this way, we expect to achieve very similar hard-
ness results and circuit families as the degree-3 circuits
we studied using the [8,3,2] code, see Ref. [25]. In
Fig. 10(a), we compare the performance of the error cor-
rected [15,1,3] circuit implemented in the same archi-
tecture as the [8,3,2] code circuit, both with 48 log-
ical qubits. In the comparison both circuits are im-
plemented with only Clifford gates (Z, CZ, SWAP and
CNOT gates) to make classical simulations feasible. Al-
though the [15, 1, 3] code removes the postselection over-
head, we see that its pseudothreshold behavior for this
circuit is below error rates of 1073 and fails to go beyond
break-even for the uncorrected [8, 3, 2] circuits until error
rates below 10~%. Applying postselection to the [15,1, 3]
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circuit data boosts the estimated logical fidelity to 1 for
these noise rates and samples, but the postselection over-
head is much more severe than the other codes. It is
likely that these results could change significantly with
repeated rounds of mid-circuit error detection or correc-
tion, but that comes with additional qubit overhead. For
the present model with error detection/correction imple-
mented only in the final layer of measurements, we find
the [8, 3,2] code to be the highest-performing code.
Finally we remark that there is a closely related code
to the [15, 1, 3] code, but with a higher code rate and dis-
tance. It is a [64,15,4] code where transversal T gates
implement a 15-qubit logical CCZ circuit where each log-
ical qubit is involved in 3 distinct CCZ gates [44, Exam-
ple 6]. Such a code may have promising applications
for transversal IQP sampling, but its fault-tolerant prop-
erties are not well understood; therefore, we leave the
investigation of this and related codes for future work.

B. The 64-qubit code

For any D > 2, we define the distance-4 D-
hyperoctahedron code by taking 2 D-hypercubes and
arranging them to form a D-hypercube; see Fig. 1(g)
for an illustration of this construction for D = 2 and
D = 3. Qubits are placed at the vertices of the result-
ing lattice, with Z and X stabilizer generators associated
with the faces and D-dimensional cells, respectively. The
code has parameters [22”, D,4] and can be interpreted
as a D-dimensional color code on a D-hypercube-like re-
gion, with D-dimensional cells colored in D+ 1 colors. It
has a logical CP~17Z gate implemented via a transversal
Rp = diag (1,ir/2P~1) gate. In particular, for D = 3
we obtain the 64-qubit code with a logical CCZ gate.

In order to reduce the weight of stabilizer operators,
we can introduce some gauge operators. For the 64-qubit
code in Fig. 1(g), whose volumes are colored in four col-
ors, R, G, B and Y, we choose the following gauge group

g:<Zf,Xc,Xf/|fEF7CEC,f/EFBy>, (33)

where C, F' and Fpy denote the set of all volumes, faces,
and BY faces (shared between B and Y volumes), respec-
tively. The parameters of the resulting code are the same,
however we now measure operators of weight at most 8§,
compared to the original version with one stabilizer of
weight 32 and two of weight 16 that were associated with
Y and B volumes, respectively.

We remark that, in an analogous way, for any even d
we can obtain the distance-d D-hyperoctahedron code
by taking an arrangement of D-hypercubes forming a
(d/2) x ... x (d/2) region of the D-hypercubic lattice.
The parameters of the code are [d”, D,d]. Unfortu-
nately, some of its stabilizers are macroscopic. In par-
ticular, for D = 3 there are d/2 — 1 stabilizers of weight
2d?, d(d — 2)/4 stabilizers of weight 4d, (d + 4)(d — 2)/2
stabilizers of weight 2d; weight of other stabilizers is at
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FIG. 11. Large-distance codes with logical CCZ via
transversal single-qubit rotations. Construction of a lat-
tice L that facilitates a 3D color code with distance d = L + 2
and a logical CCZ gate for L = 2. Note that we use the dual-
lattice picture, where qubits are identified with tetrahedra.
(a) A cubic lattice £ of size L X L x L, with its vertices col-
ored in four colors, R, G, B and Y. (b)(c) Two possible ways
of splitting each cube of £ into five tetrahedra. We obtain £
from £’ by adding additional tetrahedra along the boundaries
of £'. To avoi d clutter, we only illustrate (d) the top and (e)
right boundaries.

most 8. From the perspective of fault tolerance we may
require that all stabilizers are of constant weight. This
motivates a definition of a family of 3D color codes, which
we present in the following subsection.

C. A family of 3D color codes

In order to define a 3D color code with even distance
d > 4 and a logical CCZ gate, we need to be able to con-
struct an appropriate lattice supporting this code. Since
describing our construction seems easier in the the dual-
lattice picture, we will use it in this subsection.

We start with a cubic lattice £’ of size L x L x L, where
L = d—2, which will constitute the bulk of the color code
lattice; see Fig. 11(a). Each cube of £’ is then split into
five tetrahedra in one of two ways [116]; see Fig. 11(b)(c).
We require that any two neighboring cubes that share a
face are split differently. The vertices of £’ are colored
in one of four colors, R, G, B or Y. Then, we obtain £
by adding additional tetrahedra to L', such that every
vertex of color G (respectively, B and Y) on the top
or bottom (respectively, left or right, and front of rear)
boundary of £’ is covered; see Fig. 11(d)(e). Let 0L
denote the set of triangular faces on the boundary of L.
We define 0L, and JL to be the sets of outermost edges
and vertices bounding the initial lattice £’, respectively.
By construction, |£| = 5L3+6L2, |0Ly| = 1212, |0Ls] =
12L2, |0L1] = 12L and |0Lo| = 8.

We define a 3D color code associated with the lattice £
as follows. We place one qubit on every tetrahedron of L,
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FIG. 12. 3D toric/color codes with transversal CCZ.
Three copies of the 3D toric code with distance two, which ad-
mit a transversal logical CCZ gate. To avoid clutter, we only
depict some X (red) and Z (blue) stabilizers. The copy in (a)
has two X stabilizers (pyramids spanned by the top/bottom
faces and the cube center) and eight Z stabilizers (four edges
parallel to § and four triangular faces spanned by edges par-
allel to z and the cube center). The copies in (b) and (c) are
obtained by rotating the copy in (a).

triangular face in dLs, edge in 0L and vertex in 9Ly,
and associate X and Z stabilizers with vertices and edges
of L, respectively. This construction is reminiscent of
how a 3D tetrahedral color code is defined [117, 118].
The resulting code has parameters [5d® —12d? + 16,3, d].
Note that for d = 4 we require 144 qubits, which is 2.25x
more than for the 64-qubit code. While this construction
is less qubit efficient (roughly by 5x for large d) than the
one from the previous subsection, asymptotically it only
has stabilizers of constant weight. By introducing gauge
qubits we can further reduce the weight of the largest
stabilizer, which is 32, requiring to measure operators of
weight at most 6. For more details on the lattice, see
Appendix H.

D. A family of 3D toric/color codes

To construct a family of codes with growing code dis-
tance and constant-weight stabilizers we can take three
copies of the 3D toric code with open boundary condi-
tions, each encoding one logical qubit and rotated with
respect to each other (via a cyclic permutation of the z,
y and z axes). The three logical qubits admit a logical
CCZ implemented via a transversal CCZ gate [31, 119].
By encoding each triple of qubits supporting a physical
CCZ gate into the [8,3,2] code, we obtain a 3D color
code with a logical CCZ implemented via a transversal
T gate. The resulting code has parameters [8n,3,2d],
where n and d are the number of qubits and code distance
of each copy of the toric code, and typically n = O(d?).

The smallest realization of this construction uses 72
qubits and has distance four. It is based on the 3D toric
code with distance two that we depict in Fig. 12. Anal-
ogously, by considering D copies of the D-dimensional
toric code with distance two concatenated with the D-
hyperocatedron code we obtain the code with parameters
[2P (2P +1), D, 4] and a logical CP~1Z gate implemented
via a transversal Rp = diag (1, i7r/2D_1) gate.




E. Threshold Theorem for Transversal IQP
Sampling

An important property of the previous two code con-
structions is that they are asymptotically low density
parity check (LDPC) codes. As shown by Gottesman
[26], any quantum LDPC code whose distance diverges
at least logarithmically with increasing system size will
have a fault-tolerance threshold under a local stochastic
noise model. The proof includes the case of transversal
gates applied to the code. More precisely under a min-
imum weight decoder, the theorem implies that for an
[n, k, d] LDPC code with p below the threshold value pyy,
the logical error rate scales as

Oln(p/pum)"?] (34)

as n — oo. In particular, for the two families of LDPC
codes introduced in the previous section, d = O(n'/3),
which leads to an exponential suppression of the error
rate with increasing system size. As a result, the out-
put distribution of random transversal IQP circuits im-
plemented with these codes will converge exponentially
close in total variation distance to the ideal noiseless dis-
tribution.

A similar threshold behavior in IQP circuit sampling
was also studied recently in Ref. [52]. There, the authors
consider a different circuit architecture that uses ancilla
qubits to compress the IQP circuit to a constant depth.
They also consider a different family of 3D color codes
with logical T-gates instead of logical CCZ gates imple-
mented via transversal T-gates.

VI. OUTLOOK

In this work, we have developed and analyzed a
hardware-efficient scheme for demonstrating quantum
advantage using logical qubits as its fundamental build-
ing blocks. At the heart of our scheme is the [27, D, 2]
hypercubic color code, and its transversally realized non-
Clifford C¥Z and CNOT gates. Using the transversal
gate set of multiple [2”, D, 2] code blocks and physical
qubit permutations, we devise a family of degree-D IQP
circuits on a hypercube connectivity and show that the
family has all desirable features for a demonstration of
quantum advantage. At the same time, the hIQP circuit
family can be fully parallelized in reconfigurable atom
architectures, and a variant thereof has already been
demonstrated in recent experiments [27]. Error detection
can be performed at the level of the classical samples, al-
lowing to significantly improve their quality as measured
by the linear XEB. For efficient validation of hIQP sam-
ples, we propose to sample from two copies of a degree-4
hIQP circuit in the transversal Bell basis. Finally, we
generalize the [2°, D,2] code family to arbitrary dis-
tances, charting a path towards scalable demonstrations
of quantum advantage using repeated error correction.
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Our work studies computational complexity in the
context of early fault-tolerant quantum computing ar-
chitectures, using the [8,3,2] code as its model sys-
tem. It highlights differences to non-fault-tolerant ar-
chitectures, where hardware-efficiency obeys quite differ-
ent constraints [15, 34], and noise behaves in very dif-
ferent ways. The study of noise becomes crucial to as-
sessing the prospects of quantum advantage in a twofold
way—in terms of success on the chosen benchmark (the
linear XEB in our case) but also in terms of the error
reduction capabilities of a chosen code and error correc-
tion/detection strategy. For the former, in our study,
we analyze in detail the noisy linear XEB of degree-D
IQP circuits using numerical simulations and a bespoke
statistical-mechanics mapping. For the latter, we com-
pare the performance of error correction in the [16,3, 4]
and [15,1, 3] codes and error detection at the end of the
circuit using the [8,3,2] code. Our study shows that,
just like for unencoded quantum computations, random
quantum circuits remain an important setting for under-
standing the capabilities of a given architecture in terms
of its noise resilience and potential for quantum speedups.

There are a range of interesting directions that arise
from the new experimental capabilities of the reconfig-
urable atom platform in general, and our study of its
transversal degree-D IQP circuits in particular. An im-
mediate technical open questions raised by our study of
noise in degree-D IQP circuits is what type of transition
the XEB undergoes as a function of the noise strength—
whether it is a sharp phase transition as for Haar random
circuits, or a different type of transition. While we have
found that the same two regimes do exist for noisy 1QP
circuits, we have also presented evidence that the XEB
behaves more benignly for random IQP circuits compared
to Haar-random circuits. Furthermore, it is an intriguing
question how the transition behaves for logical XEB and
fidelity in the presence of physical noise in an encoded
circuit.

An important question raised by the advent of encoded
quantum computations in experiments is how to best
make use of limited degree of error detection and cor-
rection. In this work, we have focused on a minimal
amount of error detection at the very end of the com-
putation, allowing us to eliminate certain errors. Next
steps include performing multiple rounds of error detec-
tion throughout the circuit execution via stabilizer mea-
surements without feed-forward. In addition, it is impor-
tant to explore the most efficient ways of using a limited
number of measure-and-correct rounds. The availability
of the additional information gleaned from mid-circuit
stabilizer measurements brings with it the question of
how to best make use of that data. While one can per-
form postselection to improve the overall sample quality,
in addition to that, the stabilizer data can yield diagnos-
tic data about circuit performance and even error mech-
anisms [120-122]. In particular, it has been shown that
stabilizer data can be used to learn correctable Pauli er-
rors [123-125] since the stabilizer measurement lets one



measure the Fourier transform of the Pauli noise distri-
bution [126]. Stabilizer data might also be used to infer
the average fidelity of transversal gate layers preceding a
stabilizer measurement, analogous to cycle benchmark-
ing which includes noise tailoring [127, 128]. This is par-
ticularly intriguing in the context of verifying quantum
advantage demonstrations, since it may allow us to effi-
ciently estimate the average fidelity of the output state,
bypassing the need to resort to the inefficient XEB, or
verification schemes that come with a significant resource
overhead [41, 98]. Random quantum circuits constitute a
well-understood model in which the relation between dif-
ferent benchmarks can be studied. As our work shows,
they also provide an ideal playground for questions re-
garding the nature of early fault tolerance in general.

Beyond sampling circuits, our work can be under-
stood as a case study of circuit compilation in co-design
with code and hardware constraints. Optimized towards
fast scrambling and simulation complexity, the family of
hIQP circuits is highly resource efficient in terms of the
chosen code, since it only uses transversal and permuta-
tion operations, and in terms of the reconfigurable atom
hardware, which allows for parallel long-range gates. One
can ask how to compile algorithms with different use
cases to the same or similar code and hardware require-
ments. At the same time, it is interesting to explore
which algorithms or sub-routines are most suited towards
mostly transversal implementations in high-dimensional
color codes with non-Clifford transversal gate sets. For
example, it might be possible to encode arithmetic op-
erations using only phase states [129]. From a different
perspective, we can think of the transversally prepared
states as a resource for more complex algorithms, since
these states can be prepared with comparably low errors.
In the near term, one can also envision logical-physical
quantum circuits. In this scenario high-fidelity transver-
sally prepared states could supply resources that are ex-
pensive for physical circuit implementations such as non-
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local magic and entanglement. These resources could
then be exploited by a low-depth universal, physical cir-
cuit. Although not a viable path in the long-run, such
an approach might allow novel applications on currently
available hardware. We hope that the present work will
inspire the community to address these and other inter-
esting questions regarding the physics and computational
properties of early fault-tolerant quantum computation.
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Appendix A: Quantum channels on phase states

We begin with a brief recap of the properties of IQP
computations that will be helpful in the following. In
particular, we analyze quantum channels which preserve
phase states.

1. Some background on phase states

In its most general form, IQP computation is about
the preparation and manipulation of a class of quantum
states called phase states.

28

Definition 8. Given a function ¢ : Z3 — R, a phase
state |¢p) on n qubits is

1 iTtp(x
Niu Z e ¢()|x>.

ze{0,1}"

) =

(A1)

We denote the single-qubit x/y/z Pauli operators by
X/Y/Z and use the notation A* = A" ®---® A% for a
bit string a € {0,1}"™ and a single qubit operator A. A
few convenient facts about phase states are

e A pure quantum state [¢)) is a phase state iff for
every nonzero a € {0,1}", (| Z*|¢p) = 0. The
forward direction is clear, and the reverse holds be-
cause states satisfying (| Z¢ |¢) = 0 for all nonzero
a are precisely those states with equal magnitude
coefficients on all computational basis states, i.e.,
phase states.

o Any function ¢ : Z3 — R can be expanded in terms
of polynomial coeflicients o, € R as

dx)= Y aua” (A2)
ac{0,1}"
where 2% = 27" - - 28n.

e A phase state |¢) with polynomial coefficients oy,
can be prepared with a unitary operator composed
of diagonal Z interactions

Uy = H exp [MO@H (1 _2Zi>ai

ac{0,1}" i

, (A3)

such that |¢) = Uyg |[+") where |[+7) is the n-fold
tensor power of the single-qubit +1-eigenstate |+)
of X.

o If ¢(x) is a degree-D polynomial, i.e., a poly-
nomial with maximum degree D, then U, can
be implemented by a quantum circuit consisting
of at most O(2PnP) gates: There are O(nP)
terms in the polynomial and the D-local gates
exp(imag [[; (1 — Z;)/2)") can be decomposed
into at most O(2P) two-qubit gates [131].

2. Equivalence of degree-D IQP and degree-D IQP
+ CNOT

Let us show the equivalence between degree-D IQP
circuits and circuits composed of degree-D IQP gates and
CNOT gates. Let us define a binary phase state as a state
|) which can be written as

9y = (1)),

x

(A4)

where f: {0,1}" — {0, 1} is an arbitrary Boolean func-
tion. We now observe that a degree-D IQP circuit Cy



acting on n qubits prepares a polynomial binary phase
state

(A5)

where f(z) = Zk 1 Z

degree-D polynomial whose coeﬂic1ents c?k € {0,1} are

kC BLjE e Tk is a Boolean

nonzero if a C*~17Z gate is applied to the k qubits la-
beled by j* = (j¥,...,j¥). The action of a CNOT gate
on a two-qubit basis state |zy) is given by CNOT |zy) =
|z, @ y), where @ denotes addition modulo 2. This im-
plies that the action of a circuit C composed of CNOT
gates on a polynomial binary phase state is given by

CCr |+") = Dy, [+"), (A6)

- X

where A is a Boolean invertible matrix defined by the
CNOT circuit. A~! preserves the degree of f and hence
f(A~1x) is just a different degree-D Boolean polynomial
fa(z) that depends on f and A. Any hIQP circuit which
includes IQP and CNOT gates is therefore equivalent to
some purely IQP circuit.

3. Review of quantum operations

Let us now briefly review the basic formalism of quan-
tum channel theory.

A completely positive (CP) map acts on density ma-
trices p as E(p) = >, KupK, |, where the linear opera-
tors K, are called Kmus opemtors. A quantum chan-
nel (or CPT map) £ is a completely positive map that
also preserves the trace, i.e., its Kraus operators satisfy
S KLK, =1

Definition 9. Let P, be the Pauli group on n qubits,
then a Pauli channel is defined by a probability distribu-
tion q(P) over P € P, such that

E(p) =Y a(P)PpPT,

PeP,

(A7)

i.e., we can take the Kraus operators to be Pauli opera-
tors.

To analyze the effects of quantum channels on phase
states, we first introduce two (inequivalent) levels of con-
servation of the phase state property. First, we introduce
phase-state-preserving maps (Appendix A 4), then diag-
onal CP maps (Appendix A 5).

4. Phase-state-preserving quantum operations

Definition 10. A CP map £ is a phase-state-preserving
(PSP) map if, for any mizture of phase states p, E(p) can
be written as a mizture Y, Do |da) (Pa| of phase states
|¢a) with pa = 0.
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Definition 11. A CP map & is a completely-phase-state
preserving (CPSP) map if € ® 1 is a PSP map for any
trivial extension of € to a larger Hilbert space.

We give some examples of channels that fall into dif-
ferent categories according to these definitions:

e The partial trace operation is a CPSP channel.
Take a phase state |¢) on the joint system HaQHp
with n4 and np qubits, respectively. We can
expand this state in the computational basis as
) = >, Coy |2) ® |y) . Taking the partial trace
over B, we arrive at the state

Tra(|9) ($) = D coychny l2) @]

z,z’y

—Zan [6y) (4]

Each state |¢,) = Y. sy |x) in this mixture is
a phase state because |c; ,|* = 1/2"4T"5. This
argument shows that the partial trace results in a
mixture of phase states, proving the PSP condition.
The trivial extension of the partial trace operation
is also a partial trace, which shows the CPSP prop-
erty.

(A8)

o Let U = U - U' with some unitary U be a unitary
PSP channel on n qubits, then U is CPSP. To prove
the CPSP condition we need to prove Y ® 1 is PSP
acting on the doubled Hilbert space H®H. Taking
a joint state |¢) and expanding it as we did in the
partial trace discussion above, we can represent the
state as the superposition

|¢> = Zcz |¢z> ® |Z> ,

z

(A9)

where |2) is a computational basis state, |c.|*> =
1/2™ and |¢,) is a phase state. Applying U ® I
to this state will result in a similar superposition of
phase states each with equal magnitude coeflicients;
thus, the resulting state is also a phase state, prov-
ing the CPSP condition for U.

e Let U be a circuit composed of CNOT gates and
X gates, then U |z) = |Az + b) for some invertible
nxn matrix A over Fy and a Boolean vector b € F5.
As a result, U |¢) = |¢'), where ¢/(z) = ¢[A™ (2 +
b)], so all such U give rise to CPSP channels.

e More generally, let U be a circuit composed of Tof-
foli gates, CNOT and X gates. Then, U is a CPSP
map with the property that U |¢) = |gz$of—1>7
where f(z) is the invertible Boolean function im-
plemented by the circuit on computational basis
states.

e Any mixture of CPSP maps is a CPSP map.
e Any Pauli channel is a CPSP channel.



e A projective measurement in the z-basis is a 1-
qubit PSP map, but is not a CPSP map. As
a counterexample to the CPSP condition, con-
sider the (unnormalized) two qubit phase state
|00) 4+ |01) 4 |10) — |11) and measure the second
qubit in the z-basis. The state after the measure-
ment is |04) or |1—), neither of which are phase
states.

e The amplitude damping channel with Kraus oper-

ators Ko = (1++/1—7)1/24+(1—+/1—7+)Z/2 and
K, = (X +1iY),/7/2 is not PSP for any v > 0.

From these examples, we can see that the set of opera-
tions that preserve the phase state property has a rela-
tively rich structure.

5. Diagonal completely positive maps

In addition to phase-state preservation, another natu-
ral class of maps that act in a simple way on phase states
are diagonal CP maps.

Definition 12. A CP map &€ is diagonal if it has a
Kraus decomposition {K,} such that every Kraus opera-
tor K, =), caZ® is diagonal in the computational ba-
51S.

We denote a map as a diagonal-unitary CPSP map if
it has a representation as a mixture of diagonal maps
composed with unitary CPSP maps.

6. The z-twirl

In the context of noisy random IQP computations, it
is convenient to introduce z-twirling of a CP map.

Definition 13. The z-twirl of a CP map & with Kraus
operators {K,} is the CP map

1
E(p) =5, Y Z°K,Z°pZ K} 2" (A10)
ap

This twirling operation has the effect of converting any
CP map into a diagonal-unitary CPSP map as we now
show.

Lemma 14. Let £ be a CP map; its z-twirl £, is a
diagonal-unitary CPSP map.

Proof. Let K, be the Kraus operators for £, we expand
them in the Pauli basis

1
Ky= 5, > Xz, oy = Tr[K,Z° X", (All)
ab

With this representation, we can then express the z-
twirled map as

E.(p) = Z pubXbKMbPKlebv
ub

(A12)

30

where pp, = Y, |c4,|> and the Kraus operators K, =

= 2a CapZ?. The effect of the twirling is to remove
0

the terms on which the X operators act with a different
power on each side of the density matrix. This repre-
sentation of the Kraus maps proves the twirled map is a
diagonal-unitary CPSP map because K,; is a diagonal
map and X? is a unitary CPSP map.

O

Appendix B: Measuring the quality of noisy encoded
computations

Measuring the quality of encoded computations in the
absence of full error correction is nontrivial, because
physical errors affect encoded qubits quite differently
compared to physical qubits. In this section, we take
some initial steps towards a theory of logical gate fideli-
ties (Appendix B 2). Before we do so, we recap the basics
of stabilizer codes and analyze the effective noise chan-
nels arising on the logical qubits (Appendix B 1).

1. Stabilizer codes and logical noise channels

Let S be an abelian subgroup of the Pauli group such
that —1 ¢ S. The size of S is 2"~* for an integer k. The
code space projector

IIy =

(B1)

1
on—k Z 9>

geSs

defines an [n, k, d] quantum error correcting code where d
is the code distance. Taking a minimal size generating set
for S ={g1,...,9n—k), we can re-express II = H?;lk(]l +
9i)/2-

For two Pauli operators P and @), define the scalar
commutator as [P,Q]] = 0 € Fy if [P,Q] = 0 and
[P,Q]] = 1 € Fy if PQ = —QP. We can define a
canonical basis for the Pauli group with reference to
our generating set for S as follows: find a set of oper-

ators {hi,...,h,_i} called destabilizers [132] that sat-
isfy [[hi,h;]] = 0 and [[gs,hj]] = dij, as well as a
set of logical operators {Xi,Z1,..., Xy, Zx} that sat-
isfy [[Xi, hy]] = [[Xs, 95l = [[X3, Xj]] =0, [[Zs hy]] =
[Zi 951l = [[Zi,Z;]] = 0, and [[X;, Z;]] = 6;;. This

canonical basis set can be found efficiently by solving
a set of linear equations over Fs.

A logical state ‘(/_1> is any state that satisfies I ’l/_J> =
g ’LZ> = ‘J)) for all g € S. A syndrome is a set of mea-
surement outcomes s € {0,1}"~% for the stabilizer gener-
ators g;. The projector onto a given syndrome outcome
is

n—k Si g,
I, = H ]1+(_1) gz.

. (B2)

i=1



We also define I, as the projector onto the r-error sub-
space

span({P [9) : Iy [@) = ). P € Py, wt(P) < r}),

where P = @, P; is a Pauli operator and wt(P) =
{i : P, # 1} is the weight of P, i.e., the number of
non-identity Paulis in P. The projector 1y, can be in-
terpreted as a projector onto the set of states that have
at most r errors. Note, Ilp, = 1, while the smallest m
such that Ily,, = 1 is greater than or equal to the code
distance, but will generally depend on the code.

In order to formalize the effect of physical noise on the
logical subspace it is convenient to introduce a generaliza-
tion of a quantum channel, called quantum instrument.

Definition 15. A quantum instrument is a collection
of CP maps {Ea}aca such that ) .4 Eq is a quantum
channel.

A projective measurement {Il,},eas is an example of a
quantum instrument, where a indexes the possible mea-
surement outcomes M.

For a given physical noise channel £, the correspond-
ing logical noise channel is the quantum instrument
{E€s}seqo,13n—+ associated with the syndrome outcomes

SS(/)) = Hsg(p)ns = Z HSKMPK):HS' (B?’)

m

For an initial state in the code space, these are effectively
logical channels with the Kraus operators

K,y = h*Toh* KTy = Y _ chy  h*g° X" Z°Tl,,
abe

(B4)

where h* = H;:lk hj* is a product of destabilizers that
corrects the syndrome and %, = Tr[K,Z*X"¢°h*].

2. Logical gate fidelities

We are now ready to define notions of logical transver-
sal gate fidelities. Due to entanglement that builds up
between syndrome degrees of freedom and logical degrees
of freedom during the computation, the error model for
logical qubits is intrinsically non-Markovian, increasing
the relative importance of circuit context dependence in
defining gate fidelities. We provide a partial resolution
to this challenge through the use of r-error filters that
restrict the input states of the logical channel to have at
most weight-r errors.

Given a syndrome outcome s, a decoder is a map from
s to a logical Pauli operator P, chosen to correct the
error and a destabilizer h* that fixes the syndrome with-
out affecting the logical degrees of freedom. We define
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the (r,s)-filtered average_gate fidelity of a decoded log-
ical operation &/ = U - U' conditioned on a particular
syndrome outcome s acting on an r-error state as

F,.(E,U) = 1 /dwr (4| U P;h*
x E(U [ipr) (| UNR*PU by}, (B5)
Psr = Tr[gs (H()r/dr)]a (BG)
d, = Tr[Iy,], (B7)

where € o U(p) is the noisy implementation of the log-
ical gate I, h® maps the states with syndrome s back
to the logical states, di, is the uniform measure on the
set of r-error states induced by the Haar measure over
logical operators and psg, is the probability of observing
syndrome s starting from a maximally mixed state in
the r-error space. In the case of error detection, where
the optimal decoding strategy is to postselect on the all-
0 syndrome outcome and set Py = 1, the average gate
fidelity is

_ 1 _ _ _
For(€,80) = == [ b (| DVE(T ) 4 T 1),
(B8)
In addition to the average gate fidelity, we also intro-
duce the (r, s)-filtered entanglement fidelity [133, 134]

1

Fosr(E,U) = — (®,| UToR 0E;0U)21(|®,) (D,]) |D,)

(B9)
where R, (p) = P;h®ph®P, and |®,) = vec(Ilp,/d,) is a
purification of the density matrix IIy,./d,. As with their
standard versions, we find that the (r, s)-filtered entan-
glement fidelity is related to the (r,s)-filtered average
gate fidelity through the formula [135, 136]

pST

o drFesr+1

F,, = B10
741 (B10)

To see this equality, one follows the simple proof of
Nielsen [136]. Similarly, we can use the r-filtered av-
erage gate fidelity to upper- and lower-bound an (r, s)-
filtered version of the diamond distance (defined analo-
gously with respect to r-error input states and decoding
conditioned on syndrome outcome s) of the logical chan-
nel from the identity [e.g. 137, Prop. 9].

We can analytically compute the (r, s)-filtered entan-
glement fidelity as

1
 perd?

Fogr ST [ P K Lo, ]|, (B11)
n

where {K,} are a set of Kraus operators for £. For
two-qubit logical gates between code blocks (e.g., the
transversal CNOT) and two-qubit gate error channels
that factorize &€ = & ® &, we can directly extend this
formula to two-qubit logical gates
Fess’rr’ - F(l)F(z)

esr~ es'r’*

(B12)



These definitions of logical gate fidelities implicitly as-
sume either that r is less than the code distance or that
most states in the r-error space are close to a logical
state. Otherwise, the r-filtered gate fidelity is dominated
by the projection back to the code space. In the case of
near-term experiments where accessible code distances
are small, which is the focus of this work, it is conve-
nient to define an intermediate notion of logical fidelity
that looks at the fidelity of the logical operation on the
whole r-error space without error correction and decod-
ing following the gate. The error rate of this fidelity does
not decrease with increasing code distance, but provides
a useful bound on the fidelity of logical gates in a near-
term logical circuit. We thus define the r-filtered average
gate fidelity and r-filtered entanglement fidelity as

- A F(EU)+1

F.(&.U) i1 (B13)
Forl€,80) = — (@,| (@1 0 £ o10) & 1(12,) (®1]) 1),

(B14)

pr = o Dol (1L, ), (B15)

respectively. In the case of [8,3,2] codes, for r =1, Iy
has support on 144 out of all possible 256 states. For
r > 2, Iy, has support on the whole 8-qubit Hilbert
space. Consequently, in this case F, is negligible for any
r > 0; however, F. can still be large because of the small
size of the code.

In Fig. 4(b) in the main text, we present the r-filtered
gate fidelities F). for transversal CCZ, in-block CNOT,
and transversal CNOT gates of the [8,3,2] code. In the
calculations for the CCZ and transversal CNOT gates we
took iid depolarizing noise on each qubit following the
application of a physical gate. For the in-block CNOT,
which we assume to be implemented via qubit reconfigu-
ration, we modeled the noise as pure Z-dephasing noise
on each qubit following the gate. To numerically compute
the r-filtered fidelities we directly evaluated the formu-
las above by expressing them as polynomials in the local
noise rate parameter p(1 — p). We then used direct cal-
culations on the 28 dimensional Hilbert space to evaluate
the coeflicients of each polynomial.

For a native two-qubit gate error rate of 0.5%, the
fidelity of a compiled CCZ gate would be around 3%.
We see in Fig. 4(b) that the r-filtered fidelity can read-
ily exceed that for r=0, while at high enough single-
qubit gate error rates 1073 — 10~% the transversal CCZ
fidelity exceeds the compiled version for > 0. In the case
of transversal CNOTs shown in Fig. 4(b), the r-filtered
fidelity only exceeds the native fidelity for r=0. The
pseudothreshold for two-qubit CNOT gates is observed
to be at gate error rates of 4%. When comparing the fi-
delity of physical CNOTs implemented on 3 independent
pairs, which is most comparable to the logical transver-
sal CNOT gate for the [8, 3, 2] code, the pseudothreshold
increases to 14%.
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Appendix C: Model for fidelity versus acceptance
fraction

As we increase the amount of postselection in the en-
coded circuit, the XEB improves but the number of dis-
carded samples grows as well. In Fig. 4(a) of the main
text and in the experimental data (Fig. 5(e)) of Ref. [27],
the relationship between the XEB and the fraction of
accepted samples reduces to a power law in a certain
regime.

Here, we provide a simple model based on the [8, 3, 2]
code that reproduces this behavior. While the exponent
will differ for a different code, we expect the power-law
behaviour to generalize. We consider n logical qubits
encoded into n/3 blocks of the [8,3,2] code, which ex-
perience an i.i.d. dephasing channel with rate p on all
physical qubits, right before measurement in the X ba-
sis. For each block, we can evaluate the probability of
a logical Z errors conditioned on whether the single X
stabilizer is violated or not; this is enough to recover the
power law behavior mentioned above. The probability of
having k€ {0,...,8} errors in a block is

Po=(F)rta -

and the corresponding probability of violating the stabi-

lizer is
€= E Pk7
k€{1,3,5,7}

(C1)

(C2)

which corresponds to having an odd number of errors.
The logical operators within a block are defined up to
multiplication with stabilizers, but in practice we choose
a particular operator realization, e.g., the three sides of a
cube highlighted in Fig. 1(d). Then, for every odd num-
ber of errors, we have a 7/8 probability of having at least
one logical fault, since for any choice of logical opera-
tors, a single physical qubit does not participate in any of
them. Similarly, the probability of having a logical fault
given an even number of physical errors is {0,1,4/5,1,0}
for {0,2,4,6,8} errors, respectively. Together, this re-
sults in probabilities p; of logical faults conditioned on

whether a stabilizer is violated (s = —) or not (s = +),
which are given by
P =T/8, (C3)
L1

4
= P+ -Py + P). C4
=1 (Pt Pat B (C4)
Given n, = n/3 blocks, the probability of having exactly

J stabilizers violated is

Sj = (nb) d(l—e)™,

; (C5)

and the probability of having no logical error in that sit-
uation is

Fj=1-p; ) (1—pf)m. (C6)



The acceptance fraction for up to m violated stabilizers

is then
Sm=>_5;

j<m

(C7)

and the fidelity (i.e., the probability of no logical errors)
is

_ 1
Fn=—= > SiF, (C8)

™ j<m

which results in an approximate power law (when eval-
uated numerically) for the fidelity F,, as a function of
acceptance fraction S,,. This is in good qualitative
agreement with circuit-level simulations such as those in
Fig. 4(a).

Finally, we provide an analytical formula for the
power-law exponent in the low-noise, highly post-selected
regime. Assuming a power-law relationship F,,, = a 52,
we can estimate « in the post-selected regime from F} / Fy
and 51 /Sy using Eqs. (C7) and (C8). To first order in p,
these are given by

Fy/Fy=1—"Tnyp+ O(p?), (C9)
S1/80 =1+ 8nyp+ O(p?), (C10)
which gives & = —7/8 and is, to first order, independent

of both p and ny. In Fig. 4(a), we show a power law fit
with this value of a, and observe good agreement with
simulated data.

Appendix D: Statistical model for second moment
quantities of IQP circuits

To characterize random circuits in terms of their out-
put distributions in the noiseless case and their quality
of implementation in the presence of noise, it is useful to
analyze their second-moment quantities. Second-moment
quantities include all quantites which can be expressed as
average quantities that are linear in two tensor copies of
the random circuits applied to a fixed initial state. Most
importantly for us, the average collision probability, the
cross-entropy benchmark, the average fidelity and the av-
erage purity are all second-moment quantities. In this
work, we are interested in those quantities for random
degree-3 IQP circuits.

In this section, we derive a framework for analysing
the second-moment properties of ideal and noisy circuits
with some random IQP degree-2 gates whose output is a
polynomial binary phase state

¥y = (1)),

x

(D1)

for some degree-2 Boolean polynomial f. This is simpler
than analyzing degree-3 circuits directly, and will allow
us to make statements about random degree-3 circuits as
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well, since we can fix the degree-3 part of a circuit and
then average over its degree-2 part.

Importantly, our framework will not require the IQP
circuits to be globally random but only locally random.
Specifically, we consider circuit architectures, in which
the first layer is a layer of Hadamard gates, on cer-
tain pairs (4, 7) of qubits, a random degree-2 IQP circuit
Z1ZyCZ for u,v,w € {0,1} is applied. All other com-
ponents of the (ideal) circuit are arbitrary gates which
map binary phase states to binary phase states. We also
allow for noise which preserves binary phase states.

Choose an IQP circuit D ~ J from some IQP ensem-
ble J satisfying the properties above. Let us then write
pp(N) for the mixture of binary phase states generated
by D with noise specified by N. The ideal state is given
by pp(1) = D 0) (0|, D. Our central quantity of interest
is now the second-moment operator

My(N,N") =Ep~s3[pp(N'), pp(N)]. (D2)
To be most general, we allow different types of noise on
the two copies.

The average collision probability C, average XEB fi-
delity ¥, average fidelity F, and average purity P can be
written in terms of Eq. (D2) as

C = tr[XE" My (1, 1)] (D3)
X = 2" tr[XE"Ma(1,N)] — 1 (D4)
F = tr[S¥"My(1,N)] (D5)
P = tr[S¥"My(N, N)] (D6)

where we have defined S = 3", (o1} |2y), (yz[, as the
single-qubit swap operator between the two copies, and
Xa =2 s eq01y |27), (z2], as the single-qubit ‘delta pro-
jector” in the a-basis for a € {z, z}. Note that while the
collision probability involves no noise on either copy in
Mo, the average fidelity and average XEB fidelity involve
noise on one copy and no noise on the other copy. In
contrast, the purity involves noise on both copies.

Let us now derive the formalism. To start out, we
consider D chosen uniformly at random from degree-2
IQP circuits. As discussed in Appendix A1, each such
circuit is characterized by a degree-2 polynomial f(x) =
Zij bijrix; + Y, a;x; with uniformly random choices of
a € {0,1}",b € {0,1}"*" specifying the locations of the
Z and CZ gates.

1. The global second moment

In order to compute Ms(1, 1) we build on the proof of
anticoncentration of globally random degree-2 IQP cir-
cuits by Bremner et al. [24] (Lemma 11 in App. F). Let
J,, be the family of uniformly random degree-2 IQP cir-
cuits on n qubits, and P = }° ¢ 1y |zz) (yy| the un-
normalized Bell state projector.



Lemma 16 (Global projector). Consider the moment
operator My for random degree-2 IQP circuits in J,. It
holds that

1

My(1,1) = ——(1®" + S®" + PO" —

55m 2X%™).

(D7)

Before we prove the lemma, we would like to observe
the analogy with the second moment operator of the Haar
measure, which is given by

1

Ev~u@U®?(0) (0] (UhH®2 = 2 (1% +8%m),

(D8)

where d[g) is the dimension of the symmetric subspace
of two d-dimensional systems. While the diagonal action
of the full unitary group is only invariant under a global
swap of the two copies, giving rise to the swap operator
in the moment formula (D8), the diagonal action of ran-
dom IQP circuits on binary phase states has additional
invariances, namely, precisely those captured by the P
and X, operators.

Proof. To show Lemma 16, we expand
1 2,
My(1,1) = o D7 By [(-D)Z ] fzz) (2ol
Z1y.00924
(D9)
and observe that
Ey {(—1)2”(“)}

D INNDY

a€{0,1}" be{0,1}xn

(_1)Z¢(ZM brizikzil+2 akzik)'

(D10)
Now, we find criteria on the z; that have to be satisfied for
the coefficient (D10) to be nonzero. Following Ref. [24]

this average results in three constraints on the sums,

(1) zy=2zm==xand z3=24=y, or

(S) z1=zs=xand 20 =23 =y, or

(P) z1=z23="zand zo = 24 = y. (D11)

For the sake of completeness, we recall the derivation
here. Consider the k-th bits 21, 2ok, 23k, 24x Of the vec-
tors z;. Then any nonzero term in the exponent will
result in the sum to vanish.

Hence, the sum over a; combined with the linear term
> ok xZir enforces zip = zop + 23 + 2ag. Substituting
this, the sum over bg; now enforces that

0 = z1p211 + 22221 + 23K231 + 24k 241
= (zor + 23k + 2ax) (221 + 231 + 241)
+ Zok221 + 23k 231 + ZakZa

= zop(za1 + za1) + 238 (221 + 2a1) + zan (221 + 231),
(D12)
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where we removed terms that appeared an even number
of times (z9129; etc.) since they evaluate to 0. From the
pigeonhole principle, we know that at least two of the
{22k, 23k, z4x } must be the same.

To show constraint (1), choose zsp=z4r =yr and
rewrite the above condition as,

(zok + yr) (231 + za1) = 0,

where we again removed the term 2z9;y;. There are now
two cases. In the first case, if 29, # yr we immediately ob-
tain z3; = 24 for all [ and thus 23 = 24 and 21 = 2z5. Other-
wise, if zop = Yk, then we have 21 = 201, = 231 = 24 which
is covered by all of the conditions in Eq. (D11). The
equality constraint zq; = z9; = 23, = z4; then enforces one
of the conditions in Eq. (D11) on the I-th bit. If the z;
are not all equal, we can apply the first case to obtain one
of the conditions in Eq. (D11) for all bits. Constraints
(S) and (P) follow from the same argument starting with
the choice 2o, = 231 and 29, = 241, respectively.

The only overlap between the conditions is when

(X,) z1=zp=z3=z4=1. (D13)
Thus, we can evaluate these three conditions indepen-
dently and then subtract the over-counted terms corre-
sponding to all four bitstrings being equal.

Each of the conditions (1), (S), (P), (X;) in Egs. (D11)
and (D13) results in the averaged exponents in Eq. (D10)
to be trivially even-valued, since every term will appear
in pairs. Thus, the average coefficient evaluates to 1.
The statement of the lemma follows from inserting the
conditions in Eq. (D9). O

Lemma 16 directly implies the anticoncentration
lemma of Bremner et al. [24].

Corollary 17 (Anticoncentration of random IQP). The
average collision probability of random degree-2 IQP cir-
cuits is given by 3 .27 " — 272+l

Proof. We apply Lemma 16 to Eq. (D3) to find

— 1
C = —— tr[XEn (19" 4§97 4 PO" — 2X5™)]

T (D14)

1
= 2%(2" +2" 42" —2)=3.2"" 272" (D15)

—

where we have used that tr[X,0] = tr[X,0] fo
0 = 1,8, P since the Hadamards cancel, and tr[X,X,]
1.

O

2. Statistical mechanics model for locally random
degree-2 circuits

In the following, we will use the properties of IQP
circuits with locally restricted random degree-2 parts.
To this end, we follow a line of thought developed in
Refs. [22, 36, 40]. There, the observation is, that layers



of single-qubit Haar-random gates in the circuit project
the corresponding second-moment operator locally onto
the space spanned by the 1 and S operators. The effect
of any gate between those layers of single-qubit Haar-
random gates can thus be projected onto this space. As
it turns out, the update rules of the 1 and S operators
under such two-qubit gates are quite simple.

We will proceed to derive an analogous model that
lets us analyze the second-moment properties of noisy
and noiseless IQP circuits with certain non-random gates.
The relevant state space, in the most general case, is lo-
cally spanned by the invariant subspaces of those random
1IQP circuits.

Lemma 18

1QP

2" 1
Dy ewe0 4@, Y, 2, w) [xy) (zw| - be  an
two copies of n qubits. Then

invariants). Let O =

operator on

EDNJR[D®2OD®2]
2" —1
= Y oy, 2,y) |l2y) 2yl + a(@,y,9,2) [vy) (yz]
r#y=0
2" —1

S gla,x,2,2) |ea) (a].

z=0

+ q(z,z,y,y) |z) (yy| | +
(D16)

Proof. We follow the same argument as in the proof of
Lemma 16. O

Lemma 18 implies that there are 3- (22" —2") +2" lin-
early independent operators |zy) (zy|, |zy) (yx|, |zz) (yy|
for all z,y € {0,1}"™ which are invariant under the aver-
age over random IQP circuits. The IQP-average projects
an input operator O onto the space spanned by these
operators.

However, for the circuits that we will be interested in,
we can significantly reduce this number. To this end,
we consider circuits in which there are layers of minimal
units of random IQP circuits on two qubits interleaved
with other, non-random gates. This is a toy model of
the hIQP circuits, where we apply layers of random IQP
circuits on blocks of three qubits interleaved with layers
of CNOT gates.

From Lemma 18, it follows that there are 3 - (16 —
4) + 4 = 40 linearly independent operators on the two
qubits. We reduce this number to 16 operators which are
written as arbitrary products of 4 linearly independent
operators per qubit, exploiting that our circuits are quite
restrictive.

Specifically, we consider the mutually orthogonal op-
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erators on two copies of a single qubit

l=1-X, (D17)
= (01) (01 + |10) (10|
S=S-X. (D18)
= |01) (10| + |10) (01|
P=P_-X, (D19)
= (00) (11| + |11) (00|
X =X, (D20)

=100) (00| 4 |11) (11].

We define the local state space to be S = {I,S, P, X}.
It will also be useful to define S.x = S\ {X}L
The operators |, S, P, X directly correspond to mutually
exclusive constraints (1), (S), (P), (X) analogous to the
(non-exclusive) constraints (1), (S), (P), (X,) defined in
Egs. (D11) and (D13).
The circuit components we now need to analyze are
1. state preparation of [+™) (+7%?,
2. layers of random IQP circuits Hn/ DY? i1, Where
Do 2i41 € Jo are random degree-2 IQP circuits on
two qubits,

3. CNOT%2 gates between any two sites ¢ and j,

4. X and Z noise, that is operators X ® 1, Z ® 1
applied to the two-copy state.

Let us first consider state preparation. We find that
under a z-twirl the two-copy state |+7) (+7|®* can be
expressed as

E.c0,13(Z 9B 4) (+]%% (27)22 (D21)
1
=3 N Z7 ) ZF o) (w] Z7 (2] Z7
w,v,w,z,2€{0,1}
(D22)
:i(I+S+P+X)®" (D23)

In the following analysis we will therefore always assume
that the first layer of the circuit is a layer of random
Z gates. This is no restriction in all cases we consider
since this layer can be absorbed in the random 7 gates
throughout the circuit.

Lemma 19 (Projection update). Let Q € S, and P, R €
S_x. Then

Epes, [D*(Q ® X)D¥?| = Q ® X (D24)
Epes, [D¥*?*(X® Q)D®?] =X®Q (D25)
Epes, [D®*(P ® R)D®?| = 6prP ® R, (D26)

where dpp =1 if P =R and 0 otherwise.

Proof. The proof follows immediately from Lemma 18,
observing that all operators X ® @ and @) ® X satisfy one
of the constraints (1), (S), (P), (X), while P® R for P # R
does not satisfy any. O



In the next step, we analyze the behaviour of the op-
erators under CNOT operators.

Lemma 20 (CNOT update). Let P,Q € S. Then
CNOT®*(P ® Q)CNOT®? = P®ep(Q),  (D27)

where we define the permutation ep : S — S according
to the following table

Q X 1 S P
x(@Q X 1 S P
2@ 1 X P S
5@ S P OX |
(@ P S 1 X

Notice that for any input @) € S_x, the permutation
eq swaps () with X as well as the other two states in S,
while ex(Q) = @. In order to prove Lemma 20, and to
show the behaviour under X noise, the following lemma
will be convenient.

Lemma 21 (X updates). Let P € S. Then

(XeX)PXeX)=(1e1)P(X®X)= ax(I(D)
D28)

1leoX)P(1eX)=(X®1)P(X®1)=¢g(P)
(D29)

(Xe1)P(1leX)=(1cX)P(X ®1)=ecs(P)
(D30)

(X2X)P(1®1)=(1®1)P(X ® X) =ep(P)
(D31)

To prove the lemma, we just expand P in the compu-
tational basis.

Proof of Lemma 20. Given Lemma 21, the lemma follows
immediately from expanding P in the computational ba-
sis and observing that every l-entry in P results in an
X applied to the corresponding entry of Q). For each P,
the patterns o 1 entries in P, correspond exactly to one
of the cases in Egs. (D28) to (D31). For instance, for
P®Q =1®Q, we have

CNOT®?*(I ® Q)CNOT®?
=101) (01| (1 X)P(1X)+[10) (10| (X ©1)P(X®1)
= |01) (01]&1(Q) + [10) (10| £4(Q) = 1@ &(Q), (D32)

and likewise for the other cases. I:|

Finally, we need to analyze noise on one copy of the
second moment operator. We do so for single-qubit X
and Z noise The case of X noise follows immediately
from Lemma 21. For Z noise we find

Lemma 22 (Z noise). We have that

P ifPe{lX}

—P ifPe{S,P}. (D33)

(Zo1)P(Z®1)= {
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The lemma follows from direct calculation in the com-
putational basis.

One might wonder whether the states in S remain in-
variant also under Toffoli gates, since those allow imple-
menting arbitrary permutations. However, this is not the
case. To see this, consider the behaviour of the operator
X® P®Q for any P,Q € S under two-copy Toffoli gates

TOF®*(X ® P ® Q)TOF®? =

|00) (00| @ P® Q + |11) (11| @ P ® eg(R), (D34)
which cannot be decomposed into a linear combination
of operators in S®3.

Given Lemmas 19 to 22, we can now identify every
operator o € §®" with a classical state |0). The second
moment of a circuit with the above components can then
be written as

M) = 3 qlo)]o).

ceS®n

(D35)

Given the second moment |Ms) of a certain random cir-
cuit D in terms of the states |.S) we can deduce the prop-
erties of the same circuit with a local gate or random
IQP circuits applied to certain qubits (i,7) as an up-
date T} |[Ma) = 325 ¢'(S) |S), where T} just acts on the
tensor copies ¢ and j. We can thus analyze the second
moment properties of circuits as an evolution of the dis-
tribution ¢ under the local update rules derived above.
The general update rule under a single parallel circuit
layer with label [ is then given by

77(0"7 a’) = H ]\75?’01_ Ttiz?t)f}»aiﬁj’

3

(4.9)

(D36)

where the Z and X noise update matrices NZ and
NX € {0,1}*** are defined by the update rules (D33)
and (D29), respectively, and the CNOT and random
two-qubit IQP circuit update matrices MENOT M2 ¢
{0, 1}16%16 by Lemmas 20 and 19, respectively.

In order to compute our properties of interest in
Egs. (D3) to (D6), we need to compute the overlap of
the resulting state with the X, and S states. Defining
(Q|P) = tr[QP], we observe that

2 ifQe{s,Xx}
(S|Q) = {0 0 e (1P} (D37)
(X,|Q)=1 vVQeS. (D38)

Appendix E: Anticoncentration of degree-D circuits

Using the rules derived in this section, we can ana-
lyze the second-moment properties of arbitrary noiseless
circuits with some random IQP degree-2 parts and X,
CNOT gates, as well as their behaviour under single-
qubit Pauli noise. To start out, let us apply the model



to compute some simple quantities of which we already
know.

First, we compute the fidelity of the ideal state with
itself, which of course evaluates to one. We begin with
the initial state |[+™). We find

n

tr[s®nM2(1,n)]=4in S [[wles. ()

Qesxn =1

But tr[@;S] = 0 unless Q; = X or Q; = S by Eq. (D37).
Hence, only all products of X and S are nonzero, and
evaluate equally to 2. But there are exactly 2" such
terms and hence

F=g Y [Iolesi=5 X

Qes®n i=1 Se{x,sren

Since the states in {X,S}®™ are invariant under the two-
qubit IQP circuit, and swap and entangling gates just
permute them, the fidelity remains unchanged under the
action of a circuit.

Next, let us evaluate the XEB score. For XEB every
term in S®” contributes equally with a value 1. For the
state |[+™) we thus find

X = 2" tr[My(1, 1)X®"] — 1 (E3)
2TL
= Z Htr[QiX] —1 (E4)
QeS®n i
:2%4"_1:271_1, (E5)

an exponentially large value.

Applying a uniformly random IQP circuit on the to
|[+™), however, should reduces the XEB score to the value
found in Corollary 17. To see how this score comes about
in our model, we write a uniformly random n-qubit IQP
circuit as n(n —1)/2 independent random two-qubit IQP
circuits D(; ;) on every (unordered) pair of qubits (i, j).
This is equivalent to an n-qubit random IQP circuit, since
the Z-gates just commute to the end, yielding a uniformly
random string. But every two-qubit random IQP circuit
Dy; j) acts as a constraint on the states of the model at
positions (i, ), namely, any state S € S®" with 5;,.5; €
S-x and S; # S; is annihilated by the constraint. We
thus find

My(1,1) = E{D@,j)}[(H D 5)) Z S(H D )]
i sesen i
= > S — 2X®n
SE{X,I}9nU{X,5}®nU{X,P}@n
= 1%" 4+ S®" + PP — 2X¥",  (E6)

which recovers the result of Lemma 19 since the sum over
all elements in {X,S}®" equals S.
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1. Sparse degree-2 IQP circuits

Let us now consider the first nontrivial example,
namely, the following circuit model. Consider a random
IQP circuit with ¢ layers such that every layer is given
by a random two-qubit IQP circuit D; ;) on a random
qubit pair i,j. We would now like to derive the anti-

concentration properties of those circuits as a function of
d.

Theorem 23 (Anticoncentration of sparse random
IQP). Consider random IQP circuits on n qubits with
uniformly random Z gates and random CZ gates acting
on ¢ random pairs. Then

X €227t o0log(n)) > %nlog(n) (ET)
X € Q(2") if £€ O(n). (ES8)

Proof. For Q € S, define the @-Hamming weight of a
string S € S as

nq(S) = [{i: Si = Q3. (E9)

We now observe that the action of a circuit layer on the
states |S) depends only on the number of pairs S; # 9,
such that 5;,5; € S-x. Let us call a string S with the
property of having k of such pairs a string with PQ-
weight k, written as pqw(S) = k. We have that

paw(S) = N(m(S),ns(S), ne(S))
= 7‘L|(S)TLS(S) + n.(S)np(S) + ns(S)np(S)

The probability that a state S € S®" is annihilated in
a single circuit layer is then given by pqw(S)/(}) since
there are (g) pairs in total.

Let us write the random circuit in layer ¢ with a ran-
dom degree-2 circuit in a random location as D,. Let us

also define the sets

(E10)

W, = {(k,l,m) € n]*®* :k+1+m=n} (El1)

Wy =W, \{(k,I,m) : (E12)
k=1l=0Vk=m=0VIi=m=0}

Skbm) — {5 c g% . (E13)

n(S) = k,ns(S) =1,np(S) =m}

We now write

vere g s (110) (110

ses i=1 i=1
(E14)
¢
1 w(S

1
=50 Z

(k,l,m)eWn,

4
|Sr(zk7l’m)| (1 _ N(kalm)> ,



and observe that the strings with generalized Hamming
weight in W contribute exactly the ideal score of 3 —
2"+ to the XEB score so that

2 1
v—g_ 2 1
X=2- 9.t D
(k,l,m)eWs

(E17)

Let us now bound the terms in Eq. (E17). To this end,
we observe that

Wi =n®—3n

(kdom)| _ (P n—k\(n—k—1
st =) () )

Using Stirling’s formula for k& = pn we find the exact
scaling of the binomial coefficients to be

1

n 1 2
—— ) 9onrH(m®+O0/n) E20
(pn) : (27mp(1 —p)> 20

where H(p) = —plogp — (1 — p)log(1 — p) is the binary
entropy function (log has base 2). We thus find that

(E18)

(E19)

Toaqamiie M2 (E21)
X — (271-)3/2

2—{ +#)N(Mm)—n[H<%>+H<%>+H<%>]—e&)
X max 2

(k,l,m)eW

Now, since 277 is monotonously decreasing in = we
want to find the minimum exponent

min {n + Nk L m)
(k,l,m) €W (2)

) (B n] o)

(E22)

To show the claim, observe that the entropy function
H(p) > 1 and attains this value at p = 1/2. This im-
plies that n[H (e) + H(§) + H(8)] < 3n. More generally,
let k/n = €,l/n = 6, m/n = 6 for arbitrary constants
€,0,0 € (0,1). For this choice, 2N (k,l,m)/(n(n — 1)) >
20(ed + €6 + 660). For sufliciently large ¢ we therefore
have 2¢N (e, 6,0) > n[H () + H(§) + H(8)] for any choice
of €,6,0 € ©(1). One might think £ = Cn for a large
enough constant C is sufficient, but observe that for
any constant C, we can find constants ¢, such that
2Ced < H(e)+H(0). Thus, we need to choose £/n = f(n)
to follow an arbitrary monotonously increasing function
f(n) that diverges with n. Otherwise, the corresponding
terms in Eq. (E17) will diverge exponentially, showing
the claim (ES8).

The same argument holds if only two of k,1, m are cho-
sen proportional to n, and the third one sublinear.
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Let k/n < 1/f(n) for an arbitrary montonously in-
creasing function f that diverges with n. We have

H(k/n) < ﬁlogf(n) — [1 _ %] log [1 B %}
1 1
= loe [1 - m} T log[f(n) — 1] (E23)
1
< mlog[f(n)}.

Consider k,l,m € o(n). In this case, by the bound
(E23) the entropy-terms decrease as nH(k/n) < no(1),
which is asymptotically dominated by the linearly grow-
ing term.

Now, consider k¥ = ©(n),l = m = o(n)—the only re-
maining case. Let us first fix a choice k = n/2,l = m = 1.
In this case H(k/n) =1, H(l/n) = H(m/n) < log(n)/n
and N(k,l,m) = n+ 1 so that by the bound (E23) the
right hand side of Eq. (E21) is at most

2(7/2+2) logn—2€/n+®(1/n)). (E24)
This bound decays for £ > (11/4) - nlogn.

We can vary the parameters around the bound by
increasing or decreasing k, and increasing [,m. Let
us fix & = n/2 and increase I, > 1. In this case,
n(H(k/n) + H(l/n) + H(m/n)) < n+ (I + m)log(n)
and N(k,I,m) = (I + m)n/2 + Im, in which case for
d > 11/4 the bound (E21) decays. Next, let us decrease
k/n < 1/2—¢ for constant € > 0. Since the entropy func-
tion is symmetric about 1/2 and N (k, [, m) increases in k,
this is the worst case. Now, H(k/n) < 1 — €2, and hence
n—nH(k/n) > ne? which dominates all other terms. [

2. Coupled block-random IQP circuits

Let us now consider the block-random model of IQP in
which we compose uniformly random degree-2 IQP cir-
cuits in blocks of m qubits with fixed entangling gates
between the blocks. In the hIQP circuits, considered in
the main text, there are m = 3 qubits per each of 2P
blocks, where D is the hypercube dimension. The blocks
are then entangled by CNOT gates with random direc-
tion according to the hypercube connectivity. Crucially,
while the direction of the CNOTs on every edge of the
hypercube is random, b = 3 CNOT gates are applied
in parallel on every edge, that is, all three gates have
the same direction, and pair up with the same qubit in
every circuit layer. More precisely, the block-random-
1IQP model is defined by a block size b, a connectivity
graph G = (V, E) with b := |V vertices, and an edge-
coloring C' C P(E), where P(E) is the power set of E. A
block-random IQP circuit with hyperdepth £ on G then
proceeds as follows

1. Prepare |+mb>.

2. In every hyperlayer | = 1,...,£, for every color

ceC:
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FIG. 13. Ideal XEB values of random hIQP circuits
without in-block CNOTs. For each data point, we average
~10° random degree-2 hIQP circuits. (a) Convergence of
the ideal XEB score of hIQP circuits without in-block CNOT
gates to the asymptotic value (dashed lines) X},;qp (D) given in
Eq. (E25) as a function of hyperdepth for various © (circles).
(b) Convergence of the ideal XEB score of hIQP circuits to
the uniform value as a function of hypercube dimension © for
various hyperdepths £ (circles).

i. apply a uniformly random degree-2 IQP cir-
cuit in every block.

ii apply (potentially randomized) transversal
two-qubit gates between the blocks connected
by the edges in c,

3. apply a uniformly random degree-2 IQP circuit in
every block.

4. Measure in the X-basis.

In the hIQP circuits we also apply in-block uni-
formly random CNOT gates, but for the sake of com-
pleteness we will compute the properties of the block-
random model first before turning to hIQP. We will
consider different types of transversal two-qubit gates
between blocks. The first type is what we call ran-
domized parallel CNOT gates. A randomized paral-
lel CNOT gate applied on an edge of the block-graph
is given by (CNOT®"™)4(NOTC®™)'~¢ depending on a
random choice of direction d € {0,1}, where NOTC =
SCNOTS. A parallel randomized CNOT gate, on the
other hand, is specified by d € {0,1}" and given by
[T/, CNOT“NOTC'~%. A parallel randomized SWAP
gate, is given by [[i~, S%.

The following theorem gives the ideal XEB score for
such circuits in the limit of a large number of circuit
layers.

Theorem 24. Let G be a connected graph on b vertices.
The average XEB of block-random degree-2 IQP circuits
acting on b m-qubit blocks connected by G and hyperdepth
£ satisfies

— £— —
X R XhIQP(g)

2m —1)(4° - 3-20 4 2)

— —mb+1 (
=2-2 + mb

(E25)
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if the two-qubit gates are randomized parallel CNOT
gates, and

3(4° — 3.2+ 2)
2mb

Y £—o0 92— 2—mb+l +

(E26)

if the two-qubit gates are parallel randomized CNOT or
parallel randomized SWAP gates.

In either case, if a uniform CNOT circuit is applied to
every block before the inter-block gates, we have

¥ 22 9 gmmbtl (E27)
We show the convergence to the asymptotic value for
the case of parallel randomized CNOT gates in Fig. 13.

Proof. To show the theorem we proceed in two steps.
First, we show that the limits are lower bounds. Second,
we show that they are attained in the limit of high depth.
Our key tool will again be the statistical-mechanics map-
ping described above.

Let us first consider the case of randomized parallel
CNOT gates, and consider two strings P,Q € 8™ (we
omit the tensor product in the following, understanding
sp to be the string composed of s,p € S). Let U =
CNOT"™. Then it follows from Lemma 20 that under the
action of U the string PQ +— PS, where S; = Q; iff
P, =X and S; # Q; if P; € S_x. Recall also that a string
P is annihilated by a random degree-2 circuit if there are
at least two indices 7, j such that P; # P; € S-x, and
remains if all P, € {X,Q} for a Q € S x.

Let the X-type of a state S € 8™ be the locations
Tx(S) == {i € [m] : S; = X} at which it has an X state.
Let the s-type of a state S € {X,1}™U{X, S} U{X,P}™
be the non-Xstring T,(S) € {I,S,P}. We observe that
the state S = S192 of two neighbouring blocks cou-
pled by a randomized parallel CNOT gate will survive
iff T,(S1) = Ty(S?) or Tx(S') = Tx(S?). Hence, the
only configurations S = S - .- S? of block-states S € S™
which are guaranteed to survive arbitrarily many circuit
rounds are given by

1. states which are immortal under global random
IQP circuits, that is, states S € Sinm = {X,1}™*U
{X,S}™ U {X,P}™ which have the same s-type in
every block, and

2. states S € Sy, == {Q : Tx(Q") € {tx,[m]} Vi € [b]}
with the same or trivial X-type on all blocks for
some tx C [m].

Let us now count those strings. We will do so by remov-

ing the trivial string (X™°) in all calculations and adding
it back at the end. We have

[Siman \ (X"} =3- (2"~ 1) (E28)
[Se \ X0} = 4" 1 (E29)
{tx € [m]} \{[m]} =2™ -1 (E30)

(S U S0\ D) =32 - 12" - 1),

txC[m]

(E31)



This implies that the number of surviving strings is given
by at least

3-2m — 1)+ (4P - 1)(2m —1) - 3(2" - 1)(2™
=4 -3-2"+2)2™ —1)+3-2m — 2.

-1)+1
(E32)

Now we show that all strings which are not contained
in Squrv = Simm U Uth[m] Sy, will die under the circuit
evolution. To see this, we take a string Q € Sgjie =
smd \ Ssurv- By definition, there will be two substrings
Q' Q7 € 8" which have a different X-type, and contain
two elements Qj, # Q] € S-x such that k € Tx(Q"), k ¢
Tx(Q7), and vice versa for . We need to show that this
state of affairs cannot survive. Wlog. let Q% =1,Q] =S.
First, we show that the circuit evolution of such a string
will never leave Sgie. Consider a gate between Q' and a
neighbouring substring Q° with a different X-type. If Q%
is the target of a CNOT-gate, which is controlled by X, it
is unchanged. If it is the control of a CNOT-gate, it flips
its target to |, changing the X-type of the target substring
to a type with increased cardinality, and likewise for Q7.
At infinite depth, there will be a sequence of CNOT-gates
in a circuit layer such that at then end of the sequence
there will be a block with substring containing both |
and S. Then, the string will die.

To show Eq. (E26), we observe that strings with
the same singleton X-types, i.e., X-type with cardinality
[tx| = m — 1, are invariant under the circuit evolution,
while all other strings will die by an analogous argument.

To show Eq. (E27), we observe that a uniform CNOT
circuit is a uniform permutation on the set of X-types.
Hence, for every string in which there are two blocks
with distinct s-type, there will be a sequence of in-block
CNOT gates and parallel CNOT gates such that at the
end of the sequence there will be to neighbouring blocks
i,j whose substrings S, S7 € S® have both different X-
type and different s-type. Then the string will die. The
only surviving strings are therefore immortal strings, and
we have |Sim| = 3 - 2™ — 2. O

Appendix F: Noisy IQP circuit dynamics

In this section, we study the XEB, fidelity and purity
in noisy IQP circuits whose noiseless version is composed
of unitary CPSP channels. The goal of this study is to
identify conditions under which the XEB can be used as
an estimator of fidelity.

We first consider the case of general noise models at
low-noise rates and present results under increasing lev-
els of assumptions about the noise and the random cir-
cuit ensemble. We then specialize to locally random
degree-2 IQP circuits with SWAP gates and mid-circuit
iid Pauli noise in order to understand the behaviour of the
transversal circuits in color codes. Here, we can use the
statistical mechanics mapping derived in Appendix D, in
order to compute upper and lower bounds on the XEB.
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At very low noise rates, we find that XEB is a good fi-
delity proxy in noisy random IQP circuits, while at high
noise rates XEB ceases to approximate fidelity, similar to
the behavior observed recently in Haar-random circuits
[16, 22, 36].

1. General noise at low error rates

To begin, we consider a general IQP circuit D) =
DygDy_1--- Dy composed of ¢ layers of unitary CPSP
channels with corresponding conjugate action D; = D; -
DE and DO = DO . (DO)f. We model the noisy cir-
cuit in terms of the noiseless circuit and a sequence of
quantum instruments {&;,, },, that implements a larger
quantum instrument with elements

Dl(f) =&, ©Dypo---0&y, 0Dy oy, (F1)
where u = (uo,...,¢) indexes the measurement out-
comes in the quantum instruments. Writing as above
|#), as the z-basis state with label 2 ¢ {0,1}" and
lr), = H®™|z), as the z-basis state with label = the
fidelity ¥, and XEB Y, of the noisy circuit conditioned
on syndrome outcomes p are defined with respect to the
noiseless circuit as

= ©
Bu=o (0, (P9)T o

:—D DY 0),

D (10),, (01,) [0), , (F2)

) 17 (2], DL(10),, (0],) =), — 1,
(F3)

where p, = Tr[fo)(|0)w (0[,)] is the probability of mea-
surement outcome g = (Lq, - . ., fbe)-

We begin by considering a general model in which noise
events are constrained to occur only at the beginning
of the circuit, and a fully random, noiseless IQP circuit
follows the noisy evolution. We think of this model as a
proxy for very low noise rates.

Theorem 25. Let (£;,,)i=1,....¢ be a sequence of quantum
nstruments such that &M s diagonal, DO =D,... Dy
a L-layer sequence of unitary CPSP channels, D,(f) the
associated quantum instrument for the noisy evolution,
and Dy a random degree-2 IQP circuit. Then

Eelxu] = 2E¢[F,] — 1/2" 7, (F4)

where Ey; denotes the average over the random gates

mn Dg.

Proof. We let 11 be a fixed set of measurement outcomes.
Since &, is diagonal (so it commutes with Dy) and D,
is real, we can write

DO (10)2(0L2) = ¥ cancy Delz)a(yle De, (¥5)

Yy



for a set of complex coeflicients c,,,. We utilize the prop-
erties of phase states described in Appendix A to write

1

- 1))+ (@+y)-2
2n ( ) ’

(z[, De ly), (F6)

z

where (-) represents the usual bitstring scalar product
and f; is a degree-3 polynomial defined by the circuit in
layer t.

We can then write a formula for F, and x,, as

S
_ Z Capulyu (_1)Fz(z1)+Fz(z2)+21-ac+z2-y

ZM (_1)Fz(21)+Fz(Z2)+23'1+Z4~y

% (_1)Zi fe(zi)+a'-z; 1

— Z M (_1)Fe(21)+Fe(Z2)+w~Z3+y~Z4
pud"

x (=1)Z fezig

TYZ;

z4,21+tz2+23 — 17

where p, = Y |eaul? Fi(z) = Y121 fi(2) is the cu-
mulative polynomial of the noiseless circuit from time 0
to t — 1, and in the last line we used the sum over z’
to impose the constraint z; + 25 + 23 + 24 = 0 mod 2.
When averaging over the last layer of gates, we notice
that fidelity is independent of this averaging, while XEB
requires the evaluation of

E, [(_1)Zi fZ(zi)6Z4,Z1+22+23] .

To evaluate the circuit-average E, over the degree-2 part
of fy, we follow the same arguments as in the proof of
Lemma 16 (following Bremner et al. [24]), yielding the
constraints (1), (S), (P) in Eq. (D11) with overlap (X,)
in Eq. (D13) on the bit string quadruples (21, 22, 23, 24)-

Using these simplifications of the allowed quadruples,
we arrive at a simplified formula for the conditional XEB

(F7)

ConCr
EK[XM] -9 Z THyp (_1)F/z(21)+F/z(22)+:c~Z1+y~Z2

—92F, — —

This identity completes the proof because E([F),] = F),.

O

Theorem 25 establishes the equivalence between fi-
delity and XEB under a broad class of noise models.
Crucially, it also allows for noise models that are not
quantum channels, but conditioned on measurement out-
comes. Such noise arises at the level of logical qubits
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when studying the fidelity conditioned on a particular
syndrome outcome, as is done in error detection. How-
ever, the theorem makes the crucial assumption that the
measurement error channel is diagonal and that the final
layer of gates is a uniformly random degree-2 IQP circuit.
In Theorem 23, we saw that using long-range connectiv-
ity, it is possible to achieve such an ensemble in depth
log n.

To see why this assumption is necessary, we now show
that choosing the noise adversarially breaks the corre-
spondence between fidelity and XEB.

Theorem 26. Consider a noisy IQP circuit £ o Dy o
-+-0& 0Dy o & with & the bit-flip channel on the first
qubit E(p) = (1 —p)p + pX1pX1 with 0 < p < 1/2, D,
a random degree-2 IQP circuit, and & = 1, D; = 1for
i < L. For this noisy IQP circuit, we have the identities
Ee[x] =1 and E[F] = (1 —p) + p/2".

Proof. The z-errors in the final layer have no effect on
the XEB, which is why E¢[x,] = 1 in this noise model
(i.e., the average XEB is equal to its noiseless value). For
the fidelity, we can make use of the formula

—(1_ b _ 1\ Je(z1)+Fe(z1+b)+fe(z2)+ Fe(z2+b)
F—(l p)+4n2( 1)21 e(Z1 e(z2 e(z2 ,

21,22

(F8)
where b = (1,0,...,0) is a shift arising from the single-
site X operator. Averaging the argument in the sum
over the random degree-2 IQP circuit ensemble, for it to
be non-zero we arrive at the constraint that z; = z5 or
b = 0. Since b # 0, we only get a contribution from the
2" terms in the sum for which z; = 2, which completes
the proof. O

This breakdown of the correspondence between fidelity
and XEB for the adversarial noise is reminiscent of what
happens in noisy Haar random circuits [36].

We now show that it is sufficient to consider the z-twirl
of the noise channels when comparing the average fidelity
and XEB.

Theorem 27. Consider a noisy IQP circuit with di-
agonal gate layers D; = Z* D; containing independent
Pauli-Z  gates Z% = ], Z;-”‘j with uniformly chosen
a; ; < {0,1}, then the circuit averaged fidelity and circuit
averaged XEB are equal to their values with &;,, replaced
by its z-twirl £y, for 0 <i < L.

Proof. The proof is analogous to the arguments that show
one can twirl the noise into a depolarizing channel in Haar
random circuits or Clifford randomized benchmarking.
For each CP map &;,, we take a Kraus decomposition
with Kraus operators Kj,,,,. Define the new random
variables

bt:al—i----—i—at. (Fg)



Now, we can write the noisy state as

(é) (10), ZKW 10}, uw (F10)
K;uz = KZ/MWZIMDE (F].].)
—1 ~
H sz_iKE—iug,il/Z,isz_iDg_i KO#OV()?
=1

where v = (v, ..., ) indexes the Kraus operators. The
random variables b; are independent uniformly random
bit strings. When we average the noisy state over b; for
i < £ we can therefore apply the twirled channel. In
the fidelity and XEB, the noiseless part of the circuit
depends only on the random variable by. As a result,
we can average over b; for ¢ < ¢ independently of what
appears in the noiseless circuit. This simplification allows
us to replace &;,, by its z-twirl for all 0 < ¢ < £ when
evaluating average XEB and average fidelity. O

The proof can be readily extended to the case where
the D; are unitary CPSP channels and not just diagonal
gates by including random Z gates at both the end and
beginning of each layer.

Recall that the z-twirl of a channel has Kraus operators

of the form
Z C bZa

where a and b run over bitstrings of length n and ¢, are
some complex coefficients. Interestingly, for any mixture
of phase states p the probability p,, that a particular
bit-flip error b occurr is independent of the initial state

Dub = Z Tr[KZwa;wbp] = Z |chy ?
v a,v

This identity holds because all phase states have zero ex-
pectation value of all Z-type operators. When the state-
preparation errors are given by a PSP channel, we can
thus think of bit flip errors of the z-twirled channel as
occurring in the circuit at a rate that is independent of
the current quantum state in the circuit. As a result, it is
natural to consider noise models satisfying the following
independence property.

X"Kyp, Kup =

(F12)

Definition 28. A z-twirled CP map &, has independent
x-noise if the probability of a bit-flip error pu, on phase
states satisfies

(F13)

Pub = (1 —pu)" " Ppltl,

for some parameter 0 < p, < 1, where |b| is the Hamming
weight of b (i.e., the number of nonzero entries in b).

The parameter p, thus quantifies the effective local
bit-flip rate of £, applied to phase states.

We now make some observations about noisy IQP cir-
cuits with z-twirled noise with independent z-noise bit-
flip rates:
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e When the ensemble of D converges to random
degree-2 IQP circuits and the local bit-flip rate in
the p-th layer p, = 0 for ¢ > 0, then E[x] =
2E[F] — 1/2"~1. This follows from the fact that
without bit-flip noise the noise channels commute
with D. As a result, we can bring the full channel
into a form satisfying the conditions of Theorem 25.

e Take bit-flip noise rates p; = c¢/nlogn for some
c > 0 and a noiseless circuit ensemble with ideal
XEB value bounded by 2 — 1/2"~! + 0(1) in depth
Q(logn), e.g., the one of Theorem 23. For suf-
ficiently small ¢, with probability 1 — O(c) over
noise realizations, the errors occur in the first lay-
ers of the circuit, with Q(logn) noiseless layers
before the measurement. As a result, for suffi-
ciently small local bit-flip noise rates ¢/nlogn, we
can follow the proof of Theorem 25 and find that
E[x] = 2E[F] — 1/2""! 4+ O(c) + o(1) for depths
¢ € Qlogn).

This second result is analogous to the white-noise ap-
proximation in noisy Haar random circuits established
rigorously by Dalzell et al. [40]. It implies that at suffi-
ciently low-noise rates, there is an exact correspondence
between fidelity and XEB. Moreover, since fidelity will
typically decay exponentially in the circuit size, the XEB
will exhibit a similar decay at these noise rates. A central
question is how this behavior changes as the noise rate in-
creases to larger values ¢/n for increasing ¢ > 0. In noisy
Haar random circuits, there is a phase transition in XEB
where it goes from a decay linear in the circuit volume to
one that depends on the depth ¢ and not n [16, 22, 36].

2. Upper and lower bounds on XEB

To more directly analyze the behavior of XEB in noisy
IQP circuits at large noise rates, we specialize in this
subsection to the random degree-2 circuit model with
SWAP gates. Specifically, we consider circuits in which in
every layer of the circuit, we first apply a 2-local random
degree-2 IQP circuit to a random pair of qubits, and then
apply the noise channel to all qubits. Let us call this
model the local random degree-2 IQP model.

To organize the calculations it is helpful to represent
the initial state as

1
—(+S+P+X)"

4n
1 n—
:4_%:() (I+X)" k(S +P)* (F14)

where we have removed the spatial dependence of the
strings due to the permutation symmetry of the initial
state and our circuits, and we write SP as shorthand
for S ® P for states S, P € {I,S,P,X}. We consider the
noise to be an X -Y -symmetric Pauli channel, i.e., a Pauli
channel with symmetric X/Y noise rates ¢, /2 = p, =



py- It is convenient think of the total Pauli noise channel
as the action of a pure Z noise channel with rate p, /(1 —
q.) followed by a symmetric Pauli-X/Y noise channel
with X/Y -noise rates ¢, /2. Defining ¢ = ¢, + 2p., the
combined noise channel will act on S/P states as

S/P — (1-q)S/P,
I/X = (1 —qu)l/X+qLX/1,

(F15)
(F16)

i.e., it leads to a pure damping of the string depending on
the S and P weight, while it flips each X and | component
of the string at rate ¢ ;. We can commute all the z noise
in the circuit to the initial state, which adds a decay term

(S+P)* = (1-q)*(S+P)~ (F17)
As a result, the only non-trivial effect of the noise in
the statistical mechanics model is from the X/Y-noise
acting on the 1/X operators of the strings. Solving for the
full dynamics of this model is not obviously analytically
tractable. Instead we prove an upper and lower bound
on’y that illustrate the two regimes of XEB and are tight
with respect to the scaling with depth.

Theorem 29. The average XEB for the local random
degree-2 IQP model on n qubits with { gates and £ layers
of X-Y -symmetric Pauli noise is bounded as

x>2(1—q) + (1 - )" (F18)
+272/" (1 - ) (1 — qu)), (F19)
X <21+ (1 - )" + p(n)272m, (F20)

where p(n) = n"/2/(2m)3/2.

Proof. We start by proving the lower bound. Recall
that the initial state is a uniform superposition over all
[,S, P, X strings and XEB is computed by summing up the
contributions of each of these strings independent of their
composition. As a result, we can lower bound the XEB
by neglecting the transitions from X noise that change
the string composition. The lower bound then follows by
computing the contribution to XEB from the strings

(I1+X)"+(S+X)"+ (P+X)" —2X"

+ (1+X)"72IS. (F21)
The total XEB amplitude of the strings (S + X)” and
(P + X)™ decays as 27"[(1 — ¢1)* + (1 — ¢)¥]*. On the
other hand, the total weight of the string with one S
operator decays at least as 272¢/"[(1 — ¢)(1 — ¢.)]*. To
see this, observe that the state (I + X) is an eigenstate
of the X decay, and that the PQ-weight of the string
P = SI"~1 is given by pqw(P) =n — 1.

To compute the XEB contribution 27" tr[X,S] of S =
(1 +S)"2IS, we split the contributions from the noise-
induced decay and the circuit-induced decay. In to-
tal, S conmsists of 2”2 individual strings. Following
the argument above, the noise-induced decay given by
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[(1 —q1)(1—¢)]% The circuit-induced decay is given by
the last term in Eq. (E17), (1—pqw(S)/(3))¢ > 272¢/n=2
which follows from (1 — 2/n)¢ 2225 e=2/n,

To compute the upper bound we recall the decomposi-
tion of the initial state in Eq. (F14). The X noise leaves
the | + X components unaffected, while a gate can trans-
form (1+X)S — XS, i.e., it removes the X eigenstate and
replaces it by the X state. We now observe that X noise
acting on this site can only increase the PQ-weight of this
string, which increases the decay rate of the string. As
a result, let us change the model such that gates acting
on I(S/P) pairs do not lead to a decay, while maintaining
the rule that gates acting on (I + X)(S/P) pairs still send
it to X(S/P). This change in the model will only increase
the XEB so that we can upper bound the XEB using it.
The model is then particularly simple to solve because
the only effect of the noise is to lead to the decay of S/P
components at rate (1 — ¢). To derive the upper bound
we then apply this decay process to the strings

(I1+X)"+ (S+X)" + (P+X)". (F22)
We can upper-bound the decay of the contribution from

the other strings by following the calculation in Theo-
rem 23. O

The lower bound on XEB shows directly that the XEB
has two regimes depending on the strength of the noise.
When (p; + py + p») < 2log2/n?, then the XEB is dom-
inated by the exponential decay that is linear in the cir-
cuit volume nf. Whereas for larger noise rates, the XEB
decay is dominated by the decay that is linear in the ef-
fective depth ¢/n (recall that one layer of gates requires
¢ = n/2 in this model). This sharp change in behavior of
the XEB is exactly analogous to what has been found in
noisy Haar random circuits [16, 22, 36]. In both cases, it
indicates that the XEB ceases to be good proxy for the
fidelity, which always decays at a rate linear in the cir-
cuit volume until it reaches a value near 1/2". The upper
bound in the XEB shows that the two scaling regimes ob-
served in the lower bound are actually tight at low and
large enough noise rates.

3. Adding fixed gates

Let us now show that the addition of one fixed gate
layer to the circuit can shift the location of the transition
in the scaling of the XEB decay by a factor of 3/2 in the
depth.

Lemma 30. The average XEB for the local random
degree-2 IQP model on an even number n of qubits with ¢
gates and ¢ layers of X-Y -symmetric Pauli noise with a
last layer of parallel CZ gates between neighbouring qubits



18 bounded as

X>21 - q) (1) (F23)
+ 274 [(1 - g) (1 — qu)]*. (F24)
X <271+ (1 — )] + p(n)2734/m (F25)

Furthermore, the total weight of all strings with a single
excitation, i.e., strings of the form S € S_x X Simm, 18
given by 0.

Proof. Let us first show the final statement. Wlog. con-
sider a string S = ISI"~2 and a CZ gate acting on the

first two qubits. Then S 2, —S, and hence the weight
of the string is —1. But there is another string with the
same weight given by S’ = IXI"=2. This string evolves

as §" *“Z, " under the last circuit layer and hence con-
tributes with +1 so their contributions cancel.

The lower bound follows from the argument in the
proof of Theorem 29 but now applied to the strings
PPI(I+X)"~3. These strings are invariant under the final

CZ layer since PP +“Z, PP. Their maximum PQ-weight
is given by 2(n—2) and hence their circuit-induced decay
is lower-bounded by (1 —4(n — 2)/n(n — 1) > 274¢/7=2,
Meanwhile, their noise-induced decay rate doubles.

For the upper bound, we argue that the second term
in the upper bound (F20) in the proof of Theorem 1,
p(n)2=2¢/" decreases by adding a last layer of parallel
CZ gates. We consider strings with n;(S) = 1,ns(S) =
1,np(S) = n/2 of the form S = ISP™/2X"/2=2 letting
n/2 be even. Then S 7, —S5, and there is another string
S' = IXP"/25X"/2=3 obtained from S by a single swap
of operators between the non-X part of the string and
the X-part of the string, for which S’ LN Hence, the
contributions of all strings of this type cancel out, leaving
us with strings S with (n(S), ns(S),np(S)) = (2,1,n/2)
giving total PQ-weight pqw(S) = 3n/2 + 2 saturating
the upper bound. Using these strings, the second term in
Eq. (E22) increases to ~ 3¢/n and hence the upper bound
follows, shifting the transition by a factor of 3/2. O

It is clear that the argument can be repeated any
number of times, applying CZ gates on new sets of
pairs. Eventually, as we apply it n times, we retrieve
the volume-like decay of Theorem 25.

Appendix G: Hardness of degree-4 Bell sampling

Let us in this section analyze in more detail the output
distribution of uniform degree-D IQP circuits measured
in the Bell basis. We will argue that sampling from these
circuits is classically intractable unless the polynomial hi-
erarchy collapses. The argument will be somewhat more
intricate compared to sampling in the standard-basis.

Recall from the main text that we can write the output
probability of a Bell measurement on a degree-D circuit
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C as
1
Po(z,2) = o [ (+"| CXo Z:C[+7) 2 (G1)
1
= | (+" CuZ. |+™) 1%, (G2)
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where C,, = CX,C is the degree-D — 1 circuit induced by
the X outcomes and the circuit C. Denote by supp(x) :=
{i € [n] : ; = 1} the support of the string x. Then the
support of the circuit Cy, i.e., the qubits on which it acts
nontrivially, is given by supp(C,) = supp(x)€, since the
one-locations of x remove qubits from the support of C.

Let us observe a few properties of this output distri-
bution.

Lemma 31. We have the following facts about the output
probabilities Pc(x, 2) of Bell sampling from degree-D IQP
circuits.

i. For all (x,z) such that there is an i € [n] with
x; =z =1, Po(x,z) =0.

i. The marginal probability Po(x) = Y., Po(z,z) =
27",

Proof. To see claim (i), observe that the zero-entries of
x determine supp(C;). So for all i € [n] for which
x; = 1, Cy acts trivially, and hence, (+"|C,Z; |[4+") =
(HZ[+) (+* 7 (Co)lpnay [+771) =0,

To see claim (ii), we simply compute Pc(z) =
S Po(a,2) = 2775 | (| HEMC,HE™ [o7) P = 27"
by the normalization of the output distribution of the
degree-D — 1 circuit C,,.

|

The output distribution of degree-D Bell sampling
therefore ‘shatters’ into separate sectors for each fixed
outcome z of the X measurement. All of those sectors
are equally likely, and the output distribution within each
sector is given by the output distribution of the induced
IQP circuit C, acting nontrivially on n — |x| qubits.

Let us now consider a uniformly random degree-D cir-
cuit C. Then for every x, C, is a uniformly random
degree-(D — 1) circuit acting on supp(C,) = supp(z)©.
To see this in each x-sector, fix the indices of the gates
in C corresponding to the x; = 1 outcomes and observe
that the marginal distribution on the remaining indices
remains uniform. This motivates grouping the z-sectors
further according to the size of their support, since the
statistics of the output distribution in each sector are now
solely determined by the size of the uniformly random
IQP circuit in that sector. Hence, there are n+ 1 distinct
sectors Sy = {z : |z| = n — k,z € {0,1}*} c {0,1}>"
oon which Pc has nontrivial support, and the statistics
of the outcomes in each sector are the same.

This state of affairs is reminiscent of that in boson sam-
pling. For instance, in Gaussian boson sampling the out-
comes fall into distinct photon number sectors [109, 110],
and in boson sampling with a linear number of modes
there are sectors corresponding to the collision patterns
of the outputs [112]. This analogy will also guide us in



the following argument for hardness of sampling from
degree-D Bell sampling with D > 4.

Theorem 32 (Hardness of degree-D Bell sampling).
Sampling from the Bell sampling output distribution P :
{0,1}?>" — [0,1] from uniformly random degree-D IQP
circuits for D > 4 up to constant total-variation distance
1s classically intractable unless the polynomaial hierarchy
collapses and the approximate average-case hardness con-
jecture 33 is false.

Conjecture 33 ([24]). Approzimating the output prob-
abilities of uniformly random degree-D IQP circuits for
D > 3 up to relative error 1/4 is #P-hard.

Since the output distribution of random degree-D Bell
sampling shatters into n + 1 sectors, we need to consider
those sectors individually. Observe, for instance, that the
output probabilities of the k = 1 sector are very easy to
compute. However, that sector has negligible probability
weight as the following lemma shows.

Lemma 34. The probability weight of Po outside of the
sectors Sy with k € [n/2 — O(y/n),n/2+ O(y/n)] is neg-
ligible.

Proof. We use (ii) of Lemma 31 to see that

Pc(Sk) = <Z> /2", (G3)
and letting p(k,n) = v/27(n/2 + k)(1/2 — k/n)
n n
1
_ onH (1/2+1/n)+6(1/n)
27p(k, n) (G5)
1 2
_ 2—2k /(nln2)+®(1/n)’ a6
p(kon) (o)

since H(1/2+¢€) = 1 —2€2/In2 + O(€*). Therefore for
ke n/2+w(y/n), we have p(k,n)Pc (S, 24%) € 0o(1) and
we have

> Pe(Sk) €o(D). (G7)
ken/2+0(V/n)

Note that we have chosen k € n/2+w(y/n) since the sum
adds a factor of n — O(y/n) which needs to be accounted
for with a log+/n shift in the exponent of Eq. (G6). [

Lemma 34 implies that the dominant contributions
to the output distribution are the sectors k € n/2 +
O(y/n) € ©(n). For each of these sectors approximating
the output probabilities is a #P-hard task in the worst
case since the respective degree-D —1 circuits on k qubits
are arbitrary [24]. Likewise, we inherit the approximate-
average case hardness conjecture 33 from Bremner et al.
[24].
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Next, we show the hiding property in each sector. The
hiding property is an important ingredient in the reduc-
tion from computing probabilities to sampling. The hid-
ing property asserts that the distribution over input cir-
cuits C' is invariant under a ‘hiding procedure’. This pro-
cedure removes the dependency on a particular outcome
x by hiding that outcome in the probability of obtaining
a different outcome y of a different random circuit C,,.
This allows us to restrict our attention to the distribu-
tion over circuits of a fixed outcome.

Lemma 35 (Hiding). For each k € [n], the Bell out-
put distribution Pc [s, of a uniform degree-D circuit C
satisfies the hiding property.

Proof. First, we observe that the hiding property triv-
ially holds with respect to the z outcomes in every k-
sector. We can translate one z outcome to a different out-
come 2’ by applying Z,. . gates to the IQP circuit. But
this leaves the distribution over circuits invariant since
Z gates are applied with uniform probability. Next, con-
sider the xz-outcomes in every sector. These are all related
by a permutation. Therefore, we can obtain an outcome
(z, z) of a degree-D circuit C by from an (z’, z’) outcome
of a circuit C(z’, 2") which is obtained from C' by permut-
ing the labels of the gates according to a permutation IT
such that 2’ = Iz, and then applying Z,/ ,. O

Finally, we consider anticoncentration of the Bell sam-
pling distribution from uniform degree-D IQP circuits
with D > 3. Again, we find that, restricted to each k-
sector, anticoncentration holds. To this end, we compare
the squared first moment (given by the squared uniform
distribution) in every sector with the second moment in
the sector.

The correct uniform distribution on the sample space
is given by sampling a uniformly random z € {0,1}" and
then a uniformly random z € {0,1}*. This translates
into the uniform distribution in every k-sector as

L0,
o= Pl g1 = ey

(G8)

Lemma 36 (Anticoncentration of degree-D Bell sam-
pling). The second moment of the outcome probabili-
ties of uniform degree-D Bell sampling for D > 3 with
(x,2) € S satisfies

U EcPo(z,2)* =3 2771 (G9)

Proof. Let ulIQP(k, D) be the family of uniform degree-D
circuits on k qubits. Furthermore let z, € {0,1}* be the
restriction of z to supp(x).

1
EcPo(z,2)? = ﬁEC~uIQP(k,D—1)| (+"Clza) |*

(G10)

1 3— 2—k+1
- (G11)
O



Proof of Theorem 32. To prove the theorem, we follow
the route for hardness arguments of Gaussian boson sam-
pling, see e.g. [110]. We apply the argument due to
Stockmeyer individually in every sector Si. In each sec-
tor, the hiding argument holds, as well as anticoncen-
tration for the postselected distribution. Hence, we can
follow argue for hardness of sampling for the distributions
in each sector, see Ref. [19] for details. For the outcomes
with k£ € n/2 + O(y/n), we have worst-case hardness as
well as conjectured average case hardness (Conjecture 33)
due to Ref. [24]. Moreover, by Lemma 34 these outcomes
dominate the probability distribution.

Now suppose there was an efficient sampling algorithm
A that samples from a distribution Q¢ which satisfies
drvp(Qc — Po) < e. Then we can use Stockmeyer’s al-
gorithm on input A, (x, z) to compute any outcome prob-
ability up to constant relative error, since in the worst
case the error on the full distribution is concentrated in
the sector Sk > (z, 2). O

Appendix H: 3D color code lattices

In this appendix, we provide a detailed description of
the lattices that give rise to the family of 3D color codes
with a growing code distance and a logical CCZ gate
implemented via a transversal T' gate.

We start by defining £ to be a region of a cubic
lattice with vertices corresponding to the coordinates
(x,y,2) € Z%, where L = 0 mod 2. We color each
vertex (x,y,z) of L' as follows: red iff 2 = y = 2
mod 2; green iff z = y = 2z + 1 mod 2; yellow iff
r=y+1=2z mod2; blueiffz+1 =y = 2z mod 2;
see Fig. 11(c) for an illustration. Each cube in £’ is
split into five tetrahedra spanned by the vertices of £’.
Namely, for the cube centered at (3: + %, Y+ %, z+ %)
if z+y = z mod 2, then we split it accordingly to
Fig. 11(d), where one of the tetrahedra is spanned by
the vertices (z + 1,y,2),(z,y + 1,2),(z,y,2 + 1) and
(x + 1,y + 1,z + 1); otherwise, we split it accordingly
to Fig. 11(e), where one of the tetrahedra is spanned by
the vertices (x,y,2),(x + 1,y +1,2),(x + 1,9,z + 1) and
(,y+1,2+1).

We obtain £ from £’ by including additional red ver-
tices and tetrahedra. Namely, for every green vertex
(z,y,2) at the top z = L or bottom z = 0 boundaries
of L we add a vertex at either (x,y, L+ 1) or (x,y, —1);
for every yellow vertex (z,y,z) at the front y = 0 or
rear y = L boundaries of £ we add a vertex at either
(z,—1,z2) or (z, L+1, z); for every blue vertex (x,y, z) at
the left z = 0 or right z = L boundaries of £’ we add a
vertex at either (—1,y,2) or (L + 1,y, z). Subsequently,
for each newly added red vertex we add four tetrahedra
spanned that vertex and neighboring vertices belonging
to the boundary of £’ as illustrated in Fig. 11(f,g).
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Appendix I: Numerical simulation techniques

In this appendix, we outline the numerical methods
used to produce Figs. 5 to 8 and 10 in the main text.

1. XEB and fidelity of Clifford circuits

We simulate all Clifford circuits using the stim pack-
age [138]. To evaluate the XEB, we perform Gaussian
elimination on the noiseless stabilizers of the target state,
effectively finding the subset of stabilizer generators that
are diagonal in the measurement basis. For n qubits and
k diagonal stabilizers, every non-zero bitstring probabil-
ity is 2°=" and, thus, the ideal XEB of the circuit is

Xideal = 27 — 1, (I1)

which we use to obtain Fig. 5(a) by sampling random
hIQP circuits.

For noisy simulati ons, we employ two separate ap-
proaches. In Fig. 4(a) and Fig. 10, we use stim’s mega-
sampling capabilities to quickly obtain large numbers of
noisy bitstrings whose probabilities are then evaluated
based on diagonal, pre-computed logical-circuit stabiliz-
ers. In Fig. 7 and Fig. 8, we need to also evaluate fidelity
(either encoded or not) so we perform multiple tableau
simulations, one for each noise realizations; the fidelity
is 0 if any of the circuit-level stabilizers is violated, and
1 otherwise. In Fig. 8, we additionally calculate the cor-
rected (EC) logical fidelity where we perform error cor-
rection in the Z basis (directly in the tableau) before
evaluating the fidelity; we use a simple lookup-table de-
coder constructed by enumerating up to weight-2 physi-
cal errors.

Since the numerical studies performed here are based
on sampling various circuits and noise realizations, the
accessible system sizes and noise rates are severely lim-
ited due to the uncertainty associated with a finite sam-
ple size. A more sophisticated numerical study based on
statistical-mechanics models would enable, e.g., detailed
studies of the phase transition in the XEB-to-fidelity ra-
tio.

2. TVD of IQP-circuit connectivity

A degree-2 IQP circuit is described by the polynomial
function

as discussed in Eq. (19). Thus, we can capture the cir-
cuit connectivity via an nxn matrix whose off-diagonal
and diagonal terms are given by the b;; and a; variables,
respectively. We look at averaged eigenvalue distribution
of such adjacency matrices to compare various circuit en-
sembles and calculate the total variation distance (TVD)
of the histograms as the figure of merit.



For a uniformly random IQP circuit, b;; and a; are
drawn from a random distribution with uniform proba-
bility 1/2, whereas for the hIQP circuits they are sam-
pled as described in Fig. 3(a). The CNOT gate layers
are incorporated through a frame transformation on the
adjacency matrix A,

A—- MYAM, (I3)

which is then added modulo 2. The CNOT matrix M is
constructed based on the CNOT gate action that trans-
forms bitstrings as

CONOT(z1,2) = G (1)) (i;) : (14)

which is embedded for many CNOTs in parallel in the
larger M matrix.

In Fig. 5(b), we average over 10° uniform and hIQP
circuit realizations for each data point.

3. Estimating classical hardness

In Fig. 6, we compute the treewidth and minimal ver-
tex cover of the effective IQP hypergraphs realized by
random hyperdepth-£ hIQP circuits for various hyper-
cube dimensions ©. To do this, for each pair (£,D) €
[2] x[5] we sample 100 random hIQP circuits and compute
the effective IQP hypergraph using the relation (A6).
The result is a hypergraph on 3 - 2® vertices.

To compute the treewidth of this hypergraph, we trans-
late the hypergraph to a simple graph G by adding
a 3-clique for every degree-3 hyperedge. We then use
the treewidth_min_£ill_in heuristic implemented in
the python networkx package to compute the treewidth
[139].

To compute the minimum vertex cover of the degree-3
part of the hypergraph, we write the optimization prob-
lem as an integer linear program ILP

min Z x; (I5)
subject to xe, + Te, + Teys > 1 Ve € E3
where F3 C [n]*? denotes the set of degree-3 hyperedges

of the IQP graph. We then use the Gurobi Optimizer,
a state-of-the-art solver to solve this ILP [140].
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