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ABSTRACT

Motivated by counterintuitive results of the update of a Kripke
structure using an update model, such as the inability to correct
false beliefs of agents or the creation of incoherent state of beliefs
of agents, this paper explores a novel methodology for updating
a Kripke structure using an update model. The paper shows that
the new definition helps agents correct their false beliefs when
they are full observers of a sensing action or a truthful announce-
ment. Furthermore, the paper presents a sufficient condition for
update models that guarantees that the resulting Kripke structure
maintains the KD45,, property of the original Kripke structure if
the update model is also KD45,,. In particular, the majority of up-
date models recently described in the literature for reasoning about
knowledge and beliefs of agents in multi-agent domains satisfy
such sufficient condition. This implies that the KD45,, property
will be maintained after the execution of an action sequence if the
initial Kripke structure is KD45,,.

These results can help guide the design of update models for
compound actions in applications dealing with knowledge and
beliefs; they can also be used by epistemic planners that employ
update models to correct agents’ false beliefs.
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1 INTRODUCTION AND MOTIVATION

Update models!, first proposed in [3], are useful tools to study
actions’ effects in multi-agent systems, such as in the development
of dynamic epistemic logic [16] and in high-level action languages
[6, 14]. The key idea behind an update model is that an action
occurrence in a multi-agent setting can have many facets and can be
perceived differently by different agents, which, ultimately, affects
in different ways the beliefs of the agents. An update model encodes

1 Also known as action models or event models.
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different perspectives of agents given the state of the world and the
state of knowledge and beliefs of agents and an action occurrence.
Formally, an update model consists of a collection of events, each
associated with a precondition and a substitution, and accessibility
relations of agents between these events. Intuitively, each event
encodes a possible view of an action occurrence by the agents; for
example, an event can encode the fact that the agent believes that
the action does occur, does not occur, or might or might not occur,
etc.; the accessibility relation of an agent encodes its uncertainty
about the events.

Fig. 1 graphically shows an update model (in the bottom left
box), denoted by 2,0 (B), that encodes the perspectives of agents
A, B, and C when B looks at a coin and A and C are watching B
but cannot see what B actually sees. This update model has two
events, o (corresponding to the event that B sees head) and 7 (B
sees tail), which are drawn as squares with their names and precon-
ditions below the event. The accessibility relations of the agents are
drawn as labeled links between events. Because B, who executes
the action, can distinguish between ¢ and z, the only links labeled
B are the loops around ¢ and 7. On the other hand, A and C cannot
distinguish between ¢ and 7. This fact is represented by the link
labeled A and C between ¢ and 7 and the loops around ¢ and 7.

Given an update model and a Kripke structure encoding the state
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Figure 1: B looks at the coin while A and C are watching

of the world and the state of knowledge/beliefs of agents, the ap-
plication of the update model to the Kripke structure results in a
new Kripke structure. In the new Kripke structure, agents beliefs
are refined in accordance to their perspectives about the action
occurrence. For example, the update of the Kripke structure in the
top left corner of Fig. 1, denoted by M, using the update model
2100k (B) Creates the Kripke structure on the right (R1). The Kripke
structure M; has two worlds (s and u) and h (representing head)
is true (false) in s (u). The accessibility relations between s and u
are drawn as labeled links between s and u. M; encodes that it is
common knowledge that A knows the status of the coin and that B
and C do not. The resulting Kripke structure R; indicates that it is
common knowledge that A and B know the status of the coin but
C does not.
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A critical issue in the use of update models for reasoning about
effects of actions in multi-agent domains is that agents can become
ignorant after an update (or, the beliefs of the agents become inco-
herent). To see how this counter-intuitive result is possible, consider
the application of the same update model %4, (p) on the Kripke
structure in the upper left corner (My) in Fig. 2. Assume that the
coin lies heads up, i.e., the true state of the world is represented by
the world s on the left. The difference between M; and M, lies
in that B has a false belief about the status of the coin (B believes
that the coin lies tails up). The update of X, (p) results in the
Kripke structure R3 in which B becomes ignorant at the true state
of the world (s). This is rather counter-intuitive since B, by virtue
of looking at the coin, should have known that the coin lies heads
up. We note that the problem arises because B has a false belief
about the status of the coin to start with. Instead of being able to
correct the false belief, B’s beliefs become incoherent as B would
conclude that every formula is true! We refer to this problem as
inability to correct false beliefs.
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Figure 2: B looks at the coin and becomes ignorant

A consequence of losing all links labeled B in some world leads
to the issue that the resulting Kripke structure (R2) no longer satis-
fies the KD45,, property (formal definition is provided in the next
section) which is satisfied by both the original Kripke structure My
and the update model 240 (B)- We will refer to this problem as the
problem of losing KD45,, property (or loss of KD45p, for short).

An important consequence of the loss of KD45, is that if we
would like to reason about knowledge and beliefs of agents then
we will have to deal with two modalities, the knowledge modal
operator K and the belief modal operator B or define knowledge
formulae via belief formulae. This problem has been discussed in
the literature, especially in the context of dynamic multi-agent
systems (see, e.g., [1, 15]). We observe that, with the exception of
the work by Buckingham et al. (2020) who explicitly used both B
and K or Baltag and Smets (2016) who defined knowledge, belief,
and conditional belief operators and work with them, the majority
of proposals on formalizing actions in multi-agent domains [6-
8, 14, 16, 17] only consider one modality and do not discuss how
the other modality should be addressed, e.g., only B is used and no
disccuson on K is included. This is inadequate as, in general, an
agent can have a false belief—which can easily arise when an agent
is oblivious to the execution of an action—and false beliefs are not
equivalent to incorrect knowledge.

In this paper, we take a different approach towards correcting
false beliefs of agents and maintaining KD45, after the execution
of an action sequence. Instead of focusing on developing new def-
initions for update models, such as the edge-conditioned update
models proposed in [8], or identifying conditions of update models
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or the original Kripke structure, as done in [1, 4, 11, 15], we first
propose a modification of how update models are applied to Kripke
structures. We discuss the motivation of the new definition and
prove that this definition helps correcting agents’ false beliefs if the
agents are full observers of a sensing action or a truthful announce-
ment. We also propose a new syntactic characterization of update
models to maintain the KD45,, property of a Kripke structure after
the execution of an action sequence. In particular, we show that
recently proposed update models for the study of action effects
in multi-agent domains in the literature satisfy this condition. In
summary, the contributions of the paper are:

e A novel definition of the application of an update model
to a Kripke structure that allows full observer agents of a
sensing or a truthful announcement action to correct their
false beliefs;

A sufficient condition to maintain the KD45,, property of a
Kripke structure under the new definition of update;
Propositions showing that several recently developed up-
date models in the literature satisfy the proposed sufficient
condition and therefore can be used in the development of
epistemic planners that can plan for both knowledge and
goals; and

o A discussion of potential applications of the proposed method.

2 BACKGROUND
2.1 Logics of Knowledge and Belief

We consider the standard logic of knowledge and belief with a set
of modalities L1, . . ., Ly and use the notation from [10]. Let  be
a set of propositions. We define Lgg(L1, ..., L) to be the set of
formulae defined as follows. Each p € P is a formula. If ¢ and ¢
are formulae, then so are =, ¢ — ¥, and Lj¢ (i = 1,...,k). The
connectives V, A, < can be defined in terms of — and —. An atomic
formula is a formula that does not contain any modal operator L;.

A logic A is a set of formulae in £ #5(L1,. .., L) that: (i) con-
tains all propositional tautologies; (ii) is closed under modus po-
nens; and (iii) is closed under substitution. A logic is normal if it
contains the axioms Li(¢ — ) — (Lip — L;y), referred to as
(Kp,) fori=1,...,k, and is closed under generalization, i.e., if it
contains ¢, then it will also contain L;¢. A logic generated by a set
A of formulae (axioms) is the smallest normal logic containing A.
For two sets of axioms Aj and Az, A1 + Ay is the smallest normal
logic containing A1 and Aj.

Consider a set AG = {1,2,...,n} of n agents, each agent i is
associated with a belief operator B; and a knowledge operator
K;. Our focus is the logic of belief, called KD45,, over the lan-
guage L 75(B1,...,Bpy) that is generated by the following axioms:
(D) Bi9p——B;—¢, (4) Bi¢p—B;B;¢, and (5) -B;¢p—B;—B;p where
i€ AGand ¢ € LA7G(B1,...,By). It is shown in [10] that knowl-
edge can be reduced to true belief in KD45,,. More specifically, the
knowledge modality K; is reducible to B; in KD45, by the axiom
Kip < (Bj¢ A ¢). This also means that we can remove the knowl-
edge modal operator from the language, yet still be able to derive
conclusions about knowledge of agents.

A Kripke frame ¥ is a tuple (S, B4, ..., By) where S is a set of
worlds (or points) and B; C SxS fori € AG, called the accessibility
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relation for i. A Kripke structure® (or Kripke model) M based on
the frame ¥ is a pair (¥, ), where 7 : F[S] — 2% is a function
that associates an interpretation of # with each world in ¥ . For
M = (F,x), M[x] denotes = and M[S] and M([i] denote the set
of worlds S and B; of 7, respectively. We say that an agent i is
ignorant at s in M if M[i](s) = {u | (s,u) € M[i]} = 0.

A pointed Kripke structure (or p-structure) is a pair (M, s), where
M is a Kripke structure and s € M][S], called the actual world.
We will often represent a Kripke model M by a directed graph
whose nodes are the worlds in M[S] and the labeled edges are
the members of M[i]. The interpretation associated to a world is
often drawn below the corresponding node (e.g., as in Figures 1-2).
Entailment of formulae in £ #g(L1,...,Ly) w.rt. a p-structure is
defined next.

DEFINITION 1. Given a formula ¢ and a p-structure (M, s):
o (M,s) = ¢ if M[x](s) = ¢ and ¢ is an atomic formula;
o (M.s) E =g if (M,s) IE ¢;

o (M,s) = @1 = @2 if (M, ) | 1 or (M, s5) |= ¢2;
o (M,s) = Lig if, for each t s.t. (s, t) € Bi, (M, 1) = ¢.

Observe that if M[i](s) = 0 then (M, s) |= B;¢ for every atomic
formula ¢. As such, we also say that the belief of an ignorant agent
at s in M is incoherent.

A relation R C S X S is: reflexive if (u,u) € R for every u € S;
serial if for every u € S there exists some v € S such that (u,v) € R;
transitiveif (u,v) € Rand (v, z) € R imply that (u, z) € R; Euclidean
if (u,v) € R and (u,z) € R imply that (v, z) € R.

Frames can be characterized by the properties of their accessi-
bility relations. It is known that a frame ¥ = (S, B1,...,85,) is
a KD45,, frame iff for every i = 1,...,n, B; is serial, transitive,
and Euclidean. A Kripke model M = (¥, r) is said to be a KD45,
model if its frame ¥ is a KD45,, frame.

2.2 Update Models

Update models describe transformations of (pointed) Kripke struc-
tures according to a predetermined pattern. An update model uses
structures similar to pointed Kripke structures and they describe
the effects of a transformation on p-structures using an update
operator [2, 16].

Aset{p > ¢ |p € P,p € LagBi,...,By)} is called an
.Eﬂg (Bq,. .., By)-substitution (or substitution, for short). For each
substitution sub and each p € P, we assume that sub contains
exactly one formula p — ¢. For simplicity of the presentation, we
often omit p — p in a substitution. SUB . denotes the set of
all substitutions. A substitution is used to encode changes caused
by an action occurrence. A formula p — ¢ in a substitution states
the condition (¢) under which p will become true. For example,
the action of flipping a coin can be represented by the substitution
{h — —h} which says that h (the coin lies heads up) is true if —h
(the coin lies heads down) was true when the flip was performed.

DEFINITION 2 (UPDATE MODEL). An update model X is a tuple
(Z,R1,...,Ry, pre, sub) where
e X is a non-empty set, whose elements are called events;
e each R; is a binary relation over X;

2 We use Kripke structure interchangeably with Kripke model.
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.,Bp) is a function mapping each
,Bn); and

e pre: ¥ — Lag(By,..
eventa € % to a formula in Lag(By, ...
o sub:% — SUBy,..
An update instance w is a pair (2, e) where X is an update model and
e € X (the designated event). An update template is a pair (%,T)
where ¥ is an update model with the set of events X andT C 3.

The designated event in an update instance is the one that agents
who are fully aware of the action occurrence will observe. Tem-
plates extend the notion of instance to capture non-deterministic
actions and compound actions. The relation R; describes agent i’s
uncertainty about an action occurrence—i.e., if (o,7) € R; and
event o is performed, then agent i may believe that event 7 is exe-
cuted instead. pre defines the action precondition and sub specifies
the changes of fluent values after the execution of an action. An
update model is serial (resp., reflexive, transitive, Euclidean) if, for
every i € AG, R; is serial (resp., reflexive, transitive, Euclidean).

DEFINITION 3 (UPDATES USING AN UPDATE MODEL). Given an
update model ¥ = (3, Ry, ...,Rn,pre,sub) and a Kripke structure
M = (F,x), the update operator induced by X defines a Kripke
structure M’ = M®3X, where:

o M/'[S]={(s,7) | s € M[S], T € =,(M,s) = pre(r)};

o ((s,7).(s",7") € ML iff{(s, 7). (s, ")} € MU[S], (s.87) €
M[i] and (r,7’) € R;;

o Vf € PIM [n)(s. 1) S iff fopesub(r). (M.s)Eg].

The update of a p-structure (M, s) given an update template
(2,T) is a set of p-structures, denoted by (M,s) ® (Z,T'), where
(M’,s")e(M, s) ® (Z,T) iff it holds that M'=M @ and s’ = (s, 1)
where 7 € T and s” € M’[S]. Intuitively, the set (M,s) ® (,T) is
the set of p-structures encoding the result of the execution of the
action, which is represented by the update template (%, T), in the p-
structure (M, s). It is easy to see that Kripke structure R in Fig. 1 is
the result of the update of M; by 40k (B), 1€, R1 = M1®Z 150k (B)-

3 UPDATES USING AN UPDATE MODEL:
PROPOSED CHANGES

Let us consider the Kripke structure and the update model in Fig. 2
and let us precisely describe Mz and 2,0 (B):
o Mz = ({{s,u},B4,Bp,Bc), ),
Ba= {(S,S), (u’u)}) Bp = {(s,u), (us u)},
Be = {(s,s), (u,u), (s,u), (u,s)}, and
7(s) = {h}, #(u) = 0.
* Zi00k(B) = (10,7}, Ra, R, Re, pre, sub) where
pre(o) = h, pre(r) = —h,
Ra=Rc ={(0,0),(r,7),(0,7),(r,0)},
Rp ={(0,0),(r,7)}, and
sub(o) = sub(r) = 0 (or sub(c) = sub(r) = {h — h} as
noted above).

It is easy to see that both M3 and 240k (p) are serial, transitive,
and Euclidean. Furthermore, Rz = Mz ® 3,0k (p) Where Rz
(Rg, ) with Ry = ({s’,u'},BA,B%,B’C), B;1 = {(s,s), (W', u')},
BJ/B = {(u’,u)}, B’C ={(s’,s"), W', u’), (s",u"), W,s")}, and
(s’ = {h}, x(u') = 0.

In the definition of Ry, we have that s’ = (s,0) and v’ = (u, 7).

Let us now examine the reason why B does not have any out-
going link from s’ = (s, ). This is because, by Definition 3, the
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outgoing link labeled B from s and the outgoing link labeled B from
o are incompatible, i.e., (s,u) € Bg and (o, o) € Rp. On the other
hand, the intuition behinds the definition of an update model says
that (o, o) € Rp indicates that if o occurs then B would recognize
that this event happens. In addition, since s satisfies the precon-
dition of o, it is reasonable to expect that B would perceive that
s’ = (s, o) is one of the possible worlds in the Kripke structure that
results from the execution of looking on the coin. Indeed, it is easy
to verify that the following proposition holds.

PROPOSITION 1. Let3* = ({0}, Ry, ..., Rp,pre, sub) whereR;
{(0,0)} foreveryi, pre(c) = T, and sub(c) = 0. Given a p-structure
(M, s) and an agent i who has a false belief about an atomic formula
Y, ie, (M,s) E ¢ and (M,s) |= B;—y, then i becomes ignorant at
(s,0) in M® X",

We note that X* is a natural representation of an occurrence of
a truthful public announcement (see, e.g., [2]). As such, the above
proposition exposes a critical issue in using update models: agents
can become ignorant after the execution of an action, even though,
intuitively, agents must have been able to correct their false beliefs
due to the action occurrence. A similar proposition can be proved
for the occurrence of a sensing action.

The above discussion suggests that if (x, o) is a new world (i.e.,
(M, x) |= pre(o)), i has false belief about the precondition of o
(i.e., (M, x) |= Bj—pre(o)), and (o,0) € R; then we should have
((x,0), (x,0)) € M’[i]. We observe that this might not be desirable
in some situations. Recall that the addition of the loop is aimed at
keeping the coherence of the agent’s beliefs. Under this view;, if there
exists some world u and an event 7 accessible from s and o, respec-
tively, and (M, u) [= pre(r) then we have ((x, o), (u, 7)) € M'[i]
(see our discussion related to Figure 8 in Section 5). In other words,
i’s belief is still coherent though it might be wrong. Taking this into
consideration, we propose the following change to Definition 3:

Change #1: if (x, o) is a new world (ie, (M, x) |=
pre(o)) and Ci(x,0) is true then ((x,0), (x,0)) €
M[i] if (o,0) € R; where Ci(x, o) encodes the fol-
lowing statement:
for every u such that (x,u) € M[i] there exists
not € Ysuchthat (o,7) € R; and (M, u)|=pre(7).

From now on, we write Cj(x, o) and means
Yu.[(x,u) € M[i] = Ar € 3.[(0,7) € Ri A (M, u) |= pre(z)]].

Figure 3 shows the result of the update of M3 by Z40x(p) that
takes into consideration Change #1. The link (s, s”) € Bp is added
due to Change #1 that helps B to learn that the coin is heads up and
realize that B’s initial belief that the coin lies tails up was wrong.

B
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Change #1 considers the loop around o. This might not be
sufficient as there are links of the form (o, 7) in R; that express
the similar intuition, i.e., if ¢ occurs then i could perceive that r
occurs as well. We motivate the second change using the follow-
ing situation, taken from [15]. Let us consider a Kripke structure
M3 = (M3, 7) and an update model %, (o) as shown in Figure 4.
Here, M3[S] = {s, u, t, w}, the accessibility relations, and the inter-
pretations associated to the worlds are given in the figure.

The update model % ;o) encodes a public and truthful an-
nouncement of o by A. Intuitively, everyone should believe (know)
that o is true after the execution of this action.

It is easy to see that C has the false belief about o in s, ie.,
(M3, s) |= 0 ABc—o. Therefore, without Change #1, the update of
M3 by Zgpn(o) Will render that C’s belief is incoherent. As such,
Change #1 should be applied.

o,h o,7h
ABC
AB \s u/ AB S
‘— AB * |
| 4 wJ » o (pre: 0)
[¢ c )
c/\c »®.
ABC Y/}B c N
4| ABC g / ABC
| ahahiing ) V) o i W
My -oh -0,7h oh 0,7h Ry

Figure 4: A announces o (with Change #1) - C miraculously
knows h

Let us now consider the result of the update of M3 by Z4,,(0),
with Change #1. It is shown in R3 in Figure 4. Because of Change
#1, we have that (s”,s”) € R3[C] and (v’,u’) € R3[C] where, for
x € {s,u}, x’ (x,0). The question of interest is then should
(s”,u") € M’[C]? Looking at R3, we can see that without (s”,u’) €
R3[C] then (R3,s’) |= Bch. In other words, learning that o is true
miraculously allows C to know the value of k. On the other hand,
there is no reason for C to know h since before A announces o,
C—like A and B—does not know h. After A announces o, both A and
B still do not know h. Therefore, it is counterintuitive that C would
know h, which would require (s’, u”) to belong to R3[C]. Similarly,
we should have (u’,s’) € R3[C].

The above discussion stipulates that ((s, o), (u, 7)) should be
added to M’[i] if the conditions for adding ((s, o), (s, o)) and ((u, 7),
to M’[i] are satisfied and (o, 7) € R;. This is not always reasonable,
however. Consider the Kripke structure M (Figure 5) that is ob-

tained from M3 by removing the set of links { (s, w), (u, t), (t, w), (w, 1)}

from M3[C].
h ~h
° ° A,B%
AB NS ¢ A — AB o
(4 wJ + s oGreo)
c c -®.
A,BN _'/:BC \\ ’\8 f
"= 4| ABC ’ / ABC
(& ot il W Lyt rs—>8 "¢
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Figure 3: B looks at the coin and corrects its false belief
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Figure 5: A announces o (with Change #1) - C maintains be-
lief about h because it knows whether i before the announce-
ment
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In this situation, C’s belief is the world {—o, h}, i.e., C knows that
h is true. Therefore, R} would be a reasonable result of updating
M5 by Zgpn(0)- We observe that the difference between Mz and
M; lies in that s and u are not connected by C. In addition, we
observe that there is no link labeled C from s and u; for otherwise,
the link ((s, o), (u, 7)) belongs to R3[C] by definition.

DEFINITION 4. Let M = (M, rr) be a Kripke structure over AG
and F . We say that two worlds s, u in M are connected by i € AG
if there exists a sequence of worlds s = s1,...,sp = u such that for
j=1,...,n=1,(sj,sj+1) € M[i] or (sj+1,sj) € M[i].

The above discussion is summarized in the following change:

Change #2: if (x, o) and (y, ) are new worlds and
((x,0), (x,0)) and ((y, 7), (y, 7)) are added to M’[i]
because of Change #1, (x,y) ¢ M([i], (y,x) ¢ M[i],
and x and y are connected by i then ((x, o), (y, 7)) €
M[].
Given the Changes #1 & #2, our new definition of the update using
an update model is formalized as follows.

DEFINITION 5 (NEW: UPDATES USING AN UPDATE MODEL). Let
M be a Kripke structure, ¥ = (3, R1, ..., Rp, pre, sub) be an update
model as in Definition 3. The update induced by ¥ defines a Kripke
structure M = M ® 3, where:

(i) M'[S]={(s,7) | s € M[S].7 € Z,(M,s)[=pre(r)};

(ii) For (s,t) and (s’,7’) in M'[S], ((s, 1), (s", 7)) € M[i] iff

(a) (s,s’) € B; and (r,7’) € Rj; or
(b) (s,7) = (s, 77), (r,1) € Ry, and Ci(s, T) is true;
() (s,7) # (s',7’),Ci(s, 7) and Cy(s’, 7’) are true, (z,7), (1, 7’),
(t/,7’) € Ry, (s,5"),(s",s) ¢ M[i], and s and s’ are con-
nected by i.
(iii) For all (s,7) € M’[S] and f € F, M'[x]((s,7)) = f if
f = ¢ €sub(r) and (M, s)|=¢.

We note that Item (ii.(a)) maintains the original update in Defini-
tion 3; Item (ii.(b)) considers Change #1, and Item (ii.(c)) records
Change #2. It is easy to see that if a link ((s, 7), (s, 7”)) belongs
to R; because of Item (ii.(a)) then C;(s, 7) is false. As such, the
three classes of links belonging to M’[i] because of Item (ii.(a)),
(ii.(b)), and (ii.(c)), respectively, are mutually exclusive. We prove
a property of an update by Definition 5 that is important for the
maintenance of the Euclideanness of a Kripke structure.

LEMMA 1. Let X be an update model and M be a Kripke structure.
Consider an event ¢ in %, a world s in M, and an agent i. Assume
that M" = M®Z3, ((s,0), (u, 7)) and ((s, ), (v, 8)) belong to M'[i]
according to Definition 5. It holds that if ((s,0), (u,7)) € M’[i]
because of Item (ii.a) then ((s, o), (v,8)) cannot belong to M’'[i]
because of Item (ii.c).

Proof. ((s,0), (u,t)) € M’[i] because of Item (ii.a) implies that
(s,u) € M[i], (o,7) € R;, and (M, u) |= pre(r). Assume the con-
trary that ((s, o), (v, §)) € M’[i] because of Item (ii.c). This means
that Ci(s, o) is true, i.e., (M, u) [ pre(r). Contradiction! O

We will next show that using the new definition of updates,
agents can correct their false beliefs if they are full observers of a
sensing action or a truthful announcement. Given an action occur-
rence, we will consider three groups of agents: full observers, partial
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observers, and oblivious agents, which will be denoted by F, P, and O,
respectively, as done in [6]. Intuitive, agents in F know the effects
of the actions and should update their beliefs accordingly; agents
in P know that the action occurs and that agents in F know the
effects of the action occurrence but they do not; and agents in O
are oblivious of the action occurrence. We will assume that F, P,
and O are mutual exclusive and F U P U O equals the set of agents.

3.1 Correcting False Beliefs by Sensing Actions

A sensing action is used by agent to learn certain properties of the
world, by making direct observations. For example, when agents
look at the coin, they will know exactly which face of the coin is
up. Consider a sensing action a that helps agents to learn the truth
value of a formula ¢y whose precondition is ¢. An occurrence of a
affects an agent i in one of the three ways: i is a full observer (i € F)
who will learn ¢; i is a partial observer (i € P) who will know that
full observers know the value of ¢, but i itself does not know the
value of ; or i is oblivious (i € O). A reasonable update model for
such an action occurrence (see, e.g., [6]), shown in Fig. 6, is
Zse”Sing(a, o, ¥) ={{o,7,€},R1,...,Rp,pre, sub) where

® R ={(0,0),(r,7),(€,€)} fori € F;
e R; ={(0,0),(0,1), (1,0),(7,7), (¢,€)} for i € P;
o R ={(o,¢€),(r,€),(€,€)} fori € O;

o pre(c) = ANy, pre(t) = ¢ A, pre(e) = T; and
o sub(o) = sub(r) = sub(e) = 0.

o (pre:eAyY)
F.P
O

ﬁ/ O™ € (pre:T)
FP
T (pre:A-y)

Figure 6: 5¢"51"9 (g, 9, /): update model for sensing action
that sense ¢

PROPOSITION 2. Let 35€™51"9(q, ¢, 1)) be an update model of a
sensing action that sense the formula y, (M, s) be a pointed Kripke
structure such that (M, s) = B;—y, (M, s) |= ¢, and i a full observer
of the action occurrence. It holds that (M’,s”) |= B;y where M’
M@ =5€n5ing (g o ) as in Definition 5 and s’ = (s, o).

Proof. Because of (M, s) |= ¢/, we have s’ = (s, o) € M’[S]. Because
o is the only event in £5¢"5i"9 satisfying that (c,0) € R; and
(M,s) = Bi—y, we have that C;(s, o) is true. This implies that
M[i] = {(s”,s")} where s’ = (s, o). Since sub(c) = 0, we have that
(M, s’) |= ¢, and therefore, (M’,s”) |= B;. O

3.2 Correcting False Beliefs by Truthful
Announcements

In the literature, an announcement is classified into public, private,
or semi-private announcement. We will prove that update model
for semi-private announcement will help full observers to correct
their false beliefs. The proof for public or private announcement is
similar and omitted for brevity.
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A truthful semi-private announcement of a formula ¢ is an action
that communicates to a group of agent F C AG that the formula
is true, while another set of agent P C AG (F N P = 0) are aware
of its occurrence and the rest (O = AG \ (F U P)) are unaware
of the communication. Full observers should know that ¢ is true
after the announcement occurs, partial observers know that the
full observers know ¢, and oblivious agents are unaffected.

An update model of a truthful semi-private announcement a
of the formula {y with the precondition ¢ (see, e.g., [6]) is iden-
tical to the update model of a sensing action. We denote it with
AN (g 0, 1). We note that the key difference in the use of update
models for sensing action and announcement action lies in the des-
ignated event. An update instance for a sensing action occurrence
has two designated events, o and 7, while only one is specified for
an announcement action occurrence, o. Similar to Proposition 2,
we can show that the following holds.

PROPOSITION 3. Let 34" (a, ¢, ) be an update model of an an-
nouncement action that announcesy/, (M, s) be a pointed Kripke such
that (M, s) |= B;—y and (M, s) |= ¢, and i is a full observer of this
action. It holds that (M, s’) |= By where M" = M @34 (a, ¢, 1))
as in Definition 5 and s’ = (s, o).

Proof. Similar to the proof of Prop. 2 and is omitted for brevity. O

Propositions 2 and 3 show that full observers of a sensing action
or a truthful announcement of ¢ will actually correct their belief
about ¢ after the action occurrence. It is worth to point out that
these propositions do not hold if the original definition of the update
operation ® (Definition 3) is used.

4 A SUFFICIENT CONDITION FOR
MAINTAINING KD45, PROPERTY

In this section, we identify a condition for the update models that
maintains the KD45, property of Kripke structures. Specifically,
we will introduce the notion of a KD45,, well-defined update model
and prove that KD45, well-defined update models maintain the
KD45,, property of Kripke structures. In this paper, we will focus
on update models whose preconditions are atomic formulae. Let us
start by introducing some extra notations. For an atomic formula ¢
over ¥, Mod(¢p) is the set of models of ¢. For a set of formulae S,
let Mod(S) = gpes Mod(p).

DEFINITION 6. A collection S of atomic formulae over P is com-
plete if Mod(S) = 27,

Intuitively, if S is complete then for any possible world s and
interpretation 7 over P, there exists some ¢ € S such that z[s] |= ¢.

DEFINITION 7. Let ¥ = (Z,R1,...,Ru, pre,sub) be an update
model. ¥ is said to be KD45,, well-defined with respect to i if for every
o€EX:

e (0,0) € Rj; or
o So = {pre(r) | (0,7) € R;} is complete.

We say that ¥ is well-defined if it is well-defined with respect to

all agents 1,...,n.

Given an update model ¥ and a Kripke structure M, the com-
pleteness of S, allows an agent i to maintain the coherence of its
beliefs if o is the true event that occurs (Proposition 4). We will next
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prove that KD45,, well-defined update model maintains the KD45,
properties of Kripke structures. We need the following lemma.

LEMMA 2. Let s and u be two worlds of a KD45,, Kripke structure.
Assume that s and u are connected by i. Then, one of the following
holds: (a) (s,u) € M([i]; (b) (u,s) € M([i]; or (c) there exist some
world v such that (s,v) € M[i] and (u,v) € M[i].

Proof. By definition of connectedness, there exists a sequence s =
$15...,8n = usuch thatfori =1,...,n—1, (si,si+1) € M[i] or
(si+1,si) € M[i]. We prove the lemma by induction over n.

Base: The Lemma is trivial for n = 1 or 2.

Step: Assume that the lemma is correct for n > 2. Since s and s;,—1
is connected by i, by inductive hypothesis, we have the following
cases:

o (s,sp—1) € M[i]. If (sp—1,u) € M[i] then (s,u) € M[i] because
of the transitivity of M[i] (M is KD45p). If (u, sp—1) € M{[i] then
sp—1 satisfies the conclusion (c) of the lemma.

o (sp—1,s) € M[i]. If (sp—1,u) € M[i] then (s,u) € M[i] because
of the Euclideanness of M[i] (M is KD45,). If (u, sp—1) € M[i]
then (u, s) € M([i] by transitivity of M[i].

e there exists v’ such that (s,v’) € M[i] and (sp—1,v") € M[i]. If
(sn—1,u) € M[i] then (v’,u) € M[i] because of the Euclidean-
ness of M[i] and thus (s,u) € M][i] by transitivity of M[i]. If
(u, sn—1) € M[i] then (u,v’) € M[i] by transitivity of M[i] and
thus v’ satisfies the conclusion (c) of the lemma.

THEOREM 1. Let M be a KD45,, Kripke structure and % be a
KD45,, well-defined update model. It holds that M’ = M ® T also
satisfies the KD45,, property.

Proof. We will prove that M’ satisfies the seriality, transitivity,
and Euclidean property. This is done by three propositions 4-6. O

ProPosITION 4. M’ is serial.

Proof. Consider i € AG and (s,7) € M’[S], we have that s €
MIS], € T, and (M,s) |= pre(r). Let S; = {7/ | (r,7’) € R;}.
Since ¥ satisfies KD45,, S; # 0. The proof is trivial if (r,7) € R;.
Assume now that (7,7) ¢ R;. Because M is serial, there exists
some u such that (s,u) € M][i]. Since X is well-defined, there
exists some 7’ € S; such that (M, u) |= pre(z’). This implies that
((s, 1), (u, 7)) € M’[i]. Thus, we can conclude that Vs’ € M’[S],
Fu’ € M’[S] such that (s’,u’) € M’[i]. This holds for arbitrary
agent i. Thus, M’ is serial. O

PropOSITION 5. M’ is transitive.

Proof. Let i € AG and s, s1,s2 € M’[S] such that (sg,s1) € M[i]
and (s1,s2) € M’[i]. We want to show that (sg,s2) € M’[i]. By
definition, there exist ug,u1,us € M[S] and 79, 71,72 € X such
that s = (ug,70), s1 = (u1,71), and s3 = (ug, 2). Furthermore,
(10,71) € R; and (71, 72) € R;. This implies that (7, 72) € R;. We
consider the following cases:
e (s0,s1) € M’[i] because of Item (ii.(a)) of Definition 5.

It is easy to see that if (s1, s2) € M’[i] because of Item (ii.(a)) or
(ii.(b)) of Definition 5, then (sg, s2) € M’[i] by Item (ii.(a)) because
of the transitivity of M and X or trivially.

Consider now the case that (s1, s2) € M’[i] because of Item (ii.(c))
of Definition 5, respectively. The first fact implies that (ug,u;) €
M{i]. Connectedness between u; and uz and well-definiteness of
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3, together with the second fact and Lemma 2, imply that there

exists some v € M[S] such that (u1,v) € M[i] and (uz,v) € M[i].

Transitivity of M and (up,u1) € M[i] and (u1,v) € M[i] imply

(uo,v) € M[i]. Euclidean property of M and (ug,v) € M][i]

and (ug,u1) € M[i] imply (v,u;) € M[i]. Transitivity of M and

(ug,v) € M[i] and (v,u;) € M[i] imply (uz,u1) € M[i]. This

contradicts the assumption that (sq, s2) belongs to M’[i] because

of case (c) (Item ii) of Definition 5 since this requires that (ug, u1) ¢

M([i]. In other words, this case cannot happen.

(s0,s1) € M’[i] because of Item (ii.(a)) of Definition 5. It means that

so = s1 and therefore, (so, s2) € M’[i] because (s1, s2) € M'[i].

(s0,s1) € M’[i] because of Item (ii.(c)) of Definition 5.

- If (s1,s2) € M’[i] also because of case Item (ii.(c)) of Defini-
tion 5. We have that C; (uo, 70), Ci(u1, 1), and C; (uz, 1) are true.
Furthermore, (79, 70), (71, 71), and (72, 72) belong to R;. C; (uo, 70)
is true and (M, up) |= pre(r2) implies that (uo, uz) ¢ M[i]. Sim-
ilarly, (ug,ug) ¢ M[i]. Transitivity of connectedness allows us
to conclude that ug and uy are connected by i. This allows us
conclude that (sp, s) € M’[i] because of Item (ii.(c)) of Defini-
tion 5.

- Assume now that (s1,s2) € M’[i] because of Item (ii.(a)) of

Definition 5. It means that (u, up) € M[i].
Since (sg, s1) belongs to M’[i] because of Item (ii.(c)) of Defini-
tion 5, we have that up and u; are connected by i but (ug, u1) ¢
M(i] and (u,up) ¢ M[i]. Lemma 2 and the well-definiteness
of ¥ imply that there exists some v such that (up, v) € M[i] and
(u1,v) € M[i]. Since (u1,u2) € M[i], by Euclidean property of
M, (v,uz) € M[i] and hence, (ug, uz2) € M[i]. This implies that
(s0, s2) € M’[i] because (19, 72) € R;.

The above shows that transitivity holds in M’. O

ProrosITION 6. M’ is Euclidean.

Proof. Let i € AG and sy, s1,s2 € M’[S] such that (s, s1), (s0, 52) €
M/[i]. We want to show that (s1, s2) € M’[i]. Again, by definition
of an update, there exist ug, us, up € M[S] and 79, 71, 72 € X such
that s; = (uj,7;) and (M,s;) = pre(r;) for i = 0,1, 2. Further-
more, (79, 71) € R; and (79, 72) € R;. This implies that (79, 72) € R;
because ¥ satisfies KD45,,. We consider the following cases:
Both (so, s1) and (so, s2) belong to M’[i] because of Item (ii.(a)) of
Definition 5 then (s, s2) € M’[i] because of the Euclideanness of
M and ¥ and Definition 5, Item (ii.(a)).
Either sy = s1 or sg = s then, trivially, (s, s2) € M'[i].
(50,51) belongs to M’[i] because of Item (ii.(c)) of Definition 5.
Then, Lemma 1 shows that (so, s2) also belongs to M’[i] because
of Item (ii.(c)) of Definition 5. Similar to the argument made in
the first Subcase of the third case in the proof of Proposition 5,
we can conclude that (s1,s2) € M’[i] because of Item (ii.(c)) of
Definition 5.
Similar argument will allow us to conclude (s3,s1) € M'[i].
The above shows that Euclideanness holds in M’.

]

We will conclude this section with a discussion about the well-
definiteness of update models that have been proposed recently in
the literature. We start with the models discussed in [6].

Ontic Action: An ontic action is executed to modify certain proper-
ties of the world. For example, when an agent opens a box, then the
box will change its property from closed to opened. For simplicity
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of the presentation, let us consider an ontic action a with a set
C of effects of the form p — ¢, which states that p will be true
if ¢ is true before the execution of a. Furthermore, assume that
¥ is the precondition of a. The update model of an ontic action
with the set of agent AG is then defined by 3°™¢(q,y,C) =
({o,€},R1,...,Ry, pre,sub) where R; = {(0,0),(e,€)} fori € F
(F is the set of full observers), R; = {(o,€),(€,€)} fori € O
(O = AG\F),pre(c) = ¢, pre(e) = T,sub(r) = 0,and sub(c) = C
(Figure 7).

o F.O

o (pre:y) € (pre:T)

Figure 7: 3°7¢(g, /, C): update model for ontic action

Consider an agent i € F. It is easy to see that Z0™*¢(q, ¢/, C) is
well-defined with respect to i since (0,0) € R; and (€,€) € R;.
On the other hand, for i € O, ZO"”C(a, ¥, C) is well-defined with
respect to i because for o, S¢ = {T} is complete and (z,7) € R;. It
is easy to verify that 20™¢¢(q, 1, C) is KD45, as well.

Sensing/Announcement Action: Given S5¢™1%9 (q, ¢, /) or ZA™" (a, ¢, )

(Section 3.1 or 3.2), we have that these are well-defined with respect
to i € F U P since there are loops labeled i in all events; they are
well-defined with respect to i € O at o and 7 since S = S; = {T}
and at € because (¢, €) € R;. Again, we can check that these two
update models are also KD45, well-defined.

Another work that also employs update model in formalizing
actions in multi-agent domains is [14], in the development of the
language DER (Dynamic Epistemic Representation). It is easy to
observe that the update models defined in this work also satisfy
Definition 7. More specifically, for each update model X defined by
Definition 4 in [14], we have that for every agent i and every event
ein 3, (e,e) € R;. As such, every update model ¥ defined in [14] is
KD45,, well-defined.

5 DISCUSSION

The main purpose of the present paper is to address the inability to
correct false beliefs of agents. Propositions 2-3 show that the new
update of a Kripke structure using an update model (Definition 5)
achieves this goal. In the past, the action language mA* includes a
method for dealing with this problem [6]. Following their approach,
the Kripke structure is revised before the update is applied. The revi-
sion aims at correcting the false beliefs of full and partial observers,
thus preventing the update (via Definition 3) to create agents with
incoherent beliefs. This approach does indeed help agents to cor-
rect their false beliefs. However, it sometimes allows agents to gain
additional information that appears unreasonable. For example, it
is easy to verify that the approach proposed in [6], when applied
on Ms and 3, ,(py shown in Figure 4, results in R3, thus allowing
C to learn h. This is because the approach in [6] does not deal with
situations which require Change #2, as in Definition 5. Besides,
we believe that there are situations in which the approach in [6] is
too strong. An example is displayed in Figure 8.
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Figure 8: Difference between mA* and our approach

In this example, we have a Kripke structure My with two worlds
s and u, My[r](s) = {f, —h} and My[n](u) = {=f, h}. The update
model 24 has two events ¢ and 7 with pre(c) = f and pre(zr) = h.
The accessibility relation of an agent i is given in the figure. In
computing My ® 34, following the definition in [6], the link (s, u)
is removed and thus, My ® X4 is the Kripke structure with two
worlds (s, o) and (u, 7) and the loops labeled i around these worlds
(Figure 8, top right). It is easy to see that Definition 5 yields a
different result for My ® 24, with the link labeled i connecting
(s, 0) and (u, r) and without the loop around (s, o) since C;(s, o)
is false (Figure 8, bottom right).

The present paper is directly related to works that study prop-
erties of update models. In the past, [1, 11, 15] investigated the
maintenance of the KD45,, property using update models. The
work [11] considers only ontic and sensing actions and assumes
that actions are always executable. This is similar to the condition
that pre(o) = T for every event in the update model, which implies
that the update models considered in [11] are well-defined. It is
also easy to verify that the condition on update models proposed
in [15], called primitive®, for maintaining the KD45,, property is
subsumed by the well-definiteness condition in Definition 7. Up-
date models for ontic actions with oblivious agents, for example,
are not primitive per [15]. In other words, the proposed sufficient
condition for update models to maintain the KD45, property of
Kripke structures in this paper is more general than those devel-
oped earlier in [11, 15]. In [1], the author identifies a semantical
condition on the initial Kripke structure that guarantees that the
result of its update by a serial update model is serial. In contrast,
our condition is applied on the update model and only requires that
the original Kripke structure is serial. Observe that [1] does not
investigate transitivity and Euclideanness of the update result.

Propositions 2-3 showed that the majority of update models
considered for formalizing actions in multi-agent domains (e.g., in
[6, 14]) satisfy the well-definiteness condition. This implies that
Definition 5 could be employed in the development of epistemic
planners (e.g., [12, 13]) that work with one modality and plan for
both knowledge and belief goals. To the best of our knowledge,
there exists no such planning system with this capability yet. This
gives rise to the question of how difficult it is to check for the well-
definiteness of an update model and what the overhead will be for
using the new update. It is easy to see that, in general, checking
whether an update model is well-defined is a co-NP hard prob-
lem, since checking for the completeness of S, is equivalent to
checking for the unsatisfiability of =(\/ ¢ € Sy ). Fortunately, this

3This requires that for every agent i and & such that (o, 7) € R, either (g, ) € R;
or pre(r) = T and sub(o) = sub(r) = 0.

1770

AAMAS 2024, May 6-10, 2024, Auckland, New Zealand

is only theoretical, and checking this condition for update models
in the literature is not difficult, as the majority of events are asso-
ciated with T (as their precondition) or satisfy the first condition
(they have loops around them). With regard to overhead, additional
computational tasks might be required, but they are fairly simple.
First, for each agent i and (o, o) € B;, we need to check the condi-
tion in Change #1. However, this could be implemented as part of
checking whether (s, o) belongs to the set of worlds of the result
of the update. Therefore, the overhead for this task is negligible.
Second, for every pair of (s, o) and (u, 7) such that ((s, o), (s, o))
and ((u, 7), (u, 7)) is added to B; then the condition in Change #2
needs to be checked. This will require a check for connectedness of
s and u which is again, negligible, as it is linear in the size of the
Kripke structure.

We note that in [8], a new type of update model called edge-
conditioned update model has been proposed to deal with false
beliefs of agents. In edge-conditioned update models, an accessibil-
ity relation between two events for an agent i is associated with
a formula ¢ that represents the condition under which the link
should exist. It is also noted that edge-conditioned update models
can be converted to equivalent standard update models. Therefore,
we believe that the well-definiteness of update models can also be
formalized for this new type of update models as well.

Finally, it is worth mentioning that the language of serial Public
Announcement Logic (sPAL) in [4] also maintains the KD45, of
Kripke models after the execution of a truthful public announce-
ment. The logic, howver, does not employ update models and re-
quries that no agent has false belief about the announced formula
before the action is executed. This is different from what we pro-
posed in this paper. In fact, Prop. 3 shows that the KD45,, property
can be maintained in arbitrary models if Def. 5 is employed.

6 CONCLUSION

We proposed a novel definition of updates of Kripke structures using
update models. The new definition differs from the original one in
that it introduces additional edges in the accessibility relations of
the resulting Kripke structures. We showed that update models for
actions proposed in the literature, when using the new definition,
enable full observers of sensing actions or truthful announcements
to correct existing false beliefs. This addresses a critical issue caused
by the original definition, i.e., the issue of agents having incoherent
beliefs. We also introduced the notion of a KD45, well-defined
update model and proved that KD45,, well-defined update models
maintain the KD45,, property of Kripke structures. This result is
significant in that it allows us to reason about knowledge and beliefs
in the KD45, logic, which requires only one modality. We believe
that this result can be used by epistemic planners to generate plans
with both knowledge and belief goals. To the best of our knowledge,
the well-definiteness condition subsumes conditions proposed in
earlier works, such as [11, 15], and is satisfied by the majority of
update models that have recently been developed for the study of
actions in multi-agent domains.
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