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ABSTRACT

Vascular networks play a crucial role in understanding brain
functionalities. Brain integrity and function, neuronal activ-
ity and plasticity, which are crucial for learning, are actively
modulated by their local environments, specifically vascular
networks. With recent developments in high-resolution 3D
light-sheet microscopy imaging together with tissue process-
ing techniques, it becomes feasible to obtain and examine
large-scale brain vasculature in mice. To establish a structural
foundation for functional study, however, we need advanced
image analysis and structural modeling methods.

Existing works use geometric features such as thickness,
tortuosity, etc. However, geometric features cannot fully cap-
ture structural characteristics such as the richness of branches,
connectivity, etc. In this paper, we study the morphology
of brain vasculature through a topological lens. We extract
topological features1 based on the theory of topological data
analysis. Comparing of these robust and multi-scale topologi-
cal structural features across different brain anatomical struc-
tures and between normal and obese populations sheds light
on their promising future in studying neurological diseases.

Index Terms— Vasculature, Topological Data Analysis,
Persistent Homology

1. INTRODUCTION

Vascular networks play a crucial role in understanding brain
functionalities. Neuronal activity and plasticity, which are
crucial for learning, are actively modulated by their local en-
vironments, including glial, lymphatic and vascular networks.
Despite only comprising 2% of the body weight, brain con-
sumes 20% of total body energy, which is supplied through
the vascular system [1, 2, 3]. Local hemodynamics (the dy-
namics of blood flow) in the brain is tightly correlated with
the surrounding neuronal activity, continuously providing nu-
trients and bloodborne factors and eliminates waste metabo-
lites to regulate neuronal activity [4, 5, 6, 7]. The coupling

1Our code is provided at https://github.com/TopoXLab/VesselAnalysis

between neuronal activity and blood flow, termed neurovas-
cular coupling, is linked to various physiological and patho-
logical brain conditions. Chronic neurovascular coupling dys-
function has been implicated as a key etiology underlying
vascular diseases (e.g., stroke and vascular dementia), neu-
rodegenerative disease (e.g., Alzheimer’s disease and Parkin-
son’s disease), sleep disorders and psychiatric disorders (e.g.,
autism). Many of these pathological conditions are associ-
ated with learning deficits. Thus, it is of great importance to
understand the function of brain vasculature in learning.

However, current understanding of hemodynamics in
neuroscience is far from sufficient. Existing studies use
Functional Magnetic Resonance Imaging (fMRI), but lack
the fundamental information on detailed brain vasculature
structures and cannot account for the highly variable mi-
crovascular structures across individual subjects. We need
novel statistical and machine learning structural models of
brain vasculature to provide important anatomical substrates
for functional and mechanistic studies in both physiological
and pathological conditions. With recent developments in
high-resolution 3D light-sheet microscopy imaging together
with tissue processing techniques, it becomes feasible to ob-
tain and examine large-scale brain vasculature in mice [8].
To establish a structural foundation for functional study,
however, we need advanced image analysis and structural
modeling methods.

Existing works [9, 10, 11, 12] studied mouse brain vas-
culature using geometric features such as thickness, tortuos-
ity, etc. However, these geometric features cannot fully cap-
ture structural characteristics such as the richness of branches,
connectivity, etc. These structural cues can be crucial for un-
derstanding the physiology, hemodynamics, and eventually
brain functionality.

In this paper, we propose for the first time a suite of
topological features for the analysis of mouse brain vascu-
latures. Our features are based on the theory of topological
data analysis [13, 14]. In particular, using the theory of
persistent homology [15], we extract topological structural
information in a robust and multi-scale manner. A thorough
analysis of these features on mouse brain vasculature ex-
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tracted from light-sheet images shows the promise of these
topological features in revealing insights into biological and
clinical outcomes.

2. DATASET DESCRIPTION

We tested our topological analysis framework on a public
dataset2 of 3D lightsheet fluorescence microscopy (LSFM)
images of blood vessels from various brains regions from
wild-type and obese mice and the corresponding vessel seg-
mentation [9]. Here, we briefly summarize the image acqui-
sition and segmentation method.

First, blood vessels in nine to twelve-week-old male
C57BL/6 wild-type mice (group: healthy), or leptin-deficient
ob/ob mice (group: obese) of the same age, by perfusing
with FITC-albumin-enriched hydrogel. A specific point mu-
tation in the leptin gene of these mice results in the onset of
hyperlipidemia, along with related disorders including hy-
perglycemia, hyperinsulinemia, and infertility. Subsequently,
images at various rostrocaudal levels in the brain, such as the
striatum, cortex, midbrain, and hippocampus, were acquired
with lightsheet fluorescence microscope, UltraMicroscope
Blaze™ (LaVision BioTec (Miltenyi), Bielefeld, Germany)
with bidirectional light sheet illumination. Finally, the LSFM
images were segmented using the image segmentation work-
flow developed in [9] and then manually inspected by human
experts for quality control. Our experiments in this paper
were directly applied on the released segmentation without
any changes. In total, the number of images are 12 healthy
+ 8 obese for cortex, 9 healthy + 5 obese for hippocampus, 6
healthy + 8 obese for midbrain, and 12 healthy + 10 obese for
Striatum. An example is shown in Fig. 1.

3. TOPOLOGICAL FEATURES

Our research employs an advanced topological analysis
framework that utilizes the Persistent Homology Transform
(PHT) to identify and extract distinct topological features
from various shapes of vasculature. These extracted fea-
tures are then rigorously assessed using a permutation test to
discern their statistical significance and variability.

3.1. Persistent Homology

At the foundation of our framework lies the concept of per-
sistent homology, a pivotal tool in topological data analysis.
This method focuses on understanding and characterizing the
persistence of specific topological features, such as loops or
holes, across different scales of observation. The definition is
built on homology classes from the classic algebraic topology,
which is instrumental in formalizing holes of various dimen-
sions within a topological space. For instance, 0-dimensional

2https://zenodo.org/records/6025935
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Fig. 1. Vessel skeletons at four rostrocaudal levels of the same
mouse, observed from a consistent angle, are depicted. As
demonstrated, the vessels in the striatum exhibit more com-
plex structures, aligning with the indications from our topo-
logical features presented in Fig.3.

holes represent connected components, 1-dimensional holes
embody loops, and 2-dimensional holes are akin to voids.

The essence of persistent homology is captured in the pro-
cess of filtration. This involves the sequential construction of
a topological shape, where elements are added based on a pa-
rameter, such as radius or threshold. As the shape undergoes
transformation, we track the persistence of features like holes,
enabling a deeper understanding of the topological dynamics
of the data.

For visualization and analysis, we rely on persistence
diagrams, as shown in Fig. 2. These diagrams are pivotal in
illustrating the birth and demise times of topological features,
thereby shedding light on their persistence throughout the
data. In a Cartesian coordinate system, these diagrams plot
points above the line y=x, with each point’s distance from
this line indicating the feature’s lifespan—points nearer to
the line signify ephemeral features, whereas those further
away indicate more enduring characteristics.

3.2. Persistent Homology Transform

Our analysis is further enhanced by the implementation of
Persistent Homology Transform (PHT), as elucidated in [16].
PHT expands upon the principles of persistent homology, of-
fering a more nuanced analysis of shapes and forms within
datasets. This method is particularly advantageous in scenar-
ios where an in-depth understanding of a dataset’s geometric
structure is essential.

PHT is rooted in persistent homology, focusing on the
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Fig. 2. In the case of an object comprising a solid square
(marked by $) and a void square (marked by #), we apply two
distinct filtration functions. These functions are based on the
distance from varying directions. Each filtration gives rise to
a unique persistence diagram. Collectively, these diagrams
from all directions form what is known as a persistence ho-
mology transform.

persistence of data features like holes or loops across diverse
scales, ascertained through filtration. Distinctively, PHT em-
ploys multiple filtration functions, diverging from traditional
approaches that rely on a single filtration perspective.

This approach in PHT involves applying persistent ho-
mology analysis from multiple angles, culminating in a com-
prehensive depiction of the data. Such a multifaceted repre-
sentation allows PHT to encapsulate the complete topological
nature of a shape or dataset. The integration of varied filtra-
tion functions enables PHT to adeptly highlight the complex
geometric variations among different shapes and forms, as de-
picted in Fig. 2.

Mathematically, PHT is expressed for an object M as a
set of persistence diagrams, formulated as:

PHT (M) = {PDvi(M)}ki=1. (1)

Here, each persistence diagram PDvi is derived using a dis-
tinct filtration function based on the distance from different
directions vi, providing a multidimensional perspective on the
topological features within the data.

3.3. Betti Curves and Betti Curve Transform

To overcome the challenges posed by the multi-point nature
of persistence diagrams in machine learning applications,
we employ Betti curves (BC). These curves effectively con-
vert the complex, multidimensional data from persistence
diagrams into a streamlined, one-dimensional vector format.
The Betti curve tracks the evolution of topological features
(like connected components, holes, and voids) across varying
parameters, typically linked to the scale of observation. By
observing changes in Betti numbers—which quantify these
features—the curve offers a continuous and interpretable
topological profile of the data.

Integrating Betti curves with PHT, we compute a Betti
curve for each persistence diagram within the PHT frame-
work. This results in a novel feature representation, termed

the Betti Curve Transform (BCT):

BCT (M) = {BCvi(M)}ki=1. (2)

We utilize the BCT as a key feature in differentiating vascula-
tures across diverse groups. This approach not only harnesses
the topological richness of the data but also adapts it into a
format amenable for advanced machine learning analysis, en-
hancing our ability to discern and categorize the intricate pat-
terns present in vascular structures.

4. EXPERIMENTS AND DISCUSSION

We have applied the proposed methodology to distinguish be-
tween obese and healthy mice by analyzing the characteristics
of their brain vessels. Our findings demonstrate that the topo-
logical features we introduced are effective in detecting dif-
ferences in the hippocampus and midbrain regions.

4.1. Hypothesis Test

We construct filtration functions from seven different orien-
tations, computing a one-dimensional Betti curve for each
respective filtration. These functions are formulated based
on the distance from each direction, subsequently normalized
to a range of [0, 1]. To discern features between obese and
healthy mice, we employ a t-test on the mean feature values ,
as shown in Fig. 3. In this figure, a higher value generally sig-
nifies an increased number of loops within the vessel, as we
are utilizing the 1-dimensional Betti number, which quantifies
the count of loops.

Fig. 3. The p-value of a t-test on the mean feature values
among each group. For Hippocampus and Midbrain, their p-
values are 0.04 and 0.07, respectively.

Maximum mean discrepancy. We also employ a permuta-
tion test on the maximum mean discrepancy (MMD) statis-
tics. MMD is a statistical measure designed for comparing the



distributions of two datasets, proving particularly effective in
high-dimensional spaces where conventional statistical tests
may be inadequate. MMD functions by assessing the dispar-
ity between the mean embeddings of two distributions within
a feature space. This space is typically defined through a ker-
nel function, denoted as K(·, ·). Consider two sample sets, X
and Y , comprising m and n samples respectively. The MMD
formula is expressed as follows:

MMD
2(X,Y ) =

1

m2

mX

i,j=1

K(xi, xj) +
1

n2

nX

i,j=1

K(yi, yj)

� 2

mn

mX

i=1

nX

j=1

K(xi, yj),

where xi and yj represent individual samples from X and Y

respectively.
To determine the statistical significance of the MMD mea-

sure, a permutation test is employed, typically involving 3 ⇥
103 random permutations. This approach helps in computing
the p-value for the MMD statistics, thereby assessing the like-
lihood of the observed difference occurring by chance. The
results, as shown in Table 1, indicate that the p-value for the
midbrain is 0.049, signifying a statistically significant differ-
ence in the vessel structures within this region between obese
and healthy mice.

Table 1. P-value for MMD statistics.

Cortex Hippocampus Striatum Midbrain
p-value 0.258 0.411 0.506 0.049

4.2. Compare with Geometric Features

Our topological features well complements existing geomet-
ric features. In a prior study [9], the authors employed statisti-
cal analysis on the extracted geometrical features. Within the
same experimental conditions, they observed significant dif-
ferences (p-value < 0.05) in the vasculature of the striatum
and cortex between obese and healthy mice, while no such
distinction was noted in the midbrain and hippocampus. In
contrast, our analysis reveals that the topological features ex-
hibit significant differences (p-value < 0.05) in the vascula-
ture of the hippocampus and midbrain. This comparison sug-
gests a complementary relationship between geometric and
topological features.

5. CONCLUSION

Overall, the novel topological analysis using persistent ho-
mology presented here provides unprecedented opportunities
to gain valuable insights into vascular systems. By labeling
of the complete vasculature and comprehensively scanning
whole organ samples, we can further investigate the intricate

details of recovery processes after events, such as ischemia, in
various organs, including the brain and heart. The ability to
specifically label certain vascular components such as arteries
and veins, in conjunction with the staining of other brain cells
such as neurons, astrocytes, pericytes and microglia, provides
a solid foundation for understanding network typology. Ana-
lyzing complete brain scans also offers a unique opportunity
to combine our innovative topological analysis with specific
topographical information within distinct brain regions. This
approach holds great promise for answering important scien-
tific questions, including elucidating the complexity of brain
development in health and disease, evaluating the efficacy
of pharmaceutical interventions, and deciphering age-related
implications. We expect the developed topological analysis
suite paves the road to significantly improve our understand-
ing of vascular dynamics in different physiological and patho-
logical contexts.
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