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ABSTRACT. We prove endpoint results for sparse domination of transla-
tion invariant multiscale operators. The results are formulated in terms
of dilation invariant classes of Fourier multipliers based on natural lo-
calized MP7? norms which express appropriate endpoint regularity hy-
potheses. The applications include new and optimal sparse bounds for
classical oscillatory multipliers and multi-scale versions of radial bump
multipliers.

1. INTRODUCTION

The purpose of this paper is to prove new endpoint bounds in multiscale
sparse domination for certain scale invariant classes of translation invariant
operators. Interesting partial endpoint sparse bounds are known in some
cases (see for example [18, 30]), but they seem to be generally missing in sit-
uations where the sharp LP-bounds rely on Hardy-space or BMO techniques.
Model cases for these situations are given by oscillatory Fourier multipliers,
for which we obtain optimal endpoint sparse bounds in Theorem 1.6 below,
and multi-scale extensions of radial 0-bumps (see Theorem 1.8).

1.1. Background and definitions. We begin by reviewing some definitions
(see the introduction of [5] for more details). Fix a lattice Q of dyadic cubes
in the sense of Lerner and Nazarov [38, §2]; this implies, in particular, that
the dyadic cubes at a fixed scale are half-open pairwise disjoint cubes, and
that every compact set is contained in some Q € Q. For f € LI , Q € Q

loc?
and 1 <p < oo, we set (f)g, = (1Q|" [, [f(y)|P dy)'/P. Given 0 <y < 1a
collection & € Q is called v-sparse if for every () € G there is a measurable
subset Eg C @ so that |Eg| > v|Q| and the sets Eg with Q € & are pairwise
disjoint. Given a ~y-sparse family & of dyadic cubes, and 1 < py,p2 < oo the

corresponding sparse form is defined by

A (1 F2) = D 1QU) gy (F2)

Qe6
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this is interesting in the range p2 < p}. The maximal (p1, p2)-form Ay, 18
given by
(11) pl,pg(flan) sup Apl p2(f17f2)7

&:y-sparse

where the supremum is taken over all y-sparse families of dyadic cubes in Q.
We say that a linear operator T : C°(R?) — D’'(R%) belongs to the space
Sp.(p1,p2) (or satisfies a (p1,p2) sparse bound) if for all fi1, fo € C2° the
inequality

(12) |<Tf17f2>| <C pl,pg(f17f2)

holds with some constant C' independent of f; and fs, and we denote by
ITl[sp., (p1,p») the best constant in this inequality. The norm [|T|sp, (5, ) de-
pends on v, but the space Sp,, (p1, p2) does not. As we keep ~ fixed through-
out this paper we will drop the subscript v when using the Sp, (p1, p2) norm.
As mentioned above, the relevant case for applications is p2 < p} (and in-
deed if T is a convolution operator with compactly supported kernel, a
(p1,p}) sparse bound follows immediately from the LP* boundedness of T').
We remark that when py < p} we can change the a priori assumption of
fi, fa € C° to fi, f2 € V where V is any subspace dense in LP for some
p € (p1,ph); for example, it is natural to choose V = LP1 N LP2 (see [5,
Lemma A.1]).

The interest in (a pointwise/normed version of ) sparse domination started
because of its important consequences in weighted inequalities for Calderén—
Zygmund operators [35, 36, 20, 38, 32, 37, 6, 22]. For consequences of the
bilinear sparse domination (1.2) in weighted theory we refer to the paper by
Bernicot, Frey and Petermichl [8]. A detailed exposition of the importance
of sparse domination in harmonic analysis can be found in the introduction
of [43]; for many further examples beyond Calderén—Zygmund theory see
[33, 19, 5] and references therein.

In this paper we shall consider operators that commute with transla-
tions. They are defined as a Fourier multiplier transformation m(D) where

@f(ﬁ) = m(&)f(€). Here we work with f(¢ = [ f(y)e'w® ' dy as the

definition of the Fourier transform of f € S(R?) and denote by f=F17
the inverse Fourier transform. For 1 < p < ¢ < oo we denote by MP7? the
class of Fourier multipliers for which m(D) is bounded as an operator from
LP to LY; the norm in MP74 is just given by the LP — LY operator norm of
m(D). A modification is needed for p = oo; then L™ is replaced by Cp.

1.2. Scale invariant classes of multipliers: the main results. We shall now
formulate our three main theorems on sparse domination involving scale in-
variant classes of multipliers and subsequently discuss new sharp results for
oscillatory multipliers and multiscale radial bump multipliers. Our condi-
tions are motivated by p-sensitive endpoint multiplier theorems in [44, 46, 47|
(see also an earlier result by Baernstein and Sawyer [1] on HP multipliers
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for p < 1). The MP multiplier hypotheses (in particular the one in [47]) can
be seen as certain localized Besov-conditions where the Besov spaces are
built on suitable Fourier multiplier spaces. Here we will formulate similar
conditions which will be relevant for endpoint sparse bounds.

Let &y € C™®(R?) be supported in {z € R? : |z| < 1/2} such that
®g(z) =1 for |x| < 1/4. For ¢ € Z define

(1.3) Wy(z) = Bo(27 ) — Do(27 1)

which is supported in {z € R? : 273 < |z| < 2¢~1}. For a Banach space X of
distributions (here suitable classes of multipliers) let B{'(X) be the B{*-Besov
space built on X, with norm

1Rllpe ) = 1B % Pollx + D 251 h* Wy .
>0

The standard Besov-classes B;; can be recovered by taking X = L*(R%);
however for our results it is most appropriate to take for X a multiplier
space such as M”77 for r between p and ¢q. Let ¢ be a radial C'*° function
supported in {¢€ € R%: 1/2 < |¢| < 2} which is not identically zero.!

It was proved in [47] that

(1.4) |m||arp—r < Cpr suIO) lpm(t-) , l<p<r<2
t>

L T
Inequality (1.4) is related to results in [11, 45] but the latter are not ap-
plicable to endpoint estimates in many situations; indeed, they do not give
satisfactory results for the oscillatory multipliers in (1.6) below.

We state now versions of these results for (p,q’) sparse domination, with
three cases, depending on whether ¢ < 2, ¢ = 2 or ¢ > 2. Multipliers
for which the right-hand side of (1.4) is finite belong at least to the class
Sp(p, r'); this follows from the special case r = ¢ in our first theorem.

Theorem 1.1. Let 1 <p < q < 2. Then forp <r <gq,

lm(D) sy < Corsup lomE ag-p -, -

For ¢ = 2 we can also let r = p to get a Sp(p, 2) bound.

Theorem 1.2. Let 1 < p < 2. Then

Im(D)lspir) < Cpsup [6m(t)] sy,

By (MP=2)

For ¢ > 2 we have the following version.
IThe assumption that ¢ is radial is convenient but not crucial; one can show that one

just needs to assume that for all rays emanating from the origin, the restriction of ¢ to
the ray is not identically zero.
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Theorem 1.3. Let 1 <p<2<q<yp'. Then forqd <r <2,

(1.5)  [Im(D)llsp(pq) < Cpgrx
(sup [[¢m ()l 411, +sup [[gm(t)[| o2 1, )-
+>0 B, P4l (pp—ra) t>0 B, g T (M=)

Remarks. (i) The spaces of multipliers defined by the conditions in the above
three theorems are independent of the choice of the radial non-trivial func-
tion ¢ and independent of the specific spatial cutoff function. This can be
shown by routine but somewhat lengthy calculations. We omit the proof but
point out that our choice for ¢ can always be taken as the cutoff function ¢
used in the Calderén reproducing formula (2.1).

(ii) As noted in [44, p.152] the multipliers in Theorem 1.2 satisfy for
1 < p < 2 an inequality involving the Lorentz space LP»?,

[m(D)fllra Sp Allfllp, - with A= supllgm(E)] sy

By (MP=2)

This is shown to be a consequence of the weighted norm inequality
/g[m(D)f]zwd:r N Az/g[f]Q(M[\wls])l/s dz, s=(p'/2),

where M is the Hardy-Littlewood maximal operator, and G, G are suitable
Littlewood—Paley—Stein operators. For earlier closely related variants in
non-endpoint cases see [49, Ch.IV], [15].

(iii) The proofs of Theorems 1.1, 1.2, and 1.3 have a similar structure and,
in order to avoid repetitions, we shall present them together. They rely on an
iteration argument common in sparse domination; one main novelty in this
paper is that at every step of the iteration Calderén—Zygmund arguments are
combined with atomic decompositions in LP-spaces of functions on certain
dyadic cubes. This use of the iterated atomic decompositions is crucial for
the proof of Theorem 1.1, but can be replaced by applications of Littlewood—
Paley theory in the proofs of Theorem 1.2 and 1.3.

We can use the embedding L* ¢ MP~2 for 1 < p < 2, 1/p —1/2 =
1/u to derive a corollary of Theorem 1.2 which uses standard Besov spaces
Bd(l/p_l/Q) Bil(l/p—lﬂ) (Lu)

u,1

Corollary 1.4. Suppose 1 <p<2,1/p—1/2>1/u and m € L™ satisfies

su m(t- 1.1, < 00.
s [6m(t)]| sy

u,l

Then m(D) € Sp(p, 2).

Another corollary of Theorem 1.2 involves radial multipliers where L
is replaced by L?, as a consequence of the Stein-Tomas Fourier restriction
theorem.
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Corollary 1.5. Letd>2,1<p < 25:31). Suppose that

sup [ @h(t)|| y1_y) < oo
t>0 B, P (R)

2,1

Then h(|D|) € Sp(p,2).

1.3. Oscillatory Fourier multipliers and Miyachi classes. For a > 0, a # 1
and b > 0 consider the Fourier multipliers

(1.6) Map(€) = e 1€ X0 (€)

where Yoo € C®(R?), Yoo (&) = 1 for [¢] > 1 and X vanishes in a neighbor-
hood of the origin. It is well-known that the operator m, (D) is bounded on
LP(RY) for all p € (1,00) if and only if b > ad/2. Moreover if 0 < b < ad/2,

LP boundedness holds if and only if agicéb <p< ad26—wéb’ i.e., equivalently,

if b > ad|% — 3| (see [50], [27], [40]). Miyachi [40] considered classes gener-
alizing the oscillatory multipliers my; for 0 < a < 1 these correspond to

translation invariant versions of the pseudo-differential operators with Sl__b s
symbols for which Fefferman [24] had already proved sharp LP bounds. We
say that m € FM(a,b) if m is supported in {£ € R? : |¢] > 1} and satisfies
the derivative estimates

(1.7) ImP)(€)] < Cylg|leDIsI=

for all multiindices 8 € N&. Tt is proved in [40] that for 1 < p < 2 the
multiplier operators m(D) with m € FM(a, ad(% — 3)) are bounded on L?;
this result is optimal.

In [5] it was shown that for 0 < b < ad/2, the operator mg (D) belongs
to Sp(p,p) in the open range for afl%b < p < 2. For general multipliers
in FM(a,b) it was shown in [4] that the operators belong to Sp(p,2), in
the same p-range. We note that no nontrivial (p;,p2) sparse bounds with

p2 < p) was obtained at the endpoint p; = m%d%’ ie b= ad(pi1 - %)

We provide a full characterization of the sparse exponent set for the oscil-
latory multiplier operators mq (D) in the relevant parameter case 0 < b <
ad/2, thereby settling the open endpoint problem.

Theorem 1.6. Leta # 1 and 0 < b < ad/2. Let A(a,b) the closed triangle

with vertices Q1 = (b+ 25, 3—£), @ = (1=, 1+-b), @y = (b4, 1+ 2)
and mqp be the oscillatory multiplier in (1.6). Then

map(D) € Sp(p1,p2) <= (p%, p%) € A(a,b).

In particular for the oscillatory multipliers we get the Sp(pi,p2) bound

for the endpoint p; = ad%d% in the optimal range p; < p2 < pj. We also
have a sharp result that applies to the full class FM(a,b).

Theorem 1.7. Let a # 1 and 0 < b < ad/2. Let [\ a,b) be the closed

9
trapezoid with vertices Q1 = (3 + &5 — £), Q=3 -2 14+ by p =
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FIiGURE 1. Sparse bounds for the general multiplier class
FM(a, b) (left) and for the oscillatory multipliers m,; (right)
for given a,b > 0 with 0 < b < ad/2.

( + ), P4:(%—|—%,%). Then

D=
&=

9

N[ —

m(D) € Sp(p1,p2) for allm € FM(a,b) <~ (p%’ p%) € [\(a,b).

The results of Theorems 1.6 and 1.7 are illustrated in Figure 1. The
positive results on the edges (Q1Q3] and [@Q3Q2) of the triangle on the right
are new for the oscillatory multipliers. For the FM(a,b) class the positive
results on the edges (Q1Ps], [P3Py], [P1Q2) of the trapezoid are new.

Remarks. (i) The general positive result about the multipliers in FM(a,b)
can be derived from Corollary 1.4. Indeed, this corollary implies sharp re-
sults for the classes of subdyadic multipliers considered in [3], see also a
relevant discussion in [5]. For the extended region of the oscillatory multi-
pliers we need to use Theorem 1.3.

(ii) The methods in this paper can also be used to strengthen results in
[4] on sparse bounds for pseudo-differential operators with symbols in the
Hormander classes S;)'?(;, for 0 < 0 < p < 1. By [24, 39] these operators are

bounded on LP (here 1 < p < o0) provided that v < —d(1 — p)|% — % . In

the range —%(1 — p) < v < 0 we now get the full endpoint sparse bounds,
extending the results for the multiplier classes FM(1 — p, —v), that is, the
operators belong to Sp(p1, p2) for (1/p1,1/p2) € N1 — p,—v).

(iii) The multiplier class in Theorem 1.2 is also relevant in the interesting
recent work by Bulj—Kova¢ [9] and by Stolyarov [51] on lower bounds for
other types of oscillatory multipliers; indeed the theorem allows to derive
upper Sp(p,2) bounds in their setting.

1.4. Multiscale radial bump multipliers. Let x be a smooth bump function
supported in (—1/2,1/2) and set for small §

(1.8) hs(t) = x (871 (1 — [t]).
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The multiplier hs(|£|) occurs naturally as a building block for the Bochner—
Riesz multipliers. It is conjectured that in dimension d > 2 we have

d(i—Ly_1
(1.9) sup 6" (- )| ager < oo,
0<0<1/2
forl <p< f—fl. This conjecture is well known in two dimensions (the range

is then 1 < p < 4/3, see [12, 25, 21, 48]), and there are partial results in
higher dimensions. More specifically, by Tao’s arguments in [52] the bound
(1.9) for any fixed p < % follows from a slightly weaker bound with an
additional factor of ¢.d¢ for arbitrary € > 0 on the left-hand side, and such
estimates with the e-loss have been verified on a partial range of p (see [28]
for the latest results and more references).

Here, we consider the multiscale version

(1.10) ms(€) =D _ axhs(2°[¢]).
keZ
From [47] we know that if (1.9) holds for some p, < %, then we have
(1.11) sup 5d(%_%)_%Hm5(D)HLp_>Lp Sp sup |ag|.
0<6<1/2 kEZ

for 1 < p < po.

Our purpose here is to illustrate how Theorems 1.1, 1.2 and 1.3 imply
various sharp or essentially sharp sparse domination results in a p-range that
will be optimal in two dimensions; in higher dimensions we limit ourselves
to the range 1 < p < 2Slj42) (i.e. the range dual to Tao’s bilinear Fourier
extension theorem [53]), as in this range the known sharp LP — L7 estimates

for hs(|D]) are well documented in the literature [2, 29, 14].

Theorem 1.8. Let ms be as in (1.10) and let d > 2. Then the inequality

d(Ll_1y_1
(1.12) sup 675272 1ms (D) | p (s ) Sorpe SUP 4]
0<6<1/2 k€Z
holds if
2(d+1 d—1
(a) 1<p < (djs) and py > d(+1_)27;11, or

2(d 2(d+2 d—
(b) (djzsl) <p1< (d++4) and pz > d(Jrli)prz'
Remarks. (i) Using the building block with ag = 1 and a; = 0 for k # 0
one sees that this result is sharp in the sense that inequality (1.12) fails in

general if 1 < p; < f—fl and po < d(j‘Ii)g;ll. This can be deduced directly

from a corresponding result for Bochner—Riesz operators in [34, §5].
(ii) For the proof of sufficiency in Theorem 1.8 we rely on Theorems

2(d+1)
d+3

1.2 and 1.3 in the range p; <

2(d+1) 2(d+2)
a3 <Ph1 < g7

and on Theorem 1.1 in the range




8 D. BELTRAN J. ROOS A. SEEGER

1.5.  Necessary conditions for sparse domination of convolution operators.
Necessary conditions for general sparse operators were discussed in Chapter
2 of [5]; here we point out that they can be put in a simple form for scalar
operators. This result will be convenient for checking the sharpness of several
of the results mentioned above.

Let T : C°(RY) — D'(R?) with Schwartz kernel K € D'(R? x R?). Let
U € O°(R%) be supported in {z € R? : 1 < |z| < 2}. Define the distribution
Kpg as the multiplication of K with the C°° function ¥(R~!(z —y)) and let
Tr denote the linear operator with Schwartz kernel K. Define the rescaled
kernels

(1.13) K¥(x,y) := RUKgr(Rx, Ry) = ¥(z — y)R*K (Rz, Ry),

interpreted in the sense of distributions, and let T*¢ be the rescaled version
of Tr, with convolution kernel K5

Proposition 1.9. Let T : C®(R?) — D'(RY) be a continuous linear oper-
ator with Schwartz kernel K and let T™¢ be the rescaled version defined in
(1.13). Suppose 1 < p1,p2 < 0o and T € Sp(p1, p2), with ps < py. Then T
extends to a bounded operator LP* — LP1>° qnd LP2' — LP2: moreover the
operators TR map LP* to LP> with uniform operator norm and

ITlerssmm e+ 1T g, SR TR o, 1T s

The proof is based on more general results in [5] and will be given in §10.

Structure of the paper. In §2, we present the induction scheme that proves
the sparse domination Theorems 1.1, 1.2 and 1.3. In §3 we discuss the
atomic decomposition, which is used in §4 to verify the base case for the
induction. In §5 we present a Calderon—Zygmund decomposition based on
the atomic decomposition. The plan for the proof of the induction step is
outlined in §6, with proofs presented in §7 and §8. In §9 we discuss the
applications of the main theorems and, in particular, how they imply the
positive results in Theorems 1.6 and 1.7, and the positive results on radial
multipliers in Corollary 1.5 and Theorem 1.8. Proposition 1.9 and the proof
of the necessary conditions for Theorems 1.6 and 1.7 are presented in §10.
Finally, §11 contains the proofs of some technical facts which are included
for the reader’s convenience.
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vestigacién through RYC2020-029151-1 (D.B.).
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2. STRUCTURE OF THE INDUCTION ARGUMENT

In this section we present the proof strategy for Theorems 1.1, 1.2 and 1.3.
We will see that sparse bounds for m(D) can be deduced from sparse bounds
for finite multi-scale sums of spatially (and frequency) localized pieces of
m(D). The proof of the latter is based on an induction on the number of
pieces in the multi-scale sums, similarly to our previous work [5]. As in [5],
it is useful to work with a modified version of our maximal (p1,p2)-form

A*

p1.p2
Definition 2.1. Given a dyadic cube Sy € Q let
*Sz,p,q’(flu f2) ‘= sup Z ‘S‘<f1>s,p<f2>357q/
Se6
where the supremum is taken over all ~y-sparse collections & consisting of

cubes in Q(So), which denotes the subset of Q of cubes contained in Sy.

2.1. Decomposition as a multi-scale sum. Consider n, ¢ € S facilitating the
Calderén reproducing formula, i.e.,

(2.1a) 77 has compact support in {|z| < 1079} and 7(0) = 0;
(2.1b) ¢ has compact support in {1/2 < [¢] < 2};
(2.1c) S P2 =1, 40

keZ

For any k € Z, let Ly and P be defined by

Lif(€) = on(€)J(6), where ¢5,(€) := p(27F¢),
Pef (&) = m(6)F(£), where 7;,(€) := 1(27F¢).

Let Ty, = m(D)Lj and denote by K} its convolution kernel, that is Kj =
F~Hprm]. We next perform a spatial decomposition of Kj. Let ®¢ and ¥;
be as in (1.3). Let

K (2) = F 4 pum) (2)®o (2"2)
KD (z) = F Y ppm)(2x)¥;(z) if j > —k
(k)

so that we get Ky = > % K,(Cj) = K,g_k) +> s0 K,gg_k). Let T}, denote

the operator with convolution kernel K,ieik) for £ > 0. Note that by (2.1c)

we have
{—k
mD) =3 TR =Y Y T VPP
keZ keZ >0

It is also convenient to introduce some notation for the operator norm of

Téz_k). We first note that

(2.2) KD (24e) = (om(24)) « Ti(e)
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and define the quantities

(23)  Apnglml= Ay, = lom(2%)  Rollagroa, L=,
' e PR\ om (28 % Uyl ppr—a 2573 if >0,

and

(2.4) Ap,rglm] = sup Z Aprq

kEZ >0
assuming that p < g and p < r < ¢q. Then

2.5 A <
(2.5) p,q,r[m] _igg”@m( Sl d(%7%>(MT—>4)

Moreover we have for all k € Z,
(2:6) D Aha S Apg P<m<n<a
>0 >0

This inequality is an immediate consequence of a slightly stronger statement,
Corollary 11.3.
(k)

The sparse bounds for sums of operators T}, are reduced to standard
sparse bounds for singular integral operators. This only requires the as-
sumption m € L°; note that

2.7 mlls < Sup [ém(t) || po(arp—ry S Sup 1ot )| gacrv=1/6) prp-say-

Lemma 2.2. For any 1 < p < q < oo, and for any finite subset F C Z
—k N
‘<ZT1§ )Pkf17f2>‘ 5 ”mHOOAp,q/(flan)v

kel
uniformly in F C Z, for all f1, fa € C°.

The proof is straightforward and will be given in the auxiliary §11.2.
We now introduce operators which are local at a fixed spatial scale. For
a fixed finite set f C Z, let ki := min f and kpax := max f. Given j € Z,
it is convenient to define
=T f (9)
(2.8) Tif =T f= ), T, Pulif

kel
k>—j

and to note that

N
(2.9) SN Pep = 3 ;.

kel (=1 —kmax<jg_kmin+N

By construction, the operators 7; are local at scale 27 in the sense that if
S is a cube of side length 27,

(2.10) supp (f) € S = supp (7;f) C 35.

Indeed, by our definition of the ®y and the ¥; in (1.3), T]Ej)PkPk[f]lg] is
supported in the set {z : dist(z, S) < 2971 4+ 10792751}, Thus T, [f1g] is
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supported where dist(z, S) < 2/71(1+2-107%), and hence in {x : dist(x, S) <
27} C 38.

The key estimate in proving the sparse bounds for m(D) is the following
modified sparse bound for sums of 7;, uniformly in the number of terms in
the j-sum. Throughout the paper we set

L(Q) = logy(sidelength(Q))
so that L(Q) = N for a dyadic cube of side length 2%,

Theorem 2.3. Let 1 < p < g < co. Given integers Ny < Na, a dyadic cube
So € Q such that L(Sp) = N2 and a finite subset f C Z, the inequality

No
(2.11) (O T fus f2)] < €CNE g (1 £2)
J=N1

holds for all fi, fa € CZ° uniformly in N1, N3, F and Sp, where C is given
by

(2.12a) C:= Ay, q[m] ifl<p<qg<2, p<r<g,
(2.12b) C:= App2[m] ifl<p<2 (andq=2),
(212¢) C:=Appelm] + Ay rrlm] ifl<p<2<qg<p, ¢ <r<2

and ¢ = ¢(p, q,r,7,d) is a constant depending only on p,q,r,v,d.

We note that by the definition of 7; in (2.8), we may assume that the set
F featuring in the left-hand side of (2.11) has the property that k > —Ny =
—L(Sp) for k € F.

Also note by (2.10) that in order to prove the theorem we may assume
without loss of generality that fi is supported in Sy and fs is supported in
350.

We shall use standard arguments in the theory of sparse domination to
make the following

Observation 2.4. In order to prove Theorems 1.1, 1.2 and 1.3, it suffices
to prove Lemma 2.2 and Theorem 2.5.

The proof of this observation is included in the auxiliary §11.1.

2.2. Induction scheme for the proof of Theorem 2.3. We will prove (2.11)
by induction on n where n + 1 is the number of terms in the j-sum.

Definition 2.5. Forn = 0,1,2,..., let U(n) be the smallest nonnegative
constant U so that for all pairs (N1, Na) with 0 < No— Ny < n, for all finite
sets F C Z and for all dyadic cubes Sy € Q with L(Sy) = N2 we have

No
(Y Tir 1, fo)| SUAE, o (F10 f2)
J=N1

whenever supp (f1) C Sp.
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For the inductive argument we first consider the base case n = 0. We
distinguish two situations, ¢ > 2 and g < 2. For fixed jo we let
(2.13) Cprq(jo) = sup ARdoth.
k>—jo
It is immediate that sup;, Cpr4(jo) is bounded by C219¢) if ¢ > 2, 7 = p,
bounded by C2.19p) if 7 = p, ¢ = 2 and bounded by C(212,) if ¢ < 2,
p<r<4q.

Lemma 2.6. Let 1 < p <2< q <p and jo € Z. Let Sy be a dyadic
cube with L(Sy) = jo and let fi € LP be supported in Sy. Then we have for
f2 € L

loc

(2.14) (T f1, F2)| S Cpp,a(30)1S01{f1) 5, p(f2) 350 4"

Lemma 2.7. Let 1 < p<r < q <2 and jo € Z. Let Sy be a dyadic
cube with L(Sy) = jo and let fi € LP be supported in Sy. Then we have for
f2 e L]

loc
(2.15) (Tjo f15 f2)] S (Cppa(90) + Cprg(50)) IS0l F1) 50 p(f2) 350,

Both lemmata can be reduced to LP — LY estimates for the operators
Tjo; these and the corresponding reduction are stated in §4 (see (4.4) for the
reduction argument).

Corollary 2.8. With C as in (2.12),
(2.16) U(0) < ¢o(p,r,q,d)C.

Proof. This is immediate from Lemmata 2.6 and 2.7, in combination with
the inequality (2.6). O

Corollary 2.8 is the base case for our induction. We note that the same
argument implies U(n) < ¢(n,p,r,q,d)C for any n > 0, but one needs
a uniform bound in n. The key is the verification of the induction step,
formulated in the following claim.

Proposition 2.9 (Inductive claim). There is a constant ¢ = ¢(p,q,r,7,d)
such that for all m > 0,

U(n) < max{U(n — 1), c¢C},
with C as in (2.12).

The proof structure for the inductive claim is presented in §6, with proofs
given in §7 and §8. They are based on Calderén—Zygmund decompositions
combined with the atomic decomposition outlined in §5. By induction, the
conclusion of Theorem 2.3 follows by combining Corollary 2.8 and the in-
ductive claim Proposition 2.9.
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3. ATOMIC AND SUBATOMIC DECOMPOSITIONS

In this section we fix a dyadic reference cube Sy and outline an atomic
decomposition for a function f supported in a dyadic cube Sy based on
estimates for a martingale square function on the cube Sj.

3.1. Local square functions. Let {E, },cz be the conditional expectation op-
erators associated to the o-algebra generated by the subfamily £,, of cubes
in Q with L(Q) = —n (i.e of side length 27"), that is, E, f(z) = avgf
for every z € Q with Q € Q,. Define the martingale difference operator
D, := En+1 — E,, for n € Z. We shall frequently use the familiar properties

(3.1) D? = Dy, and DDy = DDy =0 for k # &,

as well as

(3.22) 1P Dy [lzr e S 27 R8P it by > ke,

(3.2b) By Pro 2o e S 27 F1RPT i oy >k,

for 1 < p < oo. From (3.2a), (3.2b) and using duality,

(3.2¢) Dk, P [l Lo 10 + || Py Dy | oo S 27 1R1 hel mint1/p: 1727

for 1 < p < oo and kj,ky € Z. The bounds (3.2) follow by standard
computations exploiting cancellation of Py and Dy (see e.g. [5, Ch. 3]).
They will allow us for example to interchange Dy and Py in LP bounds for
1 < p < 0o. We note the reproducing formula

(3:3) f=Ei_rsof+ D Dif

k>—L(So)

We start from E;_ g,) rather than from E_p g,) because that will be con-
venient in Section 5. Consider the localized dyadic square function

(3.4) 950 f () = [E1_p(50) f ()| + ( Z \Dkf(x)!2)1/2.

k>—L(So)

Note that gg,f is supported on Sy, by definition. By a trivial L?-bound
and standard Calderén—Zygmund decomposition (and using Khintchine’s
inequality), it is well-known that gg, satisfies an LP bound for all 1 < p <
oo with constant only depending on p,d. This is also a special case of
Burkholder’s square-function estimate for more general martingales [10].

It will also be convenient to work with a slightly larger and more robust
square function. Let Q(z) be the unique dyadic cube of sidelength 2%
containing x and define a dyadic square function in the spirit of Peetre [42],

2\ /2
(85)  Gaf@) =B ysp/@I+( Y sw Df@P)
k>—L(So) yEQK ()
Since Dy, f is constant on dyadic cubes of sidelength 27*~1 it is easy to see
that sup,cq, (o) [Dkf(y)| S MuLDg f(2) where Myy, is the Hardy-Littlewood
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maximal operator. Using the Fefferman—Stein inequalities [26] for the vector-
valued Hardy-Littlewood maximal operator and the bounds for gg, we ob-
tain, for 1 < p < oo,

(3.6) HGSOfHLP(So) < eSq,prHLP(So)a
where Cgq ), only depends on p and d.

3.2. Atomic decomposition. We will now perform an atomic decomposition
of f using the local square function Gg, f, following ideas in [13] (see also
[47]). Given u € Z, consider the level sets

(3.7) Q= Qu[f] :={x € S : G, f(x) > 2"},
and the open sets
(3.8) Q= Qulf] = {z e R : My 1o, 5(2) > 271 (10Vd) "4}

Note that ﬁu is not necessarily contained in Sy. Of course, 2, C ?2“ and
Qu, € Qp if g1 < po. By the Hardy-Littlewood theorem, one has

(3.9) 9,] < CylQ|, with Cy = 592(10V/d)*
and Chebyshev’s inequality and (3.6) imply
(3.10) 9] < 277Gy fII < 27PCL LI 0 s,

for all 1 < p < co. Let R, = R,[f] denote the family of all dyadic cubes
R C S satisfying

(3.11) IRN Q| > |R|/2,
(3.12) RN Q| < [R|/2.
Lemma 3.1. For all u € Z and all R € R, we have 10vV/dR C Q,,.

Proof. Let ¢ = 10v/d. For every z € cR, R € R, we have by (3.11)
1 IRNQy| _ |cRNQ,| 1
< < =
2(10vd)¢ IR |cR]| |cR]|
By the definition (3.8), this implies ¢cR C Qu for all R € R,. O

/ HQH < MHLHQH(QS).
cR

The lemma implies in particular that R C ﬁu for R € R,. This and
(3.12) further imply

(3.13) [RO(2u\211)| = [R] = |[RO Quya| > [R]/2.

We also note that for every dyadic cube R C Sy there exists a unique p € Z
such that R € R,,.

Fix pp € Z. Let W, = {W} denote a family of standard dyadic Whitney
cubes [49, §VI.1] whose union is the open set €2,,, which satisfy

(3.14) diam(W) < dist(W, ) < 4 diam(W).
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If there exists W ¢ )7\7“ with Sy C W, then we set
W, = {So}.
Otherwise we have W C Sy for all W € WM intersecting Sy and we set
Wy={WeW, : Wn S, #0}.
The cubes in R, have a unique ancestor in W,,.

Lemma 3.2. For each R € R, there exists a unique W (R) € W, contain-
ing R.

Proof. If W,, = {Sp}, then there is nothing to prove. Otherwise, let ¢ =

10v/d and R € R,. By Lemma 3.1, we have cR C ﬁu- Let xr denote the
center of R and let W = W(R) € W, such that zr € W. With this setup
and (3.14) we have

dist(z g, (cR)®) < dist(z, Q) < diam(W) + dist(W, QF) < 5 diam(W).

cdiam(R)
2Vd

5diam(R) < 5diam(W).

Noting that dist(zg, (cR)C) = = 5diam(R), we obtain that

As R and W are dyadic cubes containing x, we conclude that R C W. The
uniqueness follows from the disjointess of W € W,,. O

Given p € Z and W € W, the sets
Rwuy ={ReR,: RCW}
are disjoint for different W, by disjointness of the W. Also, by Lemma 3.2
Ry = U Rw, s
Wew,

where the union is disjoint. We are now ready to define the atoms. First,
for each dyadic cube R C Sy with L(R) = —k let

ER = BR[f] = (Dkf)]lR = Dk(f]lR)

We refer to the e as subatoms; they are pairwise orthogonal and [ e = 0.
The subatoms are building blocks of larger atoms which are associated to
cubes W. Given p € Z and W € W, these are defined as

(3.15) aw, = awulf] == > erlf].
RERw,,

We refer to the aw,, as atoms, but note that they have a non-standard
normalization with respect to other sources in the literature. Indeed, if we
define the coefficients

(3.16) e = walfl = (WY el )

RERW#

1/2
)
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then using orthogonality,
(3.17) lawll2 = W12y,

Note that [W|~'/?(yy,) Law,, corresponds to a (p,2)-atom in the classical
atomic Hardy-space theory developed for p < 1 (see e.g. [17]). Note that
for p < 2, Holder’s inequality and (3.17) imply

(3.18) law,llp < WYy,

In view of (3.3) and the above discussion, we can write the atomic de-
composition as

(3.19) F=Firsgf+Y. D awu
HEZWEW,

In applications it will be useful to use the fine structure of the aw, and
further group subatoms that are at the same scale (see (3.28)).

3.3. Properties of the atomic decomposition. The square function Gg, allows

1/2

summation of the coefficients |W |2y, in £2 over the collection W,,.

Lemma 3.3. Let p € Z. Then
1/2 1/2 -
(320) (D WIew)?) = (D0 llenl) T < 20,2
Wew, RER,,
Proof. The first identity is by definition. Using (3.13),
lerl3 < |Rlllerll% < 21BN (2 \ Quri)| llerllZ
Observe that
> llelir(z) = sup [Dpf(y)l*.

RER,, YEQR()
L(R)——k

Thus, the left-hand side of the square of (3.20) is

> > ’eR\@S?/ > sup [Dif(y)da.

k>—L(So) RERy, Q. Qut1 k>—L(SO)y€Qk(I)
L(R)=—k
which by definition of Q,,4; is bounded by 22#+3|Q,|, as claimed. O

Even though the coefficients vy, incorporate ¢? in their definition, there
is an fP-analogue of the above lemma for 1 < p < 2. For notational conve-
nience, define the auxiliary function

(3.21) B = (XY Gwal)iw@) "
HEZWEW,

The following lemma says that || F}||, is controlled by || f]|,.
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Lemma 3.4. Let 1 <p <2 and p € Z. Then

1/p ~
(322 (D Wlow)r) " <21 < oo, e

Wew,
with Cq as in (3.9). Moreover,
1/p
(3.23) (S 2mi]) " < (2C0) 7 Cuy £l
REZL
and
(3.24) 1]l < 2%2(2Ca)" P Coqpll £ -

Proof. Fix u € Z. By Holder’s inequality, the definition of W,, Lemma 3.3
and the estimate (3.9) we have

Yo Wiow? = Yo WITPR(W ] )

Wew, Wew,
—p/ /
< (3 w) S W)
Wew, WeW,

< QPRI < CalQ|2PHP.

This proves (3.22). To prove (3.24) we use the definition of 2, and (3.6) to

estimate
I

ZQ“I’\Q,A = Z(l - 2p)1/ paP ' dal{z : Gg, f(z) > 2"}]

LEZ LEZ 26t

<(1-277)7! /Ooopapll{@?sof(ﬂ?) > at[da < 2[|Gs, fl; < 2CaCE 1117
which gives (3.23) and further implies

Bl =" D> [Wilw,)? < 2%2Ca ) 27|, < 2Ca2%2C8, £,

HELZ WEW, HE
as desired. O

3.4. Fine structure analysis of atomic decompositions. Note that by (3.17)
(3.25) H >N aw,uH2 = | B2
HEZWeEW,,
via (3.17), so for p = 2 Lemma 3.4 recovers the trivial inequality
(3.26) H >N owv,uH2 S flle,
HEZWEW,

which follows directly from (3.19). There does not seem to be an LP ana-
logue of this inequality for 1 < p < 2, because there appears to be no
immediate relation between the L norms of }_ ., ZWGW“ aw,, and Fj, of
the type (3.25). However, we shall rely on other useful analogues where
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either the atoms or subatoms are of a fixed scale (see Lemmata 3.7 and 3.9
below); these will then be used in conjunction with a weak orthogonality or
Littlewood—Paley type argument based on properties of the operator that is
estimated.

We first consider variants where the subatoms correspond to a fixed dyadic
scale. For k € Z, p € Z and W € W, define the families of cubes

Ry :={R€R, : L(R) = —k},
Riy, ={RER; : RCW},

the coefficients

B 1/2
(3.27) W = ralfli= (WX llealB)
ReR’;V,H
and the fixed scale atoms
(3.28) aﬁ/’# = aﬁ/’#[f] = Z erlf].
RERYy, ,

Note that if & < —L(Sp), then Rl’j = RI]},,# =0, 'y"f‘,’u =0 and a"},’u =0 by
definition. We have

1/2
’YWJL = ( Z ("y{f‘/#)2) and aVV,u = Z a{fuu.
k>—L(So) k>—L(So)

We observe that the inequality (3.18) continues to hold when all subatoms
are at a fixed scale.

Lemma 3.5. Let k > —L(Sy), p € Z and W € W,,. If 1 <p <2, then
latvullp < WP,

Proof. By two applications of Holder’s inequality,

(X tentt) < (3 tentin) (X R)7

RERYy, , RERYy,, RERYy, ,
1/2 1.1
2 11 k 1
< (X lerla) TIWITE = Ay,
RERYy,,
The result now follow by disjointness of the cubes in R € R"ﬁv - O

For the remainder of this section we fix parameters
(3.29) Q€ Q(Sy) and pmin € ZU {—00}.

For the time being the reader may pretend that @ = Sy and pipin = —o0,
but we will need the additional localization when combining the atomic
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decomposition with an appropriate Calderéon—Zygmund decomposition in
§5. With this in mind, set W, ={W e W, : W C Q} and

(3.30a) bo= Y. > awp

K> min WEWQ’LL

(3.30b) b= > > af,

/j'>'ufmin WEWQ,H

Define also
/
(331a) fan=(> > \W|<m[f]>p)”,
HEZWEWQ
/
(3.31D) o= (X X Wiehr)”
HEZWEWQ

and observe that ||Fj,1¢g|, = Bg,p- Note that Wg , and bg, bg, Bo.ps /Bg’p all
depend on the function f. Also observe that the truncation in u is omitted
in the definitions of 3q p, 55,;)- Our first observation is a variant of (3.25) in
LP for a fixed scale k.

Lemma 3.6. Let 1 <p <2 and k > —L(Sy). Then
%61l < 56,

Proof. Note that

e =( Y S lelt)”

H> fmin WEW‘U,7Q RGR‘%V,;L

as all the cubes occurring in the definition of b’(f? are disjoint. By Lemma
3.5,

(3.32) ||LP_(Z > Wiy ) = By p- =

HEZWEWQ 4

We can sum the coefficients {5510}%2 in (2.

Lemma 3.7. If 1 < p <2, then

1/2
> 85)7) " < IBgl = fas

k>—L(So)
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Proof. By the definitions and Minkowski’s inequality,

(Y @) =(Z (X X chow)™)”

k>—L(So) k>—L(So) HM>Mmin WEWq

2
(XY (Sehm)”
u>pmin WeWq . kEZ
» 1/p
> Y Gwwl) T < IRl = Say
“>Nmin WEWQ“LL
as desired. O

There is a second variant which consists in fixing the scale of the atoms
rather in addition to that of the subatoms. Given integers k € Z and n > 0,
define

(3.33) gt= > >y,

HU>fmin WEWQH“,
L(W)=—Fk+n

and

(3.34) B = (Z > |W!(7’v“v,u[f])p)1/p.

neZ WeWq .,
L(W)=—k+n

Note that by definition, b =0 and B = 0 unless k > —L(Sp). Lemma
3.6 continues to hold for these ﬁxed—scale W versions. A crucial observation
is that we obtain a gain if we move to a larger Lebesgue exponent r > p.
This will allow us to think of the case W = R as the dominant contribution.
This observation will be crucial in later proofs.

Lemma 3.8. Let 1 <p <r <2. Then for k > —L(SO) andn >0,

k —nd(:— kd
15", < 2GRk G0 gl

Proof. Arguing as in the proof of Lemma 3.6,

e < (X wiek)

HEL WeWgq
L(W)=—k+n

Using the embedding /P C /" for p < r,

||b " < (Z Z (7]13[/,“)’)|W||W|§—1>1/p

HeEZ WeWgq, .
L(W)*—k-l-n

S 2(k n)d(i_i)ﬁgyg;‘ D

We also have the following variant of Lemma 3.7.
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Lemma 3.9. For everyn > 0,

(> 6y

k>—L(So)

1/p
< ||Fp]lQ||p = BQ,p'

Proof. This follows since k and n are coupled. O

This lemma allows us to sum in P rather than ¢2 provided that the
quantity L(W) — L(R) is constant. In applications, this constitutes a great
advantage which permits us to prove endpoint bounds.

4. THE BASE CASE
Recalling (3.29) we set
Hmin = —O0

throughout this section. We first note the following observations. Let p <
r < q. By rescaling (recall (2.2) and (2.3)), we have for jo > —k,

j kd(1-1 =
(4.1) ITE oy pa = 259670 [ om(28-) % W x| ngr—a
_ Q*J'od(%*é)szd(%*%)AI;:Z?quk‘

It is well-known that sparse domination for single spatial scale operators
follows from certain rescaled LP — L? estimates (see, for instance, [5, §3.1]).
In our case, it suffices to verify the LP — L4 estimates in the following two
lemmata; in both the implicit constants do not depend on jo and F. Recall
the definition Cp ;. 4(jo) = supy~_;, A};jif’(;rk (see (2.13)).

Lemma 4.1. Let 1 <p <2<g< p' and jo € Z. Let Sy be a dyadic cube
of side length 27° and let f € LP be supported in Sy. Then

i 1_ 1 .
(4.2) | Tjo fllg S 27704 9C, 4 Go)ll £l

Lemma 4.2. Let 1 <p <r <q<2andjo€Z. Let Sy be a dyadic cube of
side length 27° and let f € LP be supported in Sg. Then

(i1 i .
(4.3) 1T fllg S 2770675 (Cppg o) + Cpurig(G0) I 1l

Reduction of Lemmata 2.6, 2.7 to Lemmata 4.1, 4.2. Both reductions use the
same argument; we therefore abbreviate by C(jo) the respective constants
Cp.p,q(do), for ¢ < 2, and Cp, 5 4(jo) + Cp.rq(Jo), for ¢ > 2. Keeping in mind
that fi vanishes in Sg we estimate

(T f1, £2)] = 1T 1, FoLssy)] < 11T Fallgll FoTaso L
< CG02 D fullpllfoLaso g S CUOY ) s p (230013501,

which gives the desired sparse bounds (2.14) and (2.15). O
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It remains to prove Lemmata 4.1 and 4.2. The proof of the former is a
short standard argument based on Littlewood—Paley inequalities. The proof
of the latter is longer and relies on the atomic decomposition discussed in
§3.

4.1. The case q > 2: Proof of Lemma 4.1. By the Littlewood-Paley inequal-
ity | g L PeFille S 12, [Frl?)Y/?||, and setting Fy, = Pi.f and applying
(2.1c), we get

@) ITfl s (S ) " < (S imnagie)
ker kef

where we applied Minkowski’s inequality in L%2. By (4.1) with r = p we
get

—jod(%
Tl S Comalin)2 ™G0 (3 1712)
keZ
Using p < 2 and Minkowski’s inequality in L?/? we obtain

1T Fllg < Cppgl)2 0234 (Z\Pkf\ )l

kEZ

, d(2
S Copalio)2 7 Hpr
and (4.2) is proved. O

4.2. The case q < 2: Proof of Lemma 4.2. Let f € LP(Sp), with L(Sy) = jo,
and decompose using (3.3), for fixed k € Z,

F=EBijof+ Y Ditmlf
m>—j0—k
Next we split
7;'0f =1+ IIl -+ IIQ,
where
1= 15 PP[Erj, f]
kel
and 117 and I']5 are defined in terms of the additional decomposition Dy, f =

Zn>0 bk+m n as
=Y > Ilnnk

m>00<n<2m kcf

IL=Y 3" ILnnk + > > > Ilyng, where

m<0n>0kef m>0n>2mkef
(Jo) k+m,n
Iy = BT P Dy b

It is useful to keep in mind that I, = 0 unless k > —jo and k +m >
—jo. Our goal is to control the LY norm of the three terms by a constant
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times Cp,r,q(jo)z_jod(l/p_l/Q)||f||Lp(SO). For the first two terms we get the
better bound with r = p

Estimation of ||I||,. For the term I we take r = p and estimate, using (3.2b)
and (4.1) with r = p,

1l £ ST ool PErjo | oo L 1l

keF
(54 k,jo+ko—(k+j0)/p'
<2 —Jo ZA :%Oqu 9—(k+5o)/p £l
keFr
d
<2600, ,460) Y 2 | 1l
>0

and we get the desired bound.

Estimation of ||I111]|4. By the almost-orthogonality of the Py and the result-
ing inequality | 5y PeFlly S (5 IFEIIE) M7 we gt

1/
(4.6) Il sy >0 (D0 M hnnsli)
m>00<n<2m kef

Now, by (4.1), (3.2) and Lemma 3.8, we have for all p < r < ¢ that

4.7) L Lm.n, bk“"”H

<cpT,q(j0)2—30d<;—a>2—kd<;—;>2—|m|/r —nd(1-1) o (ktm)d(2-1 55:?’”-

ST b 2o | P | £ 20|

T

We use this with » = p and estimate the right-hand side of (4.6) by a
constant times

G G,,,00 Y Y 2 (Y )

m>00<n<2m k>—jo

270G, 0G0 S S 2| £,

m>00<n<2m
using ¢4 C (P, Lemma 3.9 and (3.24). Altogether

LZATED DD S S LA i

m>00<n<2m k>—jo

< Copa(io)2 575 37 (14 2m)27 7 | 1,

m>0
. d
S Cppa ()27 £,

which finishes the estimation of ||111]|,.
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Estimation of ||I13]|4. By the almost orthogonality of the P we have

H S" Pullyng, ( < (Z HIIm,n,ng>1/q
kel ! ket

1/r
S (X W tmnilly)

ker

We use (4.7) with r» > p, followed by the embedding ¢" C (P, Lemma 3.9
and (3.24) to deduce

(S Wtmna])’

ker
_j 1 1 'a(m—n =_= Mg 1/1,,
S Cpungio)2 5 /G (5 gk
ker
<Cprq(]0)2 Jo ( )2 |m|/r (m— n)d i1_1 Hpr

and therefore, using r > p,

1Ll s Y X (X Imasl) S CnaGo)2 5 51,

meZ n>max{0,2m} k>—jo

This finishes the estimation of ||II3]|; and the proof of the lemma. O

5. COMBINATION OF ATOMIC AND
CALDERON-ZYGMUND DECOMPOSITIONS

Let Sy be a dyadic cube, let f; and fo be given functions. Assume that
f1 is supported in Sy and that fo is supported in 35y. In analogy to the
Calder6on—Zygmund decomposition we decompose the functions fi, fo given
some threshold parameters aq, as > 0; these will be defined as

(5.1) a1 = (fi)sops Q2= (f2)350,¢'-

The decomposition of fo will be essentially based on a Calderén—Zygmund
decomposition at level g, see (5.12), (5.13) below. We describe the decom-
position of f1 which is more involved and essentially based on the atomic de-
composition introduced in §3. The idea of combining atomic and Calderén—
Zygmund decompositions was previously used in [31], and can be traced
back to [16], although here we need a different variant.

In the proof we will use two large constants Uy, Us which need to sig-
nificantly exceed various constants in standard maximal or square function
inequalities, or combinations thereof; we shall see that any choice of Uy, Us
with

(5.2a) Uy > (1—) 1 /P21%0a)Pey
(5.2b) Us > (1—7) V72" %),

and Cgqp as in (3.6), will work.
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We start writing

(5.3) fi=g1+b,

with the “good” function defined as

(5.4a) g1 =E_psp)+1f1+ Z gt
k>—L(So)

where

(5.4b) g = Z Z €R

HEZ:2M<Uror RERK

and the “bad” function defined as by = f; — g1, i.e. by = Zk>—L(SO) b]f with

(5.5) = > > er

HEZ:2M>Uion RERE
Note that b} = g¥ = 0 for k < —L(S). Clearly,
IE_r(s)+1.f1(2)] < 2U/Pay < Uyay  for all @ € Sp.

Furthermore, the square function associated with the {g’f} k>—L(So) 18 point-
wise bounded by 2U; 1. This is analogous to the L estimate for the “good”
function in a standard Calderén—Zygmund decomposition.

Lemma 5.1. For almost every x € Sy we have

1/2
> k@) < 2wan

k>—L(So)

Proof. Fix x € Sy. Let F be a finite family of indices with k > —L(Sp). It
suffices to show that

(56) (S lk@r) " <2010,

ker
Let

%x:{R:RG U Ru, = € R, L(R):—kforsomekeF}.
20 <Uiay
%

Note that these are the only cubes contributing to >, |g¥(x)[>. We can

assume that R, # 0, as otherwise Y ., |g¥(2)[*> = 0 and the inequality
is trivial. Next, let R, = {R € R,, L(R) = —k} and let ko(z) be the
maximal integer k € F for which M, is non-empty. Note ko(z) exists
as MR, is non-empty and [ is finite. Moreover, observe that R, is either
empty or consists only of one (half-open) cube. Let Riko(z) € Raho(a)-
By definition, there exists a unique p, with 2#= < Ujag and Ry (z) €
Ry, Moreover, in view of (3.12), there exists w; € Ry i, (2)\Qp,+1. Thus,
Gg, f1(wy) < 2#=T1 < 2U709. Note that by the maximality of ko(z), we
have w, € R for all R € ‘R,.
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Consequently,
1 2\ 1
(Slt@P)* = (3| X en@)])” <Gsfilws) <2010 O
ker keEF ReRg

The above lemma will be used in the proof of the sparse bound for dealing
with the term that involves g;: see §7.1 for the case ¢ < 2 and §7.2 for the
case q > 2.

We need a further refined decomposition of the bad parts b%¥. Recall that
by Lemma 3.4 the function F ), = F), satisfies

(5'7) ||F1,p||LP(50) < 23/2(20d)1/pesq7p|50|1/pa1’

where Cy = 592(10v/d)? (defined in (3.9)).
Our next goal is to perform a Calderén—Zygmund decomposition so that
this inequality continues to hold for smaller cubes. We now bring in the

second function fy. Let pu(aq) be the smallest integer p such that 2# > Uy a;.
Define

(5.8) O =01UO0,,

where

(5.9a) O1 = Qa1 U {2 : Mup(FY,)(x) > UTol},
(5.95)  Opi={w: M (fel")(x) > U af }.

Then set

O = {z: Muplo(z) > 279 /d)~%}.

The following relation between the sizes of O and S is key in order to
prove sparse bounds.

Lemma 5.2. If in the definitions (5.8), (5.9) we make the choices of Uy, Us
as in (5.2a), (5.2b), then

0] < (1 —7)[S-

Proof. By the weak type inequality for the Hardy—Littlewood maximal func-
tion
0| < 5421%(V/a)|0].
Moreover, by the definition of «s,
AN _ 55450l
Us /ag/ s 2
Furthermore, by (3.9) and (3.10),

|Q (a1) [fl” < Cd2 Hlen pesqp |f1”LP (So) < CdU pep ’S()’:

sq,p

|Og| <
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here we used that 274 < U Pa . Finally, using (5.7), we obtain

5UF |5 592%/22C,4CE 1| S
[{z - Mup(FY)(z) > Uk }| < g,,;’;”p < - ar|Sol.
1%1 1

Altogether,
(5.10)

|6| < |(/)1’ + |02| < 5d210ddd/2<

C,CP 5d21+3p/20 eP 15d
d>sqp dCsq,p >‘50"

+ =
Uy Uy Ud

For large choices of Uy, Us we get the conclusion of the lemma, and one
checks that the choices of Uy, Uz made in (5.2a), (5.2b) achieve this. O

Let Q := {Q} denote the family of dyadic Whitney cubes whose union is
the open set O, which satisfy

(5.11) 5diam(Q) < dist(Q, O%) < 12 diam(Q).

We note that here we adapt the standard Whitney decomposition with dif-
ferent constants - it will be important that the constant on the left-hand
side is greater than 3 which ensures the family of triple dilates of Whitney
cubes has bounded overlap (see [41] and [5, §4.4] for more details). Note
that by Lemma 5.2 we have |Q| < |So| and thus either QN Sy = 0 or Q C Sy,
since ) and Sy are dyadic cubes.

We describe a decomposition of fo into a good and a bad part which is
analogous to the usual Calderén—Zygmund decomposition at level ay. Define

1
(5.12) 62() = fol)lon (@) + Y (157 [ f2(w)dw) Lg(z)
e %N@AQ )10

and let by = fo — go which gives by = ZQEQ by @ with

1

(5.13) braole) = (la) = 57 [ falw) du)Lg(a),
Q[ Jo

We have the standard Calderén—Zygmund properties.

Lemma 5.3. (i) For all Q € Q, (é fQ | fa(2)|7 d:):)l/q/ < .
(ii) For almost every x € 3Q, |g2(z)| < as.

The proof is immediate from the definition of Oy, by the standard rea-
soning from Calderén—Zygmund theory (see for example [49]). We omit the
details.

Next we record the following relation between cubes in W, for 2# > Uy
and cubes in Q; note that the family Q does not depend on u.

Lemma 5.4. Let i € Z such that 2* > Uyaq. For every W € W,[f1] there
exists a unique Q) € Q such that W C Q.
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Proof. We first note that if W € W“, then W C ;. This follows from
the definition of W,,, as W C Q C Qu(al) for any p € Z with 2* > Ujog.
Furthermore, cWW C O for sufficiently small ¢ > 1. This follows because if
y € cW, then
Wl _ a4
1 w)dw = =

= o] / ol \cW| e
where we used that W C O. Thus, the claim holds provided 1 < ¢ < 210,/4d.
This claim implies that if xy denotes the center of W, then
diam(cW) ¢

20d  2V/d

Furthermore, as zw € W C 6, there exists Q € Q such that xyw € Q. As
QCO,

Mur1o(y

dist(zw, (’)E) > dist(zw, (cW) )= diam(W).

dist (2, O%) < diam(Q) + dist(Q, O%) < 13 diam(Q)

where in the last inequality we have used (5.11). Consequently,

c
—— diam(W) < 13diam(Q).

7 diam(1V) < 13diam(Q)
As long as 13 < ; f’ we have that diam(WW) C diam(Q). Thus, we require

a choice of ¢ such that 26v/d <ec< 210./d. Since W and @ are dyadic, this
implies that W C @, and as the cubes in Q have disjoint interior, the cube
() is unique. O

At this point we set once and for all (throughout the proof of Proposition
2.9 in §6-§8),
fimin = logy(Ura1)

and recalling the definitions of b’ny = b, b’fg = bgn from §3.4 (with f = f)
we then have

(5.14) = o= bp.

QeQ n>0QeQ
Note that the families

Wou={Wew,: WcQ}

are disjoint for different (). For the cubes ) € O, we have a standard
stopping time condition for the function F7y 4.

Lemma 5.5. For every @ € Q, we have

1/
(5.15) Brow = IFplaly = (D0 D (wala)" W) " S 1Q1 7.

HELZWEWQ 1
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Proof. Let Q € Q. By (5.11) we have that ¢Q N OC # () provided that c is
sufficiently large, say ¢ = 100v/d. Let z* € ¢cQ N ot ¢ c@nN OC. Then we
have

1 / 1
—— [ |F1, p</ FipP < My (FP))(z*) < UPof,
Cd’Q‘ Q| P| ‘CQ| cQ| P| ( l,p)( ) 1*1
as desired. O

Combining this with Lemma 3.7 and Lemma 3.9 we obtain the key esti-
mates

1/2
(5.16) (X Blen?) " <BasslQlMrarn
k>—L(So)
and
n 1/p
(5.17) (> @) " <hesslQ

k>—L(So)

In the proof of the sparse bounds, the case ¢ > 2 will only require the
decomposition in k& but not in n. Correspondingly, Lemma 3.6 and (5.16) will
be essential in the proof of Proposition 6.4 in §8.2. The case ¢ < 2 is more
subtle and requires decomposition in the n-parameter. It will be essential in
our argument that for » > p the L™ norms of b’fg exhibit exponential decay
in n. Correspondingly, Lemma 3.8 and (5.17) will be of central importance
in the proof of Proposition 6.3 in §8.1.

6. THE INDUCTION STEP

Let n > 1. This section is devoted to reducing the proof of the inductive
claim (Proposition 2.9) to a couple of main estimates.

Recall from (2.8) that 7;f = 3 sy TV P2f and define
k>—j

Ny L(Q)
(6.1) T=> T, ad TU%=> Tflg
j=N j=N1

for @ € QU{Sy}, and note that 750 = 7. Note that by Lemma 5.2, if Q € Q
is such that @ N Sy # 0 then @ € Sp. In particular L(Q) < L(Sp) = Na,
so L(Q) — N1 < n which puts us in the position to apply the induction
hypothesis to the operators 7.
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Next, the decomposition f; = g1 + b1 as in (5.3) and (3.30a) give
(T fr, f2)I < (T g1, f2)l + Tb1, f2)

< [T%gu )|+ [ T )|+ [0 X S Tibafo)|

QeQ N1<j<N2 Q€Q,
L@)<j
(6.2)
< > UTu )+ D T fs fa)l + ’( >y 7;'b1,Q7f2>‘a
QeQU{So} QeQ N1<j<N2 Q€Q,

L(Q)<j

where in the last step we used again by = f; —g1. We state four propositions
that will be proved in the four subsequent sections. For the good part, i.e.
the first term in (6.2) we have the following propositions. Here we use the
notation jo = L(Sp) as in §4.

Proposition 6.1. Let 1 <p < ¢ <2. Forall Q € QU {Sp},

(T %1, fa)l S Imlloo |QI(F1) 50, (f2)350.4
Proposition 6.2. Let 2 < ¢ <p <oo, ¢ <r <2. Foral @ € QU{Sy},

(T, f2)| S Ag i [m] QI 1) s0.0{ f 350,00 -

Propositions 6.1 and 6.2 will be proved in §7.1 and §7.2, respectively.
Note that disjointness of the cubes in @ € Q implies } .o Q| < [So| and
thus Propositions 6.1 and 6.2 yield

D UT%0, f2)l S 1S0l(f1) 50, (F2)350,0-
QeQuU{So}

The terms involving 79 f; for Q € Q are estimated using the inductive hy-
pothesis exactly as described in [5, §4.4], as L(Q) — N1 < n. More precisely,
given any € > 0, for each Q € Q, there exists a y-sparse family of cubes
8o € D(Q) such that

(T ) < (Um =D +0 3 1Q1)e, (s,
QeS§,
holds. By disjointness of the @ € Q and Lemma 5.2, the resulting family
s ={Stu |J &
QeQ:QCSo

is y-sparse. We then get the desired result from the following propositions
which take care of the third term in (6.2).

Proposition 6.3. Let 1 <p<r <q< 2. Then
S Tilbial f2)] S AvralmlSol (1) g, p a0

Ni1<j<N2 Q€Q,
L(Q)<j
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Proposition 6.4. Let 2 < ¢ <p' < oco. Then

X > Tibual f2)| S Appalm] 190105, p (o

N1<j<N3 Q€Q,
L(@)<j

Propositions 6.3 and 6.4 will be proved in §8.1 and §8.2, respectively. No-
tice that the main induction step for Theorem 1.1 follows from Propositions
6.1 and 6.3. For Theorem 1.2 it follows from Propositions 6.1 and 6.4 and
for Theorem 1.3 it follows from Propositions 6.2 and 6.4.

7. THE GOOD PART

Here we prove Proposition 6.1 and Proposition 6.2. By the definition of
7, in (2.8), using (2.10) and substituting j by ¢ — k,

(TOf2)=>_ > (TP P Pg1 1), f2130)-

kerF £>0
N1 <-k<L(Q)

Next, using the decomposition g11¢ = (E1—j, f1)1q + X p_1(g) gi'1g as
n (5.4a),
‘<TQ917 f2>‘ <I+ II;

where
1= > (AT Y RE (A1) f1s0)|
ker £>0
NI <—k<L(Q)
(2 =]y 3 > (BT Pt 1), f21s0)
keF k'>—L(Q)

N1<£ k<L(Q)

and g’f/ is as in (5.4b). The main contribution to I is given by the terms
with |k—k&’| < 1. Therefore we substitute &’ = k+v with v € Z and estimate

ZED I DINED DENC AT ]

veZ keF >0
Ni<E-k<L(Q)

From here on the terms I and II will each be estimated differently de-
pending on whether ¢ < 2 or ¢ > 2.

7.1. The case q < 2: Proof of Proposition 6.1. By (2.2) and (1.3) we have
for each fixed k € F and integers 0 < L < Lo that

(7.3) H Z Tlgé_k)‘zaz

L1 </t<Lsy

< 2sup lpm(2%-) * 2°@0 (2|0 S [lm]]oc,
>

uniformly in k, L1, Ls. Using this and the Cauchy—Schwarz inequality we

bound
IT S mlloe D N PiDresn[gf ™ 1) ll2)| Pl f2130] 12,
veZ keF
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which by another application of the Cauchy—Schwarz inequality and (3.2) is

< HmHOOZQ \y|/2H( g f|2>1/2‘LZ(Q)H(Z‘Pk[f213Q”2)1/2H2.
keZ

VEL >=Jo

By Lemma 5.1 we have

I( 5 wte)™

k>—jo

2
Lz(@) a1|@[>.

Moreover using ¢’ > 2,

(7.4) H (Z ’Pk[f213Q”2)1/2H2 S fellrzee) S |Q\%<f2>3Q7q, < ]Q\%ag,

keZ

where the last step follows from Lemma 5.3 in the case @ € Q (and is void
if @ = Sp). Thus we obtain IT < ||m|lec|Q|(f1)50,p(f2)350,4> as desired.

To bound I we again use (7.3), the Cauchy—Schwarz inequality and (3.2)
to arrive at

5 Imllse Y I Pel(B1jo f1) L] I2l| Pl f215q] 12
ker

< \ImllooH (Z ’Pk(El—L(Q)fl)]lQ|2>1/2’ (Z ’Pk[f?lw”z)UQHQ
kEZ

keZ

sl

1
S [ImllcollB1—jo f1ll12(@) Q12 a2 S llmlloo| Q1 {f1) 50,5 (f2)350.4'

where in the last two steps we have used (7.4) and that

1 1
1E1—jo fillz2(q) S 1Q12(f1) 50,1 < 1Q12(f1)50,p-

This concludes the proof of Proposition 6.1. [l

7.2. The case q > 2: Proof of Proposition 6.2. Here we assume 2 < q <
p' < oo and let r € (¢/,2]. We begin with estimating the term I1. Note that
by Fubini’s theorem,

H<Z/2Pk )@ Y (TP R fTs)(2) dal.

veZ ker >0
N1 <l—k<L(Q)

By the Cauchy—Schwarz inequality applied to the summation in &£ and
Hoélder’s inequality applied to the integration in x, we obtain that the pre-
vious display is no greater than

Zglv ’

VEZL
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where

(7.5a) —H(;\Pk g5 10)] )1/2 ;

asn) e=|(Z] X @ rand)
ker £>0

Ny <E-k<L(Q)

By Lemma 5.1 we have £, < C,a1|Q|"4, uniformly in m. Moreover for ¢ =
2 we can use Fubini’s theorem and (3.2) to see that 521’,} < 27204 |QIY2.
By log-convexity of the L?-norm, we deduce 5;,,/ Sq 2~ M@y |Q[Y/7 with
e(q) < 1/q for 2 < g < oo and thus

(7.6) S el SealQY, 2<g< .
vEZ

We shall now prove that
(77) 83, S 'Aq',r,TOQ‘QP/q/'

By averaging with Rademacher functions the desired bound will follow if we
show that for any sequence {a}rez with supy, |ax| < 1 and subsets A(k) of
nonnegative integers we can show that

Hzak Z Kk)

kel teA(k)

Aq rre

q'—q

This can be established by showing that the associated multipliers

(7.8) hE) =D ar > ([pm(2F)] = Tp)(27Fe)n(275¢)

ker  teA(k)

have M7 % norm bounded by a constant times A, .., which by (1.4) (with
p replaced by ¢’) follows from the following lemma.

Lemma 7.1. Suppose ¢ < r < 2. Then the multipliers in (7.8) satisfy
(79) sup Héh(t)H a1 S Aq’,r,r;
t>0 Bl q (M'r—w‘)

with the implicit constant independent of F, of the sets A(k) C Ng and of
{ar} in the unit ball of cy.

The proof is straightforward but somewhat technical, and therefore post-
poned to §11.4. This finishes the proof of (7.7) and therefore we obtain the
desired estimate for the term 1. The bound for the term [ is slightly sim-
pler. We again use Fubini’s theorem, the Cauchy—Schwarz inequality and
Holder’s inequality to obtain that

1<&) -,
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where b
& = (X 1PdE o) 10)P) Hq
ker

By Littlewood-Paley theory and Holder’s inequality,

&8 S B o fillzacg) S (F)soa @177 < (f1)s0.0Q1Y7.

Combined with (7.7) we obtain the desired bound for I which concludes the
proof of Proposition 6.2. O

8. THE BAD PART

Here we prove Proposition 6.3 and Proposition 6.4. By the definition of
Tj in (2.8), using b1 = > 1o i D 0eo bllC,Q and substituting j by ¢ — k and
K by k + v,

(X 3 Thap)|s

N1<j<N2 Q€Q,
L(Q)<y

YN @ Pk p)|

VEZ >0 kef QeQ
L(Q)<t—k<N>

For fixed j < jo we tile Sp with a family B; = {B} of dyadic cubes B such
that L(B) = j. For convenience we also set B; = () if j > jo. Then the
previous display is

CEINENES 55 50 DI DI (i k)p[zw} (Puf2)13s )|

VEZ £>0 keF BEBy_

QCB
Let us also recall the scaling relation
okd —
(8.2) 1T g = 22672 om(25) 5 Tellagr—a
_ o td(5—3)okd(;—3) skt
=2 oIl —a) gkt

8.1. The case q < 2: Proof of Proposition 6.3. In view of (2.6) it is no loss
of generality to assume that » > p > 1 is chosen very close to p; indeed, it
will be convenient to assume

(8.3) dl/p—1/r)<1—1/r,
which is admissible since p > 1. By Holder’s inequality and (8.2) we can
bound (8.1) by

SYT Y A i,

VvEZ >0 kel BeB,_y
k
|| 3 0%

QeQ
QCB

| (Pt s
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We next use (3.2) and write b’fg’ =3 150 blfgy’n so that the above is

) SN S Al 2 GG g

n>0veZ (>0 kef BEBy_
H Z bk+un

QCB

|| Pr.f2)13B|lq -

By Lemma 11.4 and disjointness of the Q € Q, we have for B € B,_y,

| 3 o], s et (X ier e )"

QReQ
QCB
By Lemma 3.6, ||bk+y’"||r < glktv=n) ﬁfg’;’”. Noting that
—ed(L kd(1-1 -1 _1 11
96 =) MC = Bl a s MG QIR Q T = (1QI/IBl)F T < 1

for @ C B and r > p, we obtain that (8.4) is bounded by a constant times

3 g G Dyl

n>0veZ
5 N3 Y AL (e ek e sl
keF >0 BeBy_y, %EC%

we now fix n > 0 and v € Z. Using Hoélder’s inequality with
;) on the summation over B, (8.5) is estimated by

_a /
Apra 3 (S 1QIH B PRl

ker QeQ

In view of (8.3
exponents (%

1

Using Holder’s inequality again with exponents (%, q,) on the summation

over k, this is then estimated by

Apra( X X101 H ) (S pesel)

keF QeQ keZ

Since ¢’ > 2 we have

(Znasely) ™ < |[(S1Resa) ] S 1500 (s
keZ keZ

By the embedding ¢? C ¢4 for p < q in the k-sum and (5.17), we estimate

_a _a / 1
(X et < (1ot ymm ) < i,

kel QeQ QeQ ker

Summing over n > 0 and v € Z using (8.3) concludes the argument. O
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8.2. The case q > 2: Proof of Proposition 6.4. We decompose fo = go +
> gregb2qs asin (5.12), (5.13), so that (8.1) is bounded by I + I, where

I:ZZZ Z ‘< kak[zbkw} (Prg2) 13B>

veZ £>0 kef BeBy_i

QCB
=333 3 (BRG] e Y Pbe)|
vEZ >0 kef BEBy_k %ECQB Q'eQ

8.2.1. The term I. By the Cauchy—Schwarz inequality,

(—k)
<Y S |Im P A Z b ]|, 1 (Prge) Lo o
VvEZ >0 kel BeBy_y
QCB
By a standard localization argument for p <2 <gq,
I —L4d
lpm(2) « Tellagome 2970 Jom(2) + Tllagpma = 27572 Al
and thus by the scaling relation (8.2),
0k —k)d(L-1
(8.6) 1T g < 27 G2 A
By (3.2) and Lemma 11.4 with the exponent pair (p, 2),
HPka:—i-V[ Z bllc:gz} ’ < 9/ H Z bk+u
QeQ,
QB
S 2B (3 |c2|1"||b’“+”up)
QeQ,
QCB
(e—k)d(:-1) 1—7 k
(8.7) < o I/ gt=hd(5 =3 ( S Q1B ) ,
QeQ,
QCB

where for the last line we used that |B| = 2/~%)¢ and Lemma 3.6. Combining
(8.6) and (8.7) we obtain

1| < ZQ*M/P’ Z ZA’f’ﬁq X

veZ >0 keF
> (X1 e?) I P as

BeBy_, Q€9,
QCB

and after applying the Cauchy—Schwarz inequality to the sum over B we get

1€ Ay Y25 S (3 1015 65,)2) 1Pl

VEZL ker QeQ
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Applying the Cauchy—-Schwarz inequality in k and using >, ., 2= lvl/pf <1,

< A X X @10k, 2) (T P)
keZ

QeQ k>—jo
We apply (5.16) to get
(8.8)
_2 _2 1/2 1
(el X o) < (X1l Hial ) £ anlsol.
QeQ k>—jo Qe

By the almost orthogonality of the Py and Lemma 5.3 (ii),

2\ 1/2 1
(X 1Pg2l3) S lgzllzase) S 19o/2as.
k€EZ

In summary we obtain |I| < A p4|So|laras as claimed.

8.2.2. The term II. By the scaling relation (8.2) with r = p, (3.2) and using
[B| = 24e-b),

’<T,§Lk)Pk[ Z blfjcrﬂ»ﬂw Z Pkb27Q/>
QEQ

) QeQ
OCB
<27 lvl/p |B|~ (***)Al;f’qH Z bk:—i—u H Z PkaQ” 5

QCB
By disjointness of the cubes in Q, Lemma 11.4 and Lemma 3.6,

so | X g m (X e etg?)”

CL Q+

and similarly, applying Holder’s inequality as in the proof of Lemma 11.4
we also get

|5 piol

1.1 2 1/2
< 72 nl==% , 2/)
wom S BT Q1T IRb ol

Q'€Q,
Q'C3B
Combining these estimates we get
—|v|/p’ k0
CRUNVIES SESTLD 9) DI
VEL keF £>0
1-2 ok -2 1/2
> (el es?) (X @l b )
BeBy_,  QeQ, Q'eQ:
QEB Q'C3B

and by the Cauchy—Schwarz inequality applied to the sums over B and k,

_2 _2 /
1115 Apa( 1017 3 (80,?) (2 11 7 1Bk 2)

Qe k>—jo Q' €Qkez



38 D. BELTRAN J. ROOS A. SEEGER

Using ¢’ < 2 and Lemma 5.3 (i),

(5 imnath)” < | (5 mier)

1
| Sl < 1Q17

kEZ kEZ
and thus
1-2 /o2 1/2 1
(X S Q1 7 1Rbaglz) < (X 1@Q103) " < aslsoft.
Q'€QkEZ Q'eQ
Together with (8.8) this gives [11]| < AppqlSo|aias as desired. O

9. APPLICATIONS

9.1. The classes FM(a,b). We prove the positive result in Theorem 1.7.
Condition (1.7) can be reformulated as

> 0% gmt)loo Snt "

laj<n

for all n € N and for all ¢ > 1/8 (and we have ¢m(t-) = 0 for small ). Using
a standard interpolation result for Sobolev spaces ([7, Chapter 5.4]) we also
get for any s > 0

(9-1) lom(t)lms, , Ss t7F,

for all t > 1/8, with the implicit constant independent of ¢.

We now verify m(D) € Sp(p1,p2) for (1/p1,1/p2) on the edge [Ps, Py,
thus satisfying 1/p; — 1/p,, = b/da. Here Py = (1/p4,1/2) with 1/py =
1/2 4 b/ad. The results in the remaining parts of the trapezoid then follow
by Holder’s inequality.

Observe that % < /Tll < pi. First, we claim that the cases p; = 2,
p1 = pg follow from Theorem 1.2. By duality we only need to discuss the
case p1 = py. Then, taking b = ad(1/ps — 1/2) and s = d(1/ps — 1/2) in
(9.1) we get

(9.2) sup Hqﬁm(t-)HBd(l/p4_1/2) < 0.
>0 00,1

Next, using the compact support of ¢ and some calculations about the con-
tributions away from the support of ¢ we have

(9:3) Sup lom () gaaspa=1r2) (ppugzy S Imlleo + Sup \\¢m(t')!\3g}{p4—1/2)7

Which establishes that m € Sp(p4,2), as desired. In the remaining case
2 < op < p; Weuse Theorem 1.3 (with the parameters p = p1, ¢ = pa; note
that p2 < 2) To this end it suffices to verify that

(94) D [0 )| 14y gy

(9.5) sup ||om(t) || Lac/pe—1/2) < 00.
B
£>0 00,1
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Note that (9.5) follows from (9.2) since B (1/p4 Y2 o, B (1/’)2 Y2 Finally,
(9.4) follows from (9.3) and (9.2). ThlS is because 1/,01 —1/ph = 1/ps —
1/2 and since MP+—2 = M?7P4 s MP17P2 by interpolation (observe that
(1/p1,1/p%) lies on the line between (1/p4,1/2) and (1/2,1/p))).

9.2. Oscillatory multipliers. We next turn to the proof of the positive result
in Theorem 1.6. Consider the oscillatory multipliers m,. It is our goal
to establish the endpoint Sp(p1,p1) bound, for 1/p; = 1/2 + b/(ad), as the
remaining bounds then follow by Holder’s inequality. Since m,; belongs to
FM(a, b) we have

igg H(bma,b(t')||Bf(1/P1—1/2)(M2a2) <0

and in order to apply Theorem 1.3 it remains to verify that
(9.6)

sup @1 (t) £ Poll | o + > 24P g  (8) 5T |y ] < 00,
>0

We sketch the argument; a similar calculation appears in [5, Chapter
7.2.2]. Note that ¢mg(t-) = 0 for ¢ < 1 and that the inequality is trivial
for t =~ 1. For ¢t > 1 we have

Ki(z) := f—l[qua,b(t-)](x) = (2m)~¢ :Z,(?b it lel" =i ) g

For a # 1 the Hessian of £ — |£|* has full rank. Thus we get by stationary
phase the bound | K;(z)| < t7079%/2 if || ~ t%, moreover |K;(z)| <y N0 if
lz| < t%and |Ky(z)| <y t~8|x|~N for || > t® for all N > 0. These estimates
give M7 bounds for dmg p(t-) * if\g while we also have the trivial bound
O(t7°) for the M? norm. Interpolation shows that (for suitable constants

c(a) < C(a))

70763 eyt < 2 < Cla)te
1($1120.6(t)) * Wellypowr S 4 707 NG72) if 20 < c(a)t®
,ZN(%*%) if 9f > C(a)ta

and since 1/p; = 1/2 + b/(ad) the inequality (9.6) follows.

9.3. The results for radial multipliers. We use the Fefferman—Stein argu-
ment [23] based on the L? Stein-Tomas restriction theorem. For radial
m(§) = a(|§]), 1 < p < 2(;1:31), by Plancherel’s theorem we may write
|m(D)f||? as a constant times

[m@F©ra= [Pt [ (7o) L
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Therefore, by the Stein-Tomas theorem applied to the integral over S~ 1,
(9.7)

il 5 ([ ot 5L) " < ol [ imee) e ac)

where ¢, is the surface measure of S%! raised to the power —%.

9.3.1. Proof of Corollary 1.5. We use Theorem 1.2 in conjunction with (9.7).
We set me(€) = o(|€])A(tle]). We let dp,y(€) = |€[2*G D de. Tt suffices to
prove the estimate

(9-8) Sup [ - Dl BoL2(duy)) S Sup [oh(t)|l Bg, (r)

fora > 0,1 <p<2andapply it fora=d(1/p—1/2)and 1 <p < (d+31)‘

We are assuming that ¢ is supported in (1/2,2) and it is convenient to
choose x to be a radial function supported in {£ : 1/4 < [£| < 4} such that
0<x<1landx(§) =1for1/3 <[ <3.Forl>0,let

Iy = /\ )« T (@45 ag)
1 /
o = ([ 1660 DAl 1)+ Tal@) 1 = x(@le*5 " ae) ™

and let Ip, Il be the analogous expressions with ®q in place of W,.
First note that |£[*4%/P=1) ~ 1 on the support of y, and therefore

Y2 < Callg(] - D(t] - ) g, may-
>0

We observe the inequality

(9-9) Ixg(l- Dllwgr ey < Camllgllwg @)

which follows by application of the product and chain rules; by real inter-
polation we get for all a > 0

Ixg(l - Dl , ®e) Sa Callgllg )

and hence,

> 20 Sa l6h(t) g, m)-

>0
It remains to estimate the term IIy;. Note that for || > 3 and N > d,

[@(] - DAt - 1) * Te(€)| < / |6(1€ = yDh(tlE — y)12°2 )N dy

ly|>[€£]-2

_ 2 /2 9l(d—N)
S (1ot~ whmcie i) ay) o0 5
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by the Cauchy—Schwarz inequality. Since Zd(% — 1) is negative, we get, for
N >d,

qT . 1_ 1/2
([l pacel- )« Ta() P16 ag)
€3
Sn 2560 - V() 2 zey Sx 259 [ 6h(E) | L2y

Similarly, we have

(., 100 bata- ) <T@ e~ ac)
swlonlo( [, [ 2w ayiel ¥ ae)’

S 29N gh(E) | 2my
Altogether we get for p < 2 (i.e. —2d/p’ > —d),
201y 5 21T G (E) | L2y

The same applies for the term Ilp;. Combining the estimates we obtain
(9.8) which concludes the proof of the corollary. O

9.3.2. Proof of Theorem 1.8. Let us(€) = hs(|€]) = x(671(1 — |¢])) in what
follows. To use the notation in our main theorems we are setting p; = p and

p2=4q.

The case p < (d—i-d) We are Seekmg to prove a Sp(p, ¢’) bound, under the

2(d+1) < d+ll 2 : : :
assumption 1 1< P 3 1 dl 3 and % ? e SR (which is equivalent with
the condition ¢ > ﬁﬂ)' Since Sp(p1,p2) C Sp(p1,p3) for ps > pa we just
need to consider the endpoint line with % = %% — %; note that under
this assumption we have 2 < ¢ < oo for 1 < p < 2($_L31) and, moreover,

q = 2 if and only p = 2d+1)

d+3
forl <p< 221131) we have ¢ > 2 and use Theorem 1.3.

. In the latter case we use Theorem 1.2 while

2(d+1)
d+3

In order to estabhsh the assertion we have to prove, for 1 < p <

and 1 7= %% - ﬂ the inequality
1_1 — 1_1 1
(9.10) > 2“0 us % Wyl apsa S N2,
£>0

(d+31) (where ¢’ < 2) we use

Theorem 1.3 and also have to prove, for suitable ¢’ < r < 2,

Furthermore for p in the open range 1 < p <

(L1 — —d(i-_1y41
(9.11) D22 g Wy agrr S 5T,
£>0
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From the L? restriction theorem and (9.7) we get

(9.12) ||us * @HMPO—’Q SN 51/2 min{1, (265)_]\[}7 Po = 2851:31)'

By stationary phase and integration by parts arguments we get
(9.13) s * Tyl[pp1ree < 2% 6 min{1, (296) N},
This implies

1_ 1_1y_ 1 —
(9.14) 2G99 =273 jus 5 o (D) || oo < (2°6)%@ min{1, (266) N1,
for 2 < ¢ < o0, %—gﬂ;,, a(q) > 0.
The relation between p and ¢ can be rewritten as % = gﬂ; — %. Thus,

given (9.14) we obtain (9.10) for 1 < p < Q%d:;) after summing in £.

To verify (9.14) observe that by (9.12) we have (9.14) for (7, 5) equal
to (5 di2 ,3), with a(2) = d(L - 1) = il. By (9.13) we have (9.14)

2(d+1)° Po 2 —+
for (l l) equal to (1,0), with a(co) = %. Thus by interpolation we get
(9.14) for all 2 < q < oo, with % = %}%, and a(q) > 0; more precisely

aq) = (d+1) + (d + 1)(’ - 5)'

We still have to verify (9.11), but only when p < 244D Observe that

d+3
qd <2forp< 2Slj31). Choose r with ¢ < r < 2, and r very close to ¢’. Here

it suffices to use classical non-endpoint estimates which give

i_l —
(9.15) 277 |lus % Uy(D) || 1y pr <
A=)+ jf1 <y < 24D
=1 ol ol o lsrs T
Cne27"7 7 min{l, (2°9)" }{ (@DG-g)s g AdeD) o oo
i < <

with a better result in two dimensions:

e2(]

\\H

—1y
P

(9.16) 2 Jug * @o(D Mirr@e)—rr @2y <

,2(%,l)+l,5 . <
mm{l (206)~N) 0 272 ?fl_r<4/3.
0 ¢ if4/3<r<2

2(

»Q\‘,_.
i\»—t

Cn2

In dimension d > 3 we have to show that for r sufficiently close to ¢’ the
right-hand side of (9.15) is dominated by

(9.17) min{(208)~1, (2t5)1 6~ )t
under the assumption that di%% % for some €; > 0 depending on
p,q. Since p < ¢ this is 1mmed1ate for ¢ < (0;1131). When 2 > ¢ > %

the goal is accomplished once

d(;—3) =5 —([d+1)(; —3) >0, for =g+
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and the given range of ¢/. The displayed inequality holds for all ¢ €

[22??31),2) if and only if ¢ > g%ﬁ. Since 22;?31) > ggﬁ for d > 3 we

get the bound (9.17) for r close to ¢’ in dimension d > 3.

In dimension d = 2, the previous argument is not strong enough to cover
the range ¢ < ¢ < 4. We need to use the better estimate (9.16). Now the
bound (9.17) is immediate for ¢’ < 4/3 and if 4/3 < ¢’ <2 and | = g + 3

we have 2(% — %) — % = 3%, — % > 0 so that the desired bound follows in this

case as well.

We have thus checked the assumptions of Theorem 1.2 (when p = 2%&”)
and Theorem 1.3 (when p < 2(0;1:31)) and the theorem is proved for the case
2(d+1)
— d+3 -
2(d+1) 2(d+2)

The case =gz~ < p < =g77 - The proof relies on an inequality in [14,
Proposition 2.4], which in its dual formulation says

—d(;—3)+3 2(d+1 2(d+2
(918)  ugllarosa < 6710720, 7= Ty T (d+3)§f7< (d—i-4)'

IS

By averaging we can replace us with ug * \I/g OT Ug * 5\0 in (9.18), and after
an additional interpolation with (9.12) (the case with r = 2%:31) and ¢ = 2)
we also get

—~ 1 1 1
(9.19) lug * Uel|prr—a Sy ming1, (266) "N} Ma—2) T2,
first for q, = %% — %, Slj?)l) <r< 2€jlj4) Then, using the compact
support of us and the auxiliary Lemma 11.2 we also get (9.19) in the range
1 o dtll 2 2(d+1) 2(d+2)
¢ S @1y~ go7 and again St < < S
Now assuming ¢’ > d(il 1)2p we can find r > p such that r < (d+42) and
q > d( = )27" (which is equivalent with 1 <9 @l — -2) and then (choosing

N large enough)
22&1(%7%)“% * plagome S 67721,
£>0

This leads to

sup | oms (6| narp-ara, vy S 696 D2 sup |y
>0 By (M=) keZ

and thus Theorem 1.1 can be applied to complete the proof of part (i) in
Theorem 1.8. U
10. NECESSARY CONDITIONS

In this section we first give a proof of Proposition 1.9 and then discuss the
sharpness of the results on oscillatory multipliers and the classes FM(a, b).
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10.1. Proof of Proposition 1.9. The statements about the LP1 — LP1-°° and
Lral — P2 operator norms are already proved in [5, Theorem 2.5]. More-

over by [5, Lemma 2.4] we have the bound HTRHI_JPI_”_},/2 S I TRlIspr po)s

with the implicit constant independent of R. It thus suffices to prove

(10.1) ITRlsp(1.02) < CT) "N T Isp(pr pa)-

We have (T'f1, fa)| < [|Tllsp(p1,pa)Apy.ps (f15 f2) for all f1, fo € C2°, and the
same inequality holds with T" replaced by Tg. To see (10.1) we write

U(R Yz —y)) = (277)_d/\fl(w)em1<“”$>6_iR1<“”y> dw
and thus we have for fi, fo € C°
(Tfro f2) = 2r) [ D@ fou)

where f1.,(y) = f1 (y)e_iR_l<w’y> and fou(z) = f2 (x)eiR_lw’x)' Since <fi,w>pi -
(fi)p, we get

(Trf1s f2)| < %) 1T sp(or pa) A o (15 f2)
which shows (10.1). O

10.2. Sharpness of results on Miyachi and oscillatory multipliers. Proposi-
tion 1.9 and stationary phase calculations such as in §9.2 can be used to
show that the condition (1/p1,1/p2) € A(a,b) in Theorem 1.6 is necessary
for mg (D) € Sp(p1,p2). See also calculations in the proof of [5, Prop. 7.10]
and related arguments for the multiplier in (10.3) below. We now construct
an example completing the proof of Theorem 1.7.

Proposition 10.1. Let 0 < b < ad/2,a # 1. There is m € FM(a,b) such
that m(D) € Sp(p1,p2) if and only if (1/p1,1/p2) € [ \(a,b).

Proof. Let o € C° be supported in {¢ : 2 < [£] < 2} such that ¢o(§) =1
for T < |¢] < 3. Let no = F o). Let N, Na be two infinite disjoint
subsets of N such that N := N} U N5 is well separated in the sense that

nzl—i—'l n|>1+|1 anne/\/andn;én Define
m = mj + ma,
where
(10.2) = 37 2Ry, (2R
keNy
(10.3) Z 9 (2R € €2 kE=a)ig|2 /2
keN2

and note that m € FM(a,b). We remark that for the purpose of LP — LP
inequalities m; behaves better than the oscillatory multipliers m, p, indeed
if b > 0 then m1(D) maps LP — LP for all 1 < p < oo; yet my(D) provides
an example for the sharpness of the line through Ps and Py in Theorem 1.7.
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Let K = F~!'[m]. Assuming that m belongs to Sp(p,q’) we must show
that (1/p,1/¢') are on or below the line connecting P3 = (1,4 + £), and
Py = (3+ L 1) that is 1/p+ 1/¢ < 1+ b/(da) or equivalently, b >
da(1/p—1/q). Moreover, we must show that (1/p,1/¢’) lies on or to the left
of the segment () Py i.e. satisfies b > da(% - D).

Let T be the convolution operator with kernel ¥(z) RK (Rx) then by
Proposition 1.9 we get that T3* is bounded from LP — L% with operator
norm uniformly bounded in R. Here we may use a suitable ¥ € C2° sup-
ported in {z : 1/2 < |z| < 2} such that ¥(z) = 1 for 27 V/2 < |z| < 21/2. We
shall use this for the parameters

(10.4) R, =271~

We also let rp, be the convolution kernel of 7. We shall show the following
lower bounds:

(105) For n € Ni: T3] ospa 2 27074462,
(10.6) Forn € No: [[Tj o sre 2 270716720,

These imply after letting n — oo within Ni, Ns, that the conditions b >
ad(1/p—1/q), b > ad(1/p—1/2), are indeed necessary for m(D) € Sp(p, ¢').
Since for convolution operators the Sp(p1, p2) and Sp(p2, p1) norms coincide
we get that (1/p1,1/p2) € L2\(a,b) is necessary for m(D) to belong to the
class Sp(p1,p2). A calculation yields

kn(z) = ¥(2) Z K i(x),

keN
where K, ;. is defined by the following:

(10.7) For ke Ny : K, (x) = 27 Folk-nl-a)dy, (9-n(l-a)ok, _ okac ),
(108) For k € N2 . fn’\k(g) — 2716()%00(211(1711)7]65)ei(22n(1—a)*k(2—a))|§‘2/2.
We let n € N and decompose

main § :
Rnp = K’I’L + Up + Hn,kﬁ

k#n
where
(10.9a) RN () = Kpn(x),
(10.9b) up(z) = (¥(z) — 1)Ky n(2),
(10.9¢) En () = V(x) Ky ().

We first consider the case n € Nj and show a lower bound for the LP — LY
norm of the operator 7% .;, with convolution kernel k3™ := K. By

scaling and translation we have

1 1
(1010) (TS painll oo za = lpollam-a2 "G e A
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Moreover, for n € Na,
_ _ _ip—nal.|2
TR ainll Loz = 112700 (277 )e ™2 M2 g

_ 9—nbgnad(;— i2ne||2 /2

1
|| poe azosa.

Applying the method of stationary phase we get
‘]:—1[90061'2"“|~\2/2](x)‘ ~ 2—nad/2 for HfU’ - 2na| < 2na/4.

Hence

looe 1 2 2 (|

o] —2na|<a-na/4
1_1

> 2nad(a—§)

|F*1[<p0612na"|2/2]’qdx)l/q

and combining the above we get for g > p,

(10.11) 1T Nppspe 2 2707462 e A,

n,main ~

In order to deduce (10.5), (10.6) from (10.10), (10.11) we show error bounds
for the convolution operators with kernels u,, and VK, ;.

The contributions for K, j, are negligible for k,n € N with k # n. Indeed
from (10.7) it is immediate that for k € N1, n € N, k # n,

9(k—n(l—a))d
K i(2)] Sy 27

(1 + Qkfn(lfa)kx _ 2(nfk)(1fa)61|)N ’
Now consider k € Ns and if n # k for n € N, then (n—k)(1—a) ¢ [-10, 10].
We have then

Ky p(x) = (27T)_d2_kb/soo(2”(1_6‘)"“§)ei‘¢’n»k($75) de,

where ¢, 1(2,&) = 92n(1=a)=k(2=a)|£|2 /2 — (z €). Compute that for z €
supp ¥, [¢| & 2Fn(1=)

2(n=k)A=a) " if (n — k)(1 —a) > 10

[Veni(x, §)| = {1 if (n —k)(1 —a) < —10.

This implies after an N-fold integration by parts for |z| ~ 1, k € No, n € N,
|(n—Ek)(1—a)| >10

X < JoFbe-(n=R-aldg—ka(N=d) for (n — k)(1 —a) > 10,
Bt SN gt kaV-a)gn-010-0 -0 for (n — k)(1 - a) < ~10.

Finally, by the support properties of (1 —¥) and ¢,, an integration by parts
also yields

[un (@)] Sy 270 N=D (L 4 ) =N

for all n e V.
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The above estimates and the resulting consequences for upper bounds
for the corresponding LP — LY operator norms (obtained via Young’s in-
equality) show that those terms are small compared to the lower bounds in
(10.10), (10.11) and as a consequence we obtain (10.5), (10.6). O

11. PROOFS OF SOME AUXILIARY FACTS

11.1. Proof of Observation 2.4. We first note that the estimate (2.11) im-
mediately implies the analogous estimate with L(Sp) > Na, by writing Sy as
a disjoint union of cubes @ € 9Q(Sp) with L(Q) = Na, applying the estimate
on each such @), and noting that by the disjointness of such @,

(11.1) &s = | J U s
QEN(So) GoCA(Q)
L(Q)=N2 Sg:y—sparse
is a 7y-sparse collection of cubes in Q(Sp).
Secondly, following the argument in [5, §4.2] (based on results from [38]),

one can replace Ay . in (2.11) by an actual maximal sparse form Ag

as in (1.1); we omit the details. Lastly, in view of (2.9), the sums Z;-V:QNl T;

in (2.11) can be replaced by >, ., S ka]gf—k’)Pk_
To summarize the above reductions we see that Theorem 2.3 implies that
the inequality

N
(11.2) (S AT R, )| SCAG (1, 1)

ker (=1

holds uniformly in N and £, for all C2° functions fi, fo.
We now use a limiting argument from [5] together with Lemma 2.2 to
show that (11.2) can be upgraded to

(11.3) [(m(D) f1, f2)| S CA} g (fr, f2),

which in conjunction with (2.5) leads to the statements of Theorems 1.1, 1.2
and 1.3.

To this end we use (2.1¢) to decompose, for f € S,

(11.4) m(D)f = Pem(D)LiPpf
kez

with convergence in the sense of tempered distributions. We now apply [5,
Lemma A.1] for the subspace V =V, = Vs, consisting of all f € S for which
f is compactly supported in R%\ {0} (and use that these are dense in L for
1 < p < o0). This lemma tells us that it suffices to prove the inequality

(11.5) [(m(D) f1, f2)| S CA, o (f1, f2)
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for all f1, fo € V. For fixed fi; € V the k-sum in (11.4) reduces to a sum
over indices in a finite set F (f1). It therefore suffices to prove the inequality

(11.6) (3 Pom(D)LiPefi. f2)| S €05y (1, £2)
ker

for all finite families F C Z and for all f1, fo € V. Again, by [5, Lemma A.1]
it follows that (11.6) for all fi, fo € V is equivalent to (11.6) for all f; € V1,
fo € Vg where, for given p with p < p < ¢/, VY, is any dense subspace of LP,
and V; is any dense subspace of L”. It thus suffices to prove (11.6) for all
f1, f2 € CZ° and all finite families F C Z.

Let f1, fa € C2° so that the union of the supports of f; and f> is contained
in a set of diameter R. Let kn.x = max F . Observe that for all k£ € F,

(TP f) =0 if 20Fmee3 S R and £>0.

Then, we have o, Pum(D)LyPyfi = iy _so0 Spey Sono TV M P
The terms for ¢ = 0 are taken care of by Lemma 2.2; note that by (2.7) C
can be used both in Lemma 2.2 and Theorem 2.3. We have thus shown that
(11.6) follows from (11.2) for fi, fo € C2° and the proof is complete. O

11.2. Proof of Lemma 2.2. We are proving that for any 1 < p < g < co the
inequality

(11.7) \(ZT 'Pifi, fo)| < Climlloo A, o (f15 f2)
ker

holds uniformly in F.
The assertion can be derived for example from [5, Theorem 1.1]. The ver-
ification of the hypotheses on that theorem is similar to the computations in

[5, §6.3] and it is included for completeness. Let my =3, IA(,S:k)n@_k-),

sothat Try, =D e T Pk The support condition [5, (1.6)] clearly holds.
The boundedness Condltlons [5, (1.7)] follow from the standard Hormander
multiplier theorem after verifying that

(11.8) sup sup |Og ( TN S [Imloo
3 s O e "

uniformly in F. We need to analyze the derivatives of
pmr(t9) = Y0 9(6) [ plwm(2n)Bo(z e - w) du
ket
2_’“€t~1

and (11.8) follows after straightforward computation.
For the hypothesis [5, (1.8)], we have

IDily—i T Pl o na = [n([pm(28-)] # @) | aro—a
< 11 1®olloo|F~ [om (25 )] lloo S 1200,
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for all 1 < p < g < 00, using the compact support of @y and ¢. Finally, the
hypothesis [5, (1.9)] also follows from noting that

IDily—+ T Pellzomsro < [l — 1]]|ago [[[m(2")] Dol asosa,
the previous bound ||[pm(2*-)] * C/D\OHMpw < [[mlls and that
Inle ™™ = 1[[ae < (17 + ) = 7ill1 < IR

for any 1 < p < o0. ([l

11.3. Some embeddings for multiplier classes. We begin with a simple ob-
servation for compactly supported multipliers.

Lemma 11.1. Let 1 < p < g < oo and m € MP? be supported in a
compact set E. Then m € M7 and |m||yy15 Sg ||m|ap—sa.

Proof. Let x € C2° be such that x is supported on a compact subset of diam-
eter less than twice the diameter of E, such that x(£) = 1 on a neighborhood
of E. Since y € M'7P N M9~ we get

17~ f oo < [xlaga—oe |7~ imf)lq
17~ mfllg < llmllam—a |1 F~ el
17 D Alle < IIxllaz—oll£ 112
and putting the three inequality together we deduce the assertion. ([

Lemma 11.2. Forr < 1y < q let g € M be supported in a compact
set E. Let ® be a Schwartz function and ®y(z) = ®(27x). Then

g * el arri—a S |lg * el arrara + Cn2 || gl pp1soe.

Proof. Let E, be a compact set which contains a neighborhood of E and
let x € C such that x(§) = 1 for £ in a neighborhood of E,. Clearly
X € M™ 72 and therefore

(11.9) 1x(9 % ®0)|[ 101> S 119 * el arrasa.

Next we will examine the multiplier

(1= x(8) (g% De(€)) = (1 — x(€)){g. Pe(€ —))

where (g, -) refers to the standard pairing of a tempered distribution g with
a Schwartz function. We have M7 = FL>® — [2  with any N > d/2,

where ||f[|2, = [(1+ 1€2)~N|f(€)|2 d¢. Since g is supported in an open
°N
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subset of F, we have for £ ¢ supp ()

0211 = x(©){g. Fu(6 — )]

v llglez, D2 107 (= xR =l g, s,
B+B/=y

ng'Yle ||9HL2 2t +N) SGUII? ‘22(115‘3(5 ml~ M
n o

SNy 19l agiose 200 RIFN) =M Sup |dist (&, 7).
neko

We use that dist(supp (1 — x), Fs) > 0. We apply the displayed inequality
for any |y| < 2d and then choose N1 > 3d + N + Ns to get (for all 1 <r; <
q < o0)

(11.10) 1@ =) (g% @) || 110 SN 279l pr1ee.
The desired estimate follows from (11.9) and (11.10). O

Corollary 11.3. Let A’;jﬁq be as in (2.3). For p <r; <ry <q we have

(11.11) AbL <Akl 1 Oon2 NS oG AR

pP,r1,q ~ TTp,Tr2,q D,7r2,9"
7>0

Pmof Use Lemma 11.2 with ¢ = om(2*.), expand for the error term g =
g * <I>0 + 2 509 * \II and invoke Lemma 11.1. O

11.4. Proof of Lemma 7.1. Define

ux(§) = o(§)n(A¢)
per(€) = [#m(25)]  Ty(€)
peni(§) = per(t275¢)
and verify that
tf):Zakth i ( Z ekt (§
ker fEA

We shall use that 7 is a Schwartz function which vanishes at the origin
and thus get the estimate

M1+ |z)=N if A <1

(11.12a) 7 ual(@)] < Cw {)\—N(l )™V ifA>1

for all N. Consequently,
(11.12b) | F ua] |1 Sn min{A, AV},
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For any ¢t > 0 we have

(11.13)  [lph(t)ll a1,
B, 1 (

1 Mr—»r)
SIEEDY 3 Ms-sprnd)» Balar
n>0 keF teA(k

We split the sets A(k) = A*(k,t,n) U A (k,t,n) where
A*(k,t,n) = {€ € A(k) : 2° > 2" P min{1,25¢1}}
Ai(k,t,n) = A(k) \ A" (k, t,n).

We first argue that in (11.13) the terms with ¢ € A, (k,t,n) are negligible.
For £ € Ay (k,t,n) we have 2" > 275 max{1,27%t}. We use crude estimates
for F _1[,0@,;.3,,5] and take advantage of support properties. Write py1(§) =

S \/Il\g(f —w)¢(w)m(2¥w) dw and by a (d+ 1)-fold integration by parts we get
[F ped(w)] < 29D (L + [w]) = |gm (2" |oo

and we have F~1[px](w) = 0 for |w| > 2¢~1. Hence we obtain
F (v pes) * Tl ()|
< \‘I’n(w)\/\f_l[utgk](y)\(th_l)d\}' ool (25t (z —y))l dy
min 752—](:7 t2—ky—N 2€(d+1) okt—1yd
< 1w, | e k_f T
|z—y|<2-kt2t-1 (1+ lyl) (1426t o —y|)

We invoke the condition 2¢ < 2"~®min{1,2%t~'} for £ € A,(k,t,n). For
x € supp ¥,, we have || > 2"~3. Thus in the above integral we can use

ly| > || —|z—y| > 273 =27 k2t > gn=3 _on=6 9~k ypin {1, 2k¢~1} > ond

dy.

and hence
IF (- prp) * ¥ ]H1
—k, -N k 1
|y|>2n—4 (1 + !y\ (142 t |95 yl)*r

< Qd)g=—n(N=d) in fyo—F (127 %)= N},

Consequently, using [|[ug-rpept] * Wnllarr—r < |77 (wa-rpene) = Unllly in
(11.13) we get (assuming N > 3d)

d(5 -1 =
(1114) 2" TS ST s wpend * Unllazr

n>0 kel LeM(k,t,n)
1 1
< S 2Ty me{m K27y YD 2ty
n>0 <n—5

<> onBN) me{w Fot27f)y=N1 <1,

n>0
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We now turn to the main terms with ¢ € A*(k,¢,n) in (11.13), i.e. the
terms with 2" < 265 max{1,27%¢}. Notice that
=t pe ksl * Wnllarr—r S Nuwgg—e |1 llpe el arr—r = llu—s 1l ookl arr—r
o fro—k (po—ky—N o—td(r—7)
< min{t27%, (127%)~ }Aq 27T

Hence in (11.13) we can estimate the terms with ¢ € A*(k,t,n) as

Z 2" @ Z Z |[tg2—rpeje,t] * ‘f’;HMHT

n>0 ker LeA* (k,t)
—k —td(5—1) nd(4—1)
S D Y A2 >, 2
ker £>0 1<on<9t+5
2-kg<1 -
—kp\—N ol —7) nd(—7)
D DRCRUND D > 2
ker >0 1<2n
2-kt>1 <ot+29-ky
k0
oY Al
k>0
This finishes the proof of (7.9) and thus the proof of the lemma. O

11.5. An elementary lemma. The following elementary lemma is repeatedly
used in the induction step for constructing sparse families of cubes.

Lemma 11.4. Let QO be a family of cubes with bounded overlap and let

{fo}oeca be a family of functions such that supp fo C Q. Then, for all
l1<p<qg<oo,

H Z ol = IQ!)% F(3 Qo)
QeQ

Proof. By assumption, there is a constant C' such that every z is contained in
at most C' of the cubes in Q. We may split Q into O(C') disjoint families Q,
and it suffices to prove the inequality for each Q,. From Hoélder’s inequality,

H qu fQHp = (Qéu ||fQ||£)1/p = (Qéu |Q|1_p/q|Q’p/q_1||fQ”£> 1/p
<(S @)X e lsly) .

QeQ, QEQ,
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