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Abstract

Recent advances in unsupervised learning
have shown that unsupervised pre-training,
followed by fine-tuning, can improve model
generalization. However, a rigorous under-
standing of how the representation function
learned on an unlabeled dataset affects the
generalization of the fine-tuned model is lack-
ing. Existing theoretical research does not ad-
equately account for the heterogeneity of the
distribution and tasks in pre-training and fine-
tuning stage. To bridge this gap, this paper
introduces a novel theoretical framework that
illuminates the critical factor influencing the
transferability of knowledge acquired during
unsupervised pre-training to the subsequent
fine-tuning phase, ultimately affecting the gen-
eralization capabilities of the fine-tuned model
on downstream tasks. We apply our theo-
retical framework to analyze generalization
bound of two distinct scenarios: Context En-
coder pre-training with deep neural networks
and Masked Autoencoder pre-training with
deep transformers, followed by fine-tuning on
a binary classification task. Finally, inspired
by our findings, we propose a novel regulariza-
tion method during pre-training to further en-
hances the generalization of fine-tuned model.
Overall, our results contribute to a better
understanding of unsupervised pre-training
and fine-tuning paradigm, and can shed light
on the design of more effective pre-training
algorithms.

1 Introduction

Unsupervised representation learning has achieved re-
markable success in various domains, including com-
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puter vision and natural language processing, as ev-
idenced by a rapidly increasing number of empirical
studies [ , ) ) )

, |. In this learning paradigm, the goal
is to learn a representation function on a large, possibly
unlabeled dataset by optimizing a carefully designed un-
supervised learning objective. Then, using the learned
representation, a task-specific classifier, such as the
head of a neural network, is trained on a small in-house
dataset during the fine-tuning stage. This two-stage
paradigm addresses the issue of small dataset size in
downstream tasks. While unsupervised pre-training
for transfer learning has experienced significant em-
pirical growth, a comprehensive understanding of the
fundamental factors that influence the generalization
performance of fine-tuned models lags considerably be-
hind what has been empirically observed |

;, 2020].

Most existing generalization bounds primarily rely on
notions such as distance between the weights of the
pre-trained and fine-tuned models | , ,
, | or data-dependent measurements

such as Hessian | , | through PAC-Bayesian
analysis [ , , , | to
examine the performance of fine-tuned model. These
results inform the design of effective regularization
methods | , , , | or in-
corporating consistent losses | , | in fine-
tuning stage to improve the generalization of fine-tuned
model by mitigating issues such as overfitting caused
by fine-tuning a large model on a small training set
or instability due to label noise. These generalization
bounds, however, do not explicitly incorporate other
key factors that may govern the success of fine-tuning
such as similarity between the pre-training (on which
a model is pre-trained) and target tasks | ,
| or task diversity | , |, the
number of training samples and complexity of model
spaces utilized in each stage in a unified bound. For
example, in real-world learning tasks, the pre-training
and fine-tuning tasks may be conducted on completely
different domains, and we usually employ some kind of
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transformation on the pre-training data (i.e., adding
noise, rotating or masking), which further exacerbates
the data heterogeneity. Consequently, a well-designed
generalization theory is expected to take the data het-
erogeneity into account | , |. In modern
transfer learning, different tasks can be conducted in
the pre-training and fine-tuning stages. For example,
in a Masked Autoencoder (MAE) | ) ], a
regression task utilized during pre-training, while a
classification task used for fine-tuning. Therefore, a
desired theory should allow for flexibility in choosing di-
verse types of tasks in the pre-training and fine-tuning
stages which poses a challenge in formalizing the de-
sired guarantees.

Motivated by the above observations, we aim at formal-
izing and establishing general generalization bounds
on unsupervised pre-training and fine-tuning paradigm
that captures aforementioned factors in a unified man-
ner. We introduce the notion of representation trans-
ferrability to quantify how much knowledge can be
transferred from unsupervised representation learning
stage to fine-tuned model, in the presence of task het-
erogeneity. We then establish a bound on the gen-
eralization capability of fine-tuned model composed
with pre-trained representation model that highlights
how representation-induced complexity and distribu-
tion mismatch affects the generalization of fine-tuned
model. We instantiate our theory to the scenario of
Context Encoder | , | with deep neural
networks and Masked Autoencoder | ,

, | with deep Transformer archltectures
which highlights the relative merits of learning repre-
sentations. From a technical perspective, we establish
generalization bounds for multi-layer transformers, by
deriving the worst case covering number of hypothe-
sis space by expanding upon the machinery that was
developed in | , |.

Since our theoretical analysis reveals the representation-
induced Rademacher complexity as one of the key fa-
cotors governing the capacity of the transfer learning,
it naturally motivates itself to be incorporated as a
regularizer during pre-training. Inspired by this obser-
vation, we propose a novel Rademacher representation
reqularized algorithm, dubbed as RadReg, to enhance
the generalization capability of the fine-tuned model.
We show that by utilizing unlabeled data from the
downstream task, we can effectively regularize the pre-
trained model to learn representations that entail better
generalization after fine-tuning. We propose an efficient
algorithm to optimize the new objective and establish
its convergence on smooth nonconvex losses.

Contributions. Our main contributions are summa-
rized as follows:

e (Theory) We introduce a formal framework to

study the utility of unsupervised representation
learning and fine-tuning paradigm (Section 3)
and derive the generalization bound for fine-
tuned model based on a pre-trained representa-
tion function (Section 4). We discover that the
generalization capability of model depends on
four key factors: Representation transferrability,
representation-induced Rademacher complexity,
domain heterogeneity, and generalization of the
pre-training task.

e (Applications) We apply our theory to derive gener-
alization bound of the pre-training with a context
encoder (CE) and a masked autoencoder (MAE)
with a transformer followed by a binary classifica-
tion fine-tuning task (Section 5). We show that,
the pre-training tasks defined by regression loss
are provably transferrable to downstream binary
classification task. In doing so, to our best knowl-
edge, we establish the first generalization analysis
of multi-layer transformer models with residual
block.

o (Algorithm) Inspired by our generalization bounds,
we propose a novel Rademacher Representation
Regularized algorithm, RadReg, for improved pre-
training and provide convergence guarantees for
nonconvex objectives (Section 6). The experimen-
tal results show that RadReg can learn better rep-
resentation than ¢ norm regularized training on
downstream tasks with a small dataset (Section 7).

2 Additional Related Works

Theory of Transfer Learning A significant body
of work | , , | fo-
cuses on the theoretical aspects of transfer learning
paradigm, trying to answer the question: why transfer
learning can work and what factors affect the learning
performance? [2020] give the first
risk bound capturing task diversity among pre-training
and fine-tuning stages as the key quantity affecting
generalization which is also reflected in our generaliza-
tion analysis. [ | follow the setup
in | ) ], and show that even though
the model architectures used in representation learn-
ing and fine-tuning are different, the task diversity
remains bounded. [ | study few-shot
representation learning, where it considers pre-training
a linear representation function by solving the regres-
sion problem with squared loss (OLS) on a give large
dataset, and then fine-tuning another linear predictor
on some target dataset. It shows that the generaliza-
tion will depend on the number of pre-training data
and fine-tuning data. Similar dependencies appear in
the generalization bound obtained in our main theo-
rem. [ | study the general supervised
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pretraining, and highlight the trade-off between the
intra and inter class diversity.

Theory of Modern Unsupervised Representa-
tion Learning. Recently, due to the rise of con-
trastive learning | ) | and masked train-
ing | , , , |, a line of
studies are devoted to understanding the generaliza-
tion capability or smaple complexity of these learn-
ing paradigms | , , ,

b Y ) ) ) )

’ ’ ) ) ]

[ | presents a theoretical framework for studying
contrastive learning, and shows that it provably reduces
the sample complexity of downstream tasks.

[ | considers contrastive learning and estab-
lishes the theory without conditional independence of
positive data pairs. [2020] proves that
contrastive learning optimizes for alignment and uni-
formity asymptotically. [ | establishes
the connection of masked pre-training with contrastive
learning over bipartite graphs. [ | also
considers a masking pre-training scenario, but contrary
to the present work, it assumes the labels are generated
by a function of masked data plus Gaussian noise, and
only focuses on the ERM model as a representation
function. A recent work [ , | also examines
the unsupervised pre-training framework, but the dif-
ference to ours, they consider a maximum likelihood
estimation as pre-training method, while we start from
general pre-training task and instantiate it in modern
machine learning scenario such as Context FEncoder
and MAE. [ | study the end-to-end
finetuing scenario, and find that the generalization
of finetuned model will depend on the distance that
neural network weights traveled away from pretrained
model. They hence propose a distance regularization
finetuning algorithm and achieve better performance.

[2022] also studies the entire model finetuning
paradigm, and derive a Hessian based generalization
bound via PAC-Bayesian analysis.

3 A Formal Framework

In this section we formalize unsupervised pre-training
followed by supervised fine-tuning problem that will
enable us to study the relative merits of various un-
supervised representation learning approaches and ex-
amine their utility on the generalization capability of
downstream tasks. In the scenario of unsupervised
representation pre-training and fine-tuning on a down-
stream task, we are given two datasets: one, possibly
large, unlabeled pre-training dataset and a small la-
beled data set. The goal is to learn model foh which is
composed of task-specific function f € F and represen-
tation function h € H, where F and H are model spaces

for fine-tuned and representation models, respectively.

Unsupervised pre-training. We assume access to
a raw pre-training data {X;}, drawn from an un-
known, arbitrary distribution D over an instance do-
main X such as images. To learn representations,
one first transforms (e.g., masking, adding noise, ro-
tating, or other geometric transformation) unlabeled
data into z; = T1(X;) € X and (self-generated) la-
bel y; = T2(X;) € Z using suitable transformers
Ty : X = X and Tp : X — Z to generate the pre-
training dataset U = {(z;,y;)}};. For example, in
pre-training with masking, our augmented data are
masked sentence/image, and self-generated labels are
the masked part of data. We denote the transformed
distribution over X x Z as U. We note that that
marginal distribution Uy of U over instance space X is
not necessarily same as D of raw data due to random-
ness in data transformation 77. To learn the represen-
tations, we consider a class of decoding and encoding
pairs, which is closely inspired by [ , ],
and minimize the following empirical risk

NZ roen 9 0 MEZi), Y1),
(1)

where G C{Z — Z} and H C {X + I} are the model
spaces for encoder and decoder, respectively, where
7T denotes the latent space of representations, and ¢
is the loss function used for pre- tramlng, e.g., {(go
Mzi),¥:) = |lg o h(z;) — ¥:||3. Let § and h denote the
decoder and encoder (representation function) obtained
by solving (1). We define the following excess risk for
pre-training task:

511(9» }AL) =

min  L;(goh)
geG,heH

Ly(Goh)— min  Ly(goh)

9€G,heH
where Ly(g o h) := E@Gg)~u[l(f o h(Z),y)] denotes
the generalization ability of pre-training task realized
by distribution ¢4. We note that the learned decoder
function ¢ may be discarded after pre-training. We
use hj, = arg minpey mingeg Ly4(g o h) € H to denote
optimal encoder for pre-training task.

Supervised fine-tuning. In fine-tuning stage, we
assume access to a labeled downstream dataset 7 =
{xi,y:}!_, where feature vector x; is sampled based an
unknown, arbitrary distribution 7 (possibly different
from D) on domain X, and its label y; is generated
based on a labeling function y; = y(x;). The goal is
to utilize the representation function h obtained by
solving ( ) to perform fine-tuning on the downstream
dataset T to learn a prediction model f from a function
class F:

. i1 ;
minRp(foh)i=—% L o(foh(x)yi) (2)
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where ¢ is the loss function which is not necessarily
the same as the pre-training loss.

Our goal is to rigorously analyze the generalization
capability of the final model which is the composition
of two functions, i.e., f o h where f is the solution of
(2), by bounding the excess risk
Er(fih)=Ry(foh)— min R h). (3
T(f,h) =Rr(foh)— min Rr(foh). (3)
Here Ry (f oh) := Ex7[0(f o h(x),y(x))] denotes the
true risk on downstream task realized by distribution
T over X and underlying labeling function y(-).

4 On the Utility of Unsupervised
Representation Learning

We now turn to establishing the generalization bound
of fine-tuned models given a pre-trained representation
function, and discuss its implications. Before, we first
introduce two key notions. We start by introducing
the notion of Rademacher complexity of a hypothesis
space when individual models are composed with a
fixed representation function (similar measures appear
in | , , , D.

Definition 1 (Representation-induced Rademacher com-
plexity). For a hypothesis space F of set of real (vector)-
valued functions defined over input space X and label
space Y, a loss function ¢ : Y x Y — Ry, and a dataset
T = {xi, ¥y}, the empirical Representation-induced
Rademacher complexity of F with respect to ¢ and '?,
for a given representation function 71, 1s defined as

9‘{?((;50.7'-0%)
1 n N
=E, n | sup — € o h(x:),yi)|
e [sup LS oo >y>]

where €1, . ..,&, areii.d. Rademacher random variables
with P{e; = 1} =P{e; = -1} = 1/2.

The following definition, relates the generalization of
fine-tuned and representation models.

Definition 2 (Represnetation transferability). Given
two representation functions h,h’ € H and a distri-
bution U for pre-training data, we say a pre-training
task and fine-tuning task satisfies (Cg, B) transferability
for some constant 0 < Cg < 00,8 >0 on h, k', if the

following statement holds:
inR h Rr(f ol
wmin Ry (f 0 ) ~ min Ry (f'o W)

B
<Cjp (mm Ly(goh)— meugl Ly(g o h’))
g/

where Ry, (f o h) i= Exuy [0(f 0 h(x), y(x))] denotes
the risk realized by pre-training marginal data distribu-
tion Ux and downstream labeling function y(-).

We note that a similar notation is proposed in the
analysis of multi-task learning |

, Definition 4], to characterize the transferrablhty
from one task to another task. We emphasize that
represnetation transferability is the key to transfer
the generalizability of pre-training model to fine-tuned
model. Unlike the transfer ratio defined in previous
works [ , , , ,

, |, we have an exponent variable 8, which
allows the transferrability from losses with different
order, e.g., from a quadratic loss to non-quadratic loss.
Later on, we show that condition holds essentially under
realistic assumptions on suitable data transformations
to generate pre-training data and model spaces, such
as pre-training with a inpainting autoencoder and a
masked autoencoder with a transformer, where both
are fine-tuned on a classification task.

The next theorem establishes the generalization bound
of the fine-tuned model on a downstream dataset, given
a pre-trained representation function h.

Theorem 1. Assume h and g are the pre-trained rep-
resentation function and its associated decoder function,
and real valued non-negative loss ¢ to be G4 Lipschitz
and bounded by By. Assume pre-training and fine-
tuning task admit (Cg, B) representation tmnsfermbzl—
ity on h and hy;. If we solve (2) to get f, then with
probability at least 1 — v, the following statement holds

Er(f h) < Ca€u(g,h)? + 4G 4R+ (F o h)

log(1/v . N

+ 4B /YY) 4B T — oy + minEr(F 1)
n feF

where hf, = argminpey mingeg Ly(g o h) is the

optimal pre-training representation function, and
[P —Qllrv = supacqlP(A) — Q(A)| denotes total
variation distance between two distributions.

The proof of Theorem 1 is deferred to Appendix B.1.
Theorem 1 shows that the generalization of the fine-
tuned model depends on four quantities: i) Repre-
sentation transferrability, i) Representation-induced
Rademacher complexity, iii) domain heterogeneity and
iv) generalization of the pre-training task.

Representation transferrability is the key to connect
downstream generaliztion with pre-training generaliza-
tion. It is analogous to task diversity notion in the
multi-task learning works | ,

) |, since they all measure how well the
knowledge can be transferred across different learning
stage. However, our notion is more powerful since we
neither assume the pre-training and fine-tuning stage
share the same type of task, e.g., both being regression,
nor assume a generic nonlinear feature representation
is shared across all tasks [ , . As
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we will see in the later section, with the help of rep-
resentation transferrability, we can show that encoder
learnt by regression pre-training can be transferred to
downstream classification task. The representation-
induced Rademacher complexity will play a key role in
reflecting how well the learnt representation and F are
coupled. Notice that this complexity is defined over
downstream data, and only over class F, which means
that in fine-tuning stage we only suffer from a smaller
complexity in learning. The price for learning with
potential more complex encoder class H is paid in pre-
training task. This observation is consistent with a line
of multi-task or transfer learning works [

) ) 9 9 3 )

» 2023].

The domain heterogeneity term ||7 — Ux|| charac-
terizes the statistical heterogeneity between the pre-
training task and the fine-tuning task. Generalization
of the pre-training task also appears in the bound
which depends on the convergence of the optimization
algorithm, and the complexity of the representation
function classes G and H for decoder and encoder,
respectively. The last term minger E7(f, hfy) is the
downstream risk evaluated with optimal representation
model i, which characterize the task heterogeneity be-
tween pre-training and downstream stages. If the two
tasks are well aligned, i.e., they share similar optimal
representation, then this quantity is ignorable.

5 The Power of Unsupervised
Representation Learning

We now proceed to establish generalization bounds
in two distinct settings by refining the generic result
presented in the previous section.

5.1 Pre-training with Context Encoder

The setting. We start by applying our theory to
the setting where inpainting task is considered as pre-
training task and binary classification as downstream
task. This learning paradigm is also known as Con-
text Encoder (CE) | ) |, where in pre-
training stage, a deep neural network is trained by
reconstructing a random transformation of raw data
(e.g, rotating, scaling, adding Gaussian noise or mask-
ing) of a given image:

min  L;(goh): ) —zi|® (4)

geG,heH

H'Mz

to learn g and h. Then, we discard the decoder g, and
use the rest layers as an encoder. A linear projection
head is added on top of encoder in fine-tuning stage,

on the downstream binary classification task with data
X1,...,Xy using the learnt encoder h:

mlnR
feF

Z¢ Fh(x:)),m). (5)

The encoder-decoder architecture is defined as follows:

encoder: h(x) =0 (W -0 (W;ix)),

9(h(x)) = W 1h(x),

where Wy € R™%? W, ..., W; € R™™ and
Wiy € R&™ In fine-tuning stage, we add a linear
head on top of encoder function, i.e., f(h(x)) = 8T h(x).
The hypothesis class for encoder is then defined as:

x—= o (Wg--0(Wix)): [[W| < W(D),
[Wally, < B(l)

decoder:

where W(l) and B(l) are upper bound on spectral and
(2,1) norms of weight matrices, respectively.

The decoder class is defined as:

G = X — WL+1X : ||WL+1|| < W(L + 1),

' IWeillyy < B(L+1)
Generalization bound. The following lemma es-
tablishes the representation transferrability of CE pre-
training to binary classification task. We need to make
the following assumption

Assumption 1 (Realizability). There exists g* € G
and hy; € " such that Ly(g* o h;) = 0.

Remark 1. In Assumption 1 we assume that there
exist optimal encoder and decoder that can perfectly
realize pre-training task. This is reasonable if we con-
sider overparameterized model, e.g., deep neural net-
work. For example, in masked image reconstruction
pre-training, at the most cases, the remaining part of
image s enough for deep model to reconstruct the raw
Zmage [ ) Y ) /'

Lemma 1. Under Assumption 1, CE pre-training ad-
mits an (Q(1),3) representation transferrability to
binary classification task.

The proof of Lemma 1 is deferred to Appendix C.1.
This lemma shows that generalization of a pre-training
regression task can be effectively transferred to a down-
stream binary classification task. Here the transfer
exponent is = 5, which implies that the generalization
risk of downstream task will be roughly square root
of pre-training generalization. To get the excess risk
rate of downstream task, we need to derive the general-
ization risk of neural network regression. The existing
works [ , , , , ]
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mainly focus on classification task where the loss func-
tion is Lipschitz, which is not the case in regression
loss. Our technique is to generalize the seminal analy-
sis in [ , | for smooth losses and scalar
valued hypothesis classes to a vector valued hypothesis
class, i.e., neural network class in our case and borrow
the standard neural network covering number result
from [ ) ] to conclude the proof.

Theorem 2. Assume h andf are the pre-trained rep-
resentation function and its associated decoder function
obtained by solving (4) and (5). Let Z = [z1;...;ZN]
and X = [X1;...;xn] be pre-training and downstream
data, then under Assumption 1 with probability at least
1 — v, the following statement holds:

5T(fa i")

- s X||
<6 Vspa X2 N

HZH SL+1 (Zl L p’)

n N
log(3) : )
where s; = [112" W2 (1), pp = BU)/W (1) .

The proof of Theorem 2 is deferred to Appendix C.3.
Here we achieve roughly O(L\/? + C(gij\?)) bound for
downstream task where C(-) denotes the complexity
of the set. The cost of learning the complex heavy-
weight encoder is incurred during the pre-training task,
whereas in the fine-tuning stage, we only endure the
complexity of learning a lightweight classification head.

5.2 Pre-training with masked autoencoder
with tranformer models

The setting. Here we apply our theory to explain the
empirical success of masked autoencoder pre-training
methods | , ]. In masked autoencoder
pre-training, taking vision tasks for example, we draw
a large set of images Z1,...,ZN € RE*4 and then
randomly mask some patcheb of each image to get
Z1, .. ZN € REXd Then an encoder-decoder model
is tralned by recovering the missing patches:

NZHQ h(Z))

to get g and h. Finally, we discard the decoder and
only fine-tune a new head (e.g., linear projection layer)
on the downstream binary classification task with data
X4,...,X,, using the encoder:

min  L;(goh)
geG,heH

(6)

fer

3

min R l Z ) Yi)- (7)

We consider an L-layer transformer as the pre-training
encoder model, and a linear projection layer as the
pre-train decoder model, and a linear projection layer
for binary classification as fine-tune model.

encoder:  h(X) = SAwr (SAwz-1 (-

9(h(X)) = (h(X)) Wp,

SAW1 (X))) 9
decoder:

where SAw () is a self-attention module parameter-

ized by W= (Wv, WQ, WK, WFCla WFCQ), which is
defined as
SAw(X) = (0 (ZWF01) Wees + Z,

Z = (oqA + X) 5

1
A = soft ——XWg(XWo)T | XW
softmas (27X Wi (XWo) )XW,

where aq, o are some small constant, as used in prac-
tice | |. We assume [th layer’s weights’
spectral norm is bounded by W (l), and (2,1) norm
is bounded by B(l). In downstream task, we aggre-
gate (sum) over all patches from encoder, add a linear
projection head 6 on top of h(X) to make a scalar
output:

downstream:  f(h(X)) = (1" h(X))8.

Generalization bound. The following lemma estab-
lishes the representation transferrability of MAE with
a transformer pre-training to binary classification task.

Lemma 2. MAE pre-training admits an (2(1),3)
representation transferrability to binary classification
task

The proof of Lemma 2 is deferred to Appendix D.1.
This implies that MAE pre-training with a multi-layer
transformer can be transfered to binary classification
task, with a constant factor. The exponent is also 1/2.
To derive the excess risk bound of downstream task, we
need to find the generalization risk of transformer re-
gression, which is characterized by the following lemma.

Lemma 3 (Generalization of MAE pre-training task).
Let §, h be the solution of (6), and Z[N] =(Zy;...;ZN]
is the concatenated pre-training data. Then under As-
sumption 1 with probability at least 1 — v the following
statement holds:

5u(§,ﬁ)§0<s§Hz[N H ZPN log(;; )
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where
l

=[] (2W?(j) + 1) (W?(j)aa K +1),
j=1
=0 ((craoW?2(1) + a1)?B?(1) In(2d?))
% <K2 n a1W4 l) (81_1 maXiE[N] ||Xl)4>

dx

+ O (a3W2()B*(1)(1 + o K*W?(1)) In(2dm)) .

The proof of Lemma 3 is deferred to Appendix D.2.
The proof idea is similar to analysis of CE pre-training,
where we connect local Rademacher complexity to the
covering number of model class, and then use tech-
niques from | , ] to establish the gener-
alization of a smooth loss, i.e. MSE. At the heart of our
proof is to carefully control the norm of stacked output
of transformer on N samples, so that the final covering
number does not scale with N, but only depends on
spectral norm of concatenated samples. We note that
a similar study | ) ] also establishes
the capacity of transformers, but they do not consider
residual blocks.

We now proceed to determine the excess risk associ-
ated with fine-tuning a transformer model on a binary
classification task.

Theorem 3. Assume h andf are the pre-trained rep-
resentation function and its associated decoder function
obtained by solving (6) and (7). Let Z[N] = [Zy;..2x]
and Xny = [X1;...XN] be pre-training and downstream
data, then under Assumption 1, with probability at least
1 — v, the following statement holds:

(f, h)
2 ||7 P \L
SLHX il SL HZ[N]H 2ut1 P
* N

+ 4By V +HT Ux || oy —l—miné’T(f,hu)

where s;, p; are constants as defined in Lemma 3.

The proof of Theorem 3 is deferred to Appendix D.3.
Our observations are similar to those in the CE scenario:
since we train the encoder only on the pre-training
dataset, during downstream learning, we mainly con-
tend with the intricacies of a smaller model class, which
results in the generalization bound of O( C\(/};;) + C(%) ).
Meanwhile, it’s worth noting that the introduction of
masking may potentially reduce the norm of the data,

denoted as HZ[N]

, thereby diminishing the influence

of the second term. On the other hand, it could also
amplify the domain discrepancy, i.e., |7 —Ux||py-

6 Effective Learning via Rademacher
Representation Regularization

As shown in Theorem 1, a significant quantity that
affects the generalization risk of downstream task is
Rz(poFo fi), the Rademacher complexity of F given
learnt representation function h. Here we devise an
algorithm to leverage the unlabeled downstream data in
the pre-training stage, to regularize the representation
function and further improve the accuracy of fine-tuned
model.

Let us first consider binary classification case with
binary label y; € {—1,+1}. The idea is that, in
the binary classification setting, the Rademacher com-
plexity is independent of labels, and hence it can be
precisely estimated by only unlabeled downstream
dataset. If we assume ¢ is G Lipschitz, then ac-
cording to the contraction property of Rademacher
complexity | , |, we have:

Ry 0 Foh) < Gyl [supser 2 Xy oif (h(x))],
where we can see that, due to the randomness of
Rademacher variables, the upper bound of Rademacher
complexity can be estimated without knowing the ac-
tual labels {y;}™ ;. Hence, we can leverage the unla-
beled downstream data in the pre-training stage, to
regularize the representation function. This can be cast
as the following problem:

. 1 n
min Ly(goh) + AEs |supsex - ; oif(h(x:))],

where A is the regularization coefficient. The idea
can also be generalized to multi-class classification,
where we use a vector contraction lemma to esti-
mate the upper bound of this complexity which we
discuss in Section 6.1. To estimate the expectation,
we sample B conﬁgurations of Rademacher variables
{07 = [o],...,0l]} 2 j=1- If we assume f and h are pa-
rameterized by v € V and w € W, respectively, we
have

A 1
vnéinvﬁ (w )+§Z maX7ij(Vj,W;Xi) (8)

where R, (v, w; x;) := 07 fy (hw(x:)).

Optimization method. To solve the aforementioned
optimization problems, we adapt the celebrated SGDA
algorithm | , | (Algorithm 1). At the
beginning of each iteration we first sample a batch of
n’ pre-training data {z!}" ;, and then do mini-batch
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Algorithm 1: RadReg: Rademacher Regularized
Pre-training

Input: Number of iterations T'; regularization
parameter A

Sample B configurations of Rademacher variables
{o!,..., 0P},

Initialize v = 0, Vj € [B]

fort=0,...,7T—1do

Sample a batch of data from pre-training
dataset {z!,...,z!,}

Sample a batch of data from downstreaming
dataset {x},...,x%,}

for j=1,...,B do

t+1 i <
Vil = vl 4y 3T VR (vE whxD).
# Dual variable update

end
witl = wh - L S VL (wha)

_,’7)‘ Z] 1|:n’21, 1v m(v W Xt)]
# Representation model update

end
Output: W uniformly sampled from {w'}%

stochastic gradient descent:
t+1 _ _ n' t gt
with = w! nn/ Z VLg(w'; ;)

1 B 1 n' ]
_nAE ijl {, VW (v whx)

n =1

To solving the inner max problem, we sample an-
other batch of n’ downstream (unlabeled) data, and
then we do one step mini-batch stochastic gradient

ascent:vi Tt = vi 4 4L ZZLIV R;(vh,whx}).

Convergence analysis of RadReg. To estab-
lish the convergence of RadReg on (8), we consider
the following primal function:¥(w) := Lz(w) +
/\% 231‘3:1 [maxvjev % SR (v, ws xi)] . Then we
follow | , | and consider the following
Moreau envelope function:

Definition 3 (Moreau Envelope). A function ¥,(w)
is the p-Moreau envelope of a function ¥ if U ,(w) :=
ming ew { (W) + o ||w' — w|*}.

Theorem 4 (Convergence of RadReg with Linear Top
Layer, Informal). RadReg (Algorithm 1 converge to e-
stationary point of Wy ,41,(W) with gradient complexity
bounded by O (B/€®) .

The formal version of Theorem 4 as well as the proof is
deferred to Appendix E. We can see that the proposed
optimization algorithm can find an e-stationary point
with at most O (B / 68) stochastic gradient evaluations.

Given that complexity increases with respect to B, it
becomes crucial to have an appropriately sized sample
of Rademacher variable.

6.1 Multi-class

The proposed regularization idea can also be general-
ized to multi-class classification. If the model f(-) is a
vector-valued function, i.e., in multi-class classification,
f(h(x)) : X = R°, we can apply the following vector-
valued contraction lemma of Rademacher complexity:

[ Let ¢(-,-) : R +— R be G-
Lipschitz in the first argument, and f(-) : R? — R°
be vector-valued function. Then, the following facts

hold true for Rademacher complexity over F and any
h:X R

Lemma 4. [ ,

E

sup — Z ei(f )]

feFr i3

1 n
sup Zeif(h(xi))] :

i=1
where g; € {—1,+1}° is Rademacher vector.

Now the empirical minimization problem becomes:

. 1
nin. Ly(w)+ )\E Z

Specifically, if the top layer is a linear projection layer,

ie., f(h(x)) = Vh(x), the objective is equivalent to:
1 < 1< -
g, La(w) + 25 3 [%125“ (Vn ZM’“)("?)T)] ’

where tr(-) denotes the trace of a matrix. Here the
inner problem is convex and easy to solve with simple
(stochastic) gradient ascent.

7 Experiments

In this section, we empirically evaluate the proposed
regularization method in improving the generalization
of unsupervised pre-training to downstream tasks. We
utilize the Masked AutoEncoder (MAE) | ,

| as the base unsupervised pre-training method.
We conduct experiments using 50,000 images from CI-
FARI10 dataset | ) | for pre-training
and 4,096 few-shot STL | , | samples
for finetuning. Since our regularization requires un-
labeled data from the downstream task, but L2 and
non-regularization methods cannot leverage those data,
for a fair comparison, we incorporate the fine-tuning
data into a separate unsupervised loss with the same
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Figure 1: Testing and training accuracy by epochs, averaged by three repetitions.

Reg. A ‘Final Acc Best Acc Train Acc
None - | 70.8(0.2) 70.9 (0.3) 100 (0.)
10=*| 70.7 (0.3) 70.7 (0.3) 100 (0.)
Lo 10=3| 70.8 (0.6) 70.9 (0.5) 100 (0.)
1072] 70.7 (0.6) 70.9 (0.5) 100 (0.)
107°| 71.5 (0.2) 71.8 (0.3) 100 (0.)
RadReg 10=%| 71.5 (0.4) 71.6 (0.7) 100 (0.)
1072| 69.6 (0.6) 69.6 (0.5) 100 (0.)
(a) End-to-end fine-tuning
Reg. A ‘Final Acc Best Acc Train Acc
None - |55.3(0.1) 55.5(0.0) 65.7(0.2)
10=°| 55.3 (0.1) 55.5 (0.0) 57.5 (0.1)
Lo 1074| 55.9 (0.1) 56.0 (0.1) 58.2 (0.1)
1073| 54.4 (0.0) 54.5 (0.0) 58.2 (0.1)
10=°| 56.8 (0.0) 56.9 (0.1) 65.7 (0.2)
RadReg 14| 968 (0.0) 27.0 (0.1) 40.6 (0.1)

(b) Linear fine-tuning

Table 1: Evaluation of MAE. Average fine-tuning accu-
racy is reported with its standard deviations in brack-
ets.

formulation as the MAE loss:
min Lz(goh) +a-Lz(goh) + AR=(F oh) (RadReg),

g,h
min L(goh) +a- La(goh)+ A [W|* (L2),
(Non-regularized),

g,
Igiilnﬁﬁ(g oh)+a-Lz(goh)
where we assume h is parameterized by W and « is
fixed as 0.01. Our proposed regularization will fur-
ther leverage the data to control the complexity of
learned representations. The details of experiments are
included in Appendix F.

In Table 1, we compare our method to non-regularized
MAE training and the one with L, regularization. We
repeat the fine-tuning three times by randomly selecting
4096 samples from the preset STL10 training set, and

report the mean and standard deviations. We vary the
coefficient for our and Lo regularization and compare
the best test accuracy on fine-tuning. We observe that
our method can effectively improve the downstream
performance as early as in the pre-training stage with-
out using any labels. Compared to Lo regularization,
our method can achieve higher test accuracy.

In Figure 1, we show the learning curves by different
regularization strategies. Due to the large capacity
of the pre-trained ViT encoder, all methods can suffi-
ciently fit the training set approaching 100% training
accuracy, but the testing accuracy reaches the ceiling.
Our method can improve the best test accuracy by
limiting the representation complexity as early as the
pre-training stage. Our method also improves the con-
vergence rate at fine-tuning, when our method reaches
the 71% test accuracy at epoch 80 but the best baseline
reaches the same accuracy after 200 epochs.

8 Conclusion

This paper establishes a generic learning bound in un-
supervised representation pre-training and fine-tuning
paradigm. We discover that the generalization de-
pends on representation transferrbaility, representation-
induced Rademacher complexity, task heterogeneity
and generalization of pre-training task. We apply our
theory to analyze the generalization of CE and MAE
pre-training. Motivated by our theory, we propose
Rademacher representation regularization, with a prov-
able convergence guarantee. The experiments validate
the superiority of our algorithm. As a future direction,
it would be interesting to expand our analysis to end-
to-end model fine-tuning, where task specific head and
encoder are jointly updated in fine-tuning stage.
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Organization The appendix is organized as follows. In Appendix A we will introduce some helper inequalities
that we will be utilized in our proofs and prove the main generalization theorem in Appendix B. In Appendices C
and D we will provide the proofs in Section 5.1 (generalization of pre-training with a context encoder) and
Section 5.2 (generalization of pre-training with masked autoencoder with a transformer), respectively. In
Appendix E, we provide the proof of convergence of the proposed algorithm in Section 6. At last, in Appendix F
we will provide the details of setup for our experiments and report additional results.

A Basic Inequalities

In this section, we provide some general technical results that will be used in our proofs.

Proposition 1 (Total variation distance and L; distance). [ , , Proposition 4.2] Given two
probability measures P and Q defined over instance space X, the following inequality holds:

P = Qlry = 5 3 1P — Q)]

XEX
Proposition 2 (Ruhe’s trace inequality). [ , | If A and B are positive semidefinite Hermitian matrices
with eigenvalues,
ar > ...>ap >0, by >...>b, >0, (9)

repsectively, then
n n
Zaibn,iﬂ S tr (AB) S Zazbz
i=1 =1

B Proof of Main Generalization Theorem

In this section we provide the proof of main result on generalization of fine-tuned model composed with an
unsupervised pre-trained model stated in Theorem 1. For readability purposes, we re-state the theorem here:

Theorem 5 (Theorem 1 restated). Assume h and g are the pre-trained representation function and its associated
decoder function, and real valued non-negative loss ¢ to be Gy Lipschitz and bounded by By. Assume pre-training

and fine-tuning task admit a (Cg, 8) representation transferrability on h and hy, . If we solve (2) to get f, then
with probability at least 1 — v, the following statement holds

A a a0\ B - log(1/v . %
Er(f.h) < Co (8u(0.1)) + 4G R (F o )+ 1By [PECL) 4B, T bl -+ minr (7, i),

where hj, = argminy, ey mingeg Ly (g o h) is the optimal pre-training representation function, and ||P — Qv =
supacq |P(A) — Q(A)| denotes total variation distance between two distributions.

B.1 Proof of Theorem 1

Proof. For the ease of presentation we define

fr(h) = arg ?ggRT(f o h) := Ex~7[o(f © h(x),y(x))]-

That is, the optimal fine-tuned risk minimizer in function class F w.r.t. distribution 7 over domain, given a
representation function h, which denotes the optimal risk minimizer for downstream task with labeling function
y(-), for a given representation function. Also, recall h;, = argmin,ey mingeg L14(g o h) denotes the optimal
pre-training representation function.

By standard risk decomposition we have:
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Er(fih) =Ry(foh)— min Ry(foh)

fEF,heH
= f o h) —mi h i h) — mi h
Rr(foh) g}ggRT(fo )+§rg;1737(f0 ) fer]glgleHRT(fo )

=Ry(foh) - min Ry (f o h)

+?1€Hf172ux(fo ) ?éllflRux(fo )

+ (g}g}lRT(f oh)— min Ry, (fo h))

v

We now turn to bounding each term in RHS of above inequality.

Bounding I. The term | can be bounded by following standard results in uniform convergence and noting the
fact that f is empirical risk minimizer of downstream task by fixing the pre-training representation function h:

I=Ry(foh)- ;neigRT(f oh)

=Rr(foh)=Rp(foh)+Ry(f o h) = Rz(f7(h) o h) +R7(f7(h) o h) = min R (f o )

<0

< 4R=(po Foh)+4B, w.

Bounding Ill. To bound I, we define f(h) = argmin;c Ry, (f © h), where Ry (f 0 h) = Exrn [0(f ©
h(x),y(x))] denotes the risk realized by pre-training marginal data distribution Uy and downstream labeling
function y(-) (Definition 2). We have:

= min R (f o h) = min Rue (f 0 h) < R (fi(h) © h) = Rugy (fii(R) o )

= B [6(fi1(h) 0 (%), ¥)] — Exenae[0(f5y() 0 (%), y)]
= 37T (x) — U ()] - Bf5(R) 0 (), y)

XEX

< By Y [T(x) —Ux(x)]

xXEX
< 2By | T —Ux|lpy -

where the last step follows from Proposition 1.
Bounding IV. For IV, recalling that f7(h) = argminscr R7(f o h), and we have
V= %igRuX(f oh{y)— min Ry(foh)

feEF ,heH
= min Rugy (f © hy) = min Ry (f o h)) + min Ry (f o hyy) —  min | R (f o h)
< Ruz (f7(hey) © hg) = R (f(hg) o hy) + min Ry (f o hyy) —  min | R (foh)

< 2B -U in& h’
> <15||T X”Tv"'ilnelg T(f, hyy)
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where at last step we use the same reasoning we used in bounding Ill, and the definition of 7 ().

Bounding Il. It remains to bound Il. Under the representation transferability assumption, we know

Il = min Rugs, (f © h) = min Rugs, (f © hiy)
B
< Cp (mln Ly(goh)— melg Ly(go h;))
9

B
S Cﬁ (Cu(g o h) — Hlelnﬁu(g @) hZ{))
g

where the last step follows from the definition of &,(-).

Putting pieces |-V together yields:

Er(f,h) < Cs (&,(g, iz))ﬁ +4G M (F o h) + 4By %

4B - U in& h,
+ ¢||T X||TV+¥£2 T(f, hiy)s

thus leading to the desired generalization bound stated in Theorem 1.

O

As mentioned earlier, to instantiate Theorem 1 to a particular application, we need to establish bounds on
representation transferrability, generalization of pre-training task, and representation-induced Rademacher
complexity as we demonstrate on two specific pre-training tasks. We note that similar notions to representation
transferrability were proposed in [ , , ], but
they do not have exponent in definition, so cannot capture the transferrablhty when pre- tramlng and downstream
task losses are not homogeneous. The term minsc 7 E7(f, hy;) characterizes how well the optimal pre-training task
encoder is when applied on downstream task. It will depend on specific pre-training and downstream distribution.
Since we do not make distributional assumption, analyzing this term is beyond the scope of this paper.

C Proof of Generalization for Pre-training with Context Encoder

In this section we prove the results on generalization of pre-training with Context Encoder (CE) and fine-tuning
on binary classification as downstream task provided in Subsection 5.1. Recall during pre-training, we draw a
set of unlabeled data,e.g., images {z1,...,zx}, and corrupt these data to make {21, ...,Zy}, then a deep neural
network is trained by reconstructing the corrupted pixel of a given image. The encoder-decoder architecture is
defined as follows:

encoder: h(x) =0 (W0 (W;ix)),
decoder:  g(h(x)) = Wri1h(x).

where W, € R™*4 Wy, ... W € R™*™ and W, € R¥™™ (for simplicity we assume the hiddent layers
share the same dimension m). We assume each layer’s weight is with bounded norm: [[W,| < W(0), [[Wy|l,, <
B(1),Vl € [L + 1]. The hypothesis class for encoder is then defined as:

H = {x — o (Wpg--0(Wix)): |[W] < W(D), ||Wl||2’1 < B(l),vl e [L]}

and decoder class is defined as:

Gi={x = Wopax: W] S W(L+1), Wiy < BIL+1)}.
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In pre-training stage we optimize the following empirical unsupervised losses:

L(goh) —z?, 10
,hin Ly (go leg zi (10)

where z; = T1(z;), and T} : X — X is some random transformation, e.g, rotating, scaling, adding Gaussian noise
or masking pixels.

After pre-training, we discard the top layer of the network, and use the rest layers as an encoder. A linear
projection head is added on top of encoder in downstream training:

downstream model:  f(h(x)) = 0" h(x),

with ||@|| < R, and we assume that only the linear head is trainable during fine-tune stage. We optimize a binary
classification task with Lipschitz loss function as fine-tuning task:

min R(00h) = 3" 607 h(xi),y1),

lel<r

to get f , where y; € {—1,+1} is binary labeling function for downstream task.

Roadmap. We will provide proof of Theorem 2 in the following subsections. The roadmap is as follows:
in Appendix C.1 we first show that the CE pre-training admits bounded representation transferrability to
downstream task (the proof of Lemma 1), and then in Appendix C.2 we prove the generalization of CE pre-
training task (Lemma 5), and finally in Appendix C.3 we conclude the proof for Theorem 2 by showing that the
representation-induced Rademacher complexity is bounded.

C.1 Proof of Transferability

In this subsection we provide the proof of Lemma 1. For notational convenience we define the following quantities:

Al (h,hiy) = min Egaeu(6(07h(2))] — min Bz, [6(07hiy(2))],
lell<r |6]|<r

~ ~ 2 —~ 2
A hiy) = gnin By |Weih(@) -2 - min By, |Weihin@) — 4|
L+1

. A B
To prove Lemma 1, we are going to show AZ,t(h, hy) < Cg (AZt(h, h;j,)) holds for some Cg, 3.

Upper bounding A/ t(iz hy;):  We examine A t(ﬁ, hy;) first. We define the optimal head for classification task

on distribution Uy under represetation hy, as 8* = arg min”0~”<R Eamriy (007 h/(2))].

Al (h,h*) = min Exys[$(0Th(2))] — Exnta[¢(07 iy (2)))

l6l<R
< Es s |0 h 0*"h(z
min Egoy, [07h(z) — 6T (2)
\/E 0Th 0*Th :
< mi ] N
>~ ||gﬁ1§nR (z,2)~U ( (Z) L{(Z)>

= in, \/9T]E [h(@)h7(2)] 0 - 207E [h(z)hy, " (2)] 6 + 0+TE [ny, (2)hg, " (2)] 6

Since /f(z) and f(x) attain the minimum at the same point, we examine the minimum of 8T E [ﬁ(i)iﬂ(i)} 0 —

20"E [h( Vi (z )} 6*+6*"E [h* (z)hy* T (2 )] 6* over . Under unconstrained setting, the minimum of above

statement is 6% T AQ*
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A=E[h@h" @) - E k@0 @) (& [hen @) E e @),

Hence we have

Al (b hiy) < VO TAG* = \/tr(AO*T 6*) Aomax (A Tuax (0% TO%), 11
M

where we applied Ruhe’s Trace Inequalities at last step (Proposition 2): tr(AB) < ijl 0i(A)o;(B) <
domax(A)omax(B).

Finally, we choose large enough R so that we can attain the optimum.

Lower bounding A/ (h,h*) Now we switch to lower bounding A (h, h*). We have:

7 * . 70 2 * * [~ 2
A7y (hy ) = W | ) B~ HWL+1h(Z) - ZH ~EGpu [Wiiihi(z) — 2|
105 * * (5 2

= WL+1 \|\£Vn\1|2W(L+1) (2,2)~U HWL+1h(Z) - WL+1hu(Z)

where the last step is due to our realizability Assumption 1, the optimal encoder-decoder exists in the hypothesis
class which can perfectly recover masked data.

Hence

~ ~ 2
A ohi) = min | Eg gy ||Weiih(z) = Wb (2)

WL+1€Rd><7n

d

~ 2

—  min ]E(2,Z>NMZHWTT1~L(2)—w:Th*(z)H
r=1

w,.ER™ red]

~ 2
>Z min B, Z)NunrTh(i)fijh*(Z)H

w,.ER™

7 AT T AN R AN T % * * FANLk [N T oo %
ZZ nin By (W @A) w, - 2w h(@)hi,(2) w + w b (2)hi(2) wy)

According to similar reasoning in the proof of upper bound, with A defined in the same way as (11), we have

d
Al (h, i) > > wi T Aws

r=1

m
=tr <AZW:W:T>
r=1
d
> Omax(A)Omin <Z Wi“’f)
r=1

where at last step we apply Ruhe’s trace inequality (Proposition 2)): tr (AB) > oymax(A)omin(B). Therefore, we
can conclude that

Al (b)) d01nax(076*T)

(alGhng) \/gmm (S, wiwsT)

)
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omin (S0, wiwsT)
transferrability to binary classification task. In the main paper Lemma 1 we omit the constant dependency for
ease of exposition.

which indicates that Context Encoder pretraining admits an <Q ( domax(976" ) ,% representation

C.2 Proof of generalization of CE pretraining task

In this section we are going to derive generalization bound of the CE pre-training. The generalization is given in
the following lemma:

Lemma 5 (Generalization of pre-training task). Let §,h be the solution of (4), and Z = [zy;... 2] is the
concatenated pre-training data. Then with probability at least 0.99 the following statement holds:

(HZHZIH(QWD( S W) (S ()
N

5u(§7h) S O

To prove Lemma 5, we first introduce the following worst case covering number quantity:

Definition 4 (Ly covering number). Given a hypothesis class H and a set of data § = {x1,...,xn}, let
Rh(X) = [h(x1);...; h(xn)] denote the concatenated output of N points. The the covering number N (H(S), €, || ||) is
the least cardinality of set C, such that for every h € H, there exists a h. € C, and ensures that

[(X) = he(X)[| < e.

Definition 5 (L. covering number). Given a hypothesis class H and a set of data S = {x1,...,XN}, the worst
case covering number N (H(S), €, ||-||) is the least cardinality of set C, such that for every h € H, there exists a
he € C, and ensures that

h(x;) = he(x3)]| < e
irg[‘c}éi]ﬂ (xi) (xi)[| <e

The following result will relate the Rademacher complexity of the local loss class induced by a hypothesis class H,
to the L., covering number of H.

Theorem 6 (| , , Theorem 1]). Given a non-negative H-smooth loss £ bounded by b and a set of
data pairs S = {(x,y:)}1Ly, Define a local loss class L(r) = {(x,y) — (h(x),y) : h € H,Lg(h) <1} for some
0 <r<oo. Then, for all f € F simultaneously

Vor  [InNoo (H, ———, ||
R (L(r)) < inf %+/a \/ ( F I II)d6

where the empirical Rademacher complexity of loss class is defined as

sup
heH,Lg(h)<r

%ZEiﬁ(h(Xi),yz')

i=1

Rg (L(r) = Ec

] . (e1s- - En 2 unif{£1})

The above theorem relates the complexity of loss class to the worst case spectral covering number of function
class, in our case, vector valued neural networks. Hence, it remains to find worst case (Ly,) covering number of
our encoder class

g oH = {X — WL+1O' (WL . -'U(W1X)) . ||Wl|| S I/V(l)7 ||Wl||2’1 S B(l) Vi e [L + 1]} (12)

Lemma 6 (Implication of | , , Theorem 3.3]). Given a set of data pairs S = {2}, and
hypothesis class defined in (12), then the following statement holds:

v/ 2ln(2m2) L1 L+l ) 3
I N (G o H(S). €, 1) < ImA(G 0 H(S). e | ) < 2] ey (HW2(1)> (Z(B(”>s> .

2
€
=1 =1

where Z = [Z1; ...; ZN].
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Proof. We define g o h(X) = [g(h(x1)); ...; g(h(xn))] € RV*?. Notice the fact that 2-norm of a row of a matrix, is
always less than the spectral norm of the matrix:

max [|g o h(x;) — g’ o I'(x;)]| < max [|(go h(X) —g' o h'(X))Tal| = [[go h(X) =g o K'(X)|,
i€[N] lall<1

hence we can have the following fact for covering numbers:
lnNOO(g o H(S)7 6 HH) < lnN(g o H(S)> 6 HH) (13)
At last plugging the bound for In NV (G o H(S), €, ||-||) from | , | concludes the proof. O

Equipped with above results, we are ready to show the local Rademacher complexity of loss class induced by
encoder-decoder function class G o H:

Lemma 7. Given a hypothesis class H, if the logarithm of its Lo, covering number In Noo(G o H(S), €, ||-||) s
bounded by %5, then the following bound for local Rademcaher complexity holds true:

<10\/E+10\/E<1n\/>—1n< CHT)).

Proof. According to Theorem 6 we have

Vir [InNy(H, ==, N
mg(ﬁ(r))§4a+1o/ \/ (NV”H" )de

Vor
cHr
§4a+10/a \/—N€2de

< 4o+ 104/ ﬁ (In Vor — In(c)).
5 B2cHr _

Choosing o = 3 ~ 3 \F\/ Hr will minimize above bound, and yields:

<1O\/E+10\/E<1fln< \/ﬁ))

The following theorem connects local Rademacher complexity to population risk.
Theorem 7. [ , , Theorem 6.1] Given a loss class L(r), let ¢(r) be the function such that

Rg (L(r)) < o(r).

then with probability at least 1 — exp(—v),

Ls(h) < La(h) + 450 +/Ls(h) ( B + \/ Wlog(L/y) +bloglos ¥ >) 4202+ Bloglog )

where r* is the largest solution such that ¢(r) =r.

C.2.1 Proof of Lemma 5

2 3
Proof. First we evoke Lemma 7 with ¢ = 12 HZH In(2m?) ( lL:ll W2(l)> ( lL:+11( B(1) )%)

<10,/H” C+1o,/CH (m r—ln( ,/H’” C))
[Hr -c [cHr 2 |bN
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We set ¢(r) =10 H’" < . max {1,1n (g ?) } Solving the follwoing equation to get 7*
Hr-c bN
=1 . 1,1 =
o) =10y =5 { " (5 Hc>} "
H 2 |bN ’
* _1002¢. L s
<~ r" =100 N max{l,ln<5 Hc)}

Now, according to Theorem 7, and the fact that
A<B+CVA= A< B+C*+VBC,

we have
2
4b(log(1 6loglog N
Lu(goh) < Ly(goh)+45r + (\/87“* + \/ (log /”); o808 >>
b(v 4 6loglog N b(v + 6loglog N 4b(log(1 6loglog N
4 90l +6loglog N) +\/ﬁa(goh)+45r*+20 (v+ 6loglog V) \/8?+\/ (log(1/v) + 6loglog N) )
N N N
Plugging r*, and empirical risk minimizers §, h will conclude the proof. O

C.3 Proof of Theorem 2
Proof. Recall that in Theorem 1, the generalization bound is given by
2 5 - s - log(1/v) : ‘
Er(f,h) < Cs (51,1(9, B+ u) T ACRE(F o h) +4By\| =52 4B, |IT — Uselloy + minér (£, hi).

Since in the previous subsection we prove the bounded transferrability and generalization of pre-training task, it
remains to show the upper bound of representation-induced Rademacher complexity. To this end, we have

N 1 n n
Ra(poFoh)=E, n sup — ) €i¢0ThXi7 i
(60 Foh)=Eecran) L:HQKM S (07 h(xi). )
1 n ~

< RGLE, n| sup — g0 h(x;

) e{£1} l91|9|§R n Zz:l ( )]
= — . eih(x;)
RGy

< Ee

Z:‘: Eiﬁ(xi) ’
=1

where at first inequality we apply Ledoux-Talagrand’s inequality to peel off Lipschitz loss ¢(-), and at last

inequality we use the fact that e; are i.i.d. with zero mean, so that the cross terms disappear. For each Hﬁ(xl)

)

we have:
L+1

< H W2(0) lIill*,

hence we arrive at

RG\[TIE W2 () S, [P

Rz(poFoh) < -

Plugging Lemmas 1 and 5 back into Theorem 1 as well as above bound will complete the proof of Theorem 2. [
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D Proof of Pre-training with Masked Autoencoder with Tranformer Models

We turn to proving the generalization of pretraining with masked autoencoder (MAE) with tranformer models
(Section 5.2).

Recall, in MAE pre-training for vision tasks as an example, we draw a large set of images Z1,...,Zy € RExd
and then randomly mask some patches of each image to get Z1, ..., Zy € RE*? Then an encoder—decoder model

is trained by recovering the missing patches (e.g., by utilizing MSE loss E(Z, Z) = HZ — ZH as pre-training loss).
F

We will consider L-layer transformer as the pre-train encoder model, a single self-attention layer transformer as
the pre-train decoder model, and a linear projection layer for binary classification as fine-tune model.

Encoder Architecture In a L-layer transformer, given a input X, the [th layer’s output is define as:

SAw: (XI71), 1= [L],

where SAw:(-) is the [-layer self attention module given a collection of weight matrices W! =
(WL, WL WL W, Whe,) € RiXd x Rixdr i Rixdic 5 RIXm x R™*4 defined as:

SAw: (XY = a0 (Z'Whey ) Whey + ZE,
Z' = (Al + X7,

1
A' = softmax (\/@XWZK(XWIQ)T) XW,,

where a1, s are some small constant, as used in practice | , ]. We use the Lth layer’s output as the
final output of encoder, i.e., h(X) = XL.

encoder: h(X) = X~

The hypothesis class of encoder is defined as:
X = SAwL (SAWL—]...SAWl (X)) :

Wil

W) Hzlv

vl =W, L (14)
Woll, - [Wll,, < BO), VL€ [L]

H:

W Cl”z 1 WFC2H2 1

Decoder Architecture When encoder finished processing masked sequence, we will send the encoder output
h(Z) to decoder. The decoder is a simple linear projection layer:

decoder:  g(h(Z)) = h(Z)WP,

To learn the representation model, we solve the following!:

2

La(goh) H
[ Lalge Z g(h

to get representation h.

Then, in the fine-tuning stage for a binary classification tasks with labels y; € {—1,+1}, we consider a linear
model parameterized by 6

downstream model:  f(h(X)) = 1T h(X,)8,

In some implementation of MAE pre-training, the MSE loss is not computed on full patches, but only the masked
~ 2
A © (9(MZ:)) — Z;)|| where A € R¥*? is the indicator

matrix with j row to be 1 if jth patch is masked, otherwise 0. This adaptation will not affect our analysis significantly.

patches. It can be adapted by changing our objective to % vazl
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with classification loss ¢(-,-) and optimize:

:\'—‘

min R=(0 o
l6ly<r T

zn: 1Th )0, vi),

to get f (or 6 in this setting), the aggregated patch over all patches is used for linear projection in classification
task.

Roadmap. We will provide proof of Theorem 3 in the following subsections. The roadmap is that in Appendix D.1
we first show the MAE pre-training admits bounded representation transferrability to downstream task (Lemma 2),
and then in Appendix D.2 we prove the generalization of MAE pre-training task (Lemma 3). The heart of the
proof in this part is to derive worst case covering number of transformer class. Finally in Appendix D.3 we
conclude the proof for Theorem 3 by showing that the representation-induced Rademacher complexity is bounded.

D.1 Proof of Task Transferability of MAE
Similar to proof of DAE transferability, we define the following quantity:

Al (hyhiy) = o Bz, 2 [9(87T (1Th(Z))T)] - HgﬁigR]E(z,Z)Nu [0(67 (1 hi,(2)) ")),

N n o~ 2 - 2
APE(LBE) = min E, . thwD—zH _E,, Hh zwD*—zH
u (B hy) V{}g& (Z,Z)~U (Z) - (Z,Z)~U u(Z) -
where 1 = [1,1,1,...] € RE.

Upper bounding Azlt(fu h};) We examine A{;t(ﬁ, hf;) first. Similar to DAE proof, We define the optimal head
for classification task on distribution /x under representation h;; as 8" = arg min||é||<R Ez 10y [p(07 (17 h;(Z)))].
Al (h,hyy) = Hgll‘glRE(z,z)Nu[¢(9T(1T3(Z))T)] ~ B 2)ul®(0T (1T hg(Z)) )]
< pmin, GoE 7290 ATR(Z)T) = (0" T (1T h(Z))T))|

a o~ ~ ~ 2
< O0T(ATh(Z)T —6*T(1Th(Z)T
lglngRGm/ E gz (6T(ATH(Z)T = 0T (17 (2))7)

= min
lel<r

G¢\/0TE [(1Tﬁ(2))T(1T/&(Z))} 0 20TE [(1Th(z))T(1Th;,(Z))] 0T + 6 E {(1Th;,(Z))T(1TﬁZj(Z))] 0

Since 4/ f(z) and f(x) attain the minimum at the same point, we examine the minimum of above state-
ment over 6 without square root. Under unconstrained setting, the minimum of above statement is

6*TA (1%(2),1%5(2)) 0" when 0% = (IE [(1Tﬁ(X))T(1Tﬁ(X))DT]E [(1TE(X))T(1ThZ,(X))] 6*. Hence we

have

< \/damax(A (1%(2), 1Thz,(2)))amax(é*é”),
where
A (1%(2), 1%;,(2))

= B[ ()T Th ()]~ B [Th(2) T Th@)] (B[ Th@)T@Thz)]) B [aTh@) T @)

At last, by choosing a properly large R, we can guarantee the optimum can be attained.
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Lower bounding A/ (h,h#) Similar to CE proof, we have:

AV (b, hyy)

. 2 - . 2
— min Eg, ‘hzwD—zH “E, Hh*ZWD —ZH
W},Iélﬂgdxd (Z,Z)~U (Z) - (Z,Z)~U u(Z) -
. - o112
— min Eg ‘hZWD—h*ZWD
Wb Eixa (ZZ)~U (2) u(Z) -
d a o~ ~ 2
> min B gy 2w — 1 Bpw;
i=1 "
d ~ -~ ~ ~ ~ ~ ~ ~ ~
=3 min B gy (W@ Th(Z)w, — 2w W) iy @)w; +w;: b (Z) hiy(Z)w;)
i=1 "

where the second step is due to our realizability Assumption 1, w, € R? represents rth colum of W2 and so is
w? € R? represents 7th colum of wh*,

Similar to Context Encoder proof, we define Schur complement as:

A ((2).17,(2)) = B [(hi(2)) 0 ()] B[ (0(2) T (h(2))] (& [ @) 0T @) 02 hi (2]

By computing the closed form solution of quadratic form we arrived at:

d
Al (ki) = Y wiTA (E(Z), h*(Z)) w
r=1

Recall that

At h ) < \/domax (A (1%(2), 1Th;;(z))) Tmax (07047,

Hence, we can conclude that

Al orwes (A (TRB.THD)) e
(Ai’f (fuhz,))l/2 - \/amax (A (E(Z),h;,(Z))) Trmin (ZLWJ—W?T) 7
which indicates that MAE pre-training admits an
\/amax (A (17h(@), 17h;,(2)) ) ) )

\/amax (A (ﬁ(z), h;,(Z))) Tmin (Ele W}‘W?T) 2

representation transferrability to binary classification task. Notice that the transfer constant Cg mainly depends
on the Schur complement of h(Z), h¥,(Z), and 17 h(Z),1"h}/(Z). In the main paper Lemma 2 we omit this
constant dependency.
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D.2 Proof of Generalization of MAE Pre-training Task

In this section we are going to derive generalization bound of the masking pre-training with Transformer. In
pursuit of optimal generalization bound of pretraining task, i.e., regression with deep transformer, we again need
to employ the framework we introduced in CE analysis (Appendix C.2). Hence, we need to upper bound the
worst case Lo covering number of deep transformer class. The following result establishes the worst case spectral
covering number of L-layer self-attention transformer defined in 14.

Lemma 8 (Covering number of transformer class). Let Xy = [X1;...Xn] € RN5*4 denotes the concatenated
data matriz. Then the worst case covering number of L-layer transformer class H defined in 14 is bounded as
follows:

L
I Moo (H(S), .| ) < O ( X ”) :
=1

where

l
si= ] (@2W?() +1) (W2(j)en K +1),
j=1

pri=0 (a%(azw%z) +1)2B2(1) In(2d%) (Kz L a2 () (o IIX*II)2>>
K

+ O (a3W2()B*(1)(W2(1) + o K*W?(1)) In(2dm))
[ Xl = max (1%l -

Roughly speaking, p; is the price for covering the parameter of [th self-attention layer, and extending the
cover to the whole model yields the sum over [. Notice that to ensure a L., cover, it suffices to ensure that
Zfil [h(X:) — he(X,)||* < €2. However, if we trivially cover each individual loss ||h(X;) — he(X;)||* with €2/N
radius, the final covering number will be N times larger, which make the later generalization bound vacuous,
i.e., greater than 1. To avoid this N factor, we directly consider the cover over concatenated data matrix X|xj,
R 2

and consider the covering Hh(X[ N]) — h(X[N])H < €2. Using the fact that matrix covering bound is independent
of dimension of X[y, but only depends the spectral norm of X|yj, the final covering number will only have
logrithmic dependency on N.

To prove Lemma 8, first we introduce the following matrix covering number bound from | , ]

Lemma 9. / , , Lemma 3.2] Let conjugate exponents (p,q) and (r,s) be given with p < 2, as
well as positive reals (a,b, €) and positive integer m. Let matriz X € RNEX4 be given with ||X||, < b. Then

I N ({XW: W € R>*™ |W]|

272, 2/
pe<abell-la) < {”m

2/r
= —‘ In(2dm).

Lemma 10 (Covering number of attention matrix). Given a set of data S = {X1,..., Xn} and the attention
matriz class:

S;,0,...,0,
1
Vi
0,..,0,Sy
||WK||2,1 ) ||WQ||2,1 < B,

the following covering number bound holds true:

2 2 4
N (Hs(S),e, ) < 0 [ EVBIXN 92y )
dK62
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Proof. we define set K = {XWi : [Wi| < W, [[Will,, < B}, Q@ = {XWq : [Wol < W,||Wqll,, < B}.
We define e cover of K as Cx, and eg cover of Q as Cg. We construct the following set:

S1,0,...,0,

Cs={S= :Si:softmax(
0,..,0,Sy

1

\/@Xin(XiWQ)T> Wk € C;@WQ S CQ

Next we will show that Cg is a cover of Hs(S) with some radius. For any Sjy € Hg, we can find S[N] € Cg such
that:

HS[N] — S[N]H < max ’ Sz — Sz
i€[N]
1 1 - .
= ft —X;Wg(X;Wg) ' | — soft —X,Wg(X;Wo) '
ietm |77 (m xXWa) ) SO (m KXWe) )H
vV K o o
< X X, W (X;Wo) T — X Wi (X, W TH
< = max H K ( Q) K ( Q)
VK ~
< X2 ha H X, Wx — X, W) (X, W TH
S g e ( K K)( Q)
VK - T : A7 \T
Y= Hxiw X,Wo)T = X, Wi (X, W H
. K( Q) K( Q)
WVK
< + Xz )
< e (e q) max ||
where the first inequality is due to the property of block diagonal matrices. We define || X.|| = max;¢cny || X
To ensure above bound is less than €, we choose ex = €g = TR V;?ﬁX”e. According to Lemma 9, we know:

KW?2B?|X.|*
In|Cs| <In|Cx|+1n|Cq| <O (M/de!”ln@dz)) .
K

O

Proposition 3 (Covering number of single self-attention layer). Consider the following function class of
self-attention module:

1
Vg
[Weetll, [[Wreall . [Wkll, [Wol, [Wv] < W,
IWecilloq: IWreezllo 15 [Wkllaq - [Wally,» [Wyllo < B,

X 5 0 (ZWrc1) Wrea + Z :Z = (A + X) , A = softmax ( XWK(XWQ)T> XWy

Hsa =

then the following bound holds for its covering number:

w2 282 ||Xp |7 2 2
A (#s4(8). €.} ) < O (““1“2 + 0B [ X | 1n(2d2>> <K2+<>qvvd||>w
€ K

2 2
Lo (aﬁWQB2(W2 [Xill” + oTK*W? [Xpq ) 1n(2dm)> ,

€

Proof. Recall that X[ € RNKXd js the concatenated data matrix, and we shall use h(Xiny) € RNEXd ¢4 denote
the concatenated encoder output, i.e., h(Xjy)) = [M(X1);..., (X )]. Our goal is to find the cardinality of a cover
such that for any h € H we can find a h. € Cga such that

|A(X(n)) = he(Xay) || < €.
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I: Covering number of input layer by value matrix Let Cy to be ey cover of set Hy(S) =
{X[N]WV Wy S W [[Wylly, < B}, then evoking Lemma 9 we have:

2

B?[|X
InN(Hy,ev, ) <O <H62[N]H ln(2dm)> .

\4

II: Covering number of Attention layer Next, consider the set of attention matrix

Si,0,...,0,

1

S = . 8; = softmax (XZ-WK(XiWQ)T> AWkl IWoll < W,
0,..,0,S Vix

yeeey Uy ON

Willar [IWelloy < B,
From Lemma 10 we know its covering number can be bounded as:

KW?2B? | X.|*
IV (Hs(S), ) < WA (P, es. 1) < O (dm!”mw%) .
S

Now we can proceed to bounding the covering number of following set:

1
Vdg

asoftmax < X[N]WK(X[N]WQ)T> XMWy [Wk]] [[Wel, [Wy] < W,

Ha(S) =
Willars [Wellyy s [Wylly, < B,

For every element V[N] € Cy, we construct the set a1 Hg(S) o V[N] = {als[N]V[N] :Sin) € HS(S)}. Then we

define e4-covering of Hg oV as C(Hg o V,e4,||-||). To construct Hg oV as C(Hs oV, ea, |-||), we consider Cs.
For any S;nVin) € Hs(S) o Vin), we can find Spyj € Cs, such that

oaSm Viny = 1S Vi | <

Sty = S
< anes [ X || W

Vi |

Setting eg = we can conclude that C(Hg o V, ea, |-||) actually e4 covers Hg o V and the following

€A
an | Xpw|[W
fact holds for the covering number

I

In|C(Hs(S) o Vinpea [N < sup N (Hs(S) o Viny,eas [|-]) <O

(a%KBQW‘* 1 [[X v
V[N]ECV

2
dKEA

1n(2d2)> .

Then we construct a cover C4 for H 4 by:
CA = U C(OQHS(S)OV[N])
V[N]ECV
It is not hard to verify the cardinality of this cover:

In|Cal <In|Cy|+ sup In|C(a1Hs(S) OV[N],6A7 1]
V[N]GCV

2
<0 <B2 H)g[N]H ln(Qdm)> L0 <a%KBQW4 ||X;||4 HX[N]
€y dKGA

I

ln(2d2)> .
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III: Covering number of fully-connected layer 1 By similar reasoning, we can show that the covering
number of

Hrc1(S) = {Z[N]WFCI 1 Ziny = ANy + Xnp, Ay € Ha(S), [[Wrerl| < W [[Wreilly, < B}
For every element A[N] € C4, we define set

ANy o Wrar = {(alA[N] + Xiv)Wrer, [[Wral| < W, [[Weeilly, < B}

We denote epci-cover of A o Wrcy as C(A[N] oWre,, €rcts ||1]]), and the covering number of A[N] o Wrc1 18
bounded by:

In |C(A[N] o Wrci, €rct, [|-]])] £ sup 1DN(A[N] o Wrci, €rct, ||[])
A[N]ECA

B2 (X |* + 03w || X [* S H

= sup 0]
SnjE€Cs 6FCl

<O< (X + o322 X | dmﬂ

In(dm)

6Fc1

Now, we construct the epci-cover of Hpc1(S) as

Cpc1 = U C(A[N]OWFCI7€FCI7||'H)
A[N]GCA

And the covering number is bounded:

In|Crc1| < |Cal+ sup In|C(A(y) 0 Wecr, ercr, |||
Anj€Ca

2 2 2 21174 4 2
<O<B [ X ln(2dm)> +O<Q1KB WX [ X 1n(2d2)>
€1/ dres

2 2 7277172
+O<BMX il + 03 X ) ‘MO'
6FCl

IV: Covering number of fully-connected layer 2 The analysis this part is almost identical to III. We try
to find the covering number of the set Hga. For every element F[N] € Crc1 and A (N] € C4, define the set

asF () 0 Wres + Ziy) = {QQU(F[N])WFCQ + Ziny  Ziny = Ay + X, [Wreez || < W, [Wrezlly, < B}

We denote epca-cover of CVQF[N] o Wresa + Z as C(agf‘w] o Wrao + Z, erca, ||-]|), and the cardinality of this set is
bounded by:

In[C(a2F (] 0 Wrea + Ziny, erca, ||]])] < sup In N (Fn) 0 Wrea + Zins erca, ||]])
Fnj€Crc1,AECA

o3B* (|[Xpw||” + a3 2w [ Xy ||*) W2

=0 5 In(2dm)
Sep)
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Now, we construct the epca-cover of Hrca as

Crco = U C(F[N] o Wrca + Z[N], €FC2; ||||)
ﬁ[N]GHFClaAGHA

And the covering number is bounded:
In ‘CFC2| <In |CA| +In |CF01| + ElaéX In ‘C(A[N] o Wec1, €, ||H)|
€Ca

2 2 2 217174 4 2
§O<B [ X ln(2dm)> +O<0<1KB WX [ X 1n(2d2)>
€y dKfA

2 2 2 127172 2
+O<B (Xpll” + o KEW? [ X | )ln(dm)>
€rC1

0382 (|| Xpu | + a3 K2W? Xy |7) W2

5 In(2dm)
Solep)

V: Verification of Crc2 being an € cover of Hga It remains to verify Crez is an € cover of Hga. Given any
Hn) € Hsa, we can find a H|y) € Cro2 such that

HH[N] — Hy H = HaQO(Z[N]WFm)WFCQ + Zin) — a20(ZinjWrc1)Wree — Ziy, H
< ap HU(Z[N]WFCI)WFC2 - U(Z[N]WFCI)WFCZH
+ HOQO'(Z[N]WF(H)WFC2 + Zin) — 20 (Zin)Wre1)Wres — Zjy H

< W HU(Z[N}WF(Jl) - U(Z[N]WFCl)H +erce + HZ[N] - Z[N]H :
We bound HO’(Z[N]WF01) — U(Z[N]Wp01)H first as follows:
HCT(Z[N]WF(n) - U(Z[N]WF01)H < H(OélA[N] + X (n)Wrer — (a1 Ay + X[N])WFCHH
< H(%A[N] + X(n))Wret — (01 Ay + X[N])WFan

+ H(QIA[N] + X(n)Wrer — (a1 Ay + X[N])WFCIH

<aW HA[N] - A[N]H + €rci.

For A[N] — A[N]

, we have

HA[N] ~Ap H = HS[N]X[N]WV - S[NJX[MWVH
=< HS[N]X[N]WV - S[MX[N]VVVH + HS[N]X[N}WV - s[N]X[N]WVH
< K HX[N]WV - X[N]WVH +€a
< Key +ey4.

Putting pieces together yields:

HO’(ZWFCl) — U(ZWFCl)H S 051W(K6V + EA) + €pC1-
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Now we switch to bounding HZ[N] — Z[N] H
HZ[N] - Z[N]H = HA[N] - A[N]H < ai(Key +€a)

Hence we know:

HH[N] — I:I[N] H < agW (a1 W (Key +€a) + €pc, ) + a1 (Key + €4) + €rca
= (aaW?K + o K)ey + (a10oW? + ay)ea + aaWepcr + erca

To make sure RHS is less than €, we set

€ € € €
v= 4(&1&2W2K + alK) . 4(&1&2W2 + al) Heror =

Recall that

In [Crea| < In|Cal + In|Cret| + max In[C(An © Wrer, & ||]])]
eCa

2 2 2 21174 4 2
<0 <B Hi[N]H ln(2dm)> +0 (OleB w ”X*” ||X[N]H 1n(2d2)>
%4

2
dKGA

o (BQ(HX wl” +04?K2W2||X[N]H dm)>
€hc

o382 (|[Xpw||* + 3 K22 | Xy |*) W

= In(2dm)
Fe2

Hence we can upper bound the covering number of Hg 4 as follows:

(0410[2W2 + 041) K?2B? HX[N] H

5 In( 2dm)>

((a1a2W2 + a1)?alKB*WH* | X, || HX [N] || 2d2)>

€

N (Hsa,e ) <O (

0]
+ dK62

€2

+O< 2B Xy [ + 0202 [ Xy ) Qdm)>

62 dK

-0 ((OzlonWQ + Oél) B2 HX[N]H 2d2)) <K2 + a1W4 X*|4>

€2

+O< SBR[ X[ + 0 KW X[ 2dm>>~

O

Proposition 4 (Contraction mapping of self-attention layer). For a single attention layer parameterized by W,
with ||[W|| < W, the following statement holds:

HSAW( ~SAw(X H (asW? + 1) (alKW+1)HX—XH.
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Proof. The proof follows by definition and simple algebraic manipulation:

HSAW(X) ~ SAw(X) ‘ < HO‘Q" (ZWro1) Wees + Z — fo (ZWF01> Weas — zH

< apW? Hz - ZH + Hz - ZH
< (aW? +1) HA+X—A—XH
< (aeW? 4+ 1) (Halsxwv - alsXWVH + Hx - XH)

< (W2 +1) (KW +1) HX - XH .

D.2.1 Proof of Lemma 8

Proof. We first examine the norm of each self-attention layer’s output:

1Kl < a2 25| + [1%:]
< (2?0 + 1) (o Ad] + [[X37]))
< (aaW2(1) +1) (W2 (D)oK +1) || X!

l
H (aW2(j) +1) (W2(j)an K + 1) | X

and grouped output
[t < 0220 2] + | 2h
< (W) + 1) (o afy |+ [x5:1])
< (aaW2(l) +1) (W2()aK +1) Hxl 1”

(N]
1
< L 76) 1) (¥t +1) o
For the ease of presentation, we define the class of Ith layer output:
SAl (SAH...SAl(X)) : HW’Fm‘ ;

wi H
H A PR

j
FC2
wi H wi H
’H Kllgq’ Qllaq”

and it will be useful to define set of weight matrices at [th layer:

H =

ted,, Wi, < Bonw el

Wy ={W [W[ < W(0),[Wll,, < B().}.

We shall construct the cover with certain radius for each H;,! € [L].

For base case | = 1: we create €; cover of SAl(X[N])

C1 = C(SAM (Xw))s €1, |11

For 1 <1+ 1 < L, for each element X! e C;, we construct the €;1-cover of the following set:

SAZ+1(XZ) {SAWH—l (Xl) Wl+1 € Wl—l—l}

< W(),
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and we denote the cover as C (SAHl(Xl), €141, ||||) We first examine the cardinality of this cover as follows:

In |e (SA™ Xy ). exin, 1)

W2 4 ay)2B2 ar W (max;ern ||XE)? 2
((O{]_Oéz 62 al) 1H(2d2)) <K2+ 1 ( d;[N] H zH) HXfN]H

< max O
Xleg

asW2(1+1)B*(1+ 1)(1 + 3 K*W?(1 + 1 2
+o<2 (+ DB+ D+ 0 ( ))ln(Qdm)>HXl[N]H

arasW2(l+1) + a1)?B2(l + 1 A W41+ 1) (s | X, D*
SO(( 102 ( )62 1) ( )ln(2d2)) K2—|— 1 ( dl){(ZH ||) 512HX[N]H2

€

a3W2(1+1)B2(1+1)(1 4+ i K*W?2(1 + 1
+o (DI DR T DD o ) st Xy

= 1In Nl+1
where s; := H;:1 (2W2(j) + 1) (W2(jan K +1).

We then construct cover for H;y; as:

= U ¢ (sA ) .en ).
Xlec

It is not hard to check the cardinality of C;41

+1

Col=| U € (SA™' X e |l)| < [CuIN < TT Mo

XleC I'=1

Let
4 4
pri= 0 ((102W2(1) + a1)” B2(1) In(2d)) <K2 ¢ ) o XD )
K
+ O (a3W?(1)B*(1)(1 4+ o K*W?(1)) In(2dm)) ,
we have
I+1 I+1 p 9
U 2
In |Cl+1| < llzz:llan/ < l/zz:l e—l%Sl/ X[N]H .

Now it remains to verify Cy, is a cover of . For any X € #H;, we can find a XL e ¢}, such that
HXL - XLH - HSAWL (X1 — SAWL(XL‘l)H
< HSAWL (XL-1) - SAWL(XL—l)H + HSAWL (XE71) — SAy. (XH)H

< (W (L) + 1) @ EW(L) + 1) [XE =X 4 e

L L
<0 ] (@W?G) + 1) (KW () + e
1=0 j=I+1
We choose ¢; = (LHJZM(%W?@)H) (alKW(j)+1)>7 e, and let sipior = 15 (e W2()) +

1) (aen KW (j) 4+ 1). Hence we have:

2

P 0182 2
2= Xl
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and conclude the covering number of H, as follows:
L p )
1
N (H, e [ = (Col <> 5 (st X))
1=1

L
=n|C[ <O <L Xenl* - ”é) :

I=1
Finally according to covering number fact (13),
InNoo (G o H(S) € [|-]]) < mN(G o H(S), €, [|]]), (17)

we can conclude the proof. O

Now, equipped with covering number bound for the transformer, we are ready to show the generalization of MAE
pre-training task.

D.2.2 Proof of Lemma 3

. 2
Proof. Similar to the proof in CE section, we evoke Lemma 7 with ¢ = O (S%H HZ[N] H Zlell pl>, where s, p;

are defined in Lemma 8.

[Hr-c [cHr 5 [Hr-c
Hr-c cHr 2 |bN
=1 1 —1 /= 1.
N TN n<5\/Hc>
We set ¢(r) = 10 % - max {17 In <§1 / %i) } Solving the follwoing equation to get 7*
Hr-c 2 |bDN
o(r) =104/ N ~max{1,ln (5\/1%)}—73
2
— *_100ﬂ 1.1 2 b7N
r* = n maxqLln 51/ e

Now, according to Theorem 7, and the fact that

A< B+CVA= A< B+C?+VBC,

we have

2
4b(log(1/v) + 61log log N))
N

Ly(goh) < Ea(g oh)+ 45r* + (V 8r* + \/
b(v + 6loglog N)

20
+ N

+ \/,Ca(g o h) + 45r* 4 20

b(v + 6loglog V) - \/4b(log(1/u) + 6loglog V)
N VB8re 4 ¥

Plugging r* and empirical risk minimizers g, h will conclude the proof. O
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D.3 Proof of Theorem 3

Proof. Again, recall in Theorem 1, the generalization bound of downstream task is given by

. RV A log(1
£r(f.) < Cp (6. h))” + 4G Mz (Foh) + 4B,/ BN g 7 1ty
in& hy)).
+minEr(f, hiy)

Since in the previous subsection we prove the bounded transferrability and generalization of pre-training task, it
remains to show the upper bound of representation-induced Rademacher complexity.

m?wofofz)zﬁee{ﬂ}nl sup 1Zf_leiqb(eT(lTﬁ(Xi))T,yi)]

o:8I<R T

n

1 .
< GgEecytiyn L'||S;]|.p<R - Zi=1 EiHT(lTh(Xi))T]

S(1Th(X.) |

) 1sz-<1Tl%<Xz->>TH2
RG¢ \/Zz 1 ’ﬂh
RG¢\/ZZ 1

where at first inequality we apply Ledoux-Talagrand’s inequality to peel of Lipschitz loss ¢(+), and at last inequality

Ee

_ RG,
n

. 2
we use the fact that ¢; are i.i.d. with zero mean, so that the cross terms disappear. For each Hh(Xl) , evoking
(16) we have:
l
<] (2W?() +1) (W2(au K +1) [ X4,
Jj=1
hence we arrive at
 RG\[TIy (2W20) + D (W2 (oa K + 1) Ty [ X
Rez(poFoh) < .
n
Plugging Lemmas 2 and 3 as well as above bound will complete the proof. O

E Proof of Convergence RadReg Algorithm
In this section we provide the missing proofs from Section 6. Then we provide the proof of convergence.

E.1 Convergence result of RadReg

In this section we provide formal version of convergence results for RadReg. First let us introduce the following
Moreau envelope concept.

Definition 6 (Moreau Envelope). A function V,(w) is the p-Moreau envelope of a function ¥ if V,(w) :=
min e {(T(W') + & [w' — w2},
We have the following property of the Moreau Envelope of a nonsmooth function:

Lemma 11. / , | Let W = arg miny/cyy ¥(w') + gip”W/ — w2, then we have the
following facts: % — wl| < p| 7@, (w)ll, mingeoue) llell < 7% (w)]l
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Lemma 11 shows that, if we find a w such that ||V¥,(w)]|| is small, then we can demonstrate that w is near some
point & which is a near-stationary point of ¥. We will use 1/4L-Moreau envelope of ¥, following the setting in
[ , , , |, and state the convergence rate in terms of |[VW; 47, (w)|. We also define

quantity A\pl/4L = Wy ,41,(Wo) — mingeyw ¥y /47, (W) that will be used in stating the convergence rates.

Assumption 2 (Bounded Variance). Let z and X be uniformly sampled from U and D. Then, the variance of
stochastic gradients is bounded:

E||VLy(w;z) — VL (w)|* < 62,
[, 2
S SR S

n i=1

Assumption 3 (Smooth and Bounded Linear Head). L;; and R;(v,w';x) are L smooth w.r.t. w, Vj € [B],
and x € X:
HVL’Q(W) — V£Z;{(W/)’| < L|w—w|,
[VwRj(v,w;x) — VuR,(v,w;x)|| < L|w—w'|.
Also, we assume R;(v,w;x) is linear in v, and maxycy ||v|| < D.
Assumption 4 (Lipschitzness). L, and R;(v,w';x) are G Lipschitz w.r.t. w, Vv eV, j € [B], andx € X,
i.e.,
[£g(w) = LW < G lw —w']|,
198 (v, wix) = R; (v, w'i x)|| < G [lw — w||.

We are now ready to state the formal version of Theorem 4 as follows.
Theorem 8 (Convergence of RadReg with Linear Top Layer). Under Assumptions 2 and 3, if we use RadReg

2

(Algorithm 1 with one step update) to optimize (8), by choosing n = © (%) and v = © (5—52> it holds that:

1
T+1 t=0
with the gradient complezity bounded by:

o (BLB(G2 n fﬂ)szﬂA%M) |

E [0 /0n(wh[|* < &,

€8

We can see that the proposed optimization algorithm can find an e stationary point with at most O (g) stochastic
gradient evaluations. Since the complexity grows in terms of B, a proper sampling size of Rademacher variable is
crucial.

In the rest of this section, we prove the convergence rate of RadReg. The proof idea mainly follows the framework
developed in [ ]. But before we state a few intermediate results that the main proof relies on.

Lemma 12. Under the conditions of Theorem 8, the following one iteration recursion relation holds true:

nE ||VO(w')|® = E[0yor (Wi )] = E[Ty 5, (W)

1ot 52
LW D] LG+ ),

KLk

B
1 * t—1 t—1
+ 4L Z;E [ (v (W), wi™h) — Ry (v
=
where v (w) := arg maxyecy R; (v, w' ™).

Proof. Recall the definition of ¥ and R;:
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Also recall the definition of ¥’s Moreau Envelope:
v = in U(w')+ 2L —w 2.
1/4L(w) melri}v (w") lw —w'||

We define the proximal solution as:

wh = argwrpeirvlv U(w')+2L||w - W/||2 :
With all aforementioned deﬁnltlons are in place, we proceed to proving the lemma. First, since w*~! is not
minimizer of W(-) + 2L |- — wt||* we have
E[W, /4 (w')] < E[U(W' )] + 2L [|wt ! — w'||”
Recall the updating rule for w and v; as stated below:
B o
with =w! —p ZVE EZ;Z whixi) |,
1 &1 &
Vit =viEg ]Zl v ; VR (v), wh 7).
Hence we can get the following relation by completing the square trick:
71_WH R tleQ
1 & 52
+ 2nE < fi - with VL (w4 )\E Z va)‘{j(vz-l,wt_l)> + 1% (G? + ﬁ)
j=1
According to L-smoothness of £ and 9;, we can re-write the inner product term as:
1 &
E <wf—1 —wiTh vL(wth + A > VLRV, wt_1)>
j=1
1B
<E LW —c(wi™h + /\E Z R (VLW =R (v W) |+ LW Wt
Notice the following fact about ¥, Wy /4
1& 2
LT+ A5 Y Ry(vy W) S W) < W (whh) = 2L W - w1
j=1
The last inequality is because W'~ is the minimizer of ¥(-) + 2L ||- — w'™? ||2 As a result, the inner product is
bounded by:
1B
E <Wt_1 —wiml vL(wiTh) + A5 > VLR (v, wt_1)> <SE[U(w - Fihwh] - wi|.

Jj=1

Finally, putting pieces together and using the fact that V\Ill/u(wt*l) =
proof:

|wi=! — wi=t|| /4L will conclude the

2

E[W o (Wh)] S E[Wy jor (W' )] + 4nLE [¥(w'™!) — F(v w4+ 20°L(G? + %)

B
1 _ _
= E[\III/QL(wt_l)] + 477L§ ZE [%j(v*(wt_l),wt_l) — Q{j(v; L wt 1)]
=1

0
— 4nL? wi! || + 20 L(G* + ﬁ)
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Lemma 13 (Lemma D4 in | ) ). If R;(v,w) is convex and smooth in v, L smooth and G Lipschitz
in w, then under the dynamic of stochastic gradient descent ascent on v, we have the following statement holding:

E[%J (V* (Wtil), Wtfl) o %j (V;il, wtfl)}

<nGv/G?+ 82/ (2t — 25— 1) —|——(

—1112
w') —vi | - E|

E|v*(w®) — VEHQ)

v6?
+ER; (v, wh) = R (v w4 o
and
T
1 P 5 D? 762 max, R(v, w’) — R(v°, w0)
- (v _ < N e I N L )
TT1 E E[R; (v (w'),w') = R; (v}, w")] <nGS*VG? + o +2S -|- + 711

t=0
where D = maxyey ||V]],
E.2 Proof of Theorem 8

Now we are ready to present proof of Theorem 8 by putting the above results together.

Proof. Summing Lemma 12 from ¢ = 0 to T yields:

2

ZIE Ve (wh|? _ EWyr(w )(}TJFEBIJ”QL(WT)] +4L (nGS G + 02 + % + 7252>

- L(maxy R; (v, w?) — R;(v?, w?))
Z e E— +4nL\/G? + 82/

D:J \

i - D T alda
Setting S = 5 /an\/m yields:

B E[Uy o (W?)] — E[¥y o (wT)] nGVG? +62  Lyo?
THZ]EHV\I/ —O< ANy +0 | LD 5 + =

+0 (L(maxv R(v, w’) — RV, wh)) nL\/m) .

T+1

Finally, by choosing n = © (ﬁ) and vy =06 ( 5;2 ), we can guarantee the stationary of past iterates:

‘1’1/4L H

—_

with the gradient complexity bounded by

o <3L3(G2 + 62 /n’)D252A\p1/4L> |

€8

as stated. O

F Experiment Details

Recall we utilize the Masked AutoEncoder (MAE) | , | as the base unsupervised pre-training method.
For models, we use the Tiny Vision Transform (TinyViT) | , | as the backbone for pre-training
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and use a 10-way linear classifier on top of the encoder for fine-tuning. The encoder h sequentially contains
one convolutional layer, 12 192-head attention blocks, and one layer-normalization layer. The decoder g for
reconstructing images in MAE includes 4 192-head attention blocks followed by one linear layer.Details of
hyperparameters for the experiments reported in Table 1 are included in Table 2. For RadReg, we sample o for 50
times and solve the inner maximization by Adam optimizer with a learning rate of 0.001 and a weight decay of
5x 1074

Config Value
Optimizer AdamW
Base learning rate 1.5 x 1074
Optimizer momentum £ =10.9,0.95
Batch size 4096
Learning rate schedule cosine decay
Warmup epochs 200
Augmentation RandomResizedCrop
Masking ratio 75%
Pre-training epochs 2000
Fine-tuning epochs 300

Table 2: Pre-training setting. Fine-tuning follows the same setting except for the number of epochs.
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