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Vision-Based Safety-Critical Landing Control of
Quadrotors With External Uncertainties and

Collision Avoidance
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Xiangke Wang , and Rafael Fierro , Senior Member, IEEE

Abstract— This article addresses the quadrotors’ safety-critical
landing control problem with external uncertainties and collision
avoidance. A geometrically robust hierarchical control strategy
is proposed for an underactuated quadrotor, which consists of a
slow outer loop controlling the position and a fast inner loop
regulating the attitude. First, an estimation error quantified
(EEQ) observer is developed to identify and compensate for the
target’s linear acceleration and the translational disturbances,
whose estimation error has a nonnegative upper bound. Fur-
thermore, an outer-loop controller is designed by embedding the
EEQ observer and control barrier functions (CBFs), in which
the negative effects of external uncertainties, collision avoidance,
and input saturation are thoroughly considered and effectively
attenuated. For the inner-loop subsystem, a geometric controller
with a robust integral of the sign of the error (RISE) control
structure is developed to achieve disturbances rejection and
asymptotic attitude tracking. Based on Lyapunov techniques and
the theory of cascade systems, it is rigorously proven that the
closed-loop system is uniformly ultimately bounded. Finally, the
effectiveness of the proposed control strategy is demonstrated
through numerical simulations and hardware experiments.

Index Terms— Collision avoidance, disturbance rejection, land-
ing control, position-based visual servoing (PBVS), quadrotor.

I. INTRODUCTION

UNMANNED aerial vehicles (UAVs) have received con-
siderable attention from the research community in
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recent years due to their potential in various military and
civilian applications, such as exploration [1], search and res-
cue [2], and surveillance [3]. As a necessary task to deploy
and recover UAVs, safety-critical landing aims to achieve
stable tracking while ensuring collision avoidance constraints.
Of particular interest are quadrotors due to their special
superiorities (e.g., simple structure, rapid maneuverability, and
vertical take-off and landing) and their potential applications
in complex environments [4], [5]. As quadrotors grow in
power and maneuverability, their low inertia renders them
quadrotor-susceptible to external disturbances and motion col-
lisions, which creates an even greater challenge to the design
of safe landing controllers for quadrotors. Therefore, safe
landing control of quadrotors with external uncertainties and
collision avoidance is crucial in practice.

To be reactive to indoor and outdoor environments and
possess sufficient local accuracy for landing, instead of the
Global Positioning System (GPS), the use of onboard cameras
has become a fundamental necessity for quadrotors. Visual
servoing can be classified into image-based visual servoing
(IBVS) and position-based visual servoing (PBVS). The IBVS
method directly uses image features to regulate the motion of
the quadrotor [6], [7], [8]. However, it introduces a highly
coupled image Jacobian and may produce undesired motion
trajectories in Cartesian space. In contrast, the mechanism
of the PBVS method is to reconstruct the pose information
from 2-D image data. Therefore, PBVS has the advantage of
separating the controller design problem from the vision-based
state estimation problem, as illustrated in [9], [10], and [11].
The level of the quadrotor’s maneuverability is closely related
to the attitude representation methods, which can be roughly
grouped into three categories: Euler angles [12], quater-
nions [13], or rotation matrices [14]. In the Euler angle attitude
representation method, there are mathematical singularities
called “gimbal lock.” Quaternions are ambiguous in represent-
ing an attitude. Therefore, geometric attitude controllers have
been developed to use rotation matrices directly to achieve a
singularity-free attitude representation.

To avoid collision problems during the landing of inherently
unstable quadrotor systems, several safe control approaches
have been studied. Model predictive control (MPC) is a typical
finite-horizon control method using an optimization framework
to handle constraints on input and state variables simulta-
neously. In [15], the collision avoidance constraints were
implemented based on a sigmoid function. In [16], the general
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optimization is simplified into a convex optimization problem
to apply MPC in real-time. In [17], a nonlinear MPC (NMPC)
was proposed to track the desired trajectory while avoiding
obstacles. Although MPC is handy in addressing different
types of constraints, it consumes a lot of computing resources
and might lead to unsafe operations for low-cost quadrotor
systems. In [18], the artificial potential field (APF) method
was extended and applied to quadrotors. Alternatively, control
barrier functions (CBFs) are lightweight and efficient tools for
converting the safety constraints into state-dependent linear
inequality constraints on the inputs. Hence, the CBF-based
quadratic program (CBF-QP) has become a powerful method
to enforce safety constraints in the form of set invariance.
In [19], CBF-QP was first implemented in adaptive cruise
control to permit dynamically feasible constraints and ensure
forward invariance. The case of collision avoidance for teams
of quadrotors was studied in [20]. In [21], CBF constraints
were imposed on the outer and inner loops of the controller to
allow independent safety regulation in the quadrotor’s altitude
and lateral states. In [22] and [23], the safety-critical control
framework was extended to quadrotors. The common idea of
these works is to determine an appropriate control function
such that the forward invariance of the safe set is guaranteed.
Nonetheless, almost all of the aforementioned studies rely on
precise mathematical models, which are typically difficult to
obtain.

This is a challenging problem since quadrotors are suscep-
tible to external uncertainties, such as friction, wind gusts,
various payloads, and unknown targets. To this end, some
robust CBF approaches have been proposed for quadrotor
systems with external uncertainties. In [24], a learning-based
CBF was presented for partially known systems based on
Gaussian process regression. The case with uncertain nonlinear
quadrotor dynamics was presented in [25]. The case for the
tracking problem of quadrotors with wind disturbances was
studied in [26]. However, this typically requires large amounts
of quality data for the multirotor system. In [27], robust
CBFs were proposed and combined with input-to-state sta-
bility control Lyapunov functions (ISS-CLFs) for constrained
nonlinear systems with disturbances. The case with bounded
state-estimation errors was considered in [28]. In [29], optimal
robust control was developed for hybrid systems with model
uncertainties. Although these state-of-the-art approaches have
achieved some interesting results, they rely on the boundedness
of uncertainties or the Lipschitzness of the unknown dynamics,
which sacrifices the landing performance of the quadrotor to
achieve better robustness.

In this article, we intend to solve the problem of
vision-based safe landing control of quadrotors in the presence
of external uncertainties and collision avoidance. Inspired by
the estimation error quantization (EEQ) observer in [30],
an EEQ observer is designed to estimate the external uncer-
tainties such as the disturbance on the side of the quadrotor
and the unknown target acceleration, as well as guaranteeing
the estimated error with a nonnegative upper bound. Further-
more, an EEQ observer-based CBF scheme is proposed to
achieve robust landing performance and intervehicle distance
constraints. A geometric attitude controller is developed to

represent attitude uniquely and achieve asymptotic stability.
Compared with the available vision-based landing control
schemes, the main contributions of this article are threefold.

1) A safety-critical PBVS control scheme is proposed
to ensure collision avoidance while handling uncertain
targets and disturbances. However, in PBVS landing
methods [9], [10], [11] and robust CBF approaches [24],
[25], [26], [27], [28], [29], the intervehicle distance
constraints were not considered. Compared with the APF
method in [18], the proposed method offers smooth land-
ing behavior while avoiding collision at a lower energy
cost. In contrast to collision avoidance approaches
in [19], [20], [21], [22], and [23], the designed safe land-
ing framework integrates CBF and EEQ observers, and
the negative effects of external uncertainties, collision
avoidance, and input saturation are fully considered and
effectively attenuated.

2) An EEQ observer-based CBF scheme is formulated to
achieve collision avoidance and compensate for exter-
nal uncertainties within a quantitative estimation error
bound. While in [29], the CBF constraints rely on a prior
bound of the disturbance estimation error, which ren-
ders the control performance unnecessarily conservative.
More significantly, the CBF constraints implemented
in the quadrotors are low-complexity and real-time
only considering the altitude constraints for 3-D ground
targets.

3) Different from the classic geometric control method
in [14], the proposed geometric controller is developed
with a continuous robust integral of the sign of the
error (RISE) control structure, which can compensate
for external attitude disturbances and achieve asymptotic
attitude tracking.

The rest of this article is organized as follows. Section II
describes the quadrotor dynamics and the visual dynamics.
In Section III, the design of the robust control scheme is
presented, followed by the analysis of closed-loop stability.
Numerical simulations and experimental results are shown in
Section IV. Finally, Section V concludes this article.

II. PROBLEM FORMULATION

A. Preliminaries

In this section, the notations and operators in Lie algebra
are introduced. Denote the special orthogonal group SO(3) as

SO(3) =
{

R ∈ R3×3
: RT R = RRT

= I3, det(R) = 1
}
.

Its associated Lie algebra so(3) is the real vector space of 3 ×

3 skew-symmetric matrices as

so(3) =
{

B ∈ R3×3
: B = −BT }

.

The isomorphism operator (·)∧ : R3
7→ so(3) is defined such

that (x)∧ y = x × y for all x, y ∈ R3, where × denotes the
cross product. The inverse of (·)∧ : so(3) 7→ R3 is denoted
by (·)∨. For ∀x ∈ R3 and B ∈ so(3), we have ((x)∧)∨ = x
and ((B)∧)∨ = B. The Euclidean norm of a matrix is denoted
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Fig. 1. Vision-based landing system and involved coordinate frames.

by ∥ · ∥. The principle matrix logarithm Log(·) represents the
inverse map from SO(3) to so(3) and is defined as follows:

Log(R) =
ς

2sin(ς)

(
R − RT )∨

ς = cos−1
(

tr(R)− 1
2

)
(1)

with tr(·) denoting the trace of a matrix and ∥ς∥ ≤ π .
Lemma 1 [31]: Consider a system ẋ = f (x) and a defined

set L = {x ∈ Rn
| h(x) ≥ 0}, if the following inequality holds:

ḣ(x) ≥ −κ1(h(x)) ∀x ∈ N (2)

then the set L is forward invariant, where the function h :

Rn
→ R named as the CBF is continuously differentiable,

κ1(·) is a locally Lipschitz extended class κ function, and L ⊆

N ⊂ Rn .
Proposition 1: Consider a system ẋ = f (x) and a defined

set L = {x ∈ Rn
| h(x) ≥ 0}, if the following inequality

holds:

Ḣ(x) ≥ −κ2(H(x)) ∀x ∈ N (3)

then the set L is forward invariant, where the function H =

ḣ(x) + κ1(h(x)) is named as an extended zeroing barrier
function, and κ1(·) and κ2(·) are a locally Lipschitz extended
class κ functions.

Proof: According to Lemma 1, it can be proved with
ease that the set L∗

= {x ∈ Rn
| H(x) ≥ 0} is forward

invariant, that is, ḣ(x) ≥ −κ1(h(x)) always holds. Thus, the
set L ⊆ N ⊂ Rn is also forward invariant. □

B. Quadrotor Dynamics

The coordinate system of the vision-based safe-critical
landing of a quadrotor on a moving target is shown in Fig. 1.
The quadrotor is equipped with an onboard downward camera
to detect a moving unknown target with a visual mark. Let
Fw = {Xw, Yw, Zw} represent a right-hand inertial reference
frame, with Zw being the vertical direction toward the ground,
and Fb = {Xb, Yb, Zb} be a body-fixed frame, which is located
at the center of mass of the quadrotor. For simplicity, it is
assumed that the camera frame Fc = {Xc, Yc, Zc} is coincident

with Fb. To release this assumption, Fc and Fb can be related
by a constant translation transformation. The rotation matrix
from Fb to Fw is represented by R ∈ R3×3, it is associated
with the three Euler angles ϕ, θ, ψ , which are the pitch angle
(around the y-axis), the roll angle (around the x-axis), and the
yaw angle (around the z-axis), respectively.

Let p ∈ R3 and v ∈ R3 denote the position and linear veloc-
ity of the quadrotor with respect to Fw, and � ∈ R3 be the
angular velocity expressed in Fb. According to the mechanics
of rigid body rotation and Newton–Euler formulation, the
dynamics model of the quadrotor can be derived as

ṗ = v (4a)

v̇ = −
f Re3

m
+ ge3 + d f (4b)

Ṙ = R�∧ (4c)

J �̇ = τ − � × J� + dτ (4d)

where the physical properties of the quadrotor are defined
by the total mass m, gravity acceleration g, and constant
symmetric inertia matrix J ∈ R3×3, and the constant vector
e3 = [0, 0, 1]T . The four identical rotors and propellers are
located at the vertices of a square, which generate a thrust
f ∈ R and torque τ ∈ R3 normal to the plane of this square.
The external disturbances in the position and attitude loop are
denoted as d f ∈ R3 and dτ ∈ R3.

C. Vision-Based Position Estimation and Visual Dynamics

In this work, a PBVS is selected, with a downward camera
mounted on the quadrotor facing the target of interest. There
are different families of markers that have been developed
for target landing, with circular and square shapes [32].
Circular markers provide accurate attitude estimation at short
distances but are computationally expensive. In contrast,
squared reference tags have lower computational costs, such as
ARTags, ArUco, CCTag, ChromaTag, LFTag, AprilTags, and
AprilTag2. Among them, AprilTag2 is a stronger digital coding
system and has greater robustness to occlusion, warping, and
lens distortion [33]. Therefore, a vision-based localization
system is built using the AprilTag2 and a monocular camera.

For an AprilTag2 mark, the 3-D position of the square cor-
ner of the AprilTag2 can be denoted as Pm

= [Xm, Ym, Zm]
T

in its body frame Fm . According to the camera pin-hole
model, the transformation from the mark frame to the image
coordinate system in pixels [u, v]T is given by

λc

u
v

1

 = M

[
RC

M tC
M

0T 1

]
Xm

Ym

Zm

1

 (5)

with

M =

αx 0 u0 0
0 αy v0 0
0 0 1 0


where λc is the scaling factor, M is the camera intrinsic matrix
with αx , αy , u0, and v0 determined by camera calibration,
and RC

M ∈ SO(3) and tC
M ∈ R3 represent the rotation and
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translation of Fm relative to Fc, respectively. Using (5), RC
M ∈

SO(3) and tC
M ∈ R3 can be estimated based on the four square

corners of the AprilTag and responding image points. The side
length of the AprilTag is the only scale information.

The relative position between the quadrotor and the
AprilTag center can be obtained by

s = p − pt = −RRB
C tC

M (6)

where pt is the position of the AprilTag center expressed in
Fw, and RB

C is a known fixed rotational transformation from
the camera frame relative to the quadrotor body frame.

Now the visual dynamics is deduced as

ṡ = v − vt

ėv = U − χ︸ ︷︷ ︸
−( f/m)Re3

+ge3 + η f (7)

where vt is the target’s linear velocity, ev = v − vt , and η f =

−v̇t+d f is an integrated disturbance. The intermediary control
input U and the coupling term χ between the outer loop and
the inner loop are given by

χ =
f

meT
3 RT

d Re3

((
eT

3 RT
d Re3

)
Re3 − Rd e3

)
(8)

U = −
f

meT
3 RT

d Re3
Rd e3 (9)

where Rd is the desired attitude command and will be illus-
trated in detail in Section III-C.

The quadrotor is a naturally unstable system with inherently
nonlinear underactuated coupled dynamics, which creates dif-
ficulties for the control algorithm development. Typically,
using the hierarchical control paradigm, the PBVS system can
be divided into an outer-loop (slow time scale) subsystem (10)
and an inner-loop (fast time scale) subsystem (11) as follows:{

ṡ = ev
ėv = U + ge3 + η f

(10)

and {
Ṙ = R�∧

J �̇ = τ − � × J� + dτ .
(11)

The translational subsystem (10) is regarded as a nominal
subsystem without the coupling term χ in (7). Although the
time-scale separation between the translational dynamics and
the attitude dynamics can be considered for control design, the
stability must be analyzed for the whole closed-loop system.

Instead of obtaining the prior target model and operating in
ideal environments, some assumptions regarding the setup and
the environment are established.

Assumption 1: The relative linear velocity ev is assumed to
be available by measuring the optical flow of the visual mark.

Assumption 2: The translational perturbation η f and the
rotational disturbance dτ are all bounded. There exists positive
constants η̄ f 1 > 0, η̄ f 2 > 0, d̄τ1 > 0, and d̄τ2 > 0 such that
∥η f ∥ ≤ η̄ f 1, ∥η̇ f ∥ ≤ η̄ f 2, ∥ḋτ∥ ≤ d̄τ1, ∥d̈τ∥ ≤ d̄τ2.

Note that, external uncertainties η f and dτ are mainly
generated by wind or other loads. Therefore, Assumption 2
is reasonable in practice.

Remark 1: To improve the accuracy and robustness of pose
estimation, a Kalman filter can be adapted to the entire process.
Using the constant-velocity model [34], the prediction and
update parts are given as follows:

X̂k,k−1 = 8X̂k−1,k−1

Pk,k−1 = 8Pk−1,k−18
T
+ 0Qk−1,k−10

T

K k = Pk,k−1 HT (
H Pk,k−1 HT

+ Ok
)−1

X̂k,k = X̂k,k−1 + K k
(
Zk − H X̂k,k−1

)
Pk,k = (I − K k H)Pk,k−1

with

8 =

[
I3×3 Ts · I3×3
03×3 I3×3

]
, 0 =

[
03×3 03×3
03×3 I3×3

]
where Xk = [sT , eT

v ]
T , H = [I3×3, 03×3], Zk = H Xk . Ts is

the sampling period. Pk,k−1 and Pk,k represent the prior and
posterior covariance of the estimation error, respectively. K k

denotes the Kalman gain matrix at step k. Qk,k−1 represents
the covariance of the systematic noise and Ok denotes the
covariance of the observation noise. By implementing this
Kalman filter, a more reliable state is given by s = H X̂k,k .

As a prerequisite to implementing PBVS for the quadrotor,
the ground target should be within the field of view of the
camera. In practical engineering applications, the AprilTag has
shown the ability to handle partial occlusions and temporary
loss. In contrast to traditional simultaneous localization and
mapping (SLAM) scenarios, where the camera or sensor
typically conducts feature extraction on key frames to ascertain
the scene’s structure and the camera’s motion throughout the
entire process, the AprilTag 2 algorithm utilized in this study
performs real-time tag detection and pose estimation for each
frame of the video stream. Its low computational complexity
eliminates the necessity for key frames. Once the current
relative position is obtained, quadrotors can quickly recover
tracking maneuverability. Note that the novelty of this article
does not lie in proposing a new localization algorithm but
rather in designing a safety landing controller. Hence, the
different markers only provide localization information and do
not affect the performance of the proposed landing framework.

D. Problem Statement

The objective of this article is to design a safety-critical
PBVS scheme for a low-cost quadrotor to achieve collision
avoidance and uncertainty rejection during landing. Since it is
impractical to obtain the motion parameters of an unknown
moving target in advance, the relative position and velocity
between the quadrotor and the target can be provided by
using a monocular camera and measuring the optical flow [8],
respectively. The attitude angles and angular velocities of the
quadrotor are provided by an inertial measurement unit (IMU).
The smallest collision avoidance radii γ can be set based on
the wheelbase of the quadrotor.

Specifically, given a desired tracking position deviation sd ,
the control objective here is to design the thrust force f
and torque input τ for the quadrotor to converge the relative
position s to the desired value sd with external uncertainties
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Fig. 2. Structure of the safety-critical visual servoing control scheme.

while guaranteeing the relative altitude is larger than the
smallest collision avoidance radii as eT

3 s ≥ γ .

III. CONTROL DESIGN

The main elements of the proposed safety control system are
shown in Fig. 2, which contains a high-level PBVS controller
and a low-level safety-critical controller.

1) The high-level controller is proposed to reject the exter-
nal uncertainties with input saturation.

2) The low-level controller is designed to avoid collision
during the tracking process. By this means, the collisions
between the quadrotor and the mobile base can be
avoided, while the adverse effect of external disturbances
and unknown linear acceleration of the targets can be
compensated, which improves the autonomy and safety
of the quadrotor in the real world.

A. Estimation Error Quantified (EEQ) Observer

An EEQ observer is designed to identify and compensate
for the translational disturbance η f , as well as guaranteeing
the estimated error with a nonnegative upper bound Mb such
that

∥η̂ f − η f ∥ ≤ Mb ∀t ≥ 0. (12)

For the translational motion subsystem (10), an EEQ
observer is designed as{

η̂ f = z + αev
ż = −α(U + ge3 + z + αev)

(13)

where α > 0 is the observer gain to be tuned, and z is an
auxiliary variable. Define the estimated error as

eη = η̂ f − η f . (14)

Then the error dynamics is given by

ėη = ż + α ėv − η̇ f

= α
(
ėv − U − ge3 − η̂ f

)
− η̇ f

= −αeη − η̇ f . (15)

Choose a Lyapunov candidate function as

Vη = eT
η eη. (16)

Substituting (15) into (16) yields

V̇ η = 2eT
η ėη = −2α∥eη∥2

− 2eT
η η̇ f

≤ −2α∥eη∥2
+ 2η̄ f 2∥eη∥. (17)

Using Young’s inequality, one has

2η̄ f 2∥eη∥ ≤ α∥eη∥2
+
η̄2

f 2

α
. (18)

Then (17) can be rewritten as

V̇ η ≤ −α∥eη∥2
+ η̄2

f 2/α
2. (19)

Integration of (19) yields the following inequality:

∥eη∥ ≤

√(
∥eη(0)∥2 − η̄2

f 2/α
2
)

e−αt + η̄2
f 2/α

2 ≜ Mb. (20)

Therefore, the transient bound implies that the upper bound
on the estimation error for any t > 0 can be made arbitrarily
small by increasing the design parameter α.

Remark 2: The EEQ observer, proposed in [30], is a gen-
eralization of the traditional asymptotic observer that requires
the state estimation error to converge to zero. Its essence is
to guarantee a quantified boundness of the estimated error,
which is important to the low-level safety-critical controller
design since CBF constraints rely on the boundedness of the
estimation error. The EEQ observer subsumes many types of
common observers, such as interval observers, exponentially
stable observers, and neural-network-based observers. The
exponentially stable observer requires that the equilibrium
point is exponentially stable, so it ensures that the estimated
error decays exponentially from a maximum initial error
bound. Compared to the other two observers, it converges
quickly and has the potential to be applied to real-time
systems.

B. Observer-Based PBVS Controller With Input Saturation

In this section, we propose an EEQ observer-based con-
troller for the translational subsystem in the presence of
unknown external uncertainties and input saturation.

The controller design procedure starts with the following
definition of the tracking error signal:

ep = s − sd . (21)
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Since ṡd = 0, the translational system model is derived as{
ėp = ev
ėv = U + ge3 + η f

. (22)

To achieve the stability of the translational system with exter-
nal uncertainties and control input saturation. Exploiting the
EEQ observer (13), the intermediary translational control law
can be designed as

U =−b1tanh
(
kpep + kvev

)
− b2tanh(kvev)−η̂ f − ge3 (23)

where b1, b2, kp, and kv are positive constants.
For practical quadrotor dynamic systems, physical input

saturation on hardware severely limits system performance.
To this end, the restricted intermediary translational control
law is proposed and satisfies ∥U∥ ≤ b1 + b2 + η̄ f 1 + Mb + g.

Based on signal U , we consider the following thrust force
input for the quadrotor:

f = −mU T (Re3). (24)

Remark 3: The EEQ observer-based PBVS controller can
compensate for the uncertain landing system dynamics within
an exponential error bound, such that the safe control per-
formance and the system robustness can be significantly
improved. However, there are currently no constraints on the
relative altitude between the quadrotor and the 3-D ground
target, making it possible for the quadrotor to collide with the
target and cause tracking failure. This problem will be solved
by introducing a CBF in the subsequent section.

C. Desired Geometric Attitude Extractions

The designed controller satisfies U ̸= 0. Then, the desired
attitude of the inner loop Rd = [r1,d , r2,d , r3,d ] can be
calculated as 

r1,d = r2,d × r3,d

r2,d =
r3,d × 9

∥r3,d × 9∥

r3,d = −
U

∥U∥

(25)

with the desired direction of the first body-fixed axis 9 =

[cosψd , sinψd , 0]T , where ψd is the desired yaw angle of the
quadrotor, and 9 is not parallel to r3id . The corresponding
desired angular velocity and its derivative are derived as

�∧

d = RT
d Ṙd (26)

�̇∧

d =
(
�∧

d

)T RT
d Ṙd + RT

d R̈d . (27)

For the sake of avoiding the computational complexity, a high-
order sliding mode (HOSM) differentiator is employed to
acquire Ṙd and R̈d . Let R̂d be the estimated value of Rd , and
R̃ = Rd − R̂d . The differentiator requires only information
of the output Rd and provides finite-time convergence to the
origin for R̃. The dynamics of the differentiator is

ẋ1 = kx,1∥R̃∥
1
3 sign

(
R̃

)
+ x2

ẋ2 = kx,2∥R̃∥
2
3 sign

(
R̃

)
+ x3

ẋ3 = kx,3sign
(
R̃

)
(28)

where positive constant gains are selected as kx,1 > 0, kx,2 >

0, and kx,3 > 0. The estimated values are given by R̂d =

x1, ˙̂Rd = x2, and ¨̂Rd = x3. The dynamics system (28) is
exponentially stable that is already proved in [38], so we can
conclude that ˙̂Rd and ¨̂Rd will converge to Ṙd and R̈d .

D. Robust Geometric Attitude Controller on so(3)

Once Rd , �d , and �̇d are well defined, the inner-loop
control torque τ can be designed to track the desired geometric
attitude command Rd such that RT Rd → I3. In particular,
a continuous RISE control structure is used to compensate
for attitude disturbances. Denote Re = RT Rd , then the
logarithmic configuration attitude error function on so(3) is
defined by

eR = Log(Re)
∨. (29)

Additionally, we can express the angular velocity error as

e� = Re�d − �. (30)

Based on the definition of the principle matrix logarithm (1),
the time derivatives of eR and e� are given by

ėR = C(eR)e� (31)

J ė� = J D − (τ − � × J� + dτ ) (32)

where C(eR) and D are given by

C(eR) = I3 +
1
2

e∧R

+

(
1 −

∥eR∥2

2
cot

(
∥eR∥2

2

)) (
e∧R

)2

∥eR∥
2
2

D = −�∧Re�d + Re�̇d .

Instrumental in our approach, an auxiliary error signal r
is introduced to acquire additional design freedom. Denote
ē� = e� + kr,1eR , and

r =
˙ē� + kr,2 ē� (33)

where kr,1 > 0 and kr,2 > 0 are positive constants. It should
be pointed out that r will be vital for the next stability proof
of RISE even though it does not appear in the control design.

Substituting (31) and (32) into (33), one gets

r = D − J−1(τ − � × J� + dτ )
+ kr,1C(eR)e� + kr,2 ē�. (34)

Now a geometric attitude controller is designed as

τ =
(
kr,3 + kr,2

)
ē� + � × J�

+ J
(

D + kr,1C(eR)e�
)
+ V T (35)

where V T ∈ R3 is the Filippov solution to the following
differential equation:

V̇ T = kr,3kr,2 ē� − βsign
(
ē�

)
(36)

where kr,3 > 0 is a positive constant. The geometric attitude
controller can avoid the singularities of Euler angles and the
ambiguity of quaternions. What is more, a salient highlight
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of the designed control law is that asymptotic stability can be
achieved for uncertain nonlinear systems.

Condition 1: To achieve the attitude tracking in finite time,
the controller gains are suitably selected such that

β ≥ d̄τ1 +
1

kr,1
d̄τ2. (37)

Remark 4: The level of the quadrotor’s maneuverability is
closely related to the attitude representation methods. Tradi-
tional attitude representation methods such as Euler angles and
quaternions greatly limit the performance of the flight control
algorithm. In contrast, geometric attitude controllers have
been developed to use rotation matrices directly to achieve
a singularity-free global attitude representation. After rapid
development in recent years, the representation of geomet-
ric attitude can be summarized as the following two types:
real-valued functions and Lie algebra-valued functions. The
magnitude of real-valued functions can be depicted by a
sine function, resulting in their convergence rate decreasing
severely when the axis angle approaches π . However, the
magnitude of Lie algebra-valued functions is proportional to
the rotation angle. Attitude error configuration on the Lie
algebra has advantages in improving tracking performance due
to its fast convergence and large-angle maneuverability.

E. Stability Analysis

Before presenting the main result of this section, we state
the following lemma which will be invoked later.

Lemma 2 [35]: Let the auxiliary function L be defined as
the Filippov solution to the following differential equations:

L̇(t) = rT (
ḋτ − βsign

(
ē�

))
. (38)

If the control gain β is chosen to satisfy sufficient Condition 1,
then the function Q defined in the following is positive all the
time.

Q(t) = β∥ē�(0)∥ − ē�(t0)T dτ (t0)+ L. (39)

We now state the stability result for the proposed controller.
Theorem 1: Considering the cascaded system (4) under

Assumptions 1 and 2, with the designed thrust force (24)
and torque inputs (35), then the whole closed-loop system is
uniformly ultimately bounded.

Proof: See the Appendix. □

F. Safety-Critical Controller With Collision Avoidance

To achieve collision avoidance during landing, the relative
altitude between a quadrotor and a target should be imposed
in the following forward invariant set:

L =
{

s ∈ R3
|h(s) ≥ 0

}
(40)

where h(s) = ∥eT
3 s∥2

− γ 2.
CBFs are a useful tool for rendering the collision-free

constraints (40) as forward invariant throughout its state space.
Define a zeroing barrier function as

H(s) = ḣ(s)+ k1h(s). (41)

According to Lemma 1, if the constraint Ḣ(s) ≥ −k2 H(s) is
satisfied, then the set (40) is forward invariant. In other words

ḧ(s)+ (k1 + k2)ḣ(s)+ k1k2h(s) ≥ 0 (42)

should be guaranteed, where k1 and k2 are positive constants.
Using (10), the derivative and the second-order derivative of
h(s) are given by

ḣ(s) = 2
(
eT

3 s
)(

eT
3 ev

)
ḧ(s) = 2

(
eT

3 ev
)(

eT
3 ev

)
+ 2

(
eT

3 s
)
eT

3

(
U + ge3 + η̂ f − eη

)
.

Formulating the control problem as a quadratic program
enables us to incorporate constraints into the optimization.
Quadratic programming (QP) is employed to minimally adjust
the PBVS nominal controller U . Using (20), one gets

U∗

c =min
U

∥Uc − U∥
2

s.t. AUc ≤ B (43)

where

A = −2
(
eT

3 s
)
eT

3

B = (k1k2 − 1)∥eT
3 s∥2

+ 2
(
eT

3 ev
)(

eT
3 ev

)
− M2

b − k1k2γ
2

+ 2(k1 + k2)
(
eT

3 s
)(

eT
3 ev

)
+ 2

(
eT

3 s
)
eT

3

(
ge3 + η̂ f

)
.

Remark 5: The safety-critical control design problem of the
quadrotor is addressed by transforming the dynamics (4) into
a slow outer loop (7) and a fast inner loop (11) coupled
with a nonlinear interconnection term. In practice, the inner
loop with fast dynamics can track an attitude command
quickly and generate the required torques. The outer loop,
as a slow time scale subsystem, allows for real-time tracking
and collision avoidance. The low-level safety-critical control
scheme focuses on collision constraints imposed to ensure
the safe operation of the landing system. In particular, the
EEQ observer-based CBF does not rely on a prior bound of
the disturbance estimation error since the EEQ observer can
guarantee a quantified upper bound on the estimated error.

Remark 6: The CBF is a mathematical tool used to describe
constraints and safety boundaries on the state of a sys-
tem. This cost function can encompass parameters such
as vehicle velocity, acceleration, intervehicle distances, and
so on while considering both safety constraints and per-
formance requirements. The augmentation of optimization
parameters introduces additional dimensions to ensure system
safety. However, a substantial optimization scale may impose
computational performance burdens. Therefore, in practical
applications, it is essential to strike a balance between safety
and computational performance to determine the number
of constraint conditions. In this study, the proposed CBF
constraints are simple because only the altitude constraints
between a quadrotor and a 3-D ground target are employed.
Consequently, the low-complexity CBF-QP algorithm can be
effectively applied to low-cost real quadrotors running at a
frequency of about 100 Hz.

IV. SIMULATIONS AND EXPERIMENTS

To prove the efficiency of the proposed trajectory tracking
scheme, several simulations and experiments were conducted.
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Fig. 3. Simulation A: PBVS controller without collision avoidance. (a) Three-dimensional trajectories of a quadrotor and a target. (b) Time response of
relative position and the intermediary translational control law U on the z-axis, where the yellow dotted line represents the desired relative altitude, and the
red dashed line indicates the smallest collision avoidance radii. (c) Time response of the position errors. (d) Time response of the attitude errors.

Fig. 4. Simulation B: PBVS controller with collision avoidance. (a) Three-dimensional trajectories of a quadrotor and a target. (b) Time response of relative
altitude and the control law Uc on the z-axis. (c) Time response of the position errors. (d) Time response of the attitude errors.

TABLE I
PARAMETERS OF QUADROTORS TRACKING CONTROL

By default, the values of variables are in SI units. The physical
properties of the quadrotor are given by: m = 1.5 kg, g =

9.81m/s2, and J = diag{0.0756, 0.0756, 0.1277} kg·m2/rad2.
The quadrotor has physical dimensions of 0.5 × 0.5 × 0.4 m
and is configured with four thrusters. The focal length of an
onboard downward camera is 1.8 mm and its resolution is
640 × 480 pixels. The smallest collision avoidance radii γ
is set as 0.7 m. No prior knowledge of the moving target
is provided. The quadrotor is expected to stay right above
the target at sd = [0, 0, 1]T . For the repeatability results for
both simulation and experiment, the parameters for the landing
controllers (29) and (42) are given in Table I.

A. Simulations Result Without Collision Avoidance

Considering a moving target with complex 3-D motions
as vt = [3cos(0.4t), 3sin(0.4t), sin(2t)]T . The wind dis-
turbances d f = 0.5[cos(t), cos(t), sin(t)]T and dτ =

1.0[cos(t), cos(t), sin(t)]T are imposed to the quadrotor. The
specified velocity profile aims to validate the capability
of the proposed controller to effectively handle prospective
real-world applications, such as tracking floating vessels or
maneuvering vehicles on uneven terrains. The simulation
results are shown in Fig. 3. Fig. 3(a) illustrates the 3-D tra-
jectories of a quadrotor and a moving target. Fig. 3(b) depicts

the time response of relative position and the intermediary
translational control law U on the z-axis, where the yellow
dotted line represents the desired relative altitude and the red
dashed line indicates the smallest collision avoidance radii.
The time responses of position errors and attitude errors of the
quadrotor are shown in Fig. 3(c) and (d). Although frequent
variations of target velocities arise from certain tracking errors
and unknown disturbances, they impose adverse influences on
the stability of the quadrotor. It can be seen that the observer
can obtain an effective estimate of the external uncertainty
from the measurable variables, thus ensuring the tracking
performance of the target in the wind disturbance environment.
However, the collision avoidance constraint is violated in this
case, making it possible for the quadrotor to collide with
the target, resulting in tracking failure. This issue will be
addressed in the next simulation.

B. Simulations Result With Collision Avoidance

Under the same simulation conditions as Section IV-A,
the collision avoidance constraint is taken into consideration.
The control command is replaced by the constrained con-
trol input (43). The simulation results are shown in Fig. 4.
The 3-D trajectories are illustrated in Fig. 4(a). Fig. 4(b)
depicts the time response of relative position and the inter-
mediary translational control law Uc on the z-axis. The
time responses of position errors and attitude errors of the
quadrotor are shown in Fig. 4(c) and (d). It can be seen
that the position error converges softly, resulting in a smooth
quadrotor tracking trajectory. During the tracking process, the
quadrotor does not violate the designed safety-critical con-
straints, ensuring collision avoidance performance. Therefore,
the studies show the superior robustness of the proposed
method in handling both external uncertainties and collision
avoidance.
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Fig. 5. Comparative study for the collision avoidance performance of the proposed CBF-based controller and the APF-based controller. (a) Trajectories of a
quadrotor and a moving target, where the purple solid line represents the APF-based controller, the blue solid line is the proposed controller, and the red solid
line is the target’s trajectory. (b) Time response of relative altitude and the control law Uc on the z-axis. (c) Time response of the position errors. (d) Time
response of the attitude errors.

Fig. 6. Experimental system and the internal view from the onboard camera.

C. Comparative Studies for Collision Avoidance Performance

To analyze the collision avoidance performance of the
proposed controller, we evaluated the CBF-based controller
defined in (43) and compared the results with those of the
approach based on the APF in [18]. The target is endowed
with complex motions involving acceleration and deceleration,
and an “8”-shaped reference trajectory is chosen as vt =

[cos(0.2t), 2cos(0.4t), 0]T . The results are shown in Fig. 5.
Fig. 5(a) illustrates the 3-D trajectories of a quadrotor and
a moving target, where the purple solid line represents the
APF-based controller and the blue solid line represents the
proposed controller. Fig. 5(b) depicts the time response of
relative position and the intermediary translational control law
Uc on the z-axis. The time responses of position errors and
attitude errors of the quadrotor are shown in Fig. 5(c) and (d).
It can be seen that although both methods can achieve collision
avoidance, the quadrotor’s trajectory using the APF method is
more aggressive and brings potential collision danger in the
real landing mission. On the contrary, the trajectory of the CBF
method is smoother and more suitable in practice. Therefore,
the CBF method is superior to the APF method in providing
smooth landing behavior while avoiding collision at a lower
energy cost.

D. Experimental Results

In addition to a comprehensive simulation study, we fur-
ther implement the proposed control scheme in a real-world
experiment on the quadrotor developed in our Robotic Lab-
oratory. We refer readers to the accompanying video at

https://youtu.be/6zv-eq0BxZc for a better demonstration of the
three flights. As shown in Fig. 6, the entire experimental plat-
form includes a quadrotor, a down-looking monocular camera,
and a mobile robot attached to an AprilTag mark. An electric
fan is utilized to simulate a windy environment with an average
wind speed of 0.312 m/s. The airflow generated by the fan is
directed along the negative x-axis. The Daheng NG VEN-161
is used to get its gray image at 20 Hz. The quadrotor detects
the target visual mark by the AprilTag2 algorithm [33]. The
image-processing algorithm and the landing control law are
implemented directly on an Intel NUC i7 PC onboard the
quadrotor. The feedback control loop runs at a frequency of
about 100 Hz. The proposed algorithm is implemented in
the robot operating system (ROS) Neotic, running on Ubuntu
20.04. Three experiment cases are shown to illustrate the
performance of the proposed controller.

Case 1: Tracking a stationary target.
Case 2: Tracking a dynamic target with linear motion.
Case 3: Tracking a dynamic target with complex motion.

In the first case, the quadrotor tracks a stationary target in
a windy environment. The experimental results are shown
in Fig. 7. Fig. 7(a) illustrates the trajectories of a quadro-
tor and a moving target recorded by the OptiTrack system.
Fig. 7(b) and (c) shows the time responses of the position
errors and the attitude errors. Fig. 7(d) depicts the time
response of the relative attitude between the quadrotor and
target, the torque inputs τ = [τx , τy, τz]

T , and the net thrust
force f of the quadrotor. It can be seen that the quadrotor
tracks the target effectively and ensures collision avoidance
constraints throughout the tracking process. Therefore, the
experimental results show the effectiveness of the proposed
method for disturbance rejection and collision avoidance.

In the second case, the quadrotor tracks a dynamic target
with linear motion. The experimental results are shown in
Fig. 8. Fig. 8(a) illustrates the trajectories of a quadrotor and
a moving target. Fig. 8(b) and (c) shows the time responses
of the position errors and the attitude errors. Fig. 8(d) depicts
the time response of the relative altitude, the torque inputs
τ = [τx , τy, τz]

T , and net thrust force f . It can observed that
the quadrotor can track moving targets without collision in the
presence of uncertain targets and external disturbances.

In the third case, the quadrotor was required to track
a moving target moving in an “8”-shaped trajectory. The
experimental results are shown in Fig. 9. Fig. 9(a) illustrates
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Fig. 7. Experiment 1: Tracking a stationary target. (a) Three-dimensional trajectories of a quadrotor and a target. (b) Time response of the position
errors. (c) Time response of the attitude errors. (d) Time response of relative position between the quadrotor and the target on the z-axis, the torque inputs
τ = [τx , τy , τz]

T , and net thrust force f of the quadrotor.

Fig. 8. Experiment 2: Tracking a dynamic target with linear motion. (a) Three-dimensional trajectories of a quadrotor and a target. (b) Time response of the
position errors. (c) Time response of the attitude errors. (d) Time response of relative altitude, the torque inputs, and net thrust force.

Fig. 9. Experiment 3: Tracking a dynamic target moving in an “8”-shaped trajectory. (a) Three-dimensional trajectories of a quadrotor and a target. (b) Time
response of the position errors. (c) Time response of the attitude errors. (d) Time response of relative altitude, the torque inputs, and net thrust.

the trajectories of a quadrotor and a moving target.
Fig. 9(b) and (c) shows the time responses of the position
errors and the attitude errors. Fig. 9(d) depicts the time
response of the relative altitude, the torque inputs τ =

[τx , τy, τz]
T , and net thrust force f . Although the external

disturbances and the complex motion of the target cause cer-
tain tracking errors, the quadrotor tracks the moving target in
real-time without violating the collision avoidance constraint.
The experimental results show the robustness of the proposed
method against uncertain targets with complex motions.

E. Experimental Discussion
The proposed framework encompasses active position esti-

mation and conflict-free landing control. AprilTag, as a visual
reference system, allows for fast localization, with real-time
performance achievable even on cell-phone grade processors.
In practice, cameras suffer from nonlinear image distortion,
which includes radial distortion caused by the lens shape
during light propagation and tangential distortion caused
by mechanical mounting. To tackle this issue, distortion
coefficients can be obtained through camera calibration. Sub-
sequently, the distortion can be corrected using the classic
distortion equation in the camera coordinate system [38], and
the transformed, undistorted points can then be accurately

mapped to their real coordinates on the pixel plane using
the camera’s intrinsic matrix. The nominal controllers (24)
and (35) have a straightforward form. Furthermore, the CBF
offers an effective and minimally intrusive method to handle
landing collision constraints. As a result, the solution is of
considerably low computational complexity, making it suitable
for this type of vehicle with low cost, real-time operation,
and limited computation ability. The term “unknown targets”
pertains to the absence of explicit communication between
the quadrotor and the landing target, as well as the lack of
prior knowledge regarding the target’s motion model. Since
this work primarily focuses on the tracking and landing
task of the quadrotor, the consideration of carrying various
payloads has not been taken into account. To implement active
physical interaction with the environment, we are interested in
achieving simultaneous transportation and landing tasks. The
fluctuations observed around t = 13 in Fig. 7(a) are likely
caused by the poor localization quality of the AprilTag. The
wavy motion is seen in Fig. 8(a) around t = 2 and Fig. 9(a)
around t = 1 is a result of low operational frequencies due to
hardware limitations, which leads to a slow transient response
of the quadrotor. Additionally, the pronounced fluctuations
around t = 20 in Fig. 9(a) are caused by the ground
target’s executing sharp turns with high curvature. While

Authorized licensed use limited to: UNIVERSITY OF NEW MEXICO. Downloaded on September 20,2024 at 22:13:40 UTC from IEEE Xplore.  Restrictions apply. 



1320 IEEE TRANSACTIONS ON CONTROL SYSTEMS TECHNOLOGY, VOL. 32, NO. 4, JULY 2024

transient fluctuations stemming from hardware limitations are
inevitable, our plan includes refining the localization algorithm
and incorporating considerations for the target’s high-curvature
motion to enhance the steady-state tracking performance.

The effectiveness and repeatability of the proposed method
for both stationary and moving targets have been demonstrated
through three sets of experiments. Presently, well-established
solutions are available for handling external time-varying dis-
turbances, including but not limited to sliding mode observers
and extended state observers. It is noteworthy that the
presented safety-critical control scheme not only possesses
advantages in disturbance rejection but, more importantly,
achieves collision avoidance capability in the presence of
disturbances by ensuring quantitative estimation errors. On the
other hand, although the electric fan provides a constant
wind speed, the disturbance experienced by one side of the
quadrotor varies as it approaches and moves away from the fan
due to the air resistance generated by the rotors. Disturbance
is more pronounced when in proximity to the electric fan
and diminishes when distanced from it. Consequently, the
experimental results not only showcase the effectiveness of
the proposed algorithm in suppressing external disturbances
but also emphasize its feasibility and performance in collision
avoidance for targets in different motion states.

V. CONCLUSION

In this article, a safety-critical landing control scheme for
quadrotors with disturbances rejection and collision avoidance
is proposed. An EEQ observer was designed to estimate
the translational uncertainties. Then, an EEQ observer-based
CBF-QP was formulated to achieve the collision avoidance of
an uncertain quadrotor system. Moreover, a geometric attitude
controller was developed with a continuous RISE control
structure. It was able to compensate for unknown attitude
disturbances and achieve asymptotic attitude tracking. The
stability of the closed-loop cascaded system was proved using
the Lyapunov stability theory. Simulations and experimen-
tal results have demonstrated the effectiveness and superior
performance of the proposed controller in handling external
disturbances and collisions between vehicles.

APPENDIX
PROOF OF THEOREM 1

In what follows, we proceed in three steps to prove the
stability of the control system.

Step 1: Stability of the attitude error dynamics.
Substituting (35) into (34), then the auxiliary attitude error

dynamics are given by

J ṙ = −kr,3r + βsign
(
ē�

)
− ḋτ . (44)

Consider the following Lyapunov candidate function:

V1 =
1
2

c1eT
R eR +

1
2

ēT
� ē� +

1
2

rT J r + Q (45)

where c1 is a positive constant. Using (1) and (33), the time
derivative of V1 is given by

V̇ 1 =
c1

2
tr
(
(Log(Re))

T eR
)
+ ēT

�

(
r − kr,2 ē�

)

+−kr,3rT r − rT (
ḋτ − β2sign

(
ē�

))
+ Q̇

= c1eT
R e� − kr,2 ēT

� ē� + ēT
�r − kr,3rT r

≤ c1eT
R e� − kr,2∥e�∥2

− kr,2k2
r,1∥eR∥

2

+ ēT
�r − kr,3∥r∥2. (46)

Using Young’s inequality, one has

c1eT
R e� ≤

c1

2
∥eR∥

2
+

c1

2
∥e�∥2 (47)

ēT
�r ≤ σ1∥ē�∥2

+
1

4σ1
∥r∥2 (48)

where σ1 is a positive constant. Based on the triangle inequal-
ity ∥ē�∥2

≤ ∥e�∥2
+ ∥kr,1eR∥

2, one gets

ēT
�r ≤ σ1

(
∥e�∥2

+ ∥kr,1eR∥
2)

+
1

4σ1
∥r∥2. (49)

Let z = [eR, e�, r]T , one has

V̇ 1 ≤ −zT W z (50)

where W = diag([w1, w2, w3]) with w1 = c1λmin(kr,1) −

(c1/2), w2 = λmin(kr,2)− (c1/2)− σ1, and w3 = λmin(kr,3)−

(1/4σ1). If we choose appropriate positive c1, σ1 and positive
definite gain matrices kr,1, kr,2, and kr,3 to satisfy

λmin
(
kr,1

)
>

1
2
, λmin

(
kr,2

)
>

c1

2
+ σ1, λmin

(
kr,3

)
>

1
4σ1

such that w1 > 0, w2 > 0, and w3 > 0, and the matrix
W2 is positive definite. Therefore, the equilibrium point of the
attitude and angular velocity error is exponentially stable.

Step 2: Stability of the translational error dynamics.
Substituting (23) into (22), then the translational error

dynamics is given by{
ėp = ev
ėv = −b1tanh

(
kpep + kvev

)
− b2tanh(kvev)− eη

(51)

Taking the Lyapunov candidate function as

V2 = b1ln
(
cosh

(
kpep + kvev

))
+ b2ln(cosh(kvev)) (52)

+
kp

2
eT
v ev + Vη. (53)

The time derivative of V2 is given by

V̇ 2 = b1
(
kp ėp + kv ėv

)T
tanh

(
kpep + kvev

)
+ b2kp ėT

v tanh(kvev)+ eT
v ėv + V̇ η. (54)

For ease of notation, denote w1 = tanh(kpep + kvev) and
w2 = tanh(kvev)+ (1/b2)eη, then ėv = −b1w1 − b2w2. Since
the boundedness of eη is given by (20), one has

∥ėv∥ ≤ b1∥tanh
(
kpep + kvev

)
∥ + b2∥tanh(kvev)

+
1
b2

eη∥ ≤ b1 + b2 + Mb. (55)

Thus, ėv is bounded. Now, V2 can be rewritten as

V̇ 2 ≤ b1
(
kp ėv + kv(−b1w1 − b2w2)

)T
w1

+ b2kv(−b1w1 − b2w2)
T w2 − kveT

v eη
+ kpeT

v (−b1w1 − b2w2)+ V̇ η. (56)
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Substituting the inequality (19) into (56), one gets

V̇ 2 ≤ −kv∥b1w1 + b2w2∥
2
− kpb2eT

v tanh(kvev)
−kv ėT

v eη − α∥eη∥2
+ kpb2eT

v eη + η̄2
f /α

2. (57)

Using (55), we obtain

V̇ 2 ≤ −kv∥b1w1 + b2w2∥
2
− kpb2eT

v tanh(kvev)− α∥eη∥2

+ kv(b1 + b2 + Mb)Mb + kpb2∥ev∥Mb + η̄
2
f /α

2.

Since eT
v tanh(kvev) ≥ 0, −kv∥b1w1 + b2w2∥

2
−

kpb2eT
v tanh(kvev) < 0 always holds for ∥ep∥ ̸= 0 or

∥ev∥ ̸= 0 . So, for any δ, there is some finite time tδ , when
∥ep∥ ≥ δ, such that V̇ 2 ≤ 0. As a result, ∥ep∥ converges
to and remains in a tight set of radius δ in finite time tδ .
Therefore, the translational subsystem (10) is uniformly
ultimately bounded.

Step 3: Stability of the overall system with the coupling
term. Based on [36], for the cascaded system composed of (7)
and (11), if the following conditions are satisfied, then the
closed-loop system is uniformly ultimately bounded.

1) The outer-loop subsystem (10) is uniformly ultimately
bounded.

2) The interloop subsystem (11) is exponentially stable.
3) The coupling term χ satisfies ∥χ∥ ≤ c∥eR∥, with c as

a positive constant.
In Step 1, the rotational error subsystem (11) has been proven
to be exponentially stable. The translational error subsys-
tem (10) has also been proven to be uniformly ultimately
bounded in Step 2. Next, we will give proof of the third
condition about the coupling term χ .

Substituting (24) into (8), we obtain

∥χ∥ ≤ ∥U∥∥
(
eT

3 RT
d Re3

)
Re3 − Rd e3∥. (58)

Since (eT
3 RT

d Re3)Re3 − Rd e3 represents the sine of the angle
between Re3 and Rd e3, and eR represents the eigen-axis
rotation angle between R and Rd , then the last term of (58)
is bounded, and

∥
(
eT

3 RT
d Re3

)
Re3 − Rd e3∥ ≤ ∥eR∥. (59)

Therefore, the coupling term χ satisfies

∥χ∥ ≤ c∥eR∥ (60)

where c = max(∥U∥) = b1 + b2 + η̄ f 1 + Mb + g is a bounded
positive constant. Since eR converges exponentially to 0, the
whole closed-loop system is stable. This completes the proof.
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