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Abstract: Recent work has shown that introducing higher-curvature terms to the Einstein-

Hilbert action causes the approach to a space-like singularity to unfold as a sequence of

Kasner eons. Each eon is dominated by emergent physics at an energy scale controlled by

higher-curvature terms of a given order, transitioning to higher-order eons as the singularity is

approached. The purpose of this paper is twofold. First, we demonstrate that the inclusion of

matter dramatically modifies the physics of eons compared to the vacuum case. We illustrate

this by considering a family of quasi-topological gravities of arbitrary order minimally coupled

to a scalar field. Second, we investigate Kasner eons in the interior of black holes with

field theory duals and analyze their imprints on holographic observables. We show that the

behavior of the thermal a-function, two-point functions of heavy operators, and holographic

complexity can capture distinct signatures of the eons, making them promising tools for

diagnosing stringy effects near black hole singularities.ar
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1 Introduction

General relativity has long been known to predict a complex but manageable behavior near

space-like singularities, particularly in the Belinski-Khalatnikov-Lifshitz (BKL) limit [1–3],

where spatial derivatives become negligible and ultra-local ‘Carrollian’ dynamics emerge [4].

The Kasner metric, a key solution in this limit, describes a homogeneous yet anisotropically

expanding spacetime with fixed scaling exponents, constrained by specific relations to satisfy

Einstein’s equations. Under certain simplifying assumptions, this metric is conjectured to

characterize the ‘final regime’ of evolution before general relativity loses its predictive power.

More generally, the BKL limit predicts a sequence of Kasner epochs —periods where the

spacetime metric closely follows a Kasner geometry— connected by brief transitions. The dy-

namics of the BKL limit are particularly intriguing when the scaling exponents evolve through

a space of solutions defined by the Kasner relations. This evolution can be influenced by fac-

tors like spatial curvature or couplings to specific matter fields. For example, in the context

of supergravity, it has been shown that the inclusion of p-forms triggers ‘mixmaster’ dynamics

governed by affine Lie algebras [5]. In this scenario, the evolution of Kasner exponents can

be understood as a particle moving on a hyperbolic billiard table, giving rise to the concept

of ‘cosmological billiards.’ The boundaries of this table, which define the symmetry algebra,

are determined by the particular setup under consideration.
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The long-term evolution of the BKL limit reveals two key stages: Kasner eras and Kasner

eons. A Kasner era comprises multiple Kasner epochs, where two spatial directions alternately

contract and expand while the others remain fixed [6]. However, numerical evolution through

these eras is not so straightforward, due to the emergence of ‘spikes,’ spatial structures that

disrupt expected asymptotic locality [7–9]. Recently, higher-curvature ‘stringy’ corrections

to the Einstein-Hilbert action have been shown to introduce new transitions, causing the

approach to a space-like singularity to unfold through a sequence of Kasner eons —extended

periods dominated by physics at energy scales defined by the higher-curvature terms [10]. As

the singularity nears, the evolution progresses through eons of increasingly higher order.

The analysis in [10] focused on specific higher-order gravities in vacuum. While the emer-

gence of eons is likely a robust feature arising from emergent stringy effects, it is essential

to recognize the critical role that matter fields play in any BKL analysis. As space-like sin-

gularities are approached, matter fields may undergo infinite growth, resulting in substantial

backreaction on the geometry. This instability typically modifies the Kasner relations, which

can vary significantly depending on the matter content of the theory [1–3]. Therefore, incor-

porating matter is crucial for understanding the dynamics near space-like singularities, and

should be essential for fully uncovering the physics of Kasner eons. To address this issue,

in the first part of this paper we will investigate a family of quasi-topological gravities of

arbitrary order coupled to a scalar field, illustrating how higher-order gravitational effects in-

teract with matter fields and influence behavior near singularities.1 These findings will offer

valuable insights into Kasner eons from a purely gravitational perspective.

In the second part of this paper, we shift our focus to Kasner eons within the context of the

AdS/CFT correspondence. It is well-known that the singularity inside an AdS-Schwarzschild

black hole exhibits Kasner-like behavior. Recently, Frenkel and collaborators [11] studied a

class of AdS black holes with scalar hair, uncovering a deformation of the singularity into

a more general Kasner universe, consistent with BKL expectations. Following [11], several

studies have studied the dynamics of Kasner singularities from a holographic perspective,

including scenarios with cosmological bounces and Kasner inversions akin to those observed

in mixmaster universes [12–39]. Within the AdS/CFT correspondence, these phenomena are

interpreted in terms of Renormalization Group (RG) flows of the dual CFT [22], where various

holographic observables capture essential information about the near-singularity geometries.

Based on these antecedents, we thus anticipate that we can engineer specific observables to

identify the presence of eons from the field theory perspective.

This paper is organized as follows. In section 2 we revisit the concept of Kasner eons,

illustrating their emergence in a specific family of quasi-topological gravities that include

terms of arbitrary order in curvature and an arbitrary cosmological constant. We investigate

Kasner eons in the vacuum of these theories and in the presence of a scalar field, where, as

anticipated, we uncover important modifications of the relations that the Kasner exponents

1In pure GR, this model only leads to a unique Kasner regime at late times. More generally, it would be

interesting to consider matter content that gives rise to ‘mixmaster’ behavior. This would allow for a deeper

understanding of the interplay between Kasner epochs, eras, and eons. We leave this study for future work.
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must satisfy. Notably, when matter is included, these theories ensure that any static and

plane-symmetric background is fully described by second-order equations of motion, which

drastically simplifies our analysis. In section 3 we focus on Kasner eons within black holes

with a negative cosmological constant and AdS boundary conditions, which are conducive to a

holographic interpretation. We analyze a handful of observables designed to capture distinct

signatures of the eons in terms of the dual field theory, including the thermal a-function,

two-point functions of heavy operators, and holographic complexity. Finally, we conclude in

section 4 with a summary of our findings and potential directions for future research.

2 Kasner eons in quasi-topological gravities

In their seminal work in the ’70s, Belinski, Khalatnikov and Lifshitz [1–3] showed that the

classical approach to a space-like singularity —whether cosmological or within a black hole—

unfolds as a sequence of Kasner epochs, during which the metric takes the form:

ds2 = −dτ2 +
d
∑

i=1

τ2pidx2i , (2.1)

where we consider a spacetime with D = d + 1 dimensions, and the Kasner exponents pi
satisfy the following relations:

d
∑

i=1

pi = 1 ,

d
∑

i=1

p2i = 1 . (2.2)

These conditions are needed to fulfill the Einstein equations in vacuum, but are generically

altered with the inclusion of matter or higher-curvature terms. Therefore, we will refer to any

spacetime of the form (2.1) as Kasner, regardless of whether the Kasner exponents satisfy

(2.2). Kasner eras, on the other hand, consist of a sequence of Kasner epochs, during which

two spatial directions successively alternate between contracting and expanding.

Meanwhile, Kasner eons emerge over longer time scales following the introduction of

higher-curvature terms in the gravitational action [10]. In what follows, we will define Kasner

eons and demonstrate how a potentially infinite sequence naturally arises as the gravitational

action is supplemented with a tower of higher-curvature corrections. First, in subsection 2.1

we will focus on purely gravitational theories without matter, extending the pioneering work

of [10] to arbitrary derivative orders and spacetime dimensions D ≥ 5. Next, in subsection

2.2, we will introduce a minimally coupled scalar field and explore how its presence modifies

the approach to the singularity by examining the Kasner exponents across different eons.

The computations and derivations in this section are conducted from a purely gravita-

tional perspective. Specifically, Kasner eons are identified by analyzing the bulk equations of

motion within the higher-curvature theories under consideration. Later, in section 3, we will

consider Kasner eons in the presence of a negative cosmological constant and demonstrate

how they can also be probed using CFT observables via the AdS/CFT correspondence.
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2.1 Kasner eons in vacuum

Let us start by briefly explaining and motivating the emergence of Kasner eons. For now,

we will focus on a vacuum scenario and consider a specific theory of gravity in D = d + 1

dimensions that may include an infinite tower of higher-curvature corrections:

L =
λ0

ℓ2
+ λ1R+

∞
∑

n=2

λnℓ
2(n−1)Z(n) . (2.3)

Here, ℓ denotes a length scale at which higher-curvature corrections become important, while

λn are dimensionless constants, with λ0 representing the cosmological constant expressed in

units of ℓ.2 Without loss of generality, we will set λ1 = 1 unless specified, achieved by rescal-

ing the theory so that λn → λn/λ1. The terms Z(n) refer to specific higher-curvature terms

chosen such that the gravitational equations of motion for any static and plane-symmetric

background (equivalently, spherically symmetric or hyperbolic symmetric) in vacuum remain

first-order in derivatives. These theories constitute a special subset of quasi-topological gravi-

ties [40–46],3 representing the most natural generalization of Lovelock gravities for curvature

orders 2n > D. Interestingly enough, one can prove (following the arguments from [43], al-

though this reference proves something slightly different) that any effective theory of gravity

with no derivatives of the curvature may be mapped, order by order in the UV scale ℓ, to

a theory of the form given in (2.3). As discussed in [10], examples of these theories —with

first-order equations for any static and plane-symmetric background in vacuum— exist at

all curvature orders and for dimensions D ≥ 5. For the reader’s convenience, we provide in

Appendix A specific expressions for Z(n) up to fifth order in the curvature for any spacetime

dimension D ≥ 5 that satisfies our criteria, and discuss how to construct Z(n) for n > 5.

The equations of motion for the theory (2.3) can always be expressed in the following

compact form —see, e.g., [47]:

PacdeRb
cde − 1

2
gabL+ 2∇c∇dPacbd = 0 , P abcd ≡ ∂L

∂Rabcd
. (2.4)

We will adopt the following static and plane-symmetric ansatz for the spacetime metric:

ds2 =
1

r2

[

−e−χ(r)f(r)dt2 +
dr2

f(r)
+ dx⃗2d−1

]

. (2.5)

where dx⃗2d−1 denotes the (d − 1)-dimensional Euclidean metric. In these coordinates, the

singularity is located at r → +∞. A key feature of the special higher-curvature theories

under consideration (2.3) is that ∇dPacbd

∣

∣χ, f = 0, where
∣

∣χ, f denotes evaluation on (2.5).

2Note that the cosmological constant decouples in regions of high curvature and is thus irrelevant to the

physics of BKL singularities.
3Quasi-topological gravities are defined so that for single-function static and plane-symmetric solutions —

such as the Schwarzschild-Tangherlini solution—, the equation of motion for the unique function determining

the metric can always be integrated into an algebraic equation. Requiring that the equations of motion for any

static and plane-symmetric background in vacuum are first-order in derivatives imposes a stronger condition.
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As a result, the complete set of gravitational equations of motion can be exactly integrated,

yielding the following two conditions4

∞
∑

n=0

λn(−1)nf(r)nr−d(d+ 1− 2n)(ℓ2d(d+ 1))n−1 = C , χ(r) = χ0 . (2.6)

Here χ0 is a constant that can be arbitrarily set to zero through a time reparametrization and

C is a constant related to the energy of the spacetime. By solving (2.6), an algebraic equation

for f(r), the exact solution for the metric can be determined, enabling a detailed analysis of

the approach to the singularity —provided it exists. However, an analytical solution for f(r)

is generally not possible, complicating a direct study of the singularity.

The behavior of the solutions can nevertheless be examined perturbatively as the singu-

larity is approached. In the initial stage, far from the singularity, Einstein gravity dominates.

However, as the singularity is approached, higher-curvature corrections become increasingly

significant, gradually taking control of the dynamics. First, quadratic-curvature terms surpass

the Einstein regime, determining the new Kasner exponents and the corresponding Kasner

metric. As one gets even closer, cubic terms dominate, making the quadratic terms negligible

and fully controlling the solution. Each phase where a specific curvature order dominates is

called a Kasner eon [10], resulting in a sequence of Kasner eons transitioning from one an-

other as the singularity is approached. From (2.6) it follows that, sufficiently far from these

transitions, the n-th eon —obtained by setting all λm ̸=n to zero— is defined by:

f(r) ∼ −rd/n . (2.7)

Each Kasner eon can be characterized through the corresponding Ricci scalar derived from

(2.5), which diverges as rd/n in the limit r → +∞. This indicates that every eon can be asso-

ciated with a physical curvature singularity, though the severity of the singularity diminishes

as n → +∞. This observation highlights the necessity of incorporating the complete tower

of higher-curvature terms to potentially achieve full singularity resolution [49, 50].

Let us now derive the Kasner metric corresponding to the various Kasner eons resulting

from (2.6). To do this, we will assume that:

f(r) = −fnr
γn , (2.8)

where γn ≡ d/n and fn > 0. By introducing a new coordinate defined by fnr
γn+2dτ2 = dr2,

(2.5) simplifies to a pure Kasner metric:

ds2 = −dτ2 + τ2ptdt2 + τ2pxdx2d−1 , px =
2

γn
, pt = px − 1 . (2.9)

Thus, we conclude that the approach to the singularity is governed by a sequence of Kasner

eons, characterized by the Kasner exponents satisfying:

px = pt + 1 =
2n

d
. (2.10)

4This result could also have been derived from a reduced action principle, see e.g. [48].
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These exponents alter the vacuum Kasner relations of GR (2.2) as follows:

d
∑

i=1

pi = 2n− 1 ,
d
∑

i=1

p2i =
4n(n− 1)

d
+ 1 . (2.11)

For pure Lovelock metrics5 in even dimensions, d+1 = 2n, the Kasner exponents (2.10) take

the values px = 1, pt = 0. Conversely, in odd dimensions, d = 2n, they are given by px = d−1
d ,

pt = −1
d . In both cases, the Kasner metric exactly satisfies the vacuum equations of motion

— cf. [51], where the Kasner solutions for the highest-order non-trivial Lovelock gravity in a

given dimension are studied. In fact, we note that (2.9) represents an exact solution of the

equations of motion derived from (2.3) for arbitrary n and d, provided λm ̸=n are set to zero.

More generally, we find that the approach to the singularity in our theory of gravity (2.3),

which includes potentially an infinite tower of higher-curvature terms, consists of a sequence of

Kasner eons (2.9) with Kasner exponents given by (2.10). Specifically, the Kasner exponents

pt and px are shifted by 2/d as they transition from one Kasner eon to the next one.6

To identify the distinct Kasner eons encountered during the approach to the singularity,

it is useful to introduce the following effective Kasner exponents [10]:

peffx =
2f(r)

rf ′(r)
, pefft =

2f(r)

rf ′(r)
− 1 . (2.12)

Indeed, whenever f(r) corresponds to a proper Kasner eon in a region near the singularity

—such that its form is given by (2.8)— the effective exponents peffx and pefft are naturally

described by (2.10). Consequently, (2.12) serves as a useful indicator for the presence of

Kasner eons, identifiable as intervals of the radial variable r where peffx and pefft plateau at

constant values, which can be easily spotted through a graphical analysis.

To achieve this, the explicit form of f(r) must be determined by solving the algebraic

equation (2.6). However, beyond cubic order, a closed-form solution for f(r) is generally

unattainable, necessitating numerical methods. Notably, we find it is numerically more stable

to solve the first-order differential equation obtained by differentiating (2.6), which yields:

−λ0

ℓ2
+

∞
∑

n=1

λn(−1)n(d+ 1− 2n)(dℓ2f(r)(d+ 1))n−1
(

nrf ′(r)− d f(r)
)

= 0 . (2.13)

The cosmological constant term λ0 decouples in the near-singularity limit and does not affect

the analysis of Kasner eons. However, anticipating the holographic studies of the next section,

we set λ0 to be negative in our numerics, ensuring an asymptotically AdS spacetime. This

choice also guarantees the existence of planar black hole solutions, with f(r) representing the

blackening factor. Without loss of generality, then, we may assume that f(r) has one zero,

5Lovelock gravities constitute a subclass of the quasi-topological gravities under consideration and, as such,

are included in the current analysis.
6Note that the Kasner exponents grow without bounds as we progress through the Kasner eons associated

with higher-curvature terms. This suggests that our approach is inherently perturbative.
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At this point, it is natural to wonder about including higher-derivative terms in the scalar

field ϕ, as well as non-minimal couplings between gravity and the scalar field. However, a

technical challenge arises: the resulting equations of motion, even within the highly symmetric

configurations described by (2.5), would generally introduce higher derivatives in the fields,

complicating the numerical integration. Therefore, in this study, we will limit our analysis

to the inclusion of the standard two-derivative kinetic term, which will already introduce

significant new physical features, as we will demonstrate below.

After incorporating the minimally coupled scalar field, the equations of motion for the

resulting theory (2.15) are as follows:

PacdeRb
cde − 1

2
gabL+ 2∇c∇dPacbd =

1

2
∂aϕ∂bϕ , P abcd ≡ ∂L

∂Rabcd
, (2.16)

□ϕ = V ′(ϕ) . (2.17)

where L now refers to (2.15). As before, we assume a plane-symmetric ansatz for the system,

so the metric and the scalar field are written as:

ds2 =
1

r2

[

−e−χ(r)f(r)dt2 +
1

f(r)
dr2 + dx2d−1

]

, ϕ = ϕ(r) . (2.18)

Under this assumption, the condition ∇dPacbd|f,χ = 0 continues to hold. This simplification

allows the complete set of equations of motion to be reduced to a system of three ordinary

differential equations, each containing no more than two derivatives for f(r), χ(r) and ϕ(r).

These equations take the following form:

r2fϕ′′ =
1

2
r ϕ′

(

f
(

rχ′ + 2(d− 1)
)

− 2rf ′
)

+ V ′(ϕ(r)) . (2.19)

χ′ =
r(ϕ′)2

∑∞
n=1 λ̃nℓ2(n−1)fn−1

, (2.20)

f ′ =
−2λ0 + 2ℓ2V (ϕ(r)) + 2d

∑∞
n=1

ℓ2nλ̃n

n fn + ℓ2fr2(ϕ′)2

2r
∑∞

n=1 ℓ
2nλ̃nfn−1

, (2.21)

where λ̃n are dimensionless constants given by:

λ̃n = (−1)n+1 n(d+ 1− 2n)(d(d+ 1))n−1λn . (2.22)

Similar to the vacuum case, our focus is on determining the Kasner exponents associated

with each Kasner eon that emerges as we approach the black hole singularity. To achieve

this, we consider solutions in regions where they can be locally approximated by pure Kasner

solutions. This approximation holds when f(r), χ(r) and ϕ(r) exhibit the following profiles:

f(r) = −fnr
γn , χ(r) = χn log r+χ0 , ϕ(r) =

{

ϕ1 log r (GR) ,

ϕnr
νn (higher-curvature) ,

(2.23)
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where we explicitly distinguish between the logarithmic profile of the scalar field in Einstein

gravity [5] and its power-law behavior in the presence of higher-curvature corrections. In

analogy with the vacuum case, we define a new coordinate fnr
γn+2dτ2 = dr2 so that, with

the profiles for f(r) and χ(r) given in (2.23), (2.18) transforms into a pure Kasner metric:

ds2 = −dτ2 + τ2ptdt2 + τ2pxdx2d−1 , px =
2

γn
, pt = px +

χn

γn
− 1 . (2.24)

Now, observe that any given curvature invariant R(n) of order n, when evaluated on a Kasner

metric (2.1), diverges in the limit τ → 0 as:

R(n) ∼
1

τ2n
. (2.25)

If we restrict our attention to quadratic potentials of the form V (ϕ) = 1
2m

2ϕ2, then the

kinetic term will always diverge faster than V (ϕ). Therefore, for the scalar field to influence

the Kasner eon, its kinetic terms must match the order of R(n). This implies that the scalar

field must diverge as 1/τn−1 ∝ r(n−1)γn/2, so that:7

νn =
(n− 1)γn

2
. (2.26)

The Kasner exponent associated with the scalar, pϕ, can be naturally defined such that

ϕ(τ) ∝ τpφ as τ → 0. This definition implies

pϕ = − 2

γn
νn = −n+ 1 . (2.27)

Next, let us investigate the values of the remaining Kasner exponents pt and px in each

eon. To do this, consider a regime where the dominant contributions to the equations of

motion are the terms of order O(ℓ2(n−1)), for n > 1. This entails imposing (2.23) on the

equations of motion and disregarding any subdominant terms. Furthermore, if the potential

is quadratic in ϕ, it can be ignored, as its contribution is subleading compared to the kinetic

term. Consequently, the scalar equation of motion (2.19) implies that:

(n+ 1)γn − χn = 2d . (2.28)

On the other hand, if we solve for ϕ′ in (2.21), substitute it in (2.20), impose (2.23) and

disregard terms arising from curvature invariants of different order than n, we find:

−nχn + 2nγn = 2d . (2.29)

By combining the previous two equations, we arrive at:

γn = χn =
2d

n
. (2.30)

7This analysis is applicable only to higher-order eons with n ≥ 2. In the case of Einstein gravity, where

n = 1, the scalar field exhibits the well-known logarithmic profile (2.23).
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Using (2.24), this implies that the exponents pt and px for the n-th Kasner eon are:

pt = px =
n

d
. (2.31)

These Kasner exponents, together with (2.27), modify the Kasner relations as follows:8

d
∑

i=1

pi = n ,

d
∑

i=1

p2i +
1

2
p2ϕ =

n2

d
+

(n− 1)2

2
. (2.32)

Let us now comment on these results. First, note that naively setting n = 1 in (2.32) does

not yield the correct relations for Einstein gravity with a minimally coupled scalar field,

where
∑d

i=1 pi = 1 and
∑d

i=1 p
2
i +

1
2p

2
ϕ = 1. This difference is expected, as the scalar field in

Einstein gravity exhibits a logarithmic divergence ϕ(τ) ∼ pϕ log τ , in contrast to the power-law

behavior in higher-order cases, which results in a distinct definition for pϕ.

Second, while the Kasner exponents px and pt were distinct in the absence of the scalar

field (2.10), introducing the scalar field dramatically changes the situation. Now, the Kasner

exponents for any Kasner eon —except for the unique case of Einstein gravity with matter—

become equal. Interestingly enough, this means that the presence of the scalar field enhances

the isotropy of the Kasner solution, effectively rendering the temporal direction (i.e., that

associated with the coordinate t) indistinguishable from any of the spatial directions. One

may interpret that matter produces an additional mixing between the Kasner directions that

render them identical. The price to pay by that scrambling is that now Kasner exponents

are halved compared to the px exponent in purely gravitational higher-curvature theories.

Additionally, the shift δp in Kasner exponents between successive eons is also halved in the

presence of the scalar field:

δp =
1

d
. (2.33)

There is also an important difference between GR and higher-curvature theories when

incorporating a minimally coupled scalar field. In the presence of higher-curvature corrections,

the Kasner exponents associated with both the spacetime metric and the scalar field are fully

determined by (2.27) and (2.31). In contrast, the Kasner exponents are less constrained

in Einstein gravity with a minimally coupled scalar field. Specifically, if we examine the

equations of motion (2.19)-(2.21) and focus on the Einstein eon, imposing (2.23) led us to:

χ1 =
ϕ2
1

(d− 1)
, γ1 = d+

ϕ2
1

2(d− 1)
. (2.34)

This implies that the set of Kasner exponents in the GR eon is given by:

px =
4(d− 1)

2d(d− 1) + ϕ2
1

, pt =
ϕ2
1 − 2(d− 1)(d− 2)

2d(d− 1) + ϕ2
1

, pϕ = −pxϕ1 . (2.35)

8These relations assume λ1 = 1 and a canonically normalized scalar field. Note that the seminal reference

[5] uses a different normalization for the scalar.
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Note that the relationships pt + (d − 1)px = 1 and p2t + (d − 1)p2x + 1
2p

2
ϕ = 1 hold true,

as expected. Consequently, we find that the Kasner exponents in the GR eon are not fully

determined; there is one free parameter that can be identified as either ϕ1 or pϕ. In contrast,

the set of Kasner exponents for higher-curvature eons is fully determined, which can possibly

be attributed to the lack of higher-derivative terms in the scalar field. In this case, we needed

to select the appropriate power for the scalar field to ensure it matches the order of the

higher-curvature terms —see (2.26)— thereby eliminating the free parameter present in GR.

This concludes the analytical characterization of the various Kasner eons associated with

static, plane-symmetric solutions to (2.15). We will now turn our attention to exploring these

features through explicit numerical examples.

To begin with, let us provide some details about the numerical treatment of (2.19)-(2.21).

As in the vacuum case, we pick a negative λ0 to guarantee AdS asymptotics and planar black

hole solutions, preparing for the holographic studies in section 3. However, we emphasize that

the cosmological constant does not play any role in the approach towards the singularity. Now,

by assuming regularity at the horizon, r = rh, we may locally expand ϕ, f and χ as:

ϕ(r) = ϕh + ϕ′
h(r − rh) +O[(r − rh)

2] , (2.36)

f(r) = f ′
h(r − rh) +O[(r − rh)

2] , (2.37)

χ(r) = χh + χ′
h(r − rh) +O[(r − rh)

2] , (2.38)

where the subindex h indicates evaluation at the horizon. Further, by evaluating the field

equations at the horizon, we find the following relations between the variables:

r2hϕ
′
hf

′
h = V ′(ϕh) , (d− 1)χ′

h = rh(ϕ
′
h)

2 , 2ℓ2rh(d− 1)f ′
h = −2λ0 + 2ℓ2V (ϕh) , (2.39)

Once the potential V (ϕ) is specified, one can solve for χ′
h, ϕh and ϕ′

h in terms of rh and f ′
h.

The latter is related to the black hole temperature T by 4πT = −f ′
he

−χh/2. Notably, the

constraints given by (2.39) do not depend on the higher-curvature terms.

We then proceed with the numerical integration by initializing the algorithm at a point

r = rh ± δ sufficiently close to the horizon, with δ ≪ 1. Additionally, we set χh = 0, which

can always be accomplished via a time reparametrization. Consequently, by fixing f ′
h and rh

and specifying a value for δ, we are able to solve for the region between the horizon and the

singularity, and between the horizon and the AdS boundary, respectively.

To efficiently visualize the different Kasner eons as we approach the singularity, we now

introduce the effective Kasner exponents:

peffx =
2f(r)

rf ′(r)
, pefft =

2f(r)

rf ′(r)
+

f(r)χ′(r)

f ′(r)
− 1 , peffϕ (r) = −2χ′(r)ϕ′(r)

ϕ(r)

(

f ′(r)

f(r)

)2

. (2.40)

Indeed, when f(r), χ(r) and ϕ(r) match a proper Kasner eon near the singularity (2.23),

the effective exponents peffx , pefft and peffϕ are given by (2.31) and (2.27). Furthermore, we

explicitly include the factor χ′(r) in peffϕ (r) since it serves as a clear indicator of the scalar

field’s presence —whenever χ is constant, leading to χ′ = 0, the scalar field profile becomes
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3 Imprints of Kasner eons on holographic observables

In this section, we introduce several holographic probes to identify the presence of Kasner

eons. Our focus will be on holographic CFTs dual to higher-curvature gravitational theories

that include a minimally coupled massive scalar:

I =
1

16πGd+1

∫

dd+1x
√−g

(

R+ d(d− 1) +
∞
∑

n=2

λnZ(n) −
1

2
(∂ϕ)2 − 1

2
m2ϕ2

)

. (3.1)

These theories were examined from a purely gravitational perspective in section 2.2. In fact,

the action (3.1) follows from (2.15) with λ0 = d(d− 1), ℓ = 1 and V (ϕ) = 1
2m

2ϕ2.

We begin by considering the following plane-symmetric ansatz,

ds2 =
1

r2

(

−f(r)e−χ(r)dt2 +
dr2

f(r)
+ dx⃗2d−1

)

, ϕ = ϕ(r) . (3.2)

where dx⃗2d−1 denotes the (d − 1)-dimensional Euclidean metric. In this coordinate system,

the conformal boundary is at r = 0, while the singularity lies at r → ∞. The bulk equations

of motion, along with their numerical treatment, were thoroughly discussed in section 2.2.

It was noted that solving the equations numerically from the horizon towards either the

asymptotic boundary or the singularity required setting initial conditions for the scalar field,

its derivative, and the metric function χ(r), cf. (2.39). In the AdS/CFT correspondence, the

scalar field is dual to a scalar operator O with a conformal dimension ∆, satisfying:9

m2 = ∆(∆− d) . (3.3)

In terms of ∆, the initial conditions (2.39) take the form:

ϕh = ∓
√
2
√
d− 1

√

−d− f ′
hrh

√

∆(d−∆)
, ϕ′

h = ±
√
2
√
d− 1

√

−d− f ′
hrh
√

∆(d−∆)

f ′
hr

2
h

, (3.4)

χ′
h = −2(d+ f ′

hrh) [∆(d−∆)]

f ′2
h r3h

. (3.5)

It is important to emphasize that hairy black holes with non-trivial scalar profiles correspond

to RG flows in the dual field theory, where the putative CFT is deformed by the operator O.

In this context, it is essential to ensure that ∆ < d, so that the dual operator corresponds

to a relevant deformation (thereby, affecting the IR of the theory). According to (3.3), this

implies we must select a negative m2, however, in AdS, there exists an allowable range that

complies with the Breitenlohner-Freedman stability bound [52, 53].10

With these preliminaries in place, we now turn to examining several holographic quanti-

ties that can reveal the presence of Kasner eons from the field theory point of view.

9See Appendix B for more details on the holographic relations between φ and O.
10For positive m2 the dual operator corresponds to an irrelevant information. In this case, the effects of the

deformation are mostly noticed near the boundary, which ceases to be AdS. Conversely, these effects become

negligible in the deep interior, indicating that they will not influence the near-singularity region.
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3.1 Thermal a-function

In the context of quantum field theories (QFTs), the degrees of freedom decrease due to

coarse-graining along the renormalization group flow. The existence of a monotonic function

that quantifies the degrees of freedom is well established in two dimensions [54]. This issue

has also been explored in higher dimensions [55–59], where the monotonic function is known

as the a-function. Via the standard UV/IR relations in holography, it is well known that the

radial direction maps to an energy scale in the field theory [60–63]. This indicates that the

holographic dual of the a-function should be a bulk quantity that decreases from the boundary

(UV) to the horizon (IR). Various proposals for a holographic a-function have been proposed

and thoroughly investigated in the literature [64–68]. More recently, a finite temperature

generalization of this function, dubbed the thermal a-function, was introduced in [22] to

probe and characterize black hole interiors within holographic RG flows. This quantity has

been further explored in various contexts in [28, 33, 37, 39, 69].

One effective approach to ensure the monotonicity of the a-function is to require that the

matter fields satisfy the Null Energy Condition (NEC),

kµkνTµν ≥ 0 , (3.6)

for any null vector kα and the corresponding bulk stress-energy tensor Tµν . Alternatively,

in higher-curvature gravities, we can impose the Null Curvature Condition (NCC), which

stipulates that the Ricci curvature of a Lorentzian manifold Rµν must not be negative along

any arbitrary null vector,11

kµkνRµν ≥ 0 . (3.7)

Thus, (3.6) and (3.7) offer two distinct approaches to defining a monotonic function along

the holographic flow. Below, we will propose two monotonic functions corresponding to these

conditions and explicitly use them to prove their monotonicity.

Working with the ansatz (3.2)12 and imposing the NEC (3.6) yields a monotonic function,

which we denote as aET (r),

aET (r) =
πd/2

Γ
(

d
2

)

(

1

ℓP

)d−1

exp

(

− (d− 1)

2
χ− 1

2

∞
∑

n=2

λ̃n

∫

f (n−1)χ′dr

)

, (3.8)

where λ̃n are the rescaled couplings introduced in (2.22). Alternatively, by imposing the NCC

(3.7) we obtain a function that we denote as aCT (r),

aCT (r) =
πd/2

Γ
(

d
2

)

(

1

ℓP

)d−1

exp

(

− (d− 1)

2
χ

)

. (3.9)

11In Einstein gravity, these two conditions are equivalent. However, in the context of higher-curvature

gravities, the distinction roughly depends on how we interpret the additional terms in the field equations

—whether as matter contributions or as modifications to the geometric sector.
12The thermal a-function was initially defined using the domain wall ansatz and analytically continued into

the black hole interior [22]. However, this explicit analytic continuation is unnecessary for the coordinates

used in (2.18). The continuation is naturally implemented by the radial coordinate r, which transitions to a

time-like direction in the interior of the black hole.
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Monotonicity of aET (r) and aCT (t) can be demonstrated by analyzing their derivative along the

entire flow.13 In particular, we find that

daET
dr

= − aET
2rf(r)2

[

f(r)
(

T r
r − T t

t

)

]

, (3.10)

and

daCT
dr

= − aCT
2rf(r)2

[

f(r)
(

Rr
r −Rt

t

)

]

, (3.11)

respectively, where

T r
r − T t

t = rf(r)

(

χ′(d− 1) +
∞
∑

n=2

λ̃nf
(n−1)χ′

)

, (3.12)

Rr
r −Rt

t = (d− 1)rf(r)χ′ . (3.13)

On the other hand, using the null vector k⃗ = e−χ(r)/2∂t + f(r)∂r, we can rewrite the NEC

and NCC as follows:

f(r)
(

T r
r − T t

t

)

≥ 0 , f(r)
(

Rr
r −Rt

t

)

≥ 0 , (3.14)

implying daET /dr ≤ 0 and daCT /dr ≤ 0 everywhere along the flow. Thus, both thermal a-

functions monotonically decrease from the AdS boundary to the singularity. We illustrate

this behavior in Figures 3a and 3c.14

We observe several noteworthy properties of these functions. First, when higher-curvature

corrections are absent, aET and aCT coincide. This is expected, as the NEC and NCC are

equivalent in Einstein’s gravity, which is no longer true when higher-curvature corrections are

introduced. Second, both functions effectively capture all matter eons and their transitions

through particular combinations of their first and second derivatives. For example, note that

∂z log

[

a′ET (z)

aET (z)

]

=
2p′effϕ (z)

peffϕ (z)
+

2(peffϕ (z)− peffx (z)p′efft (z)− (1 + pefft (z)− 2peffx (z))p′effx (z)

(1 + pefft (z)− peffx (z))peffx (z)
, (3.15)

−a′′CT (z)

aCT (z)
=

(d− 1)
(

pefft (z)− peffx (z) + 1
)

2 − peffx (z)p′efft (z) +
(

pefft (z) + 1
)

p′effx (z)

peffx (z)
(

pefft (z)− peffx (z) + 1
) , (3.16)

where pefft (z), peffx (z) and peffϕ (z) are given in (2.40) and we have defined z = log r for conve-

nience. During each Kasner eon, pefft (z), peffx (z) and peffϕ (z) stabilize at a plateau, indicating

that (3.15) and (3.16) must reach constant values as well:

∂z log

[

a′ET (z)

aET (z)

]

→ 2pϕ
px (pt − px + 1)

, (3.17)

13The standard RG flow describes the region outside the black hole, while its ‘trans-IR’ extension corresponds

to the interior of the black hole.
14Note that in the absence of the scalar deformation, χ is trivial and both a-functions remain constant, as

they should. Thus, by definition, they are unable to probe vacuum eons.
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analytically continuing the radial coordinate, i.e., ρ → −iρ.15 In this patch, our thermal

a-function aET (ρ) can be written as follows:

aET (ρ) =
πd/2

Γ
(

d
2

)

(

1

ℓP

)d−1( h(ρ)

A′(ρ)

)d−1

exp

[

−
∞
∑

n=2

λ̃n

∫

A′2(n−1)

(

A′′(ρ)h(ρ)− h′(ρ)A′(ρ)

h(ρ)A′(ρ)

)

dρ

]

.

(3.21)

To analyze the zero temperature case, we set h = 1. In this case, the integrals in (3.21) can

be explicitly carried out, leading to

aET =
πd/2

Γ
(

d
2

)

(

1

ℓP

)d−1( 1

A′(ρ)

)d−1

exp

(

−
∞
∑

n=2

λ̃n

2n− 2
A′2(n−1)

)

, (3.22)

≈ πd/2

Γ
(

d
2

)

(

1

ℓP

)d−1( 1

A′(ρ)

)d−1(

1−
∞
∑

n=2

λ̃n

2n− 2
A′2(n−1)

)

, (3.23)

where in the last line we only kept the terms that are linear in λ̃n ≪ 1. Therefore, our a-

function aET provides a (non-perturbative) generalization of the a-function introduced in [70]

for a quasi-topological gravities with an arbitrary number of higher-derivative couplings.16

3.2 Two-sided correlators

In the AdS/CFT correspondence, there is a direct relationship between the length of

boundary-anchored geodesics and two-point correlation functions of heavy operators in the

boundary CFT [71, 72]. This entry in the holographic dictionary is crucial, as it illustrates

how geometric data from the bulk encodes information about the boundary field theory.

More specifically, for two points x1 and x2 on the boundary of the AdS, the two-point

correlation function G(x1, x2) of a primary operator O(x) with large conformal dimension

∆ ≫ 1, is related to the bulk geodesic length L(x1, x2) according to:

G(x1, x2) ∼ e−mL(x1,x2) , (3.24)

where m ≫ 1 is the mass of the bulk scalar dual to O(x). This expression is derived using

a ‘first quantized’ formalism for the correlator, followed by the application of a saddle-point

approximation. The geodesic γ connecting the points x1 and x2 in the bulk minimizes the

distance in the curved AdS space, ensuring it is the shortest path between these points. The

length of this geodesic L(x1, x2), which extends deep into the bulk, thus provides a crucial

map between geometric data of the AdS bulk and correlation functions in the dual CFT.

In the case of a two-sided black hole, it is well-established that space-like geodesics can

traverse the Einstein-Rosen bridge, provided the boundary operators are inserted at the two

15The time coordinate is shifted by a constant amount: t = tI − sgn(tI)γ/2T where γ is a half-integer and

T is the black hole temperature.
16Note that the a-function proposed in [70] and its generalization (3.23) can become negative for sufficiently

large couplings, indicating that they can only accurately represent a true a-function at the perturbative level.

In contrast, our a-function (3.22) remains positive definite for arbitrary values of the couplings.

– 17 –



disjoint AdS boundaries. In certain limits, these space-like geodesics become null, enabling

them to approach arbitrarily close to the singularity. This property was exploited in [73, 74]

to investigate how two-point CFT correlators encode information about the singularity,17

and was further revisited in [11] in the context of holographic RG flows. Building on these

pioneering works, we will now focus on calculating traversing geodesics to investigate potential

signatures of the Kasner eons encoded in the boundary two-point correlators.

To simplify the calculations, we assume that the boundary operators are symmetrically

placed, ensuring that the space-like geodesics anchored at these endpoints exhibit reflection

symmetry. The radial geodesics originate from one of the AdS boundaries, travel towards the

singularity until they reach a turning point, and then return to the second AdS boundary.

Further, they are confined to the (t, r) plane, where the induced metric is given by,

ds2 =
1

r2

(

−f(r)e−χ(r)dt2 +
dr2

f(r)

)

. (3.25)

We can parametrize the geodesics using a single function, r = r(t), allowing us to express the

length functional as:

L =

∫

dt
1

r

√

−f(r)e−χ(r) +
ṙ2

f(r)
≡
∫

dtLg , (3.26)

where Lg represents the ‘Lagrangian’ of the geodesic, defined implicitly by (3.26).

Since Lg does not explicitly depend on time, we can define a conserved quantity E,

representing the energy associated with the space-like geodesic,

E = ṙ
∂Lg

∂ṙ
− Lg =

f(r)e−χ(r)

r
√

−f(r)e−χ(r) + ṙ2

f(r)

. (3.27)

The geodesic length is then obtained by substituting E into Lg, yielding the minimal geodesic

length anchored at some boundary time slice t = tb(E),

L =
2

|E|

∫ rt

rc

e−χ/2dr

r2
√

1 + f(r)e−χ(r)

r2E2

+ 2 log rc . (3.28)

Note that a counterterm has been introduced to subtract the UV divergences arising from

the AdS boundary. Here, rc represents the UV cutoff, while rt is the turning point of the

geodesic, determined by

E2 = gtt(rt) =
−f(rt)e

−χ(rt)

r2t
. (3.29)

Using (3.27), we can express boundary time tb as a function of the energy E,

17More recently, similar calculations have been carried out in the presence shockwaves [33, 75], with the

geodesic length in this case capturing information of certain higher-point correlators.
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for matter eons with a scalar field. To arrive at these expressions we have used the linear

Kasner relations (2.11) and (2.32), respectively.

Reference [37] considered an alternative formulation of complexity, where the functional

F is constructed from another invariant derived from the extrinsic curvature tensor: F =

L
√

|KµνKµν |. By recognizing that |KµνK
µν | = p2t+(d−1)p2x

c2τ τ
2 , and applying the Kasner relations

of Einstein gravity, one finds that the growth rate is finite and directly dependent on the

Kasner exponents. This version of complexity, therefore, effectively diagnoses the nature of

the singularity in Einstein gravity. A natural extension to higher-curvature theories is given

by F = L|KµνK
µν |m/2, where in the limit τ → 0, we find,

dC
dt

∣

∣

∣

∣

t→∞

=



















0 if 0 ≤ m < 2n− 1 ,

ctVd−1

c2n−1
τ GN

(

4n(n−1)
d + 1

)
2n−1

2
if m = 2n− 1 ,

∞ if m > 2n− 1 ,

(3.38)

for vacuum eons, while

dC
dt

∣

∣

∣

∣

t→∞

=



















0 if 0 ≤ m < n ,

ctVd−1

cnτGN

(

n2

d

)
n
2

if m = n ,

∞ if m > n ,

(3.39)

for matter eons with a scalar field. To arrive at these expressions we have used both the linear

and quadratic Kasner relations given in (2.11) and (2.32), respectively.

A couple of comments are in order. First, in the above expressions, n is meant to represent

the final eon in which the singularity resides. For example, if the higher-curvature theory is

truncated at the Gauss-Bonnet coupling, i.e. λn>2 = 0, then n = 2.21 We will typically

consider a situation where the last eon exhibits linear growth in complexity, as this is the

expected behavior in the dual CFT.22 A crucial difference with Einstein gravity, however, is

that for higher-curvature theories the Kasner exponents are completely determined in terms

of n. Given that the two cases discussed above result in growth rates that explicitly depend on

n, we can conclude that both function choices yield equivalent insights into the Kasner scaling

within the final eon, making them equally effective probes of the singularity. In principle,

we should be able to extract information about the remaining eons and their transitions by

examining the full time evolution of complexity and analyzing its t-scaling across different

time scales. Since this is computationally more involved, we defer this analysis to future work.

21When n → ∞, our complexity probes require modification. In this regime, quantum gravity corrections

become significant, rendering our classical analysis inadequate.
22More precisely, quantum complexity is expected to saturate at late times. However, our analysis is purely

classical, and this saturation would only emerge when incorporating bulk quantum corrections. See, e.g., [94].
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4 Discussion

In general relativity, the BKL analysis offers a crucial framework for understanding spacetime

dynamics near space-like singularities. However, a general framework for higher-curvature

gravity theories is currently lacking. Our work takes a step in this direction by examining a

specific class of higher-derivative theories of arbitrary order minimally coupled to a scalar field.

In particular, we showed that the presence of matter significantly alters the near-singularity

behavior, clearly distinguishing it from the vacuum case.

In the first part of our paper, we considered a family of quasi-topological gravities in

vacuum. By incorporating an infinite number of higher-curvature couplings, we explicitly

demonstrated the emergence of an infinite sequence of Kasner eons as a space-like singular-

ity is approached. Each eon is governed by emergent physics at energy scales dictated by

higher-order curvature terms, with transitions occurring to successively higher-order eons as

the singularity nears. This phenomenon arises independently of the cosmological constant,

underscoring it as a fundamental characteristic of gravity. We further showed that these

higher-order eons result in modified Kasner relations that differ from those established in

Einstein gravity. Nevertheless, each higher-order eon can still be represented by a Kasner

metric, with the exponents adhering to new constraints based on both the order of the eon

and the dimension of spacetime.

Introducing a minimally coupled free massive scalar field into our model significantly

altered the near-singularity analysis. We first observed that the dynamics near the singularity

remained unaffected by both the mass of the scalar field and the cosmological constant. As

in the vacuum case, an infinite sequence of Kasner eons emerged. However, the presence

of the scalar field led to a dramatic change in the Kasner exponents. While the vacuum

scenario exhibited two distinct Kasner exponents, pt and px, the inclusion of the scalar field

caused these exponents to become equal for all higher-order eons. This indicates that the

scalar field enhances the isotropy of the Kasner solution, rendering the temporal direction

indistinguishable from the spatial directions. Importantly, we found that the full set of Kasner

exponents, including pϕ, are fully determined by the order of the eon and the spacetime

dimensionality, in stark contrast with GR, where the exponents are not fully fixed. We

attributed this difference to the absence of higher-derivative corrections in the matter sector.

In the final part of our paper, we focused on cases with a negative cosmological constant

and explored the emergence of eons in the interior of black holes with holographic duals. We

examined three key holographic observables —the thermal a-function, two-point functions

of heavy operators, and holographic complexity— as potential probes for understanding the

behavior of spacetime near singularities. We first introduce non-perturbative generalizations

of the thermal a-function applicable to hairy black holes in quasi-topological gravities of

any curvature order. This generalization was achieved by employing two distinct conditions:

the Null Energy Condition (NEC) and the Null Curvature Condition (NCC). While these

conditions are equivalent in Einstein gravity, they generally differ in higher-curvature theories.

Based on these conditions, we constructed two monotonic functions characterizing holographic
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RG flows in the presence of a relevant deformation that effectively capture all Kasner eons

within the black hole. This demonstrates that these monotonic functions serve as robust

diagnostic tools for identifying stringy effects near black hole singularities.

Next, we analyzed two-point correlation functions of heavy operators, holographically

dual to space-like geodesics anchored at the AdS boundary. Our study revealed that the

presence of a scalar field, which induces a positive pt, generally prevents the geodesics from

probing regions near the singularity. In contrast, in the absence of a scalar field, the geodesics

can reach the singularity if the theory satisfies n ≤ d/2, resulting in pt ≤ 0. Regardless of the

singularity’s characteristics, we demonstrated that space-like geodesics can capture all initial

eons with pt < 0, providing, at least partially, a valuable complementary probe of stringy

effects in the black hole interior. In the future, it would be interesting to investigate whether

complex geodesics can reveal additional aspects of the singularity, particularly their potential

to diagnose eons that remain inaccessible through standard geodesics.

Lastly, we investigated the growth rate of complexity within specific variants of the

complexity=anything proposal. Evaluating complexity on a slice of constant mean curvature

close to the singularity, we demonstrated that the last eon is effectively captured and can

be diagnosed through late-time linear growth of complexity. While we did not delve into

this in detail, we anticipate that other eons can be similarly identified by examining different

t-scalings in the full-time evolution of complexity, which we plan to explore in future work.

Our work represents a crucial first step towards developing a comprehensive BKL-like

analysis in higher-curvature gravity, paving the way for future theoretical advancements.

Several interesting directions merit exploration. First, it would be interesting to analyze

the approach to the singularity in four-dimensional black holes supplemented with higher-

curvature corrections. Indeed, our study with quasi-topological gravities applies for space-

time dimensions D ≥ 5, leaving the four-dimensional case uncovered. To explore it, one

may resort to the so-called generalized quasi-topological gravities [95–97], which exist in four

dimensions but whose equations for static and plane-symmetric equations are nevertheless

much more involved. Investigation in this area will be conducted in the future. Second, we

have focused only on higher-derivative theories coupled to a minimally coupled massive scalar

field. We found that even in this relatively simple scenario, the presence of matter alters the

GR predictions for the Kasner exponents, without inducing chaotic behavior. A significant

future direction would be to explore more complex matter content, potentially giving rise to

‘mixmaster’ behavior. This would allow for a deeper understanding of the interplay between

Kasner epochs, eras, and eons. Third, it would be interesting to investigate the effects of

considering higher-curvature corrections in the matter sector, as well as non-minimal cou-

plings. As explained above, we expect such generalizations to give more intricate dynamics

and more freedom in the definition of Kasner exponents and Kasner relations associated to

the different eons. Finally, while our focus was on space-like singularities within black holes,

examining cosmological applications may be of interest too. For instance, we can consider

holographic cosmologies from dynamical end-of-the-world (ETW) branes falling into a black

hole [98–100]. These branes, whose worldvolume is a big-bang/big-crunch cosmology, end in
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the singularity, and thus are sensitive to the presence of eons. Thus, it is natural to ask what

are the implications of our work for holographically cosmologies constructed in this way. We

hope to return to some of these questions in the near future.
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A Quasi-topological gravities with first-order vacuum equations for any

static and plane-symmetric background

We consider a static and plane-symmetric ansatz of the form (2.5). For spacetime dimensions

d+ 1 = D ≥ 5, it turns out that there always exists a higher-curvature gravity Z(n) which is

purely constructed out of curvature invariants of n-th curvature order and whose equations

of motion on top of (2.5) contain no more than two derivatives — as a matter of fact,

equations are of first-order in derivatives for f(r) and χ(r). Such theories correspond to

special subclasses of quasi-topological gravities and below we present explicit instances of

such theories up to order n = 5 and arbitrary dimension. We denote by Wabcd the Weyl

curvature tensor and by Zab = Rab − 1
DgabR the traceless part of the Ricci tensor.

Z(1) = R , (A.1)

Z(2) = R2 − 4D(D − 1)

(D − 2)2
ZabZab +

D(D − 1)

(D − 2)(D − 3)
W abcdWabcd , (A.2)

Z(3) = R3 +
2D2(D − 1)2(2D − 3)W ab

cdW
cd
ef W

ef
ab

(D − 2)(D − 3)(D((D − 9)D + 26)− 22)
+

24D2(D − 1)2W bd
ac Za

bZ
c
d

(D − 3)(D − 2)3

− 24D2(D − 1)2WacdeW
bcdeZa

b

(D − 3)(D − 4)(D − 2)2
+

16D2(D − 1)2Za
bZ

b
cZ

c
a

(D − 2)4
+

3(D − 1)DRWabcdW
abcd

(D − 2)(D − 3)

− 12D(D − 1)Zb
aZ

a
bR

(D − 2)2
, (A.3)

Z(4) = R4 +
3D3(D − 1)2(3D − 4)

(

W abcdWabcd

)2

(D − 2)4(D − 3)2
− 384D3(D − 1)3ZacZdeW

bdceZa
b

(D − 3)(D − 4)(D − 2)4
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+
8D2(D − 1)2(2D − 3)RW ab

cdW
cd
ef W

ef
ab

(D − 2)(D − 3)(D((D − 9)D + 26)− 22)
+

48D3(D − 1)3
(

Zb
aZ

a
b

)2

(D − 2)5(D − 3)

− 96D3(D − 1)3Zb
aZ

c
bZ

d
cZ

a
d

(D − 2)5(D − 3)
+

64D2(D − 1)2RZb
aZ

c
bZ

a
c

(D − 2)4
+

96D2(D − 1)2RW bd
ac Za

bZ
c
d

(D − 2)3(D − 3)

− 96D2(D − 1)2RWacdeW
bcdeZa

b

(D − 3)(D − 4)(D − 2)2
− 48D2(D − 1)4WabcdW

abcdZefZ
ef

(D − 3)(D − 2)4

− 192D2(D − 1)3WacbdW
cefgW d

efgZ
ab

(D2 − 5D + 6)2 (D − 4)
+

6D(D − 1)R2W abcdWabcd

(D − 2)(D − 3)

− 24D(D − 1)R2ZabZab

(D − 2)2
+

96D2(2D − 1)(D − 1)3WabcdW
aecfZbcZef

(D − 2)3(D − 3)2
, (A.4)

Z(5) = R5 +
4(4D − 5)D4(D − 1)3W cd

ab W ef
cd W ab

ef W ghijWghij

(D − 3)2(D − 2)3(D((D − 9)D + 26)− 22)

− 640D4(D − 1)4ZdeZdeZ
b
aZ

c
bZ

a
c

(D − 3)(D − 4)(D − 2)6
+

15D3(D − 1)2(3D − 4)R
(

W abcdWabcd

)2

(D − 3)2(D − 2)4

+
48D4(D − 1)3

(

16(D − 1)(D − 3)Za
bZ

b
cZ

c
dZ

d
fZ

f
a − 5(D − 2)2W ghijWghijWacdeW

bcdeZa
b

)

(D − 4)(D − 3)2(D − 2)6

− 1920D3(D − 1)3RW bdceZa
bZacZde

(D − 3)(D − 4)(D − 2)4
+

240D3(D − 1)3R
(

ZabZab

)2

(D − 3)(D − 2)5

− 480D3(D − 1)3RZb
aZ

c
bZ

d
cZ

a
d

(D − 3)(D − 2)5
− 320(D − 1)4D3(D(D + 2)− 2)WghijW

ghijZa
bZ

b
cZ

c
a

(D − 4)(D − 3)(D − 2)6(D + 1)

+
40D4(D − 1)3(9D4 − 88D3 + 307D2 − 440D + 206)W cd

ab W ef
cd W ab

ef ZghZ
gh

(D − 2)3(D − 3)(D − 4)(D2 − 6D + 11)(D((D − 9)D + 26)− 22)

+
480D4(D − 1)4ZefZefW

bd
ac Za

bZ
c
d

(D − 3)2(D − 2)5
+

20D2(D − 1)2(2D − 3)R2W cd
ab W ef

cd W ab
ef

(D − 2)(D − 3)(D((D − 9)D + 26)− 22)

+
240D2(D − 1)2R2W bd

ac Za
bZ

c
d

(D − 3)(D − 2)3
+

160D2(D − 1)2R2Zb
aZ

c
bZ

a
c

(D − 2)4

− 960D2(D − 1)3RWacbdW
cefgW d

efgZ
ab

(D − 4) (D2 − 5D + 6)2
− 240D2(D − 1)2R2WacdeW

bcdeZa
b

(D − 3)(D − 4)(D − 2)2

− 240D2(D − 1)4RWabcdW
abcdZefZ

ef

(D − 3)(D − 2)4
+

10D(D − 1)DR3W abcdWabcd

(D − 2)(D − 3)

− 40D(D − 1)R3ZabZab

(D − 2)2
+

480D2(2D − 1)(D − 1)3RWabcdW
aecfZbcZef

(D − 2)3(D − 3)2

−
1920D3(3D − 1)(D − 1)4ZabWacbdZ

efW c g
e f Zdg

(D − 2)4(D − 3)2(D − 4)(D + 1)
− 960D4(D − 1)4Zb

aZ
c
bZcdZefW

eafd

(D − 2)5(D − 3)2

− 240D4(D − 1)3(3D − 2)Za
bZ

b
cWdaefW

efghWgh
dc

(D(D − 6) + 11)(D − 2)3(D − 3)(D − 4)
. (A.5)
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Having at disposal quasi-topological gravities with first-order vacuum equations on any

static and plane-symmetric background up to quintic order in curvature, it is possible to

obtain such theories to arbitrary order in the curvature and any spacetime dimension D via

the following recursive formula, adapted from [10, 44]:

Z(n+5) =
3(n+ 3)RZ(n+4)

n+ 1
−

3(n+ 4)Z(2)Z(n+3)

n
+

(n+ 3)(n+ 4)Z(3)Z(n+2)

n(n+ 1)
, (A.6)

where n ≥ 1. Surprisingly enough, written in this way the recursive relation (A.6) is

dimension-independent.

B Holographic dictionary for bulk scalar fields

In this appendix, we discuss some basic entries of the holographic dictionary for the theory

at hand, given by (3.1). By varying the action with respect to the metric gµν and scalar field

ϕ, we obtain following equations of motions,

ϕ′′ +

(

f ′

f
− d− 1

r
− χ′

2

)

ϕ′ +
∆(d−∆)

r2f
ϕ = 0 , (B.1)

χ′ − 2f ′

f
− 1
∑∞

n=1 λ̃nfn−1

(

∆(d−∆)ϕ2

(d− 1)rf
+

2d(d− 1)

rf
− 2d

r

∞
∑

n=1

λ̃n

n
fn−1

)

= 0 , (B.2)

χ′ − r(ϕ′)2
∑∞

n=1 λ̃nfn−1
= 0 , (B.3)

where m is expressed in terms of the scaling dimension ∆ of the operator O dual to ϕ

[101, 102]:

m2 = ∆(∆− d) . (B.4)

From this relation (B.4), we see that the dual operator is relevant only if ∆ < d, which occurs

when m2 < 0. Using the Breitenlohner-Freedman stability bound [52, 53], we can further

determine a lower bound for m2, which yields

−d2

4
≤ m2 < 0 . (B.5)

Additionally, for holographic applications, we impose the unitarity bound for ∆ in order to

have a unitary theory,

∆ ≥ d− 2

2
. (B.6)

In the standard quantization, this bound further restricts m2, so that23

−d2

4
≤ m2 ≤ 1− d2/4 . (B.7)

23Larger masses are attainable by working in the alternative quantization.
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We will thus consider massive scalar fields within this range.

To solve the equations in (B.1)-(B.3), we need appropriate boundary conditions for bulk

fields. As the fields approach the boundary at r → 0 with ∆ ̸= d/2, they behave as [14]:

ϕ(r) ∼ ϕ0r
d−∆ , (B.8)

χ(r) ∼ d−∆

2(d− 1)ϕ2
0r

2(d−∆)
, (B.9)

f(r) ∼ 1 , (B.10)

where ϕ0 is the source of the operator O dual to ϕ. Note that for ∆ = d/2, the above

expressions fail, and need to be modified. For this special case, ∆ = d/2, it has been found

that they instead behave as [14],

ϕ(r) ∼ ϕ0r
d/2 log r , (B.11)

χ(r) ∼ ϕ2
0

4d(d− 1)
rd(2 + 2d log r + d2(log r)2) , (B.12)

f(r) ∼ 1 , (B.13)

On the other hand, near the singularity as r → ∞, they generally diverge as

f(r) = −fnr
γn , χ(r) = χn log r + χ0 , ϕ(r) =

{

ϕ1 log r (n = 1) ,

ϕnr
(n−1)γn

2 (n ≥ 2) ,
(B.14)

where χn = γn = 2d
n for n ≥ 2, fn > 0 and χ0 are some arbitrary constants and

χ1 =
ϕ2
1

(d− 1)
, γ1 = d+

ϕ2
1

2(d− 1)
. (B.15)
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