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Abstract

We propose a single timescale actor-critic algorithm to solve the linear quadratic regulator (LQR)
problem. A least squares temporal difference (LSTD) method is applied to the critic and a natural
policy gradient method is used for the actor. We give a proof of convergence with sample complex-
ity O(e~!log(¢71)?). The method in the proof is applicable to general single timescale bilevel
optimization problems. We also numerically validate our theoretical results on the convergence.
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1. Introduction

Reinforcement learning (RL) is a semi-supervised learning model that learns to take actions and
interact with the environment in order to maximize the expected reward (Sutton and Barto, 2018).
It has a wide range of applications, including robotics (Kober et al., 2013), traditional games (Silver
et al., 2016), and traffic light control (Wiering, 2000). RL is closely related to the optimal control
problem (Bertsekas, 2019), where one usually minimizes the expected cost instead of maximizing
the reward. Among all the control problems, the LQR (Anderson and Moore, 2007) is the cleanest
setup to analyze theoretically and has many applications (Hashim, 2019; Ebrahim et al., 2010).
Many research has been devoted to LQR. Early research mostly focused on model-based methods,
such as deriving the explicit solution of the LQR with known dynamics. This research showed that
the optimal control is a linear function of the state and the coefficient can be obtained by solving
the Riccati equation (Anderson and Moore, 2007). Recent research focuses more on the model-
free setting in the context of RL, where the algorithm does not know the dynamic and has only
observations of states and rewards (Tu and Recht, 2018; Mohammadi et al., 2021).

The actor-critic method (Konda and Tsitsiklis, 2000) is a class of algorithms that solve the RL
or optimal control problems through alternately updating the actor and the critic. In this framework,
we solve for both the control and the value function, which is the expected cost w.r.t. the initial
state (and action). The control is known as the actor, so in the actor update, we improve the control
in order to minimize the cost; i.e., policy improvement. The value function is known as the critic.
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Hence, in the critic update, we evaluate a fixed control through computing the value function; i.e.,
policy evaluation.

On a broader scale, the actor-critic method belongs to the bilevel optimization problem (Sinha
et al., 2017; Bard, 2013), as it is an optimization problem (higher-level problem) whose constraint
is another optimization problem (lower-level problem). In the actor-critic method, the higher-level
problem is to minimize the cost (the actor) and the lower-level problem is to let the critic be equal to
value function corresponding to the control, which is equivalent to minimizing the expected squared
Bellman residual (Bradtke and Barto, 1996). The major difficulty of a bilevel optimization problem
is that when the lower-level problem is not solved exactly, the error could propagate to the higher-
level problem and accumulate in the algorithm. One approach to overcome this problem is the two
timescale method (Konda and Tsitsiklis, 2000; Wu et al., 2020; Zeng et al., 2021), where the update
of lower-level problem is in a time scale that is much faster than the higher-level one. This method
suffers from high computational costs because of the lower-level optimization. Another method is
to modify the update direction to improve accuracy (Kakade, 2001), which also introduces extra
cost. In order to reduce the cost, we seek an efficient single timescale method to solve LQR.

1.1 Our contributions

In this paper, we consider a single timescale actor-critic algorithm to solve the LQR problem. We
apply an LSTD method (Bradtke and Barto, 1996) for the critic and a natural policy gradient method
(Kakade, 2001) for the actor. For the critic, we derive an explicit expression for the gradient and
design a sample method with the desired accuracy, with access to multiple next-step samples from
a state. For the actor, we apply a natural policy gradient method borrowed from Fazel et al. (2018).
We give a proof of convergence with sample complexity O(e~! log(¢~1)?) to achieve an e-optimal
solution. The major challenge is to analyze the interdependent actor and critic part of the algorithm
and give bounds for the errors. To the best of our knowledge, our work is the first single timescale
actor-critic method to solve the LQR problem with provable guarantees.

Our work not only solves the specific LQR problem but also advances the study of convergence
for single timescale bilevel optimization. In our proof of convergence, we construct a Lyapunov
function that involves both the critic error and the actor loss. We show that there is a contraction
of the Lyapunov function in the algorithm. If we consider the actor and the critic separately, the
critic error becomes an issue when we want to show an improvement of the actor and vice versa.
Therefore, the higher and lower level problems have to be analyzed simultaneously for a single
timescale algorithm.

1.2 Related works

Let us compare our work with related ones in the literature. Perhaps the most closely related work
to ours is by Fu et al. (2020). They consider a single timescale actor-critic method to solve the
optimal control problem with discrete state and action spaces, while we solve the LQR problem
with continuous state and action spaces. They add an entropy regularization in the loss function and
achieve a sample complexity of O(¢~2) with linear parameterization.

For two timescale approaches, Yang et al. (2019) study a two timescale actor-critic algorithm
to solve the LQR problem in continuous space. They also use a natural policy gradient method
for the actor (Fazel et al., 2018). For the critic, they reformulate policy evaluation into a minimax
optimization problem using Fenchel’s duality. Several critic steps are performed between two actor
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steps and their final sample complexity is O(¢°). Zeng et al. (2021) study a bilevel optimization
problem that is applied to a two timescale actor-critic algorithm on LQR. They obtain a complexity
of (’)(6*3/ 2). They have assumed strong convexity of the higher-level loss function (actor) while
our analysis does not require such assumptions.

Besides model-free approaches, another way to solve the LQR problem is to first learn the model
through the system identification approach and then solve the model-based LQR. For example, Dean
et al. (2020) use a least square system identification approach to learn the model parameter and then
solve the LQR, with sample complexity O(s~2). Their work is further improved by Mania et al.
(2019), who study the certainty equivalent controller on LQ problem, under both fully observed and
partially observed settings.

As can be seen from the above discussions, our single timescale algorithm achieves a lower sam-
ple complexity O(s~1log(e71)?), which is an improvement over previously proposed algorithms.

For the general bilevel optimization problem, we refer the reader to Chen et al. (2022), where
the authors summarize the existing bilevel algorithms and propose a STABLE method with O(s~1)
sample complexity under strong convexity assumption.

The rest of this paper is organized as follows. In Section 2, we introduce the theoretical back-
ground of the LQR problem. In Section 3, we describe the algorithm for the LQR problem and our
choice of parameters. In Section 4, we give the outline of the convergence proof of the algorithm,
with proof details in the appendix. The numerical examples are also deferred to the appendix.

2. Theoretical background

First, we clarify some notations. We use || - || to denote the operator norm of a matrix and || - || ¢
to denote the Frobenius norm of a matrix. When we write M > ¢ where M is a symmetric matrix
and c is a number, we mean M — c/ is positive semi-definite. Similarly, M > ¢ means M — cI is
positive definite.

We consider a discrete-time Markov process {x } on a filtered probability space (2, F, { Fs}, P):

Ls+1 = Az, + Bugs + §Sa

where x, € R is an adapted state process, 1, € R” is the adapted control process, A € R?*? and
B € R¥™F are two fixed matrices. £, ~ N (0, Dy) is independent noise. The initial state 2o follows
certain distribution that will be specified later.

The goal is to minimize the infinite horizon cost functional

1 S—1
J({us}) = lim E [SZC(ZL‘S,us)] : (1)

s=0

where ¢(z,u) = x| Qx4 u' Ru is the one-step cost, with Q € R?*? and R € R¥** being positive
definite. Theoretical results guarantee that the optimal control v* is linear in x: u; = —K*x,. If the
model is known, we can obtain the optimal control parameter by K* = (R + BT P*B)"'BTP*A
where P* is the solution to the Riccati equation (Anderson and Moore, 2007)

P*=Q+A"P*A— ATP*B(R+B'P*B)"'BT P*A. 2)
In this work, we consider the model-free setting (i.e., the algorithm does not have access to A, B,

Dy, Q, R). We will use a stochastic policy parametrized as
Ug ~ T = N(—Kws,asz) 3)
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to encourage exploration, where o > 0 is a fixed constant. Here, we use mx to denote the distribu-
tion while we will not distinguish in notation a probability distribution with its density. We remark
that adding exploration does not change the optimal K™ because the optimal policy parameters with
or without exploration satisfy the same Riccati equation while adding exploration would help the
convergence of the algorithm. Under this policy, the cost functional (1) is also denoted by J(K)
and the state trajectory can be rewritten as

Tsy1 = Azs + B(—Kxs + ows) + & =: (A — BK)xs + €5

where ws ~ N (0, I;) and €5 ~ N (0, D) with D, = D¢ +0>BB " being positive definite. Let p(-)
denote the spectral radius of a matrix. When p(A — BK) < 1, the state process has a stationary
distribution N (0, D), where D € R4 satisfies the Lyapunov equation

Dk =D+ (A—BK)Dg(A—BK)". 4)

In order to understand (4), let us assume that x ~ N (0, D) follows the stationary distribution.
Then, 2’ = (A — BK)z + ¢~ N(0,(A— BK)Dg(A — BK)" + D,) also follows the stationary
distribution, which leads to (4). D can also be expressed in terms of a series: since p(A — BK) <
1, we can recursively plug in the definition of D into the right hand side of (4) and obtain

Dg = i(A—BK)SDE((A—BKW)S- (5)
s=0

From here on, the notation Ex means the expectation with x (or xg) ~ N (0, D) if not specified
and u (or ug) ~ mg. The state-action value function (Q function) and the state value function with
respect to a control {u} are defined by

= Z c(xs, us) | o = w,up = u] — J({us}))

sO:OO (6)
= Z xs,us ‘ To = .%'] ({Us})) = Eu [Q(wa u)}

s=0

respectively. V() is the expected extra cost if we start at xo = x and follow a given policy. Q(z, u)
is the expected extra cost if we start at x¢ = x, take the first action ug = u, and then follow a given
policy. These two functions are crucial in reinforcement learning. If the policy 7 follows (3), then
the two functions in (6) are denoted by Q i (x, u) and Vi () respectively. By definition, for any x
and wu, it satisfies the Bellman equation:

Qk(r,u) =c(x,u) — J(K)+ Eg [QK(:U',U’) | :U,u], @)

where (2, u’) is the next state-action pair starting from (z, u).
We define Py as the solution to the following matrix valued equation

Py =(Q+ K"RK)+ (A— BK)' Px(A — BK). 8)

Py can be interpreted as the second order adjoint state, and Pgx; is the shadow price for the
system (see for example Yong and Zhou (1999)). We have the following two properties to illustrate
the importance of P . The proofs are deferred to the appendix.
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Proposition 1 Let the policy T be defined by (3) with p(A — BK) < 1. Then the cost function
and its gradient w.r.t. K have the following explicit expressions:

J(K) = Tr(D.Px) 4+ o* Tr(R), )
ViJ(K)=2|(R+ B"PxB)K — BTPKA] Dk. (10)

Remark 1 In the LOR problem, we usually assume that Dy is positive definite and hence in-
vertible. Therefore, the critical point for J(K) (i.e., when Vi J(K) = 0) satisfies K = (R +
BTPKB)*lBTPKA. If we substitute this into (8), we recover the Riccati equation (2).

Proposition 2 Let the policy wx be defined by (3) with p(A — BK) < 1. Then the value functions
have the following explicit expressions:

Vi(x) = 2" Pxx — Tr(Dg Py),

Qx(x,u) = [z7 u'] [Q+ATPKA APl } [x]

B'PkA R+ B'PkB| |u
—0?Tr(R+ PxkBB") — Tr(Dg Px). (11)

If we concatenate x and u in the dynamic equation, the process can be written as

Ts+1| A B Ts &s
usy1| |—-KA —KB]| |usg + —K& + ows|

We simplify the expression by introducing some new notations: zs = [z),u)]T, thus 2,11 =
Ez, + ¢, where
[ A B _ - Dy —D¢K'T
E= [—KA —KB] , and €5 ~ N(0,%,) : =N <O, [—KDg KDgKT o) 12)

The ergodicity of the dynamics is guaranteed if p(A — BK) = p(E) < 1, where the identity
p(A — BK) = p(F) can be verified from

p(E):p<[I;<] (A B]) :p<[A B] {I%D = p(A - BK).

The stationary distribution for z is given by

13)

z~ N(0,k) ::N<0,[ Dx ~DiK! D

—KDyg KDygK' + o2l

and we have X = X + EXgE.
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3. The actor-critic algorithm

In this section, we present our specific design of the algorithm under the actor-critic framework. We
apply an LSTD method for the policy evaluation (critic), with a detailed description for sampling
the gradient of the loss function. We also use a natural policy gradient method for the policy im-
provement (actor). We will use G; to denote the filtration generated by the training process. We
use O(a) to denote a quantity that is is bounded by a constant times a, where this constant only
depends on the problem setting (A, B, D, Q, R, ¢) and does not depend on the target accuracy or
training trajectory. The dependence of the constants on the dimensions is explained in the proof of
our theorem.

3.1 Policy evaluation for the critic

In this subsection, we describe the policy evaluation algorithm for a fixed policy 7x . We parametrize
the state-action value function by Qi‘;{ with 6 as a parameter and subscript K indicating that it de-
pends on the given policy 7x. We define the Bellman residual w.r.t. the critic parameter 6 as

BRy(z,u) = c(z,u) — J(K) + Ex [Q%(m',u’)\x,u — Q(;((:c,u).

Recall the exact () function is given by (11), accordingly, we define a feature matrix

o(z,u) = B] [xT UT] c R(d+k)x(d+k) (14)
and parametrize the () function as
Ql(w,u) = Te(¢(, u)0) — ¢/, (15)
where 0 € R(@+F)x(d+k) and ¢’ € R. Here, we denote
g1 912 o . Q+AT"PkA  ATPgB
0= [921 922} , which intends to approximate 0x = BT Py A R+ BTPeB|" (16)

The scalar parameter ¢’ is to approximate o> Tr(R + Px BB'") + Tr(Dx Pk ). Recall the Bellman
equation (7), with parametrization (15), the Bellman residual is written as

BRQ(.T,U) = c(a;, U) - J<K) + <EK [¢(x,7 ’LL/)’Q?, U] - ¢(x7u)7 9>
= C((E, u) - J<K) + W(%U),@%
where (-, -) is the trace inner product and we have defined ¢(x, u) := Ex [¢p(2/, u')|x, u] — ¢(x, u)
for convenience. It is clear by definition that Ex [1)(x, u)] = 0 (recall that = follows the stationary

distribution N (0, Dk )). The loss function for critic is then defined as the expectation of squared
Bellman residual:

Lic(0) = 5B [BRo(w,0)?] = JEx [(clo,w) — J(K) + ((e,w),0)7] . A7)

We will find that 6’ does not affect the training, so only € will be considered as the critic parameter
from now on. According to the Bellman equation (7), the unique minimizer of (17) is the true
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parameter for the () function w.r.t. 7g. By direct computation, the gradient (as a matrix) and
Hessian (as a tensor) of the loss function w.r.t. 6 are

VLk(0) = Ex [(c(z,u) = J(K) + (P(z,u),0)) (2, u)]

— Ex [(c(au) + ((z ), 6)) (a, w)] (19

and
V2Lk(0) = B [¢(z,u) ® ¢(z,u)],

where ® denotes the tensor product. The loss function L is strongly convex in #, as will be shown
later.

To minimize the loss (17), we use stochastic gradient descent method. Thus, we need an accurate
sample estimate of V L (6) for given K and 6. For simplicity of notation, we denote

f(.%’, u) = (C(x7u) + <¢(x7u>70>) 1#(%“) = C(%U)w(fﬁ,u) + (w(ZC?u) ® 1#(307“)) -0 (19)

so that VL (0) = Ex[f(z,u)]. Note that f(z,u) depends on # and K, while we suppress that in
the notation. We decompose the sampling into three steps: we firstly sample ¢ (z, u), then sample
f(z,u) accordingly, and finally give estimate of VL (6).

For the first step, we use the Markov chain Monte Carlo (MCMC) method (Gilks et al., 1995).
Let Ng and NV be two integers that will be determined according to the error tolerance. Starting
at xg = 0, we sample NV indepen(dent trajectories of length Ny + 1 according to the policy 7.
(2

)

So, we obtain N samples {(:U No» Un,) Hie1 that follow the distribution of (zy,, un, ). For each pair

(() (4) (4)

Ty, Uy, )» We generate [Ny unbiased sample for w(a: No» U No)’ given by

3 = 9@l ) — gag u) G =12, N

where 27 4(%7) are sampled independently and follow the next step distribution conditioned on

(335\,)0 ug\%) Here, N, is another predefined hyperparameter.

In the second step, we denote the mean of @Z) by &(i) = N% Z;V:ll qu(l) Therefore, we can

obtain an unbiased sample for f(z. No ,ug\%) by

Ny
7 (4 7 1 7 i
f(wﬁvi,ugvl) =N, 20(335\% “5\%)@1}()

= 20)

[ Zw“ ® 9\ Z(W D)@ @ — @) 0.

Note that the first and second terms in the square bracket are unbiased samples for E[zZ](’) ®

1%(2)] and Cov(%”) respectively, which implies that the square bracket is an unbiased sample for

a:(z) ,u X x u Note that we require /N7 > 2, which implies our algorithm is not a
No No No Ng q p g
pure online method.

Finally, the sample of gradient VL () is given by

N

= 1 ~ () (i

VLk(0) = 5 > Jaf) ui). 1)
=1

~
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The one-step sample complexity is O(NoN1N). We remark that our LSTD is similar to a TD(0)
algorithm, except that we have N trajectories and we omit J(K) in (18). Denote L, (0) by L.(6)
for simplicity. We also denote ¢; the critic parameter at step ¢. The gradient sample at step ¢ (in
matrix form) is denoted by V L;(6;) and the critic update is given by

(9,54.1 = Qt — atVLt(Ot),

where o is the step size for the critic.

3.2 Policy improvement for the actor

For the actor algorithm, we borrow the idea from Fazel et al. (2018) which considered a policy
gradient algorithm for the LQR problem. A similar approach is also studied by Yang et al. (2019);
Zeng et al. (2021).
Motivated by the form of the gradient (10), we define
Gk = (R+B'PxB)K — B'PxA, (22)
so that Vi J(K) = 2G g D . Therefore, a vanilla policy gradient algorithm looks like
Kt+1 - Kt - /BtGKtDKt7

where G, and Dy, may be replaced by some estimates and (; is the step size for the actor.

Instead of the vanilla policy gradient, we would consider the commonly used variant known as
the natural policy gradient method (Kakade, 2001). The natural policy gradient uses the inverse
Fisher information matrix to precondition the gradient so that the gradient is taken w.r.t. the metric
induced by the Hessian of the loss function (Peters and Schaal, 2008). This method has been studied
in e.g., (Kakade, 2001; Peters and Schaal, 2008; Bhatnagar et al., 2009; Liu et al., 2020). The Fisher
information matrix at each state x is given by

Fy(K) =Eyury [Vi log(mi (ulz)) ® Vi log(mk (ulz))], (23)

which is a tensor in R¥*? @ RF*4 a5 K € R¥*9 is a matrix. Then, the (average) Fisher information
matrix is defined as

F(K) = Eqn(o,05) [Fe(K)] = Ex [V log(mk (ulz)) @ Vi log (7 (ul2))] -
Under the metric induced by the Hessian, the steepest descent direction of J(K) is given by
—VJ(K) = -F(K) ' VgJ(K)=—2F(K) ' GgDg,

where for F(K)~!, we view the tensor F(K) as a linear operator R¥*¢ — RF>*4 5o F(K)™!is
the inverse operator. The following property gives a simple expression of V.J(K). The proof is in
the appendix.

Proposition 3 We have B
VIJ(K) =20°G. 24)
Recall that G = (R + B' PxB)K — B P A. Hence, G = H?K — (9%(1 where 0 is the true
parameter w.r.t. policy 7, given by (16). Therefore, the actor update is given by
Kpi = Ky - Bi(07°K, - 07') =: K, - B, (25)

where the constant 202 is absorbed in the step size 3; and we have defined G K, = 022K, — 02L
Recall that we use G; to denote the filtration generated by the training process. Since Ky is
deterministic in 6, and Ky, K41 is G;-measurable.
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3.3 Assumptions and main result

Here we state some technical assumptions for our result.
Assumption 1 We assume that
1. There exists a constant p € (0, 1) such that p(A — BKy) = p(Ey) < p, for all t.

2. There exist constants cA, cg, cg, ¢ > 0 such that ||A—BK|| < ca, || Et|| < cg, |0cllF < cg,
and || K[|, | K¢|| < ek for all t.

3. D is positive definite with minimum eigenvalue o in(D.) > 0.

Remark 2 In the assumption, E; is defined by (12) with K replaced by K;. The first assumption
is common in the analysis of the LOR problem (Fazel et al., 2018; Yang et al., 2019). A theoretical
guarantee for this condition is hard to obtain, while we will present some numerical examples to
support this assumption. The second assumption gives upper bounds for several matrices, which
is made to avoid technical tedious works to control the probability of the random trajectory hitting
unfavorable regions. One potential way to alleviate this assumption is to define a projection map
that reduces the size of 0y or K whenever it is out of range (Konda and Tsitsiklis, 2000; Bhatnagar
et al., 2009), which is left for future work. The third assumption is necessary to make the problem
non-degenerate (cf. Lemma 7 below).

Next, we specify the choice of parameters in the algorithm. We initialize 8y = 0, Ky = 0 for
simplicity. Fixing the error tolerance ¢ > 0, we set the step sizes «; and (3, to be constant in ¢:

in(D in (D
ap = O'mz'r;( 6)6 , — O'mz;’b( 62)6 (26)
16¢7 c3k 16¢7 c3k
where ) )
. — e (3amm(D6)’ 4cy ’ 3CDCK> . 27
263#0’ Mao'min(De) Mo

Here, every parameter appearing in (26) and (27), except o, (3, or €, are constants of order O(1):
1. ¢2 is the upper bound for E[HV/\Lt(Gt) |2 | G¢] that is in Lemma 3;
2. cg illustrates the geometry of J(K'), with details in Lemma 6;
3. In Lemma 2, we will show that the critic loss is p,-strongly convex;
4. ¢ is a Lipschitz constant for 0 w.r.t. K that is specified in Lemma 4;
5. ¢p is an upper bound for || D, || and || Dg~|| that is specified in Lemma 1.

It is easy to verify that the step sizes satisfies the following inequalities:

Umin(De) 2 Umin(De) 3 1
Tﬁt < gHo e 5, > (Oét,ua +2)ci + (|R|| + cp|B||*), and 3 llo > Biepck,
(28)

where we need to assume that ¢ is small enough such that 1/(uscy) > 2 + (|| R|| + cp||B||?)/c?
for the second inequality. Here, cp is the upper bound for Pg,, which is given in Lemma 1. These
are technical inequalities that will be used in the proof later. The total number of iterations is
T = O(%1og(1)) such that

(1= Bea)' Lo <e,
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where Ly = O(1) is the initial Lyapunov function that is specified at the beginning of the proof for
Theorem 1 and ¢4 = O(1) is a positive constant that is also specified in the proof for Theorem 1.
This (1 — Btcy4) is the one-step decay ratio of the Lyapunov function, which indicates our choice of
T above. The number of samples /V, the length of trajectory Ny each step, and the sub-sample size
Ny, aresettobe N = O(1), Ng = O(log(2)), and N7 = O(1), in order to achieve desired accuracy
for the sample of critic gradient, with details in Lemma 3. Here, % = k = O(1) implies that our
algorithm has single timescale. In such algorithm, the actor and the critic are interdependent, which
makes the analysis challenging. We summarize the actor-critic algorithm in Algorithm 1.

Algorithm 1 Single timescale actor-critic algorithm for LQR
Input: Training steps T, step sizes oy, 3¢, sample size N, Ny, and Ny
Output: critic parameter 07, actor parameter K7
initialization: critic parameter fy = 0 and actor parameter Ky = 0
fort =0to7T —1do

Sample @(Qt) according to (21) > critic steps

9t+1 = Ht - atVLt(Gt)

Ky = Ky — Bi(072 K, — 071) I> actor steps
end for

The main result of our work is the following convergence theorem.

Theorem 1 (Main theorem) Under Assumption 1, for any € > 0 that is sufficiently small, Al-
gorithm 1, with the choice of parameters discussed above, has sample complexity O( é log(%)Z).
Moreover, the terminal error satisfies

Ellr - Oxr 3] < & and E[J(Kr) - J(K*) <.

Remark 3 The number of steps is T = C’)(% log( %)) and the one-step complexity is (’)(log(%)).
Therefore, the total complexity is O (% log(%)Q). This theorem tells us that we have small error for
both the critic and the actor. If we want error estimate for | Kt — K*||  or |07 — 0*||r, we will
need extra assumption such as strong convexity of J(K) in K.

As a follow up for Remark 2, another potential way to alleviate Assumption 1 is to modify the
main theorem in concentration sense (the result holds with high probability), which omits the rare

cases.

We believe the complexity (’)(% log(%)Q) is nearly optimal (up to a log factor). Even for a simple
stochastic gradient descent (SGD) algorithm, we need O(¢ 1) sample to achieve e-optimal solution
(Bottou, 2012). The LQR problem is bilevel, with the critic part similar to SGD. Thus, the problem
is more complicated than SGD and expects to require higher sample complexity. The convergence
rate is also confirmed by the numerical examples below.

4. Proof sketch of the main theorem

In this section, we give a sketch of the proof of Theorem 1 and postpone the details to the appendix.
The lemmas used in the proof are stated in the later part of this section.

10
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Proof [Proof Sketch of Theorem 1] First, we show in Lemma 2 that the critic loss is strongly convex.
Then, we show in Lemma 3 that we can obtain the sample of gradient with small bias:

HIE [ﬁt(et) — VLt(et)|gt} HF <5

With these two lemmas, we show in Lemma 5 that there is an improvement of critic error in each
step:

E [16e+1 — O, [51Ge] — 1100 — O, |7

4 1 omin(De) 3
< _gat:U'UHQt - eKtH% + Z%ﬁts + (atﬂa + 2) ”HKt - 6Kt+1 ”% (29)

Here, the term %U””'Zig(l)é) Bie comes from the sample error in Lemma 3 and (aia + 2)||0k, —
0k, |3 is due to the actor update. Intuitively, we expect ||641 — Ok, || to be smaller than ||6; —
Ok, || F, recall that |0, — O, || » measures the error of f; w.r.t. the current policy parameter K, while
the last term in (29) takes into account the update of K; to K1 in the actor step.
Furthermore, we establish the improvement of the actor in Lemma 7:
J(Kiy1) — J(Ky) < —5t%(D€)(J(Kt) - J(K™))
C3 (30)

= Bt [omin(De) = Biep(IRI| + cplI BIP) IG . |17 + Bien |Gk, — Gl

where the last term comes from the critic error.
To establish the convergence, we define a Lyapunov function

Ly = L(0y, Ky) = (10 — O, |7 + J(Ky) — J(K™),

which is the sum of critic and actor errors. Direct computation shows that the last term in (29) can
be bounded by the second term in (30) and the last term in (30) can be bounded by % of the first
term in (29). Therefore, combining (29) and (30), we obtain the decay estimate of the Lyapunov
function

1 Umin(De)

E[Li+1 — L] < —E |oupio]|0r — Oxc || + Be Fi——

(J(K) = J(E7)) | + Bee.

D
Notice that the last term (sample error) in (31) can be bounded by the first term if E[||6;— 0, |3] > §
(according to the first inequality of (28)) or by the second term if E[.J(K};) — J(K*)] > § and we
will obtain a contraction rate for the Lyapunov function:

Liv1— Ly < —O(B)Ly.

If both E[||6; — Ok, [|F] < § and E[J(K;) — J(K*)] < §, then E[£;] < ¢ and we can easily show
that E[£;41] is also less than . This finishes the proof. [ |

Omin (De)
C3

In summary, the key point of the proof is that we can bound the positive term in the critic
improvement by the negative term in the actor improvement and vice versa. In this way, we obtain
a contraction rate of the Lyapunov function.

Before we turn to the analysis of critic and actor parts, we state the following lemma which
provides bounds for matrices Dy, , Pk,, and X, .

11
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Lemma 1 Under Assumption 1, the matrix Dy,, Py, and X, satisfy
omin(De) < Dk, < ¢p, Pk, <cp, and Tk, <cx (32

where the three constants cp,cp,cs;, = O(1) only depend on A, B, D, Q, R, p, o, and c4.
Furthermore, the first inequality also holds with D, replaced by Dc.

4.1 Analysis of the critic part

In this subsection, we analyze the critic part of the algorithm. All the proofs are deferred to the
appendix. Let us start with the following lemma, which gives the strong convexity property of the
critic loss.

Lemma 2 (Strong convexity of critic loss) Suppose that p(E) < p < 1, Lk (0) is py-strongly
convex in 0, where u, > 0 only depends on A, B, D., p, 0, ck, and cs. Moreover, i1, = (’)(04)
when o is small.

Actually, one technical reason of using a stochastic policy for exploration is to guarantee the strong
convexity. The next lemma gives a quantitative description of the accuracy of critic gradient sam-
pling proposed in §3.1.

Lemma 3 (Gradient sample accuracy) Under Assumption 1, for any § > 0 that is sufficiently
small, let @g(@t) be the sample of NV Ly(0;) with complexity N, N1 = O(1) and Ny = O(log 3).
Then, we have

HE [VLi(6:) — VLi(8) ‘ G| HF <6 (33)

and

E VL0 | ] < . (34)
where c;, = O(1) is a positive constant that only depends on A, B, D, Q, R, o, ck, and cy.

Remark 4 When we apply this lemma later, we will set 5% = 2*14%?7?6)“05’ and thus § = (9(5% ).
By definition of the step sizes (26), we have

— 1 omin De
2078 [I9Z0)1% | 6] < 372D (35)

when (34) holds. This inequality (35) will be used later and we can see that the step size has to be
of order O(¢) to guarantee (35).

Next, we show a Lipschitz property for 8 with respect to K.

Lemma 4 For any two actor parameters K and K' such that | K |, || K'|| < ¢k,
BK'|| < ca, and p(A — BK),p(A — BK') < p < 1, we have

A—BE|, A~

10k — Ox/|lF < 1| K — K'||
where the constant ¢; = O(1) only depends on A, B, R, p, ca, ck, and cp.

With the above lemmas, we can establish the improvement by the critic update.

12



SINGLE TIMESCALE ACTOR-CRITIC LQR

Lemma 5 Let the step size be defined as in (26) and Assumption 1 hold. For any € > 0 that is
sufficiently small, assume that (33) and (34) hold with 6% = i%mi(fe) o€ for all t, then we have

KC.

E (10041 = Orc, i 7 | Ge] = 1160 — 0xc, |17

4 1 0min(De)
< = 0, — O ||2, 4 = Zmunire)
< =3 ho[16s = Ox, |l + 7 - ﬁts+(a%

+ 2) ||9Kt - 6Kt+1 ||%‘ (36)

Recall that K1 is G;-measurable.

4.2 Analysis of the actor part

In this subsection, we give the convergence result for the actor part. All proofs are deferred to
the appendix. The first lemma demonstrates that the cost functional is roughly quadratic in G .
Inequality (37) has also been established in earlier works (Fazel et al., 2018; Fu et al., 2020).

Lemma 6 Let K be an actor parameter such that p(A — BK) < 1, we have

e Tr(GgGr) < J(K) — J(K*) < e Tr(GrG), 37
with positive constants cg = % and c3 = %.
We recall that || - | denotes the operator norm of a matrix. We also recall that K* is the optimal

control parameter that is given by K* = (R 4+ BT P*B)~' BT P* A (see (2) for definition of P*).
Next lemma establishes the improvement of the actor update.

Lemma 7 (Improvement in the actor update) Let the actor update be defined by (25) and As-
sumption 1 hold, then

Omin (D€)
C3
— Bt [omin(De) = Been (IRl + cp|| BIP)] IGx, |IF + Biepl|Gr, — G|l
Remark S This actor improvement lemma is a generalization of Lemma 15 in Fazel et al. (2018).

Their lemma shows an improvement of policy gradient with accurate critic, while our lemma shows
that there are extra terms when we have stochastic estimate of the critic.

J(Ki1) — J(Ki) < =B (J(Kt) — J(K™))

5. Numerical Examples

In this section, we present some numerical examples to validate our theoretical results. The code
can be found at Zhou. We consider two examples: the first one has d = 2 and k£ = 3:

1 0 O
05 O 02 0 0.1 1 0 10
a=[% o5 5= | @=lp o] =01 o) p=p 3],
0 0.5 0 0.2 0.1 0 0.8 00 05 0 1
and o = 1. The other one has d = 4 and k£ = 3:
05 0.1 0 0 03 0.1 0 1 0 0 0
01 05 01 O 0.1 0.3 0.1 0O 1 01 O
A= 0 01 05 0]’ B= 0 0.1 03|’ Q= 0 01 1 0.1}’
0 0 0 0.5 0.1 0.1 0.1 0O 0 01 1

13
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learning curve for the first example learning curve for the second example

—— critic error —— critic error
actor error actor error

10—1 4

=
=)
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10724 .

errors
errors

N 1072 4

0 500 1000 1500 2000 2500 3000 3500 4000 0 500 1000 1500 2000 2500 3000 3500 4000
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Figure 1: The error curves for the two examples with step size oz = 5; = 0.001. The errors are the
average of 10 independent runs, with standard deviation plotted.

L or o 10 01 0
R=101 1 01|, D= :
0 01 1 01 0 1 0.1
’ 0 0 01 1

and 0 = 1. In all the tests, we set N = Ny = N; = 100 for simplicity. We test for T' =
125, 250, 500, 1000, 2000, 4000. In each example, we set the step sizes to be oy = ¢ = %. In order
to save time, we multiply the step sizes by 3 for the first 7'/2 steps.

Figure 1 shows the learning curves for the two example with step size oy = S = 0.001.
The error is the average of 10 independent runs, and we also show the standard deviations. In the
beginning, the error curves are nearly straight lines, which coincide with our one-step improvement
analysis in the previous section. Then the errors become static because the algorithm has reached
its capacity.

In order to obtain a convergence rate, we also test different step sizes, which is shown in Figure
2. In the tests, we keep T'ay = T'3; as a constant. The horizontal axis marks the number of steps
T, ranging from 125 to 4000. We take a logo transform of T". The vertical axis is the final critic and
actor errors (after a logy transform). A linear regression indicates that the slopes of the four error
curves are all —1.0, which confirms our theoretical results in the previous section.

We also track the norm in Assumption 1. In the numerical tests, the maximum of p(A — BK}),
|A—BEK¢||, || E¢||, || K|, and ||0¢]| ¢ for the first and second examples are 0.524, 0.529, 0.586, 0.329,
2.641 and 0.662, 0.662, 0.867, 0.498, 4.254 respectively. This further confirms that Assumption 1
is reasonable.
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convergence rate for the first example convergence rate for the second example
-4
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Figure 2: The convergence rate for the two examples with the numbers of steps ranging from 7" =
125 to T' = 4000 and step size %. Each error is the average of 10 independent runs. The
slope for the four error curves are all —1.0.

Appendix A. Proofs

Throughout the proof, we will frequently use two basic properties in linear algebra. So we state
them here. The first one is that if X is a (symmetric and) positive semi-definite matrix and Y is
of the same shape, then Tr(XY) < Tr(X)|Y||, where we recall that || - || is the operator norm of
a matrix. The second property is a direct corollary of the first one: for any matrices X and Y of
proper shapes, we have | XY ||r < || X|| ||Y||

A.1 Proofs for results in Section 2 and Section 3

Proof [Proof of Proposition 1] Since p(A — BK) < 1, we know from definition (8) that the expres-
sion for Pk in series is

Py = i((A — BK)")*(Q + K" RK)(A — BK)?®. (38)
s=0

Give the state x, the conditional expectation of one-step cost is

Ele(zs, us)|xs] = xsTst + Ewsz(O,Id)[(_sz + UWS)TR(_KQTS + ows)]

39
=12](Q+ K"RK)zs + o® Tr(R). &9
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So the total cost is

J(K) = hm Ex

S—o00

- i Ex

K[ "Q+ KTRK) ]+ o® Tr(R)
Exlez ' (Q + KTRK)} +o?Tr(R) = T [DK(Q + KTRK)| + 0 Tr(R)

—Tr [DK (A— BK)" Pg(A— BK))| +0* Ta(R)
— Ty [( % — (A~ BEK)Dg(A - BK)T)PK] + 02 Te(R) = Tr[D.Py] + o2 Tr(R).

So (9) holds. Next, we derive the expression for Vg J(K). We need a simple formula: if the
shape of M is the same as the shape of K, then Vi Tr(M"K) = Vi Tr(MK ") = M. Since
J(K) =Tr [Dk(Q + K" RK)| + 0 Tr(R), we have

Vi J(K) =2RKDg + Vi Tr[DgQol|gy—0+ kT RK- (40)
We recall that
Dy =D+ (A— BK)Dg(A—- BK)'.
Therefore,

Vi Tr[DkQo] = Vi Tr[(De + (A — BK) Dk (A — BK)")Qo]
= —B"(Qo+ Q )(A— BK)Dx + Vi Tr[DrQ1llg,—(4-BK)TQo(A-BE) (41)
= —2BTQ0(A — BK)DK + VK TI'[DKQl”Ql (A-BK)T Qo(A—BK)

where we used Qg = QJ in the last equality. Therefore, we can apply (41) recursively and obtain

Vi Tr[DkQollQu=q+ k7 R
= —2BT(Q + K RK)(A — BK)Dg + Vi Tr[DrQ1]lg, —(A- BK)T (Q+ KT RE)(A—BK)
= 2B"(Q+ K'"RK)(A—- BK)Dy —2B"(A— BK)'(Q+ K"RK)(A— BK)?Dg
+ Vi Tr[Dk Q2| gy—((A-BK)T)2(Q+K T RK)(A—BK)?

o
=—> 2B"((A-BK)")*(Q+ K'RK)(A - BK)""' Dk
s=0
= —2B" Pg(A— BK)Dg
(42)
where the assumption p(A — BK) < 1 guarantees that the series converges and the remaining term
vanishes. Substituting (42) into (40), we obtain

ViJ(K)=2RKDyg — 2B Pg(A— BK)Dy =2 |(R+ B' PkB)K — B" Px A| Dg.
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Proof [Proof of Proposition 2] If we start with ¢y = z, since the state dynamic is
Zsy1 = (A — BK)xs + €4
with €5 ~ N (0, D), the state distribution is
s—1
2o~ N ((A ~ BK)*z, Y (A~ BK)'D.((A - BK)W) =N ((A ~ BK)'z D(S))
S 9 € - 9 K .
i=0

Therefore, by definition, the value function is

Vie(z) {Ex [c(zs, us) | w0 = 2] = J(K)}

@
I
o

ot

Ex [mI(Q + K"RK)x, | g = l’} + o2 Tr(R) — J(K)}

©
Il
o

{
{

ot

Tr (EK [w} | 2o = x] Q+ KTRK)) - Tr[DePK]}

©
Il
o

o

{Tr [((A ~ BK)*zzT (A - BEK)T)* + D§§>) (Q+ KTRK)} . Tr[DePK]} :

Il
o

S

where the second equality is by (39), the third equality is by (9). Therefore,

Vi ()

(o] s—1

=z Pxx+ ) {Tr <Z(A — BK)'D((A — BK)T)’) (Q+ K"RK)
s=0 =0

—Tr | D, (i((A —~ BK)")(Q+ K"RK)(A — BK)’)] }
=0

= 2" Pga — i Tr (i(A — BK)'D.((A - BK)W) (Q + K'RK)

s=0 i=s

=2 Pgzr -y Y Tr K(A — BK)*D.((A - BK)T)S)
s=0 j=0
<((A ~ BK)T)(Q + KTRK)(A — BK)J’)}
=2 Pie = {Tr[((A= BR)'D((A~ BK)T)") Pic| } = 2" Picw = ThlDic Pc),
s=0
where we have used the series expressions for Py (38) and D (5). The assumption p(A—BK) < 1
guarantees that all the series above converge. Next, we compute the state-value function Q g (z, u).
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Recall that Qi (z, u) is the expected extra cost if we start at zy = x, take a first action up = u and
then follow the policy 7. Therefore,

Qx(z,u) = c(z,u) — J(K) + E[Vk(2) | z,u]
=2'Qx +u' Ru— Tr[DcPk| — 0” Tr(R) + By (Avt Bu,po) [2 P’ — Tr[D Pi]]

= 2" Qx +u" Ru — Tr[D.Pg] — 0® Te(R) + [ /N Azt Bu, Do) [T ]PK} — Ty[Dy Px]
= 2" Qz +u' Ru— Tr[D Py + 0>R + Dy Py] + Tr [((A:z: + Bu)(Az + Bu)T + Dg) PK}

=2'Qz+u'Ru— Tr[(De — D¢)Px + 0°R + Dk P] + (Az + Bu) ' Px(Az + Bu)
- Q+A"PkA  ATPkB

] .
BTPgA R—i-BTPKB] [u} 0" Tr(R+ Pk BB ') — Tr(Dg Pk ).

Proof [Proof of Proposition 3] The distribution of policy is 7x (u|z) ~ N(—Kx, 01},), with prob-
ability density

1
T (ulz) = (2m0?) 7F/2 exp <—M]u + Kx|2> .

Therefore,

k 1
log mx (u|z) = -5 log(2mo?) — T'Q\u + Kz)?

and )
Vi log mg (ulx) = fp(u + Kx)z '

Therefore, by the definition in (23), the Fisher information matrix at state x is
1 1
F.(K) = / (2702)7F/2 exp (—Q\U + K:r\z) —l(u+ Ko)z" @ [(u+ Kz)z '] du
Rk g
1
= / (270%) /2 exp ( S5 lu |2> [USL'T] @ [uz "] du.

Rk 2

Recall that the stationary state distribution is N (0, D). Hence, the Fisher information matrix is

FE) = [ 2m) 2 enDi)) 2 exp (5o Dyl ) Fu() da

= 21) "2 (det (D)) /2 exp —leDflm
K
R4 2
_ 1 1
/Rk(27r02) k/2 exp (_MMQ) ;[umT] @ [uz"] dudz

Note that we can compute the integration w.r.t.  and u separately with
1
/ (2m) "2 (det(Dg)) /2 exp (—QxTD;{l:);) zx' dx = Dg
Rd

18
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and .
/Rk (2162)7*/% exp <M]u|2> uu' du = 021,

Therefore, by an elementwise analysis, we obtain
0’F(K) -Gk = GgDx.

Therefore, (24) holds. |

A.2 Proofs for results in section 4
We first prove the lemmas and then the main theorem 1.
Proof [Proof of Lemma 1] Firstly
Dy, = D+ (A — BK;)Dg,(A— BK;)" > D, > 0ynin(D.).

Dy, also has an expression in series:
o0
Dk, =» (A—BE;)*D((A- BE;)")".
5=0

Since limy_, H(A—BKt)kH% = p(A—BK;) < p<1land||A— BK;|| < ca, (with an argument
similar to the proof in Lemma 2 below,) we have
- 1
=> (A-BE;)’D((A- BE)")* <
s=0

Dy

t

D,
I

with the constant depending on c4 and d. Therefore, the first inequality in (32) holds. The constant

cp is proportional to | D|| and also depends on c4 and d. The argument above also holds

— 5|
1 — p2
for K*, so the inequality also holds with K; replaced by K*. For Pk,, we also have an expression

in series:
o0

Px, =Y ((A— BK;)")*(Q+ B'RB)(A — BK,)".
s=0
So the argument to prove the second inequality of (32) is the same. Finally, since X, has ex-
pression (13) with | Dy, || < cp and |K;|| < ¢k, || Zk,|| has a bound es = (1 + cx)?cp + o
automatically. |

A.2.1 PROOFS FOR CRITIC

Here we prove the results for the critic.
Proof [Proof of Lemma 2] In order to show V2L (0) = Eg [t(x,u) ® 9(z,u)] > s, we only
need to show that for any M € R(@F)x(d+k) e have

Ex [(TI‘[MK/}(QZ,U)])Z] > MU”MH%"
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Since 1(z, u) is symmetric, we have Tr[M(z, u)] = Tr[M Tp(z, u)] = Tr[3(M +M ")p(z, u)].
We also have 2||3(M + M ")||% > || M]||%. Therefore, we only need to show

Ex [(Te[My (2, )] = 200(|M || (43)
for all symmetric matrix M. Recall that
zs+1 = Fzs + €.

Since

W(z) =Eg[(Ez+¢€)(Ez —i-aT] — 22 =Ezz'ET+%.— 227,

we have
Te[Myp(z,u)] = Te[MEzz " ET + M. — Mzz']| = 2" (E'TME — M)z + Tr[MX.].

Recall that z ~ N (0, X i) under the stationary distribution where X ¢ is defined in (13). By defini-
tion, for any z € R, u € R¥, and v # 0, we have

1 1
27 uT] 2k [ﬂ = (yz — =K "u) ' Dg(yz — =K "u)
Y Y

1
+ (1 =~z " Dz +u' [o?1, — (? —1)KDgK u. (44)

Therefore, we can smartly choose a v € (0,1) s.t. (1 —4?)Dg > psx and o2} — (%2 -

1)KDgK T > py, for some positive constant uy; € R. Therefore, X > py. Using the same
method, we can also show that 3. > . This py, depends on o, 0 pin (Dx) (Omin(De) for X¢) and
| K. Since opmin(Dr) > omin(De) = O(1), pyx is of order O(1) as long as we have an upper
bound for || K. We can also find that s = O(c?) when o is small. Next, we start to compute
(43).

Ex [(Te[My(z,u)])?]
= Ex [(zT(ETME — M)z + Tr[MEE]) (zT(ETME — M)z + T&"[MEE])}
—Ex [zT(ETME — M)zz (ETME — M)z +2:"(ETME — M)z Te[ME] + Tr[MEE]Q}

(45)
We will compute each term respectively. We recall the stationary dlStrlbuthIl isz~ N(0,2 K) If

we define w = EK z, then w ~ N(0, I41y). Denote (m;;) = M = 22 2(ETME — M)Ef(, then
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M is symmetric and
Ex [J(ETME — M)z"(ETME — M)z}
1

1 1
= BN (0,4, 1) [w EQ(ETME M)S2ww' S2(ETME — M)Ef(w

= EwNN(07[d+k) [wTMwaMw}

N N 2
= / (27r)_¥wTMwaMw exp (_|w]) dw (46)
Rd+E 2
d+k
—3Zm”—|—2m”m” +2> m = 2T [M?) + Tx[M]?
i#] i#]

= 2Tv [Sx(BTME — M)Si(ETME - M)| + Tt [Sx(ETME — M) i
Also,
Ex [ZT(ETME - M)z} =Ex [Tr(zzT(ETME - M))} = Ty[Sx(ETME — M))]. @47
Recall that X = ¥, + EXE', s0
Tr[Ex(E"ME — M))] = - Tt[M(S) — EXSgE")] = — Tr[MX,] (48)
Therefore, substituting (46), (47) and (48) into (45), we obtain
Ex [(Tr[My(z,u)])?]
=2Tr [2K(ETME —~ M)Sg(ETME — M)} +Tr [MS)? —2Tr [M)% 4 Tr [ME]?
—2Tr [ZK(ETME —M)Sk(ETME — M)}

> ous Tr [(ETME — M)Sx(ETME — M)}

> 2% |ETME — M|},

(49)
for all symmetric matrix M. Next, we want to show |[M|r < ||[ETME — M||. Since the
Frobenius norm is equivalent to the operator norm (with the constant depending on the dimension),
we only need to show || M| < ||[ETME — M]||. Note that this step makes /., depend polynomially
on d + k. We define an operator T : R(4+F)x(d+k) _, R(d+k)x(d+k) gych that

Te(X) = i(ET)SXES.

s=0
Since 1 > p > p(F) = lims_, || E*|| +, the norm of the operator should satisfy

ITe(X)] _ e
IXT S 1-7

| TE| = supx o

21



ZHOU AND LU

where ¢ depends on || E'|| and d + k. Notice that
[e.e]
Te(M —E'ME)=> (E")*(M - E'ME)E®* = M,
s=0
we conclude that
c
1—

1M = |Te(M — ETME)| < || Tell|M — ETME| < M= E"ME|.

So, |M||p < ||[ETME — M||p. Therefore, by (49), V2Lg (0) = Ex [¢(z,u) @ ¢(z,u)] > pie
holds with y, proportional to o*/(1 — p?) and depending on || E|| and d + k. Moreover, i, grows
polynomially as d + k becomes large. |

Proof [Proof of Lemma 3] Similar to (19), we define

VLt(et) = EKt [f(xv U)L

where f depends on both 6; and K;. We denote En,[f(x,u)] the expectation of the same func-
tion under the distribution of (zx,, un, ), which starts at o = 0 and follows the policy mx,. We
prove (34) first. We recall that the feature matrix ¢(z,u) defined in (14) is quadratic in (z,u).
So, ¥(z,u) = Elo(2',u)|z,u] — ¢(x,u) also grows at most quadratically in (x, u) since (2, u')
are normally distributed. Therefore, f(x,u), defined in (19) grows at most quartically in (z,u).
By assumption 1, [|6:]|r < cg = O(1) and || K¢|| < cx = O(1), so the coefficients for this
quadratic growth are of order O(1). A similar argument tells us that f(x%,ug\%) defined in (20)
{(209), (8 ))}j\[:1 , and (:n%)o, ug\% ) are normally distributed with 0 mean and O(1) covariance ma-
trix. Therefore,

grows at most quartically in {(z(%7) u())}¥1 and (xg\%,ug\%) with O(1) coefficients. Note that

ZCHBEE

So (34) holds with ¢, = O(1). We also see that ¢;, = poly(d + k) as the dimensions increase. We
will show (33) next. By definition,

| (VL) — VL) | G|, = BN [ )] — B [ ) (50)

I

Here, we remind the reader that the expectation on the left in (50) is taken w.r.t. the training filtration
G while those on the right are taken w.r.t. the state and action distributions.

We remark that existing results (Arnold and Avez, 1968) bound (50) directly. However, it can
be computed directly, so we give an elementary proof. Recall that the state trajectory is given by

Ts41 = (A — BKt)IL‘S + €5

with g = 0 where €5 ~ N(0, D). Therefore, the distribution of x , is

No—1
e (0 mga ) = (u0f)
s=0
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and the stationary distribution of x is
Too ~ N (0, > (A-BE;)*D((A - BKt)T)S> = N (0,Dg,).
s=0

Since p(A — BK;) < p < 1, D, > 0, and Ny = O(log %), we have Dg, > opmin(De), D%\ZO) >
Omin(De), Di, — Dg‘)) > 0and | Dk, — D%{O)HF < 4. Since us ~ N(—Kxs,021;), we have

the joint distribution for zy, = (m%o, u}O)T
D(NO) _D(NO)KT
oo~ N[0, T e ] = N(o,zggo))
_KtDKt KtDKt Kt +o Ik

and the joint stationary distribution

DKt _DKthT _.
: N<0’ [—KtDKt KiDp K + 0?1, = N (0, 2k,)

Since ||Dg, — D%\ZO)HF < 6 and || Ky|| < ck, we have ||Xk, — E(lgo)HF < ¢g0. Here the positive
constant ¢g = O(1) decrease geometrically as IVy increases algebraically. Furthermore, using the

same argument when we prove Y. > py in Lemma 2, we can find a positive constant iy, = O(1)

such that X, > py and Ego) > py. Therefore

IEno[f (2, u)] = Ex, [f (2, 0)]|| 7
- ‘ /W F(2)2m) 5 [det(E%\f}))_%exp (;ZT(ZQ()’)—%)
- det(EKt)*% exp (—;zT(EKt)lz>} dz
< /RM c(1+ |2

1
- det(EKt)_% exp <—2ZT(EKt)_IZ>

F

_1 1 -
det(E%\t[O)) 2 exp (_227'(2%\50)) 12)

dz

1
g/ (1 + |29 [det(zgg(”)—% —det(th)—%} exp <—2zT(z(Ig°>)—1z> dz
Rd+k

—|—/ c(1+ 2% det(EKt)_% [exp <—1ZT(EKt)_lz) — exp (—;ZT(Z%\ZO))_IAZ)} dz
Rd+k
(5D

There is no absolute value at the end of (51) because each term is non-negative. Next, we will bound
the two integrals respectively. For the first one, we have

det(E0) 73 — det(Sg,) 2
det(Sk,) — det(S0)

- \/det(zgg())) det(Zk,) (\/cm+ \/det(E%\:O))>

= 0(1) (det(EKt) - det(zg@)) ,
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Next, we will show det(Xg,) — det(E(NO) ) = O(6). We can find a unitary matrix U such that
U TE%\ZO)U is a diagonal matrix,

|Tekt TS| =gk - =00, < e

and
det(g,) — det(S00) = det(US g, UT) — det(USHUT).

If we assume that the diagonal element of UXx,U " tobe a1, --- , a4, and
N .
USOUT = diag(br, -, barr)-
Then a; > b; and a; — b; = O(9). Therefore
d+k d+k

0 < det(USx,UT) — det(USLUT) < [] ai — [ b: = 000).
=1 =1

Therefore, det(X g, ) — det(X (NO)) O(4) and hence

det (X (NO))*f det(Xx,) "2 < b

with positive constant ¢ being as small as we want (through increasing Ny). Therefore, the first
integral in (51) satisfies

/ c(1+ 2% [det(E(No)) 2 —det(Xg,)” %] exp (—12T(Z(Iév0))_1z> dz
Rd+k 2 ¢ (52)

1 1
< cd (1+ 2" exp (—QZT(E%\ZO))_IZ> dz = c60(1) < 55

Rd+k

Here, again, the constant ¢ may differ according to the context. A more detailed computation shows
that )
det(E0) 77 — det(Sx,) "2 < det(Z0)) "7 poly(d + k) co0.

Therefore, Ny should scale with log(d + k) as the dimensions increase. Next, we bound the second
integration in (51). Using the inequality 1 — e™* < z, we have

exp (;ZT(th)—lz> ~ exp <;z (20 z)
— oxp <—;J(2Kt)1z> [1 ~ exp (-izT (=)~ (x)7) z)]

< %ZT ()™ = (k) ™) zexp (—zT(th)—1z>

3o (g ) () - )]

- %exp <—;zT(EKt)1z> Tr [(zg@)*l (z - Eﬁ(j’)) (Zk,) 'z ]
< %exp (-ézT(th)—lz) IS ™ (T = =0”) () 7 Tifz2T]
< %exp <—;ZT(2KJ_IZ> /322065|Z‘2
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Therefore, the second integration in (51) satisfies

/ c(1+ 2% det(EKt)*% [exp (—12T(2Kt)1z) —exp (—12T(Eg0))1z)} dz
Rd+Fk 2 2 t

1 1
< 5/ c(|z* +12|%) det(ZKt)_% exp <—zT(EKt)_1z> dz =6cO(1) < =6.
R+ 2 2
(53)
Plugging (52) and (53) into (51), we obtain
[Eno [f(z,u)] — Ex, [f (2, w)][|r < 6.
[ |
Proof [Proof of Lemma 4] By definition
_ [AT(Px — Pg)A AT (Px — P )B] _ [AT
O — b = [BT(PK — Px)A B (Px — Pg)B| — |BT P =P} [A B
Therefore,
105 — O |7 = Tr[(0x — Oxr) T (0x — O]
(54)

= Tr ([(AAT + BBT)(Px = Pir)2) < (A2 + | BI2)21 Pk — Prcell3:
Therefore, our goal is to bound || Px — Pk||p by || — K'||p. By definition in (8),

Py — Py
— K'RK — K'"RK' + (A — BK) " Pg(A — BK) — (A— BK')" Px/(A — BK')
— K'RK - K'RK' + K'RK' — K'" RK’

+(A—BK) " Px(A—-BK) - (A— BK)' Pg(A— BK')

+ (A - BK)"Pg(A - BK') — (A — BK)" Pg/(A — BK')

+ (A - BK)"Pyg/(A— BK') — (A— BK")" Pg:(A — BK')
=K'R(K-K')+ (K -K)'RK' —(A—- BK)' Pk B(K — K')

+ (A - BK)"(Pg — Pg:)(A— BK') — (K — K')" B" Px/(A — BK')

Therefore,
Pg — Py — (A — BK) " (P — Py/)(A — BK')
=K'R(K - K')+ (K - K')TRK' (55)
— (A= BK)'PkB(K — K')— (K — K')"B" Pg:(A — BK')

Next, we want to take || - || 7 on both sides of (55). For the left hand side, since p(A — BK), p(A —
BK') < p < land |A— BK]||,||A — BK'|| < ca, we can repeat the last part in the proof of
Lemma 2 and prove that

| P — Pyr||r < ¢||(Px — Pgr) — (A — BK) " (Pg — Px/)(A — BK')||» (56)
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where c is proportional to 1/(1 — p?) and also depends on ¢4 and d. For the right hand side of (55),
since || Pk || < ¢p, || Px|| < ep, | K|| < ¢k and | K'|| < ¢k,

|IK"R(K — K') + (K — K')" RK’
— (A= BK)'PxkB(K — K') — (K — K')"B" Pgi(A — BK')||¢ (57)
< 2(ck||R|| + cpeal| B||) | K — K'| -

Plugging (56) and (57) into (55), we obtain
1Pk — Picllp < 2¢(cx|IR]| + cpeall B)) | K — K'||p. (58)

Finally, combining (54) and (58), we obtain
10k = Orcr|| P < a1|| K — K'|| (59)

with ¢; = 2¢(ck || R|| + cpeal Bl|) (||A||? + || B||?). This ¢; grows polynomially as the dimensions

increase. u

Proof [Proof of Lemma 5] Note that

16i11 = Orc, 1 |7 = 116: =tV Li(0r) — Oxc, + Ok, — O, |17
— 180 = 0,1} — 200 T [ (6, — 01c) " VLu(61)]
+ QZIVLO) IF + 105, — O IF + 2T [ (O, = O0) T (0 = O, — Y La(61))]
— 116 — 0, |> — 20 Tx [(9t - GKt)TVLt(Ht): + 204 Tr [(9t — 0x,) T (VL (6;) — vALt(et)))]

(O, = Oxciss) (01 = O, — eV Li(01))]

< (1= 200060 = 01, |% + 200 Tr [ (6 — 01,) (VL) — VL(8.))] + oIV Lu(B)II3:

+af VL@ F + 19k, — Oy I + 2T

10, = O I+ 2T | O, — O (60 = Oc)| = 200 T | O, = Oicy,) T VLu(61)|

5 — —
< (1= o) — Orc, I+ 20 T [ (0 — 0c) T (VL(0:) = VLi(6) | + 207 VL (0017
3

Qo

+ ( +2)H0Kt _eKtJrlH%‘

(60)
The first inequality is because L;(6) is u,— strongly convex and hence

Tr (6, — 0xc) T VLi(8))| = Tr |6, = 6x.)T(VLu(B) = VLi(Ox))| = 1o 161 — O
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The second inequality in (60) is a simple application of Cauchy-Schwartz inequality. Taking expec-
tation w.r.t. G; in (60), we obtain

]E [||9t+1 - 9Kf+1||%' ‘ gt]

< (1= Zoupo) 60 — O+ 200 T [(6 — 61 TE [VL(60) — TE(01) | G|
+ QQ?E _H@wt)Hi ’ gt- +(
4 3oy

< (1= gowo)llfe — 0,17 o

+ Q)HQKt - 9Kt+1 H%‘

Qg

VLi(6:) = VLi(01) | 6] H

g
+ 200 | [VE0) [ | 6| + <WJ M6x, = Oxc I3

Therefore,
E [[16141 — Ok, |17 | gt] —16: — Ox, |17

4
< —3Quholl6: — Or, | % J 2o HE {VLt(Qt) VLi(6:) ‘ gt] H

+ 2)||0Kt - 9Kt+1 ||%‘

tHo

3
+202E [Hwt ) H | gt] T+ (
Qi fh
Combining with (33), (34), and the definition of oy, we obtain (36):

E (10041 — Ok, |7 | Ge] = 116: — Ok |17

4 lo ( e)
< —gouttol0r = O |7 + 37— T Bre +( MOx, = Orc I
|
A.2.2 PROOFS FOR THE ACTOR
Next, we prove the results for the actor.
Proof [Proof of Lemma 6] We prove the upper bound first. According to (9),
J(K) — J(K*) = Tr((Px — Pg+)De) = Epuno,py) [ (Px — Pic+)a] (61)

where we recall that P = (Q + K ' RK) + (A — BK) Px(A — BK) and Py~ satisfies a similar
equation. So, Py~ also has the following expression in series

Py = i[(A — BK*)*]"(Q 4+ K*TRK*)(A — BK*)®.
s=0

Therefore, if we define a sequence {y}5°, with yo = z and ys41 = (A — BK™)ys, then
o0 o0

v Pz => 2'[(A-BK*)’]"(Q+ K*"R'K)(A— BK*)’z =Yy, (Q+ K" RK")y,
5=0 s=0
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Combining with

" Pice = 3 (9] Pcys =yl Picorn ) = 3w (Pic = (A= BE*)T Pi(A — BK"))y,
s=0 s=0

and (61), we obtain

J(K) — J(K7)

ZEDJO[;:yz(—Q—JWTRK*+PK—@4—BKﬂTPkQL—BKﬂ)%
s=0

(62)

=Tr

Ep. k- [Z ysy;r] (~@ - K*TRE" + P — (A~ BK") P(A - BK"))
s=0

where Ep,_ i+ denotes the expectation with yo ~ N(0, D,) and ys1 = (A — BK*)ys. Next, we
analyze the two terms in (62) respectively. The first term is easy, recall that D g~ is the solution of

D+ =D. + (A — BK*)Dg-(A— BK*)"

so that -
Dg+ =Y (A—BK*)*D[(A— BK*)"]".
s=0
Therefore,
Ep, i+ [Z ysy;r] = E,wn(0,D.) Z(A — BK*)’za"[(A— BK*)"]*| = Dg-.  (63)
s=0 5=0

Next, we consider the second term in (62). By direct computation,

— Q- K*"RK* 4+ Px — (A— BK*)" Px(A — BK*)
= Q- (K*-K+K)"R(K* - K+ K) + Pg
— (A— BK + BK — BK*)" Pg(A — BK + BK — BK*)
= (K — K*)"(RK — B"Px(A - BK)) + (RK — B' Pg(A — BK))" (K — K*)
— (K -~ K*)"(R+B"PxB)(K — K*)
= (K-K"'Gr+Gr(K-K*)— (K - K*)"(R+ B PxB)(K — K*)
=G (R+B'PgkB) Gk
—(K-K*—(R+B"PxB) 'Gg)"(R+ B"PxkB)(K — K* — (R+ B' PxB)"'Gx)

<GL(R+B'"PgB) Gk
(64)
where we have used the equation (8) for Pk in the second equality and the definition of G (22)
in the third equality. The < above means the difference of the two matrix is positive semi-definite.
Plugging (63) and (64) into (62), we obtain

J(K)— J(K*) < Tr(Dg- G (R+ B"PkB) 'Gk) < || Dk ||/ 0min(R) Tr(Gr G ).
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This finishes the proof of the upper bound. Next, we prove the lower bound. Note that the argument
above does not rely on the optimality of K*. Therefore, we can obtain a general formula (that is
useful in the proof later):

J(K) - J(K')
— Ty [DK/ ((K KT Gr+ GL(K —K') — (K — K')T(R+ BT PxB)(K — K’))} . (65)

Specifically, we can set K’ = K — (R + BT Px B)"'G (i.e., let (64) hold with equality), then by
the optimality of K™* and (65), we obtain

J(K) — J(K*) > J(K) — J(K') = Tr(Dg» G (R + B Pk B)"'Gk)

min De
> Omin(De) |R+ B Pk B| ' Tr(GrG ) > Tmin(De)

__manire) T
Z TRl +crlBJ? T(CxCk)

Proof [Proof of Lemma 7] By (65),
J(Ki) — J(Ktq1)
Ty [DKt+1 ((Kt — Ki11) Gk, + G (K — Ki11)
— (K¢ — Ki1) (R + BT Pk, B)(K; — Km))}

=T | Diyy (GG + BiG R, G, — BiGr, (R + BT Py, B)Grg, ) |

Therefore,
J(Kt+l) - J(Kt)

— B, Tr [DKt (@}tGKt + GGy, - BGE (R+ BTPKtB)éKt)}
— B Tr [DKt (G}tcm + G, Gx, — (G, — Gr) T (G, — Gi,) — BiGL, (R + BTPKtB)@KtH

Recall that we proved
Umin(De)Id < Dk, <cplg and Pk, <cp

in Lemma 1. Therefore,
Tt | Dk, G, G, | 2 0min( DO Gk I3
Tr [DKté%téKt} > O'min(D6)HaKt”%77

Tr [DKtGR(R +B' P, B)Gr, | < ep(IR] + cp| BIP) |Gl

[E—

and
Tr [DKt(GKt ~Gr,) " (Gx, - @Kt)] < cpl|Gr, — Gr. |3
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Therefore,

T (K1) = J(Ky) < =Bi0min(D) (|G 7 + |G |1 7) + Bren |G, — G|
+ Biep(| BRI+ cp B G, I F

Finally, by Lemma 6, we can conclude that

J(Kir1) — J(Ky) < _515‘77”2'2;176)

= Bt [omin(De) = Ben(IR| + cpl BIM)] |G 7 + Beenl G, — G, 17

(J(Ky) = J(K7))

A.2.3 PROOFS FOR THE MAIN THEOREM

Finally we can prove our main theorem.
Proof [Proof of Theorem 1] By lemma 3, (33) and (34) hold for all £ < T'. We define a Lyapunov
function

Ly = L0y, Ky) = 00 — Orc, |5 + T(K) — J(K*).

Firstly, Lo = O(1) because

2
—0(1)

Q+ATPx,A AT Pk, B }
F

— 2: 2:
160 = Oxo I = 1101172 H[ B"Px,A R+ B Pg,B

(note that Py, = Q + AT Py, A implies || Pk, ||r = O(1)) and
J(Ko) — J(K*) < J(Ko) = Tr(DPg,) + 0> Tr(R) < cp Tr[D] + o* Tr(R) = O(1).

Next, we want to show a decrease rate of the Lyapunov function. According to Lemma 5 and
Lemma 7,

E[Liy1 ]G] — Ly

4 1 0 min(De
< —Sounolle — 0rc I + 1 7P e

)0k, — 6 2
4 cs iy + )H K Kt+1HF

omin(D2) R (66)
— B (I (Ke) = J(K)) = B [omin(De) = Bren(| BRI + cp | BIM] 1G5

C3
+ /BtCDHGKt - GKtH%’

Fortunately, we can use the negative term in the actor estimate to bound the positive term in the
critic estimate and use the negative term in the critic estimate to bound the positive term in the actor
estimate. Specifically, by Lemma 4,

105, = Orcpy [ < AN K = Kiallfe = 257 G, 13-

So, by the second inequality in (28)

N 3
Bi [omin(De) = Bep (IR + cp|| BIP)] IG K, 17 > (= +2)bx, — Okl (67)

(o
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In addition,
Gk, = Grllf = 167, — 07%) K, — (0%, — 0717 < k|0 — Oxc, |17
So, by the third inequality in (28)

1 ~
30tho |0 — Ok b = Biep|Gr, — Grllf- (68)
Substituting (67) and (68) into (66), we obtain
E[Liy1 ]G] —
1 omin D Omin De %
< —aupig |ty — b + - TP g g, i D) ey ey,
C3 C3
Taking expectation, we obtain
Omin De * 1 omin
BlLiss — £ <~ ool — 0 [ + 57220 1) — gy + 22t Ped g
(69)

Next, we consider three cases. The first case is when E[||6; — 0, ||.] > 3e. In this case, by (69)
and the first inequality of (28),

(J(K) = J(K7))

1 Omin(D
M@H—MS—Egm%Mrwm%+@”ﬁia

The second case is when E[J(K;) — J(K*)] > Le. In this case

Umin(De)

(J(K) — J(K™))

[ 1
E[Li1 — £i] < = |avpo || — Ok, |7 + 558

In both the first and the second cases, we have

7 De) (1) — ()

1 1
Elfiv1 = Lo < -E | goupo|fe — Or, |7 + 5P
Umin(De)

Note that %/Bt
c3

cases:

< %at Lo, We obtain a contraction rate for the Lyaponov function in both

1 min De
E[Li41 — L] < —@eUCZE)E

where we remind the reader that L(6x~, K*) = 0. Let us rewrite it into a contraction form

)=
E[Li11]) < (1 — Brea)E[Ly]. (70)

Next, we consider the third case, when both E[||0;, — 0, ||%] < e and E[J(K;) — J(K*)] < %
In this case we have E[L;] < . Therefore, by (69), we obtain

[Li] =: —BreaE[L4]

E.

E[L441]
< (1 o )E |16 - wﬂﬂ+i%@§9@e+0—@“ﬁf”)mumw—ﬂKw]
1 1 1 Umin(De) Umin(D€)
< 554‘ 56 <2636t+ 1 —,31563> < E.
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Therefore, we have shown that under (33) and (34), the Lyapunov function is decreasing at rate
(70) as long as E[||6; — 0, ||%] > 3¢ or E[J(K;) — J(K*)] > e, or else, the Lyapunov function
will keep being smaller than e. Since (1 — f;c4)” Lo < ¢ (recall that j3; is constant in t), we have
E[Lr] < e. Since E[L7] is the sum of two non-negative numbers, both of them are less thane. W
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