
S m
U N D U n

D
u ∈ U S(u)

U ⊆ U n D S(U)
O(logmN)

O(logmn)
U n

D1, . . . , Dn

(U ,S) U N S
|S| = m U ⊆ U n

S ′ ⊆ S S ′ U
lnn

P = NP

S ′ S : U → S
S(U) =

⋃
u∈U{S(u)} S ′

S

U ⊆ U U S +
S

maxU⊆U c(S(U))/c( (U)) S(U)
U α α

α Θ̃(
√
n) +

+

U D
EU [c(S(U))]/EU [c( (U))]
O(log(mN))

log log
+

O(log(mn)) n � N
Ω(logm/ log logm) n� m +

o(log n) P = NP

U D1, . . . , Dn
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U

O(log(mn))

O(log(mn)) 1

2

U

2 O(log(mn))

U
α

O < α ≤ 1 O(log(mn)/α)

z
z 2

O(logmn)

O(logmn)

X

Î ∼ X

A Î

X I ∼ X z A
vt vt

A
A A
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Ω(logm)

1/2
+

1/e
1/2

+

+
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2

3
6

e x, y ∈ R
n
+

x y 〈x, y〉 = ∑n
i=1 xiyi max(x, y)

c

c (x || y) :=
n∑

i=1

ci

[
xi log

(
xi

yi

)
− xi + yi

]
.

V V ′ ⊆ V (V ′) ⊆ Z
m

V ′ V ′ z ∈ (V ′) W

(W | z, V ′) = min
w
{c(w) | max(w, z) ∈ (V ′ ∪W )} ,

∞ w (W | z, V ′)

V ′ ⊆ V ′′ ⊆ V z′ ≤ z′′ z′ ∈ (V ′) z′′ ∈ (V ′′)
(W | z′′, V ′′) ≤ (W | z′, V ′) W ⊆ V

V (V ) (V ) c( (V ))

A,B ⊆ V c( (A ∪ B)) ≤ c( (A)) +
c( (B))

c( (A ∪B)) ≤ c( (A)) + (B | (A), A) ≤ c( (A)) + c( (B)).

A B
(A ∪B)

z′ = ~0 z′′ = (A) V ′ = ∅ V ′′ = A W = B

{xf}f
{yfc}f,c
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v1, . . . , vn

D1, . . . , Dn

v1, . . . , vn

D1, . . . , Dn k

k k

k D1, . . . , Dn

λ
z1 z2

λ

α

D1, . . . , Dn

I A
∆ I k A′

I 2∆ k + 1

0

A k π
∆ A′

k + 1 k

A k D1, . . . , Dn

= {v̂1, . . . , v̂n} D1, . . . , Dn

τ = 1, 2, . . . , n
πτ ← τ th π A

πτ A
ẑ A

z ← ẑ
t = 1, 2, . . . , n

vt ∼ Dt

vt z
z ← max(z, (vt | z, ∪ {v1, . . . , vt−1}))

z

A′ k + 1 A A k
A′

A
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v1, . . . , vn v̂1, . . . , v̂n

E[c ( (v1, . . . , vn))] = E[c
( (

v̂1, . . . , v̂n
))
].

ẑ A ∆ · E[c ( (v1, . . . , vn))]
A
vt, v̂t ∼ Dt vt v̂t

vt

v̂t A z(v) z
v ẑ(v̂) A

v̂ A π A <v̂

v̂ π

E
[ (

vt
∣∣ z(vt), ∪ {v1, . . . , vt−1}

)]
≤ E

[ (
vt
∣∣ ẑ(v̂t), <v̂t

)]

= E
[ (

v̂t
∣∣ ẑ(v̂t), <v̂t

)]

z(vt) ≥ ẑ(v̂t)
vt v̂t t A

(v̂τ | ẑ(v̂τ ), <v̂τ ) τ v̂τ

∑

t

E
[ (

vt
∣∣ z(vt), ∪ {v1, . . . , vt−1}

)]
≤
∑

t

E
[
{

(
v̂t
∣∣ ẑ(v̂t), <v̂t

)]

≤ E[c(ẑ)],

∆ · E[c ( (v1, . . . , vn))] A
2 ·∆ · E[c ( )]

D1, . . . , Dt

λ > 0

z0 c(z0)

vt ∼ Dt

z1
λ · c(z1)

0 < λ ≤ 1
λ > 1 λ

= max(z∗0 , z
∗
1) z∗0
z∗1

2

I A
∆ I 2 A′ I

2∆ λ

A I ∆ A′
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2

i = 1, . . . , λ

i ← {v̂1i , . . . , v̂ni } D1, . . . , Dn

=
⋃

i i

τ = 1, 2, . . . , λ · n
πτ ← τ th π

πτ A
z0 A z0

z1 ← 0
t = 1, 2, . . . , n

vt ∼ Dt

z ← max(z0, z1)
vt z

w ← (vt | max(z0, z1), ∪ {v1, . . . , vt−1})
z1 ← max(z1, w)

max(z0, z1)

Z := E[c(z∗0) + λ · c(z∗1)]
z0 A Z z1

z0
z0 z∗0

z∗1 , . . . , z
∗
λ

i

c ( ( )) ≤ c(z∗0) +
λ∑

i=1

c(z∗i ) = c(z∗0) + E
i∼[λ]

[λ · c(z∗i ))],

i ∼ [λ] i [λ]
E[c ( ( ))] ≤ Z A ∆

E[c(z0)] ≤ ∆ · Z.
z1 z0(v)
A v

t ∈ [n] v̂t1, . . . , v̂
t
λ

π <v

v π z0(v̂
t
1) ≤ . . . ≤ z0(v

t)
v

(
v
∣∣∣ z0(v̂t1), <v̂t

1

)
≥ · · · ≥

(
v
∣∣∣ z0(v̂tλ), <v̂t

λ

)

≥
(
v
∣∣ z0(vt), ∪ {v1, . . . , vt−1}

)
.

z0(v̂
t
1), . . . , z0(v

t)
v̂t1, . . . , v̂

t
λ, v

t ∼ Dt

E

[ (
v̂t1

∣∣∣ z0(v̂t1), <v̂t
1

)]
≥ · · · ≥ E

[ (
v̂tλ

∣∣∣ z0(v̂tλ), <v̂t
λ

)]

≥ E
[ (

vt
∣∣ z0(vt), ∪ {v1, . . . , vt−1}

)]
.

λ · E
[ (

vt
∣∣ z0(v̂t), ∪ {v1, . . . , vt−1}

)]
≤

λ∑

i=1

E

[ (
v̂ti

∣∣∣ z0(v̂ti), <v̂t
i

)]
.
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t ∈ [n]

λ · E[c(z1)] =
n∑

t=1

λ · E
[ (

vt
∣∣ z0(vt), ∪ {v1, . . . , vt−1}

)]

≤
n∑

t=1

λ∑

i=1

E

[ (
v̂ti

∣∣∣ z0(v̂ti), <v̂t
i

)]

≤ E[c(z0)],

A
(
v̂ti

∣∣∣ z0(v̂ti), <v̂t
i

)
v̂ti

E[c(z0) + λ · c(z1)] ≤ 2E[c(z0)] ≤ 2∆ · Z

α

I A
∆ I A′ I

O(∆/α)

A I ∆ A′

= {v̂1, . . . , v̂α·n}
τ = 1, 2, . . . , α · n
πτ ← τ th

πτ A
ẑ A

z ← ẑ
t = 1, 2, . . . , n

vt ∼ Dt

vt z
z ← max(z, (vt | z, ∪ {v1, . . . , vt−1}))

z

n 1/α 1/α ∈ N

α← 1/d1/αe

v1, . . . , vn α · n 1/α
v r(v) v

<v v π

E
[ (

vt
∣∣ z(vt), ∪ {v1, . . . , vt−1}

)]
≤ E

[ (
vt
∣∣ ẑ(r(vt)), <r(vt)

)]

= E
[ (

r(vt)
∣∣ ẑ(r(vt)), <r(vt)

)]
.
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z(vt) ≥ ẑ(r(vt))
vt r(vt) t

A (v̂τ | ẑ(vτ )) τ v̂τ

n∑

t=1

E
[ (

vt
∣∣ z(vt), ∪ {v1, . . . , vt−1}

)]
≤

n∑

t=1

E
[ (

r(vt)
∣∣ z(r(vt)), <r(vt)

)]

=

α·n∑

τ=1

1

α
· E[ (v̂τ | z(v̂τ ), <v̂τ )]

≤ 1

α
E[c(ẑ)].

1/α
∆/α · E[c ( (v1, . . . , vn))] A

∆/α · E[c ( )]

α
α ≤ 1 α 1/α

n m f
cf (v, f) cfv

min
∑

f

cf · xf+
∑

f,v

cfv · yfv
∑

j

yfv ≥ 1 ∀v

yfv ≤ xf ∀f, v
xf , yfv ∈ {0, 1}.

m n

cfv
8

3

6
6 O(1/α)
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cfv ∈ {0,∞}

O(logmn)

O(logmn)
O(logmn)

O(logmn/α)

Ct t v

f t(v) ∈ argmin
f

(1{f 6∈ Ct} · cf + cfv)

κt
v := min

f
(1{f 6∈ Ct} · cf + cfv)

t ktv(
vt
∣∣ Ct, {v1, . . . , vt−1}

)

Γt(v) := {f : cfv ≤ κt
v/2}

v
2 f v t f ∈ Γt(v)

O(logmn)

t f ∈ Γt(v)
β

≤ β ≤ 2 ·
Ξt

vt κt−1
vt ≥ β/t

vt ¬Ξt

t 〈c, xt〉 = β

= (x∗, y∗) U t = {vt+1, . . . , vn}
t U0 = U

Xt(v) :=
∑

f∈Γt−1(v) x
t−1
f f v t− 1 ρt :=

∑
v κ

t
v

Φ(t) := C1 ·




c

(
x∗ || xt

)
+ 2 ·

∑

v∈Ut

∑

f

cfv · y∗fv




︸ ︷︷ ︸
ΦL(t)

+C2 · β · log
(
ρt

β
+

1

n

)

︸ ︷︷ ︸
ΦC(t)

,
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F ′ ← {f : β/m ≤ cf ≤ β} m′ ← |F ′|
x0
f ← β

cf ·m′
· 1{f ∈ F ′}

t = 1, 2 . . . , n
vt ← tth Rt ← ∅

κt−1
vt ≥ β/t

f Rt ←Rt ∪ {f} min(κt−1
vt · xt−1

f /β, 1)

Ct ← Ct−1 ∪Rt
∑

f∈Γt−1(vt) x
t−1
f < 1

f xt
f ← xt−1

f · exp
{
1{f ∈ Γt−1(vt)} · κt−1

vt /cf
}

Zt = 〈c, xt〉/β xt ← xt/Zt

xt ← xt−1

xt ← xt−1

Ct ← Ct ∪ {f t−1(vt)} vt f t−1(vt)

C

C1 C2 ΦL

ΦC

Φ(t)

Φ Φ(0) = O(β · logmn) Φ(t) ≥ −β · log n
t

ΦL Ξt ΦL

E
vt,Rt

[
ΦL(t)− ΦL(t− 1) | xt−1, U t−1,Ξt

]

≤ E
v∼Ut−1

[
e2 − 1

2
· κt−1

v ·min
(
Xt(v), 1

)
− κt−1

v

]
.

vt Ξt

ΦL(t)− ΦL(t− 1) ≤ 0.

vt Rt ΦC

ΦC t Ξt ΦC

E
vt,Rt

[
ΦC(t)− ΦC(t− 1) | xt−1, U t−1,Ξt

]
≤ −1− e−1

4
· E
u∼Ut−1

[
κt−1
u ·min

(
Xt(v), 1

)]
.

Ξt

ΦC(t)− ΦC(t− 1) ≤ 0.
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c( (t)) t
c ( (t))

t c ( (t))
t vt Ξt

vt Ξt

c ( (n)) = c ( (n))− c ( (0))

=
∑

t

(c ( (t))− c ( (t− 1)))

≤
∑

t∈[n]

β

t
= O(β · log n).

Ξt

t Rt κt−1
vt · 〈c, xt−1〉/β = κt−1

vt

κt−1
vt

2 · κt−1
vt

C1 = 2 C2 = 4e(e+ 1)

E
vt,Rt

[
Φ(t)− Φ(t− 1)

∣∣ v1, . . . , vt−1,R1, . . . ,Rt−1,Ξt
]

= E
vt,Rt

[
C1 · (ΦL(t)− ΦL(t− 1))

+ C2 · (ΦC(t)− φC(t− 1))

∣∣∣∣ v
1, . . . , vt−1,R1, . . . ,Rt−1,Ξt

]

≤ − E
vt,Rt

[
2 · κt−1

vt

∣∣ v1, . . . , vt−1,R1, . . . ,Rt−1,Ξt
]
,

c

E
vt,Rt

[
Φ(t)− Φ(t− 1) + c ( (t))− c ( (t− 1))

∣∣ v1, . . . , vt−1,R1, . . . ,Rt−1
]
≤ 0,

ΦL ΦC 0 Ξt

1 ≤ t ≤ n

E
v,R

[Φ(n)− Φ(0) + c ( (n))− c ( (0))] ≤ 0

E
v,R

[c ( (n))] ≤ Φ(0) + c ( (0))− E
v,R

[Φ(n)]

≤ O(β · logmn) + 0− (−β · log n) ,

c ( (0)) = 0 Φ

E
v,R

[c( (n))] = E
v,R

[c ( (n))] + E
v,R

[c ( (n))]

≤ β +O(β · log n) +O(β · logmn),
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minz 〈1, z〉
Az ≥ b
z ∈ {0, 1}m,

A {0, 1} b ∈ Z
n
+

b = 1

A
z

O(logmn)

O(logmn)
O(logmn) O(log(mn)/α)

zt t dti i t
dti := max(0, bi − 〈ai, zt−1〉) zt t

ρt :=
∑

i∈[n]

dti.

β ≤ β ≤ 2 ·
x∗ xt β

dtit > 0

O(logmn)

Φ(t) := C1 ·
(
x∗ || xt

)
︸ ︷︷ ︸

ΦL(t)

+C2 · β · log
(
ρt

β
+

1

m

)

︸ ︷︷ ︸
ΦC(t)

,

ΦL ΦC C1

C2
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x0
j ← β

m j z0j ← 0
t = 1, 2, . . .
i← t

i
T t := {j : zt−1

j = 0, aij = 1} i

Xt−1
i :=

∑
j∈T t x

t−1
j j

dti := bi − 〈ai, zt−1〉
j ztj ← Ber(dti · xt−1

j /β)

Xt−1
i ≤ dti i

ztj ← 1 j ∈ T t xt−1
j ≥ 1/e

j xt
j ← xt−1

j · exp {1{j ∈ T t}}
Z(t) := 〈1, xt〉/β xt ← xt/Zt

i
xt ← xt−1 zt ← zt−1

ztj ← 1 dti j ∈ T t

xt ← xt−1 zt ← zt−1

z

Φ Φ(0) = O(β · logmn) Φ(t) ≥ −β · log(n)
t

U t i t U t = {it, it+1, . . . , in}

ΦL it ΦL

E
it,Rt

[
ΦL(t)− ΦL(t− 1) | xt−1, U t−1, dtit > 0

]
≤ E

i∼Ut−1
[(e− 1) ·min(Xt−1

i , dti)− dti].

it

ΦL(t)− ΦL(t− 1) ≤ 0.

ΦC(t)

ΦC it ΦC

E
it,Rt

[
ΦC(t)− ΦC(t− 1) | xt−1, U t−1, dtit > 0

]
≤ −γ

2
· E
i∼Ut−1

[
min

(
Xt−1

i , dti
)]
,

γ it

ΦC(t)− ΦC(t− 1) ≤ 0.

C1 = (e+2) C2 = 2 · (e+2)(e− 1)/γ
dttt = 0 tt

E
it,Rt

[
Φ(t)− Φ(t− 1)

∣∣ i1, . . . , it−1,R1, . . . ,Rt−1
]
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= E
it,Rt

[
C1 · (ΦL(t)− ΦL(t− 1))

+ C2 · (ΦC(t)− ΦC(t− 1))

∣∣∣∣ i
1, . . . , it−1,R1, . . . ,Rt−1

]

≤ − E
it,Rt

[
(e+ 2) · dti

∣∣ i1, . . . , it−1,R1, . . . ,Rt−1
]

t e · dti
Xt−1

i ≤ dti dti dti
(e+ 2) · dti

t

E
it∼U(t)

R∼x(t)

[
Φ(t)− Φ(t− 1) + c( (t))− c( (t− 1))

∣∣∣ i(1), . . . , i(t−1),R(1), . . . ,R(t−1)
]
≤ 0.

1 ≤ t ≤ n

E
i,R

[Φ(n)− Φ(0) + c( (n))− c( (0))] ≤ 0

E
i,R

[c( (n))] ≤ c( (0)) + Φ(0)− E
i,R

[Φ(n)],

c( (0)) = 0

E
i,R

[c( (n))] ≤ O(β · logmn),

+

α
O(log(mn) log(1/α)) α = Θ(1)

O(logmn) α = 1/poly(n) O(logm log n)

Φ Φ(0) = O(β · logmn) Φ(t) ≥ −β · log n
t

f x∗ cf ≤ β
(x∗, y∗)

f̂ ∈ (x∗) x∗
f > β f̂

ε := min(y∗
f̂ ,v

: y∗
f̂ ,v

> 0)
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x′

f̂
= x∗

f̂
− ε x′

f = min(x∗
f + ε, 1) f 6= f̂ y′fv = min(y∗f,v + ε, 1)

f, v (x′, y′) β f̂
cf ≤ β f (x∗) ⊆

(
x0
)

KL

c

(
x∗ || x0

)
=
∑

f

cfx
∗
f log

(
x∗
f

cfm
′

β

)
+
∑

f

cf (x
0
f − x∗

f )

≤ β(logm+ 1),

x∗
fcf ≤ β 〈c, x∗〉 = ≤ β 〈c, x0〉 = β

φL

≤ β
β · log

(∑
v κ

0
v/β + 1/n

)
O(β · log n)

κ0
v ≤ β v

v v 0
β

fv := argminf cf + cfv κ0
v ≤ β κt

v ≤ κ0
v ≤ β

v t

Φ ΦL ΦC ≥ −β · log n
ρt ≥ 0

ΦL Ξt ΦL

E
vt,Rt

[
ΦL(t)− ΦL(t− 1) | xt−1, U t−1,Ξt

]

≤ E
v∼Ut−1

[
e2 − 1

2
· κt−1

v ·min
(
Xt(v), 1

)
− κt−1

v

]
.

vt Ξt

ΦL(t)− ΦL(t− 1) ≤ 0.

xt

Λt Xt(vt) < 1 Λt

xt = xt−1

(e2 − 1)/2 > 1 Λt

vt

v = vt

E
vt,Rt

[
c

(
x∗ || xt

)
− c

(
x∗ || xt−1

)
| xt−1, U t−1,Λt

]

= E
v∼Ut−1


∑

f

cf · x∗
f · log

xt−1
f

xt
f

∣∣∣∣∣∣
Ξt,Λt




= E
v∼Ut−1


〈c, x∗〉 · logZt −

∑

f∈Γt−1(v)

cf · x∗
f · log eκ

t−1
v /cf

∣∣∣∣∣∣
Ξt,Λt




≤ E
v∼Ut−1




β · log


 ∑

f∈Γt−1(v)

cf
β
· xt−1

f · eκt−1
v /cf +

∑

f 6∈Γt−1(v)

cf
β
· xt−1

f




−
∑

f∈Γt−1(v)

κt−1
v · x∗

f

∣∣∣∣∣∣∣∣∣∣

Ξt,Λt



,
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Zt 〈c, x∗〉 ≤ β

≤ E
v∼Ut−1


β · log


∑

f

cf
β
· xt−1

f +
e2 − 1

2
· κ

t−1
v

β
·Xt(v)


−

∑

f∈Γt−1(v)

κt−1
v · x∗

f

∣∣∣∣∣∣
Ξt,Λt


,

ea ≤ 1 + (e2 − 1) · a/2 a ∈ [0, 2] κt−1
v

v f ∈ Γt−1(v) cfv ≤ κt−1
v /2 cf ≥ κt−1

v /2
κt−1
v /cf ≤ 2 log(1 + y) ≤ y

≤ E
v∼Ut−1


e

2 − 1

2
· κt−1

v ·Xt(v)−
∑

f∈Γt−1(v)

κt−1
v · x∗

f

∣∣∣∣∣∣
Ξt,Λt




≤ E
v∼Ut−1


e

2 − 1

2
· κt−1

v ·min
(
Xt(v), 1

)
−

∑

f∈Γt−1(v)

κt−1
v · x∗

f

∣∣∣∣∣∣
Ξt,Λt


,

Λt

ΦL −2·∑f cfvt ·y∗fvt

E
v∼Ut−1

[
ΦL(t)− ΦL(t− 1)

∣∣ Ξt,Λt
]

≤ E
v∼Ut−1


κt−1

v · e
2 − 1

2
·min

(
Xt(v), 1

)
−


 ∑

f∈Γt−1(v)

κt−1
v · x∗

f + 2 ·
∑

f

cfvt · y∗fv



∣∣∣∣∣∣
Ξt,Λt


.

v Γt−1(v) κt−1
v

≤ E
v∼Ut−1


κt−1

v · e
2 − 1

2
·min

(
Xt(v), 1

)
−


 ∑

f∈Γt−1(v)

κt−1
v · x∗

f + 2 ·
∑

f 6∈Γt−1(v)

κt−1
v

2
· y∗fv



∣∣∣∣∣∣
Ξt,Λt




≤ E
v∼Ut−1

[
κt−1
v · e

2 − 1

2
·min

(
Xt(v), 1

)
− κt−1

v

∣∣∣∣ Ξ
t,Λt

]
,

v Γt−1(v) (x∗, y∗)
1−∑f∈Γt−1(v) x

∗
f

Λt

ΦC t Ξt ΦC

E
vt,Rt

[
ΦC(t)− ΦC(t− 1) | xt−1, U t−1,Ξt

]
≤ −1− e−1

4
· E
u∼Ut−1

[
κt−1
u ·min

(
Xt(v), 1

)]
.

Ξt

ΦC(t)− ΦC(t− 1) ≤ 0.

ρt t

ΦC

v

E
Rt

[
ΦC(t)− ΦC(t− 1) | xt−1, U t−1,Ξt, vt = v

]
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= β · E
Rt

[
log

(
1− ρt−1 − ρt

ρt−1 + β
n

) ∣∣∣∣∣ U
t−1,Ξt, vt = v

]

≤ −β · 1

ρt−1 + β
n

· E
Rt

[
ρt−1 − ρt

∣∣ U t−1,Ξt, vt = v
]
.

log(1− y) ≤ −y ρt

≤ − β

ρt−1 + β
n

· E
Rt

[
∑

u∈Ut−1

κt−1
u

2
· 1{Γt−1(u) ∩Rt 6= ∅}

∣∣∣∣∣ U
t−1,Ξt, vt = v

]

= − β

ρt−1 + β
n

∑

u∈Ut−1

κt−1
u

2
· P
Rt

(Γt−1(u) ∩Rt 6= ∅ | U t−1,Ξt, vt = v)

≤ − β

ρt−1 + β
n

∑

u∈Ut−1

κt−1
u

2
· (1− e−1) ·min


κt−1

v

β
·

∑

f∈Γt−1(u)

xt−1
f , 1




≤ −1− e−1

2
· κt−1

v · |U
t−1|

ρt−1 + β
n

· E
u∼Ut−1

[
κt−1
u ·min

(
Xt(u), 1

)]
.

f min(κt−1
v xt−1

f /β, 1)

u ∈ U t−1 Γt−1(u)

1−
∏

f∈Γt−1(u)

(
1−min

(
κt−1
v xt−1

f

β
, 1

))
≥ 1− exp



−min


κt−1

v

β

∑

f∈Γt−1(u)

xt−1
f , 1







(∗∗)

≥ (1− e−1) ·min


κt−1

v

β

∑

f∈Γt−1(u)

xt−1
f , 1


 .

(∗∗)
κt−1
v /β ≤ 1

vt ∼ U t−1
Ev∼Ut−1

[
κt−1
v

]
= ρt−1/|U t−1|

ΦC

E
vt,Rt

[
ΦC(t)− ΦC(t− 1) | xt−1, U t−1,Ξt

]

≤ −1− e−1

2
· ρt−1

ρt−1 + β
n

· E
u∼Ut−1

[
κt−1
u ·min

(
Xt(u), 1

)]
,

≤ −1− e−1

4
· E
u∼Ut−1

[
κt−1
u ·min

(
Xt(u), 1

)]
,

Ξt vt

t ρt−1 ≥ κt−1
vt ≥ β/t ≥ β/n ρt−1

ρt−1+ β
n

≥ 1
2

Φ Φ(0) = O(β · logmn) Φ(t) ≥ −β · log(n)
t

(
x∗ || x0

)
=

∑
j x

∗
j log

(
x∗

j

x0
j

)
=
∑

j x
∗
j log

(
m

x∗

j

β

)
≤ ∑

j x
∗
j logm ≤ β logm x∗

j ≤ ≤ β j

β · log
(

ρ0

β + 1
m

)
≤ β · log

(∑
i
bi
β

)
≤ β log n bi ≤ ≤ β bi
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ρt Φ(t) ≥ β · log(1/m) =
−β · logm

ΦL it ΦL

E
it,Rt

[
ΦL(t)− ΦL(t− 1) | xt−1, U t−1, dtit > 0

]
≤ E

i∼Ut−1
[(e− 1) ·min(Xt−1

i , dti)− dti].

it

ΦL(t)− ΦL(t− 1) ≤ 0.

it

Xt−1
i ≥ dti xt t

E
it,Rt

[ (
x∗ || xt

)
−

(
x∗ || xt−1

)
| xt−1, U t−1, Xt−1

it ≥ dtit
]

≤ E
i∼Ut−1

[(e− 1) ·min(Xt−1
i , dti)− dti | Xt−1

i ≥ dti],

Xt−1
i < dti

it

E
it,Rt

[ (
x∗ || xt+1

)
−

(
x∗ || xt

)
| xt−1, U t−1, Xt−1

it < dti
]

= E
i∼Ut−1


∑

j

x∗
j · log

xt−1
j

xt
j

∣∣∣∣∣∣
Xt−1

i < dti




= E
i∼Ut−1


∑

j

x∗
j · logZt −

∑

j∈T t

x∗
j · log e

∣∣∣∣∣∣
Xt−1

i < dti




≤ E
i∼Ut−1


β · logZt −

∑

j∈T t

x∗
j

∣∣∣∣∣∣
Xt−1

i < dti




≤ E
i∼Ut−1

[
β · logZt − dti

∣∣ Xt−1
i < dti

]
,

〈1, x∗〉 ≤ β x∗
∑

j aijx
∗
j ≥ bi

x∗
j ≤ 1

∑
j∈T t x∗

j ≥ dti Zt

= E
i∼Ut−1


β · log


 1

β

∑

j

xt−1
j +

(e− 1)

β

∑

j∈T t

xt−1
j


− dti

∣∣∣∣∣∣
Xt−1

i < dti




= E
i∼Ut−1

[
β · log

(
1 +

(e− 1)

β
Xt−1

i

)
− dti

∣∣∣∣ X
t−1
i < dti

]

log(1 + y) ≤ y

≤ E
i∼Ut−1

[
(e− 1) ·Xt−1

i − dti
∣∣ Xt−1

i < dti
]

= E
i∼Ut−1

[(e− 1) ·min(Xt−1
i , dti)− dti | Xt−1

i < dti].
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ΦC it ΦC

E
it,Rt

[
ΦC(t)− ΦC(t− 1) | xt−1, U t−1, dtit > 0

]
≤ −γ

2
· E
i∼Ut−1

[
min

(
Xt−1

i , dti
)]
,

γ it

ΦC(t)− ΦC(t− 1) ≤ 0.

pj bj ∈ [0, 1] W :=
∑

j bj Ber(pj)

∆ ≥= (e− 1)−1

E[min (W,∆)] ≥ γ ·min (E[W ],∆) ,

γ pj bj

it dtit = 0 j
ρt = ρt−1 it

it = i log ρt Rt

E
it,Rt

[
ΦC(t)− ΦC(t− 1) | xt−1, U t−1, it = i

]

= β · E
Rt

[
log

(
1− ρt−1 − ρt

ρt−1 + β
m

) ∣∣∣∣∣ U
t−1, it = i

]

≤ −β · 1

ρt−1 + β
m

E
Rt

[
ρt−1 − ρt

∣∣ U t−1, it = i
]
.

log(1− y) ≤ −y

= −β · 1

ρt−1 + β
m

E
Rt

[
∑

i′∈Ut−1

(dt−1
i′ − dti′)

]

= −β · 1

ρt−1 + β
m

∑

i′∈Ut−1

E
Rt

[dt−1
i′ − dti′ ]

≤ −β · 1

ρt−1 + β
m

∑

i′∈Ut−1

E
Rt


min


∑

j∈T t

Ber(xt−1
j · dt−1

i /β), dti′




 .

dt−1
i′ ≤ ≤ β xt−1

j ≤ 1 j T t

∑
j∈T t x

t−1
j dt−1

i /β = Xt−1
i dt−1

i /β dt−1
i ≥ 1

≤ − 1

ρt−1 + β
m

∑

i′∈Ut−1

γ ·min

(
dt−1
i

β
·Xt−1

i′ , dt−1
i′

)

≤ −γ · dt−1
i · 1

ρt−1 + β
m

∑

i′∈Ut−1

min
(
Xt−1

i′ , dt−1
i′

)

= −γ · dt−1
i · |U

t−1|
ρt−1 + β

m

· E
i′∼Ut−1

[
min

(
Xt−1

i′ , dt−1
i′ )

)]
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≤ −γ · dt−1
i · |U

t−1|
2 · ρt−1

· E
i′∼Ut−1

[
min

(
Xt−1

i′ , dt−1
i′ )

)]
,

it ρt−1 ≥ dti ≥ 1 β/m ≤ 1
1

ρt−1+β/m ≤ 1
2·ρt−1 i ∼ U t−1

Ei∼Ut−1

[
dt−1
i

]
= ρt−1/|U t−1| log ρt

E
it,Rt

[
ΦC(t)− ΦC(t− 1) | xt−1, U t−1

]
≤ −γ

2
· E
i∼Ut−1

[
min

(
Xt−1

i , dti
)]
,

o(logm log n) P = NP

(α, δ)
n N m

S1 |S1| = α · n S2

δ · n S1 S = S1 ∪ S2

α
δ

S2

S = S1 \ S2

(α, δ) α = Ω(1) δ = n−1+Ω(1)

Ω(logm log n)

(Uhard,Shard)
σhard

Uhard ⊆ Uhard Uhard |Uhard| = Θ(
√
|Uhard|)

S0 N − δ · n
(Uhard,Shard) n′ := |Uhard| = δ · n m′ := |Shard| = poly(n′)

S0

Uhard ⊆ Uhard σhard n = Θ(N) δ
1 S1 S2

δ · n Uhard S1

Uhard ⊆ Uhard σhard

Θ(
√
n′) = nΩ(1)

Ω(log n′ logm′) σhard o(log n logm)
(α, δ) α = Ω(1) δ = n−1+Ω(1)

(1− ε)n log n ≈ log(n!) Ω(log(εm) log(εn))
(1− ε)n

σhard εn
o(log(εm) log(εn))

P = NP
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+

+ O(log n)

O(1)

D1, . . . , Dn U D∗ = 1
n

∑n
i=1 D

i

pht U U
D1, . . . , Dn

iid U n
D∗

iid ≤ pht

(i, j) i ∈ [2] j ∈ [2]

S = {{(1, 1), (2, 1)}, {(1, 1), (2, 2)}, {(1, 2), (2, 1)}, {(1, 2), (2, 2)}}.

D1 D2 (1, 1), (1, 2) (2, 1), (2, 2)
D∗ = 1

2 (D
1 +D2) pht = 1 E[ iid] = 5/4

(i, j) i ∈ [n] j ∈ [log n] S = [log n][n] n
Di {(i, 1), (i, 2), . . . , (i, log n)}

D∗ = 1
n

∑
i D

i

pht = 1, E[ iid] = Ω

(
log n

log log n

)
,

+

+
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