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Abstract

When a new product enters a market already dominated by
an existing product, will it survive along with this dominant
product? Most of the existing works have shown the coex-
istence of two competing products spreading/being adopted
on overlaid graphs with same set of users. However, when
it comes to the survival of a weaker product on the same
graph, it has been established that the stronger one domi-
nates the market and wipes out the other. This paper makes
a step towards narrowing this gap so that a new/weaker prod-
uct can also survive along with its competitor with a posi-
tive market share. Specifically, we identify a locally optimal
set of users to induce a community that is targeted with ad-
vertisement by the product launching company under a given
budget constraint. To this end, we model the system as com-
peting Susceptible-Infected-Susceptible (SIS) epidemics and
employ perturbation techniques to quantify and attain a pos-
itive market share in a cost-efficient manner. Our extensive
simulation results with real-world graph dataset show that
with our choice of target users, a new product can establish
itself with positive market share, which otherwise would be
dominated and eventually wiped out of the competitive mar-
ket under the same budget constraint.

1 Introduction

Motivation: In this competitive world of rapid technological
advancements, one of the key strategic decisions that a com-
pany launching a new product has to make is how to market
itself (Cooper and Kleinschmidt 1987; Montoya-Weiss and
Calantone 1994). It can carve out a niche by differentiat-
ing itself from its competitors, either by its product design
or brand image (Fuchs and Diamantopoulos 2010; Jalkala
and Keridnen 2014), and highlighting them through market-
ing techniques such as advertisements. In such situations,
advertisements serve as a medium of communication and
play a key role for the firm to achieve this differentiation.
There has been evidence that products with no mass adver-
tisements have gained popularity over time as the companies
have focused on targeting advertisements to niche commu-
nities (Dalgic and Leeuw 1994). The effectiveness of tar-
geting a small portion of users (communities) who can fur-
ther spread and influence their neighborhood network via
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Figure 1: Real web-search percentage over a time period
showing the introduction of a new product (Galaxy S4 &
Xbox 360) alongside an existing product (iPhone 4S &
PlayStation 2).

the word-of-mouth, rather than focusing on the whole pop-
ulation, has proven beneficial and also recognized by busi-
nesses in the market (Armstrong and Kotler 2003; Yang et al.
2006).

For example, Nintendo dominated the video game con-
soles market in the US for almost a decade until the intro-
duction of the PlayStation (PS) (Gallagher and Park 2002).
Over the next few years, PS was able to establish and eventu-
ally dominate the video game console market, forcing Nin-
tendo to focus on hand-held consoles. Subsequently, Xbox
initially entered a PS-dominated video game consoles mar-
ket, and was able to sustain itself in the market (Nic Healey
2013). Similarly, in the aviation industry, Airbus entered and
managed to sustain in a Boeing dominated market (Irwin and
Pavcnik 2004). Figure 1 shows how before the introduction
of Xbox 360, PS 2 already dominated the US market and
since the emergence of Xbox, it took some time to mark
its presence in the market against its competitor (similar for
iPhone 4S and Galaxy S4)'.

Note that, in the above examples, the new product always
enters a monopoly, i.e., market dominated by a single com-
petitor, and manages to survive. Hence, given these moti-
vating examples, we focus on the following scenario: any
given market is dominated by a single product and a com-
peting product strategizes (i.e., advertising to niche commu-
nities) to survive in that market. Specifically, our mathemat-

'Real-data collected from Google Trends for the United States
region which provides “insights into search pattern”(https://trends.
google.com/trends/?geo=US).



ical model captures the early phase of market scenario when
there is only one product in the market and a ‘new’ product
tries to enter this monopoly.

When it comes to modeling product competition where
individuals are the adopters, the interactions between them
can be modeled as edges of a graph, which are linked via
socially meaningful relationships like friendship or infor-
mation exchange. Such social networks have become the
paradigm for studying the spread of competing products
and their adoption among individuals (Kalish 1985). Al-
though here we stress on ‘product’ adoption and its influence
among neighbors, we can draw a similar analogy within dif-
ferent contexts, for example, having an opinion (or prefer-
ence) towards a political party/idea/information spreading in
a network and how targeted advertisement plays an influen-
tial role in opinion formation/spreading mechanism. Given
these motivating scenarios, we focus on settings where a new
product enters a market dominated by a competitor.

Choice of Modeling Approach - bi-SIS: When two
products compete with each other on a network, the even-
tual outcomes can be one of the following: absolute dom-
inance, where one of the products dominates by wip-
ing out its competitor and is adopted widely; die-out,
where none of the products are adopted; or coexistence,
where both of the products are adopted within the net-
work (Prakash et al. 2012; Beutel et al. 2012; Sahneh and
Scoglio 2014; Wei et al. 2016). Various mathematical mod-
els, such opinion dynamics-based models (i.e., analysis of
how opinions form/spread in a population) such as De-
Groot, Hegselmann-Krause, Friedkin-Johnsen, variants of
epidemic models (Omic and Van Mieghem 2009; Liu et al.
2019), and others (Proskurnikov and Tempo 2017, 2018),
have been proposed to capture the dynamics of compet-
ing products. Most of the works around classical opinion
dynamics-based models focus on showing eventual consen-
sus (everyone agrees to one of the opinions/rumors even-
tually), which has also been extended to capture the sce-
nario of coexistence of two opinions (or clusters of op-
posing opinions). These works have shown coexistence by
either relying on external factors in the form of stubborn
agents (initially or currently forming bias towards an opin-
ion), zealots (who never alter their initial stance) or via the
inclusion of confidence bounds beyond which individuals
do not interact (Gargiulo, Lottini, and Mazzoni 2008; Yang
et al. 2012; Dandekar, Goel, and Lee 2013; Mobilia 2015;
Amelkin, Bullo, and Singh 2017; Mukhopadhyay, Mazum-
dar, and Roy 2020; Anagnostopoulos et al. 2022; Nguyen
et al. 2020). The addition of stubborn agents already guar-
antees that at least one of the opinions (the one followed by
the stubborn agents) is always adopted and hence results in
clusters of opinions. With the inclusion of these additional
factors in the model setups, eventual consensus, or complete
wipe-out is infeasible.

The propagation of information, influence maximization,
idea, or opinion/rumor diffusion in a network has also been
extensively studied via Linear Threshold (LT)/ Information
Cascade (IC) model (Kempe, Kleinberg, and Tardos 2003;
Chen, Yuan, and Zhang 2010). In these models, individu-
als can be either in an active (i.e., influenced) or an inac-
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tive (i.e., free of influence) state. Here, the overarching as-
sumption is that individuals either never change states or can
only switch between active or inactive states randomly (Gra-
novetter 1978; Pathak, Banerjee, and Srivastava 2010), with
all nodes (users) becoming activated eventually. This is not
always true in the context of products/opinions, as people
tend to change their preferences/opinions/views from time
to time.

The Susceptible-Infected-Susceptible (SIS) epidemic
model has been used to study the spread of viruses in
a network of populations (Lajmanovich and Yorke 1976;
Van Mieghem, Omic, and Kooij 2008). However, the bi-SIS
model, a variant of the SIS model (single virus), has been
used to characterize the spreading dynamics of two com-
peting products/opinions in a network (Prakash et al. 2012;
Sahneh and Scoglio 2014). In such a model, via word-of-
mouth or by being influenced by their neighbors, users adopt
one of the two competing products (get infected) and gradu-
ally recover to become susceptible to infection again. Unlike
the opinion dynamics-based model or LT/IC model, the bi-
SIS model does not necessitate that the individuals have an
opinion, positive or negative, ex-ante; in contrast, it allows
individuals to switch states from being susceptible (inactive)
to an infected (active) state and vice-versa. It has proved to
be effective in capturing eventual consensus or coexistence
in any general arbitrary graph, including special graphs such
as complete or random graphs (Wang et al. 2003; Li, van de
Bovenkamp, and Van Mieghem 2012; Prakash et al. 2012;
Santos, Moura, and Xavier 2015; Yang, Yang, and Tang
2017). It can be seen that the bi-SIS model aptly captures
competitiveness without the need to have any prior assump-
tions or dependence on a specific network structure. Thus,
the bi-SIS model captures all the three possible state spaces
along with providing conditions for each of the outcomes
i.e., die-out, absolute dominance, and coexistence.

Although the bi-SIS model is effective in capturing all the
possible outcomes, most of the existing works only focus on
the stability analysis of the equilibrium points or identify-
ing which of the three possible outcomes the system con-
verges to (Van Mieghem, Omic, and Kooij 2008; Li, van de
Bovenkamp, and Van Mieghem 2012; Prakash et al. 2012;
Sahneh and Scoglio 2014; Doshi, Mallick, and Eun 2021).
Furthermore, none of these works explicitly quantify the
magnitude of existence; for example, the market share of
either one or both of the competing products, especially in
a general graph setting. Note that with respect to opinion
dynamics, for example, the simple linear French-De-Groot
model with stubborn agents (French Jr 1956; Proskurnikov
and Tempo 2017) has shown quantifying results on a gen-
eral graph. However, as mentioned earlier, unlike the bi-SIS
model, the opinion dynamics-based models do not capture
all the three possible state space and thus pose a limitation
when it comes to the analysis of the market share of com-
peting products.

Our Contributions: In this paper, we take a step forward
and propose techniques to quantify and improve the market
share of the new/weaker product when it competes with an
existing dominant product in the market via bi-SIS epidemic
model. Under limited budget constraints, this new company



launching its product would aim for survival, and the best
strategy in this situation is to target certain users via adver-
tisement/promotional offers to form a small support users’
group (community) who, with their positive reviews, can
spread about this new product. The motivation behind pro-
moting such communities (additional edges among the users
of the graph) is to increase the rate of influence so as to
maximize the chance of its survival. Specifically, a resource-
constrained company would want to identify an optimal set
of individuals to form such communities to maximize its
(positive) market share as much as possible.

When it comes to quantifying the resulting market share
on a general graph, there is no known closed-form for the
positive fixed point (market share) even for a single-SIS
model. The situation is further compounded when the com-
petition comes into play (bi-SIS). To tackle this challenge,
we employ the perturbation approach to optimally assign the
resources under a specific budget structure based on model
parameters and approximate the resulting market share of
this original losing/weaker product. Our proposed budget
structure also accounts for a minimum budget below which
the company, despite spending positive amount of budget
on advertisement expecting a non-zero return on investment,
still gets zero market share and thus cannot compete with its
competitor. By leveraging our theoretical findings, we de-
velop a heuristic approach which returns a locally optimal
choice of users, under a total budget constraint with het-
erogeneous costs for different users. We also demonstrate
the efficacy of our approach by comparing against different
benchmarks such as different standard centrality measures,
over real network topology with various cost constraints for
the users in the community.

2 System Model and Problem Setup

In this section, we take an initial look at the problem of opti-
mally targeting individual users and recruiting them to par-
ticipate in community, with the goal of maximizing the long
term market share of the new product. It has been shown
that when two products compete on a ‘same’ graph? with
same set of users, at steady state, the stronger one dominates
and wipes-out the weaker one (Prakash et al. 2012). WLOG,
in our setting, on a ‘same’ graph, Product 1 is the dominant
product in the market and Product 2 is the new/weaker prod-
uct (with zero market share) trying to compete against Prod-
uct 1 for a positive market share. In our context, a commu-
nity or online discussion forum provides a platform where
a group of interacting users actively exchange information
about common interests. Few pertinent examples can be a
subreddit — a community in Reddit (Reddit 2009) or influ-
encer pods in social media platforms. In a subreddit, mem-
bers can post information which is accessible to all mem-
bers of the group, irrespective of whether members follow
each other or not. In the case of influencer pods, groups
of influencers work together to boost each other’s engage-
ment (e.g., product’s marketing) (Contributor 2024). We fo-
cus on the problem of creating one such community. We

2Same graph is analogous to one social network platform, for
example, Facebook.
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Figure 2: Illustration of users forming community (Nodes
1,3,6-8 in layer F). The blue (red) nodes denote users adopt-
ing Product 1 (Product 2) at any given instance, and gray
nodes are the users who do not own any of the products.

assume that any interactions or discussions between users
in this newly formed community are solely about the new
company’s product, and the influence among the users of
the community is uniform/homogeneous.

Suppose that any user whom the company has targeted
in the form of advertisement/content-marketing chooses to
engage in the community-based discussions with a certain
probability. We can safely assume that the more aggressive
the company is with its advertising efforts targeted towards
the user, the higher is the probability of the user participating
in this created community. In real life, these targeted adver-
tisement efforts take various forms, such as product place-
ment, early-bird discounts, or promotional offers, and cost
a certain amount of resources. Later in this section, we give
a more detailed discussion on the modelling aspects of the
cost structure for our problem.

The System Model

Let u; denote the probability with which any user i € N
actively engages in such a community. We assume that all
users participating in the community are able to commu-
nicate with one another, and Product 2’s influence spreads
across this community with rate y32 (where -y is a factor
capturing the rate of influence relative to 35). To clearly vi-
sualize this creation of a community, we draw it as a sepa-
rate layer, as shown in Figure 2. The top layer G denotes the
original graph where the mutual follower relationships are
according to adjacency matrix A, and layer F denotes the
created community, in which a user i € A/ participates with
probability u;. The spread of influence within this commu-
nity, is akin to adding an edge of weight  for any two users
1 and j known to be actively participating in the community.
Specifically, the parameter v denotes the amount the com-
pany is willing to spend on the members of the community
to improve their communication efficiency (user’s interac-
tion). If the two users were already connected prior to being
a part of the community, that is, a;; = 1 (a12 in Figure 2),
then v is simply an additional reinforcement of their con-
nection as a consequence of them interacting through mul-



Symbol Definition/Description
G(N,€E) Undirected, connected graph
N =1{1,2,...,N} | Setof nodes
A = [a;;] Adjacency matrix of graph G
51 (B2) Adoption rate of product 1 (or product 2)
01 (62) Disown rate of product 1 (or product 2)
71 = B1/01 (T2) Effective adoption rate of product 1 (or product 2)
U; Probability with which any user I actively engages in community
W; Cost of recruiting user ¢ in community
5y Influence rate among community users (uniform)
C Budget allocated by company launching new product (product 2)
A=AH)>0 Largest eigenvalue of matrix H
x*(y*) >0 Positive fixed points corresponding to single-SIS
S, = diag(1 —v) | Diagonal matrix with elements (1 — v;)

Table 1: Symbols

tiple media. The thick ‘red’ lines in Figure 2 highlight this
reinforcement whereas the ‘black’ lines indicate the origi-
nal interaction links. Specifically, the introduction of addi-
tional edge weight (as shown in layer F in Figure 2) is to
induce an artificial community-like structure (clique) where
the edge weight denotes how much the users are influenced
from other users through their posts/shared information. The
probability with which both ¢ and j engage in the forum thus
becomes u;u; (u7ug in Figure 2), and the total weight of
edges connecting them is, on average, given by a;; +yu;u;.
Table 1 explains the terminology we have used in this paper.
We denote vectors (v € R™) and matrices (H € RV*N) as
bold lowercase and uppercase letters, respectively. Note that
in our model we assume that the Product 1 does not adver-
tise to counter this ‘incursion’ by Product 2 and a user can-
not adopt both products at the same time. We also assume
that the complete network structure information is available
to the company before launching the new product.

As mentioned earlier in Section 1, we use the bi-SIS ODE
system to model our system dynamics, which yields the fol-
lowing

Ti(t) = Br(1—zi(t Z aijr;(t) — d124(t)
JEN
Gi(t) = Bo(1—2i(t)—yi(£)) D _las; + yuiuyly;(t) (D
JEN
- 52y2(t)7

where x;(t) ( y;(t) ) is the probability with which user ¢
owns Product 1 (Product 2) at time ¢t > 0. Also, Bg(aij +
~yu;u;) is the overall expected rate at which the user j, say
who already owns Product 2, causes the susceptible (owns
neither products) user 4 to adopt Product 2. Note that (1) is an
extension of the original bi-SIS model (Prakash et al. 2012)
whose system dynamics for any two competing products
propagating on a graph with adjacency matrix A is given
by
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zi(t) = 51<1 —Zi Z ijx;(t) — 014(t)
JjEN

vi(t) = 62(1 — T Z auyJ — O2i(1).
JjEN

It has been established that the above system dynamics
results in only the stronger product to dominate the market
and wipe out the weaker one. We, in this paper, try to bridge
this gap by inducing a community (vyu;u; in (1)) within the
original graph so that the weaker product can survive (i.e., a
positive market share) in the market.

Using u = [u;];en to denote the vector of probabilities
with which users participate in the community, we can write
(1) in a matrix-vector form as follows:

x(t) = frdiag(1—x(t) —y (1)) Ax(t) — 01x(¢)
¥(t) = Badiag(1—x(t) —y(t)) [A +yuu’] y (1)
- 52)’@)-

As can be seen in (2), the extra edge weights added to the
original adjacency matrix A, as a result of creating commu-
nity in the manner as described earlier, are in the form of a
rank one update given by A +~uu’'.? Later in Section 3, we
use this special form of the update to aid our analysis. Our
propagation model (2) yields the equilibrium equations

2

x = npdiag(l —x —y)Ax 3)

“4)

where x and y are the fixed points of (2) for Product 1 and
Product 2, respectively.

y = nodiag(l —x —y) [A +~uu’]y

3yuu” leads to a clique with homogeneous influence rate
among the users. Note that heterogeneous influence rate (while
ensuring more generality) introduces further complications in the
analysis, which we leave as a future work.



Problem Setup

We present the problem of maximizing the market share y =
1/N o yi (Where y = [y;] is the fixed point for Product
2 from (4)) under a limited budget constraint, say C', by the
optimization problem given by

1
M) maﬁgﬁze y= i Z Yi
ieEN
subjectto /v Z wiu; < C
iEN
u; €[0,1] VieN.

We structure the cost constraint in this optimization prob-
lem in a heterogeneous manner. Under this setting, w; is the
cost of recruiting user ¢ in a newly created community. This
user ¢ will be included in the forum with probability u; such
that the ‘average cost’ of having user ¢ in the forum would
be w;u; (wgug in Figure 2). This setting is very general and
can capture various scenarios such as w; being larger (more
expensive to recruit) for more popular users/influencers as
would be the case in reality. The company also allocates a
portion of its budget towards 7, which captures the over-
all communication efficiency across the channels established
for user interaction, as part of creating the discussion group*.
We reflect this in the budget constraint in our optimization
problem M, with the presence of the /7 term. This ensures

that the scaling between ~ and u is the same as yuu” as
in (4). To be more specific, for any choice of u up to a
multiplicative constant, we can allocate C between ~ and
u without affecting the fixed point y. Our scaling ensures
that 1 = cu and 4 = +/c? for any constant ¢ renders the
terms yuu’ unchanged. Any other scaling would force us
to consider every possible value of u and ~ separately and
thus obfuscate the meaning of the budget constraint for our
optimization problem and subsequently our analysis on the
optimal choice of (y,u) on the maximal market share g.
This completes our problem set up, and we are now ready
to address its analysis in the next section.

3 Analysis of Product 2’s Market share i

In this section, we begin by first analyzing the budget con-
straint in M and the minimum amount of budget needed to
ensure positive market share of Product 2, y > 0. We also
establish a key result on the behavior of ¥ as the entries u;
of the vector of probabilities u (probability with which any
user ¢ € N actively engages in the community) are per-
turbed. We then define an optimization problem that helps
in updating u, consequently helping towards obtaining an
improved market share of Product 2 under the same budget
constraint. We defer to the Appendix all the technical proofs
of the results presented in this section.

“The parameters  and w; set in this model are part of the bud-
get, which in a practical situation would be determined as a func-
tion of the total budget allocated by the company launching the new
product.
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Minimum Budget for y > 0

To begin with, we provide the following proposition regard-
ing the budget constraint in M.

Proposition 3.1. Any solution (v*,u*) to the optimiza-
tion problem M always satisfies the budget constraint with
equality, that is,

ieN

Proposition 3.1 tells us that the optimal market share of
Product 2 is always obtained by spending all the available
budget. This follows from the monotonicity property> of the
ODE system (2) in that ¢ turns out to be an increasing func-
tion of v and u, albeit being nonlinear. See Appendix A for
details.

For general bi-SIS models, Product 2 needs to satisfy a
threshold type survival condition 7o A(Sx+ [A+~yuu®]) > 1,
in order to secure a positive market share in the long run®.
This condition captures the relationship between the initial
market share of Product 1, given by z* = 1/N Zie/\/ xy,
and the budget C, which is a function of the pair (v, u).
Specifically, for a given 75 and any u fixed up to a multi-
plicative constant, the survival condition indicates that when
Z* is large, the term yuu’ also needs to be large (to en-
sure a large enough eigenvalue)’ in order for Product 2 to
survive in the long term, subsequently needing a large bud-
get to do so. This implies that as the market share of Prod-
uct 1 increases, the minimum budget required for Product 2
to survive also increases, which can also be seen from the
heat-map as depicted® in Figure 3. For an arbitrarily chosen
u, fixed up to a multiplicative constant, Figure 3 illustrates
how the steady-state market share of Product 2 varies with
C and x*. The ‘red’ curve in Figure 3 indicates the mini-
mum budget required to attain ¢ > 0, and any amount spent
below the minimum budget leads to a zero market share. In
other words, a positive budget spent by the company towards
its product placement does not necessarily guarantee even a
small non-zero return; the company launching a new prod-
uct must account for the existing competitor’s market share
to decide the minimum budget to ensure its non-zero long-
term market share.

Main Result

We now turn our attention towards establishing a key result
on the sensitivity of y, with respect to entries u; of u. For

5 Arising from the fact that the bi-SIS system is a monotone dy-
namical system (Doshi, Mallick, and Eun 2021).

®Both products survive (coexistence equilibria) when
TiA(Sy~A) > 1 and T2A(Sxx[A + yuu®]) > 1, and the
system globally converges to (x,y) > (0,0). Here, x,y cor-
respond to coexistence fixed points (Sahneh and Scoglio 2014;
Doshi, Mallick, and Eun 2021).

"This follows from the fact that the spectral radius of a non-
negative matrix is a non-decreasing function of its elements (Meyer
2000) and the terms in Sx+ = diag(1 — x™) is decreasing in x*.

8We numerically simulate the ODE system (2) for a small
graph of dolphins’ population (62 nodes, 159 edges) (Lusseau et al.
2003).
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Figure 3: Heat map illustration of the market share as a func-
tion of budget C' and z*.

a general graph with adjacency matrix A, it is impossible
to obtain the optimal solution to M in a closed form; the
main issue being the absence of a closed-form expression
of y. Even for the single-SIS model in a general graph set-
ting, there is no known closed-form for the positive fixed
point. The situation is further compounded when competi-
tion comes into play in the bi-SIS model. Therefore, to gain
better insight into ¢ and how it would change with model
parameters, we begin by applying small perturbation to u;
for each ¢ € . As previously mentioned, change in +y does
not affect the fixed point in (3), (4) when the budget is kept
constant, since the term yuu” remains the same under the
aforementioned scaling for v and u with the same budget
C. The only way to obtain an increase in § is by heteroge-
neously changing the entries u;, and thereby obtaining an
updated version which is no longer a multiplicative constant
of the initial u.

To proceed, we first define the terms critical curve and
critical parameters, which we use throughout the rest of
this section. The ‘critical curve’ is the set of parameters
at which the aforementioned survival condition is satisfied
with equality, and we call any such set of parameters ‘crit-
ical’ if they are on the critical curve. Let (¢, u®) denote
a pair of such critical parameters for which T2 A(Sx+[A +
yeucuc’]) = 1. Lemma 3.2 provides a feasible ‘initial’ pair
of critical parameters.

Lemma 3.2. Let v € RY be the PF eigenvector of Sy- A
associated with \(Sx- A). Then, for the choice of u® and ¢
such that
1/ = A(Sx-A)
T uTS,.uc
we have o\ (Sx+ [A + ycucul]) = 1.

For any given such pair, let v¢ = [f] be the PF’ eigen-
vector of Sy-[A + y“u®u®’]. From the threshold condition
we know that § = 0 when 7o A(Sx-[A + ycucu’]) = 1.

c -1 c
u“x S.v, and v

)

The Perron-Frobenius (PF) eigenvector is the eigenvector cor-
responding to the largest eigenvalue of a non-negative, irreducible
matrix (Meyer 2000).
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As a first step towards obtaining a positive ¥, we apply per-
turbation a; > 0 (o = [oy]) to any 4’th entry u§ of u.
The updated entry is then given by u{ + «;, and we have the
following result.

Theorem 3.3. The market share of Product 2 as a function
of the perturbation o;; > 0 to u, can be written as

Ylag) = (viai + O(af), (5)

where ¢ > 0 is a constant independent of i.

Theorem 3.3 tells us that the magnitude of increase in § due
to increase in u{ (that is, «;) is roughly proportional to vy
with an error term'?. This implies that there is a greater re-
ward in terms of market share to invest in nodes with larger
v;. The result from Theorem 3.3 helps in obtaining a direc-
tion leading to an increase in .

Suppose we have an initial pair of model parameters
which satisfy the threshold condition, and thus form a crit-
ical pair (v¢,u). These chosen parameters would then sat-
isfy the budget C' = /7 >, .\ wius. By keeping the bud-
get constant, we intend to move in a direction that obtains
the best possible increase in 4 from its initial value of § = 0
at the critical point. We do so by applying a perturbation to
u$, which needs to have both positive and negative compo-
nents to ensure that the budget constraint remains binding.
Also, Theorem 3.3 indicates that the increase in ¥ is roughly
proportional to vy

We leverage this result and the perturbation approach to
formulate another optimization problem P(v, ¢, u). Since
Theorem 3.3 holds in a small region around the critical
curve, we limit the maximum size of perturbation to € > 0.
Specifically, for a given initial u®, we define u; £ u§ + ay,
forall i € N where a; € [—¢, €] and the step size € is a small
constant that controls the maximal size of perturbation in u.
We then consider the following optimization problem:

(P(v,e,u)) maximize Zawi
ar,,an
ieN
subject to Z w;a; = 0,
ieN
a; € [—¢, €.

The solution c to P(v, €, u) is based on the decreasing
order of (v;/w;) such that it satisfies the given constraints.
This solution is essentially a relaxation of the well-known 0-
1 Knap-sack problem (Garey and Johnson 1979), which for a
given initial critical parameters (7¢, u®) leads to a direction
resulting in the best possible increase in . The perturbed
u is the optimal number of users who can be targeted with
advertisements of Product 2, and thus results in a positive
market share.

'"Note that Theorem 3.3 shows the sensitivity of 7 with respect
to ‘one’ particular ; > 0 for which we expect to see the best
possible increase in the market share. Any o; < 0 results in a zero
market share §j = 0 since 72A(Sx+ [A + y°ucu’]) < 1.



Algorithm 1: Local Search for bi-SIS

Algorithm 2: Centrality Measure Methodology

Input: A, 7,70, W, €

Output: u
1 Initialize:
2 | v(0)=v° /x Sx-A’s eigenvector =/
3 u(0) = ug /* as in Lemma 3.2 =*/
4 | 7(0)=m /* as in Lemma 3.2 */
5 e(0) =€
6 €(1) « min{e(0), min{u(0)}}
7 a + P(v(0), e(1),u(0)) /* Solution to

optimization problem */
8 u(l) < u(0) +

4 Experimental Setup & Results

In this section, we present simulation results on real-world
graphs under a cost constraint for a given initial (-, u) pair
according to Lemma 3.2. We first briefly describe the simu-
lation setup for our experiments, which includes the budget
structure and then describe the baseline methods that we use
to compare its performance against our approach.

Simulation Setup

We use the following two real-world social network based
graph datasets for the simulations, which are undirected,
connected graphs from SNAP (Leskovec and Krevl 2014)
and Network (Rossi and Ahmed 2015) repositories.

1. Social circles- Facebook: Friends list of users using Face-
book App, which contains 4,039 nodes and 88,234 edges
(McAuley and Leskovec 2012).

. Facebook pages of public figures: Nodes which are blue-
verified public figures’ facebook pages and edges are
mutual likes among them. It contains 11,565 nodes and
67,000 edges (Rozemberczki and Sarkar 2020).

As Product 1 already exists in the network and being
stronger than Product 2, the effective adoption rates are such
that initially 79 A(Sy+«A) >1 and 7o A(Sx~A) <1 (zero mar-
ket share). Here, 71 = 0.8, 75 = 0.05 for Facebook dataset
with 4039 nodes and 77 = 0.4, = 0.03 for Facebook
dataset with ~ 12k nodes. In the simulation results, we are
interested in the immediate increment of A(Sx~B) (where
B = A + yuu?) from its initial value T2 A\(Sx+B) = 1 for
a given initial pair (¢, u®).

We set the budget as per Proposition 3.1 and run our sim-
ulation for different values of e (parameter that controls the
perturbation of u) under two scenarios: (i) when the cost
of resource allocation is homogeneous across all nodes, for
example, w; = 1 for all ¢ € N and, (ii) when the cost of
resource allocation is heterogeneous, for example, one in-
stance of w sampled uniformly at random. The proposed
algorithm for obtaining the locally optimal set of users is
given in Algorithm 1.

Comparison with Baseline Methodologies

To evaluate the performance, we compare our proposed ap-
proach of selecting a community against two methodologies:
(i) standard centrality measures such as degree-based cen-
trality and eigenvector-based centrality, and (ii) NetShield
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Input: A7 71,72, Vca Na 07 W, i
/W chosen centrality measure =/
Output: u
Cpiw; :
T foralli € N

JET

1 u; =

algorithm (Chen et al. 2015), as baseline algorithms. In this
section, we describe each of the methodologies along with
the reasoning for selecting these as baseline algorithms.

Degree-based centrality is a measure of node connectivity
based on the number of links (degree) each node has with
others which is useful in identifying popular nodes in a net-
work who can further connect to a wider network (Newman
2018). Similar to this, eigenvector-based centrality (EVC)
measures a node’s influence that it has on other nodes in
the network. This is done by assigning an importance score
based on the fact that a node is important when it is linked
to another important node. EVC identifies not only the in-
fluence of a node on a direct connection, but also the im-
pact on the entire network (Wasserman and Faust 1994). We
chose to compare against these measures to gain a holistic
analysis against such well-known centrality methods which
are generally used to understand the relationship structure
in a social network (Freeman 1978; Friedkin 1991). Also,
one of the reasons to choose these centrality measures is be-
cause one would assume that spending resources on influ-
ential users (users with higher degree or evc score) would
return higher market share, which we show otherwise in our
simulation results.

From the methodological perspective, Chen et. al. (Chen
et al. 2015) uses a very similar epidemic modeling approach
and have proposed an algorithm ‘NetShield’” that helps in
determining the number of users/nodes who can be immu-
nized to contain the epidemic. Within our context, we utilize
this algorithm as one of the baselines to determine the num-
ber of users who can be selected to form the community.
In (Chen et al. 2015), NetShield algorithm aims to minimize
the influence spread by first selecting and then deleting those
nodes who are more likely to further spread the influence
in the graph. For baseline comparison, we utilize this algo-
rithm to determine those highly influential users who can be
recruited to form a community who can then increase the
influence spread of the new product in the graph. In each of
these baseline methodologies, while the total budget remains
the same, that is, C' = Zz Vywiug, we assign the cost w;
(either homogeneous or heterogeneous) based on the ratio of
its degree and importance score for degree and eigenvector
centrality measure, respectively as outlined in Algorithm 2.
Similarly, the cost w; is assigned to the users obtained from
the NetShield algorithm. The obtained u is then similarly
fed to (4) to obtain the market share of Product 2.

Simulation Results

Here, we present the comparison results for both the homo-
geneous and heterogeneous cost distribution for the above
mentioned real-world graphs dataset. To visualize our sys-
tem in the two dimensions, we represent Product 2’s (Prod-



uct 1) market share on the y-axis as AvgY= (1/N) >, i
(AvgX= (1/N) >, cnr o)

As mentioned in Section 3, the step size € is a small con-
stant that controls the maximal size of perturbation in u.
The obtained u is then fed into the bi-SIS ODE (4) along
with other associated parameters which is then simulated
over 1000 time steps to obtain the market share of Prod-
uct 2 (Similarly for Product 1 using (3)). Figures 4 — 7 show
how the market shares of Product 1 and Product 2 change
based on different € values when the cost is homogeneously
and heterogeneously distributed. The results indicate that as
the € value increases, the market share of Product 2 also in-
creases while the market share of Product 1 decreases, un-
der both homogeneous and heterogeneous cost distribution.
This demonstrates that the users’ probability of willingness
to participate in the community also increases as the € value
increases, thereby resulting in a higher market share.
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Figure 4: Facebook (= 4k nodes): Change in y (AvgY) and
X (AvgX) for Homogeneously distributed cost and different
values of e.
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Figure 5: Facebook (= 4k nodes): Change in y (AvgY) and
X (AvgX) for Heterogeneously distributed cost and different

values of e.

Figure 8 shows that for the locally optimal choice of users
returned by our approach for different values of €, under both
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X (AvgX) for Heterogeneously distributed cost and different
values of e.
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heterogeneous and homogeneous cost distribution, the initial
weaker/new product has a higher market share than the base-



line centrality measures and NetShield algorithm, thus vali-
dating our theoretical results. Although it is usually assumed
that spending resources on users with the highest number of
followers (influential users) will result in a higher market
share, our simulation results show otherwise, i.e., any set
of users selected by our algorithm, irrespective of the num-
ber of followers, can result in a higher market share. This
result has profound implications on the budget constraint,
i.e., maximum amount that can be spent on recruiting users,
as users with more followers are usually very expensive.
Note that similar numerical results can indeed be obtained
for even larger graphs than shown here, for any choice of
budget, C, as long as the cost assigned to each w; is not too
large and is thus, omitted here to avoid repetition.

5 Conclusion & Future Work

We have developed an algorithm that returns an optimal set
of users that form a community, that is, the best possible pair
of (7, u) and these set of users when targeted with adver-
tisement under a given budget constraint results in a positive
market share of the new product, Product 2. Through per-
turbation approach we identify the set of users that can be
influenced through advertisement so that Product 2 can en-
ter into the network with a positive market share. We also
compare our proposed approach against standard centrality
measures and NetShield algorithm (used in finding nodes in
SIS epidemic model) using two different datasets. The re-
sults indicate that our approach of targeting the chosen users
outperforms in both the cases when the budget is assigned ei-
ther homogeneously or heterogeneously to users that are part
of the community. We believe that our work is the first step
towards finding an optimal size of community for a new firm
(launching a product) to compete against a dominant prod-
uct in a market. By basing our theoretical analysis using the
bi-SIS epidemic model and extensive simulation on different
real-world graphs demonstrate the efficacy of our approach,
including its exceeding performance over the standard cen-
trality measures.

While this paper focuses on finding an optimal set of users
to maximize the market share of a new product competing
against an existing dominant product, we abstract away from
analyzing multiple products’ (more than two) competition.
As an avenue of future research, utilizing a multi-layer graph
structure and incorporating multiple products’ competition
would greatly contribute to a better understanding of how a
new product strives to improve its market share in the pres-
ence of multiple products.

Broader Impact

Our goal is to develop a heuristic approach through which
a new/weaker product can survive (with a positive mar-
ket share) along with an existing dominant product. This
has wider managerial implications for brand managers run-
ning new product introduction campaigns. Specifically, such
campaigns involve targeting niche communities through
advertisements or promotional offers. For example, brand
managers utilize social media platforms such as Instagram,
where they perform brand advertisements through influ-
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encers/niche groups, while operating within a limited adver-
tisement budget. Our model captures this exact dynamics by
identifying an optimal set of users under a budget constraint
to form a community who can be similarly targeted.

We use real-world social network data of Facebook users
and compare it against standard centrality measures. The
comparison results indicate that it is not always necessary to
spend all resources on more famous influencers/public fig-
ures for product promotion, but the community identified by
our approach provides a much better market share. Again,
this has wider implications and provides insights on how
best to spend the limited advertisement budget. Finally, we
assume that companies have the complete network informa-
tion, which might not be always true. However, even with
incomplete network information and through our approach,
companies can identify niche set of users and ensure sur-
vival. Further, more information regarding the network will
only result in improving the market share.
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The data (graph structure) for simulation results is accessed
from publicly available repositories. There is no other ethi-
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A Appendix
Proof of Proposition 3.1

Proof. Let (,u) and (4, @) be such that we have yu,;u; <
At;0 4, with strict inequality for at least one pair of 4, j. Let
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¥, z be the resulting fixed point for Product 2 under param-
eters (v, u), (4, 0)), respectively. We show that § < Zz, that
is, it is always better to spend more if the budget allows for
it. Let (x,y) and (X(t),¥(t)) denote the fixed points of the
ODE system (2) with parameters (-, u) and (¥, &), respec-
tively, where the initial point (%(0),¥(0)) = (x,y). Then,
we have!!

dx(t) = fdiag(1—x—y(t))Ax — 6 1x =0
dt o
BO -~ ptiag(1—x—y) [A+5007]y ~ by
t=0

> Bodiag(1—x—y) [A + 'yuuT} y—dy =0.

Therefore, there exists an € > 0 for which we have x >
%x(¢) and y < y(e€). From (Doshi, Mallick, and Eun 2021),
we know that the bi-SIS system is strongly monotone (Smith
1995) for x,y € (0,1)". Hence, y < y(¢) < y(t + ¢€)
for all ¢ > 0, and since z lim; o y(t + €), we have
y K Z. O

Proof of Lemma 3.2

Proof. Consider the matrix M = Sy (A +~uu?). By sub-
stituting u = S_'v,'? it can be written as

M = S, (A + S vul) = Sy A + yvu”|

which is now in the form of a rank-one perturbation to the
matrix M = Sx+A, and is in the same form as in Proposi-
tion 1.1 in (Bru et al. 2012) with v as the first eigenvector
of M, and ~u being the additional N —dimensional vector.
Then, from Proposition 1.1 in (Bru et al. 2012), v is also
the first eigenvector of M = Sy« (A + yuu?) associated
with eigenvalue A(M) = A(Sx-A) +yulv = A\(Sx-A) +
~yu®'S,-u. Finally, by rearranging the above terms, we can
check that the value of -y for which A(M) = 1/7 is given
by y = Y2 ASxrA) 0

ulS,«u

Proof of Theorem 3.3

We begin by taking the derivative of (4) with respect to
and u, evaluated at (v¢, u®) which yields'?

yi 0yi
=n(l—2z]) (aiJ + Uy U‘JC) (6)
9 leyp. jezN 9 lep.
y; y;
= 7—2(1 - xz) (a'zj + ’Yufuc) , (D
ou, op. jgf 77 Ou, op.

"For any two vectors p = [p;] and q = [g;], the inequality
p > q implies p; > g;, with strict inequality for at least one entry.

"2The vector u can actually be taken as any scalar multiple of
S v, thatis u = ¢S ! v for any ¢ € R. We drop the ‘c’ notation
for clarity.

3We define c.p. to refer to the point at which we take derivative

of (4),ie., cp. £ (y,u) = (7°,u).



where dy /0y = [0y/0v]; and Jy/Ou, = [Dy/du,); are
eigenvectors of Sy:[A + yuu’] up to some multiplica-
tive constants (PF theorem (Meyer 2000)) corresponding to
eigenvalue 7o. We first give the following result, to help us
derive Lemma A.2, which in turn helps in determining the
multiplicative constants.

Lemma A.l. Let €1, €3 > 0 be any small constants such that
v(€1) and u(eq) are perturbations around ~y, w. Then, for all
€3> 0 such that A\(y,u) = A(v°,u®) + €3, there exists €, >0
such that'y = e4v(,u).

Proof. Since (6) is an eigenvalue problem of the

form Av = v, it allows for 'gﬁ > 0 as
y=n°
A(Sx+[A + yuuT)) e 1/72. Similarly, it can be
shown that de >0.
tlug=uf

From (6), we have that 1/75 = A\(y%,u®) > 0 and Cﬁl—?{; £
[v];,1.e., y = ev(7,u) is the eigenvector of Sy [A +~yuu’]
For A(7¢,u®) > A(v,u), 1/72 cannot be the eigenvalue and
only possible solution is [v]; = 0. Hence, for A(y,u) >
A(y¢,u®), i.e., for any small arbitrary constant €, A\(y,u)=
A(7¢,u%) +e, 1/75 is the eigenvalue withy = ev(y,u). O

Now, the following lemma helps in determining the con-
stants.
Lemma A.2. Let \(y,u) = A(Sx-[A + yuu?]), and
(v¢,u®) be any pair of critical parameters, and let
y(v,u) = 1Ty (yu)/N denote the market share as a func-
tion of any feasible (y,u). Then, y (v, u) can be written as,
T 1T c’ c
S 0 <1/

v (ve,ué
N2 ®)
+0 ((A(mu) ~1/m)%).

Proof. From (3) and (4), we have the following expressions

and then Proposition A.3 regarding orthogonality of right
eigenvectors.

S’('Y» u) =

1"y T T T T
e (1-x)"[A+yuu’ ]y —y" [A+quu’]y (9)
TQ-1
Yy Sx Yy _.T T
= y' [A+~yuu’]y 10

y'' Sy 'diag(y) [A+yuu” ]y

Proposition A.3. For all k # j, the right eigenvectors vy,
of M = Sy+[A + yuu?] satisfy v Sx'v; = 0.

Proof. Let, S_1/21\/Isl/2 = 81/2[A + yuu ]81/2 =

hence, M and M are similar matrices with same set of
eigenvalues (Meyer 2000), with right eigenvector of M cor-
responding to eigenvalue )\, given by S;*l/ 2vk. Misa sym-
metric matrix as A + yuu” is symmetric, and its eigenvec-
tors are orthogonal to each other. Hence, for all £ # j, we

S 12812y j—ka v]—O O

x*

have v

From y as a linear combination of eigenvectors, we have

N
y = chvk~ (11)

From the above equation, we have

E T2 cklvk, E o1 2

(12) 13)

ySy

Substituting (11) in (9) and in (10) gives

1T

chAkl Vi — Ck/\k (14)
T2
k=1
Tq-1 N
Yy Sx Yy 2
= A
T2 Z;CJ J
N (15)
— i i i CiCLCIN Z [VJ]Z[Vk]l[Vk]z
J _ 2
j=lk=11=1 i=1 (1 —i)
By equating (12) with (14), (13) with (15) yields
N N
Z()\k — To 1)CleVk = ch)\k: (16)
k=1 k=1
S Shuhy o [vili[veli[ve]
Z(AJ — Ty )c] = ZZZCjCkClAZ Z (1 _k )Qk i
j=1 j=1k=11=1 i=1 L

a7
From Lemma A.1, we know A(y,u) = A(y%,u) + €
for some e€; > 0, there exists an e > 0 such that
y = ev(74u’). Also, y = av(y¢,u‘) + fw, where
w is a vector orthogonal to v(v,u), and S goes down to
zero faster than « as (y,u) — (74,u), or A\(v,u) —
Ay, u®) 7yt Let @ = ap( A1 — A$)P + o((A\ — A$)P) and
B = Bo(M — X)) + o((A1 — AS)9), where ¢ > p > 0.
From (11), y’s component ¢; and ¢y (for all & > 1) is as-
sociated with v and vectors orthogonal to v, respectively.
Then, we have ¢; = r1(A1 — A{)P 4+ o((A1 — A§)P), and
ek = (M — D)7 4+ o((A1 — A§)9). Substituting these in
(16) when Ay — A{ shows that it is of the order,

N
a7 -

N
o(( = A™@PH)and 33 A — AP+

k=2
7‘%)\1()\1 — /\‘12)217 + o0 (()\1 — /\5)217)

Similarly (17) gives,

)\i)q + 7“11TV1()\1 — )\i)p+1

N
PO = AP 30 — 5 ) (A A
k=2
o (A = Agymine2e1))
D = A3 A= AG)PP
riAL (A — A7) ;m‘*‘o(( 1= A9)™)
+O((A1 — AF)H9).



From these we have the following cases: Case A: ¢ >
p + 1, which means that p + ¢ = 2p implying p = 1; Case
B: g < p+ 1, implying ¢ = 2p; Case C: 2q¢ > 2p + 1, in
which case 2p + 1 = 3p and 2g = 2p + ¢, implying p = 1
and ¢ = 2; Case D: 2q < 2p + 1, which gives us 2¢ = 3p
and 2p + 1 = 2p + q. Observe that Cases A and C are the
only ones complementing each other, while the others pairs
are contradictory. Hence, it’s true that p = 1 and ¢ = 2. By
equating the corresponding powers allows us to rewrite (11)
as

y— v u) (o) — 4 (7, u))

(7, )EW

+O ((/\1 (’yv u) - Al(’yca uc))2) .
A Taylor series expansion with respect to A1 (y, u) and cen-
tred around \; (¢, uc) = 7'2_1, gives us'4

TV’)/C, c B
y:L)(,\l(%u)_T2 1)
Z v(l("/IU)

+0 ((/\1(% u) —75)%).

—

O

Now, we use the results from Lemma A.2 towards the
proof of Theorem 3.3, which is as follows. Note that
A(7,u) — 1/79 on the RHS in Lemma A.2 is actually based
on given (¢, u®) at the critical point, i.e., x = x*,y = 0.

Proof. From first-order approximation, we know that
f(z) = f(a) + f'(a)(x — a). Utilizing this, A(v¢, u) with
respect to change in u; based on given A(y¢,u€) at critical
point, we have

A(y,u) &= A4 u’) + X (¢, u)Au. (18)
Utilizing Theorem 1 from (Greenbaum, Li, and Overton
2020), we know that at u; = u§, N (7%, u°) = q*M'p
where X' (¢, u®) and M’ are, respectively, the derivatives of
A(7y,u) and M atu; = ug. Also, M = Sy (A+~yuu®) with
largest eigenvalue A\(v¢, u®) corresponding to right eigen-
vector p = v and left eigenvector q = v7'S_.!. Substituting
this in (18) and from Lemma 3.2, we have

1
A(y%u) — — = q*M’'pAu, (19)
T2
where Au = u; — u;. The derivative of M with respect to
u; gives L = 1S, [e;u”l + uel .

This glves us M’ = Sy [e;u” +ue! | at u;. Substituting
this on the RHS of (19) gives qQ*M'pAu = 2v“ulv(u; —
uf)vi, where the term 27‘3u always remains constant. Sub-
stituting this again in (19) gives

1
A u) = — = 29’ v(u; — uf)u;, (20)
T2

which implies that the change is in the direction of v = [v;]
foralli € \V. O

" X\1 (7, u) corresponds to the first eigenvalue from PF Theorem
and is equivalent to A(y, u).
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