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Spin-torque oscillators (STOs) are dissipative magnetic systems that provide a natural platform for exploring
non-Hermitian phenomena. We theoretically study a two-dimensional (2D) array of STOs and show that its
dynamics can be mapped to a 2D, non-Hermitian Su-Schrieffer-Heeger (SSH) model. We calculate the energy
spectrum and identify the one-dimensional (1D) edge states of our model, corresponding to auto-oscillation
of STOs on the boundary of the system while the bulk oscillators do not activate. We show that tuning the
Gilbert damping, injected spin current, and coupling between STOs allows for exploring the edge-state properties
under different parameter regimes. Furthermore, this system admits 1D edge states with nonuniform probability
density, and we explore their properties in systems of different sizes. Additional symmetry analysis indicates
that these states are not topologically protected but are nevertheless confined to the edge of the system, as the
bulk is protected by P7 symmetry. These results indicate that 2D arrays of STOs may be useful to explore novel

edge-state behavior in dissipative systems.
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I. INTRODUCTION

Topology and its connection to condensed-matter systems
has been the subject of intense research for nearly fifty years,
since the discovery of quantized Hall resistance and its topo-
logical origin [1,2]. Topology is now understood as a critical
underlying feature of many materials that can affect global
transport properties, resulting in, e.g., the quantum anoma-
lous and spin Hall effects [3,4] and leading to entirely new
classes of topological materials [5-7]. The effects of topol-
ogy in systems with dissipation, i.e., non-Hermitian systems,
can be markedly different from their Hermitian counterparts
[8—14]. Non-Hermitian systems can exhibit exceptional points
[15-18], i.e., the coalescence of two or more eigenvectors, as
well as the non-Hermitian skin effect, a phenomenon where
bulk eigenstates localize on the edge of the system [19-21].
The edge states in non-Hermitian systems can also exist de-
spite the breakdown of the bulk-boundary correspondence
[9,10] and exhibit lasing behavior [22,23]. While several
experimental realizations of non-Hermitian phenomena have
been observed in photonic [22], acoustic [24], and electronic
circuits [25,26], their experimental exploration in magnonic
systems is still in its infancy. Magnonic systems are, however,
a natural platform in which to realize non-Hermitian physics
because they are always coupled to a surrounding environ-
ment and exhibit lossy dynamics [27,28].

Spin torque oscillators (STOs) have recently emerged as
a promising platform for harboring non-Hermitian phenom-
ena [27,29,30]. These magnetic nanopillars are nanometer
sized devices that conduct spin currents via spin-transfer
torque [31]. STOs are dissipative systems because, like all
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magnetic systems, they are subject to ubiquitous spin noncon-
serving interactions parametrized by Gilbert damping [32].
The magnetic dynamics of one-dimensional (1D) STO arrays
was successfully mapped to a non-Hermitian Su-Schrieffer-
Heeger (SSH) model with topologically protected lasing edge
states in Ref. [29]. In a subsequent numerical study these edge
states were shown to be robust in the presence of additional
terms such as dipolar interactions and nonlinear STO behavior
[33]. Here, we examine whether these lasing edge states can
be realized in higher-dimensional arrays of STOs.

The 1D SSH model and its non-Hermitian variants are
widely used in condensed-matter physics to study topologi-
cal systems [10,34]; two-dimensional (2D) SSH models have
been studied in a variety of contexts, where a number of
interesting properties such as in-gap topological states and
nontrivial bulk-band topology have been found [25,26,35-39].
However, most of the non-Hermitian models lack a clear path
to experimental implementation, with topological circuits be-
ing a notable exception [25,26]. The sources of non-Hermitian
terms (i.e., energy nonconserving terms) can be difficult to
quantify and characterize in experimental platforms. Here, we
propose STO arrays as a platform for experimental realization
of a non-Hermitian 2D SSH model. Specifically, we focus on
a geometry consisting of several 1D chains that are weakly
coupled to form a 2D STO array. By introducing this new type
of “vertical coupling,” we derive a non-Hermitian 2D SSH
model that exhibits 1D lasing edge states.

The manuscript is organized as follows: In Sec. II we map
the linearized Landau-Lifshitz-Gilbert (LLG) equation for the
magnetization dynamics into a non-Hermitian tight-binding
Hamiltonian. In Sec. III we discuss the properties of our
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model including the oscillatory edge states and the symmetry
properties of the Bloch Hamiltonian. Finally, we conclude and
discuss directions for future work in Sec. IV.

II. MODEL

We consider a 2D array of M x 2N STOs which could
be fabricated from individual nanopillars [29] or a multilayer
structure [33]. Here, M is the total number of rows in the
array and N indicates the number of unit cells per row, where
there are two STOs per unit cell. A single STO consists of
a layer of fixed magnetic polarization and a “free” magnetic
layer without fixed polarization, separated by a thin metal-
lic spacer. By injecting spin current into the free layer, the
fixed layer is driven to precess about its equilibrium direc-
tion, which is set by an external applied magnetic field. The
dynamics of an isolated STO subjected to a magnetic field
Hy = Hoz and spin current J§ = J5% are described by the
LLG equation for the magnetization vector m,, ;; [31]. Here,
the index n = A, B denotes the A and B sublattices and the
indices i, j label the sites using the (row, column) convention.
The resulting LLG equation is

my jlo = Wy, jZ X My jj + oMy 4 X 1y,
S A
+J,]m,,,,~j X (m,,,ij X Z). (1)

The STO ferromagnetic resonance frequency is given by
wy,ij = Vn,ij(Ho — 4w M, ;;) where y, ;; is the gyromagnetic
ratio and M, ;; is the saturation magnetization; «,;; < 1 is
the dimensionless Gilbert damping parameter. We assume the
resonance frequency and the Gilbert damping to the be same
for all STOs in the array and drop the subscripts going for-
ward, i.e., w, ;; — w and ,, ;; — o. The third term in Eq. (1)
is the Slonczewski-Berger spin-transfer torque [40,41]. The
injected spin current Jns is assumed to the be same for all sites
in a given sublattice.

Interactions between adjacent STOs may be mediated
by a reactive Ruderman- Kittel-Kasuya-Yosida (RKKY)-type
magnetic exchange coupling, for example if the STO array is
placed on a metallic substrate. In this case, the coupling is
given by [29]

my ;jlecop = — My X (Jmp;; +Jmp;; 1)
—my;; x LMy i +myq;),  (2)
mgjlcoup = —Mp;; X (Jmy;; +Jmy ;i)

—mg;; X oMy ;i +my_q;).  (3)

The coupling strengths J, J are the intracell and intercell
coupling for the 1D unit cell, which contains two STOs, and
J,J,J, > 0 indicate ferromagnetic coupling. We consider the
geometry depicted in Fig. 1, for which n’ = A, n” = B.

We now derive the linearized equations of motion for the
STO magnetization myg). That is, we start in the strong-
field regime where the magnetic moment is mostly aligned
along the 2 direction and the energy scale given by w is the
largest one in the problem. Starting from Eq. (1), we can
derive an effective Hamiltonian in the following way: First,
we linearize the equations of motion about the equilibrium

field direction by writing m, ;; = (mf]‘ij, i DT where
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FIG. 1. Schematic of the effective tight-binding model of a 2D
STO array, showing a system of size 4 x 8, where there are 4 unit
cells per row. Red (dark color) sites are the A sublattice and green
(light color) sites are the B lattice.

|, ij 0. l]| <« 1, and |m*| >~ 1 is assumed to be a con-

stant. We then introduce the variable 2m, . = m ;. imf“. i

and make the Holstein-Primakoff approximation my g, ;. =

| imy

(a;j(b,-j))e”"‘”, where the second quantized bosonic oper-
ators a;j, b;; annihilate a magnon on the STO at site
(i, j) [42]. From the Heisenberg equations of motion a;; =
i/h[H, a;;], we derive an effective Hamiltonian correspond-
ing to the linearized equations of motion. In the following
we set i = 1.

For the 2D STO array, H = Z H;; is

H;; = w(al,a;j + b};bij)
+ l(JS — aa))a ajj + z(JB — oca))b;rjbij

- J(a,'jbij + HC) - J(al-jb,‘j_l + HC)

— J(aj;ai_1j + b;bi_1j + Hee.). )

We see that non-Hermiticity arises due to the onsite spin-
current injection and Gilbert damping, resulting in onsite
terms oc i(JS — aw), and the degree of non-Hermiticity can
be tuned by balancing the injected spin current and Gilbert
damping. Given the non-Hermitian lattice model, we can now
explore its energy spectrum and edge-state properties. In this
manuscript we use the term “energy spectrum” and the symbol
E to denote the complex eigenvalues of H; Re(E) can be
thought of as an energy while Im(E) > 0 (<0) is an indication
of lasing (damping).

Here we consider the effect of different coupling strengths
J>. We confine the system to the parity-time (P7) symmetric
regime where the injected spin current is Js4 = 20w, Jsg = 0;
further symmetry analysis is performed in Sec. Il C. This is a
2D extension of the 1D P7T -symmetric, non-Hermitian SSH
model analyzed in Ref. [29].

The SSH model was initially introduced in Ref. [43] by Su,
Schrieffer, and Heeger to describe solitons in polyacetylene
chains. In more recent iterations, the model has provided a
framework to understand topological insulators [6,37] and the
emergence of edge states in dissipative systems [10]. The
original geometry of the model is a one-dimensional lattice
with alternating coupling strengths between neighboring sites.
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FIG. 2. The dependence of the real (a)—(b) and imaginary (e)—(f) parts of the energy spectrum of H on J/|J| for a system of 10 x 20 STOs
forw=J,a =02,/ =0.2J,and J, = 0.01J (a),e) and J, = 0.1J (b),(f). Modes with Im(E) > 0 correspond to auto-oscillation of STOs on
the edge of the system, appearing for |J| < J. These modes correspond to the flat in-gap bands at Re(E) — = 0 in the real spectrum. Panels
(c)~(d), (g)—~(h) show the real (c)—(d) and imaginary (g)—(h) parts of the energy spectrum for a system of 50 x 100 STOs, with J, = 0.01J
(©),(g) and J, = 0.1J (d),(h). Apart from the different system size, all the other parameters are same as in (a)—(b) and (e)—(f). In the larger
system there is some activation of bulk STOs in the P77 -broken regime, indicated in (g)—(h) by the additional states with Im(E) > O in the

region aw > |J — J|.

In a system with open boundary conditions, this model can
exhibit a topologically protected mode at the edge of the
system. The existence of the edge mode depends on the rel-
ative bond strengths and the termination pattern of the chain.
Here, we study the dynamics of a two-dimensional array of
STOs, which can be mapped to an SSH-like model formed of
1D chains which are weakly coupled together, forming a 2D
geometry as shown in Fig. 1.

Other versions of the non-Hermitian 2D SSH model have
been studied in the literature, primarily those with alternating
A and B sublattice sites in the vertical direction as well as the
horizontal one [37-39]. This results in a model with a four-site
unit cell. Here, however, we introduce the coupling such that
each column is all A or B sublattice sites, thus reducing the
unit cell to two sites. Our reasoning for this geometry is that
it is simpler to inject spin current into an entire column of
STOs, for example, using a metallic strip, rather than having
to individually address each A or B site STO in the grid.

III. RESULTS

Our goal is to understand how the vertical coupling J,
between rows affects the properties of the system. Thus, we
briefly review the results for a 1D STO chain [29,33] before
presenting our results on the 2D system. The real energy
spectrum of the 1D STO model Hamiltonian has two degen-
erate flat bands for J < |J| and admits a real line gap in k
space [12]. The flat bands with degenerate energy eigenvalues
are an indication of topologically protected edge states of
the Hamiltonian. The eigenstates corresponding to the flat-
bands also have nonzero imaginary eigenvalues, indicating
lasing Im(E) > 0) and damped (Im(E) < 0) states. The las-
ing states correspond to an auto-oscillation of STOs, which
occurs only at the edge of the system for aw < |J — J|. In the
regime aw > |J — J|, the bulk Hamiltonian also has complex
eigenvalues which can lead to oscillation of the bulk STOs;
this is the so-called P7T -broken regime of the model where

the Hamiltonian respects P77 symmetry but its eigenstates do
not [27]. Symmetry analysis of the Bloch Hamiltonian for the
1D model confirms the auto-oscillation of the edge STOs to be
a zero-dimensional ‘“‘e dge state” with topological protection.
In the 2D case, the non-Hermitian Hamiltonian Eq. (4)
also has complex eigenvalues. The energy spectrum of the
2D model looks similar to the 1D model in the case of weak
vertical coupling J>/J < 0.01, but the degeneracy in the flat
bands breaks immediately even with infinitesimal vertical
coupling. In Fig. 2, we show the energy spectrum of the
Hamiltonian considering different vertical coupling strengths
J2/J~ = 0.01,0.1 for two different system sizes. We found
that as J, increases with respect to J, the energy separation
between flat bands increases and they hybridize with the bulk
states. We simulated results for a 2D array 20 sites wide and
10 sites in the vertical direction, as well as a larger system
100 sites wide and 50 sites in the vertical direction. In the
upcoming subsections, we respectively discuss the numerical
results for the edge states, analyze the Hamiltonian in momen-
tum space, and present a symmetry analysis of the model.

A. Edge states

Using exact diagonalization, we find that the real-space
Hamiltonian Eq. (4) exhibits one-dimensional “lasing” edge
states where Im(E) > 0. In Fig. 3 we show the spatial dis-
tribution of edge states for a system of 10 x 20 STOs. Since
there are 10 rows, the system exhibits 10 lasing edge modes,
all with Im(E) = 0.09. We have confirmed that the corre-
sponding damped edge modes with Im(E) = —0.09 occur on
the opposite edge of the system, as expected (not pictured
here). We set the intercell coupling to J = 1 and consider the
regime where intracell coupling J/J = 0.2 and vertical cou-
pling J,/J = 0.1. The physical manifestation of these edge
states is an auto-oscillation of STOs that is nonuniform at
the edge of the sample. Thus, the STOs will exhibit spatially
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FIG. 3. Spatial distribution of 1D edge modes in a 2D STO array.
(a)-(d) Color density plots showing |v|? for four of the the flat-band
modes with Im(E) > 0. The states are localized on the left edge, with
[¥|*> = 0 everywhere in the bulk. The insets show the 1D distribution
along the edge. (e) 1D plot showing the spatial distribution of all
10 lasing edge states and the corresponding real part of the energy
Re(E) — w. The edge states are not uniform across the system due
to the coupling J, between rows. States appear in pairs where states
with equal magnitude and opposite sign of Re(E) — w have the same
spatial distribution (dashed and solid lines overlap).

varying microwave emission which can be tuned based on the
magnon population in each edge mode.

We also diagonalized a larger STO array to see how the
results vary if we scale up the system size. The Hamiltonian
matrix has a block-banded structure, called a block Toeplitz-
tridiagonal (TT) matrix. For a larger system, i.e., 50x 100
sites, the matrix becomes 5000 x 5000 for which the diag-
onalization is computationally expensive for different values
of J,. To diagonalize this large sparse matrix efficiently, we
used the method given by Ref. [44]. The energy spectrum
for the larger system—as shown in Figs. 2(c)-2(d), 2(g)-
2(h)—doesn’t show any deviation apart from very small bulk
oscillations in the region where aw > |J — J|. This proves
the 1D edge states can exist in a significantly larger system.
As shown in Fig. 4, the edge states in the larger system
also exhibit a nonuniform spatial distribution, with increased
oscillations and beating behavior visible in some modes. Here,
we show the first 10 out of 50 total edge states ranked by
increasing Re(E).

B. Bloch Hamiltonian

Here we consider the P77 -symmetric regime where Js4 =
2aw and Jgp = 0, leading to balanced gain (loss) terms Licw
on the A(B) sites. To analyze the Hamiltonian in momentum
space, we consider periodic boundary conditions and Fourier
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FIG. 4. Example of the spatial distribution of 10 unique lasing
edge states (out of 50) and the corresponding real part of the energy
Re(E) — w x 107! for a system of 50 x 100 sites. The larger system
shows greater heterogeneity in the spatial distribution of edge modes.
The top row of the legend corresponds to the left column and the bot-
tom row corresponds to the right column; values increase downward
in each column. For example Re(E) — w = 1.0 corresponds to the
bottom-left panel.

transform Eq. (4), which is written as

A Tt K
A= zkj(ak b (Hi — w)(bk>, 5)
where
iaw — 2J, cosk, —J — Je'k
Hi = T . ©
—J —Je —iaw — 2J, cosk,

The resonant frequency simply provides an overall shift of the
energy spectrum, therefore we redefine w as the zero-energy
point.
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FIG. 5. Energy spectrum as a function of k, using periodic
boundary conditions in the vertical direction. Subplots (a) and
(b) have parameters J,/J = 0.01 and J,/J = 0.1, respectively while
J/J = 0.2, as in Fig. 2. The edge states are well separated from the
bulk states and have nonzero group velocity.

The Bloch Hamiltonian can be written
Hy = do(ky)1 + d(k,) - o, (N

where 1 is the 2 x 2 identity matrix and o = (0¥, 67, 6%) is
the vector of Pauli matrices. We define the functions dy(k,) =
—2J, cos(ky) and
—J — Jcos(ky)
J sin(ky) ) (8)
11670))

d(ky) =

We find the two-band energy spectrum

er(k) = —2J, cos(ky) £ \/J2 + J2 4+ 2JJ cos(ky) — a?w?.
9

Here we see that the eigenvalues are real for aw < |J +
Je*+|, i.e., the system remains in the P7 -unbroken regime
exhibiting real eigenvalues as long as the Gilbert damping is
relatively small. This condition is satisfied for all k if cw <
|/ — J|. Furthermore, the spectrum is linear in the vertical
coupling J,; thus the effect of coupling adjacent 1D STO
chains together is to shift the spectrum away from the resonant
frequency w. We can see this clearly, for example, in Fig. 2(b),
where the flat bands of adjacent 1D chains hybridize and are
vertically shifted. Furthermore, J, can cause the energy gap
to close, however in the regime J, < v/(J — J)? — a?w? the
energy gap is open and the edge states remain well separated
from the bulk.

To explore possible application of this model in devices, we
also examined the dispersion relation with periodic boundary
conditions in the vertical direction. The results indicate that
the 1D edge states have nonzero group velocity due to the cou-
pling J,, which can also be seen in Eq. (9) since de/0k, # 0.
In Fig. 5 we illustrate that these edge states, despite being
nonuniform, could be used as a 1D channel for spin transport
due to the nonzero group velocity and the fact that they are
well separated from the bulk bands.

C. Symmetry analysis

Symmetry analysis can help determine whether the 1D
edge states displayed in Figs. 3 and 4 are topologically
protected. We investigate the following symmetries of the

Bloch Hamiltonian, Eq. (6): chiral symmetry, chiral-inversion
symmetry, sublattice symmetry, and parity-time (P7) sym-
metry. Systems obeying chiral, chiral-inversion, or sublattice
symmetry can exhibit topologically protected edge modes
[11,12,45], therefore it is important to check whether these
symmetries are preserved for our model. P77 symmetry en-
sures there is always a regime in which the Hamiltonian has
real eigenvalues [46]. We note that for a Hermitian system,
chiral and sublattice symmetries are equivalent, however for
a non-Hermitian Hamiltonian this is no longer the case and
some care must be taken. Here we use the symmetry naming
conventions from Ref. [12].

To have chiral symmetry (CS), the Hamiltonian must sat-
isfy the condition (TZH]I 0, = —Hy. We find that the vertical
coupling term J, cos(ky) breaks chiral symmetry in general,
however for the special values k, = 47 /2 chiral symmetry is
preserved. To have chiral-inversion (CI) symmetry, the Hamil-
tonian must satisfy the condition o,Hyo, = —H_y. Like the
case of CS, Cl is in general broken by J, and only preserved
for k, = £m /2. For sublattice symmetry, the Hamiltonian
must satisfy the condition o,Hxo, = —Hy. This model does
not posses sublattice symmetry for any parameter regime due
to the non-Hermitian terms, as is the case in 1D [10,29].

To have P7T symmetry, the Hamiltonian must satisfy the
condition o,H o, = Hy. This condition is satisfied for Jg4 =
2aw and Jgp = 0, thus as with the 1D case the system can
be tuned to the P77 -symmetric regime by altering the injected
spin current on A and B sublattice sites. P77 symmetry alone
does not guarantee topological protection [10], and the results
from the symmetry analysis indicate that the edge states ob-
served in this model are not topologically protected. However,
the confinement of the oscillatory modes to the edge can be
understood as a result of P7 symmetry in the bulk, which is
broken spontaneously by the edge of the system. Furthermore,
PT symmetry guarantees that the bulk STOs do not have any
lasing modes as long as aw < |J — J|.

IV. CONCLUSION AND OUTLOOK

In this work we have examined a novel realization of a
non-Hermitian 2D SSH model which can be constructed from
an array of STOs. Using exact diagonalization and analysis
of the Bloch Hamiltonian, we have shown that this model
exhibits 1D lasing edge states with a nonuniform spatial dis-
tribution. The physical manifestation of these modes is an
auto-oscillation of STOs along one edge of the system which
is spatially varying. The extension of the model from 1D to
2D via the addition of vertical coupling between individual
1D STO chains breaks chiral-inversion, chiral, and sublat-
tice symmetry, indicating a loss of topological protection
for these modes. However, the vertical coupling preserves
PTsymmetry for the bulk states, thereby guaranteeing that
the bulk oscillators do not activate, even in the presence of
spin current injected into the bulk.

Here we have considered an injected spin current such that
the system remains at the P77 -symmetric point. Future works
could investigate the robustness of these edge states in the
presence of additional terms such as dipolar interactions as
well as dissipative coupling between STOs. However, results
from studies of the analogous 1D model indicate that if these
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terms are small compared to the reactive RKKY coupling
studied here, they would not strongly affect the presence
of edge states [29,33]. Mechanisms other than RKKY may
lead to interactions between STOs, such as those mediated
by spin waves. We expect that these results will hold pro-
vided that the dominant interaction between STOs is reactive
rather than dissipative, as any reactive coupling between STOs
will still lead to a real off-diagonal term in the effective
Hamiltonian.

The results found here apply strictly only in the linear
regime, i.e., where the magnon population is small. As the
injected spin current Jg increases, the linear approximation for
small magnon population used to derive the effective Hamil-
tonian will eventually break down. We expect that there will
be some activation of the bulk STOs in the nonlinear regime,
however the edge state will still be present as well. This is
similar to the situation depicted in the narrow P7 -broken

regime in Figs. 2(g), 2(h). A simulation of the coupled LLG
equations the STO array could be implemented to take all
nonlinear terms into account.

Future work can explore properties of spin transport on the
edge of the system, based on the results presented in Fig. 5.
One could also examine the effects of additional spin injected
into one of the edge STOs, i.e., study how injected spin travels
along the vertical channel provided by the edge state. Such a
device could potentially provide a new way to realize a low-
dissipation transport channel for spin.
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