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ABSTRACT: A companion paper by Fritts et al. reviews evidence for Kelvin–Helmholtz instability (KHI) “tube” and
“knot” (T&K) dynamics that appear to be widespread throughout the atmosphere. Here we describe the results of an ide-
alized direct numerical simulation of multiscale gravity wave dynamics that reveals multiple larger- and smaller-scale KHI
T&K events. The results enable assessments of the environments in which these dynamics arise and their competition with
concurrent gravity wave breaking in driving turbulence and energy dissipation. A larger-scale event is diagnosed in detail
and reveals diverse and intense T&K dynamics driving more intense turbulence than occurs due to gravity wave breaking
in the same environment. Smaller-scale events reveal that KHI T&K dynamics readily extend to weaker, smaller-scale, and
increasingly viscous shear flows. Our results suggest that KHI T&K dynamics should be widespread, perhaps ubiquitous,
wherever superposed gravity waves induce intensifying shear layers, because such layers are virtually always present. A
second companion paper demonstrates that KHI T&K dynamics exhibit elevated turbulence generation and energy dissi-
pation rates extending to smaller Reynolds numbers for relevant KHI scales wherever they arise. These dynamics are sug-
gested to be significant sources of turbulence and mixing throughout the atmosphere that are currently ignored or
underrepresented in turbulence parameterizations in regional and global models.

SIGNIFICANCE STATEMENT: Atmospheric observations reveal that Kelvin–Helmholtz instabilities (KHI) often
exhibit complex interactions described as “tube” and “knot” (T&K) dynamics in the presence of larger-scale gravity
waves (GWs). These dynamics may prove to make significant contributions to energy dissipation and mixing that are
not presently accounted for in large-scale modeling and weather prediction. We explore here the occurrence of KHI
T&K dynamics in an idealized model that describes their behavior and character arising at larger and smaller scales
due to superposed, large-amplitude GWs. The results reveal that KHI T&K dynamics arise at larger and smaller scales,
and that their turbulence intensities can be comparable to those of the GWs.
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1. Introduction

Kelvin–Helmholtz instabilities (KHI) have been studied ex-
tensively since they were first recognized in the atmosphere and
oceans (Scorer 1951; Witt 1962; Woods 1968) and explored in
early laboratory studies of stratified shear flows (Thorpe
1973a,b). Subsequent studies over ;45 years described ideal-
ized KHI evolutions for a wide range of Reynolds and Richard-
son numbers, Re and Ri, and limited Prandtl numbers, Pr.
Multiple papers described the secondary instabilities of KHI in
idealized narrow domains and their implications for mixing;
e.g., see the reviews by Mashayek and Peltier (2012a,b) and
Gregg et al. (2018). However, no previous modeling studies

addressed the dynamics of adjacent misaligned or undulating
KH billows.

An expanded family of secondary instabilities was revealed
in laboratory shear flow experiments that enabled varying KH
billow phases along their axes. These included instabilities
named “tubes” and “knots” (T&K) by Thorpe (1985, 1987,
hereafter T85 and T87) that led to accelerated and more in-
tense turbulence transitions. A subsequent laboratory study
by Caulfield et al. (1996) suggested that the “knots” may rep-
resent a primary instability of such shear flows. Thorpe (2002,
hereafter T02) also called attention to clear evidence for KHI
knots due to discontinuous and/or misaligned KH billows
along their axes revealed in tropospheric clouds. Despite the
accumulating laboratory, atmospheric, and oceanic evidence
for KHI T&K dynamics and their potential significance, no
previous modeling studies addressed these dynamics. It re-
quired another 35 years for 1) a clear KHI event exhibiting
T&K dynamics to be observed in the atmosphere (Hecht et al.
2021, hereafter H21) and 2) computational capabilities en-
abling exploration of these T&K dynamics at sufficiently
small Ri and large Re to allow their comparison with second-
ary convective instabilities (CI) and secondary KHI of indi-
vidual KH billows (Fritts et al. 2021, 2022a,b, hereafter F21,
F22a, F22b).
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Motivated by the H21 event, other imaging observations at
similar altitudes (Baumgarten and Fritts 2014; Fritts et al.
2014; Hecht et al. 2014), and the initial modeling of KHI
T&K dynamics, Fritts et al. (2023a, hereafter F23a) review
the expanding atmospheric evidence of KHI T&K dynamics
in imaging and profiling observations at ;80–90 km in the
mesosphere. These results reveal that KHI T&K dynamics
are virtually always present where KHI are observed at large
spatial scales, and that in all cases they occur in the presence
of gravity waves (GWs) that appear to contribute to the local-
ization and alignments of the KHI responses.

Given the clear evidence for GW modulation of KHI oc-
currence, scales, and orientation presented by F23a, we
elected to analyze a previous high-resolution DNS describing
superposed multiscale (MS) GWs that further extended an
earlier study by Fritts et al. (2013, hereafter F13) to a Rey-
nolds number, Re0, larger by 3 times, but which was not previ-
ously analyzed. The F13 results revealed clear KHI, but their
character was less well defined and not explored in detail. A
subsequent study by Fritts et al. (2016, hereafter F16) at an
intermediate Re0 revealed that the MS direct numerical simu-
lation (DNS) was able to approximate “sheet” and “layer”
(S&L) features observed in high-resolution soundings. F16
also revealed the occurrence of KHI and local turbulence gen-
eration by larger- and smaller-scale KHI at the highly strati-
fied sheets between more extended, weakly stratified, layers
and their significant contributions to strong turbulence and
energy dissipation at earlier times.

This paper examines the occurrence of KHI T&K dynamics
in a third DNS employing the same initial conditions, but for
Re0 3 times higher than assumed by F13. The model formula-
tion, initial conditions, and computational methods are de-
scribed in section 2. Section 3 describes the initial evolution to
a GW/fine-structure flow comprising highly stratified sheets
and weakly stratified layers (S&L features), and perturbed
thereafter by the evolving GWs. The flow evolution yields
smaller- and larger-scale KHI dynamics arising on various

sheets described in section 4. Relations of these results to pre-
vious studies are discussed in section 5, and our conclusions
are presented in section 6. A DNS application to KHI T&K
dynamics addressed by F21, but not by F22a, and to increas-
ingly viscous responses, is described by Fritts et al. (2023b,
manuscript submitted to J. Atmos. Sci., hereafter F23b). A list
of symbols and abbreviations and their definitions is shown in
Table 1.

2. Model description

a. Equations and solution methods

The DNS model we employ here is the “Triple” code previ-
ously used for lower-resolution studies of idealized GW
breaking by Fritts et al. (2009) and MS GW simulations by
F13, Fritts and Wang (2013, hereafter FW13), and F16. Here,
we specify a bulk Reynolds number, Re0, 3 times higher than
employed by F13 to achieve higher spatial resolution of
the dynamics driving turbulence at smaller scales. Nondimen-
sionalizing with respect to an initial GW vertical wavelength
lz, a buoyancy period Tb, and a velocity scale U0 5 lz/Tb,
Re0 5U0lz/n 5 l2z/nTb 5 150 000 and the Boussinesq Navier–
Stokes equations may be written as

­u/­t 1 u ?=u 52=p 1 Ri0uz 1 Re21
0 =2u, (1)

­u/­t 1 u ? =u 5 (Pr Re0)21=2u, and (2)

= ? u 5 0: (3)

Here, u5 (u, y , w) is the total velocity vector, p is pressure, u is
potential temperature, with a mean value u0, Ri0 5N2

0l
2
z/U

2
0 is

the bulk Richardson number for mean buoyancy frequency N0,
with N2

0 5 (g/u0)du0/dz5 gb/u0, and g the gravitational acceler-
ation. Additionally, Pr 5 n /k is the Prandtl number, n is kine-
matic viscosity, k is thermal diffusivity, and we assume Pr 5 1
for computational efficiency.

TABLE 1. List of symbols and abbreviations.

Symbols/acronym Explanation Symbols/acronym Explanation

2D, 3D Two- and three-dimensional Pr Prandtl number
CI Convective instabilities Re Local Reynolds number
F13, F16, F21 Fritts et al. (2013, 2016, 2021) Re0 Bulk Reynolds number
F22a,b Fritts et al. (2022a,b) Ri Local Richardson number
F23a,b Fritts et al. (2023a,b) Ri0 Bulk Richardson number
FW13 Fritts and Wang (2013) Tb Buoyancy period
H21 Hecht et al. (2021) x, y, z Horizontal coordinates
KHI Kelvin–Helmholtz instability x′, y′, z′ Tilted domain coordinates
MLT Mesosphere and lower thermosphere u, y , w Velocities along x, y, and z
MS(D) Multiscale (dynamics) « Kinetic energy dissipation rate
PDF Probability density function vi Intrinsic frequency
S&L “sheet” and “layer” f Domain tilt w.r.t. horizontal
T85, T87, T02 Thorpe (1985, 1987, 2002) c KHI phase along x
T&K “Tube” and “knot” l2 Eigenvalue quantif. rotation
GWs Gravity waves lKH KH wavelength along x
hKH KH billow half shear depth lx, lz Wavelengths along x and z
L Nominal KH billow lx u, u0, u′ Potential temperatures
N Buoyancy frequency zy Vorticity along y
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The kinetic and thermal energy dissipation rates are given
by

« 5 2Re21hSijSiji (4)

and

x 5­iu­iu 5 (Re 3 Pr)21h=u ?=ui: (5)

Here, Sij 5 (­uj/­xi 1­ui/­xj)/2 are the symmetric components of
the strain tensor, ui are the component velocities, subscripts i
and j denote the x, y, or z directions, ­xi denotes differentiation
in the ith direction, and repeated indices imply summation.

Our solution algorithm is pseudospectral and employs high-
radix fast Fourier transforms in each direction, the time inte-
gration method of Spalart et al. (1991), a variable time step
(for varying velocities and resolution) with a CFL limit of 0.68,
and isotropic spatial resolution constrained by Dx , 1.8h (but
typically Dx ; 1.6h) for Kolmogorov microscale h 5 (n3/«)1/4,
throughout the DNS (Moin and Mahesh 1998; Pope 2000).
For this assessment, h was evaluated every 30–50 time steps to
guide required resolution changes, «max was the largest « over
any two-dimensional (2D) plane in the domain, and the spec-
tral range was increased to achieve the new, required Dx. A
“two-thirds rule” spectral truncation was also applied at each
time step to avoid spectral aliasing to larger spatial scales. See
F13 for further details.

b. Simulation domain and boundary and
initial conditions

Following F13, Eqs. (1)–(3) were solved in a compact, triply pe-
riodic, three-dimensional (3D) domain inclined along the phase of
an initial GW having an intrinsic frequency vi 5 N/10 5 N sinf,
with f 5 5.748, an initial nondimensional GW amplitude
a5 u′0/c5 0:5 for phase speed c 5 vi/k (e.g., half that for in-
cipient overturning), with initial 2D (x′, z′) GW wavenumber
k5 (k′,m′)5 (0,22p/l) and wavelength l along z′ in the co-
ordinate system of the inclined domain (Fig. 1).

We also assume a constant initial mean N and an initial
mean fine-structure motion field in the (streamwise) plane of
primary GW propagation having five cycles across the GW lz
with (dU/dz)max 5 2N, such that the minimum initial fine
structure Ri 5 1/4. The fine structure scale and amplitude
were chosen to enable very small-scale KHI to arise on the strati-
fied sheets. The specified GW and mean flow fields require
a tilted domain having a length along the GW phase of
X′ 5 Z′/(5 tanf) 5 1.99Z′. We define a reference length
scale L 5 l 5 Z′ and specify a spanwise domain width
Y 5 Y′ 5 0.5L. This domain allows full definition of 3D insta-
bilities arising due to GW breaking and KHI that arise at the re-
sulting strongly stratified sheets. The highest model resolution
required for this DNS was (5760, 1440, 2880) spectral modes.

c. Three-dimensional visualization of vortex dynamics

To visualize the evolving KHI T&K dynamics, we employ
3D vortex imaging revealed by the negative second eigen-
value, l2 (distinct from the GW wavelengths), of the tensor
L5 R2 1 S2, whereR and S are the rotation and strain tensors,

with antisymmetric components Rij 5 (­uj/­xi 2 ­ui/­xj)/2 and
symmetric components defined below Eq. (5). Negative l2
corresponds to features having strong rotation, as opposed to
shearing, and its magnitude measures rotational intensity
(Jeong and Hussain 1995). In contrast, pure shearing motions
do not contribute to l2. Negative l2 thus provides sensitivity to
the subset of total vorticity accounting for the majority of the
turbulence field. This allows us to follow the transition from ini-
tial vortex sheets to emerging vortex tubes, their interactions in
knot regions driving twist waves, their fragmentation of the
parent vortices, and similar interactions driving inertial-
range turbulence. This method was found to provide key in-
sights into vortex formation, interactions, twist wave forcing
and evolutions, and the cascade to smaller scales in earlier
GW breaking studies (Fritts et al. 1998) and in our more re-
cent explorations of KHI T&K dynamics and energetics
(F21; F22a; F22b).

3. Modeled flow evolution and KHI T&K environments

a. MS flow evolutions shown in 2D planes

As in F13, the initial superposed GW and fine structure were
specified to have 2D wavenumbers k 5 (k′, m′) 5 (0, 2m1)
and (k1,25m1), respectively, where k1 5 2p/X′ andm1 5 2p/l.
These undergo a transient evolution to an MS environment
exhibiting multiple GWs having larger |m′|, e.g., k 5 (0, m1),
(k′, m′) 5 6(2k1, nm1) for n 5 1, 2, 3, … , but also larger |k′|
for (k′, m′) 5 6(nk1, 2m1) for n 5 1, 2, 3, … , in the coordi-
nate system of the inclined domain. The responses to this tran-
sient evolution are summarized in Fig. 2 and include the
following features:

1) initial 2D GW amplitudes, u′ and u′, decrease 30%–40%
by ;7Tb and remain relatively constant, though oscilla-
tory due to superpositions, to beyond ;20Tb (Fig. 2a);

2) additional 2D GWs having wavenumbers 6(nk1, 21),
6(21, nm1), and (0, nm1) for n 5 1, 2, 3, … , arise

FIG. 1. The DNS computational domain aligned along the GW
phase having an inclination of f 5 sin21(vi/N) 5 5.748 from the
horizontal. The domain and geophysical coordinates are (x′, y′, z′)
and (x, y, z) shown at lower left. The initial GW u′ and w′ profiles
are uniform along x′ (blue: velocity profile; dashed: phase inclina-
tion); the initial mean U(z) fine-structure field is uniform along x
(red velocity profile and dashed phase inclination).
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by ;5–7Tb, due to interactions among the initial modes
(Figs. 2b–d);

3) 3D instabilities emerge rapidly after ;5Tb due to strong,
initial 2D interactions driving local overturning and yield
accompanying large local « (Fig. 2e);

4) 2D (y ′ 5 0) and 3D domain-averaged streamwise spectra
at 8, 12, and 20Tb are shown in Fig. 2f; 2D motions domi-
nate the flow at horizontal scales larger than ;0.1X′ at all
times whereas 3D motions are dominant at smaller scales;
all motions decay significantly by 20Tb due to strong insta-
bilities and large « from ;6 to 14Tb;

5) emerging superposed 2D motions drive formation of
S&L structures in u/u0 and u/U0 comprising thin,
strongly stratified, and sheared vortex sheets and deep,
weakly stratified and sheared layers that are most in-
tense due to strong instabilities, turbulence, and mixing
from ;6 to 12Tb that diminish thereafter (Figs. 2g,h, re-
spectively); and

6) strong, local turbulence is due to (i) GW breaking driving
the weakly stratified layers and (ii) KHI dynamics on the
vortex sheets driven by GW distortions, stretching, and

intensification (Figs. 2d–f); the latter KHI dynamics are
the focus of this paper.

Unlike the atmosphere, these dynamics yield decreasing insta-
bilities and turbulence intensities with time because this initial
value problem does not enable sustained GW energy inputs.
The buoyancy Reynolds number reaches a peak value of
Reb 5 «/nN2 ; 50 at times of ;6, 11, and 13Tb, the latter two
at times in the evolution discussed below.

As noted above, strong transient interactions among the
emerging GW modes diminish significantly by ;12Tb and are
replaced by more representative GW breaking and KHI fea-
tures in an evolving MS flow exhibiting diminishing S&L
structures thereafter. To explore the character and evolutions
of KHI events that are more and less energetic, we investigate
the KHI occurrence driven by GW dynamics during two inter-
vals: 1) from 8 to 13Tb exhibiting stronger and weaker insta-
bilities and turbulence at multiple sites and 2) from 18 to 23Tb

having significantly weaker GW fields and S&L structures.
The evolution from 8 to 13Tb follows the peak 2D energy, ex-
hibits significant GW breaking and strong KHI events, and is
shown with (x′, z′) cross sections of u′/u0, N2, spanwise (y)

FIG. 2. Temporal variations of (a) the initial GW amplitudes with k5 (k′,m′) 5 (0,2m1); (b)–(d) additional modes arising at larger k′
and m′; (e) primary and secondary GW total energy (black solid and dashed lines, respectively), 3D (l′ Þ 0) total energy (dashed red
line), and « (solid red line and right-axis labels); (f) mean 2D and 3D streamwise velocity spectra (black and red, respectively) at 8, 12,
and 20Tb (solid, dashed, and dotted, respectively); and (g),(h) vertical profiles of u/u0 and u/U0 from 0 to 24Tb at x′ 5 0 and X′/2 and
y′ 5 0.5Y (black and red lines), respectively.
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vorticity zy, and log10« at y 5 0 and 1Tb intervals in Figs. 3–6,
respectively. The later, weaker evolution is shown in zy at
y 5 0 from 18 to 23Tb at 1Tb intervals in Fig. 7. The image ca-
dence in these fields is sufficient to coarsely reveal the evolu-
tion of the larger-scale GW and S&L evolutions; however, it
does not resolve the evolutions of the smaller-scale KHI dy-
namics that evolve on time scales of a few Tbmax 5 2p/Nmax,
which are dictated by the N2 at each vortex sheet at the initia-
tion of KHI and are initially up to ;10N2

0. We also note that
KHI never arise in regions of small N2 because these cannot
acquire large |zy| due to very weak GW |du′/dz| where N is
small.

Figures 3 and 4 reveal an MS flow exhibiting initial 1) large
vertical motions and displacements at smaller horizontal
scales and 2) large horizontal motions and displacements at
larger horizontal and smaller vertical scales. These dynamics
drive anMS S&L environment that approximates the character
of high-resolution profiling revealing interleaved 1) thicker,

often nearly adiabatic layers and 2) thinner, strongly sheared,
and stratified sheets in the stable boundary layer, the stable tro-
posphere, the stratosphere, and the mesosphere and lower
thermosphere (MLT). Examples include in situ profiling of
temperatures and winds, and radar winds and backscatter from
the surface into the lower stratosphere (e.g., Balsley et al. 2018;
Dalaudier et al. 1994; Doddi et al. 2022; Kantha et al. 2017;
Luce et al. 1995, 2018; Muschinski and Wode 1998; Szewczyk
et al. 2013; Wang et al. 2006). Contributions of the various mo-
tions evolve rapidly prior to 8Tb due to the unphysical initial
conditions. Thereafter, the absence of GW energy fluxes into
the domain from below, as would occur in the real atmosphere,
result in a systematic decrease of the energy in the GW, insta-
bility, and turbulence fields. Consequences of this include
weak initiation and more rapid dissipation of the emerging
GWs having larger |k′|, more sustained energy of those having
larger |m′|, and decreasing dissipation at later times (see the
parameter evolutions in Fig. 2 discussed above).

FIG. 3. u′/u0(x′, z′) cross sections at y′ 5 0 from (a) 8Tb to (f) 13Tb. The large-scale KHI event discussed in section 4a is shown with black
dashed regions. The color scale is at the top.
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Important small-scale dynamics seen in Figs. 3 and 4 from
8 to 10Tb include 1) emergence of local, small-scale KHI on
highly stratified N2 sheets at their peak vertical excursions
and 2) intensification and progression of the KHI along these
sheets following the peak GW displacements (see the yellow
rectangles at left in Fig. 4). Also seen are larger- and smaller-
scale regions extended in x exhibiting relatively uniform
T′(u′) and small N2 following peak GW vertical excursions.
These result from very different GW breaking and turbulent
mixing largely confined to the more weakly stratified layers
(Fritts et al. 2009), but occasionally entraining the high N2

sheets in some cases. Similar dynamics are seen to span an-
other ;3Tb, with weaker KHI at smaller scales and stronger,
larger-scale, KHI arising on, and evolving toward negative x
along, the vortex sheet exhibiting the strongest stratification in
the upper portion of the domain (see the yellow rectangles at
right in Fig. 4). The latter event is discussed in greater detail
below. These dynamics are not revealed clearly at the imaging

temporal resolution in Figs. 3 and 4, but they are seen clearly
in the Fig. 3 and 4 movies (P2.Fig3.mp4 and P2.Fig.4.mp4 in
the online supplemental material) and others noted below.

Another perspective on these MS dynamics is provided by
(x′, z′) cross sections of spanwise (y) vorticity zy in Fig. 5.
These reveal both the occurrence and orientations of the vari-
ous KHI events, most of which are seen to be quite transient
locally. Note that KHI events having zy . 0 (yellow/red) arise
above and trailing the maximum upward and leftward GW ve-
locities in the GW phase also having zy . 0. In contrast, KHI
events having zy , 0 (blue) arise below and leading the maxi-
mum upward and leftward GW velocities where the GWs also
have zy , 0. The largest induced zy driving KHI in each case
occurs on the highly stratified sheets rather than in the weakly
stratified layers because the GW wavelength ratio varies as
lz/lx ; vi/N for hydrostatic GWs. The higher, trailing re-
sponses having zy . 0 are enhanced and sustained by GW
propagation toward negative x, whereas the initial zy , 0

FIG. 4. As in Fig. 3, but for log10N
2(x′, z′). Yellow (red) dashed regions highlight smaller- and larger-scale KHI (GW breaking) events

discussed in the text.
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responses are often overtaken and reversed by the advancing
GWs; see the yellow (black) rectangles at left in Fig. 4 (Fig. 5).
In each case, the GW motions stretch and intensify the KHI
on the vortex sheet at its upper and lower extrema.

These dynamics are precursors of GW breaking events
that often entrain adjacent KHI and exhibit various forms,
depending on the GW scales and superpositions. The major
responses from ;8 to 11Tb exhibit KHI formation and GW
breaking followed by plunging and rapid expansion of the
turbulent regions exhibiting strong, very-small-scale zy of
both signs (see the regions above and below the strong vor-
tex sheets in Fig. 5 highlighted with red rectangles). The
events evolve to weaker, larger-scale forms extending an-
other ;10Tb thereafter.

Seen emerging by 11Tb are large-scale KH billows on the
strongly stratified vortex sheet in the upper-right portion of
the displayed domain (see the black and yellow rectangles at
right in Figs. 3–5). These arise in the same manner as the

previous smaller-scale events accompanying an elevated GW
phase, but in this case for a larger-scale GW impacting a more
highly stratified sheet enabling stronger GW-induced shears.
These dynamics yield an evolving KH billow train spanning
;2Tb (see the Figs. 5 and 7 movie P2.Fig5&7.mp4 from 8 to
23Tb).

The significance of this KHI event is illustrated in Fig. 6,
which shows log10«(x′, z′) cross sections at y 5 0 enabling
comparisons of the turbulence intensities arising due to GW
breaking and KHI from 8 to 13Tb; red and black regions
highlighting log10« due to two GW breaking events and the
large-scale KHI event are labeled 1, 2, and 3, respectively.
Large log10«(x′, y′, z′) due to all three events are localized
and transient. Probability density functions (PDFs) of log10«
for these regions shown at bottom in Fig. 6 exhibit strong con-
tributions from these events, and weaker, also roughly lognor-
mal, PDFs from previous turbulence events, with black, blue,
and red from earlier to later times, respectively. To estimate

FIG. 5. As in Fig. 3, but for zy(x′, z′). Black (red) dashed regions highlight smaller- and larger-scale KHI (GW breaking) events discussed
in the text.
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FIG. 6. (a)–(f) As in Fig. 3, but for log10«(x′, z′). Black (red) dashed regions highlight the larger-scale KHI (GW breaking) events dis-
cussed in the text. (bottom) The log10« PDFs computed in the GW breaking regions labeled 1 and 2 at two times and in the region of
large-scale KHI labeled 3 at three times, all spanning the full y domain. See text for details.
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and compare « due to the concurrent GW breaking and large-
scale KHI events, we assume separate lognormal distributions
for these events, and for the background turbulence in each
case, and perform joint fits to the PDFs in each region where
they reveal two maxima.

Inferred « for the three events at each time are shown with
vertical lines and values listed at upper right in each panel. In-
ferred weaker, background « are shown with dashed lines and
values listed at upper left where a second PDF peak occurs.
This assessment reveals the KHI event to achieve maximum «

that are ;2–5 times larger than for the earlier and coincident
GW breaking events. Similar events occurring at much smaller
scales also extend to much later times. These results imply poten-
tially significant roles for KHI dynamics in mixing relative to GW
breaking in MS dynamics that are not widely appreciated, nor di-
rectly parameterized at present, in current models. P2.Fig6.mp4
shows an animation of Fig. 6 at top from 8 to 23Tb.

MS dynamics weaken as the finite initial energy is dissipated
by GW breaking and KHI events. This causes the dominant
motions to become more nearly horizontal and manifest as the
“intrusions” described initially by F13 at a smaller Re at later
times. These motions continue to excite weak, smaller-scale
KHI at their edges that dissipate the remaining kinetic and po-
tential energy at a slower rate. A later, weaker stage of this
DNS is shown in zy at y5 0 from 18 to 23Tb at 1Tb intervals (see
the highlighted regions in Fig. 7 and movie P2.Fig5&7.mp4). The
smaller-scale KHI event highlighted in red at 22Tb is also exam-
ined further below in order to assess to what degree KHI T&K
dynamics extend to smaller scales and Re.

b. S&L evolutions and implications for KHI scales and
intensities

MS GW dynamics described above were seen to drive the
formation of S&L structures that enable KHI to arise on

FIG. 7. As in Fig. 5, but for zy(x′, z′) from (a) 18Tb to (b) 23Tb. Black dashed regions highlight several smaller-scale KHI events dis-
cussed in the text. The red dashed region at 22Tb highlights the later event also seen to exhibit T&K dynamics in Fig. 12. Note that the
smaller color scale is different than that in Fig. 5.

F R I T T S AND WANG 2447OCTOBER 2023

Unauthenticated | Downloaded 10/12/23 10:07 PM UTC



multiple scales and have both positive and negative zy. Addi-
tional insights into their environmental dependence and im-
plications for « are provided by vertical profiles of u/u0, u/U0,
and log10« from 8 to 13Tb at six x′ locations in the (x′, z′) planes
at y′ 5 0 and Y/2 in Fig. 8. The u/u0 profiles exhibit S&L struc-
tures at all locations and times comprising thin, strongly strati-
fied sheets separated by thicker, weakly stratified layers. Those
at 8–10Tb exhibit multiple thinner and thicker nearly adiabatic
layers indicating a complex MSD environment with multiple, su-
perposed GW modes yielding multiple regions experiencing in-
cipient, active, or recent turbulence and mixing. The profiles at
11 and 12Tb have larger layer depths due to the very active KHI
and GW breaking regions discussed above. Those at 13Tb ex-
hibit smaller, less pronounced sheets and more stable layers,
apart from the large KHI event.

Corresponding u/U0 profiles show the highly stratified
sheets to coincide with large |du/dz| because GWs cannot in-
duce strong shears in weak stratification, as noted above. Also

seen are multiple cases in which 1) the sheets exhibit fine struc-
ture due to local KHI overturning or induced turbulence and
2) the layers exhibit deep turbulence due to active or previous
GW breaking yielding primarily small turbulence scales. Ear-
lier, energetic GW breaking becomes less pronounced during
this interval because of the “spindown” character of the initial
value MS GW field. This results in fewer, weaker S&L features
and decreasing |du/dz| at later times, apart from the still active
large-scale KHI event emerging in region 3 of Fig. 6 at 11Tb.

The « profiles at right reveal significant large- and small-scale
variability, with « varying over up to five decades at closely spaced
depths where the instability events are strongly layered. The
stronger, earlier GW breaking events exhibit peak «; 0:1U2

0 /Tb,
and somewhat larger in small regions. The large-scale KHI event
described above and examined in greater detail below achieves
comparable, and in some regions even larger «, suggesting, in this
DNS at least, that KHI can be competitive with larger-scale GW
breaking in driving turbulence and mixing.

FIG. 8. As in Figs. 2g and 2h, but showing profiles of (left to right) u/u0, u/U0, and log10« from (top to bottom) 8Tb to 13Tb at six locations
along x′ and at y′ 5 0 and Y/2 (red and black, respectively). Vertical lines in the center and right columns show u/U0 5 0 and
log10« 523U2

0 /Tb at each site.
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4. KHI T&K dynamics arising in an idealized MS DNS

Our discussion above identified a diversity of KHI events
arising in an initial 2D motion field determined by transient,
2D responses to initial wave–wave and wave–mean flow inter-
actions. The subsequent flow was influenced by 3D instabil-
ities, turbulence, and mixing due to GW breaking and the
induced KHI. The KHI responses include

1) the large-scale KHI event seen in Figs. 3–6 arising in re-
sponse to a large-horizontal-scale GW perturbation of a
relatively uniform sheet having very strong N2, and

2) multiple smaller-scale KHI responses to GW vortex sheet
deformations having varying N2 and horizontal extents
that decrease in their wavelengths and intensities with
time, and which account for weaker, but significant, en-
ergy dissipation at later times.

a. Large-scale KHI T&K dynamics

We first examine the large-scale KHI event because it indu-
ces local « comparable to, or larger than, the GW breaking

events at these times. The large scales imply a large KHI Rey-
nolds number, ReKH 5 UKHhKH/n , for UKH the half-shear ve-
locity difference, hKH the half-shear depth, and n the kinematic
or turbulence viscosity. Specifically, we expect the KH billow
wavelength to increase from lKH ; 23/2phKH as the initial Ri
decreases from 0.25 (Drazin 1958) and the KH billow depth
D to increase from ;0.2 to 0.5 lKH as Ri decreases from
;0.15 to 0.07 (Thorpe 1973a) for Re . 1000. Also assuming
a nominal Ri 5 0.07 consistent with an observed D/lKH ; 0.5
at peak D, N2 ; 10N2

0 at the strong vortex sheet, varying
KHI lKH ; 0.1–0.25L, and an inferred UKH ; 12N0hKH, we
obtain an estimated ReKH ; 1000–6000. This range ensures
the occurrence of secondary convective instability dynamics
anticipated from previous laboratory, theoretical, and
modeling studies discussed above. The larger ReKH should
also enable secondary KHI on the vortex sheets between,
and wrapping around, the larger-scale KH billow lKH, espe-
cially where they arise having initial Ri ; 0.07 or smaller,
lKH ; 0.2L or larger, or are intensified by stretching in close
proximity to KHI knots (see F23b). At the smaller lKH,

FIG. 9. (a)–(e) u/u0(x, z) from 10.5Tb to 12.5Tb at y 5 0 (1) for the KHI event in the black
dashed regions in Fig. 6. (f)–(j) These dynamics for y/Y5 0.2, 0.4, 0.6, 0.8, and 1 (0) at 12Tb. The
color scale is as in Fig. 3.
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however, we expect that secondary KHI will be suppressed
and these billows will exhibit weaker interactions and
smaller «.

The KHI evolution is shown in u/u0(x, z) and log10« (x, z)
cross sections spanning the shear layer from 10.5 to 12.5Tb, at
y/Y5 0, and at y/Y5 0.2, 0.4, 0.6, 0.8, and 1 at 12Tb, in the up-
per and lower panel sets of Figs. 9 and 10, respectively. The
upper panels of Fig. 9 reveal various features of this KHI event
relevant to our interests here. These include the following:

1) KHI peak responses occur following rising GW phases (up-
ward and toward smaller x) at the peak upward GW dis-
placements that yield the strongest horizontal divergence, the
most intense shears, and positive (yellow/red) zy in Fig. 5,

2) adjacent KH billow lKH, D, D/lKH, and secondary KHI
exhibit significant variability along the vortex sheet at
each time suggesting highly variable initial hKH and Ri,

3) peak KH billow D/lKH ; 0.8 reveal occasional, very small
initial Ri and strong T&K influences, including vortex
tubes between adjacent billows and frequent, large-
scale secondary KHI (see the cross sections at 12 and
12.5Tb from x/L ; 0.7 to 1.7), and

4) KHI secondary instabilities decrease in intensity, but KHI
T&K dynamics persist as billow scales and Re decrease.

The lower panels of Fig. 9 reveal major variations in the
KHI features along x at Dy 5 0.2L (comparable to the local
lKH) in billow locations, stages of their evolutions, and the
character of secondary instabilities that imply strong T&K dy-
namics at essentially all locations.

The corresponding evolution of this KHI event in log10«
(x, z) cross sections is shown in Fig. 10. Additional insights in-
clude the following:

1) the largest « arise in the KH billows having the largest D
and lKH and smallest Ri;

2) larger « are seen in KH billow or former larger-scale vor-
tex tube cores that are already relatively well mixed and
have only weak gradients in the u′/u0(x, z) fields;

3) peak KHI « at ;10.5–12.5Tb are larger than the peak val-
ues arising due to GW breaking at these times; see Fig. 6
and the regions above the shear layer in Fig. 9; and

4) « fields reveal large T&K variations along y more clearly
than seen in u′/u0(x, z) fields.

FIG. 10. As in Fig. 9, but showing (a)–(e) log10«(x′, z′) from 10.5Tb to 12.5Tb at y 5 0 (1) for
the KHI event in the black dashed regions in Fig. 6. (f)–(j) These dynamics for y/Y 5 0.2, 0.4,
0.6, 0.8, and 1 (0) at 12Tb. The color scale is as in Fig. 6.
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To explore the KHI T&K dynamics accounting for the 2D
fields described above more quantitatively, we now employ
volumetric 3D imaging of these dynamics revealed by l2(x, y)
viewed from below. Those accompanying the large-scale KHI
event highlighted in Figs. 3–6 are shown for two regions
(x/L ; 1–2 and ;0.5–1.5) viewed from below at 10.5–11.25
and 11.5–12.25Tb in the left and right columns, respectively, in
Fig. 11. Zoomed views of the leading edges of these responses
at higher temporal resolution highlight the evolutions of key
features in two intervals in Fig. 12. A further zoomed view of
the leading edge of the later response in Fig. 12 is shown at
12.25Tb in Fig. 13. For these cases, 3D imaging of l2(x, y) is
confined to the thin layer containing the evolving KHI having
a depth Dz 5 0.2L in order to exclude responses due to other
dynamics above and below.

The leading edge of the KHI progression toward smaller x
is shown in Fig. 11 with successive images shifted to compen-
sate for large-scale motion of the shear layer. Yellow arrows
highlight portions of emerging KH billow cores that arise
from the initial perturbations that are highly variable along y
and account for the emerging T&K features thereafter. This
evolution exhibits multiple subsequent, undulating KH billow
cores revealing a progression to smaller KHI lx at smaller x
that span the model domain thereafter and contribute multi-
ple examples of T&K dynamics driving the transitions to tur-
bulence. Note, in particular, the multiple occurrences of
“X”- and “Y”-shaped features at larger scales that exhibit
strong turbulence transitions within the following 0.25Tb.
These very rapid transitions to strong turbulence are due to
the much shorter time scales dictated by the significantly

FIG. 11. Three-dimensional imaging of the larger-scale KHI event employing l2 shown in the yellow (black) regions
at right in Figs. 4 (Figs. 5 and 6). The l2 fields are shown viewed from below with each spanning 0.75Tb at intermedi-
ate and later times in this event. l2 has no dimensions, but increasing negative values (e.g., green, yellow, and red)
show increasing rotation. Yellow arrows indicate initial KH billow cores prior to strong T&K dynamics driving their
breakdown.
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FIG. 12. Zoomed views of the leading edges of the regions shown in Fig. 11 at higher temporal resolution (left) from
10.8Tb to 11Tb and (right) from 11.8Tb to 12Tb. Yellow arrows are as in Fig. 11. White, red, and green arrows show
examples of larger- and smaller-scale vortex tubes linking adjacent KH billow cores and emerging vortex knots arising
due to intense vortex interactions.
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stronger stratification of the vortex sheet driving the KHI evolu-
tion. An animation of this event is shown in P2.Fig11-13.mp4.

Figure 12 shows two sets of l2(x, y) images, each spanning
only 0.2Tb, that show representative T&K dynamics at higher
temporal resolution with greater detail. Earlier and later se-
quences at left and right show KHI T&K dynamics for stron-
ger and weaker GW modulations of the initial strongly
stratified sheet and emerging shear layer. The earlier of these
exhibits local, weak emerging billows; the later series shows
these dynamics clearly.

The image at 10.8Tb, top left in Fig. 12, exhibits significant
evidence of earlier misaligned KH billow cores due to their
phases c along x that vary along y (as distinct from the initial
GW phase inclination, f) that lead to 1) very short billow co-
herence along y, 2) apparent ringlike features where KH bil-
lows link via vortex tubes, forming knots, at short distances
along y, and 3) rapid transitions to intense, small-scale turbulence
thereafter. Several examples of emerging billow cores, large-scale

vortex tubes where KH billows are significantly misaligned, and
vortex knots arising where billow cores and large-scale vortex
tubes link are shown with yellow, white, and green arrows, re-
spectively, in Figs. 11–13.

The image sequence in the right column in Fig. 12 reveals
these dynamics at a later stage, and in a less disturbed shear
layer environment (see the fields at 12Tb in Figs. 4–6). Seen at
right are emerging KH billow cores exhibiting varying phases
c but no significant misalignments, along y (yellow arrows).
Thin, initial vortex tubes emerge on the vortex sheets be-
tween adjacent billow cores having roughly orthogonal align-
ments to the billow cores exhibiting more weakly varying
phases (red arrows). Larger-scale vortex tubes arise on the
vortex sheets where billow cores exhibit larger |dc/dy| and are
also roughly orthogonal to the billow cores in these regions
(white arrows). As these various dynamics intensify, they un-
dergo strong interactions with neighboring vortices, and these
are especially intense where billow cores and large-scale

FIG. 13. As in Fig. 12, but showing a further zoomed view at 12.2Tb to more clearly reveal the
various components of the vorticity field accompanying KH billow breakdown via T&K dynam-
ics. Arrow codes are as in Figs. 11 and 12.
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vortex tubes link to form rapidly evolving and intensifying vor-
tex knots (green arrows) that expand to span the entire KH bil-
low core at later times (see the images at 10.9Tb and 11Tb).

A zoomed, further evolved field (at 12.2Tb) at the leading
(left) edge of the emerging KHI T&K dynamics at smaller x is
shown in Fig. 13. This reveals these various dynamics more
clearly using the same labels. As above, emerging laminar bil-
low cores and large-scale vortex tubes are shown with yellow
and white arrows, respectively. These features exhibit pertur-
bations in multiple regions that reveal initial twist waves at
larger and smaller scales, which act to break up these initially
coherent structures thereafter. Vortex knots arise where these
vortex interactions progress quickly (green arrows) and drive
a rapid cascade to smaller scales in the turbulence inertial
range. Where the flow remains laminar, thin vortex tubes con-
tinue to arise on the distorted vortex sheets wrapping over
and under adjacent KH billows (red arrows). Also see the
more detailed descriptions of these dynamics in a more ideal-
ized, higher-resolution DNS by F23b.

b. Small-scale KHI T&K dynamics

Finally, we explore whether KHI T&K dynamics also arise
on thinner and weaker vortex sheets within the larger-scale
MSD. The events examined are those highlighted with yellow
and black rectangles at left in Figs. 4–6 at 8Tb and 9Tb, and
with a red rectangle at 22Tb in Fig. 7. As at bottom in Figs. 9
and 10, zy(x, z) cross sections spanning a 0.3Y portion of the
spanwise domain including y/Y 5 1 are shown for each region
in Fig. 14. Inspection of these cross sections reveals that strongly

varying KH billow scales and locations along y also extend to
much smaller scales and Re, as seen for the larger-scale KHI
T&K event discussed above. These fields demonstrate that
T&K dynamics appear to accompany KHI wherever they arise
on strongly stable vortex sheets intensified by the larger-scale
MS GW environment. Their extension to smaller Re will be ex-
amined in greater detail by F23b.

5. Discussion and relation to previous studies

F23a presented extensive evidence for widespread KHI
T&K dynamics in OH airglow and polar mesospheric cloud
imaging and lidar profiling at ;80–90 km in the MLT. Addi-
tional evidence was noted in lidar, radar, and in situ profiling
in the stable boundary layer, troposphere, and stratosphere,
and in acoustic and in situ profiling in the oceans, spanning
many years. That survey was motivated by multiple factors
suggesting potentially significant, but largely unappreciated, in-
fluences of these dynamics on the local and large-scale structure
and variability of the atmosphere from the surface into the ther-
mosphere. Key insights from F23a include the following:

1) laboratory demonstrations of the occurrence and rapid evo-
lutions to turbulence by KHI T&K events relative to sec-
ondary CI and KHI of individual KH billows (T85, T87),

2) the T02 evidence that these dynamics should be wide-
spread in the atmosphere,

3) recent observations of dramatic KHI events reported by
H21 and Kjellstrand et al. (2022) revealing various T&K
dynamics and their evolutions at smaller spatial scales,

FIG. 14. Expanded views of zy(x, z) (left) in the black rectangles at 8Tb and 9Tb in the left column of Fig. 5 and (right) in the red rectangle
at 22Tb in right column of Fig. 7. Each sequence spans a width of 0.3Y that exhibits significant variability along y revealing additional KHI
T&K dynamics extending to very small scales and Re.
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4) evidence that GWs play key roles in defining KHI T&K
environments, and

5) new, and revisited, imaging and profiling revealing KHI
T&K events to be widespread and often exhibiting KH
billow lKH ; 5–15 km in the MLT.

Specific examples of item 5 include previous polar meso-
spheric cloud and OH imaging described by Baumgarten and
Fritts (2014), Fritts et al. (2014), and Hecht et al. (2014) that
revealed key elements of these dynamics, evolutions suggest-
ing T&K dynamics, and clear GW influences, a number of
which were recognized only in hindsight.

Despite much earlier laboratory studies and atmospheric
observations revealing the importance of KHI T&K dynamics
(T85; T87; T02), and the extensive evidence for such reviewed
by F23a, the first modeling study designed to address these
dynamics was the idealized large-eddy simulation (LES) by
F21. Earlier LES of mixing-layer dynamics in large domains
by Comte et al. (1998) and Balaras et al. (2001) exhibited
clear KHI T&K dynamics, specifically misaligned billows
along their axes and vortex tubes linking adjacent billows. But
these studies neither recognized these T&K dynamics, nor re-
lated them to the earlier laboratory results. A more recent,
large-domain DNS by Watanabe and Nagata (2021) address-
ing late-time vortex structures arising in shear flows serendipi-
tously revealed clear T&K dynamics at earlier times, but
these dynamics were not the focus of that study. The authors
noted that these dynamics likely accelerated the transition to
turbulence, but neither identified them as T&K dynamics nor
explored them in detail.

Additional evidence of the potential importance of KHI
T&K dynamics was provided by initial idealized LES and
DNS of these dynamics demonstrating their dominance of the
vorticity dynamics driving turbulence transitions (F21) and
significantly elevated energy dissipation rates extending to
late times (F22b). These influences are further reinforced by
the idealized MS dynamics described here, in which strictly
2D initial GW superpositions appear to frequently (perhaps
inevitably) enable 3D KHI T&K dynamics where Ri is suffi-
ciently small and Re is sufficiently large. In the case described
here, KHI T&K dynamics yielded energy dissipation rates ex-
ceeding those due to coincident GW breaking, despite the
idealized Boussinesq flow precluding continuing GW energy
fluxes from below.

Another implication of KHI T&K dynamics is potentially
enhanced mixing, and enhanced deposition of energy and mo-
mentum, as these depend on the environments in which tur-
bulence arises. In the case of GW breaking, turbulence and
mixing occurs primarily in the GW phase that is approaching,
or already exceeds, overturning, contributing to the inference
of a turbulence Prandtl number of ;2 (Fritts and Dunkerton
1985; Coy and Fritts 1988; McIntyre 1989; Garcia et al. 2014;
Liu 2021). KHI, on the other hand, and potentially enhanced
mixing and transport due to T&K dynamics, may prove to be
significantly more efficient, given that KHI arise on the most
highly stratified sheets in an S&L environment, but these ef-
fects remain to be quantified. Such events appear to provide
one explanation for “a stable and well-ordered flow [that] can

develop intense and sporadic bursts of turbulent activity that
disappear slowly in time” noted by Rorai et al. (2014).

There are very few previous high-resolution DNS of MS
GW dynamics performed at sufficiently high Re to enable de-
scriptions of 1) multiple superposed GWs, 2) embedded
small-scale GW breaking and/or KHI, and 3) local high-Re
KHI dynamics driving resolved turbulence at smaller scales.
We are only aware of our own MS GW studies (F13; FW13;
F16), and this study performed for Re0 5 l2z/nTb increasing
from 50000 to 150000 to date. Of these, the current study
employing the largest Re is potentially most representative
of S&L flows for larger GW lz ; 1–3, 3–10, and 10–30 km,
and assumed GW intrinsic frequencies vi ; 0.03–0.3N, at alti-
tudes of;30, 60, and 90 km, respectively.

Related studies exhibiting transitions to turbulence in a
large-amplitude inertia–GW (IGW) environment employing
a hierarchy of 2D and 3D DNS were described by Fruman
and Achatz (2012), Remmler et al. (2013), and Fruman et al.
(2014). Prior to the 3D transition to turbulence in these stud-
ies, the larger-scale IGW was seen to exhibit an initial, local
singular vector suggesting an apparent localized KHI feature
and similar events in regions of enhanced stratification and
shear as the IGW flow evolved greater complexity; see Figs. 4,
5, 10, and 11 of Fruman et al. (2014). These results appear to
confirm the potential for local KHI to arise at specific sites
within large-scale, and large-amplitude, IGWs that dominate
observed atmospheric temperature and wind variances from
the troposphere into the MLT.

KHI T&K dynamics revealed in the MS DNS described here
also have similarities to those seen arising in a more idealized,
higher-resolution, DNS of multi-KH billow T&K dynamics in a
periodic domain that excludes GW influences. Initial studies of
these more focused KHI T&K dynamics and energetics by F22a
and F22b extended their descriptions deep into the turbulence
inertial range and quantified their dynamics and implications for
enhanced «. Importantly, these studies did not address T&K dy-
namics arising where KH billows are misaligned along their
axes, as addressed in the idealized LES by F21. However, they
are seen to be major contributors to the dynamics arising in
larger- and smaller-scale T&K events in the current DNS shown
in Figs. 11–13, suggesting additional T&K sources of enhanced «

and mixing in more realistic environments.

6. Conclusions

Extensive observational evidence for KHI T&K dynamics in
the atmosphere and oceans reviewed by F23a reveals KHI
T&K dynamics on highly stratified sheets to be widespread, and
potentially ubiquitous, where they arise with sufficiently large
Re. This is especially the case in the atmosphere, where GWs
propagating upward from sources at lower altitudes provide
sustained energy inputs that induce and intensify S&L features
enabling local KHI T&K dynamics at higher altitudes.

Limited modeling studies of KHI T&K dynamics to date
for idealized flows and others arising from initial noise seeds
have revealed a diversity of responses. But these studies
surely have neither identified nor quantified the full range of
T&K dynamics and their implications for enhanced turbulence
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and mixing for the wide range of Ri and Re characterizing atmo-
spheric S&L flows. One example noted above is the T&K dy-
namics of two billow cores linking to one, as addressed using
LES by F21 and seen to occur in the MS DNS discussed above.
Some of these additional T&K dynamics are addressed via DNS
by F23b for Ri 5 0.1 and Re0 5 500–5000. However, multiple
aspects of these dynamics remain to be explored, including the
following:

1) influences of background GWs, based on the evidence de-
scribed by T02 and F23a;

2) their forms, intensities, and evolutions at smaller and
larger Ri, and true Pr for the atmosphere and oceans;

3) their implications for elevated « and mixing for varying
environments and parameters;

4) the turbulence fluxes of energy, enstrophy, and helicity
that accompany the initial, larger-scale, “twist wave” dy-
namics that appear to drive the cascade to smaller scales
in these T&K dynamics (e.g., F21; F22a); and

5) their potential to arise in magnetohydrodynamics, where
KHI are known to play important roles in many applica-
tions and environments are complex, but which are out-
side our expertise.
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