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Abstract

We consider the problem of learning multioutput function classes in the batch and online
settings. In both settings, we show that a multioutput function class is learnable if and only
if each single-output restriction of the function class is learnable. This provides a complete
characterization of the learnability of multilabel classification and multioutput regression
in both batch and online settings. As an extension, we also consider multilabel learnability
in the bandit feedback setting and show a similar characterization as in the full-feedback
setting.

Keywords: Learnability, Online Learning, Multilabel Classification, Multioutput Re-
gression

1 Introduction

Multioutput learning is a problem where an instance is labeled by a vector-valued target.
This is a generalization of scalar-valued-target learning settings such as multiclass classifica-
tion and regression. Multioutput learning has enjoyed a wide range of practical applications
like image tagging, document categorization, recommender systems, an weather forecasting
to name a few. This widespread applicability has motivated the development of several
practical methods (Kapoor et al., 2012; Borchani et al., 2015; Yang et al., 2020; Xu et al.,
2013; Nam et al., 2017), as well as theoretical analysis (Koyejo et al., 2015b; Liu and Tsang,
2015). However, the most fundamental question of learnability in a multioutput setting
remains unanswered.

Characterizing learnability is the foundational step toward understanding any statistical
learning problem. The fundamental theorem of statistical learning characterizes the learn-
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ability of binary function class in terms of the finiteness of a combinatorial quantity called
the Vapnik-Chervonenkis (VC) dimension (Vapnik and Chervonenkis, 1971, 1974). Extend-
ing VC theory, Natarajan (1989) proposed and studied the Natarajan dimension, which was
later shown by Ben-David et al. (1995) to characterize learnability in multiclass settings with
a finite number of labels. In fact, Ben-David et al. (1995) observed that the learnability
of multiclass function class F C {ei,...,ex}* can also be characterized in terms of the
learnability of each component-wise binary function class Fr = {x — (f(x),ex) : f € F},
where {ei,...,ex} is the standard basis of RX and (-,-) is the Euclidean inner-product.
Furthermore, they define an equivalence class of loss functions for the 0-1 loss and charac-
terize the learnability of multiclass problems with respect to all losses in the equivalence
class. We take a similar approach in this paper. Closing the question of learnability for
multiclass problems, Brukhim et al. (2022) shows that the Daniely-Shwartz (DS) dimen-
sion, originally proposed by Daniely and Shalev-Shwartz (2014), characterizes multiclass
learnability in the infinite labels setting. Similarly, in the online setting, the Littlestone
dimension (Littlestone, 1987) characterizes the online learnability of a binary function class
and a generalization of the Littlestone dimension (Daniely et al., 2011) characterizes online
learnability in the multiclass setting with finite labels. As for scalar-valued regression, the
fat shattering (Bartlett et al., 1996) and the sequential fat shattering (Rakhlin et al., 2015a)
dimensions characterize batch and online learnability respectively. Surprisingly, to our best
knowledge, no such characterization of the learnability of multioutput function classes exists
in the literature.

In this paper, we close this gap by characterizing the learnability of function classes
F C V¥ where Y C RE is vector-valued target space for some K € N. Let us define scalar-
valued function classes Fy, = {x — (f(z),ex) : f € F} for each k € [K], where {e1,...,ex}
is the standard basis of R, Similarly, define Yy, := {(y,ex) : y € Y}. Our main result,
informally stated below, asserts that F is learnable if and only if each coordinate restriction
Fp. is learnable.

Theorem. (Informal) A multioutput function class F C Y% is learnable if and only if each
restriction Fi C y,f is learnable.

We prove a version of this result in four canonical settings: batch classification, online
classification, batch regression, and online regression. For the batch settings, we consider
the PAC framework and for the online settings, we consider the fully adversarial model. In
addition, our result holds for a wide family of loss functions. A unifying theme throughout
all four learning settings is our ability to constructively convert a learning algorithm A for
F into learning algorithm Ay, for Fj, for each k € {1,..., K} and vice versa. We show that
even for multioutput losses that tightly “couple” the K coordinates of a function class, their
learnability still depends on the learnability of each coordinate. For the batch setting, our
algorithmic techniques use the realizable-to-agnostic conversion introduced by Hopkins et al.
(2022). In the online setting, we provide a new realizable-to-agnostic conversion similar in
the spirit of Hopkins et al. (2022). In principle, both ours and Hopkins et al. (2022)’s
realizable-to-agnostic conversion is based on the idea of using algorithms to construct a
cover of function classes, originally introduced in the seminal work of Ben-David et al.
(2009).
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Our proof techniques, however, do not extend naturally to the case when K is infinite.
So, characterizing learnability for an infinite-dimensional target space is an interesting open
problem. Moreover, our reductions are computationally inefficient and lead to sub-optimal
sample complexities and regret bounds. As such, we leave the construction of efficient and
optimal multioutput learning algorithms as an interesting direction for the future work.

1.1 Related works

Multilabel classification has been extensively studied in the batch setting. We review a
few works here and also refer the reader to the references therein. Dembczynski et al.
(2010) quantify the 0-1 risk of multilabel classifiers trained by minimizing the Hamming loss
and vice versa. Dembczyniski et al. (2012) and Chekina et al. (2013) study how exploiting
dependencies between labels can improve the predictive performance of multilabel classifiers
and how such exploitation interacts with loss minimization. Jain et al. (2016) consider the
case where the label set is extremely large and design new loss functions to handle these
settings. Busa-Fekete et al. (2022) derive upper and lower bounds on the excess risk for
non-parametric and parametric function classes for various loss functions assuming label
sparsity. Gao and Zhou (2011) and Koyejo et al. (2015a) study the consistency of surrogate
loss functions for multilabel classification. Finally, Gentile and Orabona (2012) consider
online multilabel classification under partial feedback and present a novel algorithm based
on second-order descent methods.

There is also a long history of studying least squares estimators for multioutput linear
models in the statistical literature, see (Rao, 1965; Brown and Zidek, 1980) and references
therein. The topic received widespread attention in learning theory following the seminal
work of Micchelli and Pontil (2005) in RKHS methods for vector-valued regression. We
refer the reader to a comprehensive review of kernel methods for vector-valued regression
by Alvarez et al. (2012). An early work of Gnecco and Sanguineti (2008) provides esti-
mation and approximation error of vector-valued functions using Rademacher complexity.
Following the influential work of Maurer (2016) on Rademacher contraction inequalities for
vector-valued functions, there have been works on the Rademacher analysis of vector-valued
functions (see Cortes et al. (2016); Reeve and Kaban (2020); Yousefi et al. (2018); Foster
and Rakhlin (2019)). Finally, we point out a recent work by Park and Muandet (2023)
towards developing empirical process theory for vector-valued functions.

2 Preliminaries

Let X denote the instance space and ) C R¥ be the target space for some K € N. For
a space Z, we let Z* be the set of all finite sequences of elements from Z. Consider a
vector-valued function class F C V¥, where V¥ denotes set of all functions from X to
Y. For an unlabeled sample Sy € X*, let F|g, denote the projection of F onto Sy.
Let (-,-) denote the Euclidean inner-product on R¥. Define scalar-valued function classes
Fr ={z — (f(x),er) : f € F} for each k € K], where {ey,...,ex} is the standard basis
of RE. Here, each F, C V¥, where V = {{y,ex) : y € Y} denotes the restriction of the
target space to its kth component.
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For a function f € F, we use fx(x) := (f(x),ex) to denote the k" coordinate output
of f(z). On the other hand, we use y* := (y,ex) to denote k™ coordinate of y € Y.
Additionally, it is useful to distinguish between the range space ) and the image of functions
f € F. We define the image of function class F as im(F) := Uscrim(f), where im(f) =
{f(z) : x € X}. Finally, we take [N]:={1,2,...,N}.

In this work, we only consider bounded, non-negative loss functions ¢ : Y x YV — R>g
that satisfy the identity of the indiscernibles. For the remainder of the paper, we drop the
adjectives “bounded” and “non-negative” when referring to loss functions.

Definition 1 (Identity of Indiscernibles). A loss function £ : Y xY — Rxq satisfies identity
of indiscernibles whenever £(y1,y2) = 0 if and only if y1 = ya.

Note that if ¢; and ¢o are two losses defined on Y x ) that satisfy the identity of
indiscernibles, then ¢1(y1,y2) = 0 if and only if ¢2(y1,y2) = 0. We also define a notion
of approximate subadditivity, although not all the loss functions we consider have this

property.

Definition 2 (c-subadditive). A loss function ¢ is c-subadditive if there exists a constant
¢ > 0 that only depends on the loss function £ such that £(y1,y2) < cl(y1,y) + £(y,y2) for
all Y, Y1, Y2 € y

If |Y| < oo, £ being c-subadditive is an immediate consequence of ¢ satisfying the
max,¢ £(r,t)
min, ¢ £(r,t)
this is true, it suffices to only consider the case when £(y1,y2) > £(y,y2) because the
inequality is trivially true otherwise. Since the loss values are distinct, we must have y # y;.
Using the identity of indiscernible, we obtain ¢(yi,y) > min, £(r,t), thus implying that
cl(yi,y) > max, l(r,t) > €(y1,y2). The case when |J| = oo is a bit delicate because
min, £(r,t) may not exist. So, one needs extra structure in the loss function to infer
c-subadditivity. For instance, if £ is a distance metric, then it is trivially 1-subadditive due
to the triangle inequality.

identity of indiscernibles. In fact, the value of ¢ in this case is . To see why

2.1 Batch Setting

In the batch setting, we are interested in characterizing the learnability of F under the
classical PAC models: both in the original realizable formulation (Valiant, 1984) and in the
agnostic extension (Kearns et al., 1994).

Definition 3 (Agnostic Multioutput Learnability). A function class F is agnostic learnable
with respect to loss £ : Y xY — Rxg, if there exists a function m : (0,1)2 — N and a learning
algorithm A : (X x Y)* — V¥ with the following property: for every ¢,6 € (0,1) and for
every distribution D on X x ), running algorithm A on n > m(e,d) iid samples from D
outputs a predictor g = A(S) such that with probability at least 1 — & over S ~ D™,

Eplt(g(x),)] < inf Bolt(f(x),)] +

Note that we do not require the output predictor A(S) to be in F, but only require A(S)
to compete with the best predictor in F. If we restrict distribution D to a class such that
inf fe r Ep[¢(f(x),y)] = 0, then we get realizable learnability.
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The learnability of a function class is generally characterized in terms of the complexity
measure of the function class. As stated in the introduction, the VC dimension characterizes
the learnability of binary function classes (Vapnik and Chervonenkis, 1974), and so does
the Natarajan dimension for multiclass classification (Ben-David et al., 1995). In a scalar-
valued regression problem, the fat-shattering dimension of the function class characterizes
learnability with respect to the absolute-value and squared loss (Bartlett et al., 1996; Alon
et al., 1997). In particular, a real-valued function class G C [0, B]? is learnable if and only
if its fat-shattering dimension, denoted as fat,(G), is finite for every scale v > 0. We extend
this characterization to a wide range of loss functions in Lemma 11. Finally, for a real-
valued class G, we also use a more general notion of complexity measure called Rademacher
complexity, denoted as R,,(G), that provides a sufficient condition for learnability (Bartlett
and Mendelson, 2003). Precise definitions of all these complexity measures are provided in
Appendix A.1.

One recurring theme in this work is to first construct a realizable multioutput learner
and then convert it into an agnostic multioutput learner. It is well known that realizable
learnability and agnostic learnability are equivalent for multiclass classification problems
with respect to 0-1 loss, (see Ben-David et al. (1995), (Shalev-Shwartz and Ben-David,
2014, Theorem 6.7)). Lemma 4, which is an immediate consequence of (Hopkins et al.,
2022, Theorem 18), extends this equivalence between realizable and agnostic learning to
general loss functions and target spaces.

Lemma 4 (Hopkins et al. (2022)). Consider a function class F C Y such that |im(F)| <
oo and a general loss function £ :Y x Y — Rxq that is c-subadditive. Then, F is realizable
PAC learnable with respect to £ if and only if F is agnostic PAC learnable with respect to £.

The result of (Hopkins et al., 2022, Theorem 18) is stated for the case when || < oo.
However, in the regression setting, we need a slightly general version of their result to handle
a-discretized function classes F* C Y% (see Proof of Theorem 12) where [im(F®)| < co but
|V| = 110,1]%| = co. Nevertheless, the proof of Lemma 4 requires only a minor modification
to that of (Hopkins et al., 2022, Theorem 18). Given the central role of this result in our
characterization, we provide full proof of Lemma 4 in Section 3.1.2. Finally, we note that
agnostic-to-realizable conversions in the batch setting are also possible via boosting and
compression-based arguments (Montasser et al., 2019; Attias and Hanneke, 2023). We use
the conversion of Hopkins et al. (2022) due to its generality and simplicity.

2.2 Online Setting

In the online setting, an adversary plays a sequential game with the learner over 1" rounds.
In each round ¢ € [T, an adversary selects a labeled instance (x4, y:) € X x ) and reveals
x¢ to the learner. The learner makes a (potentially randomized) prediction g; € ). Finally,
the adversary reveals the true label y;, and the learner suffers the loss ¢(y, J:), where ¢ is
some pre-specified loss function. Given a function class F C Y%, the goal of the learner is
to output predictions g; such that its cumulative loss is close to the best possible cumulative
loss over functions in F. A function class is online learnable if there exists an algorithm such
that for any sequence of labeled examples (x1,y1), ..., (7, yr), the difference in cumulative
loss between its predictions and the predictions of the best possible function in F is small.
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Definition 5 (Online Multioutput Learnability). A multioutput function class F is online
learnable with respect to loss £, if there exists an (potentially randomized) algorithm A such
that for any adaptively chosen sequence of labelled examples (x¢,y:) € X X Y, the algorithm
outputs A(x) € Y at every iteration t € [T] such that

T T
E |3 U(AC).9r) — ok >0 ().wr) | < R(T)
t=1

t=1

where the expectation is taken with respect to the randomness of A and that of the possibly
adaptive adversary, and R(T) : N — R™ is the additive regret: a non-decreasing, sub-linear
function of T.

If it is guaranteed that the learner always observes a sequence of examples labeled by
some function f € F, then we say we are in the realizable setting. On the other hand, if
the true label y; is not revealed to the learner in each round ¢ € [T'] and the adversary only
reveals the learner’s loss ((A(z¢), y:) then we say we are in the bandit setting.

The online learnability of scalar-valued function classes H C V¥ has been characterized.
For example, when ) is finite (i.e. J = [K] for some K € N), the Multiclass Littlestone
Dimension (MCLdim) of H C Y% characterizes online learnability with respect to the 0-
1 loss. A function class H is online learnable with respect to the 0-1 loss if and only if
MCLdim(#) is finite (Daniely et al., 2011). Moreover, MCLdim(#) tightly captures the
best achievable regret in both the realizable and agnostic settings (Daniely et al., 2011).
When the label space ) is a bounded subset of R, the sequential fat-shattering dimension of
a real-valued function class # C RY, denoted fat3*I(#), characterizes the online learnability
of ‘H with respect to the absolute value loss (Rakhlin et al., 2015a). Unlike the Littlestone
dimension, note that the sequential fat-shattering dimension is a scale-sensitive dimension.
That is, fatieq(”z'-[) is defined at every scale v > 0. Accordingly, a real-valued function class
H C RY is learnable with respect to the absolute value loss if and only if its sequential
fat-shattering dimension is finite at every scale v > 0 (Rakhlin et al., 2015a). We extend
this characterization to a wide range of loss functions in Lemma 22. Beyond scalar-valued
learnability, for any label space ), function class H C Y%, and loss function £ : YxY — R>o,
the sequential Rademacher complexity of the loss class £oH, denoted R4 (€oH), is a useful
tool for providing sufficient conditions for online learnability (Rakhlin et al., 2015a). See
Appendix A.2 for complete definitions.

Like the batch setting, a key technique we use to prove online learnability is to first
construct a realizable online learner and then convert it into an agnostic online learner.
However, unlike the batch setting, there is no known generic algorithm that converts a
(potentially randomized) realizable online learner into an agnostic online learner. Thus, one
of the contributions of this work is Theorem 13, informally stated below, which provides an
online analog of the realizable-to-agnostic conversion from Hopkins et al. (2022).

Theorem. (Informal) Let F C Y be a multioutput function class such that |im(F)| < oo
and £ : Y x Y — R>q be any bounded, c-subadditive loss function. If F is online learnable
with respect to £ in the realizable setting, then F is online learnable with respect to £ in the
agnostic setting.
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3 Batch Multioutput Learnability
3.1 Batch Multilabel Classification

In this section, we study the learnability of batch multilabel classification. Accordingly, let
Yy ={-1, 1}K . First, we consider the learnability of a natural decomposable loss. Then,
we extend the result to more general non-decomposable losses that satisfy the identity of
indiscernible. We want to point out that a multilabel classification with K labels can be
viewed as a multiclass classification with 2% labels. With this viewpoint, the Natarajan
dimension of F continues to characterize the batch multilabel learnability for any loss
satisfying the identity of indiscernibles (see (Ben-David et al., 1995, Section 4)). For the
sake of completeness, we also provide proof of this characterization in Appendix B. However,
it is more natural to view a multilabel classification as K different binary classification
problems as opposed to a multi-class classification problem with 2% labels. Exploiting this
natural decomposability of a multilabel function class, we relate the learnability of F to the
learnability of each component Fy.

3.1.1 CHARACTERIZING BATCH LEARNABILITY FOR THE HAMMING LOSS

A canonical and natural loss function for multilabel classification is the Hamming loss,
defined as Ly (f(x),y) = S0, 1{fi(x) £y}, where f(z) = (fi(x),.., fic(x)) and y =
(y',...,y"). The following result establishes an equivalence between the learnability of F
with respect to Hamming loss and the learnability of each Fj, with respect to 0-1 loss.

Theorem 6. A function class F C Y is agnostic PAC learnable with respect to £y if and
only if each of Fi, C y,jf is agnostic PAC learnable with respect to the 0-1 loss.

Proof We first prove that learnability of each component is sufficient followed by the proof
of necessity.

Part 1: Sufficiency. Here our goal is to prove that the agnostic PAC learnability of
each Fj is sufficient for agnostic PAC learnability of F. Our proof is constructive: given
oracle access to agnostic PAC learners A;, for each Fj with respect to 0-1 loss, we construct
an agnostic PAC learner A for F with respect to {g. Let D be arbitrary distribution on
X x Y and S = {(zj,y:)}]1 ~ D" be iid samples from distribution D. Denote D}, to be
the marginal distribution of D restricted to X x Vj. Then, for all k € [K], the marginal
samples Sy, = {(z;,y¥)}", with scalar-valued targets are iid samples from Dj. For each
k € [K], define hy = Ag(Sk) to be the hypothesis returned by algorithm .4; when trained
on Sy.

Let my(e,0) denote the sample complexity of Aj. Since Ay, is an agnostic PAC learner
for Fj,, we have that for n > max;, my (5, %), with probability at least 1—0/K over samples
Sy ~ D},

Ep, [1{hu(x) #¢*}] < inf Ep, [1{A@ #s"}]+ 2
Summing these risk bounds over all coordinates £ and using union bounds over prob-
abilities, we get that with probability at least 1 — § over samples S ~ D", we obtain

S Ep, (1 {hx(z) #y*}] < YK inf s, c 7 Ep, [1{fu(z) # y*}] + €. Now using the fact
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that F C F1 x ... x Fg followed by the linearity of expectation gives

il{hk(l“) #y’“}] < inf Ep i]l{fk(x)#yk}
k=1

1 fer —

Ep + €.

This completes our proof as it shows that the learning rule that concatenates the predictors
returned by each A on the marginalized samples Sy, is an agnostic PAC learner for F with
respect to £z with sample complexity at most maxy my(e/K,d/K).

Part 2: Necessity. Next, we show that if F is learnable with respect to £z, then each Fy
is PAC learnable with respect to the 0-1 loss. Our proof is again based on reduction: given
oracle access to agnostic PAC learner A for F, we construct an agnostic PAC learner A
for F1. A similar construction can be used for all other F;’s.

Let Dy be arbitrary distribution on X x Y and S = {(z;,y})}"; be iid samples from
Dy. In order to use the algorithm A, we first augment the samples S to create samples
with K-variate target. Define an augmented sample S = {(z;, (v}, ...,y5))}"; such that
Yik ~ {—1,1} each with probability 1/2 for all i € [n] and k € {2,..., K} . Next, we run
A on S and obtain the hypothesis h = (hq,...,hg) = A(S). We now show that hy obtains
agnostic PAC bounds. B B

Consider a distribution D on X x ) such that a sample (z, (y',...,y")) from D is
obtained by first sampling (z,%') ~ D; and appending y*’s sampled independently from
uniform distribution on {—1,1} for each k € {2,..., K}. Let m(e, d, K) denote the sample
complexity of A. Since A is an agnostic PAC learner for F, for n > mf(e,d, K), with
probability at least 1 — §, we have

E~

D + €.

K
S 1 {n@ £t}

k=1

K
;1{@@) #y’“}] < jnf Ej

For k > 2, since the target is chosen uniformly at random from {—1, 1}, the 0-1 risk of any
predictor is 1/2. Therefore, the expression above can be written as

K K
Ep, [1{hi(2) #y'}] + 3 1/2 < inf, (EDI L{f@) A"+ 1/2) +e,
k=2 k=2

which reduces to Ep, [1 {hi(z) # y'}] < inffer Ep, [1{fi(z) # y'}] + . Therefore, F; is
agnostic PAC learnable with respect to 0-1 loss with sample complexity at most m(e, d, K).
|

3.1.2 CHARACTERIZING BATCH LEARNABILITY FOR GENERAL LOSSES

In this section, we characterize the learnability for general multilabel losses. Our main
technical tool in characterizing the learnability for general loss functions is the equivalence
between realizable and agnostic learning guaranteed by Lemma 4. Thus, we first provide
the proof of that lemma before we proceed further.

Proof (of Lemma 4) Note that agnostic learnability implies realizable learnability by def-
inition. So, it suffices to show that realizable learnability of F with respect to ¢ implies
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agnostic learnability. Our proof here is constructive. That is, given a realizable algorithm A
for F, we provide an algorithm, stated as Algorithm 1, that constructs an agnostic learner
for F.

Algorithm 1 Agnostic learner for F with respect to ¢

Input: Realizable learner A for F with respect to ¢, unlabeled samples Sy ~ Dy, and
different labeled samples S, ~ D independent from St

Run A over all possible labelings of Sy by F to construct a concept class

C(Sy) :== {A(SU>f<SU>) | fe ]:|5U}'

Return g € C(Sy) with the lowest empirical error over Sy, with respect to /.

Let D be an arbitrary distribution over X x ). Define
*:= inf Ep[l
7= inf Eplt(f(2), )]

to be the optimal predictor in F. Now consider a predictor g = A(Sy, f*(Sv)) € C(Sv)
returned by A when trained on samples Sy labeled by f*. Note that g exists in C(Sy)
because we consider all possible labelings of Sy by F and there must be a sample labeled
by f* as well. Let m4(e,d, K) be the sample complexity of the algorithm 4. Since A is
a realizable learner for F, for |Sy| > m4 (266, g, K ) with probability 1 — §/2 over sample
Sy ~ Dy, we have

Ep, [((g(x). f*(@))] < 5.

where Dy is the marginal distribution of D restricted to X and c¢ is the subaddtivity
constant of ¢. Since the loss function is c-subadditive, for any (z,y) € X x ), we have
Ug(x),y) < (f*(x),y) + cl(g(x), f*(x)) pointwise. Taking expectation with respect to
(z,y) ~ D, we obtain

Ep[l(g(x), y)] < cEp,[£(g(x), f*(x))] + Ep[£(f* (), y)] < Epll(f*(z),y)] + %

where the inequality holds with probability > 1 — /2. Thus, we have shown that there
exists a predictor g € C'(Sy) that achieves agnostic PAC bounds for F with respect to £.
Let £(-,-) < b be the upper bound on ¢. Recall that by Hoeffding’s inequality and union
bound, with probability at least 1 — §/2 over sample Si, ~ D, the empirical risk of every

hypothesis in C(Sy) on a sample of size > 8b logM

4|C(SU)‘ then with probability at least 1 — d/2 over

is at most €/4 away from its

population risk. So, if |Sp| > Sb log
sample St ~ D, we have

B 2 o)) < Ep[Ka(w).v)] + | < Bl @) + -
(z,y)€SL

Next, consider the predictor g returned by Algorithm 1. Since it is an empirical risk min-
imizer, its empirical risk can be at most the empirical risk of g. Given that the population
risk of § can be at most €/4 away from its empirical risk, we have that

Ep [£(3(x), y)] < Ep[f(f*(z), )]+ - + 7 < ot Ep[t(f(x),y)] + €,
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where the second inequality above uses the definition of f*. Note that this inequality holds
with probability at least 1 —J, where the probability is taken over both samples Sy and Sp,.
Thus, we have shown that Algorithm 1 is an agnostic PAC learner for F with respect to £.

We now upper bound the sample complexity of Algorithm 1, denoted m(e, d, K) here-
inafter. Note that m 4(¢, d, K) is at most the number of unlabeled samples required for the
realizable algorithm A to succeed plus the number of labeled samples for the ERM step to
succeed. Thus,

+€—210g 5

8h2 € 0 . 4
K) + 5 (ma (52 50) tow (im) +1083).

m(e,5,K)§mA< K) 8y W

€9
2¢’ 2’
)
Sm.A 270757

where the second inequality follows due to |C(Sy)| < |im(F)|ISv! and we need |Sy| to
be of size mA(i,g,K). [ ]

With Lemma 4 in hand, we can now relate the learnability of H with respect to any ¢
satisfying identity of indiscernibles to the learnability of H with respect to £g. To that end,

we prove a result establishing the equivalence of learnability between any two loss functions
satisfying the identity of indiscernibles.

Lemma 7. Let { and ' be any two loss functions satisfying the identity of indiscernibles.
Then, a function class F C Y% is agnostic PAC learnable with respect to € if and only if
F C V¥ is agnostic PAC learnable with respect to {'.

The key idea behind the proof of Lemma 7 is to use a realizable learner for ¢ to construct
a realizable learner for ¢'. This is possible because ¢'(y1,y2) = 0 if and only if £(y1,y2) = 0
for any y1,y2 € Y. Given such realizable learner for ¢/, Lemma 4 guarantees the existence
of an agnostic learner for ¢'.
Proof Since ¢ and ¢’ are arbitrary, it suffices to prove only one direction. So, let us assume
that F is learnable with respect to . We will now show that F is learnable with respect
to ¢’ as well. First, we show this for any realizable distribution D with respect to ¢'. Since,
for any y1,y2 € ), we have ¢'(y1,y2) = 0 if and only if £(y1,y2) = 0, the distribution D is
also realizable with respect to £. Furthermore, as there are at most 22/ distinct possible
inputs to ¢(-,-), the loss function can only take a finite number of values. So, we can
always find universal constants a > 0 and b > 0 (that only depends on ¢ and ¢') such that
al < ¢ < bl. Given that F is learnable with respect to ¢, there exists a learning algorithm
A with the following property: for any €,6 > 0, for S ~ D", such that n = ma(3,d, K), the
algorithm outputs a predictor h = A(S) such that, with probability 1 — § over S ~ D", we
have Ep[l(h(z),y)] < ;. This inequality upon using the fact that ¢'(h(x),y) < bl(h(z),y)
pointwise reduces to Ep[¢/(h(z),y)] < e. Therefore, any realizable learner A for ¢ is also
a realizable learner for ¢/. Finally, as ¢ satisfies the identity of indiscernibles and thus
c-subadditivity, Lemma 4 guarantees the existence of agnostic PAC learner B for F with
respect to /. In particular, one such agnostic PAC learner B is Algorithm 1 that has sample
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complexity

€ 0 b? € 0 1
mB(E,(S,K) Sm_A <2bc,2,K> +§ O(mA <2bc727K> K+10g5>7

where ¢ > 1 is the subadditivity constant of ¢ and m(-,-, K) is the sample complexity of
any realizable algorithm A.
|

An immediate consequence of Lemma 7 is that learnability with respect to any loss
¢ satisfying the identity of indiscernibles is equivalent to learnability with respect to the
Hamming loss £f;. Thus, given Theorem 6, we can deduce the following result.

Theorem 8. Let £ be any multilabel loss function satisfying the identity of indiscernibles.
A function class F C V¥ is agnostic PAC learnable with respect to ¢ if and only if each
restriction Fi C y,f is agnostic PAC learnable with respect to the 0-1 loss.

Remark. Since the learnability of a binary function class with respect to the 0-1 loss is
characterized by its VC dimension (Shalev-Shwartz and Ben-David, 2014, Theorem 6.7),
Theorem 8 implies that F is learnable with respect to ¢ satisfying the identity of indis-
cernibles if and only if VC(F}) < oo for each k € [K].

3.2 Batch Multioutput Regression

In this section, we consider the case when ) = [0, 1]% C R for K € N. For bounded targets
(with a known bound), this target space is without loss of generality because one can always
normalize each )y to [0,1] by subtracting the lower bound and dividing by the upper bound
of V. As usual, we consider an arbitrary multioutput function class F C Y?. Following
our outline in classification, we first study the learnability of F under decomposable losses
and then non-decomposable losses.

3.2.1 CHARACTERIZING LEARNABILITY FOR DECOMPOSABLE LOSSES

A canonical loss for the scalar-valued regression is the absolute value metric, d ( fx(z), y*) :=
| fe(z) —y*|. Analogously, we define d,(fx(z),y*) := | fr(x) —y*|P for p > 1 are other natural
scalar-valued losses. For multioutput regression, we consider decomposable losses that are
natural multivariate extensions of the d; metric. In particular, we consider loss functions
with the following properties.

Assumption 1. The loss can be written as {(f(x),y) = Zle Vg o di(fre(z),y*) where for
each k € [K], the function ¢y, : R>9g — R>q is L-Lipschitz and satisfies 1 (0) = 0.

Here, v 0d; is a composition function defined as ¥y o dyi (fx (), y*) := ¥y (dl(fk(:c), yk‘))
Note that v o dy is a large family of loss functions that effectively contains all natural
decomposable multioutput regression losses. For instance, taking 1y (z) = |2|P for p > 1
gives £, norms raised to their p-th power. Considering vy (2) = |2|>/21[|z| < 6] + §(|z| —
d/2)1[|z| > 4] for some 1 > ¢ > 0 yields multivariate extension of Huber loss used for robust
regression. One may also construct a multioutput loss by considering different scalar-valued
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losses for each coordinate output. Next, we establish an equivalence between the learnability
of F C Y% with respect to £ and the learnability of each F, with respect to the loss v, o d.

Theorem 9. Let ¢ be any loss function that satisfies Assumption 1. Then, a function class
F C Y% is agnostic learnable with respect to £ if and only if each of Fj, C y,f 18 agnostic
learnable with respect to Yy o dy.

Proof The proof of the sufficiency direction is similar to that of Theorem 6, so we defer
it to Appendix C.1. We now focus on the necessity direction. To that end, we show that if
F is agnostic learnable with respect to ¢, then each F} is agnostic learnable with respect to
Y ody. In particular, given oracle access to agnostic learner A for F, we construct agnostic
learner A; for F;. By symmetry, a similar reduction can then be used to construct an
agnostic learner for each component Fj.

Since we are given a sample with a single, univariate target, the main problem is to find
the right way to augment samples to a K-variate target. In the proof of Theorem 6, we
showed that randomly choosing y;x ~ Uniform({—1,1}) for k£ > 2 results in all predictors
having a constant 1/2 risk—leaving only the risk of the first component on both sides.
Unfortunately, in regression under general losses, no single augmentation works for every
distribution on X. Thus, we augment the samples by considering all possible behaviors of
(F2,...,FK) on the sample. Since the function class maps to a potentially uncountably
infinite space, we first discretize each component of the function class and consider all
possible labelings over the discretized space. Fix 1 > a > 0. For k > 2, define the

discretization
i@ =1 a )

for every fi € Fj and the discretized component class Fi* = {fi|fi € Fr}. Note that a
function in Fj maps to {0,,2q,...,|1/a]a} and the size of the range of the discretized
function class ' is 1 + [1/a] < (o +1)/a < 2/a. For the convenience of exposition, let

us define F3' ;- to be F* without the first component, and we denote fs!;- to be an element
of Fs'y.

Algorithm 2 Agnostic learner for F; with respect to ¥ o dy

Input: Agnostic learner A for F, samples S = (21.n,y1.,) ~ DI , and another independent
samples S from D

Define Saug = {(@1:my Yl F85c (T1:0) | fS5 € FS i}, all possible augmentations of S by
(0%
2:K-

2 Run A over all possible augmentations to get C'(S) := {A(Sa) | Sa € Saug} .

Define Ci(S) = {g1 | (91,--.,9x) € C(5)}, a restriction of C(S) to its first coordinate

output.
Return g;, the predictor in C7(S) with the lowest empirical error over S with respect to

101 ¢} dl.

We now show that Algorithm 2 is an agnostic learner for Fi. First, let us define

f{( = argminE'Dl W)l o dl(fl(x)a yl)]v
fieF
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to be optimal predictor in F; with respect to D;. By definition of Fi, there must exist
f5.5c € Fo.x such that (ff, f3.x) € F. We note that f} need not be optimal predictors in
Fi for k > 2, but we use the x notation just to associate these component functions with
the first component function fj. Define f;;fé € Fs. i to be the corresponding discretization
of f5 ;. At a high level, the key idea of this proof is to show that the algorithm A when run
on the sample (wlzn,y%:n, fg*:’;é(l’l:n) produces a predictor g = A(m;n,yin, ;%(xln)) such
that its restriction g1 is a valid agnostic learner for F;. Although one such augmentation
is enough to produce an agnostic learner for Fi, all possible augmentations are required in
step 2 of Algorithm 2 because f; is not known to the learner apriori. We now make this
argument precise.

Suppose g = A((@1:m, Y1ps forpe (T1:)) is the predictor obtained by running A on the
sample augmented by fy%. Note that g € C(S) by definition. Let m(e,d, K) be the
sample complexity of A. Since A is an agnostic learner for F with respect to ¢, we have
that for n > my(e/4,0/2, K), with probability at least 1 — 0/2,

K

Ep, [¢10di(91(),5")] + D Epy [t 0 di(g(), £ ()]

k=2

< }257 (ED1 [¥10di(f1(), +ZEDX Vg o di(fr(z), f/j’%@)]) +§

k=2

Note that the quantity on the left is trivially lower bounded by the risk of the first compo-
nent. To handle the right-hand side, we first note that the optimal risk is trivially upper
bounded by the risk of (f7, f3.), yielding

Ep, [¢10di(g1(2),y")] <Ep, [t o di(ff(x) +ZEDX i o di(fi(x), fy* (2))] + i

k=2

Next, using the L-Lipschitzness of 1y, and the fact that 1 (0) = 0 implies yyody (f7(z), f *(z)) <
Ldi(ff(z), f[7*(x)) < La for all k > 2. Thus, picking o = 57 and using the deﬁn1t10n of
f1, we obtain

Ep, (Y1 0di(g1(2),9")] < it Bp, g0 di(fi(a).y')] + 5.

Therefore, we have shown the existence of one predictor g € C'(.S) such that its restriction
to the first component, g;, obtains the agnostic bound. Note that since 1 is L-Lipschitz
and satisfies ¥1(0) = 0, we obtain that 11 o di(-,-) < L. The upper bound also uses the
fact that | f1(x) —y'| < 1. Now recall that by Hoeffding’s Inequality and union bound, with
probability at least 1 — §/2, the empirical risk of every hypothesis in C(S) on a sample of
size > %2 logw is at most €/4 away from its true error. So, if |S| > i%zlog M,
then with probability at least 1 — d/2, the empirical risk of the predictor g; is

1

5 2 vedn@)y!) <Ep o din(@y)] g < ol Enrodi ().

(wyl)esS
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Since §1, the output of Algorithm 2 is the ERM on S over C1(S), its empirical risk can
be at most the empirical risk of g1, which is at most inff, e Ep, [t o di(fi(z),y")] + 2.
Given that the population risk of §; is at most €/4 away from its empirical risk, we can
conclude that the population risk of g; is

Ep, [t1 o d1(g1(z),y")] < fligjfr1 Ep, [¢1 0 di(fi(z),y")] +e.

Applying union bounds, the entire process, algorithm A on the dataset augmented by f;:’;é
and ERM in step 4, succeeds with probability 1 — §. The sample complexity of Algorithm
2 is the sample complexity of Algorithm A and the sample complexity of ERM in step 4,
which is
8L*  4|Cy(S
< ma(e/4,6/2,K) + 22 log ‘}()‘
€

2
< e/ 2,072, 8) + 2 (mate/a.0/2. 50 tog (E ) hox ).
€ €

where the second inequality follows due to |C}(S)| < (2/a)™A/40/2K) K s the required
size of C1(S) and our choice of a = ¢/(4K L). This completes the proof as we have shown
that Algorithm 2 is an agnostic learner for F; with respect to ¢ o dj. |

3.2.2 A MORE GENERAL CHARACTERIZATION OF LEARNABILITY FOR DECOMPOSABLE
LOSSES

Unlike Theorems 6 and 8 in classification setting where we connected the learnability of F
to the learnability of Fi’s with respect to 0-1 loss, Theorem 9 relates the learnability of F
to the learnability of Fj, with respect to 1y o dq instead of the more canonical loss dy. In
this section, we complete that final step to characterizing learnability in terms of d; with
an additional assumption on .

Assumption 2. For all k € [K], the function ¢y, : R>9 — R>q is monotonic.

Under these assumptions, Theorem 10 provides a more general characterization than The-
orem 9.

Theorem 10. Let ¢ be any loss function that satisfies Assumptions 1 and 2. Then, a
multioutput function class F C ([0, 1]5)* is agnostic learnable with respect to £ if and only
if each Fy, C [0,1]% is agnostic learnable with respect to dj.

Since the fat-shattering dimension of a real-valued function class characterizes its learn-
ability with respect to d; loss, Theorem 10 implies that a multioutput function class F is
learnable with respect to ¢ satisfying Assumptions 1 and 2 if and only if fat,(F) < oo for
every fixed scale v > 0. Theorem 10 is an immediate consequence of Theorem 9 and the
following lemma, the proof of which is deferred to Appendix C.2.

Lemma 11. Let Y = [0,1] be the label space and ¢ : R>g — R>q be any Lipschitz and
monotonic function that satisfies 1¥(0) = 0. A scalar-valued function class G C [0,1]% is

agnostic learnable with respect to v o dy if and only if G is agnostic learnable with respect
to dl.
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The part of the lemma showing that d; learnability implies ¥ o d; is trivial using the
Rademacher-based argument and Talagrand’s contraction lemma. However, proving ¥ o d;
learnability implies d; learnability is non-trivial. The case 1(z) = |z|? is considered in
(Anthony and Bartlett, 1999, Theorem 19.5), but their proof requires a mismatch between
the label space and the prediction space, namely ) = [~1,2] but G C [0,1]*. In this
work, we improve their result by showing the equivalence between 1 o d; learnability and
dy learnability without requiring extended label space.

An application of Lemma 11 is that the learnability of a real-valued function class G
with respect to losses d; and d,, are equivalent for any p > 1.

3.2.3 CHARACTERIZING LEARNABILITY FOR NON-DECOMPOSABLE LOSSES

Next, we study the learnability of function class F with respect to non-decomposable losses.
In the regression setting, the natural non-decomposable loss to consider is £, norm, which

is defined as £,(f(2),y) :== (X ,q [fu(z) — y*[F) VP for 1 < p < o0. For p = oo, the p-norm
is defined as o (f(2),y) := maxy | fx(z) — y*|. One might be interested in ¢, norms instead
of their decomposable counterparts ¢} losses discussed in the previous section mainly for
robustness to outliers. The following result characterizes the agnostic learnability of F with
respect to £, norms.

Theorem 12. Fix p > 1. The function class F C VX s agnostic learnable with respect to
lp mnorm if and only if each of Fi, C y,jf is agnostic learnable with respect to the absolute
value loss, d;.

Using ¥« (z) = |z| in Theorem 9 implies that F is learnable with respect to ¢; if and
only if each Fj is learnable with respect to dy. Thus, to prove Theorem 12, it suffices to
show that for all p > 1, F is learnable with respect to ¢, if and only if F is learnable with
respect to #1 norm.

Proof We begin by proving the sufficiency direction. As discussed above, the learnability
of each Fj, with respect to d; implies that F is learnable with respect to £1. Then, the high-
level idea of the proof is to use an agnostic learner for F with respect to ¢; to construct
a realizable learner for F with respect to ¢1. Using the fact ¢1(y1,y2) = 0 if and only if
Cp(y1,y2) = 0 for any y1,y2 € YV, the realizable learner for ¢; is also a realizable learner
for ¢,. Finally, as [im(F*)| < oo for every a > 0, Lemma 4 guarantees the existence of
an agnostic learner for 7 with respect to £,. Then, a simple application of the triangle
inequality shows that an agnostic learner for F¢ is also an agnostic learner for F with
respect to £,. We now proceed with the formal proof.

Part 1: Sufficiency. Fix p > 1. Recall that the learnability of each Fj with respect to dy
implies that F is learnable with respect to £1. Let D be arbitrary distribution on X x Y
and A be an agnostic PAC learner for F with respect to ¢; with sample complexity m(e, d)
. For any €, > 0, with n sufficiently larger than m(e/2,d, K), with probability at least
1— 46 over S ~ D", we have

€

Ep[ti1(g(z),y)] < }ggED[fl(f(w),y)] +3

where g = A(S). Define F¢ to be a discretized function class obtained by discretiz-
ing F component-wise using the scheme (1). Consider D to be a realizable distribution
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with respect to F*. Note that the triangle inequality implies ¢1(f(x),y) < €1(f*(z),y) +
O(f(z), f¥(x)) < (fY(x),y)+Ka. Taking o = 5% and using the fact that inf ;e 7 E[¢1 (f*(x),y)] =
0, we obtain Ep[l1(g(x),y)] < e. Next, using the inequality ¢,(g(x),y) < ¢1(g(x),y) point-
wise yields

Eply(9(e),1)] < .

Therefore, A is a realizable learner for F< with respect to ¢, with sample complexity
m(e/2,6,K). Since [im(F*)| < oo and ¢,(-,-) are 1-subadditive, Lemma 4 implies that
F* is agnostic learnable with respect to ¢, via Algorithm 1, referred to as algorithm B
henceforth. Thus, for any €,0 > 0, there exists a n > mg(e/2,§/2), for any distribution D
on X x Y, running B on S ~ D" outputs a predictor § € Y such that with probability at
least 1 — § over S ~ 25”, we have

El6(3(2).9)] < inf Bglp(f(@),9)] + 5 = it B5lty(f(2),9)] + 5.

feeFe jer P

Using triangle inequality, we have £,(f*(x),y) < £,(f(x), y)+Lp(f*(x), f(z)) < Lp(f(z),y)+

aK pointwise. Again taking a = 5%, we obtain
E5l6,(3(2),9)] < int Bl6y(f(a). )] +

Therefore, we have shown that F is agnostic PAC learnable with respect to £,,.

The sample complexity of agnostic learner B can be made precise using the sample com-
plexity of Algorithm 1. In particular, the sample complexity of B is the sample complexity
of the realizable learner A and the sample complexity of the ERM in step 2 of Algorithm
1. Proof of Lemma 4 shows that the sample complexity of B must be

€ 9 8v? € 0 4
< : QL -
mp(e, 0, K) < my (2 L K> + = (mA (2 1 K) log |(im(F%)|) + log 5),

where b is the upperbound on the loss and c is the subadditivity constant. Since b < K,
and ¢ = 1 for all £, norms with p > 1, we obtain

3
.1 < ma(e/2.0/2.8) + - (male/2.0/2.1) o (1) 10w ).
€ €

where we also use the fact that [im(F®)| < (2/a)® for our choice of o = 5%.

Part 2: Necessity. Fix p > 1. We now prove that F being learnable with respect to ¢,
implies F is learnable with respect to £1. The proof is identical to the proof of sufficiency,
so we only provide a sketch of the argument here. Our proof strategy follows a similar route
through realizable learnability of the discretized class F¢ and then the use of Lemma 4.
Recall that any agnostic learner A for F with respect to ¢, is a realizable learner for 7
with respect to ¢,. Using the inequality ¢(-,-) < K/,(-,-) pointwise, we can deduce that
A is also a realizable learner for F* with respect to £1. Since [im(F%)| < (2/a)¥ < oo,
Lemma 4 guarantees existence of an agnostic learner for ¢ with respect to ¢1. Using tri-
angle inequality, we obtain £1(f%(z),y) < &1(F(x),y) + 1 (f2(2), f(@)) < (1(F(2),y) + oK
pointwise, and choosing appropriate discretization scale allows us to turn agnostic bound
for F* into an agnostic bound for F. |
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Remark. We note that Theorem 12 holds for any norm on R¥ but we only focus on 4y
norms here due to their practical significance. As the fat-shattering dimension of a real-
valued function class characterizes its learnability with respect to d; loss (Bartlett et al.,
1996), Theorem 12 implies that a multioutput function class F is learnable with respect to
¢, for 1 < p < oo if and only if fat, (Fj) < oo for all k € [K] at every fixed scale v > 0.

Since we are only concerned with the question of learnability in this work, our focus
is not on optimal sample complexity rates. However, we point out that for any p > 1, if
each Fj, is learnable with respect to di, then F is learnable with respect to ¢, via ERM
with a better sample complexity than Algorithm 1. The proof of this claim is based on
Rademacher complexity and is provided in Appendix D.

4 Online Multioutput Learnability

Here, we study the online learnability of multioutput function classes. Throughout this sec-
tion, we give regret bounds assuming an oblivious adversary. A standard reduction (Chapter
4 in Cesa-Bianchi and Lugosi (2006)) allows us to convert oblivious regret bounds to adap-
tive regret bounds in the full-information setting. A key requirement allowing an oblivious
regret bound to generalize to an adaptive regret bound is that the learner’s predictions on
round ¢ should not depend on any of its past predictions from previous rounds. This is true
for all of the online learning algorithms in this section.

4.1 Online Agnostic-to-Realizable Reduction

Our strategy for constructively characterizing the learnability of general losses in both the
batch classification and regression setting required the ability to convert a realizable learner
to an agnostic learner in a black-box fashion. In this section, we provide an analog of this
conversion for the online setting. More specifically, we focus on the setting where F C Y%
is a multioutput function class but |im(F)| < oo is finite. Then, for any c-subadditive loss
function ¢, we constructively convert a (potentially randomized) realizable online learner
for F with respect to £ into an agnostic online learner for F with respect to £. Theorem 13
formalizes the main result of this subsection.

Theorem 13. Let F C Y% be a multioutput function class such that |im(F)| < oo and
0:YxY — R be any c-subadditive loss function such that £(-,-) < M. If A is a realizable
online learner for F with respect to £ with sub-linear expected regret R(T, |im(F)|), then for
every B € (0, 1), there exists an agnostic online learner for F with respect to £ with expected
regret

cl' — , .
=5 BT, [im(F)]) + M /2710 Inlim(F) ),
where R(T, |im(F)|) is any concave, sublinear upperbound on R(T,|im(F)|).

Note that if R(T”,[im(F)|) is sublinear in its first argument, then £5R(T?, [im(F)|) +
M /278 In([im(F)]) is sublinear in T for any 8 € (0,1). By Lemma 14, we are guaranteed
the existence of R(T, [im(F)]).
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Lemma 14. (Ceccherini-Silberstein et al., 2017, Lemma 5.17) Let g be a positive sublinear
function. Then, g is bounded from above by a concave sublinear function.

Therefore, Theorem 13 and Lemma 14 show that for any function class F with finite
image space and any c-subadditive loss function, realizable and agnostic online learnability
are equivalent. We now begin the proof of Theorem 13.

Proof Let A be a (potentially randomized) online realizable learner for F with respect

to £. By definition, this means that for any (realizable) sequence (x1, f(z1)), ..., (x7, f(27))
labeled by a function f € F, we have

E < R(T, [im(F)]),

T
ZK(A(%), f(x))
t=1

where R(T, |[im(F)|) is a sub-linear function of 7. We now use A to construct an agnostic
online learner Q for F with respect to £. Since we are assuming an oblivious adversary, let
(x1,91), ..., (x7,y7) € (X x V)T denote the stream of points to be observed by the online
learner and f* = argmin;c» Zthl £(f(zt),yt) to be the optimal function in hindsight.

Our high-level strategy is to construct a large set of Experts that approximately cover
all possible labelings of the instances x1, ..., z7 by functions in F. In particular, each Expert
uses an independent copy of A to make predictions, but update A using different sequences
of labeled instances. Together, our set of Experts update A using all possible sequences
of labeled instances. In order to ensure that the number of Experts is not too large, we
construct such a set of Experts over a sufficiently small sub-sample of the stream. Finally,
we run the celebrated Randomized Exponential Weights Algorithm (REWA) (Cesa-Bianchi
and Lugosi, 2006) using our set of experts and the scaled loss function % over the original
stream of points (x1,91), ..., (x7,yr). We now formalize this idea below.

For any bitstring b € {0,1}T, let ¢ : {t : b = 1} — im(F) denote a function mapping
time points where by = 1 to elements in the image space im(F). Let ®;, C (im(F)){:t+=1}
denote all such functions ¢. For every f € F, let qbbf € @, be the mapping such that
for all t € {t : by = 1}, gbbf(t) = f(x¢). Let |b] = |{t : by = 1}|. For every b € {0,1}7
and ¢ € @, define an Expert Ep 4. Expert Ep 4, formally presented in Algorithm 3, uses
A to make predictions in each round. However, FEj 4 only updates A on those rounds
where b; = 1, using ¢ to compute a labeled instance (z, #(t)). For every b € {0,1}7, let
&S =U qbe@b{Eb#ﬁ} denote the set of all Experts parameterized by functions ¢ € ®;. If b is the
all zeros bitstring, then &, is empty. Therefore, we actually define & = {Eo} Ul ¢e¢>b{Eb7¢}7
where Ej is the expert that never updates A and plays g, = A(z;) for all t € [T]. Note that
1< 18] < (jim(F))H,

With this notation in hand, we are now ready to present Algorithm 4, our main agnostic
online learner Q for F with respect to £. Our goal is to show that Q enjoys sublinear expected
regret. There are three main sources of randomness: the randomness involved in sampling
B, the internal randomness of A, and the internal randomness of REWA. Let B, A and P
denote the random variables associated with each source of randomness respectively. By
construction, B, A, and P are independent.
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Algorithm 3 Expert(b, ¢)
Input: Independent copy of realizable online learner A for F with respect to £
fort=1,...,T do
Receive example x;
Predict gy, = A(x)
if b; = 1 then
Update A by passing (¢, ¢(t))

end

Algorithm 4 Agnostic online learner Q for F with respect to ¢

Input: Parameter 0 < g < 1

Let B € {0,1}T such that B; Y Bernoulli(%ﬁ)

Construct the set of experts € = {Eo} UUyecqp,{EB,¢} according to Algorithm 3
Run REWA P using £g and the loss function % over the stream (z1,41), ..., (x7, Y1)

Using Theorem 21.11 in Shalev-Shwartz and Ben-David (2014) and the fact that B, A
and P are independent, REWA guarantees almost surely that

T T
STE[UP), 50| B. A] < inf S (B, w) + MyZT(ER]).
t=1 Bi=1
Taking an outer expectation gives
T T
E | (P y) | <E| inf 3" UB(w).y)| +E [My/2T () -
t=1 B =1
Therefore,
E

T [T

ZK(Q(xt)vyt)] =E Zf(P(xt),yt)]
=1 .

<E| inf UE (), yt)

EeE
R

+E [M 2T1n(\53\)}

r T
SE ZK(ER%*(%),%)
t=1

+ ME [\/M}

In the last step, we used the fact that for all b € {0,1}7 and f € F, we have E, of € Ep.
Py

It now suffices to upperbound E [Zthl UE, o (mt),yt)}. To do so, we need some
PB

additional notation. Given the realizable online learner A, an instance z € X, and an
ordered finite sequence of labeled examples L € (X x ))*, let A(z|L) be the random
variable denoting the prediction of A on the instance z after running and updating on L.
For any b € {0,1}T, f € F, and t € [T}, let Lg<f = {(z4, f(z;)) : © < t and b; = 1} denote
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the subsequence of the sequence of labeled instances {(x;, f(z;))}.Z} where b; = 1. Using

this notation, we can write

M=

(A L) )

~~
Il

1

[M]=

z(A@ALéL)wQEZj]

o~
Il

1
T

~ T8 ZE [ xt|LB<t) y)P [By = 1]]
~ T8 ZE { (@l L), y) 1{ By = 1}} .

To see the last equality, note that the prediction A(azt|L§<t) only depends on bitstring
(Bi,...,B;—1) and the internal randomness of A, both of which are independent of B;.
Thus, we have

E[e(A(wL]_, ) 90 1B = 1}] = E [((AG@lL]; ), )| E[1{B = 1}]

E
E [6(A(i|LE;_,) u)| PIB. = 1]

as needed. Continuing onwards,

[

T [& .
_ ﬁE ZK(A(xtyL§<t),yt)1{Bt = 1}]

Lt=1
T | \
= 5B | D AL ), w)
tBt 1
< %E Z /(A xt\Lf ), fX(z0)) Z g(f*(xt),yt)]
tBt 1 _ t:B¢=1
T ] T
:;TBE Z (A $t|LB<t ), [* () +Z€(f*(:zt),yt)
Lt: By=1 i t=1
T | \ T T
= B | 20 HAILE). @) | + jof 370 ) w)
Lt:Bi=1 i t=1

The inequality follows from the fact that ¢ is a c-subadditive and the last equality follows
from the definition of f*. We now need to bound = E [ZtB 1 U(A (xt\LB<t) [ (x))].

Using the fact that A* is a realizable online learner and gets updated on a stream of
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instances labeled by f* only on rounds where By = 1, we get

7 UA L), (@) B

t:Btzl

E| > UA@ILE ), f*(a0))

t:Bi=1

cT
WE

cT .
< B [R(|B], [m(F)])].

Putting things together, we find that,

[Zﬁ (xe), )| <E Zﬁ d)f* 2 Yt) +ME{ 2T1n(‘53‘)]
e cr’ .
< joL D2 /). ve) + 7 (BB, fan(F))] + ME [ /2T (5
T
. cT . :
< JoL 35, ) + FEIR(BL im(F))] + ME [ 2T BIa(m(F)D)

where the last inequality follows from the fact that that |E5| < (Jim(F)|)!Z!. By Jensen’s in-
equality, we further get that, E [\/QT\B] ln(]im(}")\)} < /2771 In(|im(F)]), which implies
that

T

[D 87 ] < jot > €00, 90)+ S IRBL, in(F))] -+ My /275 In(im(F)).

Next, by Lemma 14, there exists a concave sublinear function R(| B, [im(F)|) that upper-
bounds R(|B|, [im(F)|). By Jensen’s inequality, we obtain E[R(|B|, [im(F)|)] < R(T?, [im(F)|),
which yields

E

T T
. clr — . .
;4(9(%), yt)] < ]}Ieljfr 2 (S @)y y) + 75 R(T”, [im(F)|) + M\/2T5“ In(|im(F)]).

This completes the proof as we have shown that Q is an agnostic online learner for F with
respect to £ with the stated regret bound. |

4.2 Online Multilabel Classification

Let Y = {—1,1}. We provide analogs of Theorem 6 and 8 in the online setting. We
begin by characterizing the learnability of the Hamming loss and then move to give a
characterization of learnability for all losses satisfying the identity of indiscernibles. Similar
to the batch setting, we can show that the MCLdim of F characterizes online multilabel
learnability (see Appendix F), but here, we give a characterization that better exploits the
multilabel structure of the problem.
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4.2.1 CHARACTERIZING ONLINE LEARNABILITY FOR THE HAMMING LOSS

Theorem 15 characterizes the online learnability of a multilabel function class F with respect
to .

Theorem 15. A function class F C V¥ is online learnable with respect to the Hamming
loss if and only if each restriction Fj, C )},f is online learnable with respect to the 0-1 loss.

The proof of Theorem 15 is similar to that of Theorem 6, so we defer the full proof to
Appendix E and only provide a sketch here. The proof of sufficiency direction is based
on a reduction: given oracle access to online learners {Ak}le for {fk}le with respect
to £o.1, we construct an online learner A for F with respect to £g. In fact, similar to the
batch setting, the online multilabel learning algorithm A is simple: in each round t € [T,
receive x;, query the predictions Aj(x), ..., Ax(x;), and finally predict the concatenation
9t = (A1(xy), ..., Ak (7). Once the true label y; = (yi,...,yl*) is revealed, update each
online learner Ay by passing (z¢,yf) for k € [K]. Using some algebra, one can show that
this prediction rule achieves sublinear regret for F.

For the necessity direction, given oracle access to an online learner A for F with respect
to £, we construct an online learner B for F; with respect to £g.1. A similar reduction can
be used to construct online learners for each restriction F. Similar to the batch setting, the
online learning algorithm B is simple: in each round ¢ € [T], receive x;, query ¢ = A(xy)
and predict §; = Aj(x;). Once the true label y! is revealed, update A by passing (z, )
where y; = (yt, 07, ...,0f) and {0}, is an i.i.d sequence of Rademacher random variables.
A straightforward analysis shows that such a prediction rule achieves sublinear regret for
Fi.

4.2.2 CHARACTERIZING ONLINE LEARNABILITY FOR GENERAL LOSSES

Using Theorem 13 and Theorem 15, we now characterize the learnability of arbitrary mul-
tilabel loss functions ¢ as long as they satisfy the identity of indiscernibles. The key
idea is that since there are only finite number of possible inputs to ¢, for any ¢ satisfy-
ing the identity of indiscernibles, there must exist universal constants a and b such that
alr(y1,y2) < L(y1,y2) < blr(y1,y2). Then, we can characterize the learnability of ¢ by
relating it to the learnability of £f. In fact, we prove a slightly more general result, showing
an equivalence between the learnability of any two arbitrary losses satisfying the identity
of indiscernibles.

Lemma 16. Let £ and ¢ be any two loss functions satisfying the identity of indiscernibles.
A function class F C Y% is online learnable with respect to £ if and only if F is online
learnable with respect to {'.

The proof of Lemma 16 is similar to that of Lemma 7 with the main difference being the
use of Theorem 13 instead of Lemma 4. Since Lemma 16 is our first application of Theorem
13, we provide the full proof here.

Proof Since ¢ and ¢ are arbitrary, it suffices to prove only one direction. To that end,
suppose F is online learnable with respect to £. We now show that F is online learnable
with respect to £ as well.
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Let a and b be the universal constants such that for all y1,y2 € Y, al(y1,y2) < ¢ (y1,y2) <

bl(y1,y2). Let ¢ = %. Since |im(F)| = 2% < oo and ¢ is a c-subadditive, by
Theorem 13, it suffices to give a realizable online learner for F with respect to ¢'. Since F
is online learnable with respect to ¢, there exists an algorithm A such that for any sequence

(1'1, y1)7 ceey (xTa yT)7 we have

T T
ZE(A(%%%) - figffZ@(f(wt),yt) < R(T,2")
t=1

t=1

E

where R(T,2%) is a sublinear function of 7. In the realizable setting, we are guaranteed
that for any sequence (x1,¥1), ..., (z7, yr) that the online learner may observe, there exists
afeFst f(x) =y forall t € [T]. Since ¢ satisfies the identity of indiscernibles, we have
that for any realizable sequence (z1,41), ..., (x7, y7), inf e 7 Zthl 0(f(xt),y:) = 0. Thus, we

have that E [Zthl E(A(xt),yt)} < R(T,2K). Noting that £(A(x;),y:) > w implies

that E { (A, yt)} < bR(T,2K), showing that A is also a realizable online learner

for F with respect to ¢. For any § € (0,1), the construction in Theorem 13 can then be
used to convert A into an agnostic online learner for F with respect to ¢/ with expected
regret bound

bT —

CT—BR(Tﬁ ,25) & MVAKT3

where M is such that ¢ < M and R(T?,2K) is any concave sublinear upperbound of
R(T?,2K). This completes our proof.

|

As an immediate consequence of Lemma 16 and Theorem 15, we get the following
theorem characterizing the online learnability of general multilabel losses.

Theorem 17. Let ¢ be any multilabel loss function that satisfies the identity of indis-
cernibles. A function class F C Y* is online learnable with respect to £ if and only if each
restriction Fi C y,f is online learnable with respect to the 0-1 loss.

Remark. Since the Littlestone dimension characterizes online learnability for binary classi-
fication under the 0-1 loss (Ben-David et al., 2009), Theorem 17 also implies that finiteness
of Ldim(Fy) for all k& € [K] is a necessary and sufficient condition for online multilabel
learnability.

Moreover, if Ldim(F) < oo for all k£ € [K], then we have MCLdim(F) < oo. This fol-
lows from the fact that MCLdim(F) < Y&, Ldim(Fy). To see this, note that MCLdim(F)
is the lowerbound on the number of mistakes of any deterministic multiclass learner in
the realizable setting (Daniely et al., 2011, Theorem 17). On the other hand, one can
construct a deterministic realizable learner for F using K different Standard Optimal Al-
gorithms (SOA) for binary function classes Fj’s. Namely, define an algorithm A such
that A(z) := (SOA(F1)(z),...,SOA(Fk)(x)) € {~1,1}X. Since each SOA(F}) makes
at most Ldim(F;) number of mistakes, .4 makes no more than Ei{zl Ldim(F%) mis-
takes. We can use this fact to give an improved version of Theorem 13 for classes F
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with MCLdim(F) < oo. In particular, when ) = {—1, 1}, any F C Y% that is learnable
in the realizable setting with respect to £ is also learnable in the agnostic setting with regret
O(B\/TMCLdim(]-“) 1n(T)) < O(B\/T K | Ldim(F) 1n(T)). Here, B is the maximum
value ¢ can take. The improved regret bound can be found in the sufficiency proof of
Theorem 34 in Appendix F.

4.3 Bandit Online Multilabel Classification

We extend the results in the previous subsection to the online setting where the learner
only observes bandit feedback in each round. Theorem 18 gives a characterization of bandit
online learnability of a function class F in terms of the online learnability of each restriction.

Theorem 18. Let £ be any loss function that satisfies the identity of indiscernibles. A
function class F C V¥ is bandit online learnable with respect to € if and only if each
restriction Fj C y,f is online learnable with respect to the 0-1 loss.

Similar to the full-feedback setting, Theorem 18 also gives that the finiteness of Ldim(F}) for
all k € [K] is a necessary and sufficiency condition for bandit online multilabel learnability.
The proof of Theorem 18 uses the realizable-to-agnostic conversion for bandit feedback
setting when the label space ) is finite. The following Theorem makes this argument
precise.

Theorem 19. Let Y be a finite label space, F C V¥ a multioutput function class, and
0:YxY — R be any c-subadditive loss function such that £(-,-) < M. If A is a realizable
online learner for F with respect to £ under full-feedback with sub-linear expected regret
R(T,|Y|), then for every B € (0,1), there exists an online learner for F with respect to ¢
with expected regret

T_
(TP, V) + eMy/2TH] Y In1Y),

under bandit feedback, where R(T,|Y|) is any concave, sublinear upperbound on R(T,|)|).
The proofs for Theorem 18 and Theorem 19 are provided in Appendix G.

4.4 Online Multioutput Regression

In this section, we characterize the online learnability of multioutput function classes.
Similar to the batch setting, we consider, without loss of generality, the case when ) =
[0,1]% c RX for K € N. In addition, we consider the same set of decomposable and
non-decomposable loss functions as in the batch setting. Namely, our decomposable loss
functions satisfy Assumptions 1 and 2, and our non-decomposable loss functions are ¢,
norms. Informally, our main result asserts that a multioutput function class F c Y% is
online learnable if and only if each restriction Fj is online learnable.

4.4.1 CHARACTERIZING LEARNABILITY FOR DECOMPOSABLE LOSSES

In this subsection, we characterize the online learnability of multioutput function classes
with respect to decomposable losses satisfying Assumption 1. Our main theorem is presented
below.
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Theorem 20. Let ¢ be a decomposable loss function satisfying Assumption 1. A multioutput
function class F C Y% is online learnable with respect to £ if and only if each Fj, C y,f 18
online learnable with respect to Yy o dy.

Proof As usual, we prove Theorem 20 in two parts: first sufficiency and then necessity.
The sufficiency proof is similar to that of the proof for Hamming loss in Theorems 6 and
15. The necessity direction is more involved, but the main idea is to combine the augmen-
tation technique used in the proof of Theorem 9 with the algorithmic conversion technique
developed in the proof of Theorem 13.

Part 1: Sufficiency. We first prove that online learnability of each restriction Fj with
respect to 1 od; is sufficient for online learnability of F with respect to £. Since ¢(f(x),y) =
Zszl Y o di(fr(x),yr) is decomposable, we can use the exact same strategy as in Section
4.2.1 to convert online learners Ay, ..., Ax for Fi,..., Fx with respect to 1y o d; to an
online learner A for F with respect to . More specifically, in each round t € [T, receive
x¢, query the predictions Aj(xy), ..., Ax(x¢), and finally predict the concatenation ¢ =
(A1(zt), ..., Ak (z1)). Once the true label y, = (y},...,yX) is revealed, update each online
learner Ay, by passing (2, yF) for k € [K]. Using the exact same proof as in Section 4.2.1,
it follows that the expected regret of A is Y-+, Ri(T) where Ry(T) is the regret of online
algorithm Aj. Since K is finite, the regret of A is sublinear in 7" when evaluated using .
Part 2: Necessity. Similar to the batch setting, we prove the necessity direction of
Theorem 20 constructively. That is, given oracle access to an online learner A for F with
respect to £, we construct an online learner Q for F; with respect to 11 o dy. By symmetry,
a similar reduction can be used to construct online learners for each restriction Fj. As
mentioned before, we assume an oblivious adversary, and therefore the stream of points
to be observed by the online learner, denoted (1, y1), ..., (z7,yr) € (X x [0,1])7, is fixed
beforehand. Let f{ = argming ¢ 7, ST ¥k o dy(fi(xs), y¢) denote the optimal function in
hindsight and f* € F its completion.

Since we are trying to construct an online learner for Fi, the targets y1, ..., yr are scalar-
valued. However, A is an online learner for F and therefore can only processes vector-valued
targets. Thus, we need to figure out how to augment the scalar-valued targets y1, ..., yr in
a way that allows us to use A to construct an online learner Q for F;. Following a similar
strategy as in the proof of Theorem 13, we can construct a set of Experts that simulate
online games with A by augmenting, in all possible ways, the scalar-valued targets of a
sub-sample of the stream into vector-valued targets using vectors in Vg, , the discretized
label space for components 2 through K. In particular, our high-level strategy is to:

1. Randomly sub-sample points from the stream
2. Construct a set of Experts, each of which:

(a) Uses an independent copy of A to make predictions g, = Aj(z¢)

(b) Augments the scalar-valued targets of each labeled instance in the sub-sampled
stream to vector-valued targets using vectors in the discretized image space
im(F3 k)

(¢) Simulates an online game with its independent copy of A over only the augmented
sub-sampled stream with vector-valued targets
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3. Run REWA using the set of experts in Step 2 and the 7 o d; loss function over the
original stream of points.

We now formalize this idea. For any bitstring b € {0,1}7,let ¢ : {t : by = 1} — im(F5x)
denote a function mapping time points where b; = 1 to vectors in the discretized image
space im(F5 ). Let @, C (im(F5 ) =1} denote all such functions ¢. For every f € F,
let ¢bf € &, be the mapping such that for all ¢t € {t : by = 1}, ¢£(t) = f$(ze). Let
|b] = [{t : by = 1}|. For every b € {0,1}7 and ¢ € ¥}, define an Expert Ej, 4. Expert Ep 4,
formally presented in Algorithm 5, uses A to make predictions in each round. However,
E} 4 only updates A on those rounds where b; = 1, using ¢ to augment the scalar-valued
labeled instance (x4,y:) to the vector-valued labeled instance (x¢, (y¢, ¢(t))). For every
be{0,1}T, let & = sca, 1 Ebp} denote the set of all Experts parameterized by functions
¢ € ®p. If b is the all zeros bitstring, then & is empty. Therefore, we actually define
& = {Eo} UUyea, {Ebo}, where Ep is the expert that never updates A and plays A (24)

for all t € [T]. Note that 1 < |&| < (2)KIl,

Algorithm 5 Expert(b, ¢)

Input: Independent copy of Online Learner A for ¢
fort=1,...,7 do

Receive example x;

Predict Qt = ./41 (.’L‘t)

Receive y;

if b; = 1 then

Update A by passing (z:, (v, ¢(t)))

end

With this notation in hand, we are now ready to present Algorithm 6, our main online
learner Q for Fj.

Algorithm 6 Online learner Q for F; with respect to 11 o dy

Input: Parameters 0 < f<land 0<a<1

1 Let B € {0,1}7 such that B;  Bernoulli(Z?)

Construct the set of experts € = {Eo} UUgecqp,{EB,¢} according to Algorithm 5
Run REWA P using £p and the loss function ; o d; over the stream (z1,41), ..., (1, y7)

Our goal now is to show that Q enjoys sublinear expected regret. There are three main
sources of randomness: the randomness involved in sampling B, the internal randomness
of each independent copy of the online learner A, and the internal randomness of REWA.
Let B, A and P denote the random variable associated with these sources of randomness
respectively. By construction, B, A, and P are independent.

Using Theorem 21.11 in Shalev-Shwartz and Ben-David (2014) and the fact that A, P,
and B are independent, REWA guarantees

T
E Z% o di(P(z1), yt)
=1

T
< E | inf di(F
< [ElélgB ;101 odi(E(xt), yt)

+E [ V2T (€] .
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Thus,

T r T

E > wrodi(Qze),ye) | =E | Y 1 odi(P(a), yt)]
t=1 Li=1

r T

<E in(‘/f Zim odi(E(xt),yt)

—HE[ 2T1n(153\)]

r T
< E Z wl o dl(EB7¢{; (xt)a yt)
t=1

+E [ V2T ().

In the last step, we used the fact that for all b € {0,1}" and f € F, E, of € &p.
Py

It now suffices to upperbound E [Zthl Yodi(E, o (x4), yt)} . We use the same notation
PB

used to prove Theorem 13, but for the sake of completeness, we restate it here. Given an
online learner A for ¢, an instance x € X, and an ordered sequence of labeled examples
L € (X x [0,1)%)*, let A(z|L) be the random variable denoting the prediction of .A on the
instance x after running and updating on L. For any b € {0,1}7, ISk € Fpe,and t € [T1,

let L{;t = {(z4, (s, [S i (x3))) 1 i < t and b; = i} denote the subsequence of the sequence of

labeled instances {(x;, (yi, f55 (:))) }.2] where b; = 1. Using this notation, we can write

T T
E|Y o di(Bp 4o (20),9t)| = E > o dl(Al(wtngQ), Yt)
t=1 t=1
4 P (B, = 1]
o f* t =
=E ;1/11 o di(Ai(ze|Lg_,), yt)]P[Btzl]]

T
= % ZE {1/11 o dl(Al(xt‘Lng)’ y)P [By = 1]}

t=1

T
- % ZE {1#1 o dl(Al(xt‘Lg<t)7yt)ﬂ{Bt = 1}] .
=1

To see the last equality, note that the prediction A(mﬂLélt) (and therefore Ay (:Ut|L§<t))
only depends on bitstring (Bj, ..., Bi—1) and the internal randomness of A, both of which
are independent of B;. Thus, we have

E |1 0 d(Ai(wi] L), y) 1{B; = 1}} =E [¢1 o dl(Al(xt]qu),yt)} E[1{B; = 1}]

=K [7,01 ody (Al(xt’LgQ)a yt)} P[B; = 1]
as needed. Continuing onwards,
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T B T
E Z¢10d1(EB,¢g(xt)yyt) = %E ZwlOdl(Al(l't’qu)’yt)]l{Bt - 1}]
t=1 t=1
= %E Z (0 Odl(Al(ﬂct\Lg<t)ayt)
tBt 1
T *,Q
< WE Z (A mt’LB<t (ytny;K(xt)))]
Lt:B:=1
T * *,00
= W}E E Z E(A(xt‘-[/£<t>7(yt7f2:7K(xt)))‘B
L t:Bi=1
T
< 7pk Z O (@), (yes o () + Ra(|BY)
Lt:Bi=1
T [ o
= LR | S o0 @ (e @) | + B [Ra(B])
Lt:By=1

The first inequality follows from the definition of ¢. The second inequality follows from
the fact that A is an online learner for ¢ with regret bound R4(T") and is updated on the
stream labeled by f;;é only when By = 1. Now, we can upperbound the first term as
follows:

LE| S o . £330

t:BtZI

=

El

K
> <¢1 o dy(ff(we),ye) + Y tbr o di(ff (1), f;:’a(ﬂft))ﬂ

_t:Btzl /{,‘:2

> drodi(fim) )+ Y. Kla

_tZBtZI t:Btzl

IN

3=
&=

T
Z"L/Jl odi(ff(we),ye) I{By = 1}| +

IN

3=
&=

E[|B|K La]

T
T8

B

T T
Mmﬁﬂwa+ﬁﬁmu

Pllﬂﬂ =l
IIMﬂl

Y1 ody(fi (), ye) + KT La.

~~
Il
—

The first inequality follows from the fact that 1y, is L-Lipschitz and di (f7 (z¢), fi*(z1)) <
«. Putting things together, we find that,
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T
E [Z% odi(Q(z4), yr)
=1

T
<E [Z brodi(Ey yr (zt), 32
=1

+E[ 2T1n(\83\)]

T

< 3" drodi(fi (), w) + KTLa + 5B [Ra(BI)] + E [ V2T ()

t=1
< inf ET)/; o d(fi(z0),yt) + KTLa + ——E [Ra(|B))] +E | /2T K|B|In(2)
= e 1 11\ Tt ), Ye T8 A ol

where the last inequality follows from the fact that that || < (2)%I5| and the definition

of f*. By Jensen’s inequality, we further get that, E [\/QTK|B] In(2 } \/2T5+1K1n( ),
which implies that

T T
E [2 o1 0 di(Q(w) yt>] < inE D o (1) )+ KT Bt BIRA(B) 207 K ),
t= t=

Next, by Lemma 14, there exists a concave sublinear function R A(|B|) of |B| that
upperbounds R4(|B|). By Jensen’s inequality, we obtain E[R4(|B|)] < R4(T?), which
yields

T T T 5
E [21 Y1 0 d1(Q(wy), yt)] < f1iI€1£-'1 Zl¢1Od1(f1($t),yt)+KTL04+TﬁRA(TB)+\/ QTBHKIH(E)-
t= t=

Picking a = ﬁ and g € (0,1), gives that Q enjoys sublinear expected regret:

T T
[Z Y1 0dy (Q(x), yt)]— inf Z¢1od1 fi(@)w) < 1475 RA (7" +\/4TB+1K1n(KTL)
t=1

This completes the proof as we have shown that Q is an online learner for F; with
respect to 11 o dj.
|

4.4.2 A MORE GENERAL CHARACTERIZATION OF LEARNABILITY FOR DECOMPOSABLE
LOSSES

Theorem 20 characterizes the learnability of multioutput function classes F with respect
to decomposable loss functions ¢ in terms of the learnability of Fj, with respect to ¥y o d;.
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Similar to the batch setting, we can remove 9, and characterize the learnability of F with
respect to £ in terms of the learnability of Fi’s with respect to d;. However, to do so, we
need to an place additional assumption on the decomposable loss function £. Theorem 21
below summarizes the main result of this section.

Theorem 21. Let £ be any decomposable loss function satisfying Assumptions 1 and 2. A
multioutput function class F C Y% is online learnable with respect to ¢ if and only if each
Fr. C y,f 18 online learnable with respect to dy.

The main tool needed to prove Theorem 21 is Lemma 22, which relates the online
learnability of a scalar-output function class H C [0, 1] with respect to v o d; to its online
learnability with respect to dy, where 1 is any monotonic, Lipschitz function such that
1(0) = 0. The proof of Lemma 22 can be found in Appendix H.

Lemma 22. Let ¢ : R>g — R>o be any monotonic and Lipschitz function such that
¥(0) = 0. A scalar-valued function class G C [0,1]% is online learnable with respect to
Y ody, if and only if G is online learnable with respect to dy.

Note that for every 1 < p < oo and = > 0, ¥(x) = 2P is a monotonic increasing,
Lipschitz function. Therefore, Lemma 22 shows that online learnability with respect to d,
is equivalent to online learnability with respect to di. Combining Assumption 2, Theorem
20, and Lemma 22 immediately gives Theorem 21. Since the Sequential Fat Shattering
dimension characterizes online learnability with respect to the absolute loss, Theorem 21
further implies that for any decomposable loss satisfying Assumptions 1 and 2, the finiteness
of fat*4(Fy) for all £ € [K] and v > 0 is a sufficient and necessary condition for online
multioutput learnability.

4.4.3 CHARACTERIZING LEARNABILITY OF NON-DECOMPOSABLE LOSSES

In this section, we characterize the online learnability of multioutput function classes F
for a natural family of non-decomposable losses, ¢, norms for 1 < p < oo. We prove an
analogous theorem to Theorem 12, by relating the online learnability of F with respect to ¢,
to the online learnability of each Fj with respect to d;. We note that the proof of only uses
the fact that ¢, norms are equivalent (up to a K dependent constant) to the ¢; norm. Since
any two norms in a finite dimensional space are equivalent, Theorem 23 actually holds true
for any norm in RX. But we only consider £, norms here due to their practical importance.

Theorem 23. Let 1 < p < co. A function class F C VX is online learnable with respect
to 4y, if and only if each Fj, C y,j‘ s online learnable with respect to dj.

By Theorem 20, F is online learnable with respect to ¢ if and only if each restriction
Fi is online learnable with respect to d;. Thus, to prove Theorem 23 it suffices to show
that F is online learnable with respect to ¢, if and only if F is online learnable with respect
to ¢1 for p > 1. At a high-level, the proof Theorem 23 follows a similar route as the proof
of Theorem 12: convert an agnostic learner for F into a realizable learner for F* and then
use realizable-to-agnostic conversion for F¢.
Proof Fix p > 1. By the argument above, it suffices to show that F is online learnable
with respect to £, if and only if F is online learnable with respect to 1. We begin by
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proving sufficiency - if F is online learnable with respect to ¢; then F is online learnable
with respect to £,,.

Let A be an online learner for F with respect to 1. Our goal is to construct an online
learner Q for F with respect to £,. We assume an oblivious adversary, and therefore the
stream of points to be observed by the online learner Q, denoted (x1,y1),..., (xp,yr) €
(X x [0,19)T, is fixed beforehand. Let f* = argmin ez ST o(f(24), ye) also denote the
optimal function in hindsight with respect to the ¢, loss.

Our strategy follows three steps. First, we show that A is a realizable online learner
for F with respect to £,. Then, since [im(F®)| < (2)X < oo is finite and ¢, is a 1-
subadditive (by triangle inequality), Theorem 13 allows to convert the realizable online
learner A for F¢ with respect to £, into an agnostic online learner Q for 7 with respect
to £,. Finally, for an appropriately selected discretization parameter o, we show that Q is
also an agnostic online for F with respect to £,, which completes the proof. To that end, let
(z1, [**(x1)), ..., (xp, f*%(x7) denote a (realizable) sequence of instances labeled by some
function f** e F*. Since || - ||q < || - ||, for ¢ > p, we have that

T
E > lp(Alzy), £ (1)) 251 P (@)
t=1

Since A is an online learner for F with respect to £1, we get,

<E

< mf Zﬁl “%(z,)) + Ra(T) < aKT + R(T)

T
E > (A, 2% (z0)
t=1

where R4(T) is the regret of online learner A. Combining things together, we have that

[Ze (21) f*am»] < aKT + RA(T),

showing that A is a realizable online learner for 7 with respect to ¢, for a small enough
a. Now, since [im(F)| < (2)K < oo is a finite, £, is a 1- subadditive loss function, and A
is a realizable online learner, for any 8 € (0,1), Theorem 13 gives an agnostic online learner
Q for F* with respect to £, with the following regret guarantee over the original stream

(351,3/1), seey (xT7yT):

T T
E [;&(Q(xt),yt)] <faueljfm 1e (fa(;,;t),yt)Jrgﬁ(QKTBJFRA(Tg)HK\/m,

where a KT? 4+ R4(T?) is any concave sublinear upperbound of aKT? + R4(T?). We
also use the fact that the function 7'+ aKT? is a concave sublinear function of 7' and
the sum of two concave functions is itself a concave function. Noting that £,(f“(x¢), y¢) <

Co(f (o), ye) + 6o (f* (1), fe)) < p(f (1), ye) + K, gives

T _ 5
[ZE yt] < inf Zﬁ ) ye)+ QK T+ 5 (aK TP+ Ra(T7)+ K\ [ 275+ K In(%).
(6
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Combining like terms together, we have

T
ZEP(Q( s Yt ] < Hlf Zf (7¢), yt) +20&KT+fRA(T'B)+K 2T5+1Kln( ).
«

t=1

E

Finally, picking a = ﬁ gives that

E

T T
T
;KP(Q(%% yt)] - ]}g]fr - Cp(f(@e),ye) <1+ WRA(Tﬁ) + K\/QTﬂHKln(‘lKT)-

Since R4(T?) is sublinear in 7% and 8 € (0,1), Q enjoys sublinear expected regret.
Thus, we have shown that Q is also an agnostic online learner for F with respect to £,.

The reverse direction follows identically and uses the fact that for any p > 1, || - ||, <
[|-1l1 < K[| ||lp- In particular, using the exact same argument, we can show that if A is
an online learner for F with respect to ¢,, then A is also a realizable online learner for 7
with respect to ¢1 with expected regret bound:

T

S 6 (Alwe), f*va<zt>>] < aK*T + KRA(T).

t=1

T
E Zfl(A(xt),f*’a(%))] < KE
t=1

Using A as the realizable learner in Theorem 13, for any 3 € (0, 1), picking o = m

gives a regret bound:

T T
KT—
E zﬁl(Q(fct),yt)] — }g}fE;El(f(xt),yt) <1+ WRA(TB) + K\/2TB+1K1n(4K2T),

where R 4(T?) is any concave sublinear upperbound of R4(T%). Since § € (0,1), Q is an
online learner for F with respect to ¢1 as needed. This completes the proof of Theorem 23. B

Remark. As with decomposable losses, Theorem 23 also implies that for any £, norm loss,
the finiteness of fatyd(F}), for all & € [K] and fixed v > 0, is a sufficient and necessary
condition for online multioutput learnability.

5 Discussion

In this work, we give a characterization of multioutput learnability in four settings: batch
classification, online classification, batch regression, and online regression. In all four set-
tings, we show that a multioutput function class is learnable if and only if each restriction is
learnable. All of our bounds in this paper scale with K, preventing our current techniques
from extending to the case when K is infinite. Accordingly, we pose it as an open question
to characterize multioutput learnability when K is infinite (e.g. function-space valued re-
gression). Furthermore, we also leave it open to find combinatorial dimensions that provide
tight quantitative characterizations of batch and online multioutput learnability.
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Appendix A. Complexity Measures
A.1 Complexity Measures for Batch Learning

In binary classification, the Vapnik-Chervonenkis (VC) dimension of a function class char-
acterizes its learnability.

Definition 24 (Vapnik-Chervonenkis Dimension). A set S = {z1,...,24} is shattered by
a binary function class H C {—1,1}2 if for every o € {—1,1}¢, there exists a hypothesis
he € H such that for all i € [d], we have hy(x;) = 0;. The VC dimension of H, denoted
VC(H), is the size of the largest shattered set S C X. If the size of the shattered set can be
arbitrarily large, we say that VO(H) = co.

The learnability of a multiclass function class is characterized by its Natarajan dimen-
sion.

Definition 25 (Natarajan Dimension). A set S = {x1,...,24} is shattered by a multiclass
function class H C Y if there exist two witness functions f,g: S — Y such that f(z;) #
g(x;) for all i € [d], and for every o € {—1,1}¢, there exists a function h, € H such that

for all i € [d], we have
ho (i) = {f(wi) ?fai 1
g(ml) if o, =—1

The Natarajan dimension of H, denoted Ndim(H), is the size of the largest shattered set
S C X. If the size of the shattered set can be arbitrarily large, we say that Ndim(H) = co.

For real-valued regression problems, the learnability is characterized in terms of the
fat-shattering dimension of a function class.

Definition 26 (Fat-Shattering Dimension). A real-valued function class G C [0, 1] shatters
points S = {x1,x9,...,xq} at scale 1 >~ > 0, if there exists witness functionsr : S — [0, 1]
such that, for every o € {£1}%, there exists g, € G such that Vi € [d], 0i(go (z;) —r(2:)) > 7.
The fat-shattering dimension of G at scale -y, denoted fat.(G), is the size of the largest set
that can be y-shattered by G. If the size of the shattered set can be arbitrarily large, then we
say that fat,(G) = oo.

We also define a general notion of complexity called Rademacher complexity that pro-
vides a sufficient and necessary condition of uniform convergence. Since uniform conver-
gence implies learnability, we use Rademacher complexity to argue sufficient conditions for
learnability.

Definition 27 (Empirical Rademacher Complexity). Let D be a distribution over X x Y.
For a bounded loss function £, define the loss class to be £ o F = {(z,y) — £(f(x),y)}.
If S = {(z1,91), ., (Tn,yn)} be a set of i.i.d samples drawn from D, then the empirical
Rademacher complexity of £ o F is defined as

sup (izaiaf(xi),yi))] ,
=1

R,(loF)=E,
feFr

where o € {£1}" is a sequence of n i.i.d. Rademacher random variables.
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A.2 Complexity Measures for Online Learning

For the complexity measures below, it is useful to define a Z-valued binary tree (Rakhlin
et al., 2015b). A binary tree T of depth d is Z-valued if each of its internal nodes are
labelled by elements of Z. Such a tree can be identified by a sequence (71, ..., Tg) labelling
functions 7; : {£1}*~! — Z which provide labels for each internal node. A path of length d
is given by a sequence o = (071, ...,04) € {£1}%. Then, T; (01, ...,0;_1) gives the label of node
following the path (o1, ...,0;—1) starting from the root, going “right” if o; = +1 and “left”
if 0; = —1. Note that, 71 € Z is the label for the root node. For brevity, we slightly abuse
notation by letting 7;(o1,...,0i-1) = Ti(0<;), but it is understood that 7; only depends on
the prefix (o1, ...,0;—1). We are now ready to formally define complexity measures in the
online setting.

When Y = {—1,+1} is binary, the Littlestone Dimension (Littlestone (1987)) tightly
characterizes the online learnability of a function class % C Y% with respect to the 0-1 loss.

Definition 28 (Littlestone Dimension). Let T denote a complete binary tree of depth d
whose internal nodes are labeled by elements X and two edges from parent to child nodes
are labeled by —1 and +1. The tree is shattered by a binary hypothesis class G C {—1,+1}%
if for every o € {—1,41}?, there exists a hypothesis g» € G such that the root to leaf
path (x1,...,x4) obtained by taking left when oy = —1 and right when oy = +1 satisfies
go(xt) = oy for all 1 <t < d. The Littlestone Dimension of G, denoted Ldim(G), is the
mazximal depth of the complete binary tree shattered by G. If G can shatter a tree of arbitrary
depth, we say that Ldim(G) = oo.

For finite label spaces Y, the Multiclass Littlestone Dimension (Daniely et al., 2011)
tightly characterizes the online learnability of a function class H C V¥ with respect to the
0-1 loss.

Definition 29 (Multiclass Littlestone Dimension). Let T denote a X-valued binary tree
of depth d whose edges are labelled by elements from ), such that the edges from a sin-
gle parent to its child-nodes are each labeled with o different label. The tree T is shat-
tered by a function class H C Y%V if, for every path o € {£1}%, there is a function
he € H such that hy(Ti(0<i)) = y(o:), where y(o;) is the label of the edge between nodes
(Ti(0<i), Tix1(0<it1)). The Multiclass Littlestone Dimension (MCLdim) of H, denoted
MCLdim(H), is the mazimal depth of a complete binary tree that is shattered by H. If
MCLdim = oo, then there exists shattered trees of arbitrarily large depth.

When Y is a bounded subset of R, the sequential fat-shattering dimension (Rakhlin
et al., 2015a) at scale v characterizes the learnability of H C [0, 1] with respect to to the
absolute loss d;.

Definition 30 (Sequential Fat-Shattering Dimension). Let T denote a X-valued binary
tree of depth d. The tree T is y-shattered by a function class H C [0,1]% if there exists an
R-valued binary tree R of depth d such that for all o € {£1}?, there exists h, € H such
that for all t € [d],

o1(ho(Ti(o<t)) — Ri(o<t)) = v
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The tree R is called the witness to shattering. The sequential fat shattering dimension
of H at scale v, denoted fatieq(’H), is the maximal depth of a complete binary tree that is
~v-shattered by H. If there exists y-shattered trees of arbitrarily large depth, then fatieq(H) =
00.

Beyond both finite and bounded label spaces, the sequential Rademacher complexity
(Rakhlin et al., 2015a) provides a useful tool for giving sufficient conditions for learnability.

Definition 31 (Sequential Rademacher Complexity). Let o = {o;}_, be a sequence of
independent Rademacher random wvariables. Let T be a Z-valued binary tree of depth d.
The sequential Rademacher complezity of a function class H C RZ on T is defined as

T
se 1
RN H; T) = Eproganyn sup 7 > oh(Ti(o<))
t=1
Then, the worst-case sequential Rademacher complezity is defined as R7(H) = supyr REU(H; T).

Appendix B. Natarajan Dimension Characterizes Batch Multilabel
Learnability

A multilabel classification problem where labels (i.e. bitstrings) in ) are of length K can
also be viewed as multiclass classification on the target space with 25 labels. Given this
observation, the Natarajan dimension of the function class F continues to characterize
the multilabel learnability with respect to any loss function ¢ satisfying the identity of
indiscernibles.

Theorem 32 (Ben-David et al. (1995)). Let ¢ be any loss function satisfying the identity
of indiscernibles. A function class F C V¥ is agnostic learnable with respect to £ in the
batch setting if and only if Ndim(F) < co.

The proof in Ben-David et al. (1995) involves arguments based on growth function. Here,
we provide proof that uses realizable and agnostic learnability due to Hopkins et al. (2022).

Proof (of sufficiency) We first show that the finiteness of Ndim(F) is sufficient for learn-
ability. Suppose Ndim(F) < oco. Then, we know that F is agnostic learnable with respect
to 0-1 loss (Ben-David et al., 1995). Since the target space ) as well as the range space
of F is finite, for every loss ¢ satisfying the identity of indiscernibles, there exists an a > 0
such that af(h(x),y) < 1{h(x) # y} for any (z,y) € X x Y and function h € Y*. Let
D be a realizable distribution to F with respect to ¢. Since ¢(y1,y2) = 0 if and only if
1{y1 # y2} = 0, the distribution D is also realizable with respect to 0-1 loss. Since F is
learnable with respect to 0-1 loss, there exists a learning algorithm 4 with the following
property: for any €, > 0, for a sufficiently large S ~ D", the algorithm outputs a predictor
h = A(S) such that, with probability 1 — é over S ~ D", we have Ep[1{h(z) # y}] < ae.
Using the inequality stated above pointwise, the predictor h also satisfies Ep[¢(h(z),y)] < €.
Therefore, A is also a realizable algorithm with respect to £. Since ¢ satisfies the identity
of indiscernible, Lemma 4 guarantees the existence of agnostic PAC learner B for F with
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respect to £. |

Proof (of necessity) Suppose F is learnable with respect to £. Since the target space
is finite, there must exist a constant b > 0 such that 1{h(z) # y} < bl(h(z),y) for any
(z,y) € X x Y and any function h € Y*. Let D be a realizable distribution with respect
to £. Due to the 0 alignment property, D is also realizable with respect to 0-1 loss. Since
F is learnable with respect to £ loss, there exists a learning algorithm A with the following
property: for any €,d > 0, for a sufficiently large S ~ D", the algorithm outputs a predictor
h = A(S) such that, with probability 1 — § over S ~ D", we have Ep[¢(h(z),y)] < be. In
particular, using the inequality stated above pointwise, we obtain Ep[1{h(z) # y}] < e.
Therefore, F is learnable with respect to 0-1 loss in the realizable setting. As the finite-
ness of the Natarajan dimension is necessary for the learnability of F under the 0-1 loss
(Natarajan, 1989), we must have Ndim(F) < oc. [ |

Appendix C. Proofs for Batch Multioutput Regression

C.1 Proof of Sufficiency in Theorem 9

Proof We first prove that the agnostic learnability of each JF}, is sufficient for the agnostic
learnability of F. As in the classification setting, the proof here is based on a reduction.
That is, given oracle access to agnostic learners Ay for each Fj with respect to ¥y o d; loss,
we construct an agnostic learner A for F with respect to loss £.

Denote Dy, to be the marginal distribution of D restricted to X x V. Let us use my/(e, d)
to denote the sample complexity of Ag. Then, for all k& € [K], the marginal samples
Sk = {(zi,y¥)}, with scalar-valued targets are iid samples form Dj. For each k € [K],
define g = Ay (Sk) to be the predictor returned by algorithm A; when trained on Sk Since
Aj, is an agnostic learner for Fj, we have that for sample size n > maxy my (5% F) with
probability at least 1 — 6/K over samples Si, ~ D},

B[ 0 di(g8(2),5")] < ok B, [gc 0 du(fiw),y)] +

Summing these risk bounds over all k coordinates and union bounding over the success
probabilities, we get that with probability at least 1 — ¢ over samples S ~ D",

ZEDk [k o di(gk(z <Z lnf EDk [¥r 0 di(fi(x), y*)] + .
k=1

Using the fact that the sum of infimums over individual coordinates is at most the overall
infimum of sums followed by the linearity of expectation, we can write the expression above
as

K
Ep Zlbk o dl(gk(aj),yk)] < }QECED

K
D trodi(fr(x),y")| +e
h=1

This shows that the learning rule that runs .4; on marginal samples Sj, and concatenates
the resulting scalar-valued predictors to get a vector-valued predictor is an agnostic learner
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for F with respect to loss ¢ with sample complexity at most maxy my(e/K,d/K). This
completes our proof of sufficiency. |

C.2 Equivalence of d; and ¢ o d; Learnability in Batch Regression

In this section, we provide proof of Lemma 11, which establishes the equivalence of d; and
1) o dy learnability in scalar-valued batch regression.

Proof (of Lemma 11) To prove sufficiency first, let G be agnostically learnable with respect
to di. This implies that the fat-shattering dimension of G is finite at every scale (Bartlett
et al., 1996) and uniform convergence holds over the loss class d; o G. Since 1) is a Lipschitz
function, a simple application of Talagrand’s contraction lemma on Rademacher complexity
(Bartlett and Mendelson, 2003) implies that uniform convergence holds over the loss class
1 ody oG as well. Thus, G is learnable with respect to 1 o d; via ERM.

Next, we show that if G C [0,1]% is learnable with respect to v o dy, then G is learnable
with respect to dy. Since the fat-shattering dimension of G characterizes d; learnability of
g, it suffices to show that G being learnable with respect to 1 o d; implies fat.(G) < oo for
every v € (0,1).

Suppose, for the sake of contradiction, G is learnable with respect to 1 o d; but there
exists a scale v € (0,1) such that fat,(G) = oo. Then, for every d € N, there exists
X = {z1,...,2z4} € X and a witness function r : X — [0,1] such that for every o €
{—1,1}4, there exists a g, € G such that o;(gy(2;) — r(z;)) > v for all i € [d]. Define
Gx = {90 € G| 0 € {—1,1}%} be the set of functions that shatters X. Define H = {—1,1}*
to be a set of all functions from X to {—1,1}. By definition of H, we must have VC(H) = d.
We use an agnostic learner for G with respect to 1 o d; to construct an agnostic learner
for H whose sample complexity, for large enough d, is smaller than the known lower bound
for VC classes. Since fat,(G) = oo, d can be made arbitrarily large and thus we derive a
contradiction.

Let A be the promised agnostic learner for G with respect to v o d; with sample com-
plexity m(e,d). For all f € [0,1]%, define a threshold function hy : X — {-1,1} as
hy(xz) =21{f(x) > r(x)} — 1. Let D be an arbitrary distribution on X x {—1,1} and Dx
be its marginal on X.

Algorithm 7 Agnostic PAC learner for ‘H
Input: Agnostic learner A for G, unlabeled samples Sy ~ Dx, and another independent
labeled samples S;, ~ D

Define Saug = {(Sv,9“(Sv)) | g € Gx }, all possible augmentations of Sy by a-discretization
of functions in Gx for a < /2.

2 Run A over all possible augmentations to get C(Sy) := {A(S) | S € Saug} -

3 Define C41(Sy) = {hs | f € C(Sv)}, a thresholded class of C(Sy).

4 Return the predictor in Cy1(Sy) with the lowest empirical 0-1 risk over St.

We now show that Algorithm 7 is an agnostic learner for H. Consider d > Sy +
Sp. Then, |C11(Sy)| = |Saue] < (2/a)l%U] can be much smaller than 2¢. Let h* :=
arg miny, 4, Ep[1{h(x) # y}] be the optimal hypothesis for D. Note that, by definition of
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shattering, for every h € H, there exists a g € Gx such that h(xz) = hy(z) for all z € X.
In particular, there must exist g* € Gx such that h*(z) = hg«(z) :=21{g*(x) > r(z)} — 1
for all x € X. Let g* denote the a-discretization of g as defined in Equation (1) for
some o < /2. Now, consider a sample (Sy, g*“(Sy)) € Saug. Let § = A((Sv, 97*(Sv)))
be the predictor returned by the algorithm when run on a sample labeled by ¢*®. Define
hg = 21{g(x) > r(x)} —1 to be its thresholded function. Then, using the triangle inequality
on the indicator function, we have

Ep[1{hy(z) # y}] < Ep[1{h*(x) # y}| + Epy [1{hg(z) # h*(x)}]. (2)

Note that 1{h;(z) # h*(z)} = 1{hy(z) # hg=(x)} < 1{|g(x) — g*(z)| > ~}. To see why the
last inequality is true, we only have to consider the case where the indicator on the left is 1,
otherwise, the inequality is trivial. Recall that 1{hg(x) # hg+(x)} = 1 whenever g(x) and
g*(z) lie on the opposite side of witness r(x). Since ¢g* has to be at least v away from the
witness r(z), we obtain 1{|g(x) — ¢g*(z)| > v} = 1. Next, using the fact that o < /2, we
have 1{|§(x) — g*(z)| > v} < I{|g(x) — g~*(x)| > 7v/2} because discretization can decrease
the distance between these functions by at most /2. Furthermore, using monotonicity
of ¥, we get 1{[g(z) — g~*(z)| = 7/2} < H{Y(|g(x) — g"*(2)]) = ¢(7/2)} . Combining
everything, we get a pointwise inequality

L{hy(z) # h*(2)} < H{(|9(z) — g7 (2)]) = ¢ (7/2)} < Mw(é(w) — g% (2)]).

Using this inequality gives an upperbound on the risk of hg, namely

Epy [1{hy(z) # h*(z)}] < M Ep[i(|9(z) — g (x)])]- 3)

Since § = A((Sv,9*“(Sv))), we can use the algorithm’s guarantee to get a further
upperbound on the expectation above. In particular, if |Sy| > m(%, 0/2), then with

probability at least 1 — d/2 over sampling Sy ~ Dx, we have

v(7/2)
R

Epy [0(1g(x) — g™ (@))] < inf Ep [¥(lg(z) — g (2)D] +

Note that infyeg Ep, [¢(lg(x) — g~ (2)])] < Epy[¢(lg*(x) — g7 (2)])] < ¥(a), where the

J— *’a

last step uses the fact that |g*(x) — ¢*®(z)| < « and ¥ is monotonic. Using L-Lipschitzness

of ¢ and the fact that ¢(0) = 0, we get (o) < La. Picking o = min(y/2, %), we get

infoeg Ep [¥(|g(x) — g0 (2)])] < %. Plugging this back to the inequality in the display
above, we get to Ep, [¢(|g(z) — ¢7%(2)|)] < M Using this guarantee on (3), we obtain

Epy [1{hy(x) # h*(z)}] <

N

This bound applied to (2) yields
. €
Ep[1{hs(z) # y}] < inf Ep[1{h(z) # y}] + 5.
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Thus, we have shown the existence of a predictor hy; € C41(Sy) that achieves agnostic

PAC bounds for H. Let h be the predictor returned by step 4 of the algorithm. Next,
we show that for sufficiently large Sy, the predictor h also attains agnostic PAC bounds.

Recall that by Hoeffding’s Inequality and union bound, with probability at least 1 — §/2,
the empirical risk of every hypothesis in C11(Sy) on a sample of size > 6% log w is

at most ¢/4 away from its true error. So, if |SL| > 6% log w

at least 1 — 6/2, the empirical risk of the predictor hg(z) is

, then with probability

|SlL| (JC%E:S 1{hg(z) # y} < Ep[1{hy(x) # y}] + i < inf Ep[1{h(x) # y}] + %’

where the last inequality follows from the risk guarantee of h; established above. Since h
is the empirical risk minimizer over S, we must have

e > Hﬁ(ﬂf)#y}ﬁ‘; > Jl{hg(:c)#y}sgg?f{ED[n{h(x)#y}H%

S

Izl @ ixes: | wres:

Finally, as the population risk of h is at most € /4 away from its empirical risk, we have
Ep[1{h(x) # y}] < inf Ep[1{h(x) #y}] + ¢,

which is the agnostic PAC guarantee for H. Applying union bounds, the entire process,
running algorithm A on the dataset augmented by ¢** and the ERM in step 4, succeeds
with probability 1 — 4. This establishes that the Algorithm 7 is an agnostic PAC learner for
‘H. The sample complexity of Algorithm 7 is the number of samples required for Algorithm
A to succeed and the ERM in step 4 to succeed. Thus, the overall sample complexity of
Algorithm 7, denoted my(€,0), can be bounded as

my(€,0) < my <W 5) +§1ogw

4 72 €2 0
e(v/2) o 8 2 8 4
< eva/e) 0 2 ° log =
””““( 1 2) U@ min(2, e(/2)/a))) e s
where the second inequality follows because |C1(Sy)| = [Saug| < (2/a)l%U] and we need

|Str| to be of size m 4 (M, g) We also use the fact that o = min(, Ewig)).

However, it is well known (Shalev-Shwartz and Ben-David, 2014, Theorem 6.8) that the
sample complexity of learning H in agnostic setting is

d + log(2/5)

C 2

€

for some C' > 0. Thus, we must have my(e,d) > C(d + log(2/5))/e*>. However, this is
a contradiction because d can be arbitrarily large but my(€,d) must have a finite upper
bound for every fixed €,d. Therefore, the function class G cannot be learnable with respect
to 1 o d; whenever there exists a scale v € (0,1) such that fat,(G) = oc. [ |
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Appendix D. Rademacher Based Proof for Batch Regression

To show that the learnability of each JFj with respect to d; is sufficient for the learn-
ability of F with respect to ¢, norms for p > 1, we use the fact that ¢,(f(z),y) is a K-
Lipschitz in its first argument with respect to ||-||, norm, that is |, (f(z),y) —£p(9(2), y)| <
K || f(z) — g(x)||, and use the following bound on the Rademacher complexity of the loss
class o F = {(z,y) — £(f(x),y)} | f € F}.

Lemma 33 (Foster and Rakhlin (2019)). Let F C Y% be a multioutput function class. For
any 6 € (0,1), there exists a constants 0 < ¢ <1 and C > 0 such that

. o 146
R, (£, 0 F) gKolgf(’){éloH— Z/a \/fatce (Fi) log ( )dé}

The result presented here is in fact the intermediate result in Foster and Rakhlin (2019),
and we provide a sketch of how their argument can be adapted to our setting.

Proof Note that for f,g € F, we have [{,(f(x),y) — {p(9(2),y)| < |6y ( (),9(x))| <
((f(z),9(z)) < K| f(z) — g(x)|,. Furthermore, we have that |fx(z) — y*| < 1, so we
obtain |[€,(f(x),y)| < K. Define the normalized ¢, loss as £,(f(x),y) := ,(f(x),y)/K. By
standard chaining argument, we know that

Rp(loF)=KR,({oF) <K ir;fo{éla—i—/ \/log/\/gﬁ oF,e,n)d }

Since a cover with || - ||oc norm is also a cover with respect to || - ||2 norm, we have that
log Na(£,0F, €,n) < log Noo(€oF, €,n). Since £,(f(z),y) is 1—Lipschitz with respect to ||||o
norm, following Lemma 1 of Foster and Rakhlin (2019), we obtain log Noo (£ 0 F,€,n) <
S log Noo (Fi, €, m).

A result due to Rudelson and Vershynin (2006) states that for any § € (0, 1), there exists
constants 0 < ¢, < 1 and Cp, > 0 such that

log Noo(Fiy €,n) < Cy fate, (F) logH‘d (en/e).

Picking C = maxj C} and ¢ = ming cg, we obtain the contraction inequality

K
: 12C 145 (€M
Rn(loF) < K Clg% 4o+ NA ng fatee(Fi) log (T)de

Using \/Zk | fatec(Fp) logtt? (e2) < K \/fatc6 (Fi) logt*? (£2) yields the desired con-

traction inequality.
|

With Lemma 33 in our repertoire, the sufficiency proof is a routine uniform convergence
argument.
Proof (of sufficiency in Theorem 12) Suppose each restriction Fj is learnable with respect
to di. Then, we know that for all k € [K] and for all 1 > ~ > 0, we have fat,(F;) < oo
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(Bartlett et al., 1996), (Anthony and Bartlett, 1999, Chatper 19)). Using Lemma 33, for
d = 1/2, we can find constants ¢, C' such that

. = 3/2
%n(fpo}—)chlng{ﬁla—l— Z/ \/fatcefk)log ( )de}

Fix a > 0. The second term inside infimum vanishes as n — oo, yielding R,,(£o F) < 4aK.
As a > 0 is arbitrary, the Rademacher complexity 2R, (¢ o F) goes to 0 as n — oo. This
argument can be readily turned into non-asymptotic bounds on R, (¢, o F) if the precise
form of fat,(Fy) as a function of v is known. Since the empirical Rademacher complexity
vanishes, uniform convergence holds over the loss class £, o F and thus F is learnable with
respect to £, via empirical risk minimization. |

Appendix E. Online Multilabel Learnability with respect to Hamming
Loss

In this section, we provide the proof of Theorem 15.

Proof We first prove that the online learnability of each restriction is sufficient for the
online learnability of £f.

Part 1: Sufficiency. Our proof is based on a reduction: given oracle access to on-
line learners {Ax} | for {F,}X | with respect to fo.1, we construct an online learner
A for F with respect to £g. In fact, similar to the batch setting, the online multilabel
learning algorithm A is simple: in each round ¢ € [T], receive z;, query the predictions
Aj(2), ..., A (2¢), and finally predict the concatenation g = (Ai(x¢), ..., Ax(x¢)). Once
the true label y; = (y}, ...,y ) is revealed, update each online learner Ay, by passing (zy, y¥)
for k € [K]. It suffices to show that the expected regret of A is sublinear in 7" with respect
to {g. By Definition 5, we have that for all k € [K],

T
[Zﬂ{AM)#yt}— inf. Zﬂ{fk (we) # yf | < Ru(T)

t=1

where Ry (T) is some sublinear function in 7. Summing the regret bounds across all
k € [K] splitting up the expectations, and using linearity of expectation, we get that

B[S0 S0 () # of}] = B[S0 inf e, SO 1@ # 983] < S RA(T).

. K . : K
Noting that Y, infrer S L{fa(ze) # yf} < infrer Sy Yy W{fulz) # uf},
swapping the order of summations, and using the definition of £z we have that,

T
E > Cu(Alze), e ]— [mfZEH (24) yt] <2Rk

where A(x) = (A1 (2t), ..., Ak (2¢)). This concludes the proof of this direction since S 1| Ry,(T)
is still a sublinear function in 7'.

Part 2: Necessity. Next we prove that if F is online learnable with respect to to £f7, then
each Fj is online learnable with respect to £yo.;. Namely, given oracle access to an online
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learner A for F with respect to £g, we construct an online learner B for F; with respect
to £o.1. A similar reduction can be used to construct online learners for each restriction
Fi. Similar to the batch setting, the online learning algorithm B is simple: in each round
t € [T, receive x4, query §; = A(z;) and predict g = A (a:t) Once the true label y} is
revealed, update A by passing (z;,y:) where y; = (y},0%,...,0f) and {0{}£, is an i.i.d
sequence of Rademacher random variables.

It suffices to show that the expected regret of B is sublinear in T with respect to £y_1.
As previously mentioned, we assume that the sequence (x1,y3), ..., (1, y%) is chosen by an
oblivious adversary, and thus is not random. Let y; = (y{, 02, ..., UtK ). By Definition 5, we
have that,

< R(T,2%)

T
E ZEH(.A(%& - mf ZKH )> Yt)
t=1

where the expectation is over both the randomness of A(z;) and (02, ...,cf) and R(T, 2%) is
a sub-linear function of T'. Splitting up the expectation, using the definition of the Hamming
loss, and by the linearity of expectation, we have that

iiE [H{Akz(xt) £ yr } - ot ZZE [1{fk ) # yh }} < R(T, 2K).

t=1 k=1 t 1 k=1

Next, observe that for every ¢ € [T, for every k € {2, ..., K}, the randomness of y} = oF

implies E [1{Ax(z:) # yF'}] = E [L{f(2:) # yF}] = 3. Thus
T T
> L) £+ 55| 3 E L) £ ol + 55| < 2

Canceling constant factors gives, E [Zthl 1{A1(z) # ytl}} —infy er Zthl L{f1(z) #yt} <
R(T,2%), showing that B is an online agnostic learner for F; with respect to £o.1. |

Appendix F. MCLdim Characterizes Online Multilabel Learnability

In this section, we show that the MCLdim characterizes the online learnability of a mul-
tilabel function class F C Y% with respect to to any loss ¢ that satisfies the identity of
indiscernibles. Theorem 34 makes this more precise.

Theorem 34. Let { be any loss function satisfying the identity of indiscernibles. A function
class F C Y* is online learnable with respect to £ if and only if MCLdim(F) < oco.

Proof (of sufficiency) We first show that finiteness of MCLdim is sufficient for online
learnability. The proof follows exactly like the proof of Lemma 16. We include it here again
for completeness sake. Let £ be any loss function satisfying the identity of indiscernibles
and F C V¥ be a multilabel function class such that MCLdim(F) = d < oco. Since
F has finite MCLdim, the deterministic Multiclass Standard Optimal Algorithm for F ,
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hereinafter denoted MCSOA (F), achieves mistake-bound d in the realizable setting (Daniely
et al., 2011). Therefore, following the same procedure as in Daniely et al. (2011), we can
construct a finite set of experts £ of size |E| = 2?20 (?) lim(F)[9 < (25T)? such that for
any (oblivious) sequence of instances zi,...,z7, for any function f € F, there exists an
expert By € &£, such that f(x;) = E(x;) for all t € [T]. Finally, running the celebrated
Randomized Exponential Weights Algorithm (REWA) using £ as the set of experts and the

scaled loss function % € [0, 1] guarantees that for any labelled sequence (x1,41), ..., (7, y1),

T

T
Zf@tayt) - }gffzf(f@t)vyt)
t=1

t=1

4 T
E ;E(met) — é%g;g(E(xt)7yt) <E

gO(B mem)go(B JHGMT»

where ¢; is the prediction of REWA in the ¢’th round. Thus, running REWA over the set
of experts £ using % gives an online learner for F with respect to ¢. |

Proof (of necessity) To prove necessity, we need to show that if F is online learnable with
respect to ¢, then MCLdim(F) < co. To do so, we show that if F is online learnable with
respect to ¢, then F is online learnable with respect to £o.1 in the realizable setting. Let A
be an online learner for F with respect to £. Then, by definition,

T T

> UA(t),y) — inf DEUCORT

t=1 t=1

E < R(T,2%)

where R(T,2K) is a sublinear function in 7. Since ¢ satisfies the identity of indiscernibles,
in the realizable setting, inf ;¢ Zthl 0(f(xt),yt) = 0. Therefore, under realizability,

T

S (A(), )

t=1

E < R(T,2K).

Because there are only a finite number of inputs to £, there must exist a universal constant
a such that afy; < £. Substituting in gives that,

R(T,2%)

a

T
E [Z lo-1 (A(zt), yr)
=1

K
Since a is a universal constant that does not depend on T, % is still a sublinear

function in 7', implying that A is also a realizable online learner for F with respect to £g_1.

This completes the proof as MCLdim characterizes realizable learnability and so we must
have MCLdim(F) < oo. [ |
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Appendix G. Proofs for Bandit Online Multilabel Classification

In this section, we provide proofs for the characterization of online multilabel classification
under bandit feedback.

Proof (of Theorem 19) The proof of Theorem 19 is nearly identical to the proof of Theorem
13. The only difference is that in Algorithm 4, we now need use the bandit Expert’s
algorithm EXP4 from Auer et al. (2002) instead of REWA. Similar to REWA, based on
Theorem 2.3 in Daniely and Helbertal (2013) and the fact that A, B and P are independent,
EXP4 guarantees that

T

inf FE
E’léISBt:lE( (1), yt)

E <E

+ eME [TV (€]

T
ZE(P(ZL}), Yt)
t=1

where P(z;) denotes EXP4’s prediction in round ¢. The remaining proof for deriving
the upper bound

E

T T
. . cl' —
inf ((E(rt),y:)| < inf O(f(we), ) + T8 R(T’Bv V)
Eeép Pt feF P T

is identical to that in Theorem 13, so we omit it here. Putting these pieces together gives

the stated guarantee. |

Proof (of Theorem 18) Let ¢ = % We first show necessity: if F is bandit online
learnable with respect to ¢, then each restriction Fj is online learnable with respect to £y_;.
This follows trivially from the fact that if A is a bandit online learner for F, then A is also
an online learner for F under full-feedback. Thus, by Theorem 17, online learnability of F
with respect to ¢ implies online learnability of restriction JFj with respect to the 0-1 loss.
We now focus on showing sufficiency: if for all k € [K], F} is online learnable with respect
to 0-1 loss, then F is bandit online learnable with respect to loss £. Since |Y| = 2K < oo
and £ is a c-subadditive, by Theorem 19, it suffices to show that there exists a realizable
online learner for F with respect to £. However, using Theorem 17, online learnability of
each restriction Fj, with respect to 0-1 the loss implies (agnostic) online learnability of F
with respect to £. Since an agnostic online learner is trivially a realizable online learner,
the proof is complete. |

Appendix H. Equivalence of d; and v o d; Online Learnability

Proof (of Lemma 22) Since 1 is a Lipschitz function, the proof of sufficiency follows imme-
diately from Corollary 5 in Rakhlin et al. (2015a), a contraction Lemma for the sequential
Rademacher complexity. Thus, we focus on proving necessity - if G is online learnable with
respect to 1 o dy, then G is online learnable with respect to d;.

Since the sequential fat shattering dimension of G characterizes d; learnability (Rakhlin
et al., 2015a), it suffices to show that G being online learnable with respect to ¥ o d; implies
fatZ71(G) < 0 for every v € (0,1). Like in the batch setting, we prove this via contradiction.
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Suppose, for the sake of contradiction, G is online learnable with respect to v o d; but
there exists a scale vy € (0, 1) such that fat>*(G) = co. Then, for every T' € N, there exists a
X-valued binary tree 7 and a [0, 1]-valued binary witness tree R both of depth T such that
forall o € {—1,1}1, there exists g, € G such that for all t € [T], 04(g5 (Tt (0<t)) —Re(o<t)) >
~v. Without loss of generality, assume that for any path o € {—1,1}7, the set of instances
{Ti(0<¢)}L_, are distinct. This is true because we can construct a vy-shattered tree of much
bigger depth and prune away repeated instances along a path to get a tree of depth T.
Define Gr = {g, € Glo € {—1,1}T} to be the set of functions that shatter 7 with witness
R. Let X C X denote the set of examples that label the internal nodes of 7. Consider
the binary hypothesis class H = {—1,1}* which contains all possible functions from X to
{—1,1}. By definition of H, we must have Ldim(#) > T". Therefore, 7, with left and right
edges labeled by —1 and +1 respectively, is shattered by H. Let 71 denote such a tree.
Note that for all ¢ € [T], we have T;(0<;) = T+ (0«). Since Ldim(H) > T', any realizable
online learner for H must make at least % mistakes in expectation for an adversary that
plays according to a root-to-leaf path in 71 chosen uniformly at random. However, using
an agnostic online learner for G with respect to v o di, we construct a realizable online
learner for H that achieves a sublinear regret bound when an adversary plays according to
a root-to-leaf path in 75 chosen uniformly at random. Since fat3™(G) = oo, T' can be made
arbitrarily large, eventually giving us a contradiction.

To that end, let A be an online learner for G with respect to ¥ o d; with regret
RA(T). Let 0 ~ {—1,1}T denote a sequence of T i.i.d Rademacher random variables and
{(Tet(0<t),01)}1_, the associated sequence of labeled instances determined by traversing
T+ using 0. Note that {(7x:(0<t),0¢)}L is a sequence of labeled instances corresponding
to a root-to-leaf path in 71 chosen uniformly at random. By construction of H, there exists
a hj € H such that h}y(7+¢(0<)) = oy for all t € [T] and therefore the stream is realizable
by H. Let g} € G be the function at the end of the root-to-leaf path corresponding to o in
T, the original tree shattered by G.

We now use A to construct an agnostic online learner for H with sublinear regret on
the stream {(7+¢(0<t),0¢)}L_,. Our algorithm is very similar to realizable-to-agnostic con-
version in Theorem 13. Namely, we construct a finite set of experts, each of which uses A
to make predictions, but only updates A on certain rounds. Finally, we run REWA using
this set of Experts over our stream. For completeness’ sake, we provide the full description
below.

For any bitstring b € {0,1}7, let ¢ : {t : by = 1} — im(G®) denote a function mapping
time points where by = 1 to elements in the discretized image space im(G%). Let @ :
(im(G*)){#b=1} denote all such functions ¢. For every g € G, let @7 € P, be the mapping
such that for all t € {t : by = 1}, ¢} (t) = ¢*(Ti(o<t)). Let |b] = |{t : by = 1}|. For
every b € {0,1}T and ¢ € ®,, define an Expert Ej 4. Expert Ej 4, formally presented in
Algorithm 8, uses A to make predictions in each round. However, F 4 only updates A
on those rounds where by = 1, using ¢ to produce a labeled instance (T¢(o<), ¢(t)). For
every b € {0,1}T, let & = Ugea, { B} denote the set of all Experts parameterized by
functions ¢ € ®p. If b is the all zeros bitstring, then &, is empty. Therefore, we actually
define & = {Eo} U Uyecq, {Eb¢}, where Ep is the expert that never updates .A. Note that

1< 18| < (2)PL
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Algorithm 8 Expert(b, ¢)
Input: Independent copy of Online Learner A for 1 o d
fort=1,...,T do

Receive example T4 ¢(0<¢)

Predict g = 2 1{A(Txt(0<t)) > Re(o<t)} — 1

Receive y; = oy

if by =1 then

Update A by passing (Tx(o<(), $(1))

end

With this notation in hand, we are now ready to present Algorithm 9, our main online
learner Q for H with respect to 0-1 loss. The analysis is similar to the one before, but we
include it below for completeness sake.

Algorithm 9 Online learner Q for H with respect to 0-1 loss
Input: Parameters 0 < <land0<a <3

1 Let B € {0,1}7 such that B; ** Bernoulli(Z)

Construct the set of experts &g = {Eo} U Uyeco,{EB,¢} according to Algorithm 8.
Run REWA P using £p and the 0-1 loss over the stream (73 1(0<1),01), ... (Te 7(0<T), 0T)

Our goal now is to show that Q enjoys sublinear expected regret. There are three main
sources of randomness: the randomness involved in sampling B, the internal randomness
of each independent copy of the online learner A, and the internal randomness of REWA.
Let B, A and P denote the random variable associated with these sources of randomness
respectively. By construction, A, B, and P are independent.

Using Theorem 21.11 in Shalev-Shwartz and Ben-David (2014) and the fact that A, B
and P, are independent, REWA guarantees,

T T
E > HP(Tailow) # ot}] <E [,;gng > UE(Taslo<) # i} | +E | V2T (x|
t=1 t=1
Therefore,
T T
E > H{QTaslo<) # o} | =E | D H{P(Taylo<)) #at}]
t=1 Li=1
i T
<E |, g HE(Te(0<0)) # 01} | +E |/2TTn(€])]
A
<E|) B, o (Tei(0<)) # 00} | + B [\/2T ln(|5B|)} .
Lt=1

In the last step, we used the fact that for all b € {0,1}7 and g € G, Eb,¢>§ € &.
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It now suffices to upperbound E [Zthl HE, o (Tet(o<t)) # o1} |. We use the same

¢90‘
notation used to prove Theorem 13, but for the sake of completeness, we restate it here.
Given an online learner A for ¥ o dy, an instance z € X, and an ordered sequence of labeled
examples L € (X x [0,1])*, let A(z|L) be the random variable denoting the prediction of
A on the instance z after running and updating on L. For any b € {0,1}T, ¢ € G%, and
te[T],let Lj_, = {(Tat(0<i), 9 (Tet(0<i))) i < t and b; = 1} denote the subsequence of
the sequence of labeled instances {(7¢¢(0<;), g%(Tx(0<;)))}iZ; Wwhere b; = 1. Using this
notation, we can write

T
E Z ]l{E B9 s (Tei(o<)) # o4}

t=1

M'ﬂ

]1{2 R{A(E,t(%t)fﬂg’d) > Ri(o<t)} —1# Ut}]

I
-

t

I
M=

2 HA(Taslo<)ILE.) 2 Ralo<e)} = 14 b m,t(m»}]

J

1 {40 di(A(Tesloo L), 6 <m<a<t>>>>w<g>}]

Il
-

t

A
=
M=

14 [A(Tx (o<t ’LBQ) 9o (Teilo<t))| 2 ’Y}]

t=1

A
=
=

B2

&~
Il
—

IA
=
MH

{
1L{IA(Te o< ILE.,) = 95" (Tealo<)| =
{

Lt=1

[Z o dy (A(Tei(o<)|L%), g;»am,t(aq)))]

1\3\4

The first inequality follows from ~-shattering. Indeed, if 21{A(T+ +(0<¢) |L‘%§’<t) > Ri(o<t)}—

1 # h}(Tx4(0<t)), then A(E,t(ad)’[f%it) and g* must lie on opposite sides of the witness
Ri(0<;). The second inequality stems from the choice of @ < %. The third inequality
follows from the monotonicity of ¥. The last inequality follows from Markov’s. Now, we

can continue like before.

T
E| Y o di(A(Teu(ow)| LG, ) g5 (Tea(ot)))

Z¢ o dy (A(Ta( U<t)|LB<t) 95 (Tea(0<t)))

P[B, = 1]
P (B, = 1

T

— B> b di(ATu(o)ILh), 9 (Tealo))) 1B = 1}]
t=1
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To see the last equality, note that the prediction A(E,t(o<t)]l)g<t) only depends on bit-
string (B, ..., Bi_1), the string (o1, ..., 04—1), and the internal randomness of A, all of which
are independent of B;. Thus, we have

E [0 di(A(Tero0<) L), 5" (Tea(0<))) L{B: = 1}] = E |4 0 di(As(ael L7, ), )| E[L{B; = 1}]

—E |1 0 dy(Ai (@ L., ), 1) | PB = 1]

as needed. Continuing onwards,

E

T
N o di(A(Tealo<)| LE.,). gz’%n,t(a«)))]
t=1

T

r T
= 7k D o dl(A(Ti,t(O'<t)|L‘§<t), 92 (Taet(0<))1{B; = 1}]
Li=1

T

=5 | Y vod (A(Te (o<l L%), g5 (Tien(0<0))
_t:Bzzl

_—

= 1o B Y oA o) | )55 Tir(o0)| B
L t:Btzl

_—

< ﬁE Bz:l¢ 0 di(g5(Tx(0<t)), 95 (T t(0<t))) + Ra(|B])
Lt:By=

The last inequality follows from the fact that A is an online learner for ¥ o d; with regret
bound R4(T) and is updated using a stream labeled by ¢*® only when B; = 1. Now, we
can upperbound:

B | Y Vo di(g (Tasloa), 65 (Tealoc) | + 5 E[Ra(lB)]

T8
t:Bi=1
T T
< 5E B}jlwa) + 75 E [Ra(|B)]
t:Bi=

< LELIB| + - E[RA(BI)

=alT + %E [RA(|B|)]
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The first two inequalities follow from the fact that ¢ is monotonic, L-Lipschitz, ¢(0) = 0,
and d1(¢*(Tx1(0<t)), 95" (T t(0<1)) < . Putting things together, we find that

T T
E | UQ(Terlow)) £} | SE Y UE, o (Tealow) # 00} | +E[v2T (€]
t=1 t=1
aLT + ZLE[RA(|B
< T@S(;[) Al mHﬂ:[ 2T Tn(€x])]
T
Sqiaiins Y;ZE[)RA(’BD] +E 2T|B\ln(z)] |

where the last inequality follows from the fact that that |Eg| < (%)'B . By Jensen’s inequal-

ity, we further get that, E { 2T |B| ln(%)} < (/2771 In(2), which implies that

E [i HO(Tx (o)) # Ut}] < s {Z(E [)RA(|BD] * \/W'

t=1

o2

Next, by Lemma 14, there exists a concave sublinear function R4(|B]) that upperbounds
R4(|B|). By Jensen’s inequality, we obtain E[R4(|B|)] < RA(T?), which yields

T o TR (T8
Z ﬂ{Q(Ti,t(tkt)) £ Ut}] < LT +1/]T(i];A(T ) + m.
2

t=1

E

Picking o = ﬁ and € (0,1), gives that Q enjoys sublinear expected regret

TﬂRA(Tﬁ) +\/4TB+1 In(LT).

Since R4(T?) is sublinear in T, Q is a realizable online learner for H with sublinear regret.
Thus, for a sufficiently large 7', E [Zthl {O(Tx(o<t)) # at}} < L. This is a contradiction

because {(T+i(0<t),0¢)}]; is a realizable sequence of instances corresponding to a root-
to-leaf path in 71 chosen uniformly at random and thus any realizable online learner must
suffer expected regret at least % Thus, if there exists a scale v > 0 such that fatZ7(G) = oo,
there cannot exist an online learner for G with respect to 1 o d;. |

T

1
Y U Q(Teilow)) # at}] < e 4

t=1

E

Nl

o
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