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Abstract

In recent times machine learning methods have made significant advances in becoming a
useful tool for analyzing physical systems. A particularly active area in this theme has been
“physics-informed machine learning” which focuses on using neural nets for numerically
solving differential equations. In this work, we aim to advance the theory of measuring out-
of-sample error while training DeepONets — which is among the most versatile ways to solve
P.D.E systems in one-shot. Firstly, for a class of DeepONets, we prove a bound on their
Rademacher complexity which does not explicitly scale with the width of the nets involved.
Secondly, we use this to show how the Huber loss can be chosen so that for these DeepONet
classes generalization error bounds can be obtained that have no explicit dependence on the
size of the nets. The effective capacity measure for DeepONets that we thus derive is also
shown to correlate with the behavior of generalization error in experiments.

1 Introduction

Deep learning has recently emerged as a competitive way to solve partial differential equations (P.D.Es)
numerically. We note that the idea of using nets to solve P.D.Es dates back many decades Lagaris et al.
(1998) Broomhead & Lowe (1988). In recent times this idea has gained significant momentum and “AT for
Science” Karniadakis et al. (2021) has emerged as a distinctive direction of research. Some of the methods
at play for solving P.D.Es neurally E et al. (2021) are the Physics Informed Neural Networks (PINNs)
paradigm Raissi et al. (2019) Lawal et al. (2022), “Deep Ritz Method” (DRM) Yu et al. (2018), “Deep
Galerkin Method” (DGM) Sirignano & Spiliopoulos (2018) and many further variations that have been
developed of these ideas, Kaiser et al. (2021); Erichson et al. (2019); Wandel et al. (2021); Li et al. (2022);
Salvi et al. (2022).

These different data-driven methods of solving the P.D.Es can broadly be classified into two kinds, (1) ones
which train a single neural net to solve a specific P.D.E. and (2) operator methods — which train multiple
nets in tandem to be able to solve in “one shot” a family of differential equations, with a fixed differential
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operator and different “source / forcing” functions. The operator net was initiated in Chen & Chen (1995)
and its most popular deep net version, the DeepONet, was introduced in Lu et al. (2021). An unsupervised
form of this idea was introduced in Wang et al. (2021). We note that the operator methods are particularly
useful in the supervised setup when the underlying physics is not known — as is the setup in this work — and
state-of-the-art approaches of this type, can be seen in works like Raonié et al. (2023).

As an explicit example of using DeepONet in the supervised setup, consider solving a pendulum O.D.E.,
%f’) = (v,—k -sin(y) + f(t)) € R? for different forcing functions f(¢). Then using sample measurements of
valid (f,y) tuples, a DeepONet setup can be trained only once, and then repeatedly be used for inference
on new forcing functions f to estimate their corresponding solutions y. This approach is fundamentally
unlike traditional numerical methods where one needs to run the optimization algorithm afresh for every
new source function. In a recent study Lu et al. (2022), the authors showed how the DeepONet setup — that
we focus on in this work — has significant advantages over other competing neural operators, like the FNO

Li et al. (2020), in solving various differential equations of popular industrial use.

As a testament to the foundational nature of the idea, we note that over the last couple of years, several
variants of DeepONets have been introduced, like, Tripura & Chakraborty (2023); Goswami et al. (2022a);
Zhang et al. (2022); Hadorn (2022-03-16); Park et al. (2023); de Sousa Almeida et al. (2023); Tan & Chen
(2022); Xu et al. (2023); Lin et al. (2023). Different implementations of neural operators have been demon-
strated to be useful for various scientific applications, like for predicting crack shapes in brittle materials
Goswami et al. (2022b), for fluid flow in porous materials Choubineh et al. (2023), for simulating plasmas
Gopakumar & Samaddar (2020), for seismic wave propagation Lehmann et al. (2023), for weather modeling
Kurth et al. (2023) etc.

In light of this burgeoning number of applications, we posit that it becomes critical that the out-of-sample
performance of neural operators be mathematically understood. Towards this goal, in this work, we prove
that the generalization error of one of the most versatile forms of operator learning i.e DeepONets, can
become independent of the number of training parameters. We note that this is a significant improvement
over the best known generalization bounds for DeepONets, Theorem 5.3 in Lanthaler et al. (2022), which
grow exponentially in the number of parameters. We are able to obtain this insight via analyzing the
Rademacher complexity of DeepONets. That we can recover here the usual neural net like generalization
bound of the form % is particularly interesting because in here the predictor, the DeepONet, is
a non-Lipschitz function, while nets are Lipschitz functions and that is critical to how the standard analysis
is carried out for obtaining generalization error bounds.

Motivations for Understanding Rademacher Complexity We recall that typically there is a vast lack
of information about the distribution of the obtained models in any stochastic training setup. Corresponding
to a stochastic training algorithm, say ALG, that is using a m— sized dataset S, to search over a class of
predictors H, there is scarce mathematical control possible over the distribution of its output random variable
— the random predictor thus obtained, say ALG(S,,, H). Hence there is an almost insurmountable challenge
in being able to control the quantity we would ideally like to bound, the out-of-sample risk of the obtained
predictor i.e. R (£oALG(S,,,H)) - where R denotes the expectation w.r.t the true data distribution, say
D, of a loss £ evaluated on the predictor ALG(S,,, H).

The fundamental idea that takes us beyond this conundrum is to relax our goals from aiming to control
the above to aiming to control only the data averaged worst (over all possible predictors) “generalization
gap” between the population and the empirical risk i.e, Eg_.pm [supheH (Rm(éo h)-R({o h))] — where
corresponding to a choice of loss /, ﬁm(f o h) is the empirical estimate over the data sample S, of the
risk of h and R(£o h) is the population risk of h over the data distribution D. The importance of the
statistical quantity, Rademacher complexity Bartlett & Mendelson (2001) of the function class £ o H i.e.
E.,....zp~Dm (EE [supheH % Yirielo h(zi)]) (where ¢; ~ £1 are Bernoulli random variables) stems from the
fact that it is what bounds this aforementioned measure of the generalization gap.

It is to be noted that trying to control the above frees us from the specifics of any particular M.L. training
algorithm being used (of which there is a myriad of heuristically good options) to find arginf;, ., R(¢ o h).
But on the other hand, by analyzing the Rademacher complexity we gain insight into how the choice of the
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hypothesis class H, the choice of the loss ¢, and the data distribution D interact to determine the ability to
find arginf), .5, R(£oh) via empirical estimates. Suppose that there exists some constant C(H, D) — a capacity

measure — such that Eg_.pm [supheH (]%m(f oh)-R({Lo h))] is upper-bounded by &\%’D), then one can

2
2.C(H,D S
% samples the data-averaged worst-case generalization error

conclude that while training with n > (
for the predictor obtained is at most ¢, for any arbitrarily small ¢ > 0. This motivates one of the uses of
Rademacher complexity i.e to provide such estimates on the number of samples required to achieve a target
test accuracy. In particular, in cases where this capacity does not scale with the number of parameters in the
hypothesis class H, one may begin to explain why certain over-parameterized models might be good spaces
for the learning task. Such understanding becomes immensely helpful when H is very complicated, as is the
focus here, that of A being made of DeepONets. In Section 2, we review some of the recent advances in the
Rademacher analysis of neural networks.

We crucially note (Theorem 4.13, Ma (2021)) that any condition on m, ¢, H and D that makes Rademacher
complexity small is a condition which when true it becomes reasonable to expect that the empirical and the
population risk could also be close for any predictor in the class H.

In this work, we will compute the Rademacher complexity of appropriate classes of DeepONets and use it to
give the first-of-its-kind bound on their generalization error which does not explicitly scale with the number
of parameters. Generalization bounds that do not scale with the size of the nets can be seen as a step towards
explaining the success of overparameterized architectures for that learning task. Further, our experiments
will demonstrate that the complexity measures of DeepONets as found by our Rademacher analysis indeed
correlate to the true generalization gap, over varying sizes of the training data.

1.1 Overview of Training DeepONets & Our Main Results
Following Lu et al. (2021), we refer to the schematic in Fig.1 below for the DeepONet architecture,

xz(f) —e-l Branch Network

O DON(xz(f). x1)
Xy — l Trunk Network }/f

Figure 1: A Sketch of the DeepONet ( “DON”) Architecture

In the above diagram, the Branch Network and the Trunk Network are neural nets with a common output
dimension. xp(f) € R%, the input to the branch net is an “encoded” version of a function f i.e. a
discretization of f onto a d;-sized grid of “sensor points” in its input domain. &y € R% is the trunk input.
If the activation is ¢ at all layers and the branch net and the trunk net’s layers are named By, k=1,2,...,q5
and T,k =1,2,...,qr respectively, then the above architecture implements the map,

R xR% 5 (xp(f), xr) = DeepONet(zp(f), zr) =

(BqB(U(BqB—l(- ~o(Bi(zs(f)))--))) ) (TqT(U(TqT—1(- -o(Ti(zr)) ---))) ) (1)

=fe(zs(f)) =fr(zr)

In above the number of rows of the matrix By, and Tj, need to be the same for the inner-product to be
defined. For a concrete example of using the above architecture, consider the task of solving the pendulum
O.D.E from the previous section, % = (v,~k-sin(y) + f(t)) e R%. For a fixed initial condition, here the
training/test data sets would be 3-tuples of the form, (zg(f),zr,y) where y € R is the angular position of

the pendulum at time ¢ = 7 for the forcing function f. Typically y is a standard O.D.E. solver’s approximate
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solution. Given m such training data samples, the {5 empirical loss would be,

- 2171:_27:(% —DeepONet(alBB(fi),Ti))2 = zylni(g(fmﬁ) - DeePONet(wB(fi)»Ti))2' (2)

In above G is the solution operator for this O.D.E. that the O.D.E. solver can be imagined to be simulating.
The rationale for this loss function above originates from the universal approximation property of DeepONets
which we have reviewed as Theorem C.1. Going beyond such approximation theorems, we state the results
that we prove here about the risk bounds in this novel learning setup.

Theorem (Informal Statement of Theorem 4.1). Consider a class of DeepONets, with absolute value acti-
vation, whose branch and trunk networks are both of depth n (i.e. ¢g = ¢r =n in equation 1) and suppose
that the squared norms of the inputs to them are bounded in expectation by M, g and M, r respectively.
Then the average Rademacher complexity, for training with samples of size m, is bounded by,

(9( if%n ! (HCJ ]) mBMzT) (3)

where the constants C,, ,,—1 and C_;, _, k=2,3,...,n—1 are defined so that the weight matrices of the Branch
Network and the Trunk Network of all the DeepONets in the class satisfy the following bounds,

b1 t_q
Z Z . ”anl,lﬁ H ’ HTnfl,kz ” = Cn,nfla
k}1:1 k}2:1

[ 5 (Bn,jTJ,»]

k1,k2

b tg
(Sup) Z z |(UwT)jl’j2| : HBn—k,j1 H HTn—/@,jz ” = C—krk Vk = 2,...,n-1, (4)
v, w ] =1 :

where in each sum, above v,w are on the unit spheres of the same dimensionality as the number of rows
in B,,_; and T,_j respectively and b_j,t_j represent the number of rows in the weight matrices B,,_; and
T, respectively. (For any branch weight matrix say B,, in above we have denoted its j-th row as B, ; and
similarly for the trunk.)

Towards making the above measures computationally more tractable, in Appendix J we have shown that
Vk=2,...,n -1 one can choose an upperbound C_j _j, in place of C_; _ where,

Copr = | X | for X e R™** with X, j, = | Bugju | - | Tncr. s | (5)

In Section 4.3, we undertake an empirical study on a particular component of the generalization bound,
represented as C"J’;L; , (1'[;:21 C_j,_j), in relation to the generalization gap to assess the correlation between
these factors.

Having proven the key theorem above, the following generalization bound with a modified loss function for
DeepONets follows via standard arguments about Rademacher complexity,

Theorem (Informal Statement of Theorem 4.2). Considering the same class of DeepONets as in Theo-
12 for |z| <6
§- (|2 - $6) for |z| > 4§
The expectation over data of the supremum of the generalization error over the above class of DeepONets

can then be bounded by,
n,n-1
C_; s x, BMz A
o (e )

where Cy, -1 and C_; _; are the constants defined in Theorem .

rem and using the Huber loss ¢y s5(z) = { with § = (%)ml as the loss function.

To the best of our knowledge, there is no general principle which determines when the worst case general-

ization gap of a learning scenario scales like % for some “capacity” function C which is entirely determined

by the data distribution and the norms of the parameters allowed in the predictor class. We recall that this
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is the familiar form of this bound from calculations done with neural nets, as reviewed in Appendix 2. We
posit that the reappearance of this form of the bound for DeepONets could not have been taken for granted
without the involved calculation as done here to prove the above theorem.

Secondly, we note that there is no explicit dependence on the widths of the DeepONet of the effective
capacity measure of C obtained above, once the depth has been fixed. In line with how terminology was
developed for standard neural nets, as reviewed in Section 2, we can say that thus we have obtained size-
independent generalization bounds - even for DeepONets and also while not making any assumptions on the
target operator G - an instance of which was seen in equation 2.

Lastly, we note that in Pestourie et al. (2023), the authors had recently demonstrated empirically the
effectiveness of using Huber loss for training neural networks to solve P.D.Es. Albeit for a different setup,
that of solving P.D.E. systems, via the above theorem, we provide a theoretical justification for why Huber
losses could be well suited for such tasks, and in here we are also able to derive a good value of § —while this
hyperparameter choice in Pestourie et al. (2023) was not grounded in any theory.

In Appendix B we give an experimental study of how lowering the value of § indeed helps lower both the
generalization error as well as the test error. Further, we will give experimental evidence (Figures 2 and 6)
that the capacity function derived above indeed has high correlation with the variations in the generalization
error over different experiments at different training data size.

In light of the above, we note the following practical applicability and qualitative significance of our bounds
on the Rademacher complexity and generalization error of DeepONets.

Choosing the Loss Function Theorem 4.2 suggests that training on the Huber loss function could lead
to better generalization. We give a performance demonstration in Appendix A for Huber loss function at
0= 2%1 for DeepONets using tanh activation (although our above theorem does not capture this choice of
activation) and we note that it gives 2 orders of magnitude lower test error than for the same experiment
using £o loss.

Additionally, note that, DeepONets without biases and with positive homogeneous activation, are invariant
to the scaling of the branch net’s layers, By,and trunk net’s layers, Ty, by any p; and Ax > 0 respectively
VEk 8.t [T (- Ax) = 1. This is a larger symmetry than for usual nets but our complexity measure mentioned
above is also invariant under this combined scaling. This can be seen as being strongly suggestive of our
result being a step in the right direction.

Explaining Overparameterization Since our generalization error bound has no explicit dependence on
the width or the depth (or the number of parameters), it constitutes a step towards explaining the benefits
of overparameterization in this new setup.

2 Related Works

Over the past few years, many novel generalization bounds for standard neural nets have been established.
Many of these works have computed bounds on Rademacher complexity for various classes of nets, to
show how different norm combinations of the involved weight matrices affect generalization performance,
Sellke (2024), Golowich et al. (2018), Bartlett et al. (2017), Neyshabur et al. (2015). For shallow neural
nets such methods have also been useful in explaining the benefits of dropout Arora et al. (2021) and
overparameterization Neyshabur et al. (2019). However, for state-of-the-art neural nets, other approaches
Dziugaite & Roy (2017), Arora et al. (2018), Neyshabur et al. (2018), Mukherjee (2021) have sometimes
given tighter bounds while using bounding expressions that are computationally very expensive. A thorough
discussion of the reach and limitations of these various bounds can be found in Nagarajan (2021).

In Kumar & Mukherjee (2024), the authors investigate the behavior of the ¢o-distance between the true
solution and the PINN suwrrogate, building on the work of Mishra & Molinaro (2023). While the study
establishes an upper bound on the ¢5-distance, this result alone is insufficient to guarantee successful training.
For training to be effective, it is also necessary to demonstrate that the empirical risk converges to the
population risk, which can be ensured using Rademacher complexity-based bounds.
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2.1 Comparison to Lanthaler et al. (2022)

Firstly, we note that none of the theorems presented here depend on the results in Lanthaler et al. (2022).
The proof strategies are entirely independent. Secondly, to the best of our knowledge, Theorem 5.3 in
Lanthaler et al. (2022) is the only existing result on generalization error bounds for DeepONets. However,
their bound has an explicit dependence on the total number of parameters (the parameter dy there) in the
DeepONet. Such a bound is not expected to explain the benefits of overparameterization, which is one of
the key features of modern deep learning (Dar et al., 2021; Yang et al., 2020).

We note that for usual implementations for DeepONets, where depths are typically small and the layers
are wide, for a class of DeepONets at any fixed value of our complexity measure i.e. Cp ,—1 (]'[;»’:_21 C_j7_j), a
generalization error bound based on our Rademacher complexity bound in Theorem 4.1 will be smaller than
the one in Lanthaler et al. (2022) that scales with the total number of parameters.

Further, as pointed out in our second main result, Theorem 4.2, our Rademacher bound lends itself to an
entirely size-independent generalization bound when the loss is chosen as a certain Huber loss.

Notation Given any U c R™, denote as L*(U) the set of all functions f: U — R s.t [, f*() dp () < oo
where p is the standard Lebesgue measure on R™. And we denote as C(U), the set of all real valued
continuous functions on U. The unit sphere in R¥ is denoted by S*~!:= {z e R* | ||, = 1}. For any matrix

A, |A| = supy. % denotes its spectral norm. For any bounded set S c R™, U(S) denotes the uniform
2
distribution over that set S.

3 The Mathematical Setup

Firstly, we recall the definition of the general DeepONet architecture from Lu et al. (2021), which will be
our focus in this work.

Definition 1 (A DeepONet (Version 1)). We continue in the setup specified in equation 1. Further, let
p be the common output dimension of gp depth “branch net” fg and the gr depth “trunk net” fr.

When required to emphasize some constraint on the weights of a DeepONet, we will denote
DeepONet(xp,xr) by DeepONet,, (xp,x7), where w collectively stands for all the weight matrices in
branch and trunk networks.

Corresponding to the DeepONets defined above we define the following width parameters for the different
weight matrices.

Definition 2. (Width Parameters for DeepONets)

e Fork=1,...,qg—-1land £=1,...,qr — 1, define b_; and t_; to be the number of rows in the weight
matrices B,,_ and Ty, _; respectively.

o In the setup of Definition 1, we define the functions fj; and f7. s.t given any m inputs to a DeepONet
as, {(xp,, 1) |i=1,...,m} we have the following equalities,

fe(xp,i) = Byyoi1 (Bys 1 f5(xB4)), fr(xr:)=Te02 (Tyra fr(zr:))- (6)

Next, we define a certain smoothness condition that we need for the activation functions used.

Assumption 1. Let ¢p,¢g : R — R be the activation functions for the branch net and the trunk net
such that 3L > 0 s.t for any two sets of functions valued in R, say P and Q, V(p,q), (p',q') € P x Q and
V(z,y) € Domain(P) x Domain(Q), the following inequality holds,

lop(p(2))9q(a(y)) - or (' (2)) b (¢ (¥))] < Lip(®)a(y) - p'(@)q ()] (7)

Our main results work under the above assumption and hence in particular, our results apply to the absolute
value map, R 3 z — |z| € R, being the activation function in both the branch and the trunk net. In Appendix
I we will indicate why this is sufficient to also capture DeepONets with ReLLU activations and being trained
on bounded data.
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Towards formalizing the setup of the loss functions and the training data for training DeepONets we recall
the definition of the Huber loss Huber (1964).

Definition 3 (Huber Loss). For some ¢ > 0 the Huber loss is defined as

1.2
ST for |z| < ¢
lrs(x) =172
w:4(®) {5(|m|—;5) for |z| > §
Corresponding to a choice of any univariate loss function (¢), like Huber loss as above, we define the DeepONet
training loss as follows.

Definition 4 (A Loss Function for DeepONets). Given D c R% a compact set with boundary, we define
a function class of allowed forcing functions F ¢ C(D). Further, we consider DeepONet maps as given in
Definition 1, mapping as DeepONet : R% x R% — R and consider an instance of the training data given as,

{(fixri) e FxR®|i=1,....S}.

Then, for an operator G : C(D) - H*(U) where H*(U) is the L?-based Sobolev space for some s > 0, the
corresponding DeepONet loss function is given by,

L= = S UGS (@ra) - DeepONet(w i, r,0). (®)

where £ is some loss function. Here we assume a fixed grid of size d; on which the function f; gets discretized,
to get ©p; € R,

As the DeepONet function varies, corresponding to it a class of loss functions gets defined via the above
equation. This class of DeepONets can be seen as being parameterized by the different choices of weights
on the chosen architecture.

Also, it can be seen that the loss function in the experiment described in Section 1.1 was a special case of

the loss in equation 8 for ¢(x) = %, the squared loss — and if we assume that the numerical solver exactly
solved the forced pendulum O.D.E.

Next, we recall the definition of a key statistical quantity, Rademacher complexity, from Bartlett & Mendelson
(2001), which we focus on as our chosen way to measure generalization error for DeepONets.

Definition 5 (Empirical and Average Rademacher complexity). For a function class IC, suppose
being given a m-sized data-set of points {x; | ¢ = 1,...,m} in the domain of the elements in K.
For ¢, ~ £1 with equal probability, the corresponding empirical Rademacher complexity is given by
R (K) = E. [supke,c % > eik(a:i)] . If the elements of this data-set above are sampled from a distribution
P, then the average Rademacher complexity is given by,

R (K)=Eqg,. . z,.~P (IEIE [sup 1 i elk(wl)]) (9)
kel T ;37

The crux of our mathematical analysis will be to uncover a recursive structure between the Rademacher
complexity of DeepONets and certain DeepONets of one depth lower in the branch and the trunk network,
and which would always have one-dimensional outputs for the branch and the trunk and which share weights
with the original DeepONet in the corresponding layers.

4 Results

Our central result about Rademacher complexity of DeepONets will be stated in Theorem 4.1 of Section 4.1
and consequent to that our result about bounding the generalization error of DeepONets will be stated in
Theorem 4.2 of Section 4.2. In Section 4.3, we present an empirical study of our bound on Rademacher
complexity for a DeepONet trained to solve the Burgers’ P.D.E.



Published in Transactions on Machine Learning Research (11/2024)

4.1 First Main Result : Rademacher Complexity of DeepONets

In the result below we will see how for a certain class of activations, we can get a bound on the Rademacher
complexity of DeepONets which does not scale with the width of the nets for the branch and the trunk nets
being of arbitrary equal depths.

Theorem 4.1 (Rademacher Complexity of Special Symmetric DeepONets). We consider a special
case of DeepONets as given in Definition 1, with (a) ¢g = g7 =n, and (b) 01,09 satisfies Assumption 1 for
some constant L > 0, and they are positively homogeneous. Further, let b_; and ¢_; be the number of rows
of the weight matrices B,_; and T, _; respectively, as in Definition 2, for ¢ > 1 and recall from Definition 1
that p is the number of rows of B,, and T,,. Then given a class of DeepONet maps as above, we define the
following n — 1 constants, C, -1 > 0 and C_j 1, >0, k= 2,...,n—1, such that for Sy = S+~ x §t-+71all the
DeepONet maps in the class satisfy the following bounds,

b1 t_q P
Z Z HBn—l,kl H : HTn—l,k’g H : [ Z(Bn,jT;,j)] < Cn,n—la
k1=1ko=1 j=1

k1,k2

-k

—k
sup Z Z |(vw")j, o || Bty | T o | < Coeoker YE=2,...,n—1.
(v,w) €Sk j1=1 jo=1

Then given training data as in Definition 4, the empirical Rademacher complexity of this class is bounded

as,
. 20 1C,,
2 < Hil (nc_] )

Further assuming that the input distribution over F x R% induces marginals distributions s.t E [HmB H;] <

M 5,E I:H:ETHS:I < M2, we have the average Rademacher complexity of the same class bounded as,

(QL)_\/l_C"”l (Hc_j J) M, M, 1.

The proof for the above is outlined in Section 6. For o1(x) = o3(x) = |z| i.e. for DeepONets with absolute
value activations, we have L = 1 and hence the subsequent simplification also happens in the result in
Theorem 4.1.

R <

Now we have all the necessary setup to state the final result on generalization bound for DeepONets.

4.2 Second Main Result : Size-Independent Generalization Error Bound for DeepONets Trained via a
Huber Loss on Unbounded Data

Theorem 4.2 (Generalization Error Bound for DeepONet). We continue with the setup of the DeepONets
as in Theorem 4.1 but with o1(z) = o2(x) = |z|. For an operator G : C(D) - H*(U) where H*(U) is the
L2-based Sobolev space for some s > 0, a class of forcing functions F ¢ C(D) and W a set of possible weights
w for DeepONets (denoted as DeepONet,, ), we define the function class H as,

H={(f.xr) = G(f)(xr) -~ DeepONet,, (x5 (f), x1) [w e W, (f,x7) € F x R®,
G(f)(xr), DeepONet,, (xp(f), xr) € R}

Then for Huber loss ¢y 5(-) as in Definition 3 with § = (%)n_1 where n is the depth of the branch and the
trunk nets we have the following generalization bound,

B gy oy | 308 35 0 270) g0 o )| (10)
n—1
2‘3;11 (ch ]) M, 5 M,

where C,, ,—1 and C_; _; are the constants as defined in Theorem 4.1, and D is a distribution over F x R, .
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The proof for the above theorem is given in Section 6.

4.3 An Experimental Exploration of the Proven Rademacher Complexity Bound for DeepONets

In the following sections, we present an experimental study on the complexity bounds for the Burgers’ and
2D-Heat PDEs in Sections 4.3.1 and 4.3.2, respectively.

4.3.1 Burgers’ PDE

Here, we consider the following specification of the Burgers’ P.D.E. with periodic boundary conditions,

ds 0s  0%s
a‘f‘S%—FE@, (if,t)E[_7T77T]X[O7T]

s(x—m,t) =s(z+m,t), s(x,0) =u(x)

where, x> 0 denotes the fluid viscosity, for our experiments we choose x = 0.01, and wu(z) is a 2m-periodic
initial condition with zero mean i.e. /" u(x)dr =0 and T eR.

Hence it follows that the solution operator of Definition 4 corresponding to the above maps the initial
condition u to the solution to the Burgers’ P.D.E., s. Hence, we will approximate the implicit solution
operator G with a DeepONet G — which for this case would be a map as follows,

B q
Rm X R2 - Ra ('U,'y) ng g('v,y) = ZNB,k(v) 'NT,k(y)
k=1

where Mg and N are any two neural nets mapping R™ — RY and R? — R respectively - the Branch
net and the Trunk net. In above, ¢, the common output dimension of the branch and the trunk net is a
hyperparameter for the experiment.

The data required to set up the training for the above map G can be summarized as a 3—tuple of tensors,
(Utraining, Ytraining, Straining) Of dimensions and descriptions as given below.

o Upraining € RVirainingX™ gre avaluations of the Niyainine number of input functions at the m sensors.
g g p
We denote the i*" row of the above as, [u;(z1),ui(22),. .., ui(rm)] Yie {1,..., Niraining }

* Ytraining € RYVeremineXPrraining*2 are the Py ,ining uniformly sampled collocation points in R? correspond-
ing to each of the Niaining number of input functions. And Vi e {1,..., Niraining }, We denote the

sampled points as {(zi1,:;) |7 = 1,..., Poaiming} o ([~, 7] x [0,T]) reinine

* Straining € RNeraining* Piraining are the values of the numerical solution of the P.D.E. at the respective
collocation points. And the (i, )" -entry of this would be denoted as s;(z;j,t; ;).

In terms of the above training data, the corresponding training loss (Definition 4) is,

1 Ntraining Poraining

ETraining(o) = Z E(si(xi7j7ti7j)
7=1

Ntrainingptraining =1

_éNB,k(Ui(ZE1)7Ui(SC2), e Uil (Tm)) ~NT,k(1'i7j,ti7j)) (11)

whereby in our experiments ¢ is either chosen as the £5 loss or the Huber loss and 6 denotes the vector of all
trainable parameters over both the nets. Similarly as above the test loss Ltest would be defined corresponding
to a random sampling of Nies input functions and Piest points in the domain of the P.D.E. where the true
solution is known corresponding to each of these test input functions. For our experiments, we fixed N¢rqining
to 400 and Pjrqining is chosen to be the following set of values {300,400, 500, 750, 1000, 1500, 2000}.

Further, for our experiments, we sampled the input functions u; by sampling functions of the form,
ui(z) = ¥ ensin((n +1)z), where the coefficients were sampled as, ¢, ~ N'(0, A?), with A and N being
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arbitrarily chosen constants. This way of sampling ensures that the functions chosen are all 2r-periodic and
will have zero mean in the interval [-m, 7] - as required in our setup.

In this section, we demonstrate our Rademacher complexity bound by training DeepONets on the above loss
function and measuring the generalization gap of the trained DeepONet obtained and computing for this

trained DeepONet an upperbound on the essential part of our Rademacher bound (i.e. 6%1 (H’.L’Ql (ij,,j)

where C~,k7 % is as defined in equation 5). Then we vary the number of training data (i.e. Niyaining X Piraining)
and show that the two numbers computed above are significantly correlated as this training hyperparameter
is varied. We use branch and trunk nets each of which are of depth 3 and width 100.

The correlation plots shown in Figures 2a and 2b, correspond to training on the Huber loss function, with
two different values of § - and the former corresponds to the special value of § = i where the size-independent
generalization bound in Theorem 4.2 clicks for this setup.

In Figure 6 of Appendix, we repeat the same experiments but for the £y loss function and show that the
required correlation persists even with this loss which is outside the scope of Theorem 4.2.

x10-3 x10-3
ol Ze+05 ol 2e+05
4.6 Correlation Coefficient = 0.857 Correlation Coefficient = 0.791
' 5.4
.0e+05
$2.0e+05 %

4.54
s 5 521
5 4.4 %
k4 k]
& ol.6e+05 © 504
§ a3 5
5 5 $3-0e+05
< < ol-6e+05
£ < 484
£ 42 =3

o4.0e+05
414 6.0e+05 4.6
B8.0e+05
$3.0e+05 5.0e+05 ¢3:0e+05
401 T T T T T T T T T T T T T T
3.0 35 4.0 4.5 5.0 5.5 6.0 6.5 7.0 3 4 5 6 7
Generalization Error Bound x10* Generalization Error Bound x10*
(a) 6=0.25, correlation = 0.857 (b) 6=0.4, correlation = 0.791

Figure 2: The above plot shows the behaviour of the measured generalization error with respect to Co2Ca-p

for training DeepONets, to solve the Burgers’ PDE, with empirical loss as given in equation 11, specialized
to the Huber loss (Definition 3) for the stated values of § and for the branch and the trunk nets being of
depth 3. Each point is labelled by the number of training data used in that experiment.

4.3.2 Heat PDE
Here, we consider the following specification of the 2D-Heat P.D.E. (Altaisan, 2024),
O o P
ot 022 9y?
u(z,y,t) =0, (2,y)€dD, u(zy,0)=[f(z,y), (z,y)eD

where, D is the 2-dimensional square [0,1] x [0, 1], x > 0 denotes the thermal diffusivity, for our experiments
we choose k =1, and f(xz,y) is a 2r-periodic initial condition and T € R.

), (zy)eD, te[0,T]

In this case, the solution operator of Definition 4 corresponding to the above maps the initial condition f
to the solution to the Heat P.D.E, s. Hence, we will approximate the implicit solution operator G with a
DeepONet G — which for this case would be a map as follows,

~ q
R™xR* >R, (v,y) ~» G(v,y) = Y Npx(v) - Nri(y)
k=1

where Mg and N are any two neural nets mapping R™ — R? and R*® — R? respectively - the Branch
net and the Trunk net. In above, ¢, the common output dimension of the branch and the trunk net is a
hyperparameter for the experiment. We have chosen ¢ = 128 and m = 100 for our experiments.

10
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The data required to set up the training for the above map G can be summarized as a 3—tuple of tensors,
( firaining, Ptraining utraining) of dimensions and descriptions as given below.

* ftraining € RNwainingX™ gre evaluations of the Niraining number of input functions at the m sensors.
We denote the i*" row of the above as, [fi(z1,41), fi(z2,92),- -+, fi(Tm,ym)] Vi€ {1,.. -y Nitraining |

* Dtraining € RNViraining X Prraining X3 g0 Plraining uniformly sampled collocation points in R3 corresponding
to each of the Niraining number of input functions. And Vie {1,..., Niraining }, We denote the sampled

pOiIltS as {(xi,j, yi7j7ti,j) | .] = 17 ey Ptraining} unifgrm ([0, 1] X [O7 1] X [O, T])P“aimng

* Utraining € RVeremingX Piraining are the values of the numerical solution of the P.D.E. at the respective
collocation points. And the (i, )™ ~entry of this would be denoted as u;(z;j, i, ti)-

In terms of the above training data, the corresponding training loss (Definition 4) is,

1 Niraining Piraining

Z 21 C(ui(zij, yigstij)
=

Ntrainingptraining i=1

q
- Z Nex(filz,11), fi(z2,y2), - oy fi(@m, Ym)) 'NT,k(xi,jayi,jatLj)) (12)
k=1

»C'I‘raining (9) =

whereby in our experiments ¢ is either chosen as the ¢y loss or the Huber loss and 6 denotes the vector
of all trainable parameters over both the nets. Similarly as above the test loss Lrests would be defined
corresponding to a random sampling of Nieg input functions and Pt points in the domain of the P.D.E.
where the true solution is known corresponding to each of these test input functions. For our experiments,
we fixed Nirgining t0 64 and Pirgining is chosen to be the following set of values {26, 36...., 76}.

Further, for our experiments, we sampled the input functions f; by sampling functions of the form,

filz,y) = | =N, cmsin(”;’;‘”)] . [227:1 dnsin(%)], where the coefficients were sampled as, c¢p,,d, ~

U([100,200]), with N is fixed to 2. This way of sampling ensures that the functions chosen are all
2m-periodic and we know the exact analytical solution for these initial conditions to be wu(z,y,t) =

m? | n?

2
SN SN A sin( 222 ) sin( 22 e (Tg v5 )t here N =2, Ay = ¢ dy, and x = 1. This exactness
m=1 Lin-1“*mn Zo Yo )y W = 4y Amn =~ Cm Un 0,Y0 = 1. X

leads to a more controlled measure of the test error than in the previous setup.

Here, we demonstrate our Rademacher complexity bound by training DeepONets on the above loss function
and measuring the generalization gap of the trained DeepONet obtained and computing for this trained

DeepONet an upper-bound on the essential part of our Rademacher bound (i.e. C”i\/%'l (H;-tzl C~,j7,j) where

é,k’k is as defined in equation 5). Then we vary the number of training data (i.e. Niraining X Piraining) and
show that the two numbers computed above are significantly correlated as this training hyperparameter is
varied. We use branch and trunk nets each of which are of depth 3 and width 128.

The correlation plots shown in Figures 3a and 3b, correspond to training on the Huber loss function, with
two different values of § - and the former corresponds to the special value of § = i where the size-independent
generalization bound in Theorem 4.2 clicks for this setup.

Going beyond the ambit of the Rademacher bound proven, in Figure 7 in Appendix M, we present the plots
demonstrating the solution of the Heat P.D.E. during training with 5 and Huber loss, while allowing for
ReLU activation and biases in the layers. It can be seen that Huber loss demonstrates noticeably better
performance compared to ¢5 loss.

5 Discussion

The most immediate research direction that is being suggested by our generalization error bound is to explore
if the advantages shown here for Huber loss can make DeepONets competitive with CNO (Raonié¢ et al.,
2023).

11
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Figure 3: The above plot shows the behaviour of the measured generalization error with respect to RIS 11

for training DeepONets, to solve the 2D-Heat PDE, with empirical loss as given in equation 12, specialized
to the Huber loss (Definition 3) for the stated values of ¢ and for the branch and the trunk nets being of
depth 3. Each point is labelled by the number of training data used in that experiment.

Further, in Wang et al. (2021), an unsupervised variation of the loss function of a DeepONet was shown
to give better performance. In Goswami et al. (2022b), authors employ a variational framework for solv-
ing differential equations using DeepONets, through a novel loss function. Understanding precisely when
these variations in the loss function used give advantages over the basic DeepONet loss is yet another in-
teresting direction for future research - and the path towards such goals could be to explore if the methods
demonstrated here for computation of generalization bounds can be used for these novel setups too.

Also, it would be fruitful to understand how the generalization bounds obtained in this work can be modified
to cater to the variations of the DeepONet architecture (Kontolati et al., 2023), (Bonev et al., 2023) Lu et al.
(2022) that are getting deployed.

In the context of understanding the generalization error of Siamese networks, the authors in Dahiya et al.
(2021) dealt with a certain product of neural outputs structure (where the nets share weights). In their
analysis, the authors bound the Rademacher complexity via covering numbers. Since we try to directly
bound the Rademacher complexity for DeepONets, it would be interesting to investigate if our methods can
be adapted to improve such results about Siamese nets.

Lastly, we note that the existing bounds on the Rademacher complexity of nets have typically been proven by
making ingenious use of the algebraic identities satisfied by Rademacher complexity (Theorem 12 in Bartlett
& Mendelson (2001)). But to the best of our knowledge, we are not aware of any general result on how
Rademacher complexity of a product of function spaces can be written in terms of individual Rademacher
complexities. We posit that such a mathematical development, if achieved in generality, can be a significant
advance affecting various fields.

6 Methods

In this section, we will outline the proofs of the main results, Theorems 4.1 and 4.2. We would like to
emphasize that the subsequent propositions 6.2 and 6.3 hold in more generality than Theorem 4.1, because
they do not need the branch and the trunk nets to be of equal depth.

Outline of the Proof Techniques Derivation of the first main result, Theorem 4.1, involves 3 key
steps: (a) formulating a variation of the standard Talagrand contraction (Lemma 6.1) (b) using this to
bound the Rademacher complexity of a class of DeepONets with certain activations (e.g. absolute value)
by the Rademacher complexity for a class of DeepONets having one less depth and 1-dimensional outputs,
for both the branch and the trunk (Lemma 6.2) and lastly (c) uncovering a recursive structure for the

12
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Rademacher complexity across depths between special DeepONet classes having 1-dimensional outputs for
both the branch and the trunk. (Lemma 6.3).

Lemma 6.2 removes the last 4 matrices from the DeepONet (2 each from the branch and the trunk) leading
to one-dimensional output branch and trunk nets. Lemma 6.3 removes 2 matrices (1 each from branch and
trunk) — by an entirely different argument than needed in the former. Lemma 6.2 is invoked only once at
the beginning, while Lemma 6.3 is repeatedly used for each remaining layer of the DeepONet.

We note that both our “peeling” lemmas above are structurally very different from the one in Golowich et al.
(2018) - where the last layer of a standard net gets peeled in every step.

Deriving the second main result, Theorem 4.2, involves the following key steps: (a) establishing a relationship
between the Rademacher complexity of the loss class and that of the DeepONet when the loss function is
Lipschitz (Proposition G.6) and (b) using this to upper bound the expectation over data of the supremum
of generalization error in terms of the Rademacher complexity of the DeepONet.

Towards proving Theorem 4.1, we need the following lemma which can be seen as a variation of the standard
Talagrand contraction lemma,

Lemma 6.1. Let ¢p,¢g : R = R be two functions such that Assumption 1 holds and let P and Q be any
two sets of real-valued functions. Then given any two sets of points {x; |i=1,...,m} and {y; |i=1,...,m}
in the domains of the functions in P and Q respectively, we have the following inequality of Rademacher
complexities - where both the sides are being evaluated on this same set of points,

Ru(¢poP-dgoQ) < LRm(P-Q).

The above lemma has been proven in Appendix H.1.

Towards stating Propositions 6.2 and 6.3, we will need to define certain classes of sub-DeepONets s.t these
sub-DeepONets would be one depth lower in the branch and trunk network, and would always have one
dimensional outputs for both the branch and trunk nets and would share weights below that with the
corresponding layers in the original DeepONet.

Definition 6. (Classes of sub-DeepONets) Let Wies, be a set of allowed matrices for nets f5 and f7.
as in Definition 2. Now, given a constant Cyj ¢r.qp-1,q¢r-1 > 0 we define the following set of 4—tuples of
outermost layer of matrices in the DeepONet as,

»qT —

W(CQBJIT#IB*LQT*I) = {(BEIBquB 1, T qr> QTfl)

p

I:Z 4B,J qT,J :Ikl ko <

= 3

b1 t_1
Z Z HBQB*Lkl H : HTQT*L]Q H :
k1=1ko=1

6437QT7q317‘1T1}' (13)

Secondly, corresponding to the above we define the following class of DeepONets,

DeepONet(W(Cyp qr,q5-1,a7-1) Whest) =
{DeepONetw (as in Definition 1) ‘ w e (W(CqB,qT,qB—l,qT—1)7Wrest)}- (14)

Lastly, we define the following class of DeepONets,

DeepONet(Wyest ) = {(CCB,:BT) v fp(xp) w fr(zr)eR

the set of allowed matrices for nets fp and fr are in Wiegt ; (v, w) € §°-271 x §t-271 } (15)

13
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Proposition 6.2 (Removal of the Last 4 Matrices of a DeepONet). We continue to be in the
setup of Definition 2 and assuming that oi,02 satisfies Assumption 1 for some L > 0, and are positively
homogeneous. Then given the definitions of DeepONet(W(Cyp qr.q5-1.q7-1) Wrest) and DeepONet(Whest)
in Definition 6, we have the following upperbound on empirical Rademacher complexity of a DeepONet,
(here Sy, = §b-+1 x §t-+~1)

7§'m(DeepONQt()/V(CQB,QT,IJB—LQT—l )7 Wrest))

(v,w)eS>

rest

<2L-Cyp.qr.a8-1,ar-1 ~EE[ sup ( Z EiUTf/B(mB,i) : wa%(wT,i))]
i=1
<2L- CQB7QT7QB_17QT_1 : ,ﬁ’m(DeepONet(WmSt)).

Note that both sides of the above are computed for the same data {(zp;,®7,;) € R xR%= |i=1,...,m}.
The proof of the above proposition is given in Appendix E.

Referring to the definitions of the DeepONet classes on the L.H.S. and the R.H.S. of the above, as given in
equations 14 and 15 respectively, we see that the above lemma upperbounds the Rademacher complexity of a
DeepONet class (whose individual nets can have multi-dimensional outputs) by the Rademacher complexity
of a simpler DeepONet class. The DeepONet class in the R.H.S. is simpler because the last layer of each
of the individual nets therein is constrained to be a unit vector of appropriate dimensions (and thus the
individual nets here are always of 1 dimensional output) — and whose both branch and the trunk are shorter
in depth by 1 activation and 1 linear transform than in the L.H.S.

Proposition 6.3 (Peeling for DeepONets). We continue in the setup of Proposition 6.2 and define
the functions f7, and f7 s.t we have the following equalities, f; = 01 (Bygz-2fp5) and fr = o2 (Ty—2f7)
Further, given a constant C_s _o > 0, we define W), as the union of (a) the set of weights that are allowed
in the W,.cst set for the matrlces By,-3,Bqy-4,...,B1 and Ty,_3,Tyr—a,...,T1 and (b) the subset of the
weights for By, _2 and T, _» that are allowed by Wrest which also additionally satisfy the constraint, (here
Sk: - Sb-k_l x St_k—l)

-2 -2
sup Z Z ((vw ")y 5o | Ban-2.1 1 T2, | < Co2.-2. (16)

(v,w) €Sz j;1=1jp=1

Then we get the following inequality between Rademacher complexities,

Ee[ sup (ZewaJ's(ﬂ?B,i)"wa%(CCT,z‘))]
(v,w)eSs \ i=1

rest

§2LC_2’_2EE sup (Zq(’UT g(wB’i))(wT ¥((L'T,z))) s
(v,w)eSs \i=1
Wiest

where b_j,t_j are as in Definition 2.

Proof of the above proposition is given in Appendix F. And now we have stated all the intermediate results
needed to prove our bounds on the Rademacher complexity of a certain DeepONet class.

Proof of Theorem 4.1

Proof. For each k =2,3,...,n -1, we define a product of unit-spheres, Sy, := S**+71 x §t+71 and let S,, =
541 % §%-1 Now we define,

Wrest {(BnaBn 17TnaTn 1

|| ML

-1 p
Z n-1,kq H : HTn—l,kQ H : [ Z(Bn 7 ] < Cn,n—1}~
2=1 j=1 k1,k2

14
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Next, for each i =2,3,...,n -1, we define

- —k —k
W= Uf Bz | s 5SS @ B T Ctaf
k=1 (’U w)eSk Jl 1 2=1
Thus we have,
MR = Ee sup (Z €i (Bpnoy (Bn-1fp(xB.,:)), Thoo (Tn—lf:'r(CCT,i)») .
(Wre<t Wresc) i=1

Then we can invoke Lemma 6.2 on the above to get,

m

m”ém = Ee sup (Z €; (Bno—l (Bn—l f/B("BB,z)) 7Tn02 (Tn—lf’ll"(mT,z))>)
(Wrest Wrzest) =1

2
Wrest
v1,v2 €852

< 2Lcn,n—1Ee[ sup (Zelele(xB,l)v;f%(mTﬂ)):|
=1

Now, using Lemma 6.3 repeatedly on the R.H.S above, and defining in a natural fashion the subsequent
branch and trunk sub-networks as f(i)(~) we have,

mR, < (2L)2Cn,n_1 C_o,2E. sup Z ei(v] f(xp.i))(vg fi(zr.i))
w3 i=

rest
(v1,v2)€S3

< (21)Conet (HC)E swp Y (ol £ (@) (034 @)

(v1,v2) €Sis1

n-1 m
< (2L)"Cppn (H C—j,—j) ]Ee( sup Z@(”I“’B,i)(”;m“))'

Jj=2 (v1,v2)€Sn i=1

Using Lemma 6.4, the final bound on the empirical Rademacher complexity becomes,

S 2Lnlcnn U ~
Ron < —( ) 1(1‘[0-], )\ N EA
i=1

Invoking the assumption that the input is bounded s.t E [Hi}BHZ] < M? pand E [HfCTHQ] < Ml 7, the average
Rademacher complexity can be bounded as

%

\/— (Hc—j ]) wBMzT

m m
Ee( sup Za(v{wai)(v;mm)) <A\ | S i3
(v1,v2)€Sn i=1 i

where &; = zp;x,; and S, = §%-1 % §92=1 and each € ~ +1 uniformly.

Rm <

Lemma 6.4.

Proof of the above lemma is given in Appendix D. In Appendix G we have setup a general framework for using
Rademacher bounds as proven in the above theorem to prove generalization error bounds for DeepONets.
And we will now invoke the result there to prove our main theorem about generalization error of DeepONets.
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Proof of Theorem 4.2

Proof. We recall from Theorem 4.1 the following bound on Rademacher complexity for the given DeepONet
class,

Combining the above with Proposition G.6 we have,
1 m
E{(f“wT DD Ji=1..m) [ilel'}-[) [m ;E(h(fi»wT,i)) _E(f,(l!T)ND [é(h(f, -'BT))]:”

(2L)n—lcn el n—1
<oRp. "l C_i_i| MysM, 1
vm ]11 7

-1
Note that Huber-loss £ 5 is §-Lipshitz and further setting 6 = (%)n and rewriting the supremum over all
h € H as supremum over all w € W we can write the above inequality as

wl|m i3

(2L)"'Cp 1
< W H ij -3 m BMz T

E o mr ) 5D jim1m) [SUP [1 > L s(h(fi;x7,0)) = E(far)-p [fHﬁ(h(f,wT))]H

j=2

Lastly, considering that the activation functions are o1 (2) = o9(2) = |#| which makes L = 1 in Lemma 6.1 we
obtained the claimed bound,

1 m
E o) D im1.m) [SUP [ > trs(h(fi, 1)) ~ E(fwr)-p [EH,é(h(f,wT))]H
5 Q =1

QCnn 1

\/_ (HC_J ]) wBMxT
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Appendix
A Evidence for Training DeepONets with tanh Activation and Huber Loss

Similar to the experiments in Section 4.3, in this section too we use DeepONets whose both branch and trunk
networks are of depth of 3 and have a width of 100. However, unlike Section 4.3, the activation function
used in the experiments displayed in Figure 4 is tanh. The chosen training loss is the same as in equation 11,
where ¢ is set to the Huber loss with § = 23%1 = 0.25, the value as would be inspired by Theorem 4.2.

Numerical Solution of Burgers' Equation Predicted Solution using DeepONet
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Figure 4: This plot demonstrates the abllity of Huber loss trained DeepONets to predlct the solution to a Burgers’
P.D.E. on an arbitrarily chosen inhomogeneous term u, which is different from the u’s used for training the net.

The plots above motivate future studies exploring the possibility of Huber loss being good for training
DeepONets.

B Empirical Study on the Behaviour of Generalization Error for Huber Loss at
Different ¢
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Figure 5: These plots demonstrate the behaviour of generalization error and test error for Huber loss trained
DeepONets to predict the solution to a Burgers’ P.D.E. at varying values of § for 2 different dataset sizes.
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Similar to the experiments in Section 4.3, in this section too we use DeepONets whose both branch and
trunk networks are of depth 3 and have a width of 100. The selected training loss is identical to the one
in Equation 11, with ¢ set to the Huber loss. The generalization error is plotted for various values of
delta at Piraining = 200 and 1500, while maintaining Niaining = 400. In this setup, in Figure 5 we plot the

generalization error for § = ( \/15) - for k=4,5,--- ,18 to show how the generalization error as well as the test

error drops as § gets smaller.

C Review of the Universal Approximation Property of DeepONets
We follow the setup in Lanthaler et al. (2022) for a brief review of its key theorem that motivates DeepONets.

Definition 7 (Solution Operator). Given U c R™ and D c R?, compact sets with boundaries, suppose we
have a differential operator £ : H*(U) - C(D), where H*(U) is the L?-based Sobolev space for some s > 0.
Denote the functions in the range of £ to be “forcing” / “input” functions and those in the domain of £
to be the “output" functions. Let OU denote the boundary of U. Then given g € L2(9U) and f € C(D) a
solution to the differential system (g, f,£) is a function u* € H*(U) s.t.

Lu* =fstu" =gondU.

At a fixed “boundary condition” g for such a differential system, we assume that the solutions for the above
system for different forcing functions f are given via an operator/map, G s.t.

G:C(D)—>H*(U) st LoG(f)=f and G(f)=¢g on 9U.

Further, assume that p is a probability measure on C'(D) s.t G € L?(u) i.e. [C(D) HQ(f)HZS(U) dp (f) < 0.

Multiple examples of G have been discussed in Lanthaler et al. (2022), and bounds on these operators
evaluated — for instance, in Lemma 4.1 therein one can see the bounds on the G that corresponds to the the
case of a forced pendulum that we used as a demonstrative example in Section 1.1

Definition 8 (DeepONet (Version 2)). Suppose V f € C(D),xzp(f) is a discretization of f. Further
suppose A is a branch net mapping to R? and 7 : R” + RP*! is a trunk net. Then a “DeepONet" (N :
C(D) ~ L*(U)) is defined as,

Ver eUcR™, N(f)(xr) =10(zr) + é: Ax(za(f))7 (7).

Theorem C.1 (Restatement of a Key Result from Lanthaler et al. (2022)). Let u be as in Definition
7. Let G : C(D) - L?(U) be a Borel measurable mapping, with G € L?(1), then for every e > 0, there exists
an operator network N : C(D) — L?(U) as given above, such that

1/2
19-Nssg = ( ] ) 19 =N D aydn(n) <.

Remark. Henceforth & =g (f) for any function f, and similarly x g ; for a function f;.

The above approximation guarantee between DeepONets (N') and solution operators of differential equations
(G) clearly motivates the use of DeepONets for solving differential equations. In Deng et al. (2022), the
authors present specific scenarios wherein particularly small DeepONets satisfy Theorem C.1. And as a
counterpoint, in Mukherjee & Roy (2024), scenarios are demonstrated where small DeepONets would not be
able to reduce the empirical training error below a certain threshold in the presence of noise in the data.

D Proof of Lemma 6.4
Proof. Denote by S,, = S4171 x §9271. Define W = (vyv]) and &; = (x5 ;(27;)T). Then,
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m m di do
]Ee( sup Zﬁi(UIwB,i)(v;wT,i)) =E. sup Y € ( > U1,k1$B,i,k1)( > U2,k2$T,¢,k2))

(v1,v2) €Sy i=1 (v1,v2) €Sy i=1 k=1 ko=1

m d1 d2
=Ec [ sup > > > & (VimTBik) (V2 kTTiks)
(v1,v2) €Sy =1 k1=1 ko=1

di do m
=Ec| sup > ) vl,klvz,kz(z € (wB,i,kl)(xT,i,kz))

(v1,v2) €Sn k=1 ky=1 i=1
N di da
Note that, (v, v2) € Sp = [W][,=\| 20 3 v}, 03,, = lvil]val, = 1.
k1=1ks=1

Hence, we can enlarge the domain to get,

dq do B m
<Ec | sup > ) W(khkz)(zeijivklvk?) :

[W,<1 ki=1ko=1 i=1

The above sum can be viewed as an inner product of 2 vectors in R%*2. We have,

=Ec | sup (W3 ) | <\| LIl < | X lesllerils,
[Wi,<1 i=1 i=1 i=1
where the inequality follows from Theorem 5.5 in Ma (2021). O

E Proof of Proposition 6.2

Proof. We recall from the setup of Definition 2 that b_; and ¢_; are the number of rows of the matrices
By,-1 and T, 1 - and b_p and t_o are the output dimensions of the nets f5 and fr. From Definition 6
we further recall the definitions of the 2 sets of matrices W(Cqp.qr.q5-1,gr-1) and Wiesr and we simplify the
required empirical Rademacher complexity as,

MR =Eel sup iﬁi(fB(wB,i)afT($T,i)>

(W(CqB,qT>qB*1,qT71),Wrest) 1=1

:Eﬁl sup (iei <BQBO-1 (BQBflf,B(wB,i))7TQTU2 (TQTleI“(wT,i))>)‘|' (17)

(W(Cap.ar.ap-t.ag-1),Wrest) \i=1

Here, we have substituted the definitions of the functions fj and the f7. as given in the statement of Lemma
6.2. To ease notation now we define the following vectors,

bi =01 (Bys1fp(x5:)), ti=0o (T fr(xrs)).
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Then we can rewrite the above as,

m

mR, = E, sup (Zel (Bgb:, T, t))]
»(W(CqB1quqB—1,qT—1)erest) i=1

m p
=E sup ZeiZBQBJb 'TJT,jti)]
| (W(CGB1QTYQB—1,qT—1)7Wrest) =1 j=1

m P b_ 1 t,1
= E sup Z € Z By j ki bige, |- Z Tyr,jkatiks
| W(Cap a7 .ap-1,a7-1) Wrest) \i=1  j=1 \ki=1 ko=1

[ p b1ty m
=E. sup Z By gk Tar g ks Zez ik~ L ko

o

-(W(CQB’QTv‘ZB’LCIT*l)’W"eSt) J=lki=1kz=1 i=1
[ p by t_y m
=E. sSup Z B‘IBJ k71 qr,j,k2 261 i,k1 1 k2
| W(Cap a7 .ap-1,a7-1)Wrest) \J=1 k1=1kz=1 i=1
[ p b1 t-1
! T
=E. sup > (Bys,iTyr )k ks
W(CQB ar.ap-l.ap— 1) J=1ky1=1kso=1

rest

P
=E. sup ( Z (BQBJTqT ])khk? . HB(JB_17k1 ” : ”TqT_lakQ H
W(CqB ar.ag-l.ar— 1) " j=1ki=1ko=1

rest

m

26101( -1 f5(TB)) 0 (TJT—Lsz%(wTJ)))l

In the last line above we have invoked the positive homogeneity of o1 and os.

Now assume 2 vectors v and w of dimensions b_; — 1 xt_; — 1 s.t they are indexed by the tuple (ki, k) for
kye{l,...,-1+b_1} and ky € {1,...,-1+1_1} as follows,

P
V(ky, k) = ‘|Bq8717k1 H : HTqT*Lkz H . Z(BQBJ qT,j)kl k2
j=1

W(ky ko) = ZG 01 ( gp-1 klfB(fBB z)) (TqTT—l,ka%(:cT,i))'

Then we have,

(W(CqB ar.ap-l.a7— 1) er:t)

MR =Eel sup ( Z Z V(ky ko) ° w(kl,kz))]

Note that for any «, 3 € R¥ we have, (o, 8) < (maxper, .k |By) - Z;ll o]

b, t_1
SEfl( sup Z Z |U(k1,k2)| maX |w(k1,k2)| l

W(Cqg,ap.ap-1.ap- 1) Wrest) \ k1=1 ko=1 k:g 1 t - 1

Now we define a set of weights Wexcept—outer Which is an union of all possible weight matrices that are allowed
in Whesy and all possible choices of (By, -1, Ty,-1) that are allowed in the set W(Cyp 41 .q5-1,90-1)-
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Then we recall the definition of W(Cqy . qr,q5-1,q0-1) tO get,

m
mRy, <E. sup CQB’QTaQB*LQT*l 'k ma%( Z €i01 ( qB-1,k1 fB(wB Z)) (TqTT_lak2 f%(wT’Z))‘ :
Wexcept—outer k2 1 t 171
where
b1 t_1
Copgr.an-1,qr-1 = Z Z |U("~‘1J€2)|
k1=1kso=1
b_q —1 P
- 3 3 1Byl sl 3 BT,
k1=1ko=1 =1 k1,k2

Note that any pair of row directions in the pair of matrices (By,-1,Typ-1) is in € $*-271 x §%-271 So a sup
over the set of By,_1 and Ty, that is allowed by the constraint of Cy, 4;.95-1,q--1 and a subsequent max
over the pairs of row directions can be upperbounded by a single sup over S*-27! x §*-2=1_ Thus we have,

=1

ieqm (v fp(®p,)) - o2 (’wa'T(mT,z‘))‘)]-

mR,, <E. sup Cas.ar.ap-lgr-1"
(v,w)eSP-271xgt-21

rest

Invoking Lemma H.1, we have

MR < B2 x sup Cas.aran-tar-1- 2,601 (v fp(xp,s)) o2 (w' fr(zri)) ||
(v,w)eSb-271xgt-271 i=1

rest

Now we invoke Lemma 6.1, assuming that Assumption 1 holds for ¢ and o for some L > 0, to get,

m
MRy < 2L Cqp qrqn-1,qr-1 - Ee sup Yoev fp(xp) w fr(zr,) ||
(v,w)eSP-271xgt-271 \ i=1
The above inequality is exactly what we set out to prove. O

F Proof of Proposition 6.3

Proof. We start with the expression in the R.H.S. of the Proposition 6.2 and simplify it similarly as was
done in its proof in the previous appendix. Denote Sy = S%-271 x §t-271,

E.l sup Yev fp(xp,) w' fr(zr,)
| (v,w)eSs \ i=1

rest

=E.[ sup (Zﬁi”Tffl(BqB2f§(fﬂB,z‘))'wT02(TqT2f%'($T,i)))]
_(v,w)eSz i=1

rest

-2 -2
=E.| sup Z Z (vw")j 5 | Bgs-2,: |1 Tor-2.. | - me B, o5 F5(xp.0))oa(Ty, o 5, F1(xr:))
(v,w) €8z j1=1j5=1 i=1

rest

Define
gy gy = (vw "), o [ B 2.5, 1 Tor-2.5

Wy, j, = Zﬁzal(BqB o Fh (@)oo (Ty o fi(mr,s)).
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Thus we get,

m b_o t_o
]Eel sup (Zeiva],B(wB-,i)'waJI“(mT,i))l:EE Sup Y0 0 Uy Wi g

(v,w)eSsz \ i=1 (v,w) €S2 j1=1jp=1
rest | rest
b_o t_o
<E. sup ‘vj17j2| max ‘wjl 12|
(v,w) eS8z \ j1=1jo=1

rest

For ease of notation we define the set W_5 _5 as the set of matrices allowed in W;.s but with those with
indices ¢ — 2 and g7 — 2 additionally satisfying the constraint in equation 16 in the statement of the lemma.

E| sup | Y ev fp(xp.) w' fr(er:)
(v,w)eSs \ =1

rest

<C_g9E.| sup | max |0j, ]
We_g o \ J1=1,...aB-2
' Jj2=1,...,qr -2
m A A
. T ” T I
<Cog2Ec| sup | max €i01(By, -2, f5(®5,:))o2(Ty o, fr(xT:))
Weoo o \ J1=1,.ap=2 |;5
' J2=1,...,qr -2

We note that any pair of row directions in the pair of matrices (B2, Ty,-2) is € S*#71 x §-271. So a sup
over the set of By,_o and Ty, _» that is allowed by the constraint of C_ 5 and a subsequent max over the
pairs of row directions can be upper-bounded by a single sup over S?-371 x §t-371,

We recall the definition of W/,

TES

E| sup | Y ev fp(xp.) w' fr(er:)
(Ui}\;‘}) €Sy \ i=1

rest

. given in the lemma to conclude, (S3 = S®-27! x §t-371)

<C_g, oK, sup
(v,w)eSs3
WI

i €01 (v f(xp,i))oa(w’ ¥($T,z‘))‘ :
=1

rest

Invoking Lemma H.1,

S2C_27_2E5 sup Zeiol(vT ]’3'(3337,;))02('wT fllﬂl(.’I}T,?))
(v,w)eS34=1

14%

rest

<2LC_5 sE.| sup Zei(vT m(xp)) (W fi(zr:)) |

(v,w)eSsi=1
W!

rest

In the last step above we have invoked Lemma 6.1 using the fact that Assumption 1 is true about oy and
09. O
G Generalization Bound For DeepONets For Unbounded Data

Definition 9 (¢4 Loss Function Class). Given H as defined in Theorem 4.2, we define the class ¢ associated
with H as,

O = {F xR® 5 (f,xr) = ((h(f,x7)) € [0, 00) | h e H}

where ¢ is some non-negative univariate (loss) function
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Applying Theorem 4.13 of Ma (2021) to the above loss class we get the following theorem

Theorem G.1. Given ¢4 as in Definition 9 we have,

IE{(f1 @r,;) ~'Dli=1...m}

[sup[ L5 0 200) - By [ wT))JH < MR ()

where m is the number of samples used in the empirical risk, D is a distribution over F x R%, and R,, is
Rademacher complexity as defined in Equation 9.

Lemma G.2 (Lipschitz Composition in Rademacher Complexity). Assume that ¢: R~ R is a Ly-Lipschitz
continuous function, such that |¢(t) — ¢(s)| < Lg|t — s|. Suppose V c R™. Then,

E. [sup L iem(fi)] < L,E. [sup

fev M2

S|

1
miz
Lemma G.3 (R(4(H)) in terms of R(H)). Given H as defined in Theorem 4.2, if ¢(-) is R—Lipschitz,

E. ?ggxelf(h(fl,sz))] RUH))<R-R(H)=R-E, [supmzlelh(fl,sz)

Proof. Any function h € H maps from F x R — R. Hence, training data of size m for the DeepONet is of
the form {(f;,®7;) e FxR% i=1,2,....m}.

Consider the set K = {(h(f1,21),..., h(fm,®m)) |h € H} c R™. Then we can re-write,

R(U(H)) - E. [Sup % i eiﬁ(ki)] .

kelC

Invoking that the Lipschitz constant for £(-) is R, and Lemma G.2 we have,
1 m
R(¢(H)) < RE, |:sup - Z € kl] ,
kelc T ;37

which we recognize as the inequality we set out to prove,
RUH)) <R-R(H).

O

Lemma G.4 (R(H) in terms of R(DeepONet)). Recall that W is the set of allowed weights in the function
class ‘H (as defined in Theorem 4.2). Corrresponding to it define the class DeepONet s.t DeepONet,, €
DeepONet denotes a DeepONet with weight w € W. Then the following holds,

R(DeepONet) = E [sup — Z €; DeepONet,, ( fi, acTz)] =R(H).
weWw M

Proof. Realizing that taking a sup over h € H and w € W are equivalent, we get,

1 m
E. SUP*ZQ (fi,xr,i) ]:EE[SUP EZQ (g(fiva,i)_DeepONetw(fiawT,i))]v
i=1

heH T weWw
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where we have used h(fi,:I:T,i) =G(fi,xr,;) — DeepONet,, (fi, ;). We can write R(H) as

R(H) =E.| sup —Zez (G(fi,xr,) - DeepONetw(fl,:BTl))]
| wew T ;3

=E. sup{ Ze,g(fz,mm —%Tzn:e DeepONetw(fi,wT,i)}]

L weWw

=E. EZeig(ﬁ,mTﬂ-)+ sup i( DeepONetw(fz,sz)]

1

=0+, [ sup — Z €; DeepONet,, (fi, :ETZ):|
weW M ;21

= R(DeepONet).

since, € = —¢ in distribution. O]

Hence combining the above two lemmas we get,

Lemma G.5 (R(4(H)) in terms of R(DeepONet)). Let £(-) be R-Lipschitz. Then,
R(£L(H)) < R-R(DeepONet).

Proposition G.6 (Generalization Error Bound for DeepONet). Given ¢ as in Definition 9 and let
£(-) be R-Lipschitz. Then we have the following generalization bound,

1 m
B Goer) D Jictm) [Sup[ ;K(h(f“‘”fﬂi)) ~E(tar)-p [L(A(], wT))]H S2R-Rm
where R, is as in Theorem 4.1, and D is a distribution over F x Ry,

Proof. We recall from Theorem G.1 that,

E () EDliot..m) [SUP[ ! gf(h(fuwm)) ~E(t2r)-p [E(R(f, fBT))]H < 2R (dn)

Now, invoking Lemma G.5 and using the fact that £(-) is R—Lipschitz we get the claimed inequality. O

H Contraction Lemmas

Lemma H.1. (From Ma (2021)) Let € ~ Uniform({1,-1}"") and suppose we have functions fy and gg
parameterized by 6 s.t, (RF)™ sz — fo(x) = (g9 (x1),...,90 (xn))) € R™. Suppose that for any e € {+1}™,
supy (€, fo(z)) > 0. Then,

E, [sgp (e, fe(w))l] <25, [sgp (€ fa(w))] |

Proof. Letting ¢ be the ReLU function, the lemma’s assumption implies that supy ¢ ((€, fo(x)))
supy (€, fo(x)) for any e € {x1}™. Observing that |z| = ¢(z) + ¢(-2),

sgpl(@ Jo(2))| = sup (¢ ({e, fo(x))) + ¢ ({~¢, fo(x)))]
< St;pcﬁ((e, Jo(2))) + St;p¢((—6,fe(w)))
= Sl;p <€v fg(l’)) + Sl;p(—E, fg(!E)) :

Taking the expectation over ¢ (and noting that ¢ and —e have the same distribution) we get the desired
conclusion. O]

28



Published in Transactions on Machine Learning Research (11/2024)

H.1 Proof of Lemma 6.1
Proof.

Rin(¢ppoP-¢qoQ)= %EMU({fl,l}m) [( sup i@* : ¢P(p(xi))¢Q(Q(yi)):| :

P,q)ePxQ i=1

We explicitly open up the expectation on €; to get,

- ~E&z,...,em>~U<{_1,1}m-1>lﬁqs;;g (ertensotatm) + Seort@sotatw))

f1,q'€PxQ

sup (—¢P(p'(w1))¢Q(Q'(y1)) + i € ¢P(p,(wi))¢Q(q,(yi)))]

2m ((0,0),(P',a"))e(PxQ)?

< 1 ']E(ez,...,em)[ sup (|¢P(p($1))¢Q(Q(y1)) - op(p'(21))dq(d (y1))|

+ iﬂ (op(p(xi)dq(e(yi) + or(p' (i) (d (i) )]

By invoking the the assumption 1 we get,

1
<o Eerem) sup L-|p(x1)q(y1) -2’ (21)q (1)
m ((p,q),(p",q"))e(Px Q)2

+ iei (op(p(x:)) oo (a(yi)) + op (P (x:)) b (4 (¥i))) )]

Now we invoke the fact that inside a supremum, an absolute value function is redundant, since anyway the
higher combination will get picked. Thus we can rearrange the above to get,

Sl']E(@,...,em)l sup (L'p(wl)Q(yl))+i€i'¢P(P($i))¢Q(Q(yi)))

2m (p,q)ePxQ

+  sup (—L~p’(m1)Q’(y1)+iﬁi'¢P(p’(wi))¢Q(Q'(yi)))]

(p',q")ePxQ i=2

1 m
<— 'Eel sup (61 “Lep(z1)q(y1) + ) e ¢P(p(wi))¢Q(Q(yi)))]
m (p,q)ePxQ =2
Re-iterating the above argument for ¢ = 2,3,,...,m we get,

1 m
= —Ecuy¢-1,13m) sup Z &L 'p(ﬁﬂi)Q(yi)]
m (p,q)ePxQ Li=1

= LRu(P- Q).
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H.2 A Contraction Lemma with Biased Absolute Functions

Suppose F is set of functions with a common domain D and a common range space, and B is a subset of
that range space. Then we denote a new function space F + B:={z ~ f(z)+b, Vx e D| feF,be B}.

Lemma H.2. Let P and G be set of functions valued in R closed under negation. Given points {x; |
t=1,....m}, {y; | i =1,...,m} in the domain of the functions then we have the following inequality of
Rademacher complexities - where both the sides are being evaluated on this same set of points,

Ru([P+ Byl |G + Ba|) < Run(P - G) + [B2|Rin(P) + [ B1|Rn ()

Proof. From the definition of Rademacher complexity it follows that,

1 m
Rm(|P+ B1|-|1Q+ Bsl) = EEE~U({—1,1}m) sup | Y€ |p(w;) + Billg(y;) + B2|] .

P,q€PxQ | 4=1

We explicitly open up the expectation on €; to get,

B % Begem)-U({-1,1ym-1) L,felglg (Ip(wl) + Billg(y1) + Ba| + 7272 € - ¢P(p(mi))¢Q(Q(yi))) +
s (W@ Bl )+ Bal+ S 0p0 e} 1)) 9
< ﬁ Eeg,..em) va,vq,quggm@ (Ip(w1)q(y1) -p'(x1)q (y)| +|Ballp(x1) = p'(21)| + [Billg(y1) - ¢'(y1)]
+§;€i (op(p(x:))dq(a(y:)) + ¢p (P (z:))do(d (i) )] (19)
- L 'E@z,...,em)lp’;ﬁ (Pt Bl + 1Blatwn) + 360 eatw)
. s (—p'<w1>q'(y1> 1Bl (1) - B () + B a:p(p'(wi)m(q'(yi)))] (20)
= E[ s ( (e )atmn)  Balp(ar) + [Bila(w) + Yoo ¢p(p<wi>)¢Q<q<yi>>)] o1)

Iterating this, we get

1 m
< —Eey(f-1,13m) sup [Z € (p(xi)q(yi) +|Balp(z;) + |Bl|Q(yi)]
m p,qePxQ |i=1

<Rm(P- Q) +|B2|Rm(P) +|B1|Rm(Q).

In equation 19, we have used the triangle inequality, followed by

[p(@1)+ Bi|-|a(y1) + Ba| - |p' (1) + B1|-|¢’ (y1) + Ba|| < [(p(@1) + B1) (¢(y1) + B2) - (¢ (x1) + B1)(¢' (1) + Ba)

In equation 20, we could open up the || since the supremum would be positive. This follows from the fact that
P and Q are closed under multiplication by -1, which implies sups.p f =supse_p f =supsep —f = supsep |f]

O
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I Converting ReLU -DeepONets to abs—DeepONets

Firstly, we recall that the map R? 5  — a € R? is an exact depth 2 ReLU net — one which passes every
coordinate of the input through the ReLU net R 5 z » max{0, 2z} — max{0,-z} € R. Using this, given any
ReLU DeepONet, we can symmetrize the depths between the branch and the trunk by attaching the required
number of identity computing layers at the input to the shorter side.

Secondly, for typical DeepONet experiments, one can assume that the the set of all possible input data is
bounded. Combining this with the assumption of boundedness of the allowed matrices, we conclude that
3 B >0 s.t the input to any ReLLU gate in any DeepONet in the given class is bounded by B. Now we observe
that V|z| < B, we can rewrite the map z - max{0,z} as, z ~ 3|z + 1|z + B| - 1|z - B].

Hence, doing the above replacement at every gate we can rewrite any ReLU DeepONet (without biases) as
a DeepONet using only absolute value activations but with biases — and computing the same function on
the same bounded domain, at the cost of increasing the size of the branch and the trunk net by a factor
of 3. Thirdly, a similar result as in Lemma 6.1 continues to hold for this setup as given in Lemma H.2.
Note that, Lemma H.2 bounds the Rademacher complexity of a DeepONet class with the branch and trunk
depths (k, k) by a linear sum of that of (k—1,k—-1) and sum of a (k,0) and a (0, k) DeepONet. While the
first term can be recursed on again (using identical techniques as used to prove Theorem 4.1), for the last
two one can invoke Theorem 1 of Golowich et al. (2018).

Thus, we observe that following the same arguments as in the proof for Theorem 4.1 we can derive an
analogous bound for arbitrary ReLU DeepONet classes - but with twice the depth of the DeepONet number
of extra terms in the R.H.S. These extra terms would come in pairs — each pair consisting of a Rademacher
complexity bound on a standard net, one from the branch side and one from the trunk side and of decreasing
depths.

J  Choosing C’:k,,k

Defining {thhl = X e RO-#¥-k st X, o= | Bpogjy | | Tn-k.j |, We can simplify as follows the
j1=1,...,b_
k=t
expression defining C_j _j in equation 4,
bk t_g bop tg
sup > 2wl Bacss 1 T ol = sup >0 20 105 1By [T o 1wy
(v,w)eS™ -k xStk j1=1 jo=1 (v,w)eS™ 0=k x 571 -k j1=1 jo=1
b_p t_g
= sup Z Z |7)j1| : thjz '|wj2| = sup o' Xw
(vfw)gS*l*b—k Xs—l+t_k ji=1jo2=1 (,1;7,11;)%5'—1Jr17_,c Xs—l+t_k

In the last line above we defined vectors © and W of appropriate dimensions s.t ¥; = |v;] and w; = |w;|. Then
note that, v'XW <[], Xw], <[], | X[ W],

In above |X| is the spectral norm of X. Therefore we have the following upperbound,

sup V]| X[ [l < sup [¥], - sup [W], - [X]
w

v,w v

Since || = |v] <1 and |w| = |w] < 1 we have,
sup 0" XW < || [ Bk |+ [Tk
(v,w)eS 10—k x g7 1Ht-k Ji=1,...b_g
ki1=1,...,t_g

Thus it follows that the RHS of the above inequality gives an intuitive candidate for the quantity é_k,_k.
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K Behaviour of Rademacher Bound for /5-loss
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Figure 6: The above plot shows the behaviour of the measured generalization error with respect to C“C#

for training DeepONets to solve Burgers’ PDE using the empirical loss as given in equation 11, specialized
to the /5 loss and for the branch and the trunk nets being of depth 3. Each point is labelled by the number

of training data used in that experiment

L Link to Code

Here is the link to the GitHub repository containing our code for training a DeepONet for the Heat and

Burgers’ P.D.Es.
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M  Plot Showing the Evolution of Solution to the 2D Heat P.D.E. with Time

Analytical Solution - Heat Equation at t = 0.0

Predicted Solution - DeepONet and 12 at t =0.0
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Figure 7: This plot demonstrates the solution to 2D Heat P.D.E. at different times. In each figure, we have
shown the analytical solution first followed by the prediction from the DeepONet trained with 5 and Huber
loss at § = 0.25. Here, the DeepONets we used have ReLU activation functions and include bias terms.
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