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Abstract

We consider the problem of online multiclass U-calibration, where a forecaster
aims to make sequential distributional predictions over K classes with low U-
calibration error, that is, low regret with respect to all bounded proper losses
simultaneously. Kleinberg et al. (2023) developed an algorithm with U-calibration
error O(K+/T) after T rounds and raised the open question of what the optimal
bound is. We resolve this question by showing that the optimal U-calibration error
is ©(v KT') — we start with a simple observation that the Follow-the-Perturbed-
Leader algorithm of Daskalakis and Syrgkanis (2016) achieves this upper bound,
followed by a matching lower bound constructed with a specific proper loss (which,
as a side result, also proves the optimality of the algorithm of Daskalakis and
Syrgkanis (2016) in the context of online learning against an adversary with
finite choices). We also strengthen our results under natural assumptions on the
loss functions, including ©(log T') U-calibration error for Lipschitz proper losses,
O(log T') U-calibration error for a certain class of decomposable proper losses,
U-calibration error bounds for proper losses with a low covering number, and
others.

1 Introduction

We consider the fundamental problem of making sequential probabilistic predictions over an outcome
(e.g., predicting the probability of tomorrow’s weather being sunny, cloudy, or rainy). Specifically, at
eachtime ¢t = 1,...,T, a forecaster/learner predicts p; € Ax, where A denotes the probability
simplex over K outcomes. At the same time, an adversary decides the true outcome, encoded by a
one-hot vector y; € £ == {ey, ..., ek}, where e; denotes the i-th standard basis vector of R¥. The
forecaster observes y; at the end of time ¢.

A popular approach to measure the performance of a forecaster is to measure her regret against the
best fixed prediction in hindsight. Fixing some loss function ¢ : Ax x & — R, the regret of the fore-
caster’s predictions with respect to £ is defined as REG, = Zthl Upe,y) —infpen Zthl Up,yt).
Perhaps the most common class of loss functions to evaluate a forecaster are proper loss functions.
A loss function is proper if Eyp[¢(p, y)] < Eyp[l(p’,y)] for all p, p’ € Ag. Hence proper loss
functions incentivize the forecaster to predict the true probability of the outcome (to the best of their
knowledge). We will focus on proper loss functions in this work.

Note, however, that regret is measured with respect to a specific loss function ¢. It is unclear which
proper loss one should minimize over for the specific application at hand — and there could even
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be multiple applications with different loss functions which use the forecasters’s prediction. Could
it be possible for a forecaster to simultaneously enjoy low regret with respect to all proper loss
functions? This questions was raised in the interesting recent work of Kleinberg et al. (2023).
They propose the notion of U-calibration error UCal := E [sup,. - REG,] (and a weaker version
pseudo U-calibration error PUCalz = sup,c E[REG]) for a family of proper loss functions L.
A forecaster with low U-calibration error thus enjoys good performance with respect to all loss
functions in £ simultaneously. Unless explicitly mentioned, we shall let £ denote the set of all
bounded (in [—1, 1]) proper losses (as in Kleinberg et al. (2023)), and drop the subscript in UCal
and PUCal. for convenience.

The simplest way to get low U-calibration error is via the classical notion of low calibration er-
ror (Dawid, 1982), defined as Cal == 3" A, (1D, —p(P - yt) I|1. Intuitive.l}f, a fotecz.lster. with low
calibration error guarantees that whenever she makes a prediction p, the empirical distribution of the
true outcome is indeed close to p. Kleinberg et al. (2023) prove that PUCal < UCal = O(Cal) and
thus a well-calibrated forecaster must have small U-calibration error. However, getting low calibration

error is difficult and faces known barriers: the best existing upper bound on Cal is O(TKLH) (Blum
et al., 2008), and there is a (7°-2%) lower bound (for K = 2) (Qiao and Valiant, 2021). Therefore,
a natural question to ask is if it is possible to side-step calibration and directly get low U-calibration
error. Kleinberg et al. (2023) answer this in the affirmative, and show that there exist simple and
efficient algorithms with UCal = O(v/T) for K = 2 and PUCal = O(K+/T) for general K. This
provides a strong decision-theoretic motivation for considering U-calibration error as opposed to
calibration error; we refer the reader to Kleinberg et al. (2023) for further discussion.

Following up Kleinberg et al. (2023), this paper addresses the following question that was left open
in their work: “What is the minimax optimal multiclass U-calibration error?” We give a complete
answer to this question (regarding PUCal) by showing matching upper and lower bounds. Moreover,
we identify several broad sub-classes of proper losses for which much smaller U-calibration error is
possible. Concretely, our contributions are as follows.

1.1 Contributions and Technical Overview
First, we show that the minimax optimal value of PUCal is ©(v KT'):

* In Section 3.1, we start by showing that a simple modification to the noise distribution of the
Follow-the-Perturbed-Leader (FTPL) algorithm of Kleinberg et al. (2023) improves their PUCal =
O(K+/T) bound to O(v/KT). In fact, our algorithm coincides with that of Daskalakis and
Syrgkanis (2016) designed for an online learning setting with a fixed loss function and an adversary
with only finite choices. The reason that it works for any proper losses simultaneously in our
problem is because for any set of outcomes, the empirical risk minimizer with respect to any proper
loss is always the average of the outcomes (c.f. property (1)).

* We then show in Section 3.2 that there exists one particular proper loss ¢ such that any algorithm
has to suffer REGy = Q(+/KT) in the worst case, hence implying PUCal = Q(+/KT). While our
proof follows a standard randomized argument, the novelty lies in the construction of the proper
loss and the use of an anti-concentration inequality to bound the expected loss of the benchmark.
We remark that, as a side result, our lower bound also implies the optimality of the FTPL algorithm
of Daskalakis and Syrgkanis (2016) in their setting, which is unknown before to our knowledge.

While Kleinberg et al. (2023) only consider PUCal for general K, we take a step forward and further
study the stronger measure UCal (recall PUCal < UCal). We start by showing an upper bound on
UCaly/ for the same FTPL algorithm and for any loss class £’ with a finite covering number. Then,
we consider an even simpler algorithm, Follow-the-Leader (FTL), which is deterministic and makes
UCal and PUCal trivially equal, and identify two broad classes of loss functions where FTL achieves
logarithmic U-calibration error, an exponential improvement over the worst case:

* In Section 4.1, we show that for the class L of G-Lipschitz bounded proper losses (which includes
standard losses such as the squared loss and spherical loss), FTL ensures PUCal., = UCal,, =
O(GlogT).

We further show that all algorithms must suffer PUCalz ., = Q(log T'). While we prove this lower
bound using the standard squared loss that is known to admit ©(log T") regret in many online



learning settings (e.g., Abernethy et al. (2008)), to our knowledge it has not been studied in our
setting where the learner’s decision set is a simplex and the adversary has finite choices. Indeed, our
proof is also substantially different from Abernethy et al. (2008) and is one of the most technical
contributions of our work.

* Next, in Section 4.2, we identify a class L. of losses that are decomposable over the K outcomes
and additionally satisfy some mild regularity conditions, and show that FTL again achieves
PUCal = UCal = O(log T') (ignoring other dependence). This class includes losses induced by a
certain family of Tsallis entropy that are not Lipschitz. The key idea of our proof is to show that
even though the loss might not be Lipschitz, its gradient grows at a controlled rate.

* Given these positive results on FTL, one might wonder whether FTL is generally a good algorithm
for any proper losses. We answer this question in the negative in Section 4.3 by showing that there
exists a bounded proper loss such that the regret of FTL is (7). This highlights the need of using
FTPL if one cares about all proper losses (or at least losses not in L or Lg,.).

1.2 Related Work

For calibration, Foster and Vohra (1998) proposed the first algorithm for the binary setting with an
(expected) O(T% ) calibration error (see also Blum and Mansour (2007) and Hart (2022) for a different

proof of the result). In the multiclass setting, Blum et al. (2008) have shown an O(T KLH) calibration
error. Several works have studied other variants of calibration error, such as the most recently
proposed Distance to Calibration (Btasiok et al., 2023; Qiao and Zheng, 2024; Arunachaleswaran
et al., 2024); see the references therein for other earlier variants.

A recent research trend, initiated by Gopalan et al. (2022), has centered around the concept of
simultaneous loss minimization, also known as omniprediction. Garg et al. (2024) study an online
adversarial version of it, and U-calibration can be seen as a special non-contextual case of their setting
with only proper losses considered. Their results, however, are not applicable here due to multiple
reasons: for example, they consider only the binary case (K = 2), and their algorithm is either
only designed for Lipschitz convex loss functions or computationally inefficient. We also note that
omniprediction has been shown to have a surprising connection with multicalibration (Hébert-Johnson
et al., 2018), a multi-group fairness notion, making it an increasingly important topic (Gopalan et al.,
2022; Btasiok et al., 2024; Gopalan et al., 2023a,b).

2 Preliminaries

Notation: We use lowercase bold alphabets to denote vectors. N, N> denote the set of positive,
non-negative integers respectively. For any m € N, [m] denotes the index set {1,...,m}. We use
Ak to denote the (K — 1)-dimensional simplex, i.e., A := {p € RE | p; > 0, Efil p; = 1}. The
i-th standard basis vector (dimension inferred from the context) is denoted by e;, and we use & to
represent the set {ey, ..., e} of all basis vectors of RX. By default, ||-|| denotes the ¢, norm.

Proper Losses: Throughout the paper, we consider the class of bounded proper losses £ :=
{: Ag x & — [-1,1] | £is proper} or a subset of it. We emphasize that convexity (in the first
argument) is never needed in our results. As mentioned, a loss ¢ is proper if predicting the true
distribution from which the outcome is sampled from gives the smallest loss in expectation, that is,

Eyp[l(p, y)] < Ey~p[l(p', y)] forall p,p’ € Ak.

For a proper loss ¢, we refer to ¢(p, y) as its bivariate form. The univariate form of ¢ is defined
as {(p) = Eyp[l(p,y)]. It turns out that a loss is proper only if its univariate form is concave.
Moreover, one can construct a proper loss using a concave univariate form based on the following
characterization lemma.

Lemma 1 (Theorem 2 of Gneiting and Raftery (2007)). A loss { : A x € — R is proper if and only
if there exists a concave function f such that {(p,y) = f(p) + (gp,y — D) forallp € Ak, y €€,
where gp, denotes a subgradient of f at p. Also, f is the univariate form of ¢.

We provide several examples of proper losses below:



* The spherical loss is /(p,y) = — <ﬁ’1’)ﬂ> , which is /K -Lipschitz (Proposition B.1) but non-convex

in p. Its univariate form is £(p) = — ||p||-

* The squared loss (also known as the Brier score) is 4(p,y) = % lp—vy %, which is clearly

2-Lipschitz and convex in p. Its univariate form is £(p) = 1 — ||p||°.

* Generalizing the squared loss, we consider the univariate form ¢(p) = —¢x Zfil pi fora >1
and some constant ¢x > 0, which is the Tsallis entropy and is concave. The induced proper loss is

Up,y) =cx(a—1) Zfil P — e Zfil P~ ty;, which is not Lipschitz for a € (1,2)."

The following fact is critical for U-calibration: for any n € N and a sequence of outcomes
Y1,...,Yn € &, the mean forecaster is always the empirical risk minimizer for any proper loss ¢:
(the proof is by definition and included in Appendix B for completeness):

1 n 1 n
— y,; € argmin — Lp,y;)- )

Problem Setting: As mentioned, the problem we study follows the following protocol: at each
time t = 1,...,T, a forecaster predicts a distribution p; € Ak over K possible outcomes, and at
the same time, an adversary decides the true outcome encoded by a one-hot vector y; € £, which is
revealed to the forecaster at the end of time .

For a fixed proper loss function Z, the regret of the forecaster is defined as: REG, = Zthl Lps,ye) —
infpen, Zthl {(p,y:), which, according to property (1), can be written as Zthl Upe,yt) —
Z;T:l ((B,y;) where 3 := £ 23:1 y; is simply the empirical average of all outcomes.

Our goal is to ensure low regret against a class of proper losses simultaneously. We define U-
calibration error as UCal; = E [sup,c, REG,] and pseudo U-calibration error as PUCal, =
sup,c E[REGy] for a family of loss functions £. Unless explicitly mentioned, £ denotes the
set of all bounded (in [—1, 1]) proper losses and is dropped from the subscripts for convenience.

Oblivious Adversary versus Adaptive Adversary: As is standard in online learning, an oblivious
adversary decides all outcomes vy, . .., yr ahead of the time with the knowledge of the forecaster’s
algorithm (but not her random seeds), while an adaptive adversary decides each y; with the knowledge
of past forecasts p1,...,p:—1. Except for one result (upper bound on UCal for a class with low-
covering number), all our upper bounds hold for the stronger adaptive adversary, and all our lower
bounds hold for the weaker oblivious adversary (which makes the lower bounds stronger).

3 Optimal U-calibration Error
In this section, we prove that the minimax optimal pseudo U-calibration error is O (v KT).

3.1 Algorithm

As mentioned, our algorithm makes a simple change to the noise distribution of the FTPL algorithm
of Kleinberg et al. (2023) and in fact coincides with the algorithm of Daskalakis and Syrgkanis
(2016) designed for a different setting. To this end, we start by reviewing their setting and algorithm.
Specifically, Daskalakis and Syrgkanis (2016) consider the following online learning problem: at each
time ¢ € [T, a learner chooses an action a; € A for some action set .A4; at the same time, an adversary
selects an outcome 6; from a finite set © = {él, R 0 k } of size K; finally, the learner observes 6,
and incurs loss h(ay, 8;) for some arbitrary loss function i : Ax© — [—1, 1] that is fixed and known
to the learner. Daskalakis and Syrgkanis (2016) propose the following FTPL algorithm: at each time
t, randomly generate a set of hallucinated outcomes, where the number of each possible outcome 0;
for i € [K] follows independently a geometric distribution with parameter /K /T, and then output
the empirical risk minimizer using both the true outcomes and the hallucinated outcomes as the final

action a;. Formally, a; € argming¢ 4 Zfil Y: h(a, éz) whereYV;; = [{s <t|0s; = él}| + My

“Here, the scaling constant éx is such that £(p,y) € [-1, 1].



Algorithm 1 FTPL with geometric noise for U-calibration
1. fort=1,...,T
2:  For each i € [K], sample m; ; independently from a geometric distribution with parameter
VK/T, and compute Y; ; = |{s < t | ys = e;}| + my.
3:  Predict p, € Ak suchthatp,; =Y,/ Zszl Y 1, and observe the true outcome y; € £.
4: end for

and my ; is an i.i.d. sample of a geometric distribution with parameter /K /7. This simple algorithm
enjoys the following regret guarantee.

Theorem 1 (Appendix F.3 of Daskalakis and Syrgkanis (2016)). The FTPL algorithm described
above satisfies the following regret bound: E [ZtT:l h(at, 0;) — infgen Zthl h(a, Ot)} <4V KT,
where the expectation is taken over the randomness of both the algorithm and the adversary.

Now we are ready to discuss how to apply their algorithm to our multiclass U-calibration problem.
Naturally, we take A = Ag and © = £. What h should we use when we care about all proper
losses? It turns out that this does not matter (an observation made by Kleinberg et al. (2023) already):
according to property (1), the mean forecaster taking into account both the true outcomes and the
hallucinated ones (that is, p;; = Y7,/ Zle Y: 1) is a solution of argmin,,c o Zfil Y. ih(p,e;)
for any proper loss h € £! This immediately leads to the following result.

Corollary 1. Algorithm I ensures PUCal < 4/ KT against any adaptive adversary.

We remark that the only difference of Algorithm 1 compared to that of Kleinberg et al. (2023) is that
m,; is sampled from a geometric distribution instead of a uniform distribution in {0, 1, ..., [V/T'|}.
Using such noises that are skewed towards smaller values leads to better trade-off between the stability
of the algorithm and the expected noise range, which is the key to improve the regret bound from

O(KVT) to O(VKT).

3.2 Lower Bound

We now complement the upper bound of the previous section with a matching lower bound. Similar
to the Multi-Armed Bandit problem, the regime of interest is 7' = Q(K).

Theorem 2. There exists a proper loss £ with range [—1, 1] such that the following holds: for any
online algorithm ALG, there exists a choice of y1, . . ., yr by an oblivious adversary such that the

expected regret E[REG]| of ALG is Q(VKT) when T > 12K.

We defer to the proof to Appendix C and highlight the key ideas and novelty here. First, the proper

loss we use to prove the lower bound takes the following univariate form £(p) = —% Zszl |p7; - % ’
which is in fact a direct generalization of the so-called “V-shaped loss” studied in Kleinberg et al.
(2023) for the binary case. More specifically, they show that in the binary case, V-shaped losses are
the “hardest” in the sense that low regret with respect to all V-shaped losses directly implies low
regret with respect to all proper losses (that is, low U-calibration error). On the other hand, they
also prove that this is not true for the general multiclass case. Despite this fact, here, we show that
V-shaped loss is still the “hardest” in the multiclass case in a different sense: it is the hardest loss for

any algorithm with PUCal = O(V KT).

With this loss function, we then follow a standard probabilistic argument and consider a randomized
oblivious adversary that samples vy, . .., yr i.i.d. from the uniform distribution over £. For such
an adversary, we argue the following: (a) the expected loss incurred by ALG is non-negative, i.e.,

E ZtT: 1 U(pe, yt)] > 0, where the expectation is taken over y1, . . ., y7 and any internal randomness

in ALG; (b) the expected loss incurred by the benchmark is bounded as E |infpea Zle {(p, yt)} <

—cv/ KT for some universal positive constant ¢, where the expectation is over y1, . . . , yr. Together,

this implies that the expected regret of ALG is at least cv/ KT in this randomized environment, which
further implies that there must exist one particular sequence of y1, . .., yr such that the expected



regret of ALG is at least ¢/ KT, finishing the proof. We remark that our proof for (b) is novel and
based on an anti-concentration inequality for Bernoulli random variables (Lemma A.4).

We discuss some immediate implications of Theorem 2 below. First, it implies that in the online
learning setting of Daskalakis and Syrgkanis (2016) where the adversary has only K choices (formally
defined in Section 3.1), without further assumptions on the loss function, their FTPL algorithm is
minimax optimal. To our knowledge this is unknown before.

Second, since PUCal = sup, E[REG] > E[REG | for any ¢’ € £, Theorem 2 immediately implies

a Q(V KT) lower bound on the pseudo multiclass U-calibration error. In fact, since UCal > PUCal,
the same lower bound holds for the actual U-calibration error.

Corollary 2. For any online forecasting algorithm, there exists an oblivious adversary such that

UCal > PUCal = Q(VKT).

3.3 From PUCal to UCal

We now make an attempt to bound the U-calibration error UCal of Algorithm 1 for an oblivious
adversary. Specifically, since the perturbations are sampled every round and the adversary is oblivious,
using Hoeffding’s inequality it is straightforward to show that for a fixed ¢ and a fixed 6 € (0, 1), the
regret of Algorithm | with respect to ¢ satisfies REGy < 4V KT + /2T log (1/s) with probability
at least 1 — § (see Hutter et al. (2005, Section 9) or Lemma D.1). Therefore, for a finite subset
L' of L, taking a union bound over all ¢ € L' gives sup,c, REGy < 4V KT + /2T log (1£'l/s)
with probability at least 1 — . Picking 6 = 1/T and using the boundedness of losses, we obtain
UCaly <2+ 4V KT + /2T log (T |L’]). In Appendix D, we generalize this simple argument to
any infinite subset £’ of £ with a finite e-covering number M (L', ¢; ||.|| ) and prove for any € > 0,

UCalg <2+ 4¢T + 4VET + /2T log (T - M(L', s |.). 2)

Using this bound, we now give a concrete example of a simple parameterized family £’ C L for
which UCalzr = O(V KT + +/TlogT). Consider the parameterized class

E/ - {Oégl(pv y) + (1 - O‘)EQ(pay)‘a € [03 1]}7

where ¢1(p,y), l2(p, y) € L are two fixed bounded and proper losses. It is straightforward to verify
that 0o (p, y) = al1(p,y) + (1 — a)la(p,y) € L, therefore L' C L.

To obtain an e € (0, 1) cover for L', we consider the set C := {0,¢,...,1 — ¢, 1} which partitions
the interval [0, 1] to % smaller intervals each of length e. For each « € [0, 1], let ¢, € C denote
the closest point to « (break ties arbitrarily). Clearly, | — ¢, | < e. Next, consider the function
9o (DY) = cal1(p,y) + (1 — ca)la(p, y). The class {g.(p, y)|a € [0,1]} is clearly a 2¢ cover of
L’ with size L. Thus, M (L', ;.|| ) = O(1). It then follows from (2) that

UCaly = O <6T+x/ﬁ+ Tlog (T)> =0 (\/ﬁ+ \/W)

€

on choosing ¢ = % On the other hand, in subsection 4.3 we shall argue that for this class with a
specific example of {2, FTL suffers linear U-calibration error (that is, UCal s = Q(T)).

4 Improved Bounds for Important Sub-Classes

In this section, we show that it is possible to go beyond the ©(v/ KT') U-calibration error for several
broad sub-classes of £ that include important and common proper losses. These results are achieved
by an extremely simple algorithm called Follow-the-Leader (FTL), which at time ¢ > 1 forecasts”

t—1 t—1
1
P = —— E Y; € argmin E Up,ys), ©)
t—1 s=1 PEAK s=1 )

“The forecast at time ¢ = 1 can be arbitrary.



that is, the average of the past outcomes. For notational convenience, we define n, = 22:1 Ys SO

that FTL predicts p; = 7;1_11 , with ;1 ; being the count of outcome ¢ before time ¢.

Importantly, since FTL is a deterministic algorithm, it’s PUCal and UCal are always trivially the same.
Moreover, there is also no distinction between an oblivious adversary and an adaptive adversary
because of this deterministic nature.

4.1 Proper Lipschitz Losses

In this section, we show that ©(log T') is the minimax optimal bound for PUCal and UCal for
Lipschitz proper losses. Specifically, we consider the following class of G-Lipschitz proper losses

Lo ={lecLl]||py) —Lp,y)<Glp-p|.Vp,p' € Ax,yc&}.

As discussed in Section 2, the two common proper losses, squared loss and spherical loss, are both in
L for some G. Note that the class of L is rich since according to Lemma 1 it corresponds to the
class of concave univariate forms that are Lipschitz and smooth (see Lemma B.2). We now show that
FTL enjoys logarithmic U-calibration error with respect to L¢.

Theorem 3. The regret of FTL for learning any { € Lq is at most 2 4+ 2G log T. Consequently, FTL
ensures PUCalz, = UCalg, = O(GlogT).

Proof. Using the standard Be-the-Leader lemma (see e.g., (Orabona, 2019, Lemma 1.2)) that says
Zthl Upit1,ye) < infpen, Zthl £(p, yt), the regret of FTL can be bounded as

T T

REG, <2+ Zé(pmyt) —U(prr1,y) <2+ GZ Pt — Praall,
t=2 t=2

ni—1

where the second inequality is because £ € L. Next, since py = -

T
=24+G)
t=2

where the equality follows since n; = n;_1 + y; and the last inequality follows from the triangle
inequality and ||n,_1|| < [[n¢_1[|, = ¢ — 1. Finally, since 3, _, + < flT 1dz = log T, we obtain
REG; < 2 + 2G log T', which completes the proof. O

and p; 1 = 7*, we obtain

T

§2+2G§:%

t=2

ny_1 ny

t—1 t

ni—1 Y
tt—1) t

T
REG  <2+G Y
t=2

A closer look at the proof reveals that global Lipschitzness over the entire simplex A is in fact
not necessary. This is because, for example, in the term ¢(p;, €;) — £(piy1, e;) for some ¢ € [K],
by the definition of FTL the corresponding coordinates p; ; and p;1,; are almost always at least
1/T, with only one exception which is when ¢ is the first time we have y; = e; and which we can
ignore since the regret incurred is at most a constant. This means that having local Lipschitzness
in a certain region is enough; see Lemma E.1 for details. Note that the loss induced by the Tsallis
entropy (mentioned in Section 2) is exactly one such example where global Lipschitzness does not
hold but local Lipschitzness does. We defer the concrete discussion of the regret bounds of FTL on
this example to Section 4.2 (where yet another different analysis is introduced).

In the rest of this subsection, we argue that no algorithm can guarantee regret better than 2(log T')
for one particular Lipschitz proper loss, making FTL minimax optimal for this class.

Theorem 4. There exists a proper Lipschitz loss £ such that: for any algorithm ALG, there exists a
choice of y1, . .., yr by an oblivious adversary such that the expected regret of ALG is Q(log T).

The loss we use in this lower bound is simply the squared loss £(p,y) = ||p — y|* with K = 2.
While squared loss is known to admit ©(log T") regret in other online learning problems such as that
from Abernethy et al. (2008), as far as we know there is no study on our setting where the decision
set is the simplex and the adversary has only finite choices. It turns out that this variation brings
significant technical challenges, and our proof is substantially different from that of Abernethy et al.
(2008). We defer the details to Appendix F and discuss the key steps below.



Step 1:  Since squared loss is convex in p, by standard arguments it suffices to consider deterministic
algorithms only (see Lemma F.1). Moreover, for deterministic algorithms, there is no difference
between an oblivious adversary and an adaptive adversary so that the minimax regret can be written
as

T

T
VAL = inf sup--- inf su U(pt,yr) — inf {(p,
pieAx ylepg preAx yTepg ; (Pt Y1) U ; (p,yt)

To solve this, further define V,, , recursively as Vy, » = infpea, SUpycg Vinty.r—1 + £(p,y) with
Vo = —infpea, ZZK:1 n;l(p, e;), so that VAL is simply Vo 7.

Step 2:  Using the minimax theorem, we further show that V,, , = supgen Zfil Qi Vn+e;r—1 +

((q) where the univariate form £(q) is 1 — ||q||® (as mentioned in Section 2). Recall that we consider
only the binary case K = 2, so it is straightforward to give an analytical form of the solution to the
maximization over g € Ag. Specifically, writing V,, , = Vini,ma),r @ Vny n, . 10 make notation
concise, we show

Va if Vi — Vo < =2,
Vn1,n2,r = (Vl;VQ) _|_ Vl‘gvz _|_ % lf _ 2 S Vl _ VQ S 27
Vi itV — Vs > 2,

where V; and V, are shorthands for V,,, 41,5, —1 and V,,, n,41,-—1 respectively. Next, by an
induction on r we show that for all valid nq, no, r it holds that —2 < V; — V5, < 2 (Lemma F.2),
Vi=V2)® | Vitve | 1L

8 +-5— * 3

therefore V,,, n, r is always equal to

Step 3: By an induction on 7 again, we show that V,,, ., , exhibits a special structure of the form

o (’Ill — n2)2 _ 271177,2

an,nz,r = D) * Uy T + vr,

. . 2
where {u,}I_, and {v,}I_, are recursively defined via u, 11 = u, + (ur + %)~ and v,41 =

&t + T}l — % with ug = vg = 0 (Lemma F.3). Since VAL = V) o7 = v, it remains to show

vy = Q(log T'), which is done via two technical lemmas F.4 and F.5.

4.2 Decomposable Losses

Next, we consider another sub-class of proper losses that are not necessarily Lipschitz. Instead, their
univariate form is decomposable over the K outcomes and additionally satisfies a mild regularity
condition. Specifically, we define the following class

Liec = {E el

K
l(p) x Z £;(p;) where each ¢; is twice continuously differentiable in (0, 1) } .
i=1

Both the squared loss and its generalization via Tsallis entropy discussed in Section 2 are clearly in
this class L., with the latter being non-Lipschitz when a € (1, 2). The spherical loss, however, is
not decomposable and thus not in £4... We now show that FTL achieves logarithmic regret against
any £ € Ly (see Appendix G for the full proof).

Theorem 5. The regret of FTL for learning any £ € L 4. is at most 2K + (K + 1)8(1 + log T') for
some universal constant [3; which only depends on { and K. Consequently, FTL ensures PUCal.,. =
UCalg,, = O((supyer,, Be)K logT).

Proof Sketch. We start by showing a certain controlled growth rate of the second derivative of the
univariate form (see Appendix H for the proof).
Lemma 2. For a function f that is concave, Lipschitz, and bounded over [0, 1] and twice continuously

differentiable over (0, 1), there exists a constant ¢ > 0 such that | f"(p)| < ¢ - max (%, ﬁ) Sfor all
p € (0,1).



Note that according to Lemma 1, each ¢; must be concave, Lipschitz, and bounded, for the induced
loss to be proper and bounded. Therefore, using Lemma 2, there exists a constant ¢; > 0 such that

1
10/ (p)] < cmax (3,14
in other words, the regret bound holds even if one replaces the twice continuous differentiability
condition with this (weaker) property.

) for each i. The rest of the proof in fact only relies on this property;

More specifically, for each i € [K],let 7; .= {t;1,...,tik, } C [T] be the subset of rounds where
the true outcome is ¢ (which could be empty). Then, using the Be-the-Leader lemma again and
trivially bounding the regret by its maximum value for the (at most K) rounds when an outcome
appears for the first time, we obtain

K
REG) <2K +» > Upi.e) —Uprir,ei).
=1 teT:\{ti1} D

By using the characterization result in Lemma 1, we then express £(p;, €;) and £(p;1, €;) in terms
of the univariate forms ¢(p:), £(p:+1), and their respective gradients V£(p:), V(p:+1). Next, using
the concavity of ¢;, the Mean Value Theorem, and Lemma 2, we argue that

11
5Z< - max 4)

for some &; that is a convex combination of p; and p;;1, and constant 3, ; = ¢k - ¢; (Cx is the
[Pet1,5 =Pt

scaling constant such that £(p) = ¢x ZZK 1 £i(pi)). To bound (4), we consider the terms -
or t_% according

and M individually and find that they are always bounded by either —

to the update rule of FTL. Thus, we obtain

K
REGy < 2K + 54(S1 + S2), where §; = Z Z ! Z Z %7

Ny —
i=1teTi\{ti 1} Li’ i=1 teTi\{t:1}

and 8y = Zfil Be,i. Finally, direct calculation shows &1 < K (1 +1logT') and S; < 1+ logT,
which finishes the proof. O

To showcase the usefulness of this result, we go back to the Tsallis entropy example.

Corollary 3. For any loss £ with univariate form {(p) = —Cx Zfil p for a € (1,2) (the constant
Ck is such that the loss has range [—1, 1)), FTL ensures REG, = O(¢xa(a — 1)K?logT).

Proof. As mentioned, our proof of Theorem 5 only relies on Lemma 2, and it is straightforward to
verify that for the loss considered here, one can take the constant ¢ in Lemma 2 to be o(« — 1), and
thus the regret of FTL is O(K S log T) with 5y = K¢ga(a —1).

On the other hand, if one were to use the proof based on local Lipschitzness (mentioned in Section 4.1
and discussed in Appendix E), one would only obtain a regret bound of order O(K + ¢xa(a —
1)T%~“1og T'), which is much worse (especially for small o). Finally, we remark that for o > 2, the
bivariate form is Lipschitz, and thus FTL also ensures logarithmic regret according to Theorem 3.

4.3 FTL Cannot Handle General Proper Losses
Despite yielding improved regret for Lipschitz and other special classes of proper losses, unfortunately,
FTL is not a good algorithm in general when dealing with proper losses, as shown below.

Theorem 6. There exists a proper loss ¢ and a choice of y1, . . ., yr by an oblivious adversary such
that the regret REGy of FTL is Q)(T).

Proof. The loss we consider is in fact the same V-shaped loss used in the proof of Theorem 2 that
shows all algorithms must suffer Q(+/ K T') regret. Here, we show that FTL even suffers linear regret



for this loss. Specifically, it suffices to consider the binary case K = 2 and the univariate form
fp) =~ (Ip 5 + 2~

P2 — 5 |) Using Lemma 1, we obtain the following bivariate form:
1 1 1 1
l(p,e1) = —isign <P1 - 2) , Ap,e2) = —isign <P2 - 2) )
where the sign function is defined as sign(z) = 1 if z > 0; —1 if z < 0; 0 if z = 0. Therefore,
((p,e1)isequalto 5 if py < §:0if py = §; —3 if p1 > 5. Similarly, £(p, e) is equal to —3 if

p1 < %; 0if p; = %; % if p; > % Let T be even and y; = ey if t is odd, and e5 otherwise. For such

1

a sequence yi, - - . , yr, the benchmark selects 3 = % ZtT:l y; = [%, 1] and incurs 0 cost. On the

272
other hand, FTL chooses p; = [3, 3] when ¢ is odd, and p; = [ﬁ, (tt%zl) otherwise. Thus, the
regret of FTL is REG, = Zthg {(p¢, e2) = L. This completes the proof. O

Consider the parametrized class in subsection 3.3, let K = 2, ¢5(p, y) correspond to the V-shaped
loss in Theorem 6, and consider any ¢;(p,y) € L. It follows from Theorem 6 that REGy, =
Q(T) when a = 0, therefore UCalzr = sup,¢(o,1) REGe, = Q(T), whereas Algorithm 1 ensures

UCalg = O(VTlogT).

5 Conclusion and Future Directions

In this paper, we give complete answers to various questions regarding the minimax optimal bounds
on multiclass U-calibration error, a notion of simultaneous loss minimization proposed by (Kleinberg
et al., 2023) for the fundamental problem of making online forecasts on unknown outcomes. We not
only improve their PUCal = O(K v/T) upper bound and show that the minimax pseudo U-calibration
error is ©(v KT'), but also further show that logarithmic U-calibration error can be achieved by an
extremely simple algorithm for several important classes of proper losses.

There are many interesting future directions, including 1) understanding the optimal bound on the
actual U-calibration error UCal, 2) generalizing the results to losses that are not necessarily proper,
and 3) studying the contextual case and developing more efficient algorithms with better bounds
compared to those in the recent work of Garg et al. (2024).
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A Concentration and Anti-Concentration Inequalities

Lemma A.1 (Markov’s inequality). For a non-negative random variable X, and any a > 0, we have
PX > a) < B3

Lemma A.2 (Khintchine’s inequality). Let €1, ..., er be i.i.d. Rademacher random variables, i.e.,
P(e; = +1) = P(e; = —1) = 1 forall i € [T). Then,

1 TQ%

Lemma A.3 (Hoeffding’s inequality). Let X1,..., X1 be independent random variables satisfying
a; < X; < b; foralli € [T). Then, for any € > 0, we have

a 2¢2
P Xt —E[X;| >€e] <ex ——— ,and
(o= ) <o (i)

a 2¢2
P XT—EXt S —€ S ex -7 .. .
(s o) <om (- i)

Lemma A.4 (Reverse Chernoff bounds). (Klein and Young, 1999, Lemma 5.2) Let X := % ZZ:
be the average ofT i.i.d. Bernoulli random variables X1, ..., Xt with E[X;] = p forall i € [T). f
e € (0,%],p € (0, 3] are such that 2pT > 3, then

T

E €T

i=1

E

forany xy,...,x7 € R

P(X < (1—¢€)p) > exp(—9¢*pT), P(X > (1+ €)p) > exp(—9€e>pT).

B Deferred Proofs for Proper Losses

Lemma B.1. For a proper loss {(p,y), the following holds true for anyn € Nand y1,...,y, € &:

nyz € argmlanK P,y

PEAK i=1

Proof. Let 8 := 13" | y;. Since  is proper, Eyg[((83,y)] < Eygll(p’,y)] forall p’ € A.
Notably, for any p € A, we have

n

n K
Zﬁl p.e:) —%ZZI =ellpe) ==> > 1ly; =ell(p,e;) = Zﬁp,yg

=1 j=1 Jj=11i=1

:\?—‘

Thus, + >0, £(B,y;) < + X.7_, £(p', y;) for any p’ € Ag. This completes the proof. O

Lemma B.2. Let {(p) be a differentiable and concave, a-Lipschitz function over Ak such that
V{(p) is B-Lipschitz over Ak. Then, £(p,y) is proper and (2. + 23)-Lipschitz in p € Ak for each
ye€.

Proof. Since ¢(p) is concave, it follows from Lemma 1 that ¢(p, y) is proper. To prove the second
part, without any loss of generality, assume that y = e;. For any p, p’ € Ak, we have

{(p,e1) — L(p',e1) = {(p) + (VI(p),e1 — p) — (( )+ (Vi) e1 —p'))
<allp—p'| + Vil(p) — Vil(p') — ((p, VL(p)) — (P, VL(D')))
<(a+B)|lp-p+ P - p,W( )+ (p, V(') — V(p))
<(a+8)llp -2l +Ilp" —pl VLRI + Pl V(D) — VD)
<2(a+p)p-p'l,

12



where the first equality follows from Lemma [; the first inequality follows from the Lipschitzness of
¢; the second inequality follows from the Lipschitzness of V{(p); the third inequality follows from
the Cauchy-Schwartz inequality; the final inequality follows since ||p|| < 1 and V{(p) is Lipschitz.
This completes the proof. O

Proposition B.1. The spherical loss is \/ K -Lipschitz.

Proof. We shall show that ||V/(p,y)|| < VK forall y € £,p € Ak, where the gradient is
taken with respect to the first argument. Without any loss of generality, assume y = e, thus

{(p,y) = —ﬁ. It is easy to obtain the following:
ot Copt o ‘
(py) _ Pl —pi  9UP.y) _ PPy
op: Ip] i pll

2 2
.en)ll = i (pl” 222 + 93 02 = /(eI - 5) < iy < VE.
O]

where the last inequality follows the Cauchy-Schwartz inequality.

C Proof of Theorem 2

Theorem 2. There exists a proper loss { with range [—1, 1] such that the following holds: for any
online algorithm ALG, there exists a choice of y1, . . ., yr by an oblivious adversary such that the

expected regret E[REG]| of ALG is Q(VKT) when T > 12K.

Proof. Consider the function defined as

_K‘,

It follows from Lemma 1 that the bivariate form of ¢ is ¢(p,y) = ¢(p) + (gp, P — y), where g,
denotes a subgradient of £(p) at p. For the choice of ¢, g; = —%sign(p; — % ), where the sign function
is defined as sign(z) = 1ifz > 0; —1if 2 < 0; 0 if x = 0. We first show that {(p, y) € [—1,1].
Without any loss of generality, assume y = e;. Therefore,

1 1 1
{(p,e1) = 5 (1 — p1)sign <P1 - K> + ;pﬁlgn <pz - K)]
K
1 1 . 1 . 1 1
=5 |~ |p— |~ (1 =pysign <p1 - K) + ;pimgn (pi - K) —pi — K”
r K
1 1\ . 1 1 . 1
=3 _(1_K>SIgn<p1_K)+K§SIgn<i_K>]'
It is then trivial to note that p = e; corresponds to a minimum, with value ¢(e;, e;) = —%;
p=[0, 25...., 7] corresponds to a maximum, with value £
Next, we consider a randomized oblivious adversary which samples vy, ..., yr from the uniform

distribution over £. For such an adversary, we shall show that E[REG] = Q(v KT). We overload the
notation and use ALGj.; to denote the internal randomness of the algorithm until time ¢ (inclusive).
In particular, this notation succintly represents both deterministic and randomized algorithms (p;
could be sampled from a distribution D;). Similarly, ALG; shall denote the randomness at time ¢.

13



With this notation, in the constructed randomized environment, the expected cost of ALG is

T

T
Zg(ptayt)‘| EALGy.ry1,.oyr [Ze ptvyt)‘|

t=1 t=1

E

I
(]~
<
>
[y
o
g

,---,yt—lEALGt,yt [E(ptv yt)|ALG1:t—1a Y, ... ;yt—l]

T
= EatGroan e EaLe, By, (0P, y0)ALGLs 1,41, - - s 1]

1 K
? Zg(pta ei)] > 07
=1

where in the first equality we have made the randomness explicit; the second equality follows from
the linearity of expectations; the third equality follows from the law of iterated expectations; the
fourth equality follows because ALG, is independent of y; (p; is chosen without knowing y;) and
vice-versa (y; is sampled uniformly randomly from £); the fifth equality follows by expanding out the

expectation; the first inequality follows since Zfil {(p,e;) > 0forany p € Ag. This is because,

T
=§ EALGy1,u1,m0 1 EALG,

S tlpre) = Ktp) + 3 e~ = (001 + {5 1 -p)).

i=1 i=1

where 1 denotes the K -dimensional vector of all ones. Next, since £(p) is concave over A, the
term above can be lower bounded by K/ (% -1 K) =0.

Next, the expected regret of ALG can be lower bounded in the following manner:

T
E[REG:] = EaLG.ru1,....ur [ZE Pt Yt) Hlf ZE P:Yt)
t=1
T
2 _Ey1a~~7'yT [pgg}( e e(pv yt)

T L T
=By, yr [ZE (T Z?ﬁﬂt)} ; 5
=1 =1

where the first inequality follows since the expected cost of ALG is non-negative, and the benchmark
is independent of ALG; the second equality follows from property 1. In the next steps, we deal with

the expectation in (5). Sample y1,...,yr from £ and let nq, ..., nx denote the counts of the K
basis vectors, i.e., n; = |{j € [T];y; = e;}|. Clearly, ZZ 1= T Letn = [ny,...,ng] collect
these counts. Then, 7 EtT:l ye=[%,..., %] =% -n,and
K
> (3 S ) = (1 me)
i=1

S 13 ) v )

i=1




Thus, the term in (5) equals % Enyonk {Zszl |nz — % H where nq, ..., nx are sampled from a

multinomial distribution with event probability equal to % Further, using the linearity of expectations

we arrive at
T K
i—=|=%E :
" K’ 2 l ]

where X is a Bernoulli random variable with mean +-. Next, we bound E HZthl X: — E[X;]

1 K
E[REG/] > 5 > En,

i=1

ZT: X, — E[X]

}

using an anti-concentration bound on Bernoulli random variables. In particular, applying Lemma

A.4, we obtain
942K
]P’( >a>>26xp(— aT >

T
> X —E[X)]
t=1

for any a € {\ /3L L } . When T' > 12K, this interval is non-empty. From the Markov’s inequality

'K’ 2K
‘|>GP< >a>

(Lemma A.1), we have
]E [

for any a > 0. Setting @ = (/3L we arrive at E HZtT:l X; — E[X,] } > 2v3exp(—27)y/ %.

Thus,

ET: X, —E[X,]

ET: X, —E[X,]

E[REG] > V3exp(—27)VKT,

which completes the proof. O

Remark C.1. For K = 2, the use of Lemma A.4 can be sidestepped via the use of Khintchine’s

inequality. Indeed, in this case we have
ST
t] = o0
t=1 8

where €1, ..., e are i.i.d. Rademacher random variables, and the last inequality follows from
Khintchine’s inequality (Lemma A.2).

E[REG,] > E,,

T 1
-5 :7'E€ €
n 2‘ 2 15-€T

D Bounding the (Actual) Multiclass U-Calibration Error

In this section, we bound the U-calibration error UCal/ for subclasses £’ of £ with a finite covering
number. We begin with deriving a high probability bound on the regret of Algorithm 1.

Lemma D.1. Fix some { € L. Then, for any § € (0,1), the regret of Algorithm 1 satisfies

1
REGy <4V KT + /2T log <5>,
with probability at least 1 — 0.
Proof. Define the random variable X; = £(p;, y:), thus X; € [—1,1]. Since the adversary is

oblivious and my 1, . .., My i are sampled every round independently, X1, ..., X7 are independent.
Applying Hoeffdings inequality (Lemma A.3), for any € > 0, we have

T 62
P E( 1y t) _]E[é( 1 t)] Z € S exX A |
(; P,y Py ) p( 2T)

which implies that P (REG; — E[REGy] <€) > 1 — exp (7%) Let § := exp (f%) Then,

P <REG@ — E[REG] < /2T log (;)) >1-4.

Finally, applying the result of Theorem 1 to bound E[REG,] completes the proof. O
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Using this high probability bound, we first bound UCalz, when £’ is a finite subset of L.
Lemma D.2. Fix a subset L' C L with |L'| < cc. Algorithm I ensures

UCaly < 2+ 4VET + /2T log (T |L']).

Proof. Forany { € L, let & denote the event that REG, < 4v/ KT +/2T log (). From LemmaD.1,

P (&) > 1—6. Let S := supye» REG,. Thus, the probability that S is bounded by the same quantity
is P (Nge &), which can be bounded as

P(Neerre) =1—=P(Uree&) > 1= P(E) =D P(E)+1—|L]>1—|L']5,
ter/ ter/

where the first equality follows from De-Morgan’s law; the first inequality follows from the union

bound; the last inequality is because P (£¢) > 1 — J. Setting 6 = ﬁ’ we obtain

1
P | sup REG, < 4VK +\/2Tlog (T1L) ZI—T.

LeL’!
Note that, E [S] = P(A)E [S|A] + P(AE [S] }, where A denotes the event that S < A. Using
the facts E [S|A] < A, P(A') < 7, and E [S|A’] < 2T since £ € [—1,1], we have
E[S] <2+ A,
which completes the proof. O

Before proceeding further, we first define the notion of cover and covering numbers.

Definition D.1 (Cover and Covering Number). The e-cover of a function class F defined over
a domain X is a function class C. such that, for any f € JF there exists g € C. such
that sup ey |f(x) —g(x)| < e The covering number M(F,¢; ||| ) is then defined as
M(F, € |.|l.) = min{|Cc|; Cc is an e-cover of F}, i.e., the size of the minimal cover.

The |||, in the notation M (F,¢; ||.|| ) is used to represent the fact that the “distance” between
two functions f, g is measured with respect to the ||.|| ., norm, i.e., sup ey | f(x) — g(x)|. Such a
definition can be generalized to more general distance metrics/pseudo-metrics, but is not required for
our purposes. Note that the cover C. in Definiton D.1 is not necessarily a subset of F. We refer to
Wainwright (2019) for an exhaustive treatment of cover and covering numbers of different classes
Fs.

Let C. be a minimal e-cover of . For each g € C, let S, . be the collection of functions f € F such
that g is a representative of f, i.e.,

Sy = {f e F | sup |f(x) — g(@)] < } . ©)

xeX

Clearly, Ugec, Sg,e = F. For each Sy, fix a fieaq € Sy,c (chosen arbitrarily) as a “leader”. Let
Lieaq, 7 denote the collection of these leaders. It is clear that | Lieuq, 7| < [Cc| = M (F, € ||| )-

In the following lemma, we generalize the result of Lemma D.2 to the case when £’ is a possibly
infinite subset of £. Our proof is based on applying the result of Lemma D.2 to the leader set of £’.

Lemma D.3. Fix a subset L' C L with a covering number M (L', €;||.||.). Then, the sequence of
forecasts made by Algorithm 1 satisfies for any € > 0,

UCalgr <2+ 4¢T + 4VET + /2T log (T - M(L', s |.).

Proof. Let C, be an e-cover of L' of size M (L', ¢;||.||.) and Ljqa C L' be the corresponding leader
set. Applying Lemma D.2, we have

E { sup REGZ} <244V KT+/2T 1og(T| Liead|) < 244V K +\/2Tlog T-M(L el )

L€ Lieaa
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Now, fix any £ € L and let g € C, be the representative of ¢, and ¢’ correspond to the leader of the
partition S, . that £ belongs to. By definition we have the following:

lg(p,y) —Lpy)| <e lgp,y)—l(py)<e

forall p € Ak, y € &. Therefore, it follows from the triangle inequality that |{(p, y) — ¢/ (p,y)| <
2¢. As usual, let 8 = % Zthl y; denote the empirical average of the outcomes. Then,

Upe,ye) — 0B, y) < U(pe,ye) — U'(B,y:) + 4 = REGy < REGy + 4eT.

Taking supremum with respect to £ € £ on both sides, followed by expectation, we obtain

E {supREGp} <E { sup REG;} +4eT <2+ 4T + 4VKT + \/2T10g T-M(L el )
el € Lieaq
which finishes the proof. O

E Regret of FTL for Locally Lipschitz Functions

Lemma E.1. Suppose that for a loss function ¢, there exists a constant G[i,l] such that for each
i € [K], £(p, e;) is locally Lipschitz in the sense that |((p, e;) — {(p’, ;)| < G(1 y [|p — P'|| for

all p,p’ € Ak such that p;,p} € [ 1]. Then, the regret of FTL with respect to this loss is at most
2K + G[%,l (1+1logT).

Proof. Using the Be-the-Leader lemma, we know that the regret of FTL can be bounded as REG <
2+ Zfil Zt22;yt=ei U(py, e;) — U(pis1, €;). Assume that £, C € of size m < K contains all the
outcomes chosen by the adversary over T rounds, i.e., y; € &, forall t € [T]. Foreach e; € &y, let
k; denote the total number of time instants ¢ such that y, = e; and let 7; := {¢;1,...,%; , } denote
those time instants. Then, we have

REG, <2+ » > Upi e) —Upi1,e€i)

e;€Em t>2;yr=e;

< 2m+ Z Z U(pi,€ei) — U(Piy1,€:),

e, €Em teTi\{ti,1}

where the last inequality follows by bounding ¢(p;, e;) — £(pi+1, e;) with 2 for all the ¢’s where an
outcome appears for the first time. For each e; € &, and for all ¢t > ¢; ;, we have p; ; = ntfll > %
Therefore,

REG, < 2m + G[%J] Z Z Pt — Peg1]|
€i€€m teTi\{ti1}

S OETTD S DI o T

e €E&m teTi\{ti1}

Proceeding similar to the proof of Theorem 3, we can show that

REG, < 2m + G4 Z Z %—2m+G11] <Z_ Z )
eleé'm

€i€Em teTi\{tin}

where the last inequality follows by dropping the negative term, m < K, and Z]T:Q % < [ lT %dz
log T'. This completes the proof.

oo

Example E.1. Consider for instance the loss whose univariate form is {(p) = —Cx Zfil DS, where
€ (1,2), and ¢k > 0 is a normalizing constant (which only depends on K ) to ensure that {(p,y)
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is bounded in [—1,1]. Clearly, £(p) is concave and thus the induced loss {(p,y) is proper as per
Lemma 1. For the chosen {(p), {(p, e1) is given by

K K
L(p,e1) =L(p)+ (1 —p1)Vil(p) — Zpiv,»é(p) = —Ck ((1 — ) XZp;l + ozp‘f_1> . (D

It is easy to verify that V1£(p, e1) = —¢x - a(a — 1)pS 2(1 — p1) and Vl(p, e1) = —éx - a1l —
Q)p$ ! for all i > 1. Thus, for a large T, G4 1 is of order O(o(a — 1)exT?~%). This yields a
regret bound O(K + a(a — 1)éxT?* *log T), which for o € (3,2) is better (with respect 1o T)
than the O(v/KT) bound obtained in Theorem 1.

F Proof of Theorem 4

Theorem 4. There exists a proper Lipschitz loss £ such that: for any algorithm ALG, there exists a
choice of Y1, - . ., yr by an oblivious adversary such that the expected regret of ALG is Q(log T).

As mentioned, the loss we use in this lower bound construction is the squared loss 4(p,y) =

|p — y||* (we ignore the constant 1/2 here for simplicity, which clearly does not affect the proof). It
is clearly convex in p for any y. The univariate form of the loss is

K K
2 2 2
Up) = Eypll(py)] = Y _pillp— el = [IplI* + 12 pi (p,es) = 1 = ||p||”.
i=1 i=1
We now follow the three steps outlined in Section 4.1.

Step 1: First, it is well-known that for convex losses, deterministic algorithms are as powerful
as randomized algorithms. Formally, let A,,,4s and Ag,., be the class of randomized algorithms and
deterministic algorithms respectively for the forecasting problem. Then the following holds:

Lemma F.1. For any loss {(p,y) that is convex in p € Ak for any y € &, we have

inf sup E[REGy = inf sup  REGy.
ALGE Arand yy ... .y €E ALGE At y, ... .yre€

Proof. The direction “<” is trivial since Ay C A,umq. For the other direction, it suffices to show that
for any randomized algorithm ALG € A,,,4, one can construct a deterministic algorithm ALG" € Ay,
such that, for any fixed sequence y1, ..., yr € &, the expected regret of ALG is lower bounded by
the regret of ALG'. To do so, it suffices to let ALG’ output the expectation of the randomized output
of ALG at each time ¢. Since the loss if convex, by Jensen’s inequality, the loss of ALG is at most the
expect loss of ALG. This finishes the proof. O

Since there is no difference between an oblivious adversary and an adaptive adversary for deterministic
algorithms, infai ge 4, SUDy, . ¢ REGy can be written as

YTE
T T T
VaL = << inf sup>> [Zaphw ~ inf Y tpow)| -
PeEBK Yy el [ 11 1= LA
. T . . .
where <<1pr,e Ax SUDy, ¢ g>> (182 shorthand for the iterated expression

inf sup inf sup...... inf sup inf sup .
P1EAK 4, £ P2€AK y,c€ Pr-1€AK 4y, €EPTEAK yr €

Letn € NI; be a vector such that n; represents the cumulative number of the outcome 7, and
r € {0,...,T} represent the number of remaining rounds. For any n and r such that ||n||, +r =T,
define V, , recursively as

Vnr = inf supVpiyr—1+4p,y)
PEAK ye&

with V, o = —infpen, ZzK:1 n;{(p, e;). It is then clear that VAL is simply Vg 7.
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Step 2: We proceed to rewrite and simplify V,, ;. as follows:

Vnr = inf supVpiyr—1+4p,y) ®
PEAK ye&

= inf sup Eywq [Vntyr—1 +4(p,y)]
PEAK geAk

= sup inf Eywq [Vn-‘—y,r—l + g(p? y)]
gE€Ayx PEAK
K

= sup inf Vnie, r—1 + ¢l(p,€;
qupreAK;%, n+e;,r—1 qi (p l)

K

= inf Vaie, r—1+q (£(p) + (VI(p), e; —
qséuAprglAK;q teir—1 +4i () + (VL(p), &i — p))

K

= i f Z'Vn e;.r— +€ + V€ 3 -
qseuAprglAK;q te;,r—1 +4(p) + (VL(p),q — p)

K
= sup Z%‘Vn+ehr—1 +{(q),

a€AK G2

where the second equality follows since Eyq [Vnty,r—1 + £(p,y)] is a linear function in ¢, and
the infimum/supremum of a linear function is attained at the boundary; the third equality follows
from the minimax theorem as Eyq [Vn+yr—1 + £(p, y)] is convex in p and concave in g; the final
equality is because £(p) + (V£(p), g — p) > £(q) which follows from the concavity of the univariate
form of ¢, and equality is attained at p = q.

Throughout the subsequent discussion, we consider K = 2 and use the concrete form of the squared
loss. Writing Vi, no),r 88 Vi, n, . for simplicity, we simplify the recurrence to

an,ng,'r = Sup q1Vn1+1,n2,'r—1 + q2Vn1,712+1,r—1 +1 - Q% - QS
qeA,
= sup Vo + (V1 —V2)g — 2(¢° — q),
q€0,1]

where Vi,V is a shorthand for Vy,, 41 ny.r—15 Vg na+1,0—1 respectively. It is straightforward to
show via the KKT conditions that

Vs if V] — Vo < —2,
2
sup Vo + (Vi = Wa)g —2(¢% —q) = ¢ G2l Vb . 1 jf 2 <y — 1y <2, (R)
a€l0.1] % if V1 — Vo > 2.

Thus, (R) (with V1, V, replaced by Vy,, +1,n,,7—15 Vi ,no+1,-—1) represents the recurrence we wish
to solve for to obtain Vy o 7. The base case of (R) is the following:

rnn=-e([a- ) or 2 (31)

which holds for all n such that 0 < n < T'. In the next lemma we show that —2 < V; — V5 < 2,
therefore, it is sufficient to solve the recursion (R) corresponding to this case only.

Lemma F.2. The recurrence (R) is also equal to the following:

Vn1+1-,n2,7“*1 + an,nngl,rfl
2

2
Vi +1,m0,r-1 = Vg not1,r-1)
Vn17n27r = 8 +

1 /
+t5 (R

Proof. Tt suffices to show that the condition |V, +1.ny,r—1 — Vi mot+1.,—1] < 2 always holds.
Rewriting ny + 1 as no and r — 1 as 7, this is equivalent to showing

‘anxnb"‘ - Vn1+1,n271,r| < 2 (10)

for all ny,no,r such that n; + ne + r = T, and the arguments in (10) are well defined, i.e.,
0<n <T—r—1,and 1 < ny <T — r. We prove this by an induction on r.
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Base Case: This corresponds to r = 0. For0 <n <T — 1, |V, 7-n.0 — Va+1,7—n—1,0| is equal to

n n n+1 n+1 2n+1 1
Z (2 -1)= . —1)=2-]1- <2-(1—=)<2
T (T ) T ( T >’ ‘ T ‘_ ( T>_ ’

which verifies the base case.

2T -

Induction Hypothesis: Fix ak € {1,...,T}; assume that (10) holds for r = k& — 1.

Induction Step: We show that (10) holds for r = k. It follows from (R) and the induction hypothesis
that

1 5 Vn +V, 1
1+1,n2,k—1 ni,no+1,k—1
Vm,nz,k = g (Vn1+1,ﬂ2>k*1 - Vn1,7l2+1’k*1) + 9 + 57
1 2 Vn1+2,n2—1,k—1 + an—l-l,ng,k—l 1
Vn1+1,71,2—1,k = g (Vn1+2,n2—1,k—1 - an—s—l,ng,k—l) + 9 + 5
Let a1 = Vii42ns-1,k-1:02 = Vni41ns k=103 = Vinina+1,k=1: 0 = Vot no—1,k —

Vi1, k- Subtracting the equations above and expressing in terms of the defined quantities, we
obtain

a1 +ar (o — CV2)2 _aztag (g — 043)2

A — _

2 + 8 2 8
o —ag (0(1 —043) . (Oél +Oé3—20(2)
= +

2 8
_rty [ty (@-y)

2 8
_ (@+2? - (y—2)?

8 )

where we have defined x := a1 — g,y := a2 — ag. It follows from the induction hypothesis that
|z] < 2,|y| < 2, therefore |A| < 2. Summarizing, we have shown that |V, 11 5,16 — Vayne k| <
2 which completes the proof via induction.

Step 3: Since n; + ny +r =T, we may express Vy, n, r in terms of n, no, and T'. In the next
lemma, we show that V,,, ,, , exhibits a very special structure when expressed in this manner; this
allows us to reduce Vo 7 to solving a one dimensional recurrence.

Lemma F.3. For all nq,ns such that ni,ne > 0, and ny + no =T — r, it holds that

(77,1 — n2)2 ) _ 277,1”2

2 " T
where {u,}1_, {v.}I_ are sequences that depend only on T, and are defined by the following
recurrences:

Vn17n2-,7“ -

+ v, (1D

(1Y Lk S (12)
Uy = Ur Uy T y  Ur = Uy -
+1 T +1 5 T 5
forall0 <r <T —1, withuy =vg = 0.
Proof. Similar to Lemma F.2, the proof shall follow by an induction on r.
Base Case: For r = 0, it follows from (9) that V,,, .0 = —%“T"Q, which is consistent with (11) and
Uy = Vg = 0.
Induction Hypothesis: Fix ak € {0,...,T — 1}. Assume that (11) holds for r = k.
Induction Step: We show that (11) holds for »r = k + 1. From Lemma F.2, we have
an,nz,k+1 _ (Vn1+1,7l27k' _8V7L17"2+1»k)2 + VTL1+177L2J€ _g an,n2+1,k + % (13)
It follows from the induction hypothesis that
(n1 +1-— n2)2 2(711 + 1) - N2
Viiting b = e + v,
ny —mno —1)32 2n1 - (ng +1
Vo mit = <1+) oy % Lo
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Define 0 := Vi, 11,n0.k — Viyno+1,k a0d 0 := Vi 41 no & + Vnyna+1,k- Subtracting the equations
above, we obtain

ny+1—mn9)% — (ng —ng —1)2 2n1 - (na+1)—2(n1+1)-n
5 “uk + T

ot (e 1),

Adding the equations above, we obtain

5o ¢

:(n1+1—n2)2+(n1—n2—1)2'Uki2n1o(n2+1)+2(n1+1)on2+2vk
2 T
47117?,2 2(%1 + TLQ)
2
= — 1 . — — 2
((n1 —mn2)*+1) - uy, T 7 + 20y,
dnin 2(r+1
= (n1 —n2)® - up — 12+Uk:+2@k+%—27

where the last equality follows since 7y + ny = T — k — 1. Expressing V,, k-1 in terms of 6, o,

1,n2,
2 . . .
we have Vy,, n, k41 = % + 3+ % Substituting 4, o, we obtain

— ng)? 1\? 2 +1) 1
Vnhm,ﬂl_w,(uﬁ@kw) Cmm w1

2 T 2 T 2
(n1 — ’I’LQ)2 2n1n2
= f cUE+1 — T + Vk+1,
which completes the induction step. The proof is hence complete by induction. O

Since VAL = Vg o,r = vr, it only remains to bound v7. Note that the recursion describing v is
coupled with u. However, since we only want to bound v, we can sum the recursion describing v to
obtain

T-1 1 T-1 1 T-1
Z(w.’_l—w):g-Zur—k— Z(T—l—l) (Zur—Fl)
r=0 r=0 r=0

Moreover, since the summation with respect to v telescopes and vy = 0, we have

1 T-1
’UT:2~<§UT+1>.

Therefore, it remains to bound ZT o Ur. Define a, = u, + T so that v = 3 Er 0 ar The
recurrence (12) describing u reduces to a,+1 = a, + af forall0 <r <T — 1, with ag = =. In the
next result, we obtain bounds on a,..

Lemma F4. Forall0 <r <T — 1, it holds that a, < 7.

Proof. As usual, the proof shall follow by an induction on r. Since ag = %, the base case is trivially

satisfied. Fixa k € {0,...,T — 2}, and assume that aj, < ﬁ Since apy1 = ap + ai, we have
1 1 T—-k+1 (T—-k?-1 1 1
ap+1 < + = 5 = 5 < .
(T—-k)? T-k (T —k) (T - k) T—-k—-1"T-k-1
This completes the induction step. O

Lemma E.5. Forall0 <r <T — 1, it holds that a,. >

1
Z THlogT" Furthermore,

Za,Elog( T+1+1>:Q(logT).
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. . 1 .
Proof. According to Lemma F.4, we can write a, as z— - for some non-negative sequence {b:}

with by = 0. We next obtain the recurrence describing {b,}. In particular, since a,+1 = a,(a, + 1),
we have

1 1 1
T—(r+1)4+bg1 T—r+b (Tr+br+ )
which on simplifying (by multiplying both sides with (T'— (r + 1) 4 b1 )(T — r + b,)) yields

1+br _br+1

by1 = b,
+ + T—r+b,

(14)
Next, we shall show by an induction on r that b, < Zr_l —L_forall0 <r < T — 1. Since by = 0,

i=0 T—i
the base case is trivially satisfied. Fix a k € {0,...,T — 2} and assume that b, < Zf;ol Tl_i. We

consider two cases depending on whether or not by, 1 > bg. If bg41 < by, the induction step holds
trivially. If bg11 > by, it follows from the recurrence (14) that

1

1 1
b <b — <b <
k+1 < b + < o + T

T—k+ b T—k —

k
=0

which completes the induction step. Therefore, we have established that b, < Z::_Ol %_l for all

0 <r <T — 1. It then follows that

T-2 T
1 dz
b <) <[ = =logT,
_i_oT_i_/l z g

for all 0 < r < T — 1, which translates to a, >

m. This completes the proof of the first part

of the lemma. With this lower bound on a,., we can lower bound Zf;ol a, as

T-1 T-1 T T+1
1 1 dz T
>y N > - —log(—— 1],
;a *gT—r—HogT iz_:lz—i-logT/l z+logT Og(logT+1+ )
which is (log T') for a large T'. This completes the proof. O

To conclude, we have shown

1 T—-1 1 T-1
VAL = VO,O.T =V = = Uy —+ 1 = — Z Ay = Q(log T),
/ 2 r=0 2 r=0

proving Theorem 4.

G Proof of Theorem 5

Theorem 5. The regret of FTL for learning any £ € Ly, is at most 2K + (K + 1)8¢(1 + log T') for
some universal constant [3; which only depends on £ and K. Consequently, FTL ensures PUCal.,, =
Ucalﬁdec = O((Supzeﬂd“ 5[)K10g T)‘

Proof. We work with the notation established in the proof of Lemma E.1. The regret of FTL can be
bounded as

REG<2m+ > Y Upie)—lpiii,e).
e; €&m teTi\{ti1} Ot,i

In the subsequent steps, we shall bound ¢; ;. We begin in the following manner:

Oti = U(pt) + (€ — pt, VUpr)) — U(piy1) — (€i — Prv1, VUDL11))
= g(pt) - E(PtJrl) + [Vg(Pt)]i - [Vf(ptﬂ)]i + <pt+1, Vf(ptﬂ)) - <pt, Vg(pt»
< [VUlpe)li — [VUpe+1)]i + (e, VEUPe41) — VE(PL)) |
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where the first equality follows from Lemma 1; the first inequality follows since £(p;) < £(ps+1) +
(VU(pt+1), Pt — Pry1) which follows from the concavity of ¢. Next, by the Mean Value Theorem,

VeDri1) = VD) = V(p; + 0(pri1 — Pr)) - (Per1 — D)
for some v € [0, 1]. Note that p, ; = “=%% p, g ; = M= (since y; = e), therefore py41,; >
pri- Let& = p; + v(pr+1 — pe). Then,
[Vg(pt)]i - [vg(pt+l)]i = <[V2f(§tﬂi,Pt - pt+1>7
where [V2((€;)]; denotes the i-th row of [V2((€;)]; we arrive at

S0 < [V2UEN)i, Pt — Prg1) + (Prsr — P, VL&) Dr)

K
= |V12,i£(€t>| ) (pt+1,i - pt,i) + Zpt,j : v?,je(Et) ) (pt+1,j - pt,j)

=1
< |V12,i£(€t)| ) (pt+1,i - pt,i) + Zpt,j : V?,je(ft) ) (pt+1,j - pt,j)

J#i
< Z V3 54E0| - |(prg = el (15)

where the first equality follows since p;41,; > p¢,; and V?,ié (&) < 0; the second inequality follows
by dropping the term py ; - V7 ;£(&¢) - (pe41,i — Pr,s) Which is non-positive; the final inequality is

because, for j # i, we have p;41 ; = "“tl“ andp; ; = "‘:11'j , therefore py11 ; < p;,;, and bounding
pe; < L

t

To proceed with the further bounding, we apply Lemma 2 and utilize the growth condition on the

Hessian ‘V%E(Em < ¢k - ¢j - max (ﬁa 1—151,4

¢k is the scaling constant such that £(p) = ¢x Zfil 4;(pi)). Let B, ; == €k - ¢;. Using the bound
on |V?7j€(£t)| to bound the term in (15), we obtain

) for some constant ¢; > 0 and all j € [K] (here

1
0t < ) Bej-max ( ) [Py — pea gl (16)
' Z ! §t N 1- gf ! !
Next, we shall bound the terms 7; := %, Ty = Mf%;”‘i, T3 = %, and 73 =
tyi P »J
pt”i%’ng”, where the index j in 73 and 7 runs over j # 4. Note that,
27

T = Dtt1,i — Pt,i < <Pt+1,1: pt,i) _ (nt—l,i +1 t-1 1> < 1 ’
Dt + V(Deg1, — Dri) Dt.i Ng—1, t N¢—1,

where the first equality follows from the definition of &;; the first inequality follows since ps41.5 > D¢i
and v € [0, 1]. Similarly,

Pt+1,i — Pt Pi+1, — DPt,i
To = <
L —pti —v(pes1,i — D) 1—pit1s

C(mumi L e 1
- t t—1 ’ 1_ ne—qi+1

t
t—1 —N¢—1,i t 1

to(t—1) t—1-mngq, t—1

where the first inequality follows since p¢11,; > p¢ ;. For T3, we have

l_Pt+1‘j 1 1
Ti = Pt.d =t <
’ Lo (1) 1§ 7oL
t,J



where the inequality follows since v € [0, 1]. Finally, we bound 7y as
Pt+1,4
T = 1- ptj] _ M1 1 1
1 ( +U(Pt+19 _1)) niill 1+% B t t—1—-mn4_1; — nt,l}i’
t,j J

Pt

| [

where the final inequality is because Zj(zl n¢—1,; =t — 1. Collecting the bounds on 77,72, 73, and
T4, and substituting them back in (16), we get

K
1 1
e =1 P - max <nt1 Tt 1) &7] ( t - 1)

N1,

Summing over all ¢, we obtain REG, < 2m+ 3¢(S1+S2), where S; == Zeiefm Zteﬂ\{tz 1} ﬁ

S2 = D eice,, 2teT\ (11} To1 and e = S°X | Be.i. Note that the subscript in §; denotes that the
constant is dependent on the loss ¢ and only depends on ¢ and K. We bound S; as

Z Zf<mz <m(l+1logT) < K(1+logT).

e, €&y j=1
Next, note that Sy < Zt:l 7 <1+logT. Thus, S; + Sz < (K + 1)(1 + log T'), which yields
REGy < 2K + (K + 1)8¢(1 4 log T'). This completes the proof. O

H Proof of Lemma 2

Lemma 2. For afunction f that is concave, Lipschitz, and bounded over [0, 1] and twice continuously
differentiable over (0, 1), there exists a constant ¢ > 0 such that | f"(p)| < ¢ - max (p, i p) Sfor all
€ (0,1).

Proof. Since f is twice differentiable, if | f”(p)| does not approach infinity at the boundary of [0, 1],
then there is nothing to prove. In the rest of the proof, we assume that | f”/(p)| approaches infinity
both when p approaches 0 and when p approaches 1 (the case when it only approaches infinty at one
side is exactly the same).

Using a technical result from Lemma H.1, there exists an €y € (0, 1) such that for any p € (0, €],

f'(q) = (0
RiC) q (0)]
for some ¢ € [p, 1], which can be further bounded by

1 _ gl l l su ! 1 1
(@) = SO _ F@I+1F O] _ ) sPocon @ ( )
p p P 11—
with ¢1 = 2sup¢(o 17 [f'(¢)| (finite due to f being Lipschitz). Similarly, there exists an €, € (0,1)
such that for any p € [1 — €1, 1),

()] = \f’(li :5’(61)|

for some ¢ € [0, p], which is further bounded by
’ o / /
U= £l OS] 1Y
1—-p 1-p 1-p
Finally, for any p € (ep, 1 — €1), we trivially bound | f”(p)| as

1 1 1"
< (L) wp L
1- q€(e0,1—€1) max (%, ﬁ)

Cc2

where ¢, is finite since f is twice continuously differentiable in (0,1). Setting ¢ = max(cy, ¢2)
finishes the proof. O
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Lemma H.1. Let f satisfy the conditions of Lemma 2 and additionally lim,,_,o+ |f"(p)| = oo
and lim,,_,,- |f"(p)| = oc. Then there exists ey € (0, 1) such that for any p € (0, ¢€o), we have
(@) — ' (0) = f"(p)q for some q € [p,1]. Similarly, there exists €1 € (0,1) such that for any
pE[1—e1,1), we have /(1) — f/(q) = £"(p)(1 ~ q) for some q € [0, )]

Proof. For simplicity, we only prove the first part of the lemma since the proof of the sec-
ond part follows the same argument. Since f is twice continuously differentiable in (0, 1) and
lim,, o+ | f"(p)| = oo, there exists an € € (0,1) such that | f”'| is decreasing in (0, €]. Since f is
concave, this is equivalent to f” being increasing in (0, €].

Now, applying Mean Value Theorem, we know that there exists €y € (0, €] such that f/(e) — f/(0)
"
P)q

f"(eo)e. Tt remains to prove that for any p € (0, o], the function g(q) == f'(¢q) — f'(0) — f”
has a root in [p, 1]. This is true because

g(p) = f'(p) = f'(0) = f"(p)p = (f"(&) = " (p))p <0,

where the equality is by Mean Value Theorem again for some point £ € [0, p] and the inequality holds
since f” is increasing in (0, €]. On the other hand, we have

g(e) = f'(€) = f/(0) = f"(p)e = (f"(e0) = f"(p))e 2 0,

where the equality holds by the definition of ¢, and the inequality holds since again f” is increasing
in (0, ¢]. Applying the Intermediate Value Theorem then shows that g(g) has a root in [p, €], which
finishes the proof.
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