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ADVANCED AUTONOMOUS NUMERICAL
PREDICTOR-CORRECTOR GUIDANCE WITH FINAL ALTITUDE
AND VELOCITY CONSTRAINTS

Youngro Lee; Dae Young Lee] and Bong Wie*

The numerical predictor-corrector guidance with a bank angle parameterization
has been employed in various entry examples where only a final range constraint
is present. However, a future human Mars landing mission requires an accurate
final location and a precise final altitude and velocity at the end of the entry trajec-
tory. This paper proposes to use a quadratic bank parameterization to generate an
entry trajectory that satisfies the multi-constraints. A solution space analysis con-
firms the numerical feasibility of the proposed guidance algorithm. Monte Carlo
simulation results demonstrate the potential applicability of the proposed method
for the future Human Mars landing mission.

INTRODUCTION

A numerical predictor-corrector guidance (NPCG) with a linear bank angle parameterization has
been widely utilized in various atmospheric entry guidance applications.! Since the NPCG al-
gorithm directly employs nonlinear dynamics to achieve accurate prediction of the entry vehicle’s
motion, it can provide a high targeting accuracy in the presence of dispersions and randomness.
Because of its capability and applicability, it is now being considered a candidate to be used for a
future human Mars landing mission.>%

The computational effectiveness of the NPCG algorithm is attributed to the bank angle param-
eterization. Assuming a bank angle solution in a specific shape transforms the nonlinear entry
guidance problem into a parameter-seeking problem, allowing for efficient onboard computation.
Among various kinds of shapes, the linear bank angle has been most frequently adopted in various
entry applications. This paper refers to it as the linear bank angle parameterization-based numerical
predictor-corrector guidance (LNPCG).

Our previous study’ revealed that the LNPCG can encounter the challenge of generating an entry
trajectory that satisfies the final entry condition for a future human Mars entry, descent, and landing
(EDL) mission. Excessive energy dissipation during the early entry phase caused by the linear bank
angle leads to the failure to satisfy the final entry state requirement. To tackle that issue, we proposed
a novel bank angle parameterization utilizing a logistic function, and a guideline for determining
a guidance activation point. The proposed method successfully mitigated the energy dissipation
rate during the early entry phase such that higher final altitudes can be achieved compared to the
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LNPCG. Note that the proposed method was developed based on the baseline NPCG algorithm,
which is a targeting guidance algorithm.

The baseline NPCG algorithm performs dynamic propagation, from a predetermined initial to
final energy states, to compute a guidance parameter oq that satisfies the final range constraint.®
However, this approach causes an issue in satisfying the final conditions of the entry phase. This is
due to the fact that because energy is a function of altitude and velocity, multiple combinations of
altitude and velocity can result in the same energy value. Therefore, without having an additional
algorithm, there’s no guarantee that a desired final altitude and velocity set will be achieved at the
end of the entry trajectory. The detailed analysis on this is in our previous study.’

Various bank angle parameterizations have been proposed to improve the limited capability of the
LNPCG. The research in Reference 9 proposed an exponential decaying bank angle parameteriza-
tion to avoid control saturation during the entry flight. They found that exponential decay maintains
greater control authority in the late entry phase compared to assuming constant or linear bank an-
gles. The authors in Reference 10 realized that the linear bank angle parameterization could lead to
a final altitude mismatch. To satisfy the final altitude constraint, they proposed a piecewise linear
bank angle profile with fixed initial and final bank angles, while the NPC technique determines the
middle point bank angle. In Reference 4, a quadratic bank angle parameterization was proposed to
generate entry trajectories that satisfy the range and time constraints for multi-hypersonic vehicles.
None of these approaches has been applied to the Human Mars mission, which requires an accurate
final location and a precise final altitude and velocity at the end of the entry trajectory.

This study proposes an entry guidance algorithm that can concurrently constrain the final range
and the final entry state by utilizing a quadratic bank angle parameterization. A solution space
analysis of the proposed guidance method verifies that a multi-dimensional problem has a unique
solution and numerical feasibility. Furthermore, the Monte Carlo method is used to demonstrate that
the proposed guidance method outperforms the LNPCG. The proposed guidance scheme is called
advanced autonomous numerical predictor-corrector guidance (A?NPCG).

The contributions of this paper can be summarized as follows. Firstly, an entry guidance method
is developed based on the existing quadratic bank parameterization that can concurrently constrain
the final range and the entry state constraints. Secondly, the numerical feasibility of the proposed
guidance method is proved by a solution space analysis. Lastly, it is revealed that the proposed entry
guidance can outperform the LNPCG in satisfying the final entry state requirements.

The remainder of the paper is structured as follows: First, the atmospheric entry guidance prob-
lem of the future human Mars landing mission is outlined. The following section provides an
overview of the autonomous numerical predictor-corrector guidance (ANPCG) proposed in our pre-
vious study.” In the next section, the proposed entry guidance is developed with a detailed analysis.
The last section concludes the paper.

PROBLEM FORMULATION

Equations of Motion

The three degree-of-freedom (DOF) equations of motion of an entry vehicle with respect to the
spherical Mars-centered-rotating (MCR) and the north-east-down (NED) reference frames (see Fig-
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Figure 1. The Mars-centered-rotating (MCR) and the north-east-down (NED) frames.!!

ure 1) are given by
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where r is the radial distance from the center of Mars; 6 is the longitude measured from the prime
meridian; ¢ is the latitude measured from the equator; V' is the relative ground velocity of the
entry vehicle to the rotating Mars surface; v is the relative flight-path angle measured from the

local horizontal plane; ¢ is the relative heading (or azimuth) angle measured from the north in a
clockwise direction; w is the Mars spin rate; and o is the bank angle defined as positive to right turn.

The gravitational, lift, and drag accelerations, which are denoted as g, L, and D, are respectively
described by
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Figure 2. Spherical trigonometry applied to the planetary entry problem.!!

where p is the Mars gravitational parameter, C7, and Cp are the lift and drag coefficients, and .S
and m are the cross-sectional reference area and mass of an entry vehicle, respectively. These five
parameters are assumed to be constant. The ballistic coefficient of the entry vehicle is defined as

m

ﬁ:CDS
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This study assumes that the entry vehicle maintains trim condition so the lift-over-drag ratio L/D
remains constant.

In addition to the six variables in Eq. (1), the range denoted as s is often adopted as a state
variable for range control guidance methods."'>13 s indicates the flight distance traveled from the
entry interface to the current location such that

$=Vcosy 4

Entry Path Constraints

A guidance system should monitor and handle the entry path constraints such as g-load A, dy-
namic pressure ¢, and aerodynamic heating rate (9, which are defined as

A=VI24+D?2< A0z (5a)
1

q= §PV2 < Gmaz (5b)

Q = kPNVM < Qma;r (50)

where the subscript “max” indicates the allowable limits for each quantity. G-load and dynamic
pressure are associated with the safety of payloads, entry vehicle design, and astronauts. The ther-
mal protection system of entry vehicles determines the value of Qmm, and the parameters of the
heat flux model are assumed as N = 0.5, M = 3.15, and k = 5.3697 x 107°.1* Note that the pro-
posed guidance method in this study does not include a path constraint handling method. Instead,
we discuss how high margins in the path constraints remain for the entry trajectories designed by
the proposed method.



Distance Measures

Figure 2 shows a unit sphere in which the initial entry, current, and target locations of the entry
vehicle are denoted as F (6o, ¢o), P (6, ), and T (6, ¢;), respectively. The crossrange R® and
downrange R” in units of radians can be calculated by using the relationships between arcs and
angles of a spherical polygon defined by intersecting great circles as follows:

RC =sin~! (sini sind) (6a)
p_ 1 cosd
R~ = cos <cos RC> (6b)

where the great circle distance d, in units of radians, between two points £ and P is computed as
d = cos™! (sin ¢g sin ¢ + cos ¢ cos ¢ cos (6 — 0o)) @)

The angle 7, represented with a double-headed arrow in Figure 2, is measured using a set of normal
vectors as

i = cos™! (Ropp - hoEer) (®)

where the normal vectors are defined as
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The crossrange RC can have either positive or negative value depending on the entry vehicle’s
location with respect to the great-circle line that connects the initial and target locations (E_T in
Figure 2). Equivalently, the sign of crossrange can be determined by the relationship between a
set of normal vectors in the unit sphere. If an entry vehicle is flying on the right side of ﬁ, the
following holds: ) )

NoEP X NOET
[hoEp X foeT||

-Tfog >0 10)

In the case of the entry vehicle flying left side of /E71 the sign of Eq. (10) becomes negative.

D
g0’
distance in the longitudinal direction. One can noticed that ¢, is a combination of ng and R, as

shown in Figure 2.

The downrange-to-go, denoted as R, which corresponds to the arc ﬁ, expresses the missed

Human Mars Atmospheric Entry Mission

The atmospheric entry phase of the future human Mars mission is currently under development
led by NASA so some of their specific information has not been fully determined yet. Table 1
provides a set of the numerical data of a reference mission model studied in this paper. Note that the
entry interfaces and target locations are given in the MCR and NED frames. References 5, 14-18
are mainly used to formulate the entry example addressed in this paper.

The Martian air density model in Reference 22 is used here, which is given by

p(h) = po exp (—0.000105h) (11)



Table 1. Human Mars atmospheric entry mission

Symbols Values
ho 125 km
fo -176.40167 deg

Entry Interface'® o -21.3 deg
Vo 4700 m/s
7o -10 deg
Yo -2.8758 deg
O -175.8 deg
Final Condition'® 2 0.276 deg
Vi 450 m/s
he 2480 m
Targeting Accuracy Rool(ty) 5

Requirement'”
Initial Range-to-go Rgo(to) 1279.4 km

Entry Vehicle .,  L/D 0.54
Aerodynamic Property 3 379 ke/m®
<4g
Path Constraints < 13 KkP
Requirements?! q < 13kPa
Q < 500 kW/m?

where h is the altitude in units of kilometers from the Martian surface, and the reference air density
po is a function of temperature 1" with two constants «; = 559.35 and aip = 188.95 as

aq
= —— 12
Po T 12)
where
T=14x10"3h3 —8.85 x 107242 — 1.245 x 10~ 3h + 205.36 (13)

The entry vehicle is called the Cobra mid lift-to-drag ratio rigid vehicle (CobraMRV), which
utilizes an aero-propulsive control strategy, including aero-surfaces and Reaction Control System
(RCS) thrusters. For simplicity, the simulation framework in this paper does not consider the mag-
nitude and rate constraints on the bank angle control, and guidance commands are applied to the
dynamical model without any attitude control latency. The development of more realistic scenarios
will be addressed in future work. The feasibility analysis on the CobraMRV’s flight control system
can be found in References 5, 16.

Some parameters used in the simulations are: the Mars gravitational parameter ;. is 42828 km3/s2,
the Mars radius 7, is 3397 km, and the Mars spin rate w is 7.088 x 107> rad/s. The simulations
are conducted using MATLAB® R2022a on a MacBook Pro with 2.6 GHz 6-core Intel Core i7 and
16 GB of DDR4 RAM. MATLAB’s ODE45 is used as a numerical integrator.



AUTONOMOUS NUMERICAL PREDICTOR-CORRECTOR GUIDANCE

This section briefly describes the autonomous numerical predictor-corrector guidance (ANPCG)
algorithm and displays a reference design for the entry trajectory of the human Mars landing mis-
sion.

Algorithm Description

The ANPCG was developed based on the baseline NPCG algorithm in that it solves a final range
constraint problem using a parameterized bank profile. The NPC technique seeks a guidance pa-
rameter og at every guidance cycle and a design input K that adjusts guidance performance. In
contrast to the existing linear bank angle parameterization approach, the ANPCG can automatically
alter the final bank angle magnitude according to the og value. The logistic function-based bank
angle parameterization is given by

200

- 1+ exp[K(e—eo)/(ef — eo)] (19

Ucmd(e)

where the parameter K represents the decay rate, adjusting how quickly the bank angle reduces,
eo is the current energy state, and ey is the given final energy state. Note that ., at eg is o
regardless of K, whereas 0.4 at e is affected by K. A larger value of K tends to cause a higher
final altitude and peaks of path constraints of the entry trajectory. The range of K value that leads
to a proper guidance performance was found around one.

The baseline NPCG algorithm consists of two steps: prediction and correction. At the prediction
step, a trajectory propagation from e to e is conducted using Eq. (1). Then, the correction step is
carried out iteratively until the parameterized bank angle profile results in a trajectory that satisfies
the following final range constraint:

z(og) = s(ef) —sy =0 (15)

where s(ey) is the actual distance traveled at ey and sy = s4, = Ry, is the range-to-go to the
target site at the current guidance cycle. Note that the computational process employs normalized
state variables, where the length is normalized by the Mars radius, the velocity is normalized by the
orbital velocity at the Mars radius, and the time is scaled accordingly.

The numerical propagations and the bank angle parameterization inside the guidance algorithm
utilize a dimensionless energy-like variable e, which is defined as

e=———=-¢ (16)

where & is the conventional specific energy. Taking the derivative of e with respect to time and
using dr/dt and dV'/dt from Eq. (1) results in the following relationship:

ée=DV 17)

which indicates that e monotonically increases. Energy-based propagation eliminates the need for
flight time information but necessitates the use of final values for altitude and velocity to define the
endpoint.



The Newton-Raphson method is employed to find o satisfying Eq. (15). For a given initial guess

aéo), the k" update for a(()k) is performed as

(k)
O_(()kJrl) _ U(()k) _ Z((f;;g) ) (18)
0z(oy ") /00

where the partial derivative of Eq. (15) with respect to o is computed by the centered finite differ-
ence approximation with a given small increment Ao as

8z(aék)) N Z(O'((]k) + Ao) — z(a(()k) — Ao)

ooy 2A0 (19

The corrective update continues until the absolute value of Eq. (15) becomes less than a small
positive number €. In this study, € and the initial guess for o are set to one hundred meters and 100
degrees.

Predictive Lateral Guidance

Since the baseline NPCG algorithm is intended to control the longitudinal motion of the entry ve-
hicle, a lateral guidance method is necessary to achieve high-precision landing accuracy. This study
utilizes the predictive lateral guidance method proposed in Reference 23. The method assumes that
the computed bank angle from the NPCG algorithm is available for final crossrange computations.
The two final crossrange values of the entry trajectory for the converged bank command, which is
set to be either positive or negative throughout the entire trajectory, are then determined. If the ratio
between two crossrange values exceeds a certain threshold, then a bank reversal occurs. That ratio
is set to seven for all simulation results presented in this paper. Note that the initial bank angle
direction is determined as the opposite direction to the heading angle error.

A Reference Design for the CobraMRYV’s Entry Trajectory

Figure 3 shows the entry trajectory generated by the ANPCG algorithm. The entry trajectory
generated by the ANPCG satisfies the final state requirement (2.48 km altitude and 450 m/s velocity)
and achieves less than 100 meters of final range error. Note that the decay rate K and the guidance
system activation timing ¢,a are set to be 1.28 and 175 sec for a satisfying guidance performance. If
random dispersions on the entry interface or aerodynamic models are present, the final state of the
ANPCG’s entry trajectory is likely to deviate from the final state requirement. Even without a path
constraints handling algorithm, there is about a 10% margin in the g-load and dynamic pressure
constraints and about a 30% margin in the aerodynamic heating rate.

ADVANCED AUTONOMOUS NUMERICAL PREDICTOR-CORRECTOR GUIDANCE

Although the ANPCG can generate the entry trajectory that satisfies the final state requirements,
it requires precise adjusting the decay rate k such that the entry trajectory ends at the desired altitude
and velocity. Since the baseline NPCG algorithm constructs the bank profile in the energy domain
from e to ey, constraining either one of the final altitude and the final velocity means constraining
the other. If the bank angle parameterization can take one more guidance parameter, it can handle
an additional constraint, which is the basic idea of the A2NPCG algorithm.
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Figure 3. The entry trajectory generated by the ANPCG.

Figure 4. The quadratic bank angle profile that is parameterized by oy, 7,,,, and 0.

Algorithm Description
The quadratic bank angle parameterization was proposed in Reference 4 to generate the entry
trajectory that simultaneously meets the final range and flight time constraints. Maintaining the
quadratic bank angle parameterization but changing the formula can fulfill the entry trajectory de-
sign of the CobraMRV mission in which precise velocity and altitude conditions at the end of the



entry trajectory are demanded. The quadratic bank angle parameterization is given by

2(0’0 —20’m+0f)62
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where o is the bank angle magnitude at the current energy state eg, o,, is the bank angle magnitude
at midpoint energy e,, = (eo + ef) /2, and o is a positive constant. Figure 4 shows the quadratic
bank profile shaped by 09, 0/, and o ¢. Since the quadratic bank parameterization has two guidance
parameters (u = [0g 0]’ ), it can have higher flexibility than Eq. (14). Along with the final range
constraint, the final altitude constraint is included in the A2NPCG algorithm:

Zw =" = se)=sr| _ Q1)

22 h(ef) = hy

The Newton-Raphson method is also employed to find u satisfying Eq. (21). The Jacobian of
Eq. (21) with respect to w is required to update a solution, and it is given as

9z Oz

J — 60'() 80’7n (22)
Oz Oz
dog  Oom

The partial derivatives in Eq. (22) are computed in the same technique as Eq.(19). For a given initial
guess u(?), the k" update for u(®) is performed as

wkH) = o) — g1 Z (k) (23)

where the computation of solution update is conducted by MATLAB’s mldivide. The corrective
update continues until the sum of absolute values of z; and 25 in Eq. (21) becomes less than a small
positive number e, which is set to ten meters. The initial guess is given as u(?) = [90 deg 120 deg]” .
Solution space analysis regarding the initial guess is provided in this section later.

A Reference Design for the CobraMRV’s Entry Trajectory

Figure 5 shows the entry trajectory generated by the A2NPCG algorithm. o 7 and t4a are set as
20 deg and 170 sec, respectively. Solution space analysis regarding the variation of oy and ¢4a is
discussed in the following subsection. The final state of the entry trajectory accurately satisfies the
mission requirements. The entry trajectories of the ANPCG and the A2NPCG show similarities in
many aspects, such as path constraints peak levels. However, the bank angle profile at the early
phase of the A2NPCG tends to have a lower magnitude than that of the ANPCG.

Figure 6 presents the bank command profiles plotted every 10?” guidance cycle in the energy
domain for the entry trajectory shown in Figure 5. At each guidance, the quadratic bank angle
parameterized by 09, 0., and o is sought by the guidance algorithm such that it satisfies the final
range and the entry state constraints. It can be observed that the bank profiles maintain a similar
shape throughout the trajectory.

10
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Figure 5. The entry trajectory generated by the A2NPCG.
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Figure 6. The bank command profiles plotted every 10" guidance cycle in the energy domain.

Solution Space Analysis

Since the proposed guidance algorithm has two guidance parameters, oy and o,,, to find, the
solution-seeking process is likely more intricate than the single guidance parameter approaches,

such as the LNPCG and the ANPCG. Therefore, a solution space analysis in the cg—0c,,, domain is
conducted to check the feasibility of the given entry problem comprehensively.

11



(s | < e
| < e

—o— Iteration Path
150 » Desired Solution

90 -

60 90 120 150 180
a0

Figure 7. The solution space of the given entry problem when o = 20 deg and ¢,a =
170 sec. A solution is found after three steps iterations.

[ ] ‘szrv" <€ [ ] ‘herr‘ <€

180 ¢ 180 ¢ 180
t = 170 sec t = 200 sec t = 230 sec
120 120 +
€ g
60 60 r 60
0 0 0
0 60 120 180 0 60 120 180 0 60 120 180
o ap a9
180 180 ¢ 180
t = 260 sec t = 290 sec t = 320 sec
120 120 ¢ 120

Om
/

Tm

Tm

60 T— 60
0 | 0 k\
0 60 120 180 0 60 120 180
o)) ao a0
180 180 ¢ 180
t = 350 sec t = 380 sec t = 410 sec
120 120 + 120
§ §
60 60 f 60
0 0 0 \
0 60 120 180 0 60 120 180 0 60 120 180
(o} a0 a0

Figure 8. The chronological evolution of the solution space along the entry trajectory
when o =20 deg and ¢, a = 170 sec.
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Figure 7 displays the solution space of the given entry problem when oy = 20 deg and t4a =
170 sec. The blue and red lines represent the paths where each constraint is satisfied. Since the
proposed guidance method concurrently addresses the final range and altitude constraints, a solution
that satisfies both constraints needs to be located. It can be noticed that where the red and blue lines
intersect is where a solution exists. Out of the two local solutions, only the upper one can produce
a feasible entry trajectory until the end, which means that the given entry problem has a unique
solution at that guidance cycle. If the initial guess is given as u(®) = [90 deg 120 deg]”, it takes
three steps to converge to the desired solution.

Figure 8 illustrates the chronological evolution of the solution space along the entry trajectory.
The top left subfigure is the same as Figure 7 at the moment of guidance law activated. It is evident
that one of the local solutions seen in Figure 4 only lasts until 200 seconds, while the other one
remains in existence until the end. Therefore, we can conclude that a unique solution to the given
problem exists. As the entry vehicle approaches the ground, the magnitudes of oy and o, decrease,
as seen from Figure 6.

Table 2. Dispersion levels on the entry interface and models.

Parameters ~ Three-Standard Deviation Distributions?'
r 100 m

0.25 deg

0.25 deg

33 mfs

0.1 deg
0.17 deg
200 kg

p 5%

I & 2 < & <o

Monte Carlo Simulation

The Monte Carlo method is adopted to examine the effect of entry interface dispersion and mod-
eling errors on the guidance performance. The entry interface is randomly sampled from a Gaussian
distribution with three-standard deviations (SD), and they are given in Table 2. A 1000-run Monte
Carlo simulation is conducted for each guidance method.

Figure 9 presents the results of Monte Carlo simulations comparing the performance of the AN-
PCG and A?NPCG, and Table 3 summarizes the statistical data. Both methods demonstrate their
robustness over randomness in satisfying the targeting accuracy requirement (5 km). As we in-
tended in the guidance algorithm, the A2NPCG has the entry trajectories to terminate around the
desired final state in a more concentrated form than the ANPCG. The SDs of the final altitude and
velocity of the A2NPCG are about three times lower than that of the ANPCG. Although the average
final targeting error of the A2NPCG is higher the that of the ANPCG, it is a reasonable sacrifice
considering the mission requirement.

13
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Figure 9. The Monte Carlo simulation results comparing the ANPCG and A2NPCG.
Left: the final range dispersions. Right: the final altitude and velocity dispersions.

Table 3. The statistics of the Monte Carlo simulation results: M and SD are mean, median, and
standard deviation operators, respectively.

Statistics ANPCG  A?NPCG Statistics ANPCG A’NPCG
M][Rgo(tf)]  273m 446 m M[maz(A)] 3.6g 3.7¢g
SD[Rgo(tf)] 208 m 374m | SD[max(A)] 0.1g 0.1g
MI[h(t;)] 2487m  2415m M[maz(q)] 11.9 kPa 12.0 kPa
SD[h(t;)]  334m 96 m SD[maz(q)] 0.3 kPa 0.3 kPa
M[V(ty)] 450m/s 450 m/s M[maz(Q)] 337.5kW/m?>  337.5 kW/m>
SD[V(t;)] 3m/s 1 m/s SD[maz(Q)] 2.9 kW/m? 3.0 kW/m?
CONCLUSION

This paper proposed using quadratic bank parameterization to generate the entry trajectory for the
future human EDL mission, requiring precise final location, altitude, and velocity. The Monte Carlo
simulation demonstrated that the A2NPCG outperforms the lower dimension bank parameterization
approach as it can simultaneously satisfy multiple constraints. Furthermore, the solution space
analysis revealed that the multi-dimensional problem has a unique solution leading to a feasible
entry trajectory. The presented simulation results and analysis indicated that the proposed guidance
method could be suitable for future human Mars EDL missions.
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