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The prediction of a minimal length scale by various quantum gravity candidates (such as string/M
theory, Doubly Special Relativity, Loop Quantum Gravity and others) have suggested modification of
Heisenberg Uncertainty Principle (HUP), resulting in the Generalized Uncertainty Principle (GUP).

In this short review, we investigate the origins of the GUP and examine higher-order models,
focusing on the linear plus quadratic form of the GUP. We extend the concept of minimal length
to minimal angular resolution, which plays a crucial role in modifying angular momentum and its
associated algebra. A comparison is made between the standard angular momentum commutator
algebra and that modified by the GUP. Finally, we review its application in the hydrogen atom
spectra and and discuss future endeavors.
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I. INTRODUCTION

General relativity (GR) is a well-established theory that has successfully explained many astrophysical phenomena
and offers viable mathematical models of cosmology to determine the dynamics of the universe. At large scales
gravity became predominant and thus GR serves as a viable framework at the classical level. In fact, the explanation
of perihelion precession of mercury[1], deflection of light when passing through massive bodies[2], and gravitational
redshift of light [3] are few epitomes of its grand success in last hundred years.

Despite its successes, particularly in describing objects like black holes, the theory appears incomplete when address-
ing the singularities of these objects [4–10]. GR also struggles to explain the spacetime singularity at the beginning
of the universe. While the universe appears homogeneous and isotropic at large scales, minute fluctuations of order
10−5 are observed in CMB. These fluctuations necessitate the use of perturbative theory, where the zeroth order
is the homogeneous and isotropic universe given by Friedmann-Lemâıtre-Robertson-Walker (FLRW) metric. In the
perturbative approach, the background metric is treated classically, while the first-order correction term is quantized
in linearized gravity theory [11–16].
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This compels the incorporation of two fundamentally different, and yet incompatible, frameworks, quantum theory
and general relativity (GR) into a coherent setting. There have been numerous attempts to develop a complete quan-
tum theory of gravity, like String/M Theory (ST) [17–23], Loop Quantum Gravity (LQG) [24–29], and Doubly Special
Relativity (DSR) [35, 36], each with its advantages and issues. One of the commonest issues amongst the quantum
gravity candidates is the recovery of the lower energy regime. While these theories have made significant progress,
they lack experimental evidence and yet to undergo rigorous phenomenological testing. Even if supersymmetry is
observed in the Large Hadron Collider (LHC), it would only confirm the existence of an essential ingredient of string
theory and would not constitute definitive evidence in favor of the theory itself [30–34]. At Planck scales, the search
for a theory of quantum gravity becomes crucial, as it may address the limitations of GR. With the existence of so
many approaches to QG, it is important to try to extract testable predictions. Recently, many attempts have been
made in this direction. Although some do compute quantum gravity effects, the minuscule scale of the Planck length
(and the immense scale of the Planck energy) often renders these effects negligible.

In this series of endeavors, one of the simplest and potentially testable approaches to quantum gravity (QG) is
the Generalized Uncertainty Principle (GUP), which incorporates the minimal length prediction of many other QG
theories in the well-known Heisenberg Uncertainty Principle (HUP). According to HUP, two canonically conjugate
variables position and momentum, we can achieve arbitrary precision in position measurement by giving a maximal
amount of energy or when momentum is unknown. However, many QG theories predict that this arbitrary precision is
not valid below the Planck length, where the classical notion of space-time no longer applies [37–51]. On considering
this fact HUP can be modified by incorporating additional terms on the right-hand side of the Heisenberg uncertainty
relation giving rise to GUP. Accounting for quantum fluctuations in spacetime leads to the theory of the GUP, where
these fluctuations in the geometry of spacetime increase the uncertainty in measuring both position and momentum.
Since the GUP modifications exist in canonically conjugate variables, most quantum gravity (QG) theories predict
momentum-dependent changes to the position-momentum commutation relation. These modifications in the existing
commutator brackets and the HUP affect well-known aspects of quantum mechanics, as demonstrated by [52–55].
This leads to alterations in the HUP and suggests the existence of a minimum measurable length near the Planck
scale [58–60].

Studies of the GUP have revealed changes in several aspects of Quantum Mechanics (QM). For instance, the
Hamiltonian describing a minimal coupling with an electromagnetic field is expected to undergo modifications, as
demonstrated in [52]. This has been used to show changes in the Landau levels [52]. Additionally, the GUP is
found to affect phenomena such as the Lamb shift, potential steps and barriers, which are relevant in quantum
configurations like Scanning Tunnelling Microscopes [53, 54], as well as the case of a particle in a box, where the box’s
length becomes quantized [53–55]. Moreover, the energy levels of a simple harmonic oscillator are also altered [53]. It
has been suggested that the GUP could be detected through its effects on quantum optical systems [56, 57].

In this paper, we discuss GUP corrections to a significant theoretical and experimental area of quantum mechanics
mainly in the line of he seminal work in [84]. Specifically, we examine how GUP leads to modifications in the angular
momentum algebra. This article is organized as follows. In Sec. II, we introduce the origin of GUP and explain
how to find the modified canonical variables. In Sec. III, we recap the existing angular momentum algebra under
the Heisenberg Uncertainty Principle (HUP). In Sec. IV, we discuss the modifications arising from GUP corrections.
Finally, in Sec. V, we extend the application of the modified angular momentum algebra to the hydrogen atom and
observe the resulting modifications to the energy levels.

II. ORIGIN OF GENERALIZED UNCERTAINTY PRINCIPLE

Many theories of QG predict the existence of a minimal length. In string theory, it is conjectured that strings do
not interact at distances smaller than their size, which is determined by their tension [61, 62]. Essentially, particles are
considered as vibration of strings with fundamental lengths close to the Planck length. Various gedanken experiments
involving black holes also suggest the existence of a minimal length. LQG inherently includes a minimal length
through its discrete area and volume elements. Similarly, the DSR theory, a modification of the Special Theory of
Relativity, incorporates minimal length scales and maximum measurable momentum.

The GUP represents an innovative approach in the quest for a quantum gravity theory. It involves modifications
to the well-known HUP. The HUP, in its traditional form, does not accommodate the concept of a minimal length, as
it allows for arbitrary values of uncertainty in position. The GUP addresses this by proposing modifications to the
HUP, incorporating higher-order corrections inspired by various QG theories.

In 1995 Kempf, Mangano and Mann (KMM) first proposed the generalized uncertainty relation that results in
minimal observable length [63–65] as
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∆X∆P g ℏ

2
(1 + ´(∆P )2 +Ω), (2.1)

where ´ is the GUP parameter and Ω = ´ïP ð2 which is a positive constant depending on the expectation value of
the momentum operator. We also define ´ = ´0/(MPlc)

2 where MPl is the Planck mass and ´0 is of the order of
unity. One can easily obtained the minimal observable length as (∆X)KMM

min = ℏ
√
´. The above uncertainty relation

is obtained in one dimension by the deformed commutator bracket

[X,P ] = iℏ(1 + ´P 2). (2.2)

As shown by KMM in their paper [63–65], the following operator equations, for X and P can be immediately obtained
from commutator algebra Eq.(2.2):

Pϕ(p) = pϕ(p), (2.3)

Xϕ(p) = iℏ(1 + ´p2)∂pϕ(p), (2.4)

where X and P be symmetric operators defined on a dense domain S∞ (Schwartz space), with respect to the scalar
product

ïÈ|ϕð =
∫ ∞

−∞

dp

1 + ´p2
È∗(p)ϕ(p), (2.5)

where the relation
∫∞
−∞

dp
1+βp2 |pðïp| = 1 holds, and ïp|p′ð = (1 + ´p2)¶(p − p′). Given this scalar product definition,

the commutation relation in Eq. (2.2) is exactly satisfied. Specifically, the generalized version of the HUP shown in
Eq.(2.1) is considered to represent only the leading term in an expansion involving the small parameter

√
´∆P of a

higher-order GUP. Several efforts have been made to develop a complete version of the KMM GUP valid at all energy
scales.
Based on the field theory on non-anticommutative superspace, Nouicer first proposed a more generalized form of

GUP that broadens the validity domain of the KMM GUP. The deformed commutator bracket [66] is

[X,P ] = iℏ exp
(

´P 2
)

, (2.6)

and from the Schrödinger-Robertson uncertainty relation between two operators gives

∆X∆P g ℏ

2
exp

(

´∆P 2
)

. (2.7)

This algebra can be satisfied by the position and momentum operators in momentum space representation as

Pϕ(p) = pϕ(p), (2.8)

Xϕ(p) = iℏ exp
(

´p2
)

∂pϕ(p). (2.9)

Now using the symmetricity condition of position operator implies the modified scalar product as

ïÈ|ϕð =
∫ ∞

−∞

dp

exp
(´p2)È∗(p)ϕ(p), (2.10)

ïp|p′ð = exp
(

´p2
)

¶(p− p′). (2.11)

This GUP gives the minimum uncertainty in the position as (∆X)Nouicer
min =

√

e
2ℏ

√
´. Later this GUP was again

modified to incorporate minimum uncertainty in position as well as maximum momentum as proposed by Pedram
[67] as

[X,P ] =
iℏ

1− ´P 2
, (2.12)

this commutator relation agrees with KMM’s and Nouicer’s GUP to the leading orders and contains singularity at
p2 = 1/´. This indicates that the momentum of the particle cannot exceed 1√

β
≈ 1

α . And, this gives the uncertainty

relation as

∆X∆P g ℏ/2

1− ´(∆P )2
. (2.13)
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The position and momentum operators in the momentum representation for Pedram GUP Eq.(2.12) are

Pϕ(p) = pϕ(p), (2.14)

Xϕ(p) =
iℏ

1− ´p2
∂pϕ(p), (2.15)

and using the symmetricity condition the modified scalar product as

ïÈ|ϕð =
∫ 1/

√
β

−1/
√
β

dp exp
(

−´p2
)

È∗(p)ϕ(p), (2.16)

ïp|p′ð = ¶(p− p′)

1− ´p2
. (2.17)

A concise comparison between the different GUPs can be better given in tabular form I.

TABLE I. Comparison of different GUP models.

GUP Model Deformed Commutator Minimal Length Uncertainty Maximal Observable Momentum

HUP [X,P ] = iℏ : :

KMM [X,P ] = iℏ(1 + ´P 2) ✓ :

Nouicer [X,P ] = iℏ exp
(

´P 2
)

✓ :

Pedram [X,P ] = iℏ

1−βP2 ✓ ✓

We also note that the minimal length (∆X)KMM
min < (∆X)Nouicer

min < (∆X)Pedram
min shown in table II.

TABLE II. Comparison of minimal length uncertainties and maximal momenta in three GUP frameworks.

GUP Framework (∆X)min Pmax

KMM ℏ
√
´ -

Nouicer ℏ
√
´
√

e
2

-

Pedram 3
√
3

4
ℏ
√
´ 1√

β

In 2011 Ali, Das, and Vagenas proposed [68] a generalized model incorporating quadratic terms of momenta as
dictated by ST and various Gedanken experimente in black hole physics, and linear terms suggested by DSR as in
[69–75]. The GUP deformed commutator bracket is expressed as:

[qi, pj ] = iℏ

{

¶ij − ³

(

p¶ij +
pipj
p

)

+ ³2[p2¶ij + 3pipj ]

}

, (2.18)

where ³ = ³0/MPlc = ³0lPl/ℏ, MPl = Planck mass, lPl ≈ 10−35m = Planck length, and MPlc
2 ≈ 1019GeV =

Planck energy. This form of GUP gives:

∆x g (∆x)min ≈ ³0lPl (2.19)

∆p f (∆p)max ≈ MPlc

³0
. (2.20)

Now we can express the modified momentum pi in terms of low energy momentum term p0i, since Eq.(2.18) contain
quadratic momentum pi, the latter must contain at most cubic terms of p0i. So the most general form consistent with
the structure is:

pj = p0j + ap0p0j + bp20p0j , (2.21)

where ³ ∼ a, b ∼ a2. Now using Eq.(2.18)

[xi, pj ] = [xi, p0j ] + a([xi, p0]p0j + p0[xi, p0j]) + b([xi, p0]p0poj + p0[xi, p0]p0j + p20[xi, p0j ]), (2.22)
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FIG. 1. In this plot, Figure (a) on the left shows a comparison between HUP and KMM GUP, where the minimal length is
given by ℏ

√
´. Figure (b) represents the comparison between Nouicer GUP and HUP, which again only includes minimal length

but no maximal observable momentum. The final figure compares Pedram GUP with HUP, and we observe that in this GUP,
both minimal length and maximal observable momentum are present.

the more general form of the commutator bracket of Eq.(2.18) incorporating linear and quadratic term is

[xi, pj ] = iℏ(¶ij + ¶ij³1p+ ³2
pipj
p

+ ´1¶ijp
2 + ´2pipj), (2.23)

using Eq.(2.23) we obtain

[xi, p
2] = [xi, p · p] = [xi, p]p+ p[xi, p] (2.24)

= [xi, pk · pk] = [xi, pk]pk + pk[xi, pk]

= 2iℏpi [1 + (³1 + ³2)p] using Eq.(2.23) to O(p), (2.25)

and on comparing Eq.(2.24) and Eq.(2.25) we get,

[xi, p] = iℏ(pip
−1 + (³1 + ³2)pi) (2.26)

and when ³i = 0, we obtain

[xi, p] = iℏp0ip
−1
0 , (2.27)

we know

pj = P0j(1 + ap0) +O(a2) ≃ P0j(1 + ap) [from Eq.(2.21)] (2.28)

which gives

p0j ≃
pj

1 + ap
≃ (1− ap)pj , (2.29)

p0 = (p0jp0j)
1

2 (2.30)

= ((1− ap)2pjpj)
1

2 = (1− ap)p, (2.31)

we also obtain

p0ip
−1
0 p0j = (1− ap)pi(1− ap)−1p−1(1− ap)pj = (1− ap)pipjp

−1. (2.32)

and, by assuming coordinates and momenta commutes among themselves, it follows the Jacobi identity:

[[xi, xj ], pk] + [[xj , pk], xi] + [[pk, xi], xj ] = 0. (2.33)
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Now using Eq.(2.33),we obtain

[xi, pj ] = iℏ¶ij + iℏa(p¶ij + pipjp
−1) + iℏ(2b− a2)pipj + iℏ(b− a2)p2¶ij , (2.34)

comparing Eq.(2.34) with Eq.(2.18) gives a = −³ and b = 2a2. We obtain the deformed momentum and position in
terms of low energy-momentum terms as:

xi = x0i, pi = p0i(1− ³p0 + 2³2p20). (2.35)

Since the idea of minimal observational length can extend to minimal angular resolution, we will choose the angular
variable and its conjugate momentum (angular momentum). We expect modifications to the well-known angular
momentum algebra as a consequence of GUP.

III. ANGULAR MOMENTUM ALGEBRA IN HUP

In this section, we review the standard angular momentum commutator brackets using the HUP and then compare
it with the results obtained when applying the GUP. Angular momentum in classical and quantum mechanics plays an
important role in understanding many physical phenomenons and their mathematical descriptions like the trajectory
of planets and planetary systems (Kepler’s law), rotation of rigid bodies, the structure of atoms, and many more. In
this section, we start with the classical definition of angular momentum. In classical mechanics, angular momentum
measures the “amount of rotation” likewise linear momentum which measures the “amount of motion”. In simple
terms, for point particle, it is the cross product of position and momentum. Angular momentum also follows the law
of conservation as motion is in the central field. The particle motion is restricted to the plane perpendicular to the
angular momentum vector.

The classical description of angular momentum is given as follows: the angular momentum L⃗ of a particle with
mass m and linear momentum p⃗ located at position r⃗ is given by the vector cross product:

L⃗ = r⃗× p⃗. (3.1)

where the magnitude is given by L = rp sin ¹ and ¹ is the angle between the vectors r⃗ and p⃗. The components in the
cartesian coordinate are:

Lx = ypz − zpy, Ly = zpx − xpz, Lz = xpy − ypx. (3.2)

In quantum mechanics, physical quantities such as angular momentum are represented by operators acting on the
wave function of a system, rather than continuous variables. The classical quantities of position and momentum are
promoted to operators as we go into the quantum regime. The position operator r̂ and the momentum operator p̂ in
one dimension are defined as:

r ≡ r̂ ≡ q̂, p ≡ p̂ ≡ −iℏ d
dq
. (3.3)

Angular momentum is defined through the generator of infinitesimal rotations and its algebraic properties. However,
for orbital angular momentum, this definition in Eq. (3.2) and the generator of rotation are equivalent. This is
analogous to linear momentum, which is the generator of translations and, like angular momentum, does not give rise
to a minimal uncertainty relation, as it follows the standard Heisenberg algebra. Angular momentum, as the generator
of rotation, also does not allow for minimal angular resolution. Following this, the corresponding components of
angular momentum in Cartesian coordinates are represented as follows:

Lx = −iℏ
(

y
∂

∂z
− z

∂

∂y

)

, Ly = −iℏ
(

z
∂

∂x
− x

∂

∂z

)

, Lz = −iℏ
(

x
∂

∂y
− y

∂

∂x

)

. (3.4)

Using the commutator relation between position and linear momentum ([qi, pj ] = iℏ¶ij), one can easily obtain the
“fundamental commutation relations of angular momentum” which incorporate all the basic properties of rotation in
three dimensions [76–81]:

[Li, Lj ] = iℏϵijkLk. (3.5)

with the Levi-Civita symbols

ϵijk =







+1 if ijk is an even permutation of 123
−1 if ijk is an even permutation of 123
0 otherwise.
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To define Eq.(3.5), we used two main concepts: first, that Lk is the generator of rotations about the Kth axis, and
second, that rotations about different axes do not commute. Additionally, one can verify that the Jacobi identity, an
important property of the Lie algebra of angular momentum operators, follows from Eq.(3.5) is given as

[Li, [Lj , Lk]] + [Lj , [Lk, Li]] + [Lk, [Li, Lj ]] = 0, (3.6)

Using Eq.(3.6), it is easy to show that we can define eigenstates of L2 and Lz simultaneously or in other words L2

commutes with all of its components as:

[L2, Lj ] = [L2
i , Lj ] + [L2

j , Lj ] + [L2
k, Lj ] = 0. (3.7)

In fact, consider that

[Li, pm] = ϵijk[qjpk, pm] = ϵijk[qj , pm]pk = iℏϵijkpk (3.8)

Using Eq.(3.8), we have

[Li, p
2] = [Li, p

2
i + p2j + p2k] = pi[Lj , pi] + [Lj , pi]pi + pj [Lk, pj ] + [Lk, pj ]pj = 0 (3.9)

and from this

[Li, p
2] = 0 = 2p[Li, p]

that means for p ̸= 0 gives

[Li, p] = 0. (3.10)

Similarly, commutator relation of L2 with p and p2 is as follows:

[L2, p] = Li[Li, p] + [Li, p]Li = 0, (3.11)

[L2, p2] = Li[Li, p
2] + [Li, p

2]Li = 0. (3.12)

From the above two Eqs.(3.11,3.12), we observe that the operators L2, Lz, p and p
2 commute, allowing us to construct

simultaneous eigenstates of these quantities. These eigenstates are also eigenstates of the free particle Hamiltonian,
which represents the system’s energy in the absence of external forces or potentials. Since the angular momentum
operator corresponds to an observable physical quantity, it is Hermitian, meaning it produces real eigenvalues when
acting on its eigenstates. In the context of group theory, operators that commute with one another form an abelian
group. However, because the components of angular momentum do not commute, the algebra they form is non-abelian.

A. Ladder operators

Quantum operators like angular momentum are not a convenient way to keep track of eigenvalues and eigenfunctions.
For this we introduced Ladder operators as L+ and L− on the eigenfunction Ylm where l and m are the quantum
numbers. The usual ladder operators are given as:

L+ = Lx + iLy, L− = Lx − iLy,

with commutator relation with the z-component of angular momentum as:

[Lz, L±] = [Lz, Lx]± i[Lz, Ly] = ℏ(iLy ± Lx) = ±ℏL±, (3.13)

The L2 commutes with the ladder operators L± as

[L2, L±] = [L2, Lx]± i[L2, Ly] = 0. (3.14)

We also have

[L+, L−] = [Lx + iLy, Lx − iLy] = −2i[Lx, Ly] = 2ℏLz. (3.15)

The ladder operator also satisfies,

L±L∓ = L2 − L2
z ± ℏLz. (3.16)
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We also know that ladder operators are not Hermitian since they do not correspond to any physical observable
quantities; rather, they act to raise or lower the eigenstates. The eigenvalues of L2 and component Lz for the given
eigenstate are

L2|nlmð = ℏ
2l(l + 1)|nlmð, Lz|nlmð = ℏm|nlmð (3.17)

where n, l, and m are quantum numbers that take on only integer values. Now using Eq.(3.13), we get

LzL±|nlmð = (m± 1)ℏL±|nlmð (3.18)

which means that L±|nlmð act as an eigenstate for Lz with eigenvalue (m± 1)ℏ. The operators L± are also referred
to as raising and lowering operators, as they increase or decrease the eigenvalue of Lz by an amount of ℏ. Now using
Eq.(3.14) we also obtain

L2L±|nlmð = L±L
2|nlmð = l(l + 1)ℏ2L±|nlmð (3.19)

From the above equation, we observe that the ladder operators act on the eigenstates of L2 without altering its
eigenvalue, while they do change the eigenvalue associated with Lz. This point emphasizes that ladder operators
affect the quantum number m associated with the Lz component but leave the total angular momentum quantum
number l unchanged. We can determine the eigenvalue for the ladder operators in a given state, where the ladder
operator shifts the state either one level up or one level down:

L±|l,mð = µ±ℏ|l,m± 1ð (3.20)

where, µ± =
√

l(l + 1)−m(m± 1).
In this section, we discussed the standard results of angular momentum algebra in quantum mechanics. All of

the aforementioned results are derived under the assumptions of the HUP without considering the implications of a
minimal length or minimal angular resolution. In the next section, we will address the concept of minimal length and
its effects on angular momentum algebra.

IV. MODIFIED ANGULAR MOMENTUM ALGEBRA IN THE PRESENCE OF GUP

In this section, we study how the effects of the GUP (GUP), where the modified commutator relation between
position and momentum alters the standard quantum mechanics of angular momentum and its commutator relations.
Specifically, we focus on a form of GUP where the coordinates remain unchanged, and only the momentum is modified
[82–84]as follows:

qi = q0,i pi = p0,i[1− ¶p0 + (ϵ+ ¶2)p20], (4.1)

with the commutator relation as:

[qi, pj ] = iℏ

{

¶ij − µ¶

(

p¶ij +
pipj
p

)

+ µ2[ϵp2¶ij + (2ϵ+ ¶2)pipj ]

}

(4.2)

where µ is related to the scales at which the quantum-gravitational effect became relevant, and defined as the inverse
of Plank momentum

µ =
µ0

MPlc
with µ0 ∼ 1, (4.3)

the dimensionless parameters ¶ and ϵ are included to highlight the terms originating from the linear and quadratic
contribution to GUP. For the one-dimensional case with ¶ = 0 and ϵ = 1/3, we easily recover the KMM GUP shown
in Eq.(2.2). This model of GUP does not imply a non-commutation relation because of [xi, xj ] = 0 = [pi, pj ]. The
motivation for choosing this type of GUP, which includes multiple free parameters, lies in the flexibility it provides.
By adjusting these parameters, we can explore and analyze various forms of the GUP. Although this GUP is not the
higher-order version proposed by Pedram and Nouicer, we anticipate that a higher-order GUP would yield similar
results, with the corrections becoming more precise at higher orders.

The GUP between position and momentum introduces a minimal measurable length. Similarly, if we apply GUP
to angular momentum algebra, it leads to the concept of a minimal measurable angle. We expect GUP in the angular
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variables and their canonical angular momentum. To see this, we use the GUP-modified commutator relation of
Eq.(3.5), which changes the commutator relation between the components of angular momnetum as

[Li, Lj ] = ϵimnϵjrs[qmpn, qrps]

= ϵimnϵjrs{qm[pn, qr]ps + qr[qm, ps]pn}

= iℏϵimnϵjrs

{

qrpn

[

¶ms − µ¶

(

p¶ms +
pmps
p

)

+ µ2[ϵp2¶ij + (2ϵ+ ¶2)pmps]

]

− qmps

[

¶nr − µ¶

(

p¶nr +
pnpr
p

)

+ µ2[ϵp2¶nr + (2ϵ+ ¶2)pnpr]

]

}

= iℏ(ϵmniϵmjrqrpn − ϵnimϵnsjqmps)(1− ¶µp+ ϵµ2p2)

= iℏϵijkLk(1− ¶µp+ ϵµ2p2),

(4.4)

this results in the usual commutator bracket being modified with additional translational momentum terms. We
also observe that angular momentum is now not only the generator of rotation but also of translation. As the GUP
parameters ¶ = µ = ϵ = 0, we recover the original commutator algebra. The effects of GUP directly influence the
angular momentum term by adding extra terms. From standard quantum mechanics, we can assign L0,k for the
orbital angular momentum, following Eq. (3.19). We can expand the modified angular momentum in terms of the
generators of rotation and translation, respectively as

Lk = L0,k(1− ¶µp+ ϵµ2p2). (4.5)

Now, by using GUP deform commutator relation Eq.(4.2), we write Eq.(3.6) as:

[Li, [Lj , Lk]] + [Lj , [Lk, Li]] + [Lk, [Li, Lj ]] = iℏ{ϵijk[Li, Li] + ϵijk[Lj , Lj ] + ϵijk[Lk, Lk]}(1− ¶µp+ ϵµ2p2) = 0, (4.6)

it means in the presence of GUP the Jacobi relation remains same. Furthermore, the results of Eq. (3.7) also remain
the same, allowing us to define the eigenstates of L2 and Lz simultaneously when we consider the GUP modifications.
This can be expressed as

[L2, Lj ] = [L2
i , Lj ] + [L2

j , Lj ] + [L2
k, Lj ] = 0. (4.7)

If we consider the commutator relation between the components of angular momentum and linear momentum, we
obtain

[Li, pm] = ϵijk[qjpk, pm] = ϵijk[qj , pm]pk

= ϵijkpkiℏ

{

¶jm − µ¶

(

p¶jm +
pjpm
p

)

+ µ2[ϵp2¶jm + (2ϵ+ ¶2)pjpm]

}

= iℏϵimkpk(1− µ¶p+ ϵµ2p2),

(4.8)

we observe that the relation is modified by an extra term involving p⃗. The original results remain unchanged if we
neglect the quantum gravitational parameters. From teh above results we can easily show that

[Li, p
2] = [Li, p

2
i + p2j + p2k] = pi[Lj , pi] + [Lj , pi]pi + pj [Lk, pj ] + [Lk, pj ]pj

= iℏ(1− µ¶p+ ϵµ2p2)[ϵjimpipm + ϵjimpmpi + ϵkjnpjpn + ϵkjnpnpj ]

= 0,

(4.9)

by the property of ϵijkpjpk + ϵijkpkpj = 0, and utilizing Eq.(4.2), we notice that from Eq.(3.10) Lz commutes with p,
Eq.(3.11), and Eq.(3.12) remain unchanged from the standard theory. Consequently, we can define the simultaneous
eigenstates for L2, Lz, and p. Despite the GUP-deformed commutator algebra, all the results remain consistent with
the standard relations of quantum mechanics, indicating that the fundamental structure is unchanged.

A. Ladder operators in the presence of GUP

In this subsection, we calculate the effects of the GUP-deformed algebra on the ladder operators. Using the standard
procedure, it will follow the same structure as in the standard theory, but the quantum numbers l and m are now not
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integers and include correction terms. As mentioned above, we can consider the simultaneous eigenstates of p, Lz,
and L2 as

L2|p¼mð = ¼ℏ2|p¼mð, Lz|p¼mð = mℏ|p¼mð

Using the Eq.(4.4), the component of angular momentum and ladder operator does not commute and gives

[Lz, L±] = [Lz, Lx]± i[Lz, Ly] = ℏ(iLy ± Lx)(1− µ¶p+ ϵµ2p2) = ±ℏL±(1− ·), (4.10)

where · is the GUP corrected factor, · = ¶µp− ϵµ2p2. The ladder operator commutes with the magnitude of angular
momentum as

[L2, L±] = [L2, Lx]± i[L2, Ly] = 0 (4.11)

and this structure is similar to the standard theory as mentioned in Eq.(3.14). With the help of GUP-modified
commutator relation Eq.(4.4), we get

[L+, L−] = [Lx + iLy, Lx − iLy] = −2i[Lx, Ly] = 2ℏLz(1− ·). (4.12)

It also satisfies,

L±L∓ = L2 − L2
z ± ℏLz(1− ·). (4.13)

Now, using Eq.(4.10), Eq.(4.14) became:

LzL±|p¼mð = L±[Lz ± (1− ·)]|p¼mð = ℏ[m± (1− ·)]L±|p¼mð (4.14)

and using Eq.(4.11), we get

L2L±|p¼mð = L±L
2|p¼mð = ¼ℏ2L±|p¼mð, (4.15)

and the norm of the state L±|p¼mð is obtained as

||L±|p¼mð||2 = ïp¼m|L∓L±|p¼mð = ℏ
2[¼−m{m± (1− µ¶p+ ϵµ2p2)}] g 0. (4.16)

If we consider L2 and Lz only, we obtain

||L±|¼mð||2 = ï¼m|L∓L±|¼mð = ℏ
2[¼−m{m± (1− ï·ð)}] g 0, (4.17)

the GUP modification appears as ï·ð, which is the expectation value of the corrections. The term 1−ï·ð is a positive
quantity. We also note from the eigenvalues of L2 and Lz in Eq. (4.13) that ïL2ð g ïL2

zð, which requires ¼ g m2.
This implies that there is an upper and lower bound on m, denoted as m+ and m−, respectively. Additionally, from
Eq. (4.17), we obtain

L±|p¼m±ð = 0 =⇒ ¼ = m±[m± ± (1− ·)] (4.18)

we can get m± from any starting value of m by multiplying u and v to L+ and L− respectively where u, v ∈ N as

m+ = m+ u(1− ·), m− = m− v(1− ·) (4.19)

and on combining these two relations we get,

m+ = m− + (u+ v)(1− ·) = m− + n(1− ·) (4.20)

where n ∈ N. On taking the above equation and Eq.(4.18), one can obtain

m+ =
n

2
(1− ·) = l(1− ·), m− = −n

2
(1− ·) = −l(1− ·), (4.21)

and also we get

¼ = l(l + 1)(1− ·)2. (4.22)
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We noticed that usually, the magnetic quantum number m might not be an integer because the difference between
two consecutive eigenvalues of Lz, m1 and m2 the difference is (1− ·). Thus, we redefined it as

m→ m(1− ·) (4.23)

Now, the new GUP-modified magnetic quantum number m has integer upper and lower bounds as

−l f m f l. (4.24)

Next, the eigenvalues of L2 and Lz for any given state are

L2|plmð = ℏ
2l(l + 1)(1− ·)2|plmð, Lz|plmð = ℏ(1− ·)|plmð. (4.25)

To show that the eigenvalues of L2 and Lz are compatible with the uncertainty relation in Eq. (4.4), we first note
that the expectation values of Lx and Ly in an eigenstate of L2 and Lz are zero:

ïLxð = ïLyð = 0. (4.26)

The variances of these components are given by:

(∆Lx)
2 = ïL2

xð, (∆Ly)
2 = ïL2

yð. (4.27)

Now, for the right-hand side of Eq. (4.25), the uncertainty relation between Lx and Ly is:

∆Lx∆Ly g |ï[Lx, Ly]ð|
2

=
ℏ

2
|ïLzð(1− ï·ð)| = ℏ

2

2
|m|(1− ï·ð)2, (4.28)

where we used the commutator [Lx, Ly] = iℏLz and the GUP correction factor (1− ï·ð). By the equivalence between
Lx and Ly in an eigenstate of Lz, we insert Eq. (4.28) into the left-hand side of Eq. (4.25), yielding:

ïL2ð = ℏ
2l(l + 1)(1− ï·ð)2 = ïL2

xð+ ïL2
yð+ ïL2

zð g ℏ
2(m2 + |m|)(1− ï·ð)2, (4.29)

where the equality holds when m = ±l. We observe that ïL2
zð is bounded by ïL2ð due to the uncertainty in the

other components, similar to standard quantum mechanics. Now, we will apply the results of the modified angular
momentum and ladder operators to a physical system and examine how GUP modifications affect those systems
[85–89].

V. MODIFIED HYDROGEN ATOM

From the sections above, we now know that by introducing a minimal angular resolution, the angular momentum
algebra has changed significantly. To observe these effects, we can apply these corrections to different quantum
systems. As we also know, angular momentum algebra plays an important role in understanding atomic systems. In
this section, we study the modified energy levels and spectrum of hydrogen atoms based on the GUP-modified angular
momentum algebra. We incorporate the effects of GUP directly into the Hamiltonian of the system.

The usual Hamiltonian for hydrogen atom for a central force with the potential energy U(r) = e2

r is given as

HÈ(r⃗) =
[

p2r
2m

+
L2

2mr2
− e2

r

]

È(r⃗), (5.1)

we have the radial momentum term pr and the square of angular momentum which consists of both radial and angular
parts. However, we include the GUP effects in terms of expected values i.e. ï·ð = ¶µïpð − ϵµïp2ð as

L2|lmð = ℏ
2l(l + 1)(1− ï·ð)2|lmð, Lz|lmð = ℏm(1− ï·ð)|lmð, p⃗|lmð = p⃗0(1− ï·ð)|lmð. (5.2)

In this context, ï·ð represents the average value of the GUP corrections. It is crucial to assume expectation values

for observable physical quantities when considering Planck-scale corrections. From Eq. (5.2), we observe that L⃗ is

proportional to L⃗0, and both Li and L2 commute with the Hamiltonian H. Using this result, the GUP-modified
radial part of the Schrödinger equation becomes

[

p20,r
2m

(1− ï·ð)2 + ℏ
2l(l + 1)

2mr2
(1− ï·ð)2 − e2

r

]

yl(r) = Eyl(r). (5.3)
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where E is the energy eigenvalue. The above Eq. (5.3) consists of two parts one is the unperturbed part without
the GUP modification, expressed in terms of the unmodified momentum and angular momentum, and other is the
perturbative part that includes the corrections. It can be written as:

[

p20,r
2m

+
ℏ
2l(l + 1)

2mr2
− e2

r

]

yl(r) +

[

p20,r
2m

+
ℏ
2l(l + 1)

2mr2

]

{ï·ð2 − 2ï·ð}yl(r) = Eyl(r). (5.4)

Here, the first term represents the low-energy part of the Hamiltonian without GUP corrections. Now on choosing
the variables like,

Ç =

√

−2mE

ℏ2
, a =

ℏ
2

me2
, ¿ =

1

aÇ
, z =

2Çr

1− ï·ð , yl(r) = z(l+1)e−
z

2 v(z) (5.5)

and substituting these variables in Eq.(5.3) gives
[

z
d2

dz2
+ (2l + 2− z)

d

dz
+

(

¿

1− ï·ð − l − 1

)]

= 0. (5.6)

On taking µ = 0 the above equation changes to the well-known Laguerre equation. With the given condition as

n′ =
¿

1− ï·ð − l − 1 ∈ N. (5.7)

On solving the Eq.(5.6) we obtain the associated Laguerre polynomial

L
(2l+1)
n′ (z) =

n′

∑

i=0

(−1)i(n′ + 2l + 1)! zi

(n′ − i)! (2l + 1 + i)! i!
. (5.8)

then, the solution for the radial Schrodinger equation (5.3) is

yl(r) = z(l+1)e−
z

2

n′

∑

i=0

(−1)i(n′ + 2l + 1)! zi

(n′ − i)! (2l + 1 + i)! i!
, (5.9)

and the generalized principal quantum number is

n = ¿ =
e2

ℏ

√

m

−2E
= (n′ + l + 1)(1− ï·ð) = n0(1− ï·ð), (5.10)

where n0 is the principal quantum number. The GUP-deformed expression of the energy level of the hydrogen atom
is

En = −2Ãe4

h2
m

[(n′ + l + 1)(1− ï·ð)]2

= − e4

h2c2
mc2

n2

≈ E(0)
n [1 + 2¶µïp0ð+ µ2(3¶2ïp0ð2 − 2ϵïp20ð)],

(5.11)

E
(0)
n represents the energy for the corresponding energy level in the standard theory. With GUP corrections, the

energy for the hydrogen atom now includes additional terms involving the expectation values of p0 and p20 in a |n0lmð
eigenstate. If we consider no GUP effects by setting µ = 0, we recover the original energy level expression. In standard
QM, the energy emitted or absorbed during a transition between two energy levels is given by the energy difference
between the two states. Thus, it is straightforward to determine the frequency and wavelength of the emitted or
absorbed lines through the wavelength and differrence in energy level relation. It is also well known that the energy
of the hydrogen atom is inversely proportional to the square of the principal quantum number. From this, we can also
calculate the wavelength of the emitted photon when the atom transitions from energy level Ei to Ef as:

1

¼
=

|Ei − Ef |
hc

= R∞

∣

∣

∣

∣

∣

1

n2
0,f (1− ï·f ð)2

− 1

n2
0,i(1− ï·ið)2

∣

∣

∣

∣

∣

, (5.12)

where R∞ is the Rydberg constant. Equation (5.12) shows that the GUP-modified spectrum not only depends
on the principal quantum number but also includes corrections involving the expectation values of the electron’s
momentum, as well as its angular momentum quantum numbers.
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VI. CONCLUSION

Quantum mechanics, as is well known, is based on the Heisenberg uncertainty relation. Many quantum gravity
theories predict the need for modifications that incorporate the concept of a minimal length. With the development of
various quantum gravity theories, identifying a distinct signature of quantum gravity remains a significant challenge,
making experimental testing crucial for measuring Planck scale effects in low-energy quantum systems.
In this review, we study the effects of the GUP on angular momentum algebra and how it modifies systems where

angular momentum is required. We begin by reviewing the origin of the GUP and the higher-order GUP introduced
by Nouicer and Pedram in Sec. II. We also discuss the deformed commutator bracket proposed by Ali, Das, and
Vagenas, along with the derivation of the deformed canonical variables.
In this review, we consider only the deformed commutator bracket containing linear and quadratic momentum

terms and proceed to explore its implications for angular momentum algebra. Our observations reveal that the GUP-
modified algebra between position and momentum introduces modifications to the angular momentum commutator
bracket, adding a term that accounts for the GUP modification. The comparison between the standard angular
momentum algebra and the GUP-modified angular momentum algebra is summarized in Table III.

TABLE III. Comparison of standard Angular Momentum Algebra and GUP-Modified Algebra

Aspect Standard Angular Momentum GUP-Modified Algebra

Commutator Relations [Li, Lj ] = iℏϵijkLk [Li, Lj ] = iℏϵijkLk(1− ¶µp+ ϵµ2p2)

Jacobi Identity [Li, [Lj , Lk]] + [Lj , [Lk, Li]] + [Lk, [Li, Lj ]] = 0 [Li, [Lj , Lk]] + [Lj , [Lk, Li]] + [Lk, [Li, Lj ]] = 0

Commutators with L2 [L2, Lj ] = 0 [L2, Lj ] = 0

Commutators with Momentum [Li, pj ] = iℏϵijkpk [Li, pj ] = iℏϵijkpk(1− µ¶p+ ϵµ2p2)

Commutators with p2 [Li, p
2] = 0 [Li, p

2] = 0

Eigenstates of L2 and Lz Can be simultaneously defined Can still be defined simultaneously.

Commutator with Lz [Lz, L±] = ±ℏL± [Lz, L±] = ±ℏL±(1− ·)

Norm of the State ||L±|l,mð||2 g 0 ||L±|p, ¼,mð||2 g 0 with GUP corrections.

Quantum Numbers Integer values for l and m Integer values but with bounds on m due to GUP.

In Sec. V, we carry out the application of these modifications and examine how they affect the energy levels
and energy spectrum of the hydrogen atom. We observe that the principal quantum number changes due to the
modification, with additional terms representing the average values of p and p2, which affect the energy levels of the
hydrogen atom. We also note that the energy spectrum now includes corrections that account for the expected values
of the electron’s momentum and angular momentum quantum number.
Since higher-order GUPs will also follow the same algebra with additional higher-order terms, we expect the algebra

to remain consistent for these higher-order GUPs also. With these modifications to the angular momentum algebra,
new avenues for phenomenological testing and theories are opened, which can potentially be tested in the future in
contexts such as the Zeeman effect, Stark effect, simple harmonic oscillator (SHO), and others. This modification to
the angular momentum algebra provides an opportunity to tighten the upper bound of the GUP parameter as studied
in [90] by considering systems with angular momentum like Hydrogen atom in our case. We leave this for our future
endeavors.
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