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Abstract

We study Glauber dynamics for sampling from discrete distributions i on the hypercube
{£1}". Recently, techniques based on spectral independence have successfully yielded optimal
O(n) relaxation times for a host of different distributions ;. We show that spectral independence
is universal: a relaxation time of O(n) implies spectral independence.

We then study a notion of tractability for u, defined in terms of smoothness of the multilinear
extension of its Hamiltonian — log u — over [-1, +1]". We show that Glauber dynamics has
relaxation time O(n) for such p, and using the universality of spectral independence, we conclude
that these distributions are also fractionally log-concave and consequently satisfy modified
log-Sobolev inequalities. We sharpen our estimates and obtain approximate tensorization of
entropy and the optimal O(n) mixing time for random Hamiltonians, i.e. the classically studied
mixed p-spin model at sufficiently high temperature. These results have significant downstream
consequences for concentration of measure, statistical testing, and learning.
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1 Introduction

In this paper, we study probability measures p(o) on the hypercube {+1}" and the standard Markov
chain for sampling from such distributions known as the Glauber dynamics. Any such distribution
p(x) with full support can be written in the form

u(o) = = exp(H (0))

for some function H : {+1}" — R, unique up to an additive constant, and corresponding normaliz-
ing constant Z. We say that such a distribution u is the Gibbs measure for Hamiltonian H.

Directly sampling from such a distribution is not easy, because evaluating the normalizing constant
Z (“partition function”) can be computationally difficult. For this reason, samples are typically
generated using a Markov chain approach. In particular, the Glauber dynamics or Gibbs sampler
is a natural Markov chain with stationary distribution p that in each step resamples a uniformly
random coordinate i conditioned on the remaining coordinates ~ i := [n] — i:

Let 6(© € {£1}" be the initial state.
fort=1,... do
Select i uniformly at random from [n] = {1,...,n}.

L Let o;t) = o;t_l) forall j # i, and sample agt) from the conditional law P[0 = - | 0.; = o(t 1)]
Each step of this chain is easy to implement given access to the Hamiltonian H, and in particular
does not require knowledge of the normalizing constant Z. What is less obvious is how long the
chain should be run. Understanding the mixing time, i.e. the number of steps which must be executed
for the chain to approximately reach stationarity, for particular Hamiltonians H is a very important
and mathematically difficult task which has been intensely studied for multiple decades (see e.g.
[ ; ; ; ] for background). It suffices to say that there are many approaches to
prove rapid mixing with different strengths and weaknesses.

High-dimensional expansion and spectral independence. Recently, a fruitful approach to analyz-
ing the Glauber dynamics has emerged based on connections to high-dimensional expansion and
the geometry of polynomials. These ideas have been used to establish optimal mixing time bounds
in many settings (see e.g. [ ; ; ; ; ; ; ; ;

; ; ; ; D.

One of the key concepts in this approach is spectral independence. A Gibbs measure p is n-spectrally
independent if Apmax (V) < nwhere W € R?"2" jg the correlation matrix indexed by pairs in [n]x{+1}
with entries

Wi, ) = Puloi = ti | 0j = 1j] = Puloi = 7.
Proving that the Gibbs measure (and all of its conditionings) is O(1)-spectrally independent is the

key first step for applying the high-dimensional expansion approach to mixing time (e.g. to apply
Theorem 1.3 of | ], which implies polynomial mixing time bounds).

Understanding this concept and finding ways to prove spectral independence is therefore very useful.
Many authors have asked and studied how spectral independence relates to existing notions in the
sampling literature. For example, Dobrushin’s uniqueness criterion [ ] is a classical concept
which considers the properties of a related-looking influence matrix. Recently, Liu [ ] and
Blanca, Caputo, Chen, Parisi, Stefankovi¢, and Vigoda [ ] proved that Dobrushin’s criterion

2



(and more generally, the existence of a contractive coupling) implies O(1)-spectral independence. A
similar implication holds under other widely used criteria such as correlation decay |[ ] or
zero-freeness [ ; ].

1.1 Owur Results

Universality of spectral independence. We prove a new result which directly connects spectral
independence with the classical notion of spectral gap. The spectral gap or Poincaré constant of a
Markov chain is the gap between the two largest eigenvalues of its transition matrix P. In other
words, we say that P has spectral gap A if Ao(P) = 1 — A. This is a key concept in the study of Markov
chains — informally, the spectral gap controls the speed of mixing from a warm start. For this
reason, the inverse spectral gap 1/ is known as the relaxation time of the (lazy version of the) Markov
chain [ ].

We prove that spectral independence is a relaxation of the spectral gap, in other words, that O(1)-spectral
independence necessarily holds if the Glauber dynamics has a large spectral gap.

Theorem 1. If the Glauber dynamics of a distribution i on the hypercube {+1}" has spectral gap 2, then
is C-spectrally independent.

We actually prove a stronger fact (Theorem 30), which is the natural generalization of this result to
down-up walks. In particular, this means that the same relation holds for the Glauber dynamics
with spins valued in arbitrary alphabets, not just binary spins.

Conceptually, this gives a simple explanation for the ubiquity of spectral independence: it is
a necessary condition for the Glauber dynamics to have O(n) relaxation time. It immediately
implies that spectral independence holds in a large number of settings where mixing time analysis
was performed using other methods (e.g., via stochastic localization [ ; ; ]or
curvature arguments [ ; I). This in turn has further nontrivial consequences: if the
relaxation time is O(n) under all external fields, we get fractional log-concavity of the generating
polynomial, which in turn implies subadditivity of entropy and Brascamp-Lieb type inequalities
[see ; ; ; I

Rapid mixing from smoothness of the multilinear extension. Building on the universality of
spectral independence, we are able to prove new results concerning the mixing of the Glauber
dynamics. We would like to understand what conditions on H naturally lead to rapid mixing of
the Glauber dynamics. For inspiration, we know that for continuous distributions on R" and the
corresponding (continuous time) Langevin dynamics, strong log-concavity of the distribution implies
rapid mixing via Bakry-Emery theory [ ]. For a distribution with smooth density p, this just
means that V2 logp < —el for some € > 0.

We identify a natural analogue of this fact on the discrete hypercube. First (as in e.g. [ 1), we
identify H with its multilinear extension H : R" — R defined by

H(x) = Z H(S)I_Ixi

Scn] ieS

where H(S) := 2% 2oe{+1yn H(0) [1ies 0i is the Fourier transform of H viewed as a function on the
hypercube [ ]. We prove that as long as V2H is spectrally small (i.e. H is sufficiently smooth
in the usual sense), Glauber dynamics mixes rapidly:



Theorem 2 (Combined Theorem 33 and Theorem 36). There exist absolute constants A, B > 0 for which
the following holds. Suppose that 1 is a probability measure with full support on the hypercube {+1}", so
p(x) o exp(H(x)) for some function H : {+1}" — R. Suppose furthermore that

B = max} ”V2H(0)”op < A
1 n

Then we have that:

1. The spectral gap of the Glauber dynamics on i is at least gz, — I

2. uhom the homogenization of u (see Definition 28), is m—fmctzonally log-concave.

3. u satisfies approximate tensorization of entropy with constant C = O(n®P).

4. The Glauber dynamics on u satisfies the Modified Log-Sobolev Inequality (MLSI) with constant
p =Q(1/n'+BP).

5. The Glauber dynamics on p satisfies
Tix(€) = O (11*5¥[log log(1/min () + log(1/e)]) .

We formally define the concepts of approximate tensorization, fractional log-concavity, etc. appear-
ing here in the preliminaries (Section 2). Note that the first conclusion by itself only implies O(12)
mixing time, whereas the final conclusion gives a much better bound (the constant A under which
we can prove the spectral gap inequality is relatively small, and in particular AB < 1).

Remark 3 (Tightness). It is not true that u"*™ (see Definition 28) is a log-concave distribution
(in the sense of [ ]) under the assumptions of this theorem — the relaxation to fractional
log-concavity is required. Relatedly, the functional dependence of the Poincaré constant on 8 in
conclusion (1) is optimal. By this we mean that § cannot be replaced by any function which is o()
as f — 0, e.g. by 2. This can be seen by examining one of various examples where the spectral
gap is known exactly — in particular the Ising model on a cycle (Theorem 15.5 of [ ). Going
back to the first point, if "™ were log-concave then this would imply a spectral gap of at least 1/n
[ ], which is not true. Finally, the result cannot be true for any value of A > 1, because then it
would include the supercritical Curie-Weiss model for which mixing takes exponential time [ I
Remark 4 (Need for a two-sided assumption). Comparing to the continuous setting, we might
guess that this result would be true under only a one-sided bound on V2H, allowing for arbitrary
large negative eigenvalues (somewhat in the spirit of Equation (4) of [ ]). For example, if we
define a Gibbs measure with respect to the standard Gaussian distribution with Radon-Nikodym
derivative proportional to exp(H(x)), then we only need V2H < (1 — €)I to apply the Bakry-Emery
criterion [ ]. However, we know from [ ] that already in the case of quadratic/Ising
interactions, large negative eigenvalues of H can make the spectral gap large and even make
sampling computationally hard.

Remark 5. Bounds on f can be directly obtained from the tensor injective norm of the coefficients of
H. We can apply existing results to control the coefficient tensor for natural random examples, like
the mixed p-spin model discussed below, or when H(x) counts the number of satisfied constraints
in random k-XOR sat (in which case, the tensor will generally be sparse), see e.g. [ I



Optimal mixing in the mixed p-spin model. One of the fundamental models in statistical physics
corresponds to the case where the Hamiltonian H has random coefficients. In other words,

00 ﬁp
H(O) = E n(P—l)/Q 1 E gil”'ipail . --in + E ]’lei
i

p=2 <iy,..,<ip<n

where the sum ranges over distinct iy, . . ., iy, each of the coefficients Qiy-iy 18 i.i.d. standard Gaussian,
and we allow the external fields /; to be arbitrary (in this work, they are allowed to depend on g).
The corresponding (random) measure p oc exp(H) on {+1}" is known as the mixed p-spin model and
it has been deeply studied in spin glass theory (see e.g. [ ; ] for rigorous results).

In recent work (see below for more discussion of related work), Adhikari, Brennecke, Xu, and
Yau [ ] established an O(n?) mixing time for this model at sufficiently high temperature
(small B). Theorem 2 implies an improved mixing time bound of O(n*O9®)) for this model, where
B = Xps2 Vp?logp - Bp. Our next result improves this to the optimal mixing time bound by proving
that approximate tensorization of entropy (and hence, a modified Log-Sobolev inequality) holds
with a dimension-free constant.

Theorem 6. There exists an absolute constant A > 0 for which the following holds. Suppose By :=
YpsoVpilogp - By < A. Let B := ¥,50\2Pp®logp - Bp. Then, for the mixed p-spin model , with

probability > 1 — exp(—©(N)) over the randomness of the Gaussian interaction terms g,
1. u (equivalently u"°™) satisfies approximate tensorization of entropy with constant C = Og(1).

2. The discrete-time Glauber dynamics on u satisfies the Modified Log-Sobolev Inequality (MLSI) with
constant p = Qg(1/n).

3. The discrete-time Glauber dynamics on p satisfies
Tmix(€) = Op (n(log log(1/min p(0)) + log(1 /e)) .
o

Downstream applications. The results we establish have a number of interesting downstream
applications. We discuss a few in particular:

¢ Consequences of the MLSI. We obtain bounds on the Modified Log-Sobolev constant which
have a number of useful consequences besides mixing time analysis. First of all, the MLSI
gives more precise control on the dynamics of mixing in the form of reverse hypercontractivity —
see [ ; ]. Also, the MLSI implies subgaussian concentration of Lipschitz functions
and transport-entropy inequalities [ ; ]. For example, we have established for the
first time Lipschitz subguassian concentration for the high temperature mixed p-spin model.

¢ Spectral independence from coupling. Existence of a contractive coupling was previously
known to imply spectral independence [ ; ]. Since contractive couplings imply
a spectral gap, we recover this result from the universality of spectral independence (Theo-
rem 30). The resulting proof is much shorter and has some notable quantitative advantages —
we discuss this more in Section 5.1.

¢ Learning graphical models. It was recently observed that there is a useful connection be-
tween approximate tensorization of entropy and classical algorithms for learning distributions
from data [ ]. Combining this connection with our results, we are able to dramati-
cally improve the state of the art results for learning some types of graphical models from



samples (Theorem 47). For example, we are able to learn the high-temperature SK model
in total variation distance from n3*0®) samples in polynomial time, which is close to the
best information-theoretic guarantee known [ ]. In comparison, the best previous
algorithmic results [ ; ; ] could guarantee sample and time complexity of
only OBV,

* Identity testing. Blanca, Chen, Stefankovi¢, and Vigoda [ ] recently proved implications
of approximate tensorization of entropy for identity testing of high-dimensional distributions
in the coordinate oracle and subcube oracle query models. Combining our new results with
their framework gives improved sample complexities for solving many testing problems (e.g.
Corollary 50) — see Section 5.3 for more details.

1.2 Techniques

Universality of spectral independence. Interestingly, the proof of this result is very short once
the correct definitions are in place, so we refer the reader to Section 3.

Rapid mixing for smooth Hamiltonians. The proof of this result combines three key ingredients:
(1) universality of spectral independence, (2) a recursive spectral gap estimate of Adhikari, Brennecke,
Xu, and Yau [ ], and (3) a large body of existing tools from the high-dimensional expanders
framework.

First, we want to prove that under the smoothness condition, the Glauber dynamics has an Q(1/n)
spectral gap. In the work [ ], the authors developed a recursive method to prove spectral
gap bounds for high temperature systems, provided that the spectral gap of systems with n spins is
not much worse than that with n — 1 spins. To make their argument work, they needed to prove a
corresponding “continuity estimate”, but their argument used facts specific to the mixed p-spin
model (random H). Our key insight is that combining the universality of spectral independence
with Oppenheim’s trickle-down theorem [ ] and the local-to-global argument [ ; ]
proves that such continuity estimates automatically hold in a very general setting (Theorem 32). This
lets us prove the spectral gap inequality for all models satisfying the smoothness condition.

By itself, the spectral gap bound only implies O(n?) time mixing. To improve the mixing time
bound we appeal to the universality of spectral independence again, which lets us derive fractional
log-concavity of the generating polynomial [ ]. This implies entropic independence which in
turn implies the approximate tensorization of entropy estimate via the result of [ ]. The
MLSI and mixing time bound are immediate consequences (see Section 2).

Improved bound for random interactions (mixed p-spin model). First, we discuss the special case
of the Sherrington-Kirkpatrick (SK) model (pure 2-spin model). For sufficiently high temperature
i.e. 1/B > 1/e, the interaction matrix has operator norm at most 1 + €, thus the discussion above
allows us to directly lower bound the modified log Sobolev constant by 1/n1*¢. However, this is still
a factor of n€ away from the conjectured modified log Sobolev constant of 1/#, when the interaction
terms are i.i.d. Gaussians. How can we close the gap?

In the case of the SK model, after pinning N — k spins, the resulting Hamiltonian H® is a k x k
matrix with i.i.d. Gaussian entries of variance 1/N, thus the corresponding operator norm scales



approximately like y/k/N, so that the local to global argument gives

(k)
3 L) ot 3 <L) = eni-o,

which is the desired lower bound for the modified log-Sobolev constant.

MLSI constant > exp(—
k

Unfortunately, when higher degree terms are present, pinning might still result in a subsystem with
essentially the same operator norm. To see this, consider a pure 3-spin model, i.e. the Hamiltonian
only contains terms of degree 3:

H(o) = % Z 8ijk0i0j0k,
ijk

where g;jx are standard i.i.d. Gaussians and > 0 is a small constant. It is well known that
|H|| = ©(1) with high probability. Now, for any o € {+1}", observe that pinning o[, \(1,2}, results

in a subsystem on two spins with interaction matrix H &) given by Hg = ﬁ > ke(1,2) 8§12k0k, and
note that with the choice of pinning oy := sign(giax),

1
H% =N Z |g12¢| = ©(1) w.h.p.
ke(1,2)

To circumvent the existence of these “bad pinnings”, we switch to an “average-case” version of the
local to global argument [ ; ]. Roughly speaking, for each i € [N]and ¢ € {+1}N\#},
we want to establish that when pinning a random subset of N — k spins according to o, the operator
norm of the conditional subsystem is sufficiently small, e.g. it scales like 4/k /N with high probability.
We emphasize that while the average case argument allows us to consider subsystems resulting
from pinning a random subset of spins according to o, we must still consider all possible ¢; in
particular, if we are to use the union bound over ¢, we need to avoid bad events with exponentially
(in ) small probability, even though the quantities involved (norms of subsystems on k spins)
have order governed by k. Moreover, unlike in [ ], there are choices of i and ¢ for which
we cannot expect the “good event” of avoiding a bad link to hold with a very high probability,
e.g. 1 — 1/N'% Indeed, going back to the pure 3-spin example above, for the choice of ¢ there
and fori = 1, H% = O(1), so that with probability ((k/N), a random pinning of N — k spins
includes vertex 2 among the free spins and thus results in a subsystem with operator norm ©(1)
(instead of O(y/k/N), as we might hope for). To summarize, we have to address two challenges:
(i) prove a “norm-decay” statement for random k X k sub-matrices which holds with probability
exponentially small in n (as opposed to k), and (ii) overcome the very heavy-tailed nature of the
norm of random k X k sub-matrices for use in the average case local-to-global argument [ ;

]. We note that while the expected norm-decay of random submatrices of a matrix has been
extensively studied in the random matrix theory literature (see, e.g. [ 1), our requirement that
the probability bounds hold with exponentially small probability in n (as opposed to k) makes
existing techniques ineffective and needs a completely different argument.

We conclude by briefly discussing the ideas needed to overcome these challenges. As later detailed
in Section 4, the average case local-to-global argument requires us to show that for any o, in a
random ordering of pinnings according to g, a quantity roughly of the form E[exp(X || V?Hk|lop/k)]
is bounded above by an absolute constant; here, Hy is the induced Hamiltonian on the k unpinned
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spins and the randomness is induced by the random ordering. Using standard concentration
estimates for the norm of random sub-Gaussian matrices, we can bound the contribution of terms
of degree at least 3 in the induced Hamiltonian by (k/N )2 so that the main challenge lies in
bounding the contribution of quadratic term in the induced Hamiltonian. As explained above, this
term can have operator norm 1 with very large probability (at least (k/N)) and hence, we need a
significantly more careful analysis of the average-case local to global iteration than in [ ]. In
particular, we show that except with exponentially small (in 7) probability over the randomness of
the Hamiltonian, for all o, over the randomness of the random ordering of pinnings, || VZHy|| op 18
bounded by a small constant ¢ with probability 1 (this is straightforward, given existing results), and
crucially, it is bounded by (k/N )H/2=% with probability atleast 1—(k/N)%, for some « € [c, 1/2). Even
then, we have to control exp(X [ VZHkl op/ k), where the challenge is in the complex dependencies
among H (arising from one random permutation of the pinning order). We achieve this by breaking
terms based on the typical and tail behavior, and combine these heavy-tailed random variables in a
careful way with an appropriately weighted Holder’s inequality.

1.3 Related Work

Many works have studied techniques for analyzing discrete Markov chains which were inspired by
Bakry-Emery theory and related notions, see e.g. [ ; ; ; ] and references
within for a few examples. These are quite different in nature from our results, and in particular they
have not been used to obtain results for systems with spin glass interactions like the Sherrington-
Kirkpatrick and mixed p-spin models from statistical physics (see e.g. [ ] for more background
on these models).

There have been many recent works studying sampling problems in spin glass models. For spherical
spin glasses, Gheissari and Jagannath [ ] showed that the Bakry-Emery criterion can be applied
to prove mixing of the Langevin dynamics at high temperature. For the Sherrington-Kirkpatrick (SK)
model on the hypercube, after a line of recent works [ ; ; ] the optimal O(n log n)
time mixing bound is known up to inverse temperature g < 0.25 (see also [ ] for an alternative
proof). All of these works only need that the interaction matrix has sufficiently small operator norm,
which is exactly the same as the assumption of Theorem 2 specialized to the case of Ising models.
Interestingly, although the proof in [ ] is partially based on the high-dimensional expansion
approach, none of these works could prove that approximate tensorization of entropy holds (with
a dimension-free constant). The present work finally proves that approximate tensorization of
entropy holds for sufficiently small 8.

Using a different algorithmic approach, the works [ ; ] constructed a sampler which
sample up to the conjectured sharp threshold g < 1 in the SK model, albeit in a weaker metric
(sublinear Wasserstein). Finally, as discussed above, the recent work of Adhikari, Brennecke, Xu, and
Yau [ ] which we build upon proved spectral gap for the mixed p-spin model for sufficiently
small g (i.e. at sufficiently high temperature).

The works [ ; ] and references within studied a few related analogues of (semi, fractional,
etc.) “log-concavity” on the discrete hypercube. In this work, we have explicitly showed one such
notion (fractional log-concavity of the generating polynomial) follows from a condition on the
Hessian of the log-likelihood in the spirit of strong log-concavity.



2 Preliminaries

In this paper, we use the perspective on sampling arising from the theory of generating polynomials
and high-dimensional expansion. This means, for example, that the Glauber dynamics on {£1}" is
interpreted via homogenization as the n <> n — 1 down-up walk on ([277 ]) (see Section 2.4 below).
We discuss this and other important background in this preliminaries section.

2.1 Down-Up Walk, Links, and Trickle-Down

Definition 7 (Down operator). For a ground set ), and |Q)| > k > ¢, the down operator Dy_,; €
RX(?) is defined to be
ifT CS,

1
Die(S,T) = 4 ()
0 otherwise.
Note that Dy_¢D¢—s;; = Dy
Definition 8 (Up operator). For a ground set Q, |Q)| > k > ¢, and density u : (%) — Ry, the up

operator Uy € R(DX() is defined to be

O N N
Upi(T,S) = { Toars®) 1 0=
0 otherwise.

Definition 9 (Down-up walk). For a ground set Q, |QQ] > k > ¢, and density u : (gk)) — Ry, the
k & ¢ down-up walk is defined by the row-stochastic matrix D_,;U;—k. Similarly, the up-down
walk is defined by Uy—xDi—¢.

Proposition 10 ([see, e.g., ; ; I). The operators Dy—,¢Uy— and Uy—xDx—¢ both define
Markov chains that are time-reversible and have nonnegative eigenvalues. Moreover u and uDy_, are
respectively their stationary distributions.

Definition 11 (Link). Given u a distribution on (53), and a set T ¢ Q) with |T| < k, we define ur, the
induced distribution on the link of T, to be the probability distribution over Q \ (k_Tm) given by the
conditional law ur(S’) = Ps.y[S=S"UT | T c S].

We will slightly abuse terminology and often refer to the induced distribution of u on the link of T
simply as the link of u at T.

Oppenheim’s Trickle-Down. Oppenheim’s trickle-down theorem inductively bounds the high-
dimensional expansion of simplicial complexes, i.e. the spectral gap of certain up-down walks.
Theorem 12 ([ ). Let u be a distribution on (%) with k > 3, let P denote the corresponding 1 < k
up-down walk, and suppose that Ao(P) < 1. For i € Q, let u; denote the link of u at i, and let P; denote the
corresponding 1 < k — 1 up-down walk. Suppose that for all i € QO, Ao(P;) < A. Then

Ay(py < L= 2/0A

1-A

Remark 13 (Lazy vs active walk). With our definition, the 1 < k up-down walk has a probability
of 1/k of staying at the same vertex. If P denotes this “lazy” walk and P’ denotes the “active”
walk which always moves to a new vertex, we have P = %I + %P’ so As(P) = % + %/\Q(P’). The
more common “active” form of trickle-down states that if A5(P’) < 1 and A2(P]) < A’ for all i,



then A9(P’) < 1?—;\, Noting that A»(P) < 1if and only if A3(P’) < 1 and A»(P;) < A if and only if
Ao(P)) < A= (A= (1/k=1))- (k= 1)/(k — 2), we have

1 k-1 N 1 k-1 £
AQ(P)S%'F—k 1_/\,—%4- 2 k%2_k_:%/\'
JLL k=A== 1 (k=DA=1_ (1-2/k)
k k 1-A ok k—-kA — 1-A 7

matching our statement of the trickle-down theorem.

2.2 Generating Polynomial, Tilts, and Fractional Log-Concavity

Definition 14. The multivariate generating polynomial g, € Rz, ..., z,] associated to a density

p: 2l — Ry is given by
AL INO] | EEPWIOLS
S ies S

Here we have used the standard notation that for S C [n], z° = [];cs zi.
Definition 15 (Measure tilted by external field). For a distribution uy on ol"] and vector A =

(A1, ..., Ax) € R, which we refer to as the external field, we denote the measure u tilted by

external field A by the notation A * u, formally defined as

PulS] = 5-u(5) - [ ] A

i€eS
where the normalizing constant Z, is defined so that A * y1 is a probability measure. Note that for
any (z1,...,2zn) € RY,,
g/\*y(zlr e Zp) X gy(/\lzlr oo AnZn).

In [ ], the notion of fractional log-concavity of the multivariate generating polynomial was
developed, generalizing the concept of log-concave polynomials (see e.g. [ D

Definition 16 (Fractional log-concavity). Consider a homogeneous distribution u : (['Z]) — Rxo
and let g,(z1, ..., z,) be its multivariate generating polynomial. For a € [0, 1], we say that u is
a-fractionally log-concave (a-FLC) if log g,(z{, . .., zj) is concave, viewed as a function over RZ.
2.3 Spectral and Entropic Independence
Definition 17 (Correlation matrix). Let u be a probability distribution over 2["1. Its correlation matrix
Wir e R™ is defined by
\ycor(i/]-) — 1- [FD,U[Z] ' 1f] = l./.
# Pulj|i]-Pulj] otherwise.

Definition 18 (Spectral independence). For n > 0, a distribution p : 2I"l — Ry is said to be
n-spectrally independent (at the link 0) if

N (W57 < 1.
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Remark 19. The original definition of spectral independence in [ ] imposes such a requirement
on u as well as all of its links. Here, we follow the convention in [ ] and use the term
spectral independence to refer only to a spectral norm bound on the correlation matrix of u, with
the understanding that in applications, we will require spectral independence of all links of i as
well.

Fact 20 (Remark 70 of [ ). Adistribution p on ( ) is n-spectrally independent iff

1 1 Ccor
V2log gu(z1/", . .,z,/”)L=i = (1/n)?D¥L — (1/))D £ 0

where D is the diagonal matrix with entries D;; = P[i].

Moreover, u is 1/n-FLC iff A * u is n-spectrally independent for all external fields A € RY
Lemma 21 ([ ). Suppose P = U;_,xDx_,1 is the transition operator for the 1 < k up-down walk for
a distribution y on (1), Then

( cor)
max

A2(P) = P

Proof. We include the proof of this result for completeness. From the definitions we see that for the
vector d with d; = P[i], we have that
ro_ T4T _ T
weer = kP - Td _k(P—Eld ),
ie. P = %TdT + %‘I’ﬁor. Observe that 14 is the stationary distribution of P, so P is self-adjoint [ ]

with respect to the inner product (-, IT-) where IT := %diag(d) and (-, -) denotes the Euclidean dot
product. We see by using the variational characterization of eigenvalues that

(0, TI(P - +1d")v) (0, TIPS 0)  Apax (W)

A2(P) = sup T TS T Ty T T -

Definition 22 (Entropic independence). A probability distribution u on ) is said to be C-

( i
entropically independent, for C > 1, if for all probability distributions v on ( Z )

4

C
Dkr,(vDisi || pDk—1) < EZ)KL(V | )

This is an exact analogue of spectral independence, replacing variance by entropy. It is also a
generalization of subadditivity of entropy which itself is equivalent to a generalized Brascamp-Lieb
inequality, see e.g. [ ; ; ] for discussion.

Theorem 23 ([ D. A dzstrzbutzon won ( ”]) is (1/C)-FLC if and only if A + u is C-entropically
independent for all external fields A € RZ, (in particular, all links of u are C-entropically independent).

2.4 Functional Inequalities

Let P be the transition matrix of an ergodic, reversible Markov chain on a finite set {3, with (unique)
stationary distribution u. The Dirichlet form of P is defined, for f,g: Q — R, by

Enlf,8) =5 D HEOPLL () = F)EE) - $))

x,y€Q)

For later use, we record an equivalent expression for the Dirichlet form of down-up walks.
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Lemma 24. Let u be a distribution on ) := ([Z]) and let P denote the transition matrix of the k <> k — 1

down-up walk. Then, forany f, g : Q = R,
8P(fr g) = [E.Sk_l'vp.Dk_)k_l [COV(f(S)/ g(S) | Sk—l)]'

Proof. For notational convenience, let px—; := pDg— k-1 and Qp_; := (k[f]l) We have,

Ep(f,8) = E () D k—1(x, 2)Uk-1-k(z, y)(f (x) = fF())(g(x) — &(¥))
2

x,y€Q zeQy_y
= % Z Z pk-1(2)Uk-1-k(z, X)Uk-15k(z, Y)(f (x) = F(Y))(Q(x) — g(v))
z€Q_1 x,y€Q)
[EX~y|z,Y~y|z[(f(X) - f(Y))(g(X) - g(Y))]
= Z pe-1(2) 5
z2€Qp_q
= Esy~ues [Cov(f(S), 8(S) | Sk-1)]- O

Definition 25. The spectral gap or Poincaré constant of P is defined to be y, where y is the largest
value such that for every f: Q — R,

y Var,[f] < Ep(f, f).

The modified log-Sobolev constant of P is defined to be the the largest value p such that for every
f: Q— RZO/

pEnt,[f] < Ep(f,logf),
where Enty[f] = Ey[f log f] = Ey[f]log(Eu[f])-
Definition 26. Let P be an ergodic Markov chain on a finite state space Q) and let u denote its
(unique) stationary distribution.For any ¢ € (0, 1), we define the e-fotal variation mixing time to be

Tmix(€) = max{min{t > 0] dTV(ﬂth,y) < ¢} | x € Q} ,

where 1, is the point mass supported at x and drv is the total variation distance [ I
The following relationships between the e-(total variation) mixing time of P, Tmix(¢), and its Poincaré
and modified log-Sobolev constants is standard (see, e.g., [ ; 1):
1 1 1
-1 -1
-1l (—) < Trmix(€) < log|— ———, 1
(V ) Og 28 Tle(é) ‘)/ Og (8 miner ‘U(x)) ( )

_ 1 1
TmiX(E) <p ! (lOgIOg (m) + lOg (@)) .

Definition 27 (Approximate tensorization of entropy). A distribution y on (S) satisfies approximate
tensorization of entropy with constant C if for all probability distributions v on (53),

DKL(VDn—m—I ” ‘UDn—m—l) < (1 - 1/(Cn)) DKL(V ” H)

This is a generalization of the classical definition of approximate tensorization of entropy (see
[ ; 1), as we observe in the following remark. Explaining this also requires introducing
the important concept of homogenization which we use throughout this paper:

12



Definition 28 (Homogenization). Let u be a distribution on a product space Q" = Q) X- - -x€);,. Then
p can naturally be viewed as a distribution p°™ over (2), where Q = U Q! x {i} by identifying
o € () with the set {(01,1), (02,2),...,(0,,n)}. Note that under this identification, the Glauber
dynamics corresponds to the n <> n — 1 down-up walk.

Remark 29. Let u be a distribution on a product space and define its homogenization u"°™ as above.
In this case, approximate tensorization of entropy with constant C for "™ is equivalent to the
assertion that for any positive measurable function f,

hom

Enty[f] < C > EulEnt,[f]]
v=1

where
Entk[f] = Ent,u(ak:-Iawk)[f]

is the entropy functional with respect to the conditional measure of o € Q)

’

. given o; € Q; for all

j # kand for o ~ u.

It is an immediate consequence of the data processing inequality (see, e.g., [ ]) thatif u
satisfies approximate tensorization of entropy with constant C, then the n < n — 1 down-up walk
for u has modified log-Sobolev constant at least 1/Cn.

3 Universality of Spectral Independence

In this section, we present our key result on the universality of spectral independence, Theorem 30,
in the general setting of down-up walks (on pure simplicial complexes).

3.1 k < k-1 Spectral Gap Implies Spectral Independence

Theorem 30. Let u be a distribution on ([z]). If the k & k — 1 down-up walk has spectral gap 2, then  is
C-spectrally independent.

Proof. From Fact 20, C-spectral independence is equivalent to the inequality DW;?" < CD, where
D is the diagonal matrix with entries D;; = P,[7]. This is equivalent to showing that for all vectors

v e R",
Varg., lZ o Z v?} .

i€eS i€eS

<C [ESNH

From the definition of the spectral gap and Lemma 24, we have for any function f : ([Z]) — R that

Vars.u[f(S)] < Ck - Esy_y~upy_, [Var[f(S) | Sk-1]]-

13



Applying this inequality to the function f(S) = }};c5 vi, we observe that

1
a Varswy |:Z Ui

ieS

< IESk—lwﬂDkﬁk—l Var Zvi | Sk_1”

| ieS

= [ESk—1~HDk—>k-1 Var Z Vi | Sk-1

| [es\Ska
<E E 21s _ L 2
= LS, 1 ~uDkok—1 Uz‘ | k-1 - E S~u vl‘ s
i i€S\Sk_1 ieS

as desired. Here, in the second inequality we have used that Var[f(X)] < E[f(x)?] and the fact
that the sum is over the set S \ Sx—; which has size exactly one, and in the last equality we used
symmetry. ]

Remark 31. It is well-known that a bounded Poincaré constant implies that the largest eigenvalue
of the covariance matrix is also bounded. In contrast, Theorem 30 shows spectral independence,
which is a much stronger property. Spectral independence exactly controls the largest eigenvalue of
the influence matrix rather than the covariance; reinterpreted in terms of the covariance matrix, it
asserts a PSD upper bound not just by a multiple of the identity, but by a multiple of the diagonal
matrix D of marginals, which is often much smaller. For example, for the uniform distribution on

(['Z]), spectral independence tells us that the largest eigenvalue of the covariance matrix is O(k/n),
rather than just O(1).

3.2 Trickle-Down of k <> k — 1 Spectral Gap

As a consequence of the result established in the previous section, we can prove an analogue of the
trickle-down theorem (which bounds spectral gaps of k < 1 walks inductively) for the k & k-1
walk. This follows by combining Theorem 30 with Oppenheim’s trickle-down theorem [ ]
and the “local-to-global” argument [ ; I

Theorem 32. Let y1 be a distribution on ([Z]) with k > 3 so that for every i € [n], the k —1 < k —2 down-up
walk on the link p; has spectral gap at least 1/C(k — 1), and such that the k < k — 1 down-up walk on i is

ergodic. Then the k < k — 1 down-up walk on u has spectral gap at least 1/C"k, where C"” := C kk 12CC

Proof. Theorem 30 implies that each link y; is C-spectrally independent for every i. We claim that u
_ Ck=2)/(k-1)
1-C/(k=1) °
(1-2/k)C/(k—-1) C(k-2)/(k-1)
1-C/(k-1) — 1-C/(k-1)

is C’-spectrally independent for C” : . Indeed, using Lemma 21 and Theorem 12:

Amas (W) = kAo(P) < k =C’

Next, we use spectral independence to perform a step of the local-to-global argument. By the law

14



of total variance, for any function f

Varu[f] = Variwup,, [Eu|f | i]| + By, [Vare[f | 1]]
= Varup, ., [Uisif | + Eivup,y [Vary [ £ 1 ]]
= E[(U1—k(f — E[fD)*] + Eivup,_, [ Varu [ f 1 1]]
= E[(f — E[f Dkt Us—i(f = ELfD)] + Eipp,_, [ Varu[ £ | i]]
< As(Dg—siUrk) Vary [ f] + Eipp,, [Varu [ £ 1 ] ]

c’ ;
< ? Var“ [f] + [Ei~‘Lle_,1 [Va’r{l [f | l]] 4

where in the last step we used A2(Di—1U1-k) = A2(U15kDi—1) < C’/k via Lemma 21 and spectral
independence.

Hence, rearranging and applying the spectral gap bound for the k — 1 < k — 2 walks of the links,
we have

1 .
Var,[f] < -0k Ei~uny ., [Vary[f | i]]

Clk-1
< 1(_—C//]Z [E5k71~#D1Hk71 [Var# [f | Sk—l” ’

which bounds the inverse spectral gap of the k <> k — 1 walk by 1/C”k for

or CO-1k) _ CO-Yk _  Ck=DA-C/(k=1) _Ck-1-0)
TI-Cfk T oAD" k- Ch/(k=1) - Clk=2)/(k=1) ~ k-2C

4 Results for Gibbs Measures on the Hypercube

Notation. In this section, we consider distributions of the form (o) « exp(H(c)) where H :
{£1}" — R. Following [ 1, we identify H with its multilinear extension H : R" — R defined by

H(x) = Z H(S)l_lxi

Scn] ieS

where H(S) := > Doe (z1y» H(0) [1ies 0i is the Fourier transform of H viewed as a function on the
hypercube [ ]. This is also known as the harmonic extension since the Laplacian of H vanishes,
and for x € [-1, 1]" it admits an equivalent expression

H(x) = Eq~g, Ber. (x)[H(0)] (2)

where Ber.(x) denotes the distribution of a random variable valued in {+1} with mean x. For
o € {x1}", define
B]'(G) = a]'H(G)

to be the cavity field at site j, where J;H is the usual partial derivative applied to the multilinear
extension of H. Because H is multilinear, the cavity field B; does not depend on o;.

Note that in our notational convention, B; refers to the same object as in [ | but J; can differ
in sign from their definition. More generally, following [ ] we define versions of H and
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B for reduced versions of the original system which appear when performing induction. The
generalization of H is parameterized by disjoint sets A, B C [n] and 04 € {+1}* and given by

HY N owumy) = D HS)[ [ or

ScBC i€S

In the other words, this is the multilinear extension of H evaluated at the vector (o4, o(aup)c, 0 B).
Similarly, we define

A, A,
BE "l owaupy) = 9HL (oausy)

where on the left hand side, the dependence on o4 is omitted from the notation for convenience.

4.1 Results under the Smoothness Condition

In the main result of this section, we prove that smallness of the Hessian of H implies that the
Gibbs measure p(x) o< exp(H(x)) is fractionally log-concave and the Glauber dynamics has Q(1/n)
spectral gap (i.e. relaxation time O(n)). Afterwards, in Theorem 36 we prove that by combining our
fractional log-concavity estimate with the entropic independence framework [ ], we obtain
strong bounds on the mixing time, MLSI constant, and approximate tensorization constant of .
Theorem 33. There exist absolute constants A, B > 0 for which the following holds. Suppose that u is
a probability measure with full support on the hypercube {+1}", so p(x) o exp(H(x)) for some function
H : {£1}" — R. Suppose furthermore that

B:= max [[VZH(0)|lop < A.
oe{x1}"

Then we have that:

1. The Poincaré constant (spectral gap) for the discrete-time Glauber dynamics on u is at least W.

2. pho™ is pgp-fractionally log-concave.

This result will be proved by combining the results we established in Section 3 with an important
estimate established in [ ], which we now recall.

We start with some notation. Let

T:= sup sup sup
A,B:ANB=0 g 4e{+1}|4l ge{x+1}N-IAUB|

(aiB§A'B](a))

1<i,j<N-|AUB| ||,
and for any 0 < k < N, let an_ be the worst-case dimension-free Poincaré constant among all
subsystems with |A U B| = k. Precisely, an—k is defined to be the smallest positive number so that
for all A, B disjoint with |A U B| = k and all o4 € {+1}*, the Glauber dynamics for every measure

of the form y([;i’B](a) oc exp(H([,‘i’B](a)) on {+1}AVB) has spectral gap at least m
The following key result from [ ] relates the values of an_i between different values of k:
Lemma 34 (Proposition 4.1 of [ 1). There exist absolute constants C, Bo > O for which the following

holds. Let C, := (Cr)2e“" = @c(r?) for r < 1/C. Suppose that B < Bo and € € (0,1072) are such that
T < 5B and an_k-1 < €/Cg. Then

(1 + 4€)®
N-k

~ Cp2eCh max(l,aN_k)Q) iy < (1 ~

e(N —k) ) AN-k-1F

N -k
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The key difficulty in using this relation to inductively bound the spectral gap is the presence of the
term max(1, ay-x)? which, if large, will make the bound trivial. In [ ], this was overcome
using a “continuity argument” (Section 3 there) which uses properties specific to the p-spin model
(random H). It turns out we can eliminate the need for a specialized continuity argument completely
using the general results established in Section 3.

We first check that the assumption on T is satisfied. Actually, it ends up to be equivalent to our
definition of 5.
Lemma 35. With the notation above, T = B.

Proof. Observe that for any point x € [-1, 1]", by linearity and (2) we have
VZH(x) = Eg~g; Ber. () [VH(0)].
So by the triangle inequality || V2H(x)||op < maXge(+1} || V2H(0)||op, and hence

sup [[V2H()llop = max [[VZH(0)l|op-
xe[-1,1]" oe{£1}"

From the definition, it’s clear that T > § and since H [A’B](G( AuB)c) is the multilinear extension of H
evaluated at the vector (04, o(aup)c, 0p), it follows from the above argument that T < . O

Proof of Theorem 33. First, we observe that if we establish conclusion (1) concerning the spectral gap,
it will automatically imply conclusion (2) regarding fractional log-concavity via Theorem 30. Indeed,

by Fact 20, we know that establishing p"°™ is 7-FLC is equivalent to showing that for all external

fields A, the tilted measure A = u"°™ is (1 + BB)-spectrally independent. Note that tilting p"°™ is
equivalent to first changing the degree-one part of H, and then homogenizing the resulting measure.
Furthermore, changing the degree-one part of H does not change V2H and hence the assumption
of this theorem is invariant to arbitrary tilts by external fields. Since the Glauber dynamics is the
n < n — 1 down-up walk on p°™, it therefore suffices to prove that the spectral gap of the Glauber
dynamics is at least 1/(1 + Bf)n, which is precisely what conclusion (1) says.

It remains to prove conclusion (1). We bound an_x by induction on (N —k). The induction hypothesis
isay_x < 1+ 0 with 6 < 1/2 to be chosen later. For base cases, we have the bound when N — k < 2
because in this case the measure is an Ising model (on one or two sites), so the desired bound
follows from Theorem 1 of [ I

Let k < N — 3 and assume that ay_x-; < 1+ 6. We will prove ay_x < 1+ 6.

By Theorem 32,
N-k—-1-an_k-1
N -k —-2an_r-1

AN-k < AN-k-1 = aN-k-1IN-k-1
with
1 (N-k)/2-1

T =c 4+ + 3/2
N T Nk —1-ansa

1
< =
2 2-3/2

=7/2
fork < N - 3.
Let € = 6/10. Below, we will choose 6 = wg—o(?). In particular, for By sufficiently small, we have

€
aN-k-1 < 1+06 < o

p
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Hence, by Lemma 34 we have

T2 . . CB%eCP(1 +6)? 1+ 4¢)?
1 — Nk=l preu+o) aN—k < (1 - ) AN-k-1 + (L +de)”
e(N —k) N -k N -k
thus 2 2,CB 2
e (1 IOy
- N -k e(N —k) N -k
) T3 . CB2eCP(1+6)? .
Since an_k < an-k-1Tn-k-1, we can bound the second term by = 1€(N_k) AN-k-1. Assuming
€>307'T} ,  Cp%e“F wehave
Y 1 N 5 . +(1+4e)5
Nk = N-k 30N-k) N TNk
5/3-1 (1 + 4€)®
<11 1 —_—
_(+N_k)(+6)+ Nk
1
<(1+6)+ N_k((é/S—1)(5+1)+(1+4e)5).

Recall that € = 6/10. Substituting this in the second term, we can verify that for all e = [0, 0.01],
g(€) = (10e/3 — 1)(10e + 1) + (1 + 4€)® < 0, so that the induction holds provided that € >
3071TS | Cp2eF (ie. 10e* > 3T3 Cp%eP)and 6 = wpo(B?). Since Ty -1 < 7/2 under
the inductive hypothesis, it is readily seen that taking e = Qc¢(p) suffices for the induction to hold.

Finally, the bound on the Poincaré constantis ay < 1+ 6 =1+ O¢c(p). O

Theorem 36. Suppose 1 and  satisfy the same assumptions as Theorem 33. Then, with the notation there,
we have:

1. u (equivalently uP°™) satisfies approximate tensorization of entropy with constant C = O(n®P).

2. The discrete-time Glauber dynamics on u satisfy the Modified Log-Sobolev Inequality (MLSI) with
constant p = Q(1/n'*BF),

3. The discrete-time Glauber dynamics on u satisfy

Tie(€) = O (n ¥ (loglog(1/min (o)) +log(1/€)) .

The proof of this theorem requires the following intermediate lemma showing approximate entropy
tensorization for a system satisfying the conditions of Theorem 36 under pinning with N —k = O(1)
free (unpinned) spins. [ , Lemma 2.2] showed this result only for 2-spin systems, but the
proof applies more generally. We repeat the proof for the sake of completeness. The details are in
Appendix B.

Lemma 37. Let u be a distribution satisfying the assumptions of Theorem 36. Any pinning of u where the
number of free spins N — k is constant (N — k = O(1)) has approximate entropy tensorization with constant
C = exp(O(B)).

Proof of Theorem 36. The second and third conclusion follow directly from approximate tensorization
of entropy (see Section 2).
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Let a = 1/(1 + BB). By Theorem 5 of | ], we have that if the measure yhom is a-FLC then for
any measure v absolute continuous with respect to u and ko = [1/a],

DKLVDy ik || F™ Dy (k) < (1 = &) D (v || uo™)

where a1
- 1/a=[1/a] al=lg _j
_ (3 1/05) ( - 1)132(:0 (2 1) > Tll/a_l — ,Bp
n
This is equivalent to block approximate entropy tensorization with block size kg [ , Eq.(1.5)]
ie.

ko
n

Ent[f] < 0¥ = > E,[Ents[f]].

n
b @
Since |S| = kg = O(1 + BB) = O(1) and B = O(1), combining this with Lemma 37 gives

xp(O xp(O
%Ent“[f] < nBﬁLn(ﬁ)) >0 EulBnt,[f]] = nBﬁw > EulEnty[£]],

0 (ko) se(l) ves veln]
as required. O

4.2 Results for the p-Spin Model

In this subsection, we prove Theorem 6. As mentioned in the introduction, we will need to rely on
an average case local to global argument. Specifically, we will need the following theorem, which is
a slight modification of [ , Theorem 20] and follows from the same proof.

Theorem 38. Consider a distribution p : ([z]) — Ryg. Suppose that for every set T of size < k — 2, ur is
(k = |T|)(1 = p(T))-entropically independent i.e.

D1(vDr1j-1 | urD—j11-1) < (1 = p(T)) Dxr(v || pr)-

Suppose also that there exist constants ko > 2 and C(ko) such that for all T with |T| > k — ko, ur satisfies
approximate entropy tensorization with constant C (ko).

Finally, for a set T of size > k — 1, define the harmonic mean

Then the operator Dy_,(x_) satisfies

DkL(VDr—k-1) | 4uDk—k-1)) < (1 =) Dxr(v || w),

Te (k[f_lll)} |

Notation. For each k, let Ax be a uniformly random set of k spins]. We will bound the norm of the
tensor associated to Ay when A{ is fixed according to 0. It will be more convenient to work with

with
x = C(kg)™! min{yT

INote that for this subsection, k is the number of free (unpinned) spins, unlike in Section 4.1.
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the normalization ¢ € {+1}N /YN For a sequence S of coordinates and a spin configuration ¢ on a
set of coordinates containing S, we denote os = [];c5 0;. We write |S| for the length of S, and write
S c Aif all entries of S are in A. For sequences S, T of coordinates, we denote by g(s 1) the entry of
the disorder indexed by (S, T); and g(s ) the sum of all entries whose index is the union of S and T
(with the same order of elements within S and T). For a given realisation of A, disjoint subsets
A’, B’ of Ay and o’ € {£1}4\B'/ VN, we define the matrix A4 81 with rows and columns indexed
by A \ (A" U B’) (here, we are suppressing dependence on ¢, ¢’, Ax):

AE?/ 1 Z 510 Z Z 8(i,j,5,510506:, ©)

p>2 s+s’'=p=2  SCA{|S|=s,
ScAk\B’|S| s’

ia&ﬁ?”%y):&fﬂl

The key additional ingredient we need to prove Theorem 6 using Theorem 38 is the following
estimate.

Proposition 39. There exists a constant C > 0 such that, with notation as in the proof of Theorem 6, with
probability at least 1 — exp(—O(N)) over the choice of the Hamiltonian H = H(g),

A
B YN ksko SUDAY Bre A SWPgre(s1yane AL ]”op) <. @

sup Enesym(N-{1}) [GXP ( -
I€[N],oe{£1}NI\I}

Here Ay is the union of {1} and the last k — 1 elements according to the permutation 7 on [N] \ {I}.
The proof of Proposition 39 is presented at the end of this section.

Given Theorem 36, Theorem 38 and Proposition 39, the proof of Theorem 6 is immediate.

Proof of Theorem 6. Let B be the constant appearing in Theorem 33. For A C [n] and 04 € {£1}4,
as in Section 4.1, let H,, be the Hamiltonian of the subsystem where the spins in A are pinned
according o4.

We want to establish approximate tensorization of entropy, which is the same as entropy contraction
of Dy _,(N-1) for phem The set T of size N — 1 in Theorem 38 corresponds to a tuple (i, ) € [N] X
{1} NI\ Each permutation ey, ..., e of T corresponds to a permutation 7 of [N]\ {}. For each
k, p({ej | j < N — k}) corresponds to the KL-divergence contraction of the Dy_,1 operator wrt A

where A;,k ={ej|j< N —k}.

By Theorem 33, ug,. -fractionally log concave so by Theorem 23 the Dj_,; operator

- 1
is

‘ 1+BT;s A

contracts KL-divergence by

1+ BT, .

m,k

ploag )=1-——F

with TGAC L = supA/,B,gAn’k ”A[A,’BI]”op
n,
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Let ko be a constant to be chosen later. Then, by Lemma 37 and Theorem 38

-1 _ -1
max yr =supy,;
0,1

[ 1+ BT, \™*
exp(Bko) sup Ex l_[ (1 - —nk)
o,i

k
N2k>ko

IA

L B Sstoky SUPA, By SUDre oy e 1A E T
exp(Bko) sup E |exp Z T + p
o N2k>ko

IA

N exp(Bko + C)

where the last inequality holds with probability > 1 — exp(®@(N)) by Proposition 39, and k¢ and C
are chosen according to Proposition 39. O

Finally, we prove Proposition 39.

Proof of Proposition 39. Throughout we fix an index I € [N] according to Proposition 39 and let Ak
denote a random set of size k which has the distribution of I together with a uniformly random
subset of [N]\ {I} of size k — 1. We also fix o € {+1}N/VN.

Recall the definition of the matrix A4l from Eq. (3). Note that gy, ; 5 5} is a sum of O ((g) (* ;2))
independent standard Gaussians (the union SUS’U{i, j} has size at most p; given this union, we can
uniquely recover S as the part of the union belonging to A¢; we can then choose the indices i, j from
the remaining elements, and together with size constraints, this determines S’ up to constantly many
choices. Finally, there are at most (7 ;,2) ways to choose the positions of the indices corresponding to
S’). We write (suppressing the dependence on ¢, 0'):

AlAB] AEA',B'] + AEA',B’],

where AEA/’B/] includes the terms with s” = 0 and A[IA/’B/] consists of the remaining terms (i.e. those

with s’ > 1). We also denote A[O/?F;’B’] and A[lAl;’B/] to denote the parts of these matrices stratified by
p =2

For notational convenience, givenp > 2, 0 € {+1}N/VN, §’ ¢ Ax \ (A’ UB’) of size s’ > 0 and
i,j € Ax \ B, we define

././5, 1
Xgp = Z \/—ﬁg{z‘,f,sosw&

ScAi

s’

Note that these are independent (over the choice of S’, 7, j) Gaussians with variance O (p2 (PN ‘1).

Claim 40. With notation as above,

1/2
Pe|¥p, sup AV oy > CBpvlogp D] (’9) (k/N)*"1?| < exp(~1000N).

’
o,Ax,A’,B,S 0’ 1<s’<p-2 S
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Proof. The proof of this claim is standard. Note that the (i, j)!"* entry of By 1A[1i;’B,] 1S Xigrc A \B X/ ’S/osr,
which is a Gaussian of mean 0 and variance O(p? (p ;Q)N ~1k5" /N5"). Moreover, the entries of the ma-
trix are independent. Therefore, by the concentration of the norm of random subgaussian matrices
(e.g. [ , Theorem 4.4.5]), we have that

1/2
||A51,“p,B]”Op > ‘gppwllogp Z (P) (k/N)® /2

S/
1<s’<p-2

with probability at most exp(—100N log p). We can then comfortably take the union bound over all
choices appearing in the supremum. O

Furthermore, observe that

N 1/2
>3 whpiop Y. (’7 ) (k/N)*2 < " Bpplogp2?’2,

S/
p=2 k=ko 1<s’<p-2 p=2

which shows that on the event in Claim 40, for all choices of ¢, I and for all permutations 7,
A’ B
B XiNsk>ko SUPAY Brc Ay SUP e (1) 4K\B ||A5 ]”op
k

A

)

exp

It therefore remains to prove Proposition 39 with A replaced by Ag. Note that so far, in our analysis of

A[lA/’B’], we did not need to use the randomness in the choice of Ax. This will be crucial in controlling

||AEA/’B/]||OP. Observe that AEAI’B/] does not depend on ¢’. Given ¢ and I, we say that Ay is bad if
SUP,, SUD A/ B, ||A[[fr:’B’]||0p/(ﬁpp\/10g p) > C(k/N)Y/?7%, where a < 1/2 is a constant (for instance,

a = 1/4 is sufficient for us).

Claim 41. For any o and 1, the probability that the number of bad Ay exceeds (],\{]__11) - (k/N)% is at most
exp(—1000N (N /k)%). Hence, with probability at least 1 — exp(=900N (N /k)%), simultaneously for all o
and I, the number of bad Ay is at most (Y ) - (k/N)*.

Proof. In proving this claim, we may assume without loss of generality that k — 1 divides N — 1.
Then, to any permutation 7 of [N — 1], we naturally associate (N — 1)/(k — 1) disjoint sets of size
k — 1. Together with I, these give (N — 1)/(k — 1) sets of size k: Ti, ..., T(y-1)/(k-1)- By symmetry
and double counting, it suffices to show that for any fixed permutation, with probability at least
1 — exp(—1000N log(N /k)log p), the fraction of Ty, . . ., T(y-1)/(k—1) which are bad is at most (k/N)“.
By [ , Theorem 4.4.5] and a union bound, the probability that a fixed T; is bad is at most
exp(—Ck(N /k)??). Since the Gaussians appearing in the matrices corresponding to distinct T; are
different (and in particular, independent), it follows that the probability that the number of bad T;
exceeds (N /k)1~% is at most exp(—CN (N /k)%). The final assertion follows by a union bound. [

The key claim in the proof of Proposition 39 is the following.
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Claim 42. With probability at least 1 — exp(—100N) over the choice of the Hamiltonian H = H(g),

|A[A',B’]

llop

A
—

N
Zk:ko Supa- pr |
sup E, |exp
I,o0 k

=Z

Proof. We consider a ‘good’ realisation of the Hamiltonian i.e. a realisation satisfying (i) the conclu-
sion of Claim 41 and (ii) sup;y 5, 4, 47,5’ | Zps2 A[A &l || < ¢, for a sufficiently small constant ¢ to be
chosen later. By Claim 41 and [ Lemma 6.1], this indeed holds with probability at least
1 — exp(=100N), provided that By := Zp22 \p3log pB, is sufficiently small depending on c. We

show that for a good realisation, the conclusion of Claim 42 is satisfied.

To every permutation T, We naturally associate a sequence of sets An, ..., A, ... ,Ako. Let Ny
denote the operator norm of the submatrix corresponding to Ay. Let B denote the event that Ay is
bad and G denote the complementary event that Ay is good. We write the random variable Z as

N
Ni-1g, + Ni -1
Z:expz x gkk k5
k=ko

Deterministically,

Z N - 1gk Zﬁpp\/@ Zk kN2 < 1,

k=ko P>2 k=kg

so it suffices to show that

sup E < L (6)

o,l

N
Ni - 1g,
exp(z : )

k=ko

This follows from Holder’s inequality. Indeed, let g, = yk?, where y is an absolute constant ensuring
that ZkN=k0 q;' = 1. By Claim 41, E4,[18,] < (k/N)® and we can always bound N < ¢ for a good
realisation. Hence, we have

Ne: 1Bk) < exp(cqi/K)(k/N)?,

Ea, [exp (qk~ 0

1
thus, using Holder’s inequality i.e. E[ry, ...7n] < E[r Zéo]qko .. [E[r;z]N]qN for ry = exp(Nklg, /k), we

can bound the left hand side of Eq. (6) by

N N
H exp(c/k) ]_[(k/N)a/ﬂk S NN <1,
k=ko k=ko
provided Bo = X,»5 v/p? log pB) is small enough so that ¢ < a(= 1/4). O
Combining Eq. (5) and Claim 42 finishes the proof. O
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5 Applications

5.1 Spectral Independence from a Contractive Coupling

As a quick application of Theorem 30, we provide a short and transparent alternate proof of recent
results of Liu [ ] and Blanca et al. | ] showing, for instance, that for a measure y on a
product space, the existence of a contractive coupling for the Glauber dynamics implies that y is
spectrally independent.

More precisely, let () = Q; X --- X Q) be a product space, let d be a metric on €, and let 1 be a
measure on Q. For x € (0, 1), we say that u satisfies property () with parameter « with respect to
the metric d if the following holds.

(t) For all valid configurations (Xp, Yp) € Q X Q, there exists a coupling (Xo, Yo) — (X3, Y1) of the
Glauber dynamics P satisfying

E[d(X1, Y1) | (Xo, Y0)] < xd(Xo, Yo).

Theorem 43 (cf. Theorem 1.10 in | D). If u satisfies property (t) with parameter x < (1 — €/n) with
respect to any metric d, then 1 is n-spectrally independent with constant n = 1/e.

Proof. Since k < (1 — €/n), it follows by [ , Theorem 13.1] that

yzl-x2>

SHRY

and finally, applying Theorem 30, we conclude that p is 1(/e€)-spectrally independent. O

Remark 44. (1) There are two important advantages of the above theorem, compared to [ ,
Theorem 1.10]. First, our bound on 1 depends only on the contractive constant ¥ and not on
the underlying metric (as in [ ). Second, even in the case of weighted Hamming metrics,
our bound on 7 is a factor of 2 better than the corresponding bound in [ ]. This factor
of 2 is important in applications where € ~ 1, in which case our spectral independence bound
can potentially be combined with local-to-global arguments to yield, e.g. modified log-Sobolev
inequalities, with near-optimal dependence on 1, whereas the bound of [ ] will necessarily
give a quadratically sub-optimal bound.

(2) While the above theorem is stated only for the Glauber dynamics for simplicity, the same proof
can be used to cover situations where (a) the contractive coupling is with respect to a different
Markov chain and (b) the spectral gaps of this Markov chain is within a constant factor of the spectral
gap of the Glauber dynamics. Indeed, this is the situation for the so-called flip dynamics for the
uniform distribution on g-colorings of graphs of maximum degree A (with g > (11/6 — €g)A for a
small absolute constant €(), and therefore, allows us to easily recover one of the main applications
of [ ; 1

(3) While the approaches in [ ; ] generally lead to looser spectral independence guar-
antees than ours, their methods can still be useful as a way to bound the co-norm of the influence
matrix.

5.2 Learning and Statistical Estimation

There is a vast literature on learning exponential families and graphical models from data. In terms

of learning these distributions (say in the total variation distance), there are easy to use guarantees
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known information-theoretically via computationally inefficient algorithms, e.g. [ I. There are
also guarantees for learning via polynomial time algorithms, e.g. the result of [ ]. In some
settings, the computationally efficient guarantees are extremely suboptimal in terms of their sample
complexity. Is this an inherent limitation?

An example where existing results fail: spin glass inversion. Suppose we are given m i.i.d.
samples from a Sherrington-Kirkpatrick model at inverse temperature f > 0 on n sites. As a
reminder, this is the special case of the mixed p-spin model with quadratic interactions, so u(x) o
exp(%(x, Jx)) where ] is a symmetric matrix with J;; ~ N(0, 8%/n), so ] is proportional to a GOE
random matrix. The computationally inefficient result of [ ] implies that obtaining total
variation distance 0.01 can be done with high probability from m = O(n?) samples.

Applying a state of the art algorithmic result such as [ ; ; ], the best we can get
is a sample complexity of OBV for obtaining guarantees for learning this distribution in total
variation distance. The reason is that the ¢; norm of a row of | is approximately /1, and these
results depend exponentially on this quantity (or worse, on the degree) — see e.g. Theorem 7.3 of

[ ]. This is a fundamental limitation of the analyses in all of these works.
Remark 45. The SK model was prominently studied in a different context in statistical estimation
[ ], where | is known up to normalization and the goal was to estimate a single parameter (the

inverse temperature f) from a single sample. Here we are trying to estimate the entire distribution
which requires many more samples from the distribution. Our problem has been considered under
the name of spin glass inversion in the statistical physics literature [ ; ], where heuristic
message passing algorithms have been proposed.

A different analysis via approximate tensorization. Many algorithms in the literature on learning
discrete graphical models, including those referenced above, can be understood as variants of
maximum likelihood (see e.g. [ 1) or pseudolikelihood estimation [ ]. Pseudolikelihood
estimation minimizes the loss

y(q) = Z — 3 Exllog g((X); | (X))
j=1 i=1

where Xi, ..., X;, are ii.d. samples from the ground truth distribution p and (X;); denotes co-
ordinate j of sample X;. It was recently observed that approximate tensorization of entropy has
immediate consequences for the sample complexity of pseudolikelihood estimation [ I
Theorem 46 (Special case of Theorem 4 of [ 1). Suppose that P is a class of probability distributions
containing p and Car(P) := supyep Car(q) is the worst-case approximate tensorization constant in the
class of distributions. Let

m

Ruw = Ex,... Xoserssen | SUD — Z Zlogq((X);l(X)~])

qe?’ )
be the expected Rademacher complexity of the class given m samples Xy, ..., X,y ~ p i.i.d. and independent

€1,...,€m ~ Uni{x1} iid. Rademacher random variables. Let p be the pseudolikelihood estimator from n
i.i.d. samples from p, in other words let p = arg minge«p Ly(q). Then

E[DxL(p || p)] < 2Car(P)Rum.
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Since in this work we established bounds on the approximate tensorization constant of a large class
of distributions, they can be directly combined with this result to obtain new learning guarantees.
The precise choice of the class # will depend on the application (larger classes £ will require more
sample complexity to learn).

Exponential improvement in the example. We revisit the example of learning distributions like
the SK model from data. We observe that when f is small enough so that approximate tensorization
is satisfied, we get a dramatically improved guarantee for learning the distribution from samples:
Theorem 47. Suppose p is a distribution lying in P, which is defined to be the class of distributions of the
form

1) o exp (54, ) + ¢, )
under the assumption that for some R > 0:
1. IJllop < @ < A where A > 0 is the constant from Theorem 33.
2. hj < R for every j, and ||Jill1 < R for every row J;.

Let © denote the set of (], h) pairs satisfying these conditions. Let p be the pseudolikelihood estimator from
n i.i.d. samples from p, in other words let p = arg mingep L,(q). (This is a convex program which can be
efficiently optimized.) Then

E[Dxi(p | )] = O (Rn'*2\fiog(n)/m)

where B is as defined in Theorem 33.

Proof. First, observe that the conditional density is

e(]]',x)x]'+h]'xj 1

X Xoi) = =
p]’h( J | ]) e(]]-,x)x]-+h]-Xj _+_e—(]j,x>xj—hjx]' 1+e—2(]]',x>x]'—2h]‘x]'

where J; denotes row j of the matrix J. So
log pyu(xj | x~j) = =0(=(Jjx)xj — hjx;)

where {(z) = log(1 + e??) is the logistic loss, which is a 1-Lipschitz function. We can now bound the
Rademacher complexity of this class:

Jhee M= 19
n 1 m
< ) Exy,Xuer, e | SUp — ) €il(=(Xi);({Jj, Xi) + hj))
jzzl 1 €1,...,€ | he® m ; 1 tJJ\\J] 1 ]
n [ 1 m
< Z Exy,..Xe1,en | SUP — ) €i(Xi)i({J;, Xi) + hj)
— J,he® M =
]_]_ | =1
n [ 1 m h] m
= ) Exy,...Xue1, e ﬁ;le% E(]jf Z €; Xi(Xi)j) + — Z €i(Xi);
j=1 | i=1 i=1
n m R m
< 2. Exy,....Xu €16 %R Zleixi(xi)j + leei(xi)j
j= 1= ) 1=
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where in the first inequality we moved the supremum inside the sum over j, in the second inequality

we used Talagrand’s contraction principle (Exercise 6.7.7 of [ 1), and in the last inequality we
used Holder’s inequality. Using Hoeffding’s inequality and a standard tail bound for the maximum
of subgaussian random variables (Exercise 2.5.10 of [ 1), we conclude that
[21 /1
R, < nR Ogn+nR 1/m < 4Rn ogn‘
m m
Appealing to Theorem 46 and Theorem 36 proves the result. O

Going back to the example of the SK model, we have R = O(8+/n) so for f sufficiently small this
implies we can learn the distribution to KL divergence 0(1), hence also TV distance o(1) by Pinsker’s
inequality [ ], with m = O(n3+?Bf) samples. This is not much worse than the sample com-
plexity required for the inefficient method of | ] and exponentially improves the previously
mentioned algorithmic guarantees. We remark that this analysis can be adapted to the estimators
proposed in [ ; ; ] and other works, since their algorithms are based on similar
principles to, though not identical to, the standard pseudolikelihood estimator. The key difference
is our analysis of the estimator.

This results also works for many other models, e.g. diluted spin glasses, with similar improvements
(exponential improvement in the dependence on the degree d4). Finally, we note that while the
guarantee of Theorem 46 is in expectation, it is straightforward to obtain a strong high probability
guarantee by combining the same argument with standard tools from generalization theory (see
[ ; SB14]).

Remark 48. Obviously, this result (and the identity testing result in the next section) can be general-
ized to the case of higher-order interactions. In the special case of the Ising model, it is possible to
tweak the above and obtain a version of the result for a larger value of ||J||op by using the result
of [ ] and appealing to comparison inequalities to bound the log-Sobolev or approximate
tensorization constant; this results in a worse dependence on the dimension and on the size of the
external field.

5.3 Identity Testing

In the identity testing problem, given an explicitly visible distribution  and oracle access to samples
from an unknown/hidden distribution 7, the goal is to determine if these distributions are identical
using as few samples from 7 as possible. [ ] shows efficient identity testing algorithms for
distributions p satisfying approximate tensorization of entropy.

Theorem 49 ([ , Theorem 7.5]). Consider distribution i : {1} = Ry satisfying approximate
tensorization of entropy with parameter C and b-marginally bounded assumption i.e. if for every A C [n],
every x € {1} with w(X* = x) > 0, every i € [n] \ A, and every a € {%1}, one has

either u(X; = a|X* =x) =0or u(X; = a|lX* =x) > b

with b := b(n) satisfying loglog(b) = O(log n).

Suppose that there is FPRAS to estimate the marginals of i i.e. estimating w;(-|x_;) forany x_; € {x1}"\i},
Given query access to the Subcube oracle, there exist an identity testing algorithm for KL divergence with
distance parameter € with query complexity

0 {jon(g ) s )
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This immediately implies efficient identity testing algorithm for u satisfying the preconditions
Theorem 47, since p is b(n) = exp(—0(ay/n + R))-marginally bounded by the same argument as in
proof of Theorem 47.

Corollary 50. Let p be the distribution satisfying the assumptions in Theorem 47. There exists identity
testing algorithm for KL divergence with distance parameter € with query complexity O(n/**BF+Rlog(n /€))
with B being a constant, the same as in Theorem 36.
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A Miscellaneous Facts
Equivalent expressions for the Dirichlet form. Let
v(0) o exp(H(0))
be a binary spin system on the hypercube {+1}". Note that the conditional law at site j is

eXp(G]'a]'H(O)) _ 1
exp(0jdiH(0)) + exp(-0jdjH(0)) 1+ exp(-20;d;H(0))

v(oj| o) =
Recall that the Dirichlet form for Glauber dynamics is

v(o)v(1)
86D = 25y @~ f0F = 22 ()quw) f6)y

where 6 denotes o with the spin at site j flipped. Note that

v(G) 1 _ 1
v(oj) +v(6;) B v(oj)/v(6) +1 1+ exp(20j8jH(o))'

This lets us establish the following fact which shows consistency with the notation in [
Lemma 51 (Standard, see e.g. [ 1). For all functions f, we have

E(f.f) =7 . 0) D eosh O HOMF(0) - )
o 1=
Proof. We have (using that cosh(d;H) = cosh(c;d;H) by evenness)

111 Z v(0) Z cosh™(djH(0))(f(0) — f(5))?
o j=1

! _ A V)2
(=09, AR Y @)~ f)

- ZU: v(0) ; (exp(0jd;H(0)) +

1 < 1 X
) Z V() Z 1+ (exp(20,9;H(0)) + exp(—20,9;H(0))) A (6;)*

v(gj| o-)) R
~ 9 Z Z Vo)1 (exp(20;9;H(0)) + exp(—20;9; H(o)))/2(f (0) = ()"

0]1

1 ~
~3 Z Z V(o) exp(20;0;H(0)) + exp(—20;0;H(0)) (f(0) = ()

g ]—
where in the last step we averaged over pairs of o agreeing on ¢.; and used that

vigj=+1|o)+v(oj=-1]o) 1

2 )
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On the other hand, the Dirichlet form is

v(oj| o~
&(f,f) = 222 YO oiae aH( )= £

o ]_

1 A
"2 ) Z M) T exp(20,9, AN + e g @) @ G

o ] 1
S PRLE 1 (F(0) - F(67)?
2 = A exp(— 2018 H(o)) + exp(2a]8 H(o)) ]
so we established the desired equality. O

B Deferred Proofs from Section 4

Proof of Lemma 37. Consider A C [n] and a pinning 04, then the pinned subsystem on [1] \ A is of
the form

AD 0
ey " (o) o< exp(Hgy ()
Let Hy := H, ([,ﬁ’m and consider the multilinear extension of H4:

Hyx)= ), HO)| |o

Sc[n]\A i€S

Let po(0) o« exp(Xica Ha({i})a;), so that o is a product distribution and hence satisfies approximate
entropy tensorization with C = 1. Let

Hyp,»2(0) = Z H(S) l_[ i,

Sc[n)\A,|S|=>2 ieS

so that u(o) o exp(Ha,>2(0))uo(x). Then,

|Has2(0)l =1 Y HS) [ ] oil = [07V?Ha 2001 < IV*Ha zlloplloll3 = (N = K)[V2Ha,zallop < O(B)
SCA ieS

by Lemma 35. The required assertion then follows from Lemma 52 below. O

Lemma 52 (Comparison theorem for approximate entropy tensorization). Consider distributions
p and u’ over Q satisfying p(x) o< p'(x) exp(W(x)). Let ||W|le = sup,|W(x)|. Then, for any function
f:Q—(0,0),

Ent,[f] < exp2l|W|| ) Ente[f]-
Consequently, if 1’ satisfies approximate entropy tensorization with constant C, then p satisfies approximate
entropy tensorization with constant exp(6||W||«)C.

Proof. Let Z, = / duand Z, = / du’ be normalization constants of u and u’ respectively. It is easy
to see that

Zy = / exp(-W () du(x) < exp(| Wilw)Z,e

Thus exp(—[|Wl|eo)p'(x) < pu(x) < exp(|[W][ o)’ (x).
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By the Donsker-Varadhan theorem,

But,[f] = uf [ (7ogf = flogit — £ +
whereflog f — flogt — f +t = f(~log(t/f) + (t/f — 1)) = O sine log x < x — 1 for x € (0, c0). Thus
Eut,[f]=nf [ (7logf = flogt - £ + )1dutx)
—inf [ (70108 £ = () 1081 = (6) + ) expW()Z; Zl )
< iuf [ (F(0)108 ) - Fx)1og = ) + ) expI W) x)

— exp(@ Wil inf [ (F3)log f(3) = F(0)Iogt = f(x) + D)
= exp(2||W|| ) Enty[f]

Next, since p’ satisfies approximate entropy tensorization with constant C
Bnty[f] < exp(]|Wlle) Bntye[£] < exp@Wle)C Y Ex elBnty [fie]
i 1
< exp(d|Wlle)C )" By ope[Bnty, [fix,]]
i
< exp(6|Wlle)C )~ Ex oplBnty, [fix]]
i
where in the penultimate inequality we use the first statement and the fact that

) ple) @) Jm, HO)
plx)  p(x-)  plx) fy:y-;:x_i w(y)

exp(=2[|Wlleo) < p/,_ (xi)/pyx_ (xi) = < exp(2]|Wlle),

and in the last inequality, we just use p’(x—-;) < exp(2||W|| o) 1(x). O
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