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We report on preliminary findings from a study of the ways in which linear algebra students used
function composition to describe the result of applying two linear transformations, defined using
symbolic vector notation, to a graphical region. Our current results from even a small set of data
suggest that the students engage in function composition in a variety of ways. These results
suggest areas for future exploration regarding how students engage in these forms of
composition with linear transformations, and how their conceptualizations of individual
transformations inform their understandings of the composition.

Linear transformation is an important idea within linear algebra. Furthermore, several areas
of linear algebra rely on the idea of composing transformations, particularly in relation to
multiplying matrices. These include the invertible matrix theorem (e.g., Wawro, 2014), and the
diagonalization equation (e.g., Zandieh, Wawro, et al., 2017). Currently a few studies have
investigated students’ understandings of linear transformations, a small subset of which have
included composition as one of the focal ideas (e.g., Bagley et al., 2015). Thus, a study of how
linear algebra students conceptualize compositions of linear transformations as a form of
function composition could have useful implications for the teaching and learning of linear
algebra. This paper reports on our initial findings from pursuing this line of research.

Background and Literature Review

A large body of research has investigated students’ understandings of function (early
examples include Breidenbach et al., 1992; Carlson, 1998; Sfard, 1992). In contrast, few studies
have had an explicit focus on function composition (e.g., Bagley et al., 2015; Bowling, 2014;
Chen et al., 2023; Engelke et al., 2005; Headrick, 2023a; Kimani, 2008; Modabbernia et al.,
2023). Most of these studies have focused on high-school or early college students (Bagley et al.,
2015 being an exception). Furthermore, these studies have mainly used students’ reasoning in the
context of function composition to draw conclusions about their understandings of function.
Some research has revealed evidence that students’ reasoning with function composition extends
beyond their reasoning with individual functions, suggesting a need for research that focuses on
what is unique and important about students’ reasoning with function composition specifically
(e.g., Headrick, 2023a; Bowling, 2014).

Function composition has hardly been studied in linear algebra students’ applications of
linear transformations. A few studies have investigated students’ understandings of linear
transformations as functions (e.g., Andrews-Larson et al., 2017; Bagley et al., 2015; Oktac,
2019; Turgut, 2019; Zandieh, Ellis, et al., 2017). One such study with a focus on composition of
transformations (Bagley et al., 2015) found that students constructed the idea of an identity
transformation as a “do-nothing function” and composing a transformation with its inverse as
“doing” and “undoing.” Our study will add to this research by investigating the reasoning linear
algebra students use to describe the result of composing two distinct linear transformations.

Theoretical Framework
The theoretical framework currently guiding our data analysis in this study has two
components. The first and primary component, which we refer to as function composition
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reasoning, is intended to explain students’ reasoning unique to function composition specifically,
accounting for ways students conceptualize multiple linear transformations and consider the
result of applying them in sequence or in some other combination (Headrick, 2023b). The second
component, called clusters of metaphorical expressions, focuses on the language students use to
describe how they imagine individual transformations occurring (Zandieh, Ellis, et al., 2017).

Function Composition Reasoning

By function composition reasoning, we refer not only to previously described
conceptualizations of function composition in research (e.g., Ayers et al., 1988; Breidenbach et
al., 1992), but also other forms of reasoning students use to combine or apply multiple functions
in response to a situation. Reviewing prior research led to identifying four distinct types of
function composition reasoning high school and early college students engage in (Headrick,
2023b). Our current data suggests that these four types could also explain linear algebra students’
reasoning with compositions of transformations. An example of each type of reasoning from our
data is presented in the preliminary results.

The first type, modifying a function with another function (in short, modifying), involves
conceptualizing a specific transformation and subsequently applying small tweaks or changes to
this transformation via another, modifying transformation. The second type, applying an
operation on two functions (in short, operation), involves conceptualizing multiple
transformations individually, and subsequently imagining the result of applying all of them
together. The third type, chaining input/output relationships, involves taking some starting point
(or input), applying one transformation to it, producing a particular result (or output), applying
another transformation to the output of the first transformation, producing another output, and so
forth. The fourth type, chaining relationships between variables, is an application of the third
type in which the ‘input’ and ‘output’ of each transformation being composed is a variable.

Clusters of Metaphorical Expressions

Zandieh, Ellis, and Rasmussen (2017) presented five types of metaphorical expressions they
found students to use when reasoning with linear transformations. Our current data suggests that
students used these metaphors when composing transformations. The first, input/output, involves
a transformation taking in or accepting some initial input, and giving some output in return. The
second, morphing, involves an entity changing from one form to another through the
transformation. The third, machine, involves the transformation doing something or acting on an
initial entity to produce a result. The fourth, fraveling, involves an entity moving from one
location to another through the transformation. The fifth, mapping, involves an assignment of a
one entity or value to another through some rule of correspondence.

Research Question
In light of existing research, we consider the question: In what ways do linear algebra
students use function composition reasoning when composing two vector-defined linear
transformations in a graphical context?

Method

Data Collection
The first author conducted one-on-one task-based clinical interviews with six students. The
students had recently finished a Linear Algebra course taught by the second author and in which
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the first author served as a teaching assistant, at a large, public university in the United States.
The Linear Algebra course was designed from a research-based curriculum (Wawro et al., 2013).
The interviews were audio and video-recorded, and all written work was retained for additional
evidence of the students’ thinking.

Each task involved describing the result of applying a transformation to a 1-unit by 1-unit
square region in the standard Cartesian plane, with its bottom-left vertex at the origin. Each task
was structured identically with a three-fold structure: (i) predicting the result of applying a
particular transformation, (ii) explaining the role of the notation used in the task to define the
transformation in making the prediction, and (iii) sketching the transformed region, which for
some (but not all) students, involved more precise calculations for determining points in the
transformed region. Students applied these prompts to a single transformation T, another single
transformation U, and the results of composing T and U: T(U(original square)), and U(T(original
square)). Transformations in the tasks were defined using two different notations: vector
notation, and matrix notation (different transformations were defined for each notation). Our
preliminary results are from compositions of transformations T and U from the vector notation
tasks.

Data Analysis

Since there are few prior studies on how students make sense of compositions of linear
transformations, we began with an open-ended analysis in which we examined the video data to
determine what themes might emerge from the students’ reasoning. Upon further examination,
we determined that existing frameworks for function composition reasoning (Headrick, 2023b)
and for students’ reasoning with transformations as clusters of metaphorical expressions
(Zandieh, Ellis, et al., 2017) could enable us to develop a useful coding scheme.

Preliminary Results
In this section we present three distinct examples from our data to illustrate how the four
types of function composition reasoning (underlined and italicized) appear to have emerged so
far. Within each of these examples, the students appeared to use at least one cluster of
metaphorical expressions (underlined). These examples suggest that linear algebra students could
imagine composing linear transformations from a single problem context in a variety of ways.
The data presented in this section are from students’ predictions of how a composition of two

transformations, defined as T ([;D = [Z;C] and U ([;C]D = 2x};|— Y ], will transform a 1-unit by

1-unit square region drawn in the standard Cartesian plane with its bottom-left vertex at (0, 0).

Luna: Chaining Input/Output Relationships with Input/Output Transformation Metaphor

To consider the potential result of T(U(original square)), Luna evaluated the vector-
components definition of U, then T at the original square’s top-right vertex: 1, 1.

Luna: Yeah, the T, U. Then, yeah, it would be--you would use the U which would turn it--the

1, 1 into 3, 1 and then you plug 3, 1 into T, which would give you 6, 1...

Luna described first applying U to the point, getting particular coordinates as a result, and
then applying T to the resulting coordinates, suggesting she was chaining input/output
relationships. She appeared to use the input/output metaphor when describing how she would
apply individual transformations (“then you plug 3, 1 into T, which would give you...”), and
perhaps a morphing metaphor (“turn it—the 1, 1 into 3, 17).
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James: Modifying and Operation Function Composition Reasoning with Morphing

James appeared to focus on describing the entire square as a completed shape. When initially
describing his prediction for the result of T(U(original square)), James said,

James: So if I do U on the original square that's going to turn it into the--that parallelogram

that I--1 drew. But if I do the T after that, that's just gonna stretch that parallelogram twice
its x-value. So if I would just like to take that side and just pull it “til it's twice it's X-
value, I think that's what would--oh, wait, is that what would happen? 'Cause that 2
(pauses) Oo, it's also italicizing it further.

After further consideration, James concluded that:

James: ...It basically doubles the size, but it also becomes twice as italicized.

James’ overarching reasoning, including a description of applying U “to the original square”,
producing a result (“that parallelogram”), and applying T to the result (“if I do the T after that”)
suggest he imagined the composition as a chain of input/output relationships. He appeared to
engage in modifying reasoning when he initially predicted the result of T(U(original square)). He
began by focusing on the parallelogram he described as resulting from applying U to the original
square (“that parallelogram I drew”). Then, he described how applying T would change the
shape of the parallelogram (“stretch...twice its x-value”; “italicizing it further”). Thus, when
forming his initial prediction, James appeared to think of applying U as the emphasis and
applying T as tweaking the results of applying U. However, when drawing a final conclusion
about the transformed region, James also appeared to put greater emphasis on how T as an
individual transformation would transform the parallelogram resulting from applying U to the
square (“doubles the size”; “twice as italicized”), suggesting potential operation reasoning.

Throughout his description, James’ language suggests he imagined a region of interest
changing from one shape to another through the transformations (“turn...into”; “stretch”;
“italicizing”; etc.). Thus, James appeared to use predominantly morphing metaphors.

Olivia: All Four Types of Function Composition Reasoning with Machine and Morphing
Olivia seemed to imagine applying transformations to a collection of points that she said
comprised the square. She illustrated this idea by using vector notation to denote the points being
transformed (later she said, “x, y is really just the same as the whole bunch of points that make

up our square”). Olivia’s orientation to the task and written work (Figure 1) are given below.
Olivia: So T of U of--we're gonna call it X y, 'cause the original square freaked me out. So
that means U is gonna transform x y first, and then T will do it.

— (u( [.’\'3-.\)) T (YY)

\"'T‘-/H&/

Figure 1. Olivia’s Illustration of Applying U, then T to a Set of Points in the Cartesian Plane

Olivia’s initial description of applying U, then T to the set of points suggests she imagined a
chain of input/output relationships. When predicting the result of T(U(original square)) in more
detail, she drew diagrams for the individual result of applying each transformation to the square
and the combined result of applying both (see Figure 2). Meanwhile, she said,

Olivia: So this is our whatever x y is we call the original shape. This is my square. U took the

square and made it like a parallelogram. That's what U did. And if we remember what T
did, T took it and made it like, boop, it stretched it. So then, T would take this U thing,
and stretch that to be like twice as long...
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Figure 2. Olivia’s Diagrams to Illustrate (left to right) the Original Square as a Set of Points, Applying U to the
Square, Applying T to the Square, and Applying U, then T to the Square

Olivia appeared to imagine both U and T as having some individual effect on the square and
T(U(original square)) as applying a combination of their individual effects (suggesting operation
reasoning). There is also subtle evidence of her engaging in modifying when she described how T
would change the result of U (“take this U thing, and stretch that...”). When asked what would
happen to the corner points of the square “when you do T of U”, Olivia described the
transformation affecting the x-coordinates of multiple points. This reasoning, along with her
earlier references to the square as a set of points suggests Olivia conceptualized T(U(original
square)) as a chain of relationships between variables.

Olivia: ...you stretch everything, all the x-coordinates by 2. So I guess that would include

these, like, these points [points to the edges of parallelogram for T(U(original square))].
Their x-coordinates have to get shifted by 2 too, so then the diagonals would have to.

Throughout her description, Olivia used machine metaphors, describing transformations as
doing particular actions to points or figures (“U took...and made it”; “U did”; ect.), and
morphing metaphors (“made it...a parallelogram”; stretched it; etc.).

Discussion

All three students in the results presented above appeared to use chaining of input/output
relationships in some form. They all described some starting shape or value, applying the inner
transformation to that starting shape or value to produce a result, and then applying the outer
transformation to the result of applying the inner transformation. The pervasiveness of this
reasoning in the data thus far could be partly due to the nature of the tasks posed; the two
transformations were pre-defined and the task prompts involved the notation T(U(original
square)) and U(T(original square)). This is an area for further exploration.

On the other hand, each student described the chain of input/output relationships they
appeared to conceptualize quite differently. Chaining input/output relationships as a form of
function composition reasoning was most prominent for Luna, and her reasoning with each
individual transformations appeared to be largely connected to input/output metaphors. James’
focus on transforming entire shapes and morphing seemed to naturally give rise to his
modification reasoning. Olivia’s focus on transformations as machines performing actions on a
set of points seemed to inform her operation reasoning (i.e., first describing how each
transformation would act on points individually and then constructing the composition), and
chaining relationships between variables (i.e., describing how multiple points were transformed).
Our results thus far lead us to consider the following questions: (a) What contexts for linear
transformation problems might lead to specific types of function composition reasoning; and (b)
How might different types of function composition reasoning with linear transformations support
students in studying related ideas in linear algebra, such as inverses or diagonalization?
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