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Abstract

We study the convergence behavior of a generalized Frank-Wolfe algorithm in
constrained (stochastic) monotone variational inequality (MVI) problems. In re-
cent years, there have been numerous efforts to design algorithms for solving
constrained MVI problems due to their connections with optimization, machine
learning, and equilibrium computation in games. Most work in this domain has
focused on extensions of simultaneous gradient play, with particular emphasis on
understanding the convergence properties of extragradient and optimistic gradient
methods. In contrast, we examine the performance of an algorithm from another
well-known class of optimization algorithms: Frank-Wolfe. We show that a gener-
alized variant of this algorithm achieves a fast O(7'~'/2) last-iterate convergence
rate in constrained MVI problems. By drawing connections between our gener-
alized Frank-Wolfe algorithm and the well-known smoothed fictitious play (FP)
from game theory, we also derive a finite-sample convergence rate for smoothed FP
in zero-sum matrix games. Furthermore, we demonstrate that a stochastic variant
of the generalized Frank-Wolfe algorithm for MVI problems also converges in a
last-iterate sense, albeit at a slower O(7~'/6) convergence rate.

1 Introduction

A constrained monotone variational inequality (MVI) problem consists of solving for an 2* € X C
R< such that
* T * <
rénea/’\ic(x s) F(z*) <0,
where F' : X — R? is a monotone operator [56, 37] and X is a convex set. MVIs arise in many
foundational and emerging problems. In particular, many problems in optimization [10, 1, 39],

equilibrium computation [43, 42], reinforcement learning [57, 38], and learning in games [13] can be
formulated as MVI problems.

Due to their wide applicability, recent years have seen significant advances in developing efficient
algorithms to solve these problems. Despite the structure provided by the monotone mapping,
MVI problems are well-known to be challenging to solve, as simple first-order algorithms may
diverge or exhibit complex limiting behaviors such as chaos [3, 27, 18]. This has motivated the
analysis of algorithms such as the extragradient method [37], the optimistic gradient method [51],
and the Halpern iteration method [19]. These algorithms, particularly the extragradient and optimistic
gradient methods—which can be viewed as approximating proximal point algorithms [46]—have
been the focus of numerous recent works, with matching upper and lower bounds established under
various assumptions about the feasible set X and the operator F(+) [29, 30, 15, 26, 41]. Due to their
connection with gradient descent and various extensions in convex optimization, these algorithms
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have garnered the most attention in the literature, with recent breakthroughs in the constrained regime
where X is a compact convex set [15]. See Section 1.1 for more details about related work.

In this paper, we take an orthogonal approach by analyzing the performance of another optimization
algorithm for solving constrained MVI problems: Frank-Wolfe (FW) [21]. Although the FW
algorithm was first proposed for solving MVI problems decades ago [32] and has been analyzed in
the context of min-max optimization problems [24], its convergence rate for general MVI problems
remains less understood. To address this, we provide an analysis of a smoothed version of FW for
solving constrained MVI problems, even considering the case where one only has access to noisy
estimates of the operator F'(-). This case is particularly relevant to problems in machine learning
[23], distributionally robust optimization [5, 61], and learning in games [25, 43].

1.1 Related Literature

There is a rich literature analyzing MVI problems and their solutions [8, 54]. In this section, we give
an overview of the most related works.

Gradient-Based Methods. Work on solving MVI problems has largely focused on understanding
the behavior of gradient-based algorithms due to their connection with gradient descent in optimiza-
tion, though other algorithms have also been proposed in the literature (see, e.g., [60]). Although
straightforward generalizations of gradient descent can fail in MVI problems [42, 43], proximal
point algorithms [52] and related methods such as the extragradient [37] and optimistic gradient [18]
algorithms have been shown to provide much stronger convergence guarantees. Specifically, [26]
showed that the extragradient algorithm achieves a tight O(T‘l/ 2) last-iterate convergence rate for
the smooth convex-concave saddle-point problem (a special case of MVI). In [17], the authors also
studied saddle-point problems and proposed an algorithm called mirror-prox conditional gradient
sliding, which comes with strong complexity guarantees. However, their analysis required a strong
concavity assumption on the objective function, which corresponds to a strong monotonicity assump-
tion in the variational inequality formulation. In [29], the authors studied unconstrained variational
inequality problems and showed that the extragradient algorithm achieves an O(T~!) last-iterate
convergence rate under the assumptions of monotonicity and Lipschitz continuity of F'(-). Finally, in
[15], the authors established the tight O(T~1/?) last-iterate convergence of both the extragradient
and optimistic gradient descent-ascent algorithms for constrained MVIs. However, the approach in
[15] relies on computer-aided proofs, whereas our proof uses a natural Lyapunov argument.

The Halpern Iteration Method. The Halpern iteration method was originally proposed to find
the fixed points of non-expansive mappings [31]. More recently, algorithms based on the Halpern
iteration have been applied to solving MVI problems with a fast O(7T~!) convergence rate [19, 58].
However, to the best of our knowledge, there are no results showing that the Halpern iteration method,
or the algorithms proposed in [19, 58], have provable convergence in the stochastic setting.

Frank-Wolfe Methods. The closest work to ours in this area is [24], which analyzes FW in
deterministic convex-concave saddle-point problems. They prove last-iterate convergence rates by
making curvature assumptions on the operator F'(-) and on the underlying space X (i.e., assuming X
is strongly convex or F'(-) is strongly monotone). Additionally, they show a slow convergence rate
for FW on polytopic sets without these curvature assumptions. In contrast, we analyze a smoothed
version of FW, also known as the generalized conditional gradient algorithm [2, 12], in MVIs. We
demonstrate that this generalized version of FW achieves fast convergence without imposing strong
curvature assumptions on either the operator or the underlying space. Crucially, the smoothing
technique allows us to bypass issues that arise with vanilla FW in saddle-point problems. Another
application of FW in MVIs is presented in [35], where FW is used to compute the iterates in
mirror-prox for MVIs.

Stochastic Monotone Variational Inequality Problems. There has been considerable recent work
on solving stochastic MVI problems, where one can only obtain noisy estimates of the operator
F(-). Such problems arise in multi-agent reinforcement learning [62] and distributionally robust
supervised learning [61], among other domains. However, the literature is sparser for this class of
problems, particularly regarding last-iterate convergence in constrained problems. Under curvature
assumptions (on F(-) and/or X), stronger guarantees (both in expectation and with high probability)
exist for variants of extragradient and optimistic gradient algorithms [8, 28, 44]. Inspired by recent
results using FW for stochastic optimization [45, 20], we extend our smoothed FW algorithm to



stochastic MVI problems and, to the best of our knowledge, provide the first last-iterate convergence
guarantee for an algorithm in constrained stochastic MVI problems without curvature assumptions
on the monotone operator. While the O(7 /) rate of convergence we derive for this algorithm
is slower than the known O(T -1/ 2) convergence rate for the averaged iterates of the mirror-prox
algorithm [36], it is important to note that the mirror-prox algorithm has been shown to diverge in
stochastic monotone problems [16]. Furthermore, in MVI problems, it has been demonstrated that
the averaged iterates can exhibit fundamentally faster convergence rates than the last iterate [26].

1.2 Our Contributions

We introduce and analyze a generalized FW algorithm for solving M VI problems. This algorithm
is a natural extension of the classic smoothed fictitious play (FP) algorithm for learning in games
[22], applied to monotone games and, by extension, to MVI problems. We show that the algorithm
achieves a fast last-iterate convergence rate of O(7~'/2), matching the rates of optimistic gradient
and extragradient algorithms. As a consequence of our analysis, we derive a finite-time bound for
smooth FP in finite zero-sum games.

We also consider the case of stochastic MVI problems, where only noisy estimates of F() are
available. We demonstrate that, by designing estimators similar to those used in stochastic FW for
optimization, it is possible to achieve last-iterate convergence in constrained MVI problems using
generalized FW, though at a slower rate of O(7'~'/%). Although this rate is not optimal, it appears to
be the first last-iterate convergence rate for solving constrained stochastic MVI problems without
assuming strong curvature properties of the operator F'(-) or the set X'. Indeed, previous algorithms
have provided last-iterate guarantees either in the unconstrained setting [14] or under curvature
assumptions on F'(-), such as strong (quasi)-monotonicity or coercivity [8].

2 Problem Formulation

Let [ : X — R be a (possibly nonlinear) operator, where X’ is a convex and compact subset of R
The associated variational inequality problem consists of solving for an z* € X" such that
* T *
— F <0. 1

max (z" — ) F(z%) <0 (D
Although such problems canonically arise in optimization [54] and machine learning [39], where the
operator F'(+) is usually the gradient of some objective function, the formulation is general enough to
capture other problems such as reinforcement learning [38] and learning in games [13]. Next, we
provide two illustrative examples.

Example 1: The Policy Evaluation Problem in Reinforcement Learning. Consider an infinite
horizon discounted Markov decision process (MDP) with a finite state space S, a finite action space
A, a set of action-dependent transition probability matrices {P, € RISIXISI | ¢ € A}, a reward
function R : S x A — R, and a discount factor v € (0,1). The transition probabilities and the
reward function are unknown to the agent. Given a policy 7 : S — A(A), where A(A) denotes the
probability simplex on A, its value function V7™ € RISI is defined as

oo

V(s) =Ex | Y _Y'R(St, Ar) | So = s

t=0

for all s € S, where E,[-] means that the actions are chosen according to the policy w. The
policy evaluation problem in reinforcement learning refers to the problem of estimating V™ for a
given policy 7 [57]. To solve this problem, it has been shown that V™ is the unique solution of a
fixed-point equation known as the Bellman equation V' = 77(V'), where 7™ : RISl — RISI is the
Bellman operator [50]. Therefore, solving the policy evaluation problem is equivalent to solving the
unconstrained variational inequality problem V — 77 (V) = 0.

Example 2: Multi-Player Convex-Concave Games. Consider an n-player game where each player
i€{1,2,---,n} has a compact convex action set X; C R% and a loss function f; : -, & =R
such that f;(x;, x_;) is convex in x; forall z_; € [] i Xj;. Such games have been well analyzed



in the literature in economics [53] and more recently in machine learning [42]. Solving for a Nash
equilibrium [47] in this game can be formulated as solving for a point * € X' := H?Zl X such that

maxgey (z* — s) " F(z*) < 0, where
F(l’) = [lefl(xl,l‘_l),' v 7Vmﬂ,fn(fﬂn,$—n)}, Ve e X.

Indeed, by convexity, we have for any = € R¢ that

seEX

max (v — ) F(z) > Y {fi(wi, ) — min fi(si,23)} >0,
8, €X;
i=1
where the equality is achieved if and only if a joint strategy z* = (x5, -- -, x}) satisfies f;(x}, z* ;) =
ming, ex, fi(s;,x* ;) for all 4, which implies that z* is a Nash equilibrium of the game.

An important class of variational inequality problems is MVI problems where the operator F'(-) is
monotone over X. Note that an operator ' : X — R is said to be monotone if and only if

(F(xl)—F(xg))T(xl—wg) >0, Vay,x0€X. 2)

Despite this additional structure, designing algorithms for solving constrained M VI problems effi-
ciently and with strong convergence guarantees has been an open problem until recently [15], with
most work focused on analyzing approximations of proximal point algorithms such as extragradient
and optimistic gradient approaches [29, 30, 15].

Further generalizations of the MVI problem that are of particular interest for applications in machine
learning are stochastic MVI problems, where one only has access to a noisy estimator of F'(z).
Such situations arise in, e.g., reinforcement learning (where the agent learns by interacting with the
environment) [57] and problems of distributionally robust optimization where one seeks to solve a
Zero-sum game using mini-batches to estimate gradients [61, 48, 16].

The rest of this paper is organized as follows. To motivate the generalized FW algorithm for MVI
problems, we first present the smoothed FP, a canonical algorithm for learning in games, which
we view as the instantiation of generalized FW in zero-sum matrix games. We then introduce the
generalized FW algorithm for solving MVI problems and present its last-iterate convergence rate.
Moving to the stochastic setting, we propose a stochastic variant of the generalized FW algorithm also
with last-iterate convergence guarantees. Notably, the algorithm employs a two-timescale structure,
where we construct a variance-reduced estimator of F'(z) on the fast timescale and implement the
generalized FW algorithm on the slow timescale.

3  Warm-Up: Smoothed Fictitious Play

In this section, we present the problem of finding a Nash equilibrium of a zero-sum game and
reformulate it as an MVI problem. In addition, we present the smoothed FP algorithm for zero-sum
games, which also motivates our algorithm for the MVI problem (1) in the next section.

Consider a two-player finite zero-sum game where the set of pure strategies! for player i (where
i € {1,2}) is denoted by .A". When players play over mixed strategies, we can write this game as
the min-max optimization problem min2¢a(42) Max 1ea (a1 (m!) " R, where R € RIA X |47
is the payoff matrix. A canonical measure of the performance of algorithms for learning in such
games is the Nash gap, which measures how far each player is from their best response:
NG(r!,7?) = max (7')"Rr?—~ min (7')" R7%
TleA(AL) T2EA(A?)

Suppose that a pair of strategies (7}, 72) satisfies NG(7}, 72) = 0. Then, each player is playing the
best response to their opponent’s strategy, thereby having no incentive to deviate from their current
strategy. This situation defines a Nash equilibrium [47].

Solving for a Nash equilibrium in such games has been a focus of interest in economics and the
literature on learning in games, dating back to [59]. One of the most canonical algorithms for learning
in games from that literature is FP, where players play the best responses to the empirical history

'We will use strategy and policy interchangeably.



of their opponents’ actions. Subsequently, a generalization of that algorithm, smoothed FP, was
introduced as it was found to be a better model of human play, accounting for “trembling-hand”
strategies in games [22]. In smoothed FP, players again keep track the empirical history of their
opponents’ play but instead sample an action from a smoothed best-response strategy rather than
playing the exact best response.

More concretely, for any z € R? such that z; > 0 for all 4, let v(z) = — Zle x; log(z;) be the
entropy function [55]. Given i € {1,2} and a’ € A*, we use e(a’) to denote the |A*|-dimensional
vector with its a’-th entry being one and zero everywhere else. Then, players make use of the
algorithm presented in Algorithm 1 for repeatedly playing the finite zero-sum games.

Algorithm 1 Smoothed Fictitious Play (from Player 1’s perspective)

1: Input: Integer T, temperature 7 > 0, and initialization 73 € A(.A?)

2: fort=0,1,--- ,T—1do

3w = arg max,ca (A1) {v"Rr? + 1v(v)}
4:  Play A} ~ v}(-) and observe A?
50w =7 + gy (e(Af) — 7))

6: end for

In smoothed FP, with an arbitrary initial estimate of the opponent’s policy 73, in each round, player
1 plays the smoothed best response to its latest estimate of the opponent’s policy (cf. Algorithm 1
Line 4), and updates the estimate 77 according to Algorithm 1 Line 5, which is an iterative way of
computing the empirical average of the opponent’s historical strategies.

Despite its canonical nature and its connection to classic algorithms in online learning, such as
Follow-The-Regularized-Leader (FTRL) [40], the algorithm lacks a finite-time convergence rate
guarantee, although it has been well analyzed in its continuous-time limit [33, 6]. To connect with
FTRL, suppose that player 1 observes v7 and does not know R, but has payoff-based feedback of
the form r; such that E[r, | A}, A?] = R(A}, A?). In this case, smoothed FP reduces to FTRL or
forms of FTRL with bandit feedback due to the linear structure of the losses. However, smoothed
FP assumes an unusual feedback structure (for online learning algorithms) in which each player is
assumed to know the payoff matrix R, but can only observe the realized actions of their opponent,
not the entire strategy v7. Therefore, previous approaches for analyzing FTRL do not apply, and,
to the best of our knowledge, finite-time analysis of smoothed FP is still lacking in the literature,
although it has been shown to be asymptotically no-regret [6].

The following convergence rate of Algorithm 1 follows as a consequence of our more general results
of generalized FW. Since we are dealing with a finite game, we assume, without loss of generality,
that maxg1e.41,42¢.42 \R(al, CL2)| <1

Theorem 3.1. Suppose that both players use smoothed FP in finite zero-sum games and 7 € (0, 1].
Then, we have for any t > 0 that

1 2 1 2
EING(r), n2)] < VAN + AR 36| A% log(t + 1)

1] 42
< 1 T+ + 7log(].AM|].A%]).

The proof of Theorem 3.1 is presented in Appendix A. In view of Theorem 3.1, given a time horizon
T, by choosing 7 = O (T’l/ 2) , we have an O (T*I/ 2) rate of convergence of the empirical history
of the play. Equivalently, we have the following iteration complexity for the algorithm.

Corollary 3.1.1. To achieve E[NG (), 7?)] < ¢, the iteration complexity is O(|.A"||.A%|/€?).

To identify Algorithm 1 for zero-sum games as a special case of generalized FW for MVI problems,
observe that the Nash gap NG(-, -) can be rewritten as

NG(z1,x2) = max (xz —s)" F(x), 3)

where © = (z1,22) € X = A(A') x A(A?) and F(z) = Mx with the matrix M defined as
M = [0M'1XI4%1 Ry RT oM*IxIA]. Since M + M = 0, it is clear that F(-) is a monotone



operator. In addition, when both players follow smooth FP as presented in Algorithm 1, the joint
update equation can be equivalently written as

Sy :argminsex{sTF(xt) +7f(s)}, %)
Typ1 =T — (T4 — 8¢+ wy), (%)
where f(s) = —v(s1) — v(s2) for any s = (s1, s2) € X, and w is a zero-mean random variable. In

smoothed FP, the random variable w; corresponds to the difference between the softmax distribution
(cf. Algorithm 1 Line 3) and a sample from the softmax distribution (cf. Algorithm 1 Line 4). In
view of Egs. (3), (4), and (5), we see that smoothed FP for zero-sum matrix games is simply a
generalization of FW for MVI problems. Although this algorithm has been well analyzed in the
optimization literature (i.e., when F'(+) is the gradient of some objective function) [2, 11, 12], it has
yet to be analyzed, to the best of our knowledge, in the context of more general MVI problems. In
the next section, we show that this algorithm has strong convergence properties.

4 Generalized Frank-Wolfe for Monotone Variational Inequalities

Motivated by the smoothed FP for zero-sum games, we next present our algorithm and convergence
guarantees for solving general MVI problems.

Algorithm 2 Generalized Frank-Wolfe for Monotone Variational Inequalities

1: Input: Integer 7', tunable parameter 7 > 0, and initialization o € R¢
2: fort=0,1,---,T—1do

30 s =argmingy{s' F(x:) +7f(s)}

4: Ti41 = Tt — at(xt — 8¢ + U)t)

5: end for

In Algorithm 2 Line 3, the function f : X — [0, 00) serves as a regularizer (analogous to the entropy
function in smoothed FP), for which we impose the following requirement.

Condition 4.1. The function f(-) is continuously differentiable and o ¢-strongly convex for some
o > 0. In addition, lim,_,px |V f(x)||2 = +00, where 9X = X \ relintga X" denotes the boundary
of the convex compact subset X of RY.

Differentiability and strong convexity are standard requirements when choosing regularizers. The
condition that lim, sy ||V f(z)||]2 = +oo ensures that the generalized FW direction s; from
Algorithm 2 Line 3 always lies in the relative interior of X'. These conditions are satisfied by, e.g.,
the sum of negative entropies when the compact convex set X is the product of probability simplicies.
Note that when 7 = 0, the algorithm recovers the vanilla version of FW analyzed in [24] for saddle
point problems. Although the use of regularization precludes the use linear minimization oracles
(LMOs), which is one of the main features that make FW algorithms so appealing [34, 49], we remark
that it does not add additional complexity to the algorithm when compared to projected extragradient
and optimistic gradient methods. Specifically, note that the subproblem that appears in Algorithm
2 Line 3 is a strongly convex optimization problem and can be solved efficiently or even admits
closed-form solutions. For example, when X the probability simplex and f(-) is the negative entropy,
the FW direction s, is the softmax operator.

To derive our convergence guarantees, we impose the following assumptions on the operator F(-)
and the stochastic process {w; }.

Assumption 4.1. The operator F(-) is Lipschitz continuous, i.e., there exists L > 0 such that
||F(-T1>_F<$2)H2SLF||$1_«'132H27 VQ?l,SL'QEX.

Assumption 4.2. The operator F'(-) has a Lipschitz continuous Jacobian matrix J(-), i.e., there exists
Ly > 0 such that

HJ(.’Ll)fJ(SCQ)HQ §LJHx17x2||2, VZCl,(EQ cX.

In zero-sum games, due to the linear structure of F(-), the Jacobian matrix is the zero matrix.
Therefore, Both Assumptions 4.1 and 4.2 are automatically satisfied. In optimization, F'(-) is the



gradient of the objective function that we aim to optimize, and Assumptions 4.1 and 4.2 are equivalent
to assuming the smoothness of the objective function [4] and the Lipschitz continuity of the Hessian
matrix.

Assumption 4.3. It holds for all ¢ > 0 that (1) s, — w; € X, (2) E[w; | F¢] = 0, (3) E[||w¢|)3 |
Ft] < o4, where o, > 0 and F; is the o-algebra generated by {zo, wo, w1, -+ ,ws—1}.

When o, = 0, Algorithm 2 is a deterministic algorithm. More generally, we allow for this additive
martingale difference noise to capture the potential stochasticity in choosing the FW direction, which
is present in, e.g., smoothed FP, due to sampling an action according to the smoothed best response.

To state our main result for generalized FW in MVI problems, the following notation is needed.
Let Dy = maxgey ||z]|2, F = maxgex ||F(2)|2, and f = max,cx f(x), all of which are well
defined and finite due to the Weierstrass extreme value theorem because F'(-) and f(-) are continuous
functions and X" is a compact set. Next, we present the convergence guarantee on the iterates of
Algorithm 2 when using stepsizes of various decay rates.

Theorem 4.1. Consider {x:} updated according to Algorithm 2. Suppose that F (-) is a monotone
operator on X, and Assumptions 4.1, 4.2, and 4.3 are satisfied. Then, when the regularizer f(-)
satisfies Condition 4.1, we have for all t > 0 that

2Dy F(1 —a)' +cia+7f, whenay=a <1,

E |max (z; *S)TF(l't) < S 92D+ F log(t + 1 = 1
s€X il cilog(t +1) +7f, whenay = ——,
t+1 t+1

t+1
where ¢y = (Lp + L% /(270f) + Dx L) (04 + 4D3%).

The proof of Theorem 4.1 is presented in Appendix B.2. Note that for a given time horizon 7', choosing
7 = O(T~/?) results in an overall O(T~1/?) last-iterate convergence rate to a solution to the MVI
problem. The problem-dependent constants Dy, F', and f appear additively or multiplicatively in
the bound but do not impact the overall @(T‘l/ %) rate of convergence.

Corollary 4.1.1. To achieve E[maxcx(z; — s) " F(x;)] < € the iteration complexity is O(e~2).

This convergence rate matches the last-iterate convergence rate recently proved for extragradient
and optimistic gradient algorithms for constrained M VI problems [15]. In contrast to the analyses
of those algorithms which requires computer-aided proofs such as the sum of squares programming
[15] or performance estimation problems [29], our proof follows from a simple Lyapunov argument
on the regularized gap V' (-), which is defined as

V(z) = max{(z—s)" F(z) = 7f(s)} . 6)

A key step in proving Theorem 4.1 is the following lemma, which shows the smooth evolution of the
generalized FW directions {s; }. For notation convenience, let s(z) = arg min c »{s' F(z)+7f(s)}
forallz € X.

Lemma 4.1. It holds for all x1, x5 € X that ||s(z1) — s(z2)|]2 < 7_L7Ff||xl — za|2.

The proof of Lemma 4.1 is presented in Appendix B.1. As a last comment, note that while the
@(T -1/ %) convergence rate is known to be tight for extragradient and optimistic gradient algorithms
[15, 25] (since they both can be seen as instantiations of p-stationary canonical linear iterative algo-
rithms), it is unclear whether this rate is tight for FW-type algorithms. We leave further explorations
of fundamental lower bounds to future work. We also carried out experiments to numerically compare
the performance of our algorithm with those proposed in the literature. Due to space limitation, the
results are reported in Appendix D.

5 Generalized Frank-Wolfe for Stochastic Monotone Variational Inequalities

We now analyze the case where instead of having an accurate F'(-), we only have access to a noisy
estimator of F'(-). This happens often in optimization and machine learning, where we sometimes
do not have enough information or enough computational power to fully evaluate the operator F'(-).
Note that this is different from the additive noise w, in Algorithm 2 Line 4, which captures the
stochasticity in choosing the FW direction.



In general, incorporating stochasticity into FW algorithms in optimization is known to be nontrivial
when the variance of the noise, though bounded, is not sufficiently small. When there is only access
to a noisy oracle for F(x), the stochasticity enters the algorithm in a nonlinear manner through
the computation of the smoothed FW direction. Consequently, developing algorithms with strong
convergence guarantees becomes fundamentally more challenging. To illustrate this, suppose that
we directly use a noisy estimate F'(z;) + z; (where z; represents the noise) in place of F'(x;) in
Algorithm 2 Line 3 to compute the FW direction s;. Despite replacing the hardmin with a softmin
(by introducing a regularizer), the FW direction s; remains highly sensitive to the noise z; because
the FW direction computed from the exact F'(z;) and its noisy counterpart F'(x;) + z; could differ
significantly. As a result, due to the lack of control over the noise, it has been observed that using a
noisy estimator of the operator F'(+) in place of F'(-) can lead to the divergence of the algorithm [16].

To overcome this issue, existing approaches to stochastic FW often build reduced-variance estimators
of the operator F'(-). One of the most common methods to achieve this is by averaging the estimates.
Inspired by this approach, we develop a stochastic generalized FW algorithm for constrained MVI
problems, where we first average the noisy estimates of F'(-) through an iterative framework. This
results in Algorithm 3 presented in the following. For ease of exposition, we only present the
algorithm with constant stepsizes.

Algorithm 3 Stochastic Frank-Wolfe for Monotone Variational Inequalities

1: Input: Integer 7', tunable parameter 7, and initialization o € X and yq € R4,
2: fort=0,1,--- ,T—1do

33 Y1 =Y+ BEF () + 20 — Y1)

4 s =argmingcp{s yir1 +7f(s)}

50 Xpp1 = @ — T — St)

6: end for

The key step in Algorithm 3 is Line 3, where we build a sequence of estimators {y; } for { F/(z;)} by
averaging the newly observed noisy estimate F'(x;) + z; with past information. To illustrate, since
Yt+1 is a convex combination (with parameter 3) of the previous iterate y; and F'(z) + z:, we see that
for any t, y, is essentially a convex combination (hence a weighted average) of {F'(x;) + 2 }o<i<t—1-
Suppose that x; were stationary (i.e., z; = x for some x), then y; effectively becomes a variance-
reduced estimator of F'(z). To extend this idea to time-varying x;, we choose the stepsizes « and (3
such that 5 > «, creating a two-timescale structure [9]. This ensures that, from the perspective of
Y, Ty is nearly stationary, allowing y; to converge to F'(x;) on a faster timescale. As a result, the x;
iterates should behave similarly to the case where we have an accurate estimate of F'(+). In Lemma
5.1, we show that this is indeed the case for the y-process.

To present the lemma, we first formally state our assumption on the noise sequence {z;}.

Assumption 5.1. It holds for all ¢ > 0 that E[z, | 7;] = 0 and E[||2]|3 | F;] < o for some o, > 0,
where F; is the o-algebra generated by {z, yo, 20, 21, * ; Zt—1}-

The next lemma bounds the distance between the estimator y; and the desired target F'(x;). The
proof is presented in Appendix C.1.

Lemma 5.1. Suppose that Assumptions 4.1 and 5.1 are satisfied and 8 € (0,1). Then, we have for
anyt > 0 that

38’ 880, 32LpD%a?
Bl — Pl < (1= ) oo - Fan)? + B0z 4 ZEEDR

N

In view of the last term on the right-hand side of Eq. (7), to make E[||y; — F(z¢)||3] sufficiently
small, we need the ratio between the stepsizes, i.e., &/, to be sufficiently small. This mathematically
justifies the two-timescale structure in Algorithm 3. Notably, Lemma 5.1 holds irrespective of the
monotonicity of F(-) and only makes use of its assumed Lipschitz continuity. Using this lemma
allows us to prove the following result for stochastic FW in constrained MVI problems.

Theorem 5.1. Consider {x;} generated by Algorithm 3. Suppose that F(-) is a monotone operator
on X, Assumptions 4.1, 4.2, and 5.1 are satisfied, and the regularizer f(-) satisfies Condition 4.1.



Then, when choosing 8 = 8a2/3/3 € (0,1), we have for any t > 0 that

= o1/3 = 9/3
E |max (z; — s) | F(xy)| <t (1—a) + 2 s

sEX T

+

Cax =
+ =+ esa ],
where {¢; }1<i<s are problem-dependent constants. See Appendix C.2 for their explicit expressions.
A proof sketch of Theorem 5.1 is presented in Section 6, and the complete proof can be found in
Appendix C.2. Based on Theorem 5.1, we have the following iteration complexity.
Corollary 5.1.1. To achieve E[maxecx(z; — s) " F(x;)] < € the iteration complexity is O(e~°).
Once again, we remark that, to the best of our knowledge, this appears to be the first algorithm
with a last-iterate convergence guarantee in constrained stochastic MVI problems. The guarantees
for variants of gradient-based algorithms are on the averaged iterate or under strong curvature

assumptions on F'(-) or X [8]. Numerical simulations are provided in Appendix D to verify the
last-iterate convergence of our proposed algorithm.

Our iteration complexity of O(e¢°) is slower than the O(¢~2) enjoyed by stochastic mirror-prox
algorithms in an averaged-iterate sense [36]. Despite the fact that we have last-iterate convergence,
we believe that the above bound is not tight since using the same estimator in convex optimization
problems results in an O(e~?) rate of convergence [45]. The reason for the potential looseness in our
analysis is due to the fact that F'(+) is not the gradient of a function and as such we must rely on the
smoothness of the estimated FW direction s;, which results in a suboptimal relationship between the
hyperparameter 7 and E[||y; — F(z¢)||3] in our analysis.

6 Proof Sketch of Theorem 5.1

Here, we present an outline of the proof of Theorem 5.1, which uses Lyapunov-based arguments. The
proof of Theorem 4.1 follows a similar approach.

The first step in proving Theorem 5.1 is to establish Lemma 5.1, which shows that our constructed
estimator g, indeed keeps track of the desired target F'(x).

6.1 Proof Sketch of Lemma 5.1

We will use ||y, — F(z)||3 as a Lyapunov function to study the evolution of y;. To begin with, for
any t > 0, we have by Algorithm 3 Line 3 that

[Yyr1 — Fzer)l5 =11 = B)ye + BIF (1) + 2t) — Fwega)ll3
=1(1 = B)(ys — F(x4)) + Bz + Flay) — Fae)|l3
= (1= 8)llye = Flao)ll5 + 8211213 + |1 F (1) = F(ai1) |3
+2(1 = B)Bye — F(me)) "2 + 282 (F(1) — F(2441))
+2(1 = B) (g — Flw) " (F(ar) = F(z141))-

Taking expectations conditioned on JF; on both sides of the previous inequality, and using Assumption
5.1 for the noise sequence {z; }, along with some algebraic manipulations, we obtain

36

Ellyess - Pl 1 7 < (1- 2

) lve — F(z)|l3 + 26%.
+ gﬂﬂwF(m — Fla) 3| 7).

The details are presented in Appendix C.1. By the Lipschitz continuity of F'(-) (cf. Assumption 4.1),
we have

E[|F(z:) — F(zep1)||3 | Fil < LeE[[|lzin — z4l|3 |
= Lpo®El||s; — x5 | F]
< 4LpD3%a?,



where the equality follows from Algorithm 3 Line 5. Combining the previous two inequalities
together, we obtain

36

24L D3 o2
Elllyer1 — F(ze)ll3 | 7o) < (1 - ) lye — F(a:)|2 + 28%0, + =222

B

The final result follows by first taking total expectations on both sides of the previous inequality and
then repeatedly using the resulting inequality.

6.2 Proof Sketch of Theorem 5.1.

Given the proof of convergence for our estimator y; of F'(x;), we now give an overview of the proof
of Theorem 5.1. Let s} = argmingexy{s' F(z¢y1) + 7f(s)}. Using V(-) defined in Eq. (6) as our
Lyapunov function, we have, after some algebra, that for any ¢ > 0:

V(i) < (1 —a)V(xy) + aF(x) " (¢ — s;_,) + 2Ly D%a?, (8)

where Ly is a problem-dependent constant (cf. Lemma B.1). See Appendix C.2 for more details. It
remains to bound the term F(x;) " (s; — s}_;). Using Lemma 4.1, we have

F(ae)" (st = si_1) <I1F(we)l2llse — 57112
FL

F
< - F
= oy lyes1 (z¢)]]2
FLp
< (Ilyt+1fyt||2+||yt*F(:Et)Hz)
FLF . .
< (BIIF(xt) Yella + Blzella + lys — F(z¢)|2) (Algorithm 3 Line 3)
FLF
<7(/8||Zt“2+2Hyt F(xzy)l|2),

where the last inequality follows from 8 € (0,1). Using the upper bound we obtained for the
term F(z;) " (s; — s;_;) in Eq. (8) and then taking total expectation on both sides of the resulting
inequality, we have

FLFBO(U;/Q + QFLFOé

TJf

E[V(z441)] < (1 — )E[V (24)] + = E"Y?[|lye — F(x)|3] + 2Ly D30’

Finally, substituting the upper bound we obtained for E[||F (x5 1) — y:+1]/3] in Lemma 5.1 into the
previous inequality and then repeatedly using it, we obtain the desired finite-time bound. The details
are presented in Appendix C.2.

7 Conclusion

In this work, we study generalized FW algorithms in constrained MVI problems. We show that the
algorithm enjoys last-iterate convergence guarantees. As a consequence of our results, we prove
the rate of convergence for smoothed FP. We believe that this class of algorithms warrants further
exploration. While extragradient and optimistic gradient algorithms can be seen as approximations to
proximal point algorithms and consequently can be seen as discretizations of the ODE & = F'(x),
FW algorithms and consequently generalized FW algorithms are not necessarily related to this ODE
and can thus be viewed as a new class of algorithms for such problems.

An interesting future direction of this work is to develop results for the case where 7 = 0. This
corresponds to the regime in which FW algorithms are particularly useful since they require no
projection and instead only an LMO. However, as commented on in [24], without additional curvature
assumptions on X besides convexity, this case seems fundamentally more difficult due to the potential
non-uniqueness and non-smoothness of the FW direction s = arg min,cy s ' F(x).
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Appendices

A Proof of Theorem 3.1

Observe that Algorithm 1 is a special case of Algorithm 2 with
o 1 2\ O *R 7T1
F(LL')—F(W,W)—[RT 0l 2]
=
0 —-R
s@ =g o]
fla) = f(r',7?) = —v(r') — v(n®) +log(|A"|| A7),
_ Je(A)) vy
T etad) -]
In addition, since max,: 42 |R(a',a?)] < 1 we have Ly < /|Al|A2%], L; = 0, F <
VAL + 142, f < log(|AY|A2%]), oy = 1, 0,y < 8, and Dy < 2. Now, applying Theorem
4.1 with oy = 1/(t + 1), since 7 < 1, we have
4/ |A + A% 36]A|A2%| log(t + 1)
+
t+1 T t+1

)

NG(r!,72) < + 7 log(|AY||A%)).

B Proof of All Technical Results in Section 4

B.1 Proof of Lemma 4.1

Since s " F(z) + 7f(s) as a function of s is 7o f-strongly convex uniformly for all z € X and the
feasible set X" is convex and compact, there is a unique global minimizer to the optimization problem
mingex{s’ F(z) +7f(s)}. Moreover, since f(-) is chosen such that lim,_, g ||V f(s)|| = +o0o (cf.
Condition 4.1), the unique optimal solution to mingex{s' F(z) + 7f(s)} must lie in the interior of
the feasible set X'. Therefore, for any x1, x5 € X, we have by the first-order optimality condition that

F(x1)+7Vf(s(z1)) =0, F(x2)+7Vf(s(z2))=0.
It follows that
F(x1) = F(x2) = 7(Vf(s(x2)) = Vf(s(z1))).
Using the o ¢-strong convexity of f(-) and Assumption 4.1, we have
Toylls(zr) — s(z2)ll2 <7V f(s(22)) — VI (s(21))]l2
= [[F(z1) — F(z2)]2
< Lp|z1 — z2]|2,

which implies ||s(z1) — s(22) (|2 < £E||lz1 — x2||2.

- ’T(Tf
B.2 Proof of Theorem 4.1

Recall that we use V' : X — R defined as V(z) = max,ex{(z — s)" F(z) — 7f(s)} as our
Lyapunov function. The goal here is to show that x; updated according to Algorithm 2 produces a
negative drift with respect to V' (+). The following lemma is needed to establish the result.

Lemma B.1. The Lyapunov function V (-) is Ly -smooth with respect to || -
2
2Lp + = + 2Dy L.

2 Where LV =

Proof of Lemma B.1. To show the smoothness of V (-), it is enough to show that the gradient operator
VV(+) is Lipschitz continuous. To compute the gradient of V'(-), apply Danskin’s theorem [7] and
we have

VV(z)=F(z)+ J(z)" (z — s(x)), YzeclX,
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where we recall that s(x) = arg maxgex{ (7 — s) " F(z) — 7f(s)}. Forany z1, 72 € X, we have
VV(zl) - VV(I’Q) :F(I‘l) + J(scl)T(xl — 8(2131)) — F((ZZQ) - J(IQ)T(ZZZQ — S(SCQ))
=F(z1) — F(22) + J(x1) " (21 — 22 + s(22) — s(21))
+(J(21) = J(@2)) " (w2 — s(x2))-
Using triangle inequality, Assumption 4.1, Assumption 4.2, and Lemma 4.1, we obtain

[VV(21) = VV(z2)|l2 <[[F(z1) — F(x2)|l2 + |J(z1)[2([l21 — z2ll2 + [[s(z2) — s(x1)]|2)
+ | (21) — J(z2)|l2]|w2 — s(z2)|l2

L
<Lelor = aall + L (14 75 ) oy = aall + 2D2 Ly oy = o2l

L2

= (QLF + = + 2DXLJ> ||331 — 322”2
TUf

= Ly||z1 — 22l

O

Now, we are ready to prove Theorem 4.1. Using the smoothness of V' (-), the explicit expression of
VV (z) (both established in Lemma B.1), and the update equation in Algorithm 2 Line 3, we have
for any ¢ > 0 that

L
V(@) SV + YV () T (e — 20) + 5 2000 — 223

2
Lvat

=V(zs) — o (F(xe) + J(l't)—r(xt - St))T(iﬁt — St +wy) +

:V(It) — OltF(It)T(J?t — S¢ + ’LUt) — Olt(ﬂft — St)TJ(xt)(l‘t — S¢ =+ ’U)t)
Lvoth
2

Taking expectations on both sides of the previous inequality, since {w;} is a martingale difference
sequence, we have

E[V (2141)] SE[V(20)] + aB[F () " (50 — 24)] — cuB[(we — ) " J () (e — 50)]
L\/Oz%

2y — st + wel|3

+ [ — s¢ + w3

B[z — st + well3). )]

Next, we bound each term on the right-hand side of the previous inequality.
For the first term on the right-hand side of Eq. (9), observe that
F(a) (80 = 20) < —F () (20— ) + 7f (50) = =V ().
Therefore, we have
E[F(z¢)" (st — 3¢)] < —E[V(24)]. (10)

For the second term on the right-hand side of Eq. (9), since F'(-) is monotone, the Jacobian matrix
J () is positive semidefinite. Therefore, we have

E[(It — St)TJ(.I‘t)(JZt — St)] Z 0. (11)

For the third term on the right-hand side of Eq. (9), using Assumption 4.3, we have
Ell|lzs — st + well3] =Elllzs — 513 + [lwell3 + 2(z: — 50) Twi]
<4D% + oy (12)

Combining Egs. (10), (11), and (12) with Eq. (9), we have

Ly (4D% + 0y)a?

E[V(zt41)] < (1 — a)E[V (2)] + 5
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=(1 = a)E[V(z)] 4 c107,

where we denote ¢; = Ly (4D% + o,,)/2 for simplicity of notation. Repeatedly using the previous

inequality, we have for all ¢ > 0 that

t—1 t—1

E[V(xt)]gn(lfa] (zo +clza H (1-qj).

Jj=1 1=0 j=i+1

Finally, since

ma)?(x —8)"F(z) —7f <V(z) <max(z —s) F(z) <2DxF, VzeX,
sE S
we have for all ¢ > 0 that

t—1 t—1 t—1

E[rsrlea)gdxt—sfﬂm} <2DxF[J—aj) +er) of I A—ay)+7Ff.

j=1 i=0  j=i+1

Constant Stepsizes. When a; = «, we have

t—1 t—1

H(l—aj):(l—at, and Za H (1-ay) <o

=0 =0 j=itl
It follows from Eq. (13) that

E [ma;((xt — S)TF(I’t)] <2DxF(1—a)' 4+ cia+1f.
s€

Diminishing Stepsizes. When o; = 1/(¢t + 1) for all ¢ > 0, we have

t—1 t—1 ]
JHll_aj :]1;[1]+1

and
t—1 t—1 - . t—1

J log(t+1)
ZO‘? II a =2 Grie z+12 H jt1 t+1lZ z+1 t+1

=0 Jj=i+1 =0 j=i+1

It follows that

E {max(zt — )T F(zy)

SEX

2DxF  cplog(t+1) -
<
}— P R S

C Proof of All Technical Results in Section 5

C.1 Proof of Lemma 5.1

For any ¢ > 0, we have
yer1 — F(@ep)l3 =11 = By + B(F (1) + ) — F(ae41)I3

= (1 = B)(ye — F(z4)) + Bz + F(21) — Fze31) |3

= (1= B)?(lyr — Fzo)|15 + BNl 2ell3 + | F (1) — F(2eq1) |3
+2(1 = B) (y — Fa1)) T (F(we) — F(2e41))

:=F
+ 282 (F(x1) = F(x41)) +2(1 = B)B(ye — F(z1)) " 2.
:=Fo

Using Cauchy—Schwarz inequality, we have

Ey = (ye — F(21)) " (F(xy) — F(2441))
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<llye = Flz) |2l F(2e) = Fze4a) |2
< EIIyt = F(z)ll5 + %HF(%) — F(ze11)|3,
where the last inequality follows from a? + b? > 2ab for any a, b € R. Similarly, we also have
By =2 (F(x;) = F(2141))
<ztll2llF(24) = F(ze41) ]2
<l + 35 P(e) - Pla)lB.

Combining the previous two inequalities with Eq. (14) and then taking expectations on both sides,
we obtain

Elllyers — Foern) 3] < (1= BBl — Flwo) 8]+ BEllzel3) + B F(z) — Flwes) I3
+ JBlly - F@olf) + 3BI1F (@) - Few)lB)

+ B%E[|| 23] + E[I|F () — F(ze41) 3]
+2(1 - B)BE[(y: — F(x)) "Elz: | ]

< (1- 2 ) Bl - P11+ 26%. + 5 Bl — Pl

2:E3

where the last line follows from Assumption 5.1 and the fact that 5 € (0, 1).

It remains to bound the term E’3 on the right-hand side of the previous inequality. Observe that

E[||F(z¢) — F (2 1)||3] < LrE[||zeg1 — 2¢]/3)] (Assumption 4.1)
= Lro®E[||s; — z¢|3] (Algorithm 3 Line 5)
<4LpD%a?

Therefore, we have

Elllyer1 — F(zera)]3] < (1~ 2 Elllye = F(w)|13] + 26%0- +
4

Repeatedly using the previous inequality, we obtain

35 880, 32LpD%a?
E[%—F<xt>llilé(1—4) lvo = Fiao) [ + =57 + ==

24L D2 0>
-

C.2 Proof of Theorem 5.1

Recall that s} := argmingex{s' F(z4+1) + 7f(s)}. Using the smoothness of V (-), the explicit
expression of VV (z;) (both established in Lemma B.1), and the update equation in Algorithm 3 Line
5, we have for any ¢t > 0 that
L
V(wi1) <V(e) + VV(e) (@1 — 21) + %thﬂ — 43

2

= V() — a(F (@) + T T~ s0) (@ 50 + 25— 503

=V(z) — aF ()" (2 — 81) — @y — s¢) T (20) (x4 — 5¢) + L‘;a2 s — s¢|3
<V(x;) — aF(x;) " (x; — 5;) + 2Ly D%a? (J(-) is positive semidefinite)
=V(zy) — aF ()" (x; — s7_1) — aF ()" (s7_, — 8¢) + 2Ly D%a?
<(1—a)V(zy) +aF () (s8¢ — s;_1) + 2Ly D3a?, (15)

where the last line follows from the definition of V(). To proceed, observe that

F(ze) (s¢ = siy) SIF(e)ll2llse = si_al2
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FL

< 7F||Z/t+1 F(z)|l2 (Lemma 4.1)
F‘LF

< ?(Hytﬂ = yill2 + lye — F(x1)|l2)

FL . .
s F(BIIF () = yell2 + Bllztll2 + lye = F(24)ll2) (Algorithm 3 Line 3)

FL P

(BIIZtHz +2llys — F(x4)]l2),

where the last line follows from 3 € (0,1). Combining the previous inequality with Eq. (15), we
have

FLFBOé QFLFOZ

V(i) < (1 —a)V(we) + l|2¢]l2 + lye — F(2¢)|l2 + 2Ly D30

Taking expectations on both sides of the previous inequality, we have

FL 2FL
Fﬁag;/z FQ

E[V(2141)] <(1 = «)E[V (z)] + T}

B[l — F(x,)|3] + 2Ly D3a?,

where we used E[||2¢]|2] < EY/?[|[=3] = EI/Q[E[H%H% | Al < o2/? and B[y, — F(a)]] <
EY2[||y; — F(z4)||3]. Using Lemma 5.1 to bound E[||y; — F(x;)]|3], we have

E[V (zi11)] < (1 — @)E[V (x)] + FiFfﬂoz 5172

OFLpa 3 6LY%Dya
2o ((1—6) 10— Fao)lz +38201/2 4 SLE_ D)
TO’f B

where we use va + b+ ¢ < v/a + Vb + /¢ for any a,b, ¢ > 0. Repeatedly using the previous
inequality, since choosing 8 = 8a?/3/3 implies 1 — 33/4 < (1 — )?, we have

FL oOFL
E[V(ze)] < (1 — )V (xo) + LB g1z 2 Lra
TO'f TO'f

OF L 6LY/%D
== (351/20;/2 4 E ZXY ) L oLy D2a.
TOf 153

+2LyD%a®

t(1—a) " lyo — F(zo)ll2

Using 8 = 8a2/3 /3 € (0,1) (which also implies & < 1 — «) and the explicit expression of Ly, from
Lemma B.1 in the previous inequality, we have

BFLFO';/2O[2/3 n 2FLp

E[V(2)] <(1-a)'V(z0) + t (1= a) [lyo — F(=o)]2

370y TOy
18FL Ly?D 212 D2
_|_8F<0—;/2+FX a1/3+4(LF+DXLJ)D§{a+Ma
TOf 4 Tof
Recall that
ma)?(x — ) F(z) —7f <V(z) <max(z —s) F(z) <2DxF, VzeX.
sE S
Therefore, we obtain the following finite-time bound:
E [rsnea;i((xt — S)TF(I't)]
_ 8FL 02/2042/3 2FL
<2DxF(1 - )t + —=£ + 2251 = o) lyo — F(xo)l2
37Oy TOf
18FLp ( 15  LE*Dx\ s ,  2I2D2% .
+——— o/ +—+—=)a’”+4(Lr+DxL;)Dya+ —=a+71f
TO§ 4 TOf
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a3 023 _
—at(l—a)+ 22—+ 25 L aa+rf
T T T
where
FL 18FL LY?p SFLpol/?
& =2DxF + =L lyo — F(x0)|2, &2 = . <o;/2+F" , =
TOf of 4 3af
2D2 12
Cy = % és =4(Lp + DxL;)D3%.
f

The proof is complete.

D Numerical Simulations

In this section, we conduct numerical simulations to empirically verify the performance of our
proposed algorithms.

D.1 Generalized Frank-Wolfe

We compare the performance of Algorithm 2 with the extragradient method, both of which provably
enjoy an O(T~'/2) rate of last-iterate convergence.

Recall that the MVI problem aims to find an z* € R¢ such that maxey(z* — s) " F(2*) < 0.
According to [15], the extragradient algorithm initializes an o € X and update z, iteratively
according to the following formula:

Toy1/2 = Ha(zy — al'(z1)), @41 = Hx (2 — aF (2441)2)),

where I1x (-) the projection operator onto X* with respect to || - [|o.

D.1.1 Rock-Paper-Scissors Game

The Rock-Paper-Scissors game is a classic example of a zero-sum game, where each player has three
actions: Rock, Paper, or Scissors. The rules are such that Rock beats Scissors, Scissors beat Paper,
and Paper beats Rock. If both players choose the same move, the game results in a tie. The payoff
matrix for the player 1 (i.e., the row player) can be represented as follows:

| Rock | Paper | Scissors

Rock 0 -1 1
Paper 1 0 -1
Scissors -1 1 0

The results for implementing generalized FW and the extragradient method are reported in Figure 1.

D.1.2 The Burglar-Policeman Matrix Game

The Burglar-Policeman matrix game is another classic zero-sum game. The burglar wants to avoid
being caught, while the policeman wants to catch the burglar. In this game, the actions available to
both players are to either “Stay” at their current position or “Switch” to another location. The payoff
matrix for the burglar can be represented as follows:

| Policeman Stay | Policeman Switch

Burglar Stay -1 1
Burglar Switch 1 -1

The results for implementing generalized FW and the extragradient method are reported in Figure 2.

In either the Rock-Paper-Scissors Game or the Burglar-Policeman Matrix Game, both algorithms
seem to have similar performance. However, the extragradient method seems to be more stable.
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Figure 1: Convergence Rate Comparison for the Rock-Paper-Scissors Game
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Figure 2: Convergence Rate Comparison for the Burglar-Policeman Matrix Game

D.1.3 A Randomly Generated Matrix Game

In this experiment, we choose F/(x) = Mz and X = A% x A00 where A% denotes the 100-
dimensional probability simplex. The matrix M is chosen to be M = [0100x100 _p. RT (100x100]
where R € R!09%100 j5 3 randomly generated matrix. The MVI problem can alternatively be
interpreted as a zero-sum game with the payoff matrix being R. The results are reported in Figure 3.

From the numerical simulations, we see that the generalized FW algorithm seems to slightly outper-
form the extragradient algorithm in the beginning. However, asymptotically, the extragradient method
seems to perform better. This makes intuitive sense as using the softmax in the generalized FW
algorithms results in a bias that depends on 7. The numerical simulations verify that the generalized
FW algorithm indeed holds practical potential.
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Figure 3: Convergence Rate Comparison for

D.2 Stochastic Generalized Frank-Wolfe

Since none of the existing algorithms (e.g., the extragradient method, the optimistic gradient method,
and the Halpern iteration method) have provable convergence in the stochastic setting, we will only
verify the convergence of our algorithm here. The experiment setup is the same as in Appendix D.1.3
except that F'(z) is replaced by F'(x) + z, where z is a bounded random variable.
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Figure 4: Convergence of Algorithm 3

In the stochastic setting, we choose 7 = 0.1, @ = 0.1, and 5 = 0.01 in Algorithm 3. The result is
reported in Figure 4. From Figure 4, we see that Algorithm 3 indeed converges, but not to zero due to
the stochasticity and the fact that we are using constant stepsizes, which agrees with Theorem 5.1.
The fact that our algorithm is stable in the stochastic setting highlights one of its main advantages
compared with the existing methods.
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NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the paper’s
contributions and scope?

Answer: [Yes]

Justification: This paper develops theoretical guarantees for a generalized variant of Frank-Wolfe
in solving monotone variational inequality problems, which is clearly stated in the abstract.

Guidelines:

* The answer NA means that the abstract and introduction do not include the claims made in the
paper.

* The abstract and/or introduction should clearly state the claims made, including the contributions
made in the paper and important assumptions and limitations. A No or NA answer to this
question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how much the
results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals are not
attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]

Justification: The limitations are discussed throughout the paper along with the presentation of the
results.

Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that the
paper has limitations, but those are not discussed in the paper.

* The authors are encouraged to create a separate "Limitations" section in their paper.

* The paper should point out any strong assumptions and how robust the results are to violations of
these assumptions (e.g., independence assumptions, noiseless settings, model well-specification,
asymptotic approximations only holding locally). The authors should reflect on how these
assumptions might be violated in practice and what the implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was only tested
on a few datasets or with a few runs. In general, empirical results often depend on implicit
assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach. For
example, a facial recognition algorithm may perform poorly when image resolution is low or
images are taken in low lighting. Or a speech-to-text system might not be used reliably to
provide closed captions for online lectures because it fails to handle technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms and how
they scale with dataset size.

If applicable, the authors should discuss possible limitations of their approach to address
problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by reviewers
as grounds for rejection, a worse outcome might be that reviewers discover limitations that
aren’t acknowledged in the paper. The authors should use their best judgment and recognize
that individual actions in favor of transparency play an important role in developing norms that
preserve the integrity of the community. Reviewers will be specifically instructed to not penalize
honesty concerning limitations.

3. Theory Assumptions and Proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and a
complete (and correct) proof?

Answer: [Yes]
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Justification: A short proof sketch of the main results is presented in the main paper to provide
intuition. The complete proof of each theoretical result is presented in the appendix.

Guidelines:

* The answer NA means that the paper does not include theoretical results.

* All the theorems, formulas, and proofs in the paper should be numbered and cross-referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if they appear
in the supplemental material, the authors are encouraged to provide a short proof sketch to
provide intuition.

* Inversely, any informal proof provided in the core of the paper should be complemented by
formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.

. Experimental Result Reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main experi-
mental results of the paper to the extent that it affects the main claims and/or conclusions of the
paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]
Justification: We have provided a detailed description of our experimental setup.
Guidelines:

* The answer NA means that the paper does not include experiments.

o If the paper includes experiments, a No answer to this question will not be perceived well by the
reviewers: Making the paper reproducible is important, regardless of whether the code and data
are provided or not.

* If the contribution is a dataset and/or model, the authors should describe the steps taken to make
their results reproducible or verifiable.

* Depending on the contribution, reproducibility can be accomplished in various ways. For
example, if the contribution is a novel architecture, describing the architecture fully might
suffice, or if the contribution is a specific model and empirical evaluation, it may be necessary
to either make it possible for others to replicate the model with the same dataset, or provide
access to the model. In general. releasing code and data is often one good way to accomplish
this, but reproducibility can also be provided via detailed instructions for how to replicate the
results, access to a hosted model (e.g., in the case of a large language model), releasing of a
model checkpoint, or other means that are appropriate to the research performed.

* While NeurIPS does not require releasing code, the conference does require all submissions
to provide some reasonable avenue for reproducibility, which may depend on the nature of the
contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how to
reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe the
architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should either
be a way to access this model for reproducing the results or a way to reproduce the model
(e.g., with an open-source dataset or instructions for how to construct the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case authors are
welcome to describe the particular way they provide for reproducibility. In the case of
closed-source models, it may be that access to the model is limited in some way (e.g.,
to registered users), but it should be possible for other researchers to have some path to
reproducing or verifying the results.

. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instructions to
faithfully reproduce the main experimental results, as described in supplemental material?

Answer:

Justification: This paper is a theoretical work, and the numerical simulations are conducted on
synthetic examples to demonstrate the effectiveness of the proposed algorithm.
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Guidelines:

» The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/public/
guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be possible,
so “No” is an acceptable answer. Papers cannot be rejected simply for not including code, unless
this is central to the contribution (e.g., for a new open-source benchmark).

* The instructions should contain the exact command and environment needed to run to reproduce
the results. See the NeurIPS code and data submission guidelines (https://nips.cc/public/
guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how to access
the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new proposed
method and baselines. If only a subset of experiments are reproducible, they should state which
ones are omitted from the script and why.

» At submission time, to preserve anonymity, the authors should release anonymized versions (if
applicable).

* Providing as much information as possible in supplemental material (appended to the paper) is
recommended, but including URLS to data and code is permitted.
. Experimental Setting/Details

Question: Does the paper specify all the training and test details (e.g., data splits, hyperparameters,
how they were chosen, type of optimizer, etc.) necessary to understand the results?

Answer: [Yes]
Justification: We have provided a detailed description of our experimental setup.
Guidelines:

» The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail that is
necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental material.
. Experiment Statistical Significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer:

Justification: The algorithms used in numerical simulations are deterministic algorithms. There-
fore, there is no need for error bars.

Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confidence
intervals, or statistical significance tests, at least for the experiments that support the main claims
of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for example,
train/test split, initialization, random drawing of some parameter, or overall run with given
experimental conditions).

* The method for calculating the error bars should be explained (closed form formula, call to a
library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

* It should be clear whether the error bar is the standard deviation or the standard error of the
mean.

* It is OK to report 1-sigma error bars, but one should state it. The authors should preferably

report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis of Normality of
errors is not verified.
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» For asymmetric distributions, the authors should be careful not to show in tables or figures
symmetric error bars that would yield results that are out of range (e.g. negative error rates).

* If error bars are reported in tables or plots, The authors should explain in the text how they were
calculated and reference the corresponding figures or tables in the text.
Experiments Compute Resources

Question: For each experiment, does the paper provide sufficient information on the computer
resources (type of compute workers, memory, time of execution) needed to reproduce the experi-
ments?

Answer:

Justification: This paper is a theoretical work, and the numerical simulations are conducted on
synthetic examples to demonstrate the effectiveness of the proposed algorithm.

Guidelines:

» The answer NA means that the paper does not include experiments.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster, or cloud
provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual experimental
runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute than the
experiments reported in the paper (e.g., preliminary or failed experiments that didn’t make it
into the paper).

. Code Of Ethics

Question: Does the research conducted in the paper conform, in every respect, with the NeurIPS
Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]
Justification: This is a theoretical work and does not have societal impact or harmful consequences.
Guidelines:

¢ The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a deviation
from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consideration due
to laws or regulations in their jurisdiction).

Broader Impacts

Question: Does the paper discuss both potential positive societal impacts and negative societal
impacts of the work performed?

Answer: [NA|
Justification: There is no societal impact of the work performed.
Guidelines:

» The answer NA means that there is no societal impact of the work performed.

o If the authors answer NA or No, they should explain why their work has no societal impact or
why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses (e.g.,
disinformation, generating fake profiles, surveillance), fairness considerations (e.g., deploy-
ment of technologies that could make decisions that unfairly impact specific groups), privacy
considerations, and security considerations.

» The conference expects that many papers will be foundational research and not tied to par-
ticular applications, let alone deployments. However, if there is a direct path to any negative
applications, the authors should point it out. For example, it is legitimate to point out that
an improvement in the quality of generative models could be used to generate deepfakes for
disinformation. On the other hand, it is not needed to point out that a generic algorithm for
optimizing neural networks could enable people to train models that generate Deepfakes faster.
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* The authors should consider possible harms that could arise when the technology is being used
as intended and functioning correctly, harms that could arise when the technology is being used
as intended but gives incorrect results, and harms following from (intentional or unintentional)
misuse of the technology.

» If there are negative societal impacts, the authors could also discuss possible mitigation strategies
(e.g., gated release of models, providing defenses in addition to attacks, mechanisms for
monitoring misuse, mechanisms to monitor how a system learns from feedback over time,
improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible release of
data or models that have a high risk for misuse (e.g., pretrained language models, image generators,
or scraped datasets)?

Answer: [NA]
Justification: The paper poses no such risks.
Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with necessary
safeguards to allow for controlled use of the model, for example by requiring that users adhere
to usage guidelines or restrictions to access the model or implementing safety filters.

* Datasets that have been scraped from the Internet could pose safety risks. The authors should
describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do not require
this, but we encourage authors to take this into account and make a best faith effort.
Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in the
paper, properly credited and are the license and terms of use explicitly mentioned and properly
respected?

Answer: [NA|

Justification: The paper does not use existing assets.

Guidelines:

* The answer NA means that the paper does not use existing assets.

* The authors should cite the original paper that produced the code package or dataset.

* The authors should state which version of the asset is used and, if possible, include a URL.
* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of service of
that source should be provided.

* If assets are released, the license, copyright information, and terms of use in the package should
be provided. For popular datasets, paperswithcode.com/datasets has curated licenses for
some datasets. Their licensing guide can help determine the license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of the derived
asset (if it has changed) should be provided.

* If this information is not available online, the authors are encouraged to reach out to the asset’s
creators.

New Assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA|
Justification: The paper does not release new assets.
Guidelines:

* The answer NA means that the paper does not release new assets.
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» Researchers should communicate the details of the dataset/code/model as part of their sub-
missions via structured templates. This includes details about training, license, limitations,
etc.

* The paper should discuss whether and how consent was obtained from people whose asset is
used.

* At submission time, remember to anonymize your assets (if applicable). You can either create
an anonymized URL or include an anonymized zip file.

Crowdsourcing and Research with Human Subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as well as
details about compensation (if any)?

Answer: [NA]

Justification: The paper does not involve crowdsourcing nor research with human subjects.
Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with human
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* Including this information in the supplemental material is fine, but if the main contribution of
the paper involves human subjects, then as much detail as possible should be included in the
main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation, or other
labor should be paid at least the minimum wage in the country of the data collector.

Institutional Review Board (IRB) Approvals or Equivalent for Research with Human Sub-
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Question: Does the paper describe potential risks incurred by study participants, whether such
risks were disclosed to the subjects, and whether Institutional Review Board (IRB) approvals
(or an equivalent approval/review based on the requirements of your country or institution) were
obtained?

Answer: [NA]

Justification: The paper does not involve crowdsourcing nor research with human subjects.
Guidelines:

» The answer NA means that the paper does not involve crowdsourcing nor research with human

subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent) may be
required for any human subjects research. If you obtained IRB approval, you should clearly
state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions and

locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the guidelines for

their institution.

For initial submissions, do not include any information that would break anonymity (if applica-

ble), such as the institution conducting the review.
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