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Abstract

Given an edge-colored graph, the goal of the proportional
fair matching problem is to find a maximum weight match-
ing while ensuring proportional representation (with respect
to the number of edges) of each color. The colors may corre-
spond to demographic groups or other protected traits where
we seek to ensure roughly equal representation from each
group. It is known that, assuming ETH, it is impossible to ap-
proximate the problem with £ colors in time 2°(9n°™M (ie.,
subexponential in ¢) even on unweighted path graphs. Fur-
ther, even determining the existence of a non-empty match-
ing satisfying proportionality is NP-Hard. To overcome this
hardness, we relax the stringent proportional fairness con-
straints to a probabilistic notion. We introduce a notion we
call 5-PROBABLYFAIR, where we ensure proportionality up
to a factor of at most (1 & ) for some small 6 > 0 with high
probability. The violation ¢ can be brought arbitrarily close to
0 for some good instances with large values of matching size.
We propose and analyze simple and fast algorithms for bipar-
tite graphs that achieve constant-factor approximation guar-
antees, and return a -PROBABLYFAIR matching.

1 Introduction

Graph matching, in particular the special case of bipar-
tite matching, is a classical computational problem with
many applications such as ad allocation (Mehta et al. 2007;
Mehta 2013), crowdsourcing (Ho and Vaughan 2021; Tong
et al. 2016; Hikima et al. 2021; Dickerson et al. 2019),
job hiring (Purohit, Gollapudi, and Raghavan 2019), or-
gan exchange (Dickerson, Procaccia, and Sandholm 2013;
McElfresh, Bidkhori, and Dickerson 2019; Farnadi et al.
2021; Farhadi, Gilbert, and Hajiaghayi 2022), and ride shar-
ing (Hikima et al. 2021; Nanda et al. 2020; Dickerson et al.
2018). Matching is also a fundamental subroutine in sev-
eral domains including computer vision (Belongie, Malik,
and Puzicha 2002), text similarity estimation (Pang et al.
2016) in natural language processing, machine learning al-
gorithms (Huang and Jebara 2007; Jebara, Wang, and Chang
2009; Huang and Jebara 2011; Choromanski, Jebara, and
Tang 2013) and computational biology (Zaslavskiy, Bach,
and Vert 2009) among others.
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In many applications, algorithms are employed to make
decisions that could significantly impact the lives of indi-
viduals. In such settings, we ought to ensure fairness and
equity in the decision-making process. However, classical
algorithms typically do not consider such socially motivated
objectives and constraints such as fairness or diversity. For
instance, a ride-sharing platform may provide better qual-
ity assignments (e.g., with shorter wait times, newer vehi-
cles, or better pricing) to riders from certain demographic
groups while providing lower quality assignments to others
as studied by (Esmaeili et al. 2023). Similarly, cognitive bi-
ases from workers can negatively impact the result of crowd-
sourced data, which may potentially be mitigated by assign-
ing a diverse set of workers to a wide range of different rask
types.

There are many ways to formalize and incorporate some
notion of fairness into the computed solutions of match-
ing problems (see, e.g., Esmaeili et al. (2023); Bandya-
padhyay et al. (2023)). Following the work of Bandya-
padhyay et al. (2023), we consider a notion of propor-
tional fairness. This notion is closely related to the no-
tion of disparate impact (Feldman et al. 2015) and has
been explored in various fundamental problems, includ-
ing matroid optimization (Chierichetti et al. 2019), cluster-
ing (Bera et al. 2019), online matching (Sankar et al. 2021),
set packing (Duppala et al. 2023), spectral clustering (Klein-
dessner et al. 2019), and others. In the present work,
we consider a formulation of proportional fairness known
as («, 3)-BALANCEDMATCHING: given an edge-colored
graph (where edge colors may denote membership in spe-
cific groups), the objective is to find a maximum weight
matching ensuring that the proportion of edges of any color
among all matched edges lies between « and 5 where 0 <
a < <1. We highlight that («, 3)-BALANCEDMATCHING
adheres to two key criteria: restricted dominance, which lim-
its the fraction of edges selected from any given group to at
most 3, and minority protection, which ensures that the frac-
tion of edges from any given group is at least .

This notion of fairness can be applied to the applications
discussed above, such as in ride-sharing, job hiring, and
crowd sourcing. By assigning colors to edges (rather than
only to vertices), the color is able to capture information
about both sides of the match. For instance, in rideshar-
ing, the edge color may encode information about both the



driver (e.g., vehicle type, rating) and rider (e.g., race or gen-
der), the distance between the driver and rider, and even
pricing information (e.g., whether dynamic or surge pric-
ing is applied). As a concrete example, we may choose to
encode information about a rider’s race or economic status
as well as whether an assignment incurs increased fares due
to dynamic pricing; then, an («, 3)-BALANCEDMATCHING
should ensure that no racial or economic group receives in-
creased fares disproportionately often compared to other rid-
ers. In crowdsourcing, we may use edge color to encode both
the task type and demographic information about the worker
to ensure that a diverse set of workers are assigned to each
type of task (for cognitive or human intelligence tasks, this
may increase the diversity of perspectives among responses,
and thus the overall quality of the final aggregate data).

As a final example application, consider online advertis-
ing: an edge’s color may encode information about the type
of advertisement (or, in political advertising, the political
party sponsoring the ad) and the user’s personal information.
Here, an (o, #)-BALANCEDMATCHING would limit the ex-
tent of targeted advertising based on protected demographic
traits, which may violate (or appear to violate) a user’s ex-
pectations and rights with regards to their privacy and use
of their data; the social consequences of such indiscrimi-
nate highly targeted advertising were seen in the real world
with the Cambridge Analytica data scandal around the 2016
US presidential election, which saw Facebook’s CEO Mark
Zuckerberg testify before congress (Lewis and Hilder 2018;
Confessore 2018).

Unfortunately, although this notion of fairness seems
quite powerful, it may in fact be too strong in the basic for-
mulation: Bandyapadhyay et al. (2023) demonstrated that
the problem of («, 3)-BALANCEDMATCHING is NP-hard to
approximate, even when G is an unweighted path graph. To
address this fundamental hardness, we consider a slightly re-
laxed probabilistic notion of proportional fairness. Roughly
speaking, we allow for small violations of the a and (3
bounds while still guaranteeing a constant factor approxima-
tion on the overall objective, i.e., the weight of the matching.
Particularly, we ask the following question: does there exists
an approximation algorithm with constant factor violations
in fairness while guaranteeing a good approximation on the
objective?

We answer this question by designing a %-approximate
algorithm for bipartite graphs and whose matching is proba-
bly' almost fair. That is, there exists a small constant § > 0
for which the matching is (a(1—9), 5(149))-balanced with
high probability. A formal definition of this notion is given
in Section 3. Thus, while the («, 3)-BALANCEDMATCHING
formulation of Bandyapadhyay et al. (2023) remains hard on
bipartite graphs, we can achieve our notion of probably al-
most fair. We note that for the special case when o« = 0 and
B < 1, we can attain a constant approximation ratio with-
out violating the fairness constraint at all. Combined with
the hardness result of Bandyapadhyay et al. (2023), this im-
plies that the one-sided fairness case is strictly easier than
the two-sided case.

'i.e., with probability close to 1

2 Related Work

A significant body of research in fair matching explored
various notions of fairness. Among these, several notions
of group fairness, such as socially-fair matching (Bandya-
padhyay et al. 2023), focus on Rawlsian (maxmin) fairness,
aiming to maximize the utility for the worst-off group (Es-
maeili et al. 2023). On the other hand, proportional fairness,
as explored in Bandyapadhyay et al. (2023); Chierichetti
et al. (2019), ensures a proportional representation of edges
from each group, while leximin fairness (Garcia-Soriano
and Bonchi 2020) is also considered. Most of these stud-
ies involve assigning group memberships to vertices in the
graph. However, works such as (Bandyapadhyay et al. 2023;
Chierichetti et al. 2019) investigate fairness in edge-colored
graphs, which aligns with our area of study. We note that
(Bandyapadhyay et al. 2023; Chierichetti et al. 2019) focus
only on the unweighted setting where the objective is the
cardinality/size of the output. That being said, our works
are incomparable. While ours applies to edge weighted
bipartite graphs, (Chierichetti et al. 2019) consider when
the constraint system is described by the intersection of
two-matroids (this generalizes unweighted bipartite match-
ing). They focus on the case of two colors, and present a
polynomial-time algorithm achieving a 3/2-approximation.
Bandyapadhyay et al. (2023) consider when input is a gen-
eral graph and the number of colors may be greater than two.
They show that approximating the problem for an arbitrary
number of colors is NP-hard and moreover that approximat-
ing the optimal solution requires time exponential in £ unless
the Exponential Time Hypothesis (ETH) (Impagliazzo and
Paturi 1999) is false. Their main algorithm therefore runs in
time exponential in ¢, with an approximation guarantee of
1/(4£). Note that even for the easier case when o = 0, their
algorithm may still violate the fairness constraint imposed
by 8 by a factor up to 1 + 1/¢. Their hardness result moti-
vates our study of the slightly relaxed probabilistic fairness.
This relaxation allows us to improve on the prior work by
achieving, in polynomial time, a constant factor (i.e., one
half) approximation in the matching weight while ensuring,
with high probability, only a small violation in the fairness
constraints.

3 Preliminaries and Problem Formulation

We denote [k] = {1,..., k} for any positive integer k. Con-
sider an undirected bipartite graph G = (U, V, E) with the
set of edges E forming a partition Ugc[q E., where U de-
notes a disjoint union over the sets E.. Each color ¢ € [{]
is associated with the set of edges E., representing edges
of color ¢. For any color class ¢, we define t).(e) such that
Ye(e) = 1ife € E., and y.(e) = 0 otherwise. A match-
ing M C FE in G is defined as a subset of edges where
no two edges in M share a common vertex. For a vertex
v of G, let N(v) and 6(v) denote the neighbors and in-
cident edges of v, i.e., N(v) := {u : (u,v) € E} and
d(v) = {(u,v) : (u,v) € E}. Forany o, 8 € [0,1] and
a < 3, we define a matching M C F as («, §)-BALANCED
if, for each color ¢ € [{], the proportion of edges in M be-
longing to color ¢ lies between « and 3. In other words,



M is (o, 3)-BALANCED if it contains at least o and at
most [ fraction of edges from every color. The goal of
the proportional fair matching problem (PFM) is to find a
(a, 5)-BALANCEDMATCHING of GG with maximum weight,
and we denote the weight of such a matching by OPT. Since
(Bandyapadhyay et al. 2023) proved that it is NP-Hard to
verify the existence of a («, 3)-BALANCEDMATCHING in
the PFM problem even on unweighted path graphs, we focus
on deriving approximation ratios which hold against OPT.

3.1 Our Contributions and Techniques

We design Algorithm 1, an efficient randomized algorithm
for weighted matching on bipartite graphs with fairness con-
straints specified by 0 < o < § < 1. By allowing the «
(respectively, () fairness constraint to be violated up to a
multiplicative factor of 1 — ¢ (respectively, 1 + J), we show
that Algorithm 1 attains an asymptotic approximation ratio
against OPT. (We write the exact asymptotic guarantee of
Algorithm 1 in Theorem 4.1). We argue that if the input is
well-behaved, then we can take § ~ 0, and so we barely vi-
olate the fairness constraints, while still attaining a constant
approximation ratio. We next analyze Algorithm 1 when
a =0and 8 < 1. By allowing for a 1ga-approximation
ratio, where 0 < € < 1 is a parameter of Algorithm 1 which
can be chosen arbitrarily small, we show how to ensure that
the S fairness constraints are satisfied exactly. This allows
us to get a true approximation ratio which is arbitrarily close
to 1/2. We also note that our algorithms can be extended
to the slightly more general setting where we have differ-
ent proportionality requirements for each color; e.g., where
we have values o, 8. (with 0 < o < 8 < 1) for each color
¢ € [{], and we insist that a.|[ M| < |[M.| < B.|M]| for each
c. This allows us to capture settings where we wish to repre-
sent different groups in different proportions, for example so
that each group’s representation in the matching is roughly
proportional to its representation in the original graph.

We take a linear programming (LP) based approach to de-
signing Algorithm 1. Below we state LP-FAIR, which ex-
tends the standard matching polytope to include the propor-
tionality constraints described by 0 < a < 3 < 1:

max Zwexe (LP-FAIR)
ecE
st. Yz <1, WweUUV (1a)
e€d(v)
aerg ergﬁZ:pe, Ve € [ (1b)
ecE ecE. ecE
2. >0,Ve€ E (1c)

Lemma 3.1. LP-FAIR relaxes OPT. That is, OPT <
Y ecr WeTe, Where x = (x¢)ccp is an optimal solution to
Lp-FAIR.

As a first attempt to using LP-FAIR, observe that since
G is bipartite, if * = (x.)ecg is an optimal solution to
the LP, then we can write & as a convex combination of
integral matchings. By randomly sampling such a match-

ing according to the coefficients of the convex combina-
tion, this yields a randomized algorithm with expected value
> ccE WeTe = OPT. Unfortunately, while this preserves
the fairness constraints in expectation due to (1b), there is
no guarantee that any particular matching we output will
satisfy these constraints. In order for an algorithm to suc-
ceed with constant probability, an ideal approach would be
to match each edge e with probability z. while ensuring
that the size of a matching of a color class c is concentrated
about ) .. .. For instance, if we had negative correla-
tion amongst the matching statuses of the edges of E., then
this would be sufficient (see (Dubhashi and Ranjan 1996)).
The GKPS dependent rounding scheme of (Gandhi et al.
2006) provides such a guarantee for certain edge subsets of
G. However, since the edges of E. are adversarially chosen,
it is easy to construct an example where the GKPS rounding
scheme induces positive correlation amongst the matched
statuses.

Due to the limitations of these approaches, we need to
round our LP in a different way. Let us suppose that we
round x into a random matching M, where we denote
M. = M N E. for a fixed color class ¢ € [¢]. Roughly
speaking, our goal is to ensure that the following properties
simultaneously hold, where 6 > 0 is a fixed parameter to be
specified in Theorem 4.3:

1. Foreache € E, Prle € M| = z./2.
2. With constant probability,

M| E[[M.]]

. E[M.]
M| € [(1 O EMI

E[lM]]

,(140)

Property 1 and Lemma 3.1 then imply that

IE[Z we] = Zweme/2 > OPT/2.

ec M eckE

Moreover, since E[|M.|] = > cp zc/2 and E[JM|] =
> eci Te/2, We can combine Property 2. with (1b) to con-
clude that (1 — 0)a| M| < M| < (14 9)8|M|.

Our approach uses a randomized rounding tool known
as a contention resolution scheme (CRS). CRS’s were orig-
inally introduced by (Chekuri, Vondrdk, and Zenklusen
2014) to solve certain constrained sub-modular optimization
problems. Motivated by the applications to prophet inequal-
ities, they were later adapted to the online setting by (Feld-
man, Svensson, and Zenklusen 2021), where they are re-
ferred to as online contention resolution schemes (OCRS’s).
Since then, they have found many other applications, and
have become a fundamental tool in stochastic optimization.
We continue this line of research and show that this tool can
be useful even for our problem which is offline and has no
inherit stochasticity.

Our algorithm first has every v € V independently draw
arandom vertex F,, € N(v), where

PT[E) = u] = Ty,v 2)

for each v € N(v). (For convenience, we define F,, to be
a null element L if no draw is made, where P[F, = 1] =
1= enN() Tuw) If Fy = u, we say that v proposes to



u and refer to F,, as a proposal for u. At this point, we
know that each vertex v € V has made at most one pro-
posal. However, a fixed vertex u € U may have received
multiple proposals, and so we must resolve which proposal
each vertex v should take. This is precisely the purpose of
the OCRS, and we use the explicit scheme of (Ezra et al.
2022). For a fixed u € U, the input required of the OCRS
is the edge values (2, )ve N (u)> together with the proposals
(Fy)ven(u)- Moreover, in the contention resolution frame-
work, (F)yen(u) must be independent. Under these con-
ditions, the OCRS outputs at most one edge (u,v) with
F, = u, while guaranteeing that for all v € N (u)

Pr[(u,v) is output | F,, = u] = 1/2. 3)

Due to guarantee of (3), the OCRS is said to be 1/2-
selectable in the literature. By concurrently running a sep-
arate execution of this OCRS for each u € U, the matching
we output satisfies Property 1.

We still need the explain why our algorithm satisfies Prop-
erty 2. It turns out our algorithm has a very simple de-
scription. First, we order the vertices of V' arbitrarily, say
v1,...,U,. Then, when v; is processed and proposes to u
(ie., F\,, = u), we draw an independent random bit A, ,,
We match (u,v;) provided u was not previously matched
and A, ,, = 1. We note that in regards to verifying Property
2, the specific Bernouli parameter of A,, ,, is not important.
We simply require that (A, ).c g are drawn independently.

If we let M be the output of the algorithm, and M, =
E.N M, then we can analyze the Doob martingale of | M_|.
Here the Doob martingale is defined by revealing the par-
tial matching after the vertices vq,...,v; are processed.
Due to the simplicity of our algorithm, we can bound the
one-step changes in the Doob martingale in a very precise
way that is related to ) . z.. Note that the standard
Azuma-Hoeffding martingale concentration inequality does
not allow for good bounds due to constant worst-case one-
step changes (as we explain in Section 5.1 and for more de-
tails we refer to the full version of our paper (Duppala et al.
2024)) leading to ©(n) over the entire process from t=1 to
t = n. We show that by controlling the variance of this mar-
tingale, we can get stronger bounds via Freedman’s inequal-
ity. More precisely, we can tighten the concentration on the
random variable M by using one-step variance which can
be much smaller than the worse-case one-step changes since
the events involving the bad cases occur with small proba-
bility. The total variance can be precisely computed and is
upper bounded by 10 ;. 5, Te Which is much smaller than
O(n). The concentration helps us achieve almost fairness,
i.e., | M| violates the fairness constraints on each side by
at most a d-multiplicative factor for some small 6 > 0. Fi-
nally, when we only have S-sided fairness constraints i.e.,
a = 0,8 < 1, we apply an LP perturbation trick to recover
a matching that satisfies the constraints exactly, meaning that
without any violations with only a 0 < € < 1 multiplicative
loss in the objective. However, it is important to note that our
algorithm still has a probabilistic guarantee: with a certain
probability, the matching returned will not satisfy the fair-
ness constraints. At the expense of additional runtime, we
can improve the success probability to be arbitrarily close to

1 by repeatedly running our algorithm and taking the best
solution which is feasible.

4 Ouwur Algorithm

We begin by formally describing our algorithm to find a
matching for a bipartite graph G = (U,V, E) with color
classes Uqcg Ee and o < 3 < 1. Note that our algorithm
takes in a parameter 0 < € < 1 which is only needed for the
special case when o = 0.

For § > 0, a random matching M C F is said to be 4-
PROBABLYFAIR with respect to 0 < o < 8 < 1 if for any
color class ¢, 2
| M|

3 SA+08 21-£6.6). @

Pr{(1-d)a<

where f.(J, G) is a term that depends on the tunable param-
eter ¢ and the input instance. This definition allows us to vi-
olate the constraints by a small §-multiplicative factor which
can be adjusted to attain a reasonable probability of success.

Algorithm 1 OCRS Rounding Algorithm

Input: G = (U,V, E) with color classes (Ec)qcpq, 0 <
a<pf<l,and0<e<1.
Output: subset of edges forming a matching M.
LM<+
2: If & > 0, compute an optimal solution & = (Z¢)ecr to
LP-FAIR with 0 < a < § < 1. Otherwise, compute an
optimal solution & to LP-FAIR with 3 in (1b) replaced

by B =(1—¢)8.

3: Order the vertices of V as vy, . .., v, arbitrarily.

4: Draw (F,, )} as described in (2).

5:fort=1,...,nwith F,, # 1 do

) o o 1/2

6: Set u := Fy,, and a4, 1= ESYE)D SR

7: Draw A, ,», ~ Ber(ay,., ) independently.

8: If Ay, = 1 and w is currently unmatched, add
(u,v;) to M

9: return M.

Our main results are as follows:
Theorem 4.1. Algorithm 1 returns a matching M that is
d-PROBABLYFAIR with f.(6,G) = 4exp (—62#)
and has an expected weight of at least %OPT.

Remark 4.2. The violations dependent on ¢ in the fairness
constraints are inversely exponential to the failure proba-
bility f.(8, G). This implies that achieving arbitrarily small
violations 6 =~ 0 with a high success probability requires
stronger assumptions on the term Zee g, Te le., for input
instances with ), w. = w(l) we can ensure high suc-
cess probability with 5~ 0.

We next state our improved guarantee for the special case
when a = 0. Recall that in this setting, we can ensure that
we do not violate the (3-fairness constraint.

Taking § = 1 satisfies the Equation (4) trivially



Theorem 4.3. Given any 0 < ¢ < 1, Algorithm 1 re-
turns a matching that satisfies the [-fairness constraints
with probability at least 1 — f(e,G) where f(e,G) =
26 Decr Te
28

2exp (—e ) and has an expected weight of at

least 5(1 — €)OPT.

In Theorem 4.3, the values (. ).c g represent the optimal
fractional solution to LP-FAIR with § = 5(1 — €). Addi-
tionally, f(e, G) denotes the probability that the algorithm

fails to produce a matching that satisfies the 3-fairness con-
straints exactly i.e., with no violations.

Remark 4.4. The probability that our algorithm fails de-
creases exponentially as a function of € and ) . Te.
Therefore, to attain a failure probability f(e,G) =~ 0
and the approximation factor close to 1/2, we require that

B ek Te to be sufficiently large, say 33 . xe > C for
some constant C, say C > 100.

Remark 4.5. For the instances where 3 . p x. < C, we
address these cases separately using a brute force algorithm
as described in Section 6.1. This involves enumerating all
feasible matchings that satisfy the fairness with respect to 3

. . vz ¢ _
and having size at most TZB0=9 where U = maX.cp We
and L = mingc g we.

For all non-degenerate instances, U is bounded by a con-
stant. Hence, our algorithm runs in polynomial time if the

2 . . .
term %ﬁ remains constant, given that %15 bounded.

However, in the worst-case, where 3 = %, the running time
will be exponential in £.

5 Algorithm Analysis

Suppose that we are given an instance of proportional fair
matching. We let = (x.)ecp denote an optimal solution
to LP-FAIR used by Algorithm 1. Note that if o = 0, then x
is computed by replacing 3 in (1b) with 5 = (1 — ¢)5.
Recall that the vertices of V' are processed in order
V1,...,U,. Letus say that u € U is safe at time ¢, provided
u is not matched to any of vy,...,v;—1. Observe then that
(u, v¢) is matched if and only if u is safe at time ¢, F,, = u
and A, ,, =1.Let Z, ,, be an indicator random variable for

this event. For convenience, we define F),, := u provided

F,, =uvand A, ,, = 1. Otherwise, va, = 1. Observe then
that

Pr[Z, ., = 1] = Pr[F,, = u, u is safe at t] )

Let Z(v;) be an indicator random variable that an edge of E,

is matched to vertex v, where Z(vy) = > tc(u, v¢) Zy o,
u€N (vy)

Recall that M is the matching returned by our algorithm,

therefore,
M| = Z Z

t2>1 (u,v¢)€6(ve)

1/)(: ('UJ’ Ut)Zu,v,,

Now, the instantiations of (F),)!_; are sufficient to deter-
mine which edges (if any) are matched to vq, ..., v;. Thus,
we shall work with H;, the sigma-algebra generated by

(F,,)t_,, which intuitively corresponds to the history of the
algorithm’s execution after vy, . .., v are processed. We de-
fine H to be the trivial sigma-algebra, where we do not con-
dition on anything.

Fix a color class ¢, and let My := E[|M.| | H;] denote the
expected number of edges from color class ¢ in our match-
ing, conditional on H,. Observe that My = E[|M_.]|], and
M, is the actual number of edges chosen from the color
class c at the end of our algorithm. Since we expose strictly
more information in each round, i.e., formally, H;_1 C H;
for each ¢ > 1, the sequence (M;)}, is a martingale with
respect to (H¢)7. (This is often referred to as a Doob mar-
tingale).

We aim to understand the size of the matching produced
by our algorithm as each vertex v, is processed. More specif-
ically, when v, is processed, our algorithm adds the edge
(u, v¢) to the current matching if u is safe and F3,, = u. Ob-
serve that M, is a function of the current matching between
U and {vy,v9,...,v:}. Moreover, forany 1 < ¢t < n,

My =B 3 Z(ox) | . (©)

k>1

Our goal is to control the one step changes of our martingale,
which will imply that M,, = |M_]| is concentrated about
My = E[|M.]].

5.1 Warmup: Azuma-Hoeffding Inequality

To apply concentration bounds like the Azuma—Hoeffding
inequality, the martingale must be well-behaved i.e., at any
step 1 < t < n, the martingale cannot change dramatically.
Thus, we need to determine the quantities ¢; such that if
AM; := My — M,;_; is the one-step change at step ¢, then
|AMt| < Ct.

Lemma 5.1. |[AM;| = |M,— M;_1| <2foralll1 <t <n.

Let consider the one-step change in AM; when F),, is re-
vealed. Since we can match at most one edge at each time
step, we may miss the opportunity to match at most fwo
edges of a given color. Therefore, in the worst case, we
have that ), |AM;| = ©(n). For example, consider the
star graph, where a central vertex is connected to all other
vertices. In each time step, if we reveal F,,, then the change
in the maximum matching will be at most 1, as we can only
match or unmatch one edge (we defer the details of the ex-
ample to the full version of our paper (Duppala et al. 2024)).
To remedy this situation, we use a “second order” inequality
for analyzing a martingale called Freedman’s inequality:

Theorem 5.2 ((Freedman 1975)). Suppose (M)cpn) is a

martingale such that |AM;| < A forany 1 <t < n, and
> tem) VarlAM, | Hy_1] < v. Then, for all A > 0,

—)\2
2(V+)\A)) ™
Remark 5.3. The variance term Var(AM; | Hi_1) re-
duces to Var[AM,; | H;—1] = E[|AM;|?> | H;_1] since
Var[AMt ‘ Htfl] = EHAMt‘Q ‘ Htfl] - ]E[AMt |
Hi1)? and E[AM; | Hi—1] = 0 due to the martingale
property.

Pr [|M, — My| < A] < 2exp



Freedman’s inequality still depends on worst case one-
step change A i.e., an upper bound on |AM;|. However,
its dependence on this parameter is less severe compared
to the Azuma—Hoeffding inequality. The key difference is
that Freedman’s inequality depends on E[|AM|? | Hi—1],

and so we get to average over the randomness in F, .. This is
much smaller than than the pessimistic bound of Lemma 5.1,
as even conditional on H;_1, the probability that a worst-

case change in |A M| occurs is small.

5.2 Concentration of | M| via Freedman’s
Inequality

Freedman’s inequality allows us to use the expected one-
step changes instead of the worst case changes as shown in
the Observation 5.1 below.

Observation 5.1. Var(AM; | Hi—1) < 2E[|AM,| | Hi—1]

We first prove Lemma 5.4 which establishes a bound on
the one-step changes in the random variable Z(vy) at any
step t where & > t. The proofs can be found in the full ver-
sion of the paper (Duppala et al. 2024). Notice that these
one step differences are in the worst case; therefore they can
be as large as 2 as discussed in the previous section. How-
ever, when we compute the one-step variances, we get to
take an expectation over the randomness of F,, as shown in
Lemma 5.5 and Lemma 5.6. This allows us to bypass this
worst-case bound of 2.

Lemma 5.4. Forany step 1 <t <nandu € N(v¢),

s [E[Z0) | Hn By = W] —E[Zw) | Hea]| <
wC(ua Ut) + Z wc(wv ’Ut)xwavt
weN (vy)
o [E[Z(vi) | Hoor, By, = u] — E[Z(w2) |’Ht_1]’ <

wc(u7 Uk:)xu,vk + Z¢c(w7vk)xw,vkxw,vt ifk >t
wWENg(vy)

Following this lemma, we can say that the one-step
change in the size of the matching restricted to color class

c at any step ¢, conditioned on the event Fyt = u, is given
by:

E[M, | Hi1, F,, = u] — E[M, | H; 1]
=> (E[Z(vk) | Hi—1,Fy, = u] = E[Z(vg) | Hi-1]).

k>t

Therefore, by using the Lemma 5.4 we can derive the fol-
lowing result about the expected one-step change in the size
of the matching restricted to color class ¢ when F},, = u.

Lemma 5.5. Forany step 1 <t < nandu € N(vy),
ST muw|AM(u)| < 4M,
t€[n] u€N (ve)
where AMt(u)z]E[Mn | Ht,l,ﬁvt = u]—E[Mn | ’Htfl].

We next consider the case when th = . Recall that
this means F,, = L, or F,,, = u for some u € N(v;), yet
Ay, =0.

Lemma 5.6. For any step 1 <t < n,

> IE[M, | Hioy, By, = L] —E[M, | Hi1]| < 2Mo.
te(n]

Therefore, by combining Lemma 5.5 and Lemma 5.6, we
can easily derive a bound on the sum of one-step variances
ie., Ztew Var(AM; | Hi—1) used in the Freedman’s in-
equality. Formally, we can prove the following.

Lemma 5.7. 5, (., Var(AM; | H;—1) < 12My where

Var(AM, | H¢—1) is the variance in the one-step change of
M,, at time t and My = E[|M.]].

Therefore, by applying the Freedman’s inequality (i.e.,
Theorem 5.2) we get the desired concentration for the size
of matching from color class c.

Theorem 5.8. For any color class c, Algorithm 1 returns
a matching M., = M N E, that is sharply concentrated
around its expected value My = E[|M.|]. Specifically, for
any § > 0, we have that:

52 ZeEEC Ie)
28

This concludes that Property 2 described in Section 3 can
be satisfied. Finally combining Property 2 together with the
fairness constraints in (1b), we can conclude the following
lemma.

Pr [HMC\ — M| > 5Mo] < 2exp (_

Lemma 5.9. Foranyc € [¢], and 6 > 0, Algorithm I returns
a matching M that satisfies the following:

Pr l(1 —da < ||//\\44C| <(140)8

52 X:eGEc $e>

>1-4 —
=T he < 28

Lemma 5.9 proves that Algorithm 1 returns a d-
PROBABLYFAIR matching. This lemma, along with the edge
selectability guarantees of the OCRS rounding algorithm as
stated in Property 1 completes the proof of Theorem 4.1.

6 Exact Fairness for 5-Fairness Constraints
in Bipartite Graphs

In the previous section we showed that our algorithm pro-
vides a 1/2-approximation of the objective, provided we
violate the two-sided fairness constraints by multiplicative
factors dependent on §. Suppose that & = 0 and only S
imposes the fairness constraint, we can argue that by us-
ing a simple LP perturbation trick, we can remove the -
violations and make it an exact guarantee while still attain-
ing an asymptotic 1/2-approximation of the objective. More
precisely, we satisfy the [3-sided fairness constraint exactly.
We are also able to provide a better bound on our failure
probability. Previously, this was f.(d, G), and it depended on
D ec g, Te- We improve this to a new, smaller failure proba-
bility f(e, G), which now only dependson ) ., . and a
tunable parameter e. This makes our algorithm more robust
to the structure of the input instance.



If @« = 0, we modify our algorithm slightly. We begin
by solving a perturbed LP where 3 in LP-FAIR is replaced
by B(1 — ¢) where 0 < € < 1. The perturbed LP requires
that any feasible solution must satisfy a stronger S-fairness
constraint, which results in a slightly weaker solution to our
problem (see Lemma 6.1). Let « denote the optimal solu-
tion to the perturbed LP i.e., LP-FAIR with /3. Since our
algorithm still executes an OCRS on each v € U concur-
rently, Equation (3) ensures that the matching M has ex-
pected weight >, wexe/2. We now relate ) p wete
to the optimal solution to LP-FAIR when the fairness con-
straint is 3. This will allow us to lower bound the expected
weight of our matching in terms of OPT in Corollary 6.2.
(Recall that OPT is the weight of the optimal matching in
the original problem with fairness constraint 3.)

Lemma 6.1. For any 0 < e < 1, the optimal LP solution
to LP-FAIR with # = (1 — €)B is at least ) . pweTe >

(1 =€) cpWeYe, Where y = (Ye)ec is an optimal LP
solution to LP-FAIR with (3.

Proof. Any feasible solution to LP-FAIR with « = 0 and
B(1 —€) < 1is also a feasible solution when o« = 0 and
B < l.Letx = (Te)ecr and Yy := (Ye)ecr are optimal

fractional solutions to LP-FAIR with 8 = B(1 — ¢) and B =
[ respectively. Therefore,

Z WeTe > (1 —€) Z Wele- )

ecE ecE

O

Corollary 6.2. Algorithm I returns a matching M with an
expected weight of at least (1 — ¢)OPT.

We next argue that the matching M we output satisfies the
[B-fairness constraints exactly with a probability of at least

1 — f(e,G) where f(e,G) = 2exp ( — 6213227%@4) Note

that the failure probability of our algorithm now only de-
pends on the parameter € and ), z. (see Lemma 6.3).
It is also reduced by a factor of 2, since we can use a one-
sided version of Freedman’s inequality when o = 0 and
B > 0. Here, > .z, refers to the size of optimal frac-

tional matching of LP-FAIR with 3 = 3(1 — ).

Lemma 6.3. Given an optimal solution x to LP-FAIR with
B = (1 — €)B, then we can recover a solution that satis-
fies the constraints exactly i.e., no violations in (B-fairness
constraints. Formally, we can say that for any color c, and
0 < € < 1, the size of the matching restricted to color class
c is at most 3| M| with high probability,

_EQﬂzeeExe)_

Pr[Mcl Sﬁ} 21—2exp( 23

M|
Therefore we can conclude that the probability with
which our algorithm fails to satisfy -fairness constraints is
now tightened from f.(d, G) which depends on >, 7.
of individual color classes, to a global quantity 5
in f(e, G). This concludes the proof of Theorem 4.3.

ecE e

6.1 Brute Force Algorithm for Small Instances

Given an instance of PROPORTIONALLYFAIRMATCHING,
recall that the performance of Algorithm 1 improves the
larger ) . . is, where © = (z¢)cep is an optimal so-
lution to LP-FAIR with 8 = (1 — ).

We now handle the case where ) . ., fr. < C by run-
ning a simple brute-force algorithm. In order to see how
to do this, let y = (yc)ecr be an optimal solution to LP-
FAIR with 3. (We don’t actually use y in our algorithm,
it is just for the analysis). Define L = min.cp w, and
U = max.cp we. Then,

U Z Te 2 Z Wele 2 (1*5) Z Wele = (175)L Z Ye;

ecE ecE ecE ecE

where the second inequality from the left uses Lemma 6.1,
and the rest use the trivial upper and lower bounds of U and
L. We thus have that

U
mzerZye- 9

ecl ecE

: Uu_c
Thus, if > 5Bz < C, then ) pye < -5
via (9). Let us now suppose that Mppr is a maximum
weighted matching with respect to fairness constraint f.
Then, LIMopt| < D ciopr We < DecpWelYe <
U cp¥ye <U B%l—c_jg, where the last inequality uses the

1—¢

assumed inequality > ye < BLL C_ Tt follows that

U? C
M < = 10
| OPT‘_L25<1_E) (10)
Thus, if we run a brute force algorithm where we check
matchings which are fair with respect to 3, and which con-

. 2
tain at most %ﬁ edges, then (10) ensures that we’ll
return an optimal matching.

7 Conclusion and Future Work

In contrast to our current algorithm which processes vertices
in a fixed or arbitrary order, Random Order Contention Res-
olution Scheme (RCRS) from (Adamczyk and Wtodarczyk
2018) provides better selection guarantees where vertices
are processed in a random order. More precisely, RCRS
achieves an approximation ratio of 1 — é However, it ap-
pears to be much more challenging to compute the one-
step variance of the martingale at each time ¢, making it
difficult to derive a useful bound for the sum of variances
> tepm) Var([AM| | Hy—).

Thus, it remains an interesting open problem to determine
if we can overcome this obstacle to improve the approxima-
tion factor from 1/2to 1 — é Moreover, adapting the anal-
ysis to general graphs is also an interesting future direction.
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