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Abstract

In federated learning (FL), data heterogeneity
is the main reason that existing theoretical
analyses are pessimistic about the convergence
rate. In particular, for many FL algorithms,
the convergence rate grows dramatically when
the number of local updates becomes large,
especially when the product of the gradient
divergence and local Lipschitz constant is large.
However, empirical studies can show that more
local updates can improve the convergence rate
even when these two parameters are large, which
is inconsistent with the theoretical findings. This
paper aims to bridge this gap between theoretical
understanding and practical performance by
providing a theoretical analysis from a new
perspective on data heterogeneity. In particular,
we propose a new and weaker assumption
compared to the local Lipschitz gradient
assumption, named the heterogeneity-driven
pseudo-Lipschitz assumption. We show that
this and the gradient divergence assumptions
can jointly characterize the effect of data
heterogeneity. By deriving a convergence upper
bound for FedAvg and its extensions, we show
that, compared to the existing works, local
Lipschitz constant is replaced by the much smaller
heterogeneity-driven pseudo-Lipschitz constant
and the corresponding convergence upper bound
can be significantly reduced for the same number
of local updates, although its order stays the
same. In addition, when the local objective
function is quadratic, more insights on the
impact of data heterogeneity can be obtained
using the heterogeneity-driven pseudo-Lipschitz
constant. For example, we can identify a
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region where FedAvg can outperform mini-batch
SGD even when the gradient divergence can be
arbitrarily large. Our findings are validated using
experiments.

1. Introduction

Federated learning (FL) has emerged as an important
technique for locally training machine learning models over
geographically distributed workers. It has advantages in
improving training efficiency and preserving data privacy. In
this paper, we consider the following optimization problem
in FL:

L
m)in {f(x) == ZF’(X)} ; ()

where N is the number of workers; F;(x) is the expected
loss function of worker i given by'

F; (X) = EniNDi [Z(X; ni)]a )

where £(-) is the loss function, n; is the random data sample
on worker 7, and D; is the data distribution on worker 7. In
addition, we use D to denote the global data distribution.
In FL, each worker performs I > 1 local iterations using
its local dataset to reduce the communication cost, which is
called local updates. Federated averaging (FedAvg), also
known as local stochastic gradient descent (local SGD),
is one of the most popular algorithms to solve the above
optimization problem (McMahan et al., 2017). In addition
to FedAvg, a number of FL algorithms (Yu et al., 2019a;
Karimireddy et al., 2020; Reddi et al., 2020; Li et al., 2020b;
Wang et al., 2020a;b) have been proposed, whereas the
core mechanism, local updates, is still the foundation of FL.
Nevertheless, existing theoretical analyses are pessimistic
on the convergence error caused by local updates. It is
unclear if performing a large number of local updates can
improve the convergence rate when the gradient divergence
is large or data are highly non-IID/heterogeneous. This will
be explained in detail as follows.

!The objective function can be extended to weighted average
by multiplying each local objective function by a possibly distinct
constant.
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Local updates Centralized updates

Figure 1: An illustrative comparison between local updates
and centralized updates. X" is the global model at rth round.
The local models after £ local iterations at the rth round are
denoted by x}* and x};*. The average of x}"* and x}" is
%x"*. The centralized model after k centralized iterations is
denoted by x”-*. Tt can be seen that ¢ shows the difference
between xzvk and x:’k, ¢ = 1,2 and Ly, shows the difference
between x7F and x"F.

There is a gap between the theoretical understanding
and the experimental results. Unlike the centralized
SGD running on a single machine, where the gradients
are directly sampled from the global data distribution D, the
local gradients in FedAvg are sampled from the local data
distributions {D; }, which are often highly heterogeneous
(Kairouz et al., 2021). This can deteriorate FL’s performance
since the local models could drift to different directions
during local updates (Zhao et al., 2018; Karimireddy et al.,
2020). Therefore, a common understanding is that local
SGD can have a larger convergence error than that of
centralized SGD due to local updates. Existing theoretical
analyses for non-convex objective functions (Yu et al.,
2019a;b; Wang & Joshi, 2019; Yang et al., 2020) confirmed
this intuition and showed that the convergence error caused
by local updates grows fast when the number of local
updates I becomes large. This limits the usefulness of
local updates. However, in practice, a large number of local
updates have been successfully applied (Li et al., 2020a;
Niknam et al., 2020; Rieke et al., 2020) and showed superior
experimental performance compared to mini-batch SGD
with each worker performing I = 1 local iteration per round
(McMabhan et al., 2017; Lin et al., 2020). This means that,
empirically, a large I can improve the convergence rate
even when the data are highly non-IID. This inconsistency
between the pessimistic theoretical results and the good
experimental results for the local updates implies that
the existing theoretical analyses may overestimate the
error caused by local updates. In addition, it is indeed
challenging to show theoretically when local SGD (I > 1)
can outperform mini-batch SGD (I = 1) (Woodworth et al.,
2020a;b).

Although local models could drift to different directions,
the average of local models can still be close to the
centralized model. To the best of our knowledge, the only

metric of data heterogeneity in existing works (Yu et al.,
2019b; Wang & Joshi, 2019; Woodworth et al., 2020b) is the
gradient divergence (), or its more general version, called
gradient dissimilarity (Karimireddy et al., 2020), which
characterizes the difference between the local gradient
VF;(x) of worker ¢ and the global gradient V f(x). As
shown in Figure 1, the intuition of the gradient divergence is
that when ( is large, the difference between local gradients
and the global gradient is large. Then after multiple local
iterations, the local models will drift to different directions.
Previous theoretical results based on the gradient divergence
show that when ( is large, I has to be small to avoid the
divergence of the FL algorithms. However, in FL, the
final output is the global model on the server, which is
the average of local models after local updates. As shown
in Figure 1, although ( is large, the averaged model X"
can still be close to the centralized model x”* that can be
obtained if we had used centralized SGD. This means that
the convergence error caused by local updates can be close
to zero. While ( successfully characterizes the variance
among local gradients, it cannot capture the difference
between the averaged model and the centralized model.
Consequently, relying solely on the gradient divergence
in convergence analysis can lead to an overestimation of
the convergence error caused by local updates. To obtain a
better convergence upper bound, it is necessary to introduce
a new metric which can characterize the difference between
the averaged model and the centralized model.

To address the inconsistency between the theory and
practice, we introduce a new metric Ly, referred to as
the heterogeneity-driven pseudo-Lipschitz constant. As
shown in Figure 1, the proposed metric Lj captures the
difference between the averaged model and the centralized
model, which cannot be characterized by (. In our analysis,
we use the heterogeneity-driven pseudo-Lipschitz constant
Ly, and the global Lipschitz constant L, to substitute the
widely used local Lipschitz constant L. This is based
on our important observation that L is affected by the
data heterogeneity, which has not been pointed out in
previous theoretical studies. In the literature (Yu et al.,
2019b; Yang et al., 2020; Khaled et al., 2020), L is used
to characterize the smoothness of the gradients for all local
objective functions under any degree of data heterogeneity.
However, as shown in Table 1 (Section 6), L increases fast
as the percentage of non-IID data increases. We use Ly, to
characterize the information on data heterogeneity and use
L to characterize the smoothness of the global objective
function. It can be proved that the new assumptions used
in this paper are weaker than the local Lipschitz gradient
commonly used in the literature.

Contribution of this paper. In this paper, we reveal
the fundamental effect of data heterogeneity on FedAvg
and its extensions by introducing a new metric L,
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the heterogeneity-driven pseudo-Lipschitz constant in
Assumption 4.2. In particular, our main contributions are as
follows.

1. Using the new assumptions, which are proved to be
weaker than those in the literature, we develop a
novel analysis for FedAvg and its extensions, including
FedAvg with momentum (Yu et al, 2019a) and
FedAdam (Reddi et al., 2020), with general non-convex
objective functions. We show that for the terms with
the number of local updates (1), the local Lipschitz
constant L is replaced by the newly introduced
heterogeneity-driven pseudo-Lipschitz constant L
and the global Lipschitz constant L. Since Lj, can be
significantly smaller than L in practice, a much larger
number of local updates (I) can be used to achieve a
small convergence upper bound even if the gradient
divergence ( is large. This bridges the gap between
theory and practice.

2. Our analysis can incorporate partial participation
where only a subset of workers are sampled to
perform local updates in each round. We show
that with partial participation, increasing I can still
improve the convergence rate when the data are highly
heterogeneous.

3. We discuss a number of insights seen from the
proposed Lj, metric. For example we identify a region
where local SGD can outperform mini-batch SGD for
some quadratic objective functions.

4. Our theoretical results are validated using experiments.

2. Related Work

FedAvg, also known as local SGD, was first proposed
by McMahan et al. (2017). Since then, there has
been considerable work analyzing the convergence rate
of local SGD (Haddadpour, Farzin et al., 2019; Yu
et al.,, 2019b; Kairouz et al., 2021) and its extensions
such as FedAvg with momentum (Yu et al.,, 2019a),
SCAFFOLD (Karimireddy et al., 2020) and adaptive
methods (Reddi et al., 2020). There is also a line of
work focusing on the partial participation (Yang et al.,
2020), compression and quantization (Jiang & Agrawal,
2018; Richtarik et al., 2021) in local SGD. Despite the
extensive analysis of local SGD and its extensions, it
is hard to show that a large number of local updates
can improve the convergence rate when data are highly
heterogeneous (Woodworth et al., 2020a;b), while in
practice, more local updates can improve the convergence.
To address the gap between the theory and practice, there
are two papers (Wang et al., 2022; Das et al., 2022) trying
to find new assumptions that can better characterize the
effect of data heterogeneity in local SGD. However, none of
these works have noted that the local Lipschitz constant

increases with the data heterogeneity. Consequently,
they still rely on the local Lipschitz assumption for
convergence analysis, whereas our work introduces the
heterogeneity-driven pseudo-Lipschitz constant, yielding
an improved convergence bound. A detailed discussion on
related work can be found in Appendix A.

3. Preliminaries

In FedAvg, each round is composed of the local update
phase and the global update phase. The global model
is initialized as X°. At the start of round r, the server
distributes the global model x" to all workers. During the
local update phase, each worker updates its local model
with the local learning rate v and the stochastic gradients
sampled from its own local data distribution D;,

rk+1 _ _rk k.,

X Xi7 —’yg(Xl 7ni)7 (3)

where xf’k is the local model at the rth round and kth
iteration at worker . For simplicity, we use g;(+) to denote
the stochastic gradient g(-;n;). In addition, g(-) denotes
the stochastic gradient sampled from the global dataset D.
We assume that the local stochastic gradient is an unbiased
estimate of the full local gradient, i.e., E [gz(xfk) |x:k] =
V Fy(x"*). After I local iterations at the rth round, worker i
sends the local model update A} := X" — x:’l to the server.
During the global update phase, the server updates the global
model using the following equality:

X =5 S A 4)
where 7 is the global learning rate.

The following assumptions are widely used in the
literature for the analysis of algorithms including FedAvg
(Karimireddy et al., 2020; Yu et al., 2019b; Khaled et al.,
2020; Wang et al., 2020a), FedAvg with momentum (Yu
et al., 2019a) and adaptive methods (Reddi et al., 2020).

Assumption 3.1 (Local Lipschitz Gradient).

IVE;(x) = VE(y)| < L|x—y|.vx,y.i. (5

There are also some works (Khaled et al., 2020) assuming
that Lipschitz gradient condition holds for each data sample
IVi(x;€) = Viy: 9l < L'[x—yl.Vx,y € RI,¢ €
D. Note that this is stronger and can imply local Lipschitz
gradient condition.

Assumption 3.2 (Bounded Stochastic Gradient Variance).
E [||g7;(x) ~VE®)|?| < 02, Vi, x. ©6)
Assumption 3.3 (Bounded Gradient Divergence).

IVF;(x) — Vf(x)|? < ¢%,Vi,x. )
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Assumption 3.3 is often the only metric of data
heterogeneity in the literature (Yu et al., 2019a; Wang
& Joshi, 2019), where it was shown that there is a term
O(y2L2I?¢?) in the convergence upper bound. This means
that the gradient divergence (¢) and the number of local
updates (I) are coupled, and the error caused by ( grows
fast as I increases and the effect of 12¢? is amplified by
L2, In this paper, we find that this result can be pessimistic
since it can be seen from Table 1 (in Section 6) that L can
be very large, which means that the error caused by I%(?
can become much larger due to the large L2. In the next
section, we will address this problem using Assumption 4.2
in the analysis.

4. Main Results

In this section, we present the convergence upper bound
for non-convex objective functions using the proposed
new assumption for both full participation and partial
participation. We summarize the technical novelty and
provide proofs for all theorems and propositions in
Appendix B.

In the literature, three classes of assumptions on stochastic
gradient variance, gradient divergence and smoothness are
often made for theoretical analysis (Yu et al., 2019b; Wang
et al., 2020a; Khaled et al., 2020). We keep Assumption 3.2
for stochastic gradient variance and Assumption 3.3 for
gradient divergence. Assumptions 4.1 and 4.2 will
replace Assumption 3.1. In Section 5, we will show that
Assumptions 4.1 and 4.2 are weaker than Assumption 3.1.

Assumption 4.1 (Global Lipschitz Gradient). The global
objective function f(x) satisfies

IVIx) = VI < L lIx =yl ¥xy. 8

In our analysis, the Lipschitz gradient condition is only
needed for the global objective function instead of for each
local objective function as in Assumption 3.1 or for each
data sample as in (Khaled et al., 2020).

Assumption 4.2 (Heterogeneity-driven Pseudo-Lipschitz
Condition on Averaged Gradients). There exists a constant
Ly, > 0 such that Vx;,

2 2
|% 2 VA - V)| < 5T k- %P,
©)

where x = + Zfil x; and Lj is referred to as the
heterogeneity-driven pseudo-Lipschitz constant.

We consider Assumption 4.2 as a new perspective on data
heterogeneity for the following reasons. First, L; can
be used to characterize the convergence error caused by
local updates. In particular, we will show that L can be

replaced by Ly, in the local-update related terms in existing
convergence bounds in the literature. Second, unlike
Assumption 3.3, Lj, can characterize the difference between
the averaged model and the centralized model. This
difference captures the actual impact of data heterogeneity
as discussed in Section 1 (see Figure 1). We will discuss
these new perspectives of Assumption 4.2 and Lj, in detail
in this section and in Section 5.

Next, we present the convergence analysis for full
participation. In the following, we define F := f(xq) — f*.

Theorem 4.3 (General Non-convex Objective Functions).
Assuming Assumptions 3.2, 3.3, 4.1, 4.2 hold, when yn <

1 1
2v30IL,’ \/6(L2+L2)1 } after 1t

rounds of FedAvg, we have

1 .
7L, and v < mln{

. _ F ynL,o?
E ™2 = Y e
min B[V O( IR N

error unrelated to local updates

L2
+7° (ZV? + Li) (I = 1)o® +42Li(I = 1)%¢? >

error caused by local updates

(10)

where [R] :={0,1,..., R — 1} in this paper.

An improved bound by using Assumptions 4.1 and 4.2.
In (10), the convergence error terms that are unrelated to
local updates only depend on L, while in the error caused
by local updates, o2 is coupled with both Ly and Ly, and
¢? is coupled only with Lj,. In Yu et al. (2019a); Yang
et al. (2020), the error caused by the stochastic gradient
noise is O(#), and the error caused by local updates is
O(V?LA(I — 1)%¢% + 42L2(I — 1)0?), where we observe
that L is substituted by L, and Lj, respectively, in (10). As
shown by the experimental results in Table 1 (Section 6),
L is smaller than E, and L; can be much smaller than L.
In addition, our experimental results show that L, 4 Ly, is

2

not larger than L, which intuitively implies that L—Né’ + L2
is not larger than L2 (a formal analysis of this relation is
left for future work). This means that the error caused
by local updates can be significantly overestimated using
the convergence results in existing works. Moreover, in
Section 5, we show mathematically that L; and L, are
smaller than L.

New insights about the effect of data heterogeneity. It
can be observed that in the error caused by local updates,
both ¢2 and o2 are multiplied by Ly,. A key message is that
when (* is large, as long as L3 is small enough, the error
caused by local updates can still be small. Since Lj; and
( characterize the effect of data heterogeneity in different
perspectives, we show that it is possible that L, = 0 while



A New Theoretical Perspective on Data Heterogeneity in Federated Optimization

(¢ can be arbitrarily large by providing an explicit example
in Section 5. In that special case, no matter how large ( is,
the convergence error of local SGD is the same as that of
centralized SGD, i.e., I can be arbitrarily large and only one
aggregation is sufficient.

It is worth noting that although L; increases with the
percentage of heterogeneous data, it can still be small
even if the percentage of heterogeneous data is large as
shown by the experimental results in Table 1 (Section 6).
The following corollary shows that more local updates can
improve the convergence.

Corollary 4.4. With yn = min{1 [ 5, ﬁ} and

v = ﬁ, for FedAvg, we have

. E v =T 2
in IV

_of JF L L TLe Ly¢* + (Ly + Ly /N)o? /1
RIN R '

(11)

It can be seen that the order of the dominant term is
(’)(\/%), which is consistent with the results in the
literature (Yang et al., 2020; Karimireddy et al., 2020).
Similar to Theorem 4.3, all L in the existing works is
replaced by Lj, and L,. Hence, the insights discussed after
Theorem 4.3 still hold here. In Appendix A.5, we show that
the new assumption can also be applied in the convergence

analysis for strongly convex objective functions.

Analysis for Partial Participation. We also use the
new assumption to derive the convergence upper bound
for partial participation. At each round, M workers are
uniformly sampled with replacement. The result provides
insights into the relationship between local updates and
partial participation. It is worth noting that the technique
for partial participation in existing works cannot be directly
applied in our analysis since the Lipschitz gradient (see
Assumption 3.1) is often assumed for each local objective
function in the literature. Therefore, we need to develop
new techniques to incorporate the partial participation using
Ly and L, which can be found in Appendix B.

Theorem 4.5 (Partial Participation). Consider uniformly
sampling M (1 < M < N) workers in each round

of FedAvg with replacement. Assuming Assumptions 3.2,

33, 41, 42 hold  when v < -y <

after R rounds of FedAvg,

. 1 1
mm{ }
3VI0L,I’ \/6(L3+L2)1

we have
in E||V/f(x)|?
in IV
_ 0 F +’y77L902 ’ynLgICQ
ynIR M M
S S — ——

error unrelated to local updates ~ €""0" caused by p.p.

L2
7 (; + Li) (1= 1)0% + L3~ 1P ),

error caused by local updates

12)
where “p.p.” means partial participation.

Compared to Theorem 4.3, there are two differences in the
convergence upper bound. First, the error caused by the

2
stochastic noise O (%) depends on M. This means
that more workers sampled in each round can reduce the
2
noise. Second, there is an additional term O (%)

in the convergence upper bound, which denotes the error
caused by partial participation. In the literature (Yang et al.,
2020), this term is often multiplied by L. In (12), this term
depends on L, and not on Lj. This means that a small
L;, cannot reduce the error caused by partial participation,
which can be shown explicitly by the following corollary.

Corollary 4.6. Consider uniformly sampling M workers

at each round in FedAvg with replacement. With yn =

i MF 1 _ 1
mln{ LyIR(0?+I¢?)° 15L91} and y = TR e have

in E||Vf(x)|?
min IV £(x")]

e FLy(C? FLgo?
- RM RIM
FL,+ L?C?+ (L? + L%2/N)o?/I
LTt G (Rh 2/N)o*/ > (13)

Compared to the existing results, where the dominant term
is O (%) L is substituted by L, in (13). Since the
effect of partial participation is shown by the dominant term,
this implies that a small L, cannot reduce the error caused
by partial participation. This is because L;, characterizes
the difference between the averaged model over all workers
and the centralized model (we will formally explain this
property in Section 5). However, with partial participation,
the global model on the server becomes a stochastic estimate
of the average models over all workers since only a subset
of workers are randomly sampled.

Applying Assumption 4.2 to other FL algorithms. Similar
to Assumption 3.1, the proposed Assumption 4.2 can be
used to analyze the performance of other FL algorithms
using our methodology. In particular, we provide the
convergence analyses for two examples including the
FedAvg with momentum (Yu et al., 2019a) in Appendix A.3
and the FedAdam (Reddi et al., 2020) in Appendix A.4. In
these two examples, the same conclusions on the effect of
the heterogeneity-driven pseudo-Lipschitz constant as that
for FedAvg can be made.
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5. Discussions

In this section, we discuss the properties and advantages
of our proposed L; metric.  First, we show that
Assumption 4.1 (global Lipschitz gradient) and
Assumption 4.2 (heterogeneity-driven pseudo-Lipschitz
gradient) used in this paper are weaker than the commonly
used Assumption 3.1 (local Lipschitz gradient). Then,
we explain the significance of L; by showing its ability
to characterize the difference between the “virtual”
averaged model (defined in (14)) and the centralized
model. Afterwards, we illustrate some nice properties of
L;, by considering an exemplar case of quadratic objective
functions. By applying Lj, in the convergence analysis of
quadratic objective functions, we identify a region where
local SGD can be better than mini-batch SGD.

5.1. Properties and Advantages of L),

Additional definition. For the exposition of useful insights
in our discussion, we define X™* as the “virtual” averaged
model during the local update phase and

N K4l o N y
%Zi:lxz = %"k 77'%21‘:1 gi(x;"),
(14

)A(r,kJrl —

where k € {0,1,2,...,I — 1}. Note that this virtual model
%x™* may not be observed in the system, and is mainly used
for the theoretical analysis. In addition, we define x?k
as the model that would have been obtained by applying
centralized updates at the kth iteration of the rth round given
the averaged model X"°*, which means that the gradient is

sampled from the global data distribution D.? Specifically,
XM = 1P - qg(x7h), (15)

where E [g(x"%)] = Vf(x"F).

Assumptions in this paper are weaker. In the following
proposition, we show that Assumptions 4.1 and 4.2 are
weaker than Assumption 3.1.

Proposition 5.1. If Assumption 3.1 holds, then
Assumption 4.1 holds by choosing L, = L and

Assumption 4.2 holds by choosing L, = L.

Explanation of L;. Assumption 4.2 captures the difference
between the averaged model and centralized model, which
can be seen from the following proposition. Recall that
the virtual averaged model X™* is defined in (14) and the
centralized model x?k is defined in (15).

Proposition 5.2. Given the virtual averaged model at the

Note that the model x* is different from the model obtained
by applying the centralized updates from the beginning of the
algorithm. We use this for the purpose of illustration only while
not affecting the convergence bound results.

r,k

rth round and kth iteration X"*, we have

||E[)A(r,k+1 |)A(r,k:} . E[Xg,kJrl |)A(r,k:} H2

s L Y k Kl
rk  or
=7 'Nzizl‘xi X H : (16)

Proposition 5.2 shows that although the difference among
local models, captured by Hx;’k — X"k H2 (which depends
on both ¢ and o as shown in Lemma B.2), can be large
after multiple local iterations, the difference between the
averaged model and centralized model can still be small if

Ly, is small.

5.2. Analysis for Quadratic Objective Functions

In order to obtain an explicit relationship among Ly, L and
(, and demonstrate the benefit of using L;,, we consider the
following quadratic objective function,’

Fi (X) = %XTA,'X + b;FX + ;. (17)

Using (1), the global objective function is given by f(x) =
N

%XTAX + bTx + ¢, where A = %Zi:l A;, b =

+ Zf\;1 b; and ¢ := + Zivzl Ci-

In Proposition 5.1, it is implied that L;, < L. Further, as
shown in Table 1 (Section 6), L;, can be much smaller than
L. In general, the explicit relationship between L; and L
is challenging to derive. However, for quadratic objective
functions, this relationship can be shown in the following
proposition.

Proposition 5.3. For quadratic objective functions defined
in (17), Assumptions 3.1 and 4.2 hold with L =
maxie[N] ||A1H2 and Lh = maxie[N] ||1Az — A

respectively, where || - ||2 is the spectral norm.

2

From Proposition 5.3, it can be seen that both L,
and L capture the properties of Hessian matrices for
quadratic objective functions. The heterogeneity-driven
pseudo-Lipschitz constant Lj characterizes the largest
absolute eigenvalue of the “deviation” of {A;} from the
global Hessian matrix A, while L characterizes the largest
absolute eigenvalue of {A;}. We observe that when A, =
A Vi, which means that the difference of local Hessian
matrices is zero, Assumption 4.2 holds with L, = 0.
Note that, at the same time, we can pick an A; such that
L = max;e[n] || As|, is much larger than zero. Hence, in
this example, we explicitly show that L;, can be arbitrarily
smaller than L.

In Proposition 5.2, it has been shown that even when ( is
large, the difference between the averaged model and the

3Here we do not assume the Hessian matrix is positive definite
so that the quadratic objective function can be non-convex.
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centralized model can still be small as long as Ly, is small.
In the following proposition, we explicitly show that for
quadratic functions, L;, can be zero when ( is large.

Proposition 5.4. For quadratic objective functions defined
in (17), when ¢ = 0, Assumption 4.2 holds with Ly, = 0,
while when L;, = 0, ( can be arbitrarily large.

Proposition 5.4 shows that L; = 0 is not a sufficient
condition for ¢ = 0, which implies that only using ¢ can
overestimate the effect of the data heterogeneity. This is
because, as we have seen in Proposition 5.3, for quadratic
objective functions, the key effect of heterogeneity on the
local updates is due to the difference between A and A,
while ¢ depends not only on the difference between A and
A but also on the difference between b and b;. In addition,
we notice that in multi-label learning (Zhang & Zhou, 2014),
when A = A;, b can be very different from b; since data
examples sharing the same feature can have different labels.
This means that L;, = 0 but ¢ > 0 is possible in practice.

On local SGD v.s. mini-batch SGD. In the following
theorem, we consider the special case of Ly, = 0, by
which we show that local SGD can outperform mini-batch
SGD even when ( is arbitrarily large analytically. The
extended discussion on the comparison between local SGD
and mini-batch SGD for quadratic objective functions with
Lp > 0 can be found in Appendix A.2, where similar
conclusions still hold. Instead of directly applying Ly, = 0
to Theorem 4.3, we develop a new proof technique for
Theorem 5.5 below. The difference in the techniques can be
shown by the requirement of the local learning rate -y, which
no longer depends on I in Theorem 5.5 while Theorem 4.3

requir < min .
equires v < 3 /7301115,’ \/G(L%/-&-Lg)l}

In the following, we use ¢ to denote the index of the total
number of iterations, where t € [RI] := {0,1,..., R —1}.
For some given r and k, we define X! as

ork . o
)A(t_{x , %ft—rI—i—kandk;éO, (18)
x" ift =rlI.

)

Theorem 5.5 (Special Case of L;, = 0). For quadratic
objective functions deﬁned in (17), with a common Hessian
A = A;, Vi, when v < - and n = 1, for local SGD with

I local iterations, we have

I =0 (5 + et)s a9

and for mini-batch SGD with batch size I and learning rate
v < %’ we have
g9

min E HVf
te[RI]

min EHVf

F oLy o
= — 4+ — . 2
te[RI] H O(R+N 0) @0)

In Theorem 5.5, the cost of communication and computation
is the same for both local SGD and mini-batch SGD when R
is fixed, since the number of aggregations is R and the total
number of gradients sampled is N RI for both algorithms.
The upper bound for + is also the same. Comparing (19)
with (20), we see that for local SGD, I is in the first term of
(19), which means that local SGD uses more computation to
reduce the error caused by initialization, since F = f(x°) —
f(x*). For mini-batch SGD, I is in the second term of (20),
which means that mini-batch SGD uses more computation
to reduce the error caused by the variance o2. Based on the
above insights, we identify a region where local SGD can
be better than mini-batch SGD in the following corollary.

Corollary 5.6. Consider the quadratic objective function in

Theorem 5.5. When o < }-gILg and with appropriately

chosen learning rates, for local SGD, we have

W) =o(Ze): e

)| } (JTL ) @)

First, it can be seen that the order of the dominant term for
local SGD is O(4;) while for mini-batch SGD, itis O(+).
This means that when [ is large, local SGD can be much
faster than mini-batch SGD. Second, the condition confirms
the intuition that when the error caused by initialization is
.7~'NLg

Jin B [[| V5 (¢

for mini-batch SGD, we have

Jin B [[| V(&

large (0 < ), we should choose local SGD. Similar
insights can also be shown in the results for Ly > 0 in
Theorem A.2. It is worth noting that this result shows that
the advantage of local SGD can be achieved even when
( is arbitrarily large, while in the literature (Woodworth
et al., 2020b), local SGD has been proved to be better than
mini-batch SGD only when ( is small.

A limitation of the result in Theorem 5.5 and Corollary 5.6
is that the left-hand side (LHS) of the convergence bound
includes %!, which can be either the virtual (non-observable)
average model X%, when k # 0 in (18), or the observable
average model X", when £ = 0 in (18). An extension to
considering only the errors related to X" is left for future
work.

6. Experiments

In this section, we present experimental results obtained
from various datasets and models to validate our theoretical
findings. In particular, we estimate i, Ly, and L, on MNIST
(LeCun et al., 1998) with multilayer perceptron (MLP),
CIFAR-10 (Krizhevsky & Hinton, 2009) with CNN and
VGG-11, CIFAR-100 with VGG-16. Then we provide the
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Figure 2: Results for CNN with CIFAR-10 and MLP with MNIST. For CNN, the learning rates are chosen as n = 2 and
~ = 0.05. For MLP, the learning rates are chosen as n = 2 and v = 0.1. Results for CNN are shown in (a) and (b). Results

for 75% of MNIST are shown in (c) and (d).

Table 1: Estimated Ly, L, L, for MLP with MNIST, CNN
and VGG-11 with CIFAR-10 and VGG-16 with CIFAR-100.
Since L, only depends on the global dataset, L, does not
change with the percentage of non-IID (NIID) data.

Ob. NID | L n I,
25% | 130.97 £11.67 | 0.82 £ 0.11
50% | 130.97 £11.67 | 0.82 £0.11 122.23
MLP 53424 £ 12.23 | 1.66 £0.23 +9.75
T00%] 141.92 £ 12.78 | 2.36 £0.20
25% | 447.50 £22.27 | 0.96 £0.13
50% | 898.40 £38.57 | 1.21 £0.19 323.35
CNN 50 1131.36£47.82 | 1.63 £ 0.26 +15.36
T00%| 1662.24%62.18 | 2.15 £ 0.34
25% | 161.07 £3.07 | 9.14 £0.32
VGG- | 50% | 246.68. £7.67 | 1047 £0.35 151.95
1 75% | 338.07 £8.43 | 12.40 £0.41 +5.42
100%| 536.92 £10.43 | 17.83 £ 1.12
25% | 363.11£3.87 | 2.53 £0.12
VGG- | 50% | 365.30 £ 1.1 326 £0.12 360.85
16 [ 7% | 37991 £882 | 3.96£0.19 +1.86
T00%| 431.07 £25.10 | 4.67 £0.27

results for FedAvg on MNIST and CIFAR-10 to verify the
theoretical results in Theorem 4.3 and Theorem 4.5. Results
with synthetic data for quadratic objective functions are also
provided to verify the insights shown by Theorem 5.5.

The experimental setting is as follows. For training CNN
with CIFAR-10, we partition the training dataset into 100
workers, and we uniformly sample 10 workers in each round.
For other datasets and models, we partition the training
dataset into 10 workers and use full participation. For the
non-IID setting, the data on each worker is sampled in two
steps. First, X % of the data on one worker is sampled from a
single label, and we say that the percentage of heterogeneous
data on this worker is X %. Then, we uniformly partition the
remaining data into all workers. Additional experimental
details and results can be found in Appendix C.

The properties of L, L, and L, are verified. The
experimental results for estimating L, L; and Ly are
shown in Table 1. First, it can be seen that L grows
fast as the percentage of the data heterogeneity increases,
which implies that L is related to the data heterogeneity
in addition to the smoothness of local objective function.

Table 2: Special case of L;, = 0 with the quadratic objective
functions. I = 1 is equivalent to mini-batch SGD. The
number of rounds is the communication rounds needed to
achieve the target of f(x) = 0.8. For varying (7, ), we fix
I = 10 and for varying (I, s), we fixn = 1, v = 0.005.

(n,7) [ (1,0.005) [ (2,0.0025) [ (5,0.001) | (10,0.0005)
#Rounds | 86F£16 | 8+1.6 | 86+1.6 | 86+1.6

Ts) [@D&A5 [ @10) T .0 [ (10,1
#Rounds | 927 £34 [ 925F£1.7 | 187+23 | 95+£24

Second, we observe that both L, and Lj, are smaller than
L. This verifies the theoretical results in Proposition 5.1.
Furthermore, the results in Table 1 show that L;, can be
much smaller than L. This means that when characterizing
the error caused by local updates, substituting L by L;, can
reduce the convergence upper bound.

The theoretical results in Theorem 4.3 and Theorem 4.5
are verified. In Figure 2, the convergence results for CNN
with partial participation and MLP with full participation
are provided. In Table 1, we see that Ly, is relatively small
in these cases. According to Theorem 4.3 and Theorem 4.5,
for both full participation and partial participation, when Ly,
is small, the error caused by local updates is small, so a large
I can still improve convergence. The experimental results
in Figure 2 verify the theoretical results, because even when
the percentage of heterogeneous data is more than 50%, the
largest I (I = 80 for CNN and I = 40 for MLP) can still
achieve the smallest training loss when R is fixed.

The insights gained from the analysis for quadratic
objective functions are verified. We construct quadratic
examples to verify Theorem 5.5. We consider F;(x) =
L|Ux —vi||?, where U € RI00X100 v, ¢ RI0O,
Each column of U and v; is sampled from a normal
distribution A/(0,I). In this case, the gradient divergence
is [U(v; —v)|> > 0. We set the stochastic gradient
variance as 02 = 0.01. To distinguish the number of local
updates from the mini-batch size in the experiments, we
use a separate variable s to indicate the mini-batch size.
Theorem 4.3 shows that when L;, = 0, using two-sided
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learning rates does not have advantage over a single learning
rate. This is validated by the experiments shown in Table 2,
where there is no difference among the results with different
learning rates when keeping the product of v and n. When
s = 1, comparing the results with I = 1, I = 5, and
I = 10 in Table 2, we see that more local updates can
reduce the number of rounds to achieve f(x) = 0.8 (an
arbitrarily chosen target value), which validates the results
in Theorem 5.5. By the comparison between the results of
I =1,s=5and I = 5,s = 1 and the comparison between
the results of / = 1,s = 10 and / = 10,s = 1, we can
see that keeping the number of gradients sampled in one
round the same, local SGD (I > 1) converges faster than
mini-batch SGD (I = 1) when o2 is small (since o = 0.01
in this case), which validates the discussion for Theorem 5.5.

7. Conclusion

In this paper, we bridged the gap between the pessimistic
theoretical results and the good experimental performance
for FL by introducing a new theoretical perspective of
the data heterogeneity, named the heterogeneity-driven
pseudo-Lipschitz assumption, which can characterize the
difference between the averaged model and the centralized
model. This is the key to explain the benefit of
local updates, especially when the gradient divergence
is large. Using this assumption, we developed new
analytical approaches to derive convergence upper bounds
for FedAvg and its extensions, and for both non-convex and
quadratic functions. These bounds can be much smaller
than those in the literature and can better explain the
effect of data heterogeneity using the heterogeneity-driven
pseudo-Lipschitz constant. As a by-product, our approach
can identify a region where local SGD can outperform
mini-batch SGD without any constraint on the gradient
divergence. All theoretical findings were also validated
using experiments.
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This paper presents work whose goal is to advance the field
of machine learning. There are many potential societal
consequences of our work, none of which we feel must be
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This Appendix is composed of three sections. Appendix A provides more details of related work and additional theoretical
results are presented. Appendix B provides all the proofs for theorems, corollaries and propositions in this paper. Appendix C
provides additional details and results of experiments.

A. Additional Discussions

In this section, first we provide more discussions on related work. Second, we present the convergence analysis for the
quadratic objective functions with L; > 0, where we can also identify a parameter region where local SGD can be better than
mini-batch SGD. Then we show that Lj, and L, can be successfully applied in the analysis for FedAvg with momentum (Yu
et al., 2019a) and FedAdam (Reddi et al., 2020).

A.1. Additional Details of Related Work

There has been considerable work analyzing the convergence rate of federated learning algorithms (not limited to FedAvg),
with non-convex objective functions (Haddadpour, Farzin et al., 2019; Yu et al., 2019b; Wang & Joshi, 2019; Karimireddy
et al., 2020; Reddi et al., 2020). A key step shared by these analyses is to relate the difference of gradients,

2

1 N
N Y VE(x) - V(%)
i=1

to the model divergence,

1 N
2 = x|, (A1)
i=1

which can be found, for example, in inequality (10) in the supplementary of Yu et al. (2019b), the inequality (6) in the
supplementary of Reddi et al. (2020), and the proof of Lemma 19 in Karimireddy et al. (2020). In this step, the local
Lipschitz gradient assumption (Assumption 3.1) is often applied, which amplifies the effect of data heterogeneity. In this
paper, the pseudo-Lipschitz constant Ly, is applied in this step so that the convergence error can be much smaller than that
based on the local Lipshictz constant E, since it can be seen in Table 1 that L, is often much smaller than L. Therefore, we
believe that our techniques can also be applied to federated learning algorithms to improve the convergence analysis.

There are two papers (Wang et al., 2022; Das et al., 2022) closely related to our work. Both works assume the Lipschitz
gradient for each local objective function while we only assume it for the global objective function. Wang et al. (2022) aim
to re-characterize the data heterogeneity by extending the single gradient divergence assumption ((4) in Wang et al. (2022))
to the averaged gradient divergence assumption ((15) in Wang et al. (2022)). In addition, Wang et al. (2022) consider the
convex objective function and their analysis cannot guarantee convergence to a stationary point while we consider general
non-convex objective function and our results can guarantee convergence to a stationary point.

In the following, we provide more details about the difference between Wang et al. (2022) and our paper. In Wang et al.
(2022), a new metric for data heterogeneity, p, the average drift at optimum, is proposed. The definition of p is

L (LS o A2
i=1

We discuss the difference between Wang et al. (2022) and our paper in the following three aspects.

p:

First, the new metric p in Wang et al. (2022) focuses on the difference between models while in our paper, we still focus on
the difference between the gradients. The key insight in Wang et al. (2022) is that if p is small, when the global model is x*,
after multiple local updates, the averaged model does not change significantly. In our paper, the key insight is that since Ly,
can be small, the difference between the current global gradient and the current averaged local gradients can be small. In
Wang et al. (2022), the gradient divergence (Assumption 3.3) is not used in the analysis. In our analysis, we still use the
gradient divergence jointly with the proposed Ly, to characterize the data heterogeneity.

Second, in Wang et al. (2022), it is only empirically shown that p can be small. In our paper, we not only empirically
demonstrate that L;, can be small, but also mathematically proved that L;, is smaller than or equal to L and provide an

12
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analytical example to show the exact values of L, and L. Our quadratic example can be non-convex, a case which p cannot
cover.

Third, one weakness of using p is that in the convergence upper bound in Wang et al. (2022), the convergence error shown
by p may not vanish. This means that by choosing v = ﬁ, when R goes to infinity, the convergence upper bound cannot
guarantee that FedAvg can converge to the local minima of the global objective function. On the contrary, the convergence
upper bound proved in this paper can guarantee the convergence to the local minima of the global objective function, which
is shown by Corollary 4.4.

Das et al. (2022) introduce a parameter « to characterize the relationship between the difference of gradients to the model
divergence shown in (A.1). This can also be done using the Assumption 4.2 and L;. However, o cannot characterize
the impact of Lj;, and Das et al. (2022) still assume Lipschitz gradient for each local objective function. They only use «
as an intermediate step instead of theoretically analyzing the effect of data heterogeneity. In their theoretical results, the
convergence error increases with I even when o = 0.

A.2. Additional Results for Quadratic Objective Functions

In this section, we provide a comparison between mini-batch SGD and local SGD for quadratic objective functions with
Ly > 0,1ie., A; # A,Vi.

Recall that we use ¢ to denote the index of the total number of iterations, where 0 < ¢ < RI — 1, and the averaged model %*
is defined in (18). In the appendix, we also define the local model on worker 7 at the tth iteration as

xt =x" t =71l + k. (A.3)

3

In the following, we introduce « to characterize the difference between eigenvalues of the Hessian matrices { A;}. That is,

(A4)

where \;(A;) is the jth eigenvalue of A; and 0 < £ < 2.

It can be seen that « is determined by the smallest eigenvalues of {A;}. Only when A;(A;) < 0and |\;(A;)| = |Ally, &
is maximized and then we have k = 2.

When analyzing the quadratic objective functions, it is worth noting that the gradient divergence is given by
IVE(x) ~ VA& = (A~ A)x + b — by[[? Vi, (AS)

It can be seen that in this case, the gradient divergence cannot be bounded for all x € R?. Therefore, we apply the following
assumption in the analysis for the quadratic objective functions.

Assumption A.1 (Weak Gradient Divergence). For FedAvg, with quadratic objective functions, for the global model
% € {x°, %!, ..., %%}, we have

IVE(x) - Vi@ < . (A.6)
Theorem A.2 (Quadratic Objective Functions with L, > 0). With v < min { ﬁ, i - min {%, %}}’ for
local SGD with quadratic objective functions that satisfy Assumptions 3.2 and A. 1, we have
. 2 _ AF  2vyL,o?
min E||VfEH|" < T + Tg + 167 LT - ¢(r, 1) - ¢ +49° Ly, - §(r, 1) - 02, (A7)
where Amax = max; [|Aj|y,
k 0<k<l1
K:,k = 2 - A.8
H. k) {*;f_f 1<k<2 (A8)
and
1 0<k<1
= - A9
o(r) {H l<r<2 (A.9)
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The proof can be found in Appendix B.14. Compared to the theoretical results for general non-convex objective functions,
the main improvement is on the choice of learning rate. We develop new techniques in the proof to achieve the improvement
on the learning rate, which takes the advantage of the properties of quadratic objective functions. For the ease of comparison,
the convergence bound for mini-batch SGD is as follows. With learning rate v < 1 , for mini-batch SGD (Bottou et al.,
2018), we have

F  yL,0?
E |V =0|(— d A.10
min B[V (x 2l <7R+ 2NI>’ (4.10)
where L, = ||A]|2.

Next, we will present the convergence rate for different values of o. The following corollaries can be obtained directly from
Theorem A.2 by plugging in the corresponding learning rate -.

First, we consider the simplest case, that is ¢ = 0.
Corollary A.3 (¢ = 0 for Quadratic Objective Functions). When o = 0, with v = (R#, for local SGD, we have
3

F+ L2 ¢(x,I)-C?
min E ||V f(x9)|* = 0 b ¢<2 )G : (A.11)
te[T) (R[)§
while for mini-batch SGD, we have
FL
E(V = 9. A.12
win & V7| = 0 (F5) (a2
In this case, when I—%g < %, the convergence rate of local SGD is better than that of mini-batch SGD.
Second, we consider the case when o2 < QNRfI
2 NF . _ 1
Corollary A.4. When o < L RD with v = ol for local SGD, we have
F4+ L3 -¢(k,1)- (2 FNL2¢(k, I
mmIEHVf )P =0 L ¢(2 L h‘f(’i’ AN (A.13)
te[T) (RI)s LyRs315
while for mini-batch SGD, we have
FL FL
E = J 9. A.14
min E |V I 0( = R[2> (A.14)

Wl

FLy

FIL (=D dominant term of local SGD is better than that of mini-batch SGD.

Similarly, when I— <

[*V

A.3. Applying L}, and L, in the Analysis for FedAvg with Momentum

In this section, we apply Assumptions 4.1 and 4.2 in the analysis for FedAvg with Momentum in Yu et al. (2019a). First, we
introduce the notations and the algorithm for clarification. We summarize the FedAvg with momentum in Algorithm 1.

The momentum of worker 7 at ¢th iteration is denoted by u§ € R, where ¢ is the index of the total number of iterations.
Thatis,t =al +b,a,b e Nand0 < a < R—1,0 < b < I — 1. At the start of the algorithm, the momentum is initialized
as zero. That is, u? = 0, Vi. During local updates, we have

xit = xt — qultt, (A.15)
and

uf“ = Bu! + g;(x), (A.16)
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Algorithm 1 FedAvg with momentum (Algorithm 1 in Yu et al. (2019a))
Input: v, %%, I, 8, 0° = 0, Vi
Output: Global averaged model %7/
fort =0t RI —1do
for Each worker 1, in parallel do
ift=al,0<a<R-—1then

ul + a;

xt + x4
end
Sample the stochastic gradient g; (x!);
wt e pul + g;(xh);
e -l
end
ift=al+1—-1,0<a<R-—1then
! % Zilil uf“;
R PR

end
end

where 5 € [0, 1). After local updates, the momentum is reset as

N
1
ul =) ul vt=(a+ 1)L (A.17)

xt=—) xt,Vt=(a+1)L (A.18)

Now we provide the theoretical results for the new analysis of FedAvg with momentum.

1-5)? 1-8

Theorem A.5 (FedAvg with Momentum). By v < min{L( 048 sLa+1)]
9 g h

Y, for FedAvg with momentum in

Algorithm 1, with Assumptions 3.2,3.3, 4.1 and 4.2, we have

20=B)(fo=f) | _Lgo® | 3’Ljlo®  OVLEIC?
AT T N () R (e

1 T—1 )
72 BV < (A.19)
t=0

The proof can be found in Section B.15. For the ease of comparison, we present the convergence bound in Theorem 1 by Yu
et al. (2019a) as follows.

2(1 = B)(fo — f+) yLo? 3y2L210%  9y2L2I%¢?
2T TNO—BE T a—pr T Ta-pr

T—1
1 JTD
7 2 BV < (A.20)
t=0
It can be seen that the difference is that in Theorem A.5, L is substituted by L4 and Lj,. It has been shown in Proposition 5.1
that L, < L and L;, < L. Therefore, by applying Lj, and L, in the analysis for FedAvg with momentum, we obtain a

tighter convergence upper bound. Similar to Theorem 4.3, the insights of L;, can also be applied to FedAvg with momentum.
That is, when L, is small, the error caused by local updates can still be small.

A.4. Applying L;, and L, in the Analysis for FedAdam

In this section, we present the theoretical results for the convergence analysis of FedAdam (Reddi et al., 2020). We use
x; ; to denote the jth element of the model from the ith worker, and [g;(x;)]; to denote the jth element of the gradient. In
addition to Assumptions 4.1 and 4.2, we use the following assumption in Reddi et al. (2020) for the analysis. The algorithm
can be found in Algorithm 2.
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Algorithm 2 FedAdam in (Reddi et al., 2020)
Input: v, n, X°, I, 7, 31, B2
Output: Global averaged model %%
forr=0t0o R—1do
for Each worker i in parallel do
XY %7,
fork=0tol—1do
Sample a gradient g; (x}");

rk+1 r.k rky.
X; —x = gi(x);
end
i 7,0 rI,
Al —x7 =%,

end

Ap = % Zi\[:l Ak

m" + Sm" 4 (1= B1)A,;
V= BovTh 4+ (1 - Br) A2

<r+1 ST m .
X — X n ST

end

Assumption A.6 (Bounded Gradients (Assumption 3 in Reddi et al. (2020))).
|lg:i(x)];] < G, ¥x € R, Vi, j, (A21)
where G is a positive constant.

Now we present the theoretical results. The proof can be found in Appendix B.16.

Theorem A.7. Assuming Assumptions 3.2,3.3,4.1, 4.2 and A.6 hold, for FedAdam, with

1
1 TS T

6Lyl [6(L2 + £2)1 16K (12022G)3 " 6(2G +nLy)

v < min )

we have

. 2 8(fo— f«) YLgo? 9642I?L3(*  32y2Lplo?
<
min E |V f(x")] _(«/ﬁﬂIGW-T)( TRt

L 32 T68v3L2I3¢% 2563121202
(Ve ) (VI 1) (ot TR BOTET),
(A.22)

From Theorem A.7, it can be seen that after applying L and L, in the analysis for FedAdam, the error caused by local
updates such as O(y2L3 I?(?) and O(y?L?15?) are related to Lj,. In Theorem 4.3, it has been shown that when L, is
small, the error caused by local updates can be small. We see here that the insights shown by L; can also be applied to
FedAdam.

A.5. Applying L}, and L, in the Analysis for Strongly Convex Objective Functions

In this section, we provide the theoretical results for the convergence analysis of FedAvg with strongly convex objective
functions. For strongly convex objective functions, we have the following assumption.

Assumption A.8. The local objective function F;(x) is pu-convex for i > 0 and satisfies
(VE(x),y = %) < = (Fi(x) = Fi(y) + 5 [x=y[*) . vi.x,y. (A.23)

16



A New Theoretical Perspective on Data Heterogeneity in Federated Optimization

Assumption A.8 implies that the global objective function f(x) is also p-convex, since we have
(VIix),y —x)
N
<VF1(X)7 y - X>

1
N 4

?

IA
!
=] -

(Rt - R + £ Ix—I?)

== (16— f ) + S Ix=vIF) - (A24)

The theoretical results for strongly convex objective functions are as follows.

Theorem A.9 (u-convex). For u-strongly convex objective functions, which satisfy Assumption A.S, with Assumptions 3.2,
. 1 1 . 1 1 .

3.3,4.1,4.2,vn < mln{m7 17 andy < mln{m1 /Lig, m} we have the following convergence upper

bound.

2 2L2N+L212 2L21‘22
o +v(g/ wlo L LEE (A25)

Elf(x™)] - f*=0 (ullx0 — x*||* exp(—pynIR) + N ; p

From this convergence upper bound, it can be seen that the error caused by local updates is

V(LI/NFLI)I® | L2122
O (TR 2l
characterization is the same as that shown in Theorem 4.3 in the main paper. Using Lemma 1 in Karimireddy et al. (2020),
by carefully choosing the learning rates, we have the following corollary.

. Lol 12 RIN||RO—x*||2 /o
Corollary A.10. By choosing v = ﬁ* /L% and ~yn = min{ og(max(1,u MRﬁx X7\ /o)) max{lﬁng’Lh}I}, we have

, where the impact of data heterogeneity can be characterized by L?¢?.  This

2 2 2
E[f(iR)]—f*=@<ull>‘<O—X*Qexp(— il ) b /N +Li)o Li<2>, (A.26)

max{16L,, Ly} uNIR L3IR L3 R?
where O(-) means O(-) ignoring logarithmic terms.

It can be seen that the dominant term O (#J‘\’%R) is the same as that in Karimireddy et al. (2020) and the insight of the error
caused by local updates still holds.

B. Proofs

The description of FedAvg with two-sided learning rates can be found in Algorithm 3. For full participation, we have
S-={1,2,...,N},Vrand M = N. For partial participation, we have M < N.

B.1. Technical Novelty
Before proceeding to the proof of our theoretical results, we summarize the technical novelty as follows.

(1) We need to develop new techniques to incorporate Assumptions 4.1 and 4.2. In the proof of Theorem 4.3 shown in
Section B.7, we need to characterize the difference between local gradients. In the literature, this is done by applying
the local Lipschitz constant as shown in Assumption 3.1 in the main paper. In our paper, since Assumption 3.1 is
replaced by our newly introduced Assumption 4.2, the proof techniques in the literature cannot be applied. It requires
to develop new proof techniques to use Assumption 4.2 as shown in the proof of Lemma B.1-B.3. For example, in
Lemma B.1, due to the application of Assumptions 4.1 and 4.2, we have to cope with a new term, the local gradient deviation
|+ Zfil VF;(x;) — VF;(x;)||?, which cannot be computed using existing techniques. Another example is that in the
proof of Theorem 4.5. Due to that we only use the global Lipschitz gradient assumption, we have to derive a new method to
bound and incorporate the sampling related term, which can be seen from (B.47) to (B.59) in Section B.8.
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Algorithm 3 FedAvg with two-sided learning rates

Input: v, n, X%, T
Output: Global averaged model x*
forr=0t0 R—1do
Sample a subset of workers S, |S,| = M;
Distribute the current global model X" to workers in S,;
for Each worker i in S, in parallel do
/* Local Update Phase x/
k=0;
while £ < I do
Sample the stochastic gradient g; (x:k),
Update the local model
X e xPE — g (x));
k+k+1;
end

Send A7 + X" — x;’l to the server;
end

/* Global Update Phase «*/
Update the global model

ol , o 1 .

X’r’Jr %XT*’U' MZ’L'ESTA;’

end

(2) In addition to using Assumption 4.2 to characterize the new convergence rate of FedAvg, we also validate this assumption
from the theoretical perspective. We develop the proof for Proposition 5.1-5.2 in Sections B.9 and B.10.

(3) Another novelty of our techniques is that in Theorem 5.5, since we use iteration-by-iteration analysis in the proof, the
learning rate is not a function of / which is in contrast to that in the literature. For example, it can be seen that in the
literature, such as Theorem IV in Karimireddy et al. (2020), for quadratic objective functions, the learning rate is upper
bounded by % The advantage of that vy is not a function of I can be explained as follows. In Theorem 5.5, in order to

. . . _ 1 . . 1 L .
obtain the optimal learning rzllte, we choose v = TR This requires that TRI gl I, wlilch means that / c;n be as large as
possible. However, if v < 7L, asin Karimireddy et al. (2020), we will have JRI < T, such that I < iz which means

that to achieve the convergence rate of O(\/%), I cannot be arbitrarily large. Therefore, the range of the learning rate in
Theorem 5.5 can significantly improves the convergence rate.

B.2. Additional Lemmas

In the proof, we use x; to denote the local model of worker ¢ regardless of the number of iterations, and use X := % Zf\il X;
to denote the averaged model. Following lemmas are useful in the proof for main theorems.

Lemma B.1 (Local Gradient Deviation). With Assumption 3.3, 4.1 and 4.2, we have

2

N N N
1 1 1 _ 2
¥ 2|l 2o VEx) = VE; (x)|| < 3L+ LY) - 5 D I% = x]” +3¢7. (B.1)
j=1 i=1 =1
. . 1
Lemma B.2 (Model Divergence). With v < W, we have
-1, N X 9
SO E ‘ X ka <12(I = 1)%92C2 + 4(1 — 1)%4%02, (B.2)
k=0 i=1

ork 1 N r.k
where X" = &> .0 x;7.
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Lemma B.3 (The Change of Averaged Models). With v < ﬁ at the rth round, we have

2 2 2
E 5 —x7|[* <51 — 1) T2 + 301 <
k=0 i=1
+30I(1 —1)?E ||V (x> (B.3)
272 2 2
Lemma B.4 (Model Divergence for FedAvg with Momentum). With 1 — % > 0, for FedAvg with momentum in
Yu et al. (2019a), we have
T-1 N
1 1 _¢ 2 1 2v2 102 672 12%¢2
TN > E|& x| < AT ((1 —m T aope) (B.4)
t=0 i=1 - T apr
B.3. Proof of Lemma B.1

We start with the LHS of the inequality in Lemma B.1.

1 41 &
N; N;ww(xz) VE; (%))
1 N 1 N 2
= 5 2 || 2o VE(x) = V) + V(%) = V() + VF(x;) = VE; (x))
=1 1=1
2
1 B 1 N )
<3| D V() - VI®)| +3- fZHVf — VI +3 NZWM VE; (%)
i=1 i=1
@ |1 & 2 LN
S 2 2 2
<3 NEVFi(Xi)*Vf(X + 3L, N;bcij” +3¢
® 12 L N R.A oy
§3'W;”X_Xi” +3Lg-ﬁZ_Illx—lel +3¢
= 3(Lj, + Lg) - ZIIX-X;H +3¢%, (B.5)

where (a) is due to Assumptions 3.3 and 4.1 and (b) is due to Assumption 4.2.

B.4. Proof of Lemma B.2
At the rth round of FedAvg, we have

2

72 N k—1 N
=5 2B (& 2
i=1 m=0 =
42 N k-1
=y 2E (gwxl )= VE("™) + VE(x")
i=1 m=0
1 & 1 1 & ’
5 2 VEGT) + 5 Y VEGG™) = g™
J=1 j=1 j=1
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2

IA

[N}

==
M=
=
1™

<

'1:1
HMZ

2 N || k-1 1N 1 XN
22 T3S (a6 - VR = LY VR - 1D gx
1=1 |[|m=0 j=1 j=1
2
(a) 72 N k—1 1 N
<25 BN [ VEGTT) - 5 Y VEEGT)
i=1 m=0 J=1
42 N k—1 2
+2- =) E| Y (gi(x?m) - VFZ(x:’m)>
=1 m=0
2
72 k—1 1 N
<2 N ZE Z (VFi(X:’m) N ZVFj(xg’m) + 292%ko?
i=1 m=0 j=1
2
’72 N k-1 1 N
r,m r,m 2 2
§2k-N-Z E||VE(x]™) — NZVFj(xj W+ 2v%ko
i=1 m=0 j=1
) k—1 )
< 2ky? ( 3Ly + L) — ZEH“” x| +3<2) + 292ko?
m=0
= 6ky*(Lj, + L) Z ZEH”m — X[ + 6k292¢% + 297 ko, (B.6)

. N _ N _ N ‘ _
where (a) is due to & 3L, llys =317 = & S5, Ivill* = 917 < & L, lyill*, where y; € R Vi and y =
v SN yi and we lety; = S0 [gi(xI™) — VF;(x"™)], and (b) is due to Lemma B.1.

Note that when k& = I, we have x:k = XT+1 - <"1

_ k- I
x" ™1, and when k = 0, we have X" = X". So we have Hx: - X

’ 2

0, for £ = 0, I. Then sum over k for one round on both sides, we have

L%z r.k srk 2
> Bt -5
=0 =1
-1 N
L2 r.k srk 2
=X 3 e -
k=1 =1
I-1 =l N
2072 2) LT 2.2 2
< 6kv* (L7 + L2) ZNZEH —xIm|? +6k7(+27ka>
k=1 m=0
(@) -1, N
< 39 (Lh + LOI(I - Z N ZEHX’ ek
+6(I —1)392¢% +2(I — 1)%202, (B.7)
. I-1 ( 1) I-1 1 N r,m Arom2
where (a) isduetothatk < Jand ), | D < Y meo Dm andwelet D, = 5 > .0, Ef[x;™ — x™™|.

Moving the first term on RHS of (B.7) to LHS, we have

I-1 1 N
(1 — 3921 + L2)I(T — 1)) SO E ‘
k=0

i=1

<6(1—1)392¢% +2(1 — 1)*4%02. (B.8)

2
k S
X;’ — Xr’k H
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: 1
With v < NaG T we have
1—3y*(Ly + L2)I(I — 1) > 0. (B.9)
Then we have
-1, N . 5 1
“YE ’ xH gk ’ < (61 — 13922 + 2(T — 1)%%07) . (B.10)
P el A )
. 1 1 .
With v < m, we have 3L LI D) < 2. Then we obtain
-1y 9
SO E ‘ X[k gk ‘ <12(I — 13922 + 4(1 — 1)%4%02. (B.11)
k=0"" i=1
B.5. Proof of Lemma B.3

At rth round, for k¥ = 0, we have

E|[x"* - x"||* = 0. (B.12)
At rthround, for 1 < k£ <1 — 1, we have
E |5 — x|
2
_ srk—1 Y rk—1 ST
1N X 1N
_ srk—1 ST o rk—1y - '{‘,k*l -+ f,kfl
=E|x X 7<N;gl(xl ) N;VE(Xz )+N;VF1(X,L )
2
= VEHFH) £ VIET) - VAT + Vf(ﬂ)
N 2
k=1 g i (TR ark—1 srk—1y _r _r
<E|x X =y | 5 2 VEET) = VAR + VAEET) - VIED) + V)
i=1
2 2
At
+ N
(a) 1 srk—1 =7 2 Yo
_(14—2[ 1>E’ ’ —XH-FT

N
T IVRGE) S V) 4 VAR - VAR + V)

2
2 2
S SRAE L [ —7]\? + 6I2E

N

1

N 2 VRO = v
i=1

+ 61| V(1) = V()| + 6172E| V(x|
(B.13)

B B

,\
INS

2
k—1 s —
X:’ - Xr’k 1 H

1 _ o2 Yo% 6Iy*L? N
1 - 61 2L2 E srk—1 T h E‘

+ 617’ E| V(x|
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SN P
< (147

(d) 2 2
< 5(1—1)-%%0@

(B.14)

k1 2 YRor 6Iy2L2 al
R s S

2
N =t =t 61V )
i=1

k N
< _Xr,k

‘2 +301(1 — DY2E | Vf(xD|, (B.15)

where (a) is due to that [[x +y[|* < (1 + p) [Ix[|* + (1+ 1) y|*,¥p > 0,¥x,y € R,
() is due to Assumptions 4.1 and 4.2, (c) is due to that by choosing v < 2\/5%’ we have

1 1 1 1
Lt o FOI° LG <1+ g+ or <1+

2 — 20—1) 21~ "I1-1 (®.16)

and (d) is due to (1 + %)q < e,Vq > 0, where e is the natural exponent.

B.6. Proof of Lemma B.4

By Lemma 5 in Yu et al. (2019a), for FedAvg with momentum, we have

LS kst -
Nizl '
t—1

272152 1 & ) 1Bt
<(7 22 NZE Yo |v NZ x7) 5| (B.17)

T=to
wheret = al +b,1 <b< Tandty = al.
Note that ¢t — ¢y < I. For the second term in the RHS of (B.17), we have

1 t—1 1 1 gt
NZE th: (Xi)—N;VFj(Xj) 1-5

B 2
N N

<-w Y 38| |vae) - 4 S|

T=to j=1

N

< (t—to) Z;[ZE ﬁ: <11__ﬂ;;)2

Tto

2
N

1 1Y
i3 2ZNZE VF;(x N;

T=to

N

2
< i3 22 3(Ly +L2) - Z\x—xjn +3¢2

T=to 7j=1
31 L2—|—L2 _ 37 CQ

< el Z ZEHX —x7|)? +( gk (B.18)

T= t()

where (a) is due to Lemma B.1. Substituting back to (B.17), we obtain

1 & 2 27 6v21(L2 +12) =22 1 & o 62122
NZEH x| < 7 U) + (1(h5)z 2 > NZE”Xi -% H%ﬁ. (B.19)

T=t1o =1
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Taking the average over ¢ on both sides, we obtain

T—1 2 2 2 T—1 t—1 N
2’)/ Io? 6y I(Lh+L ) 1 1 U 67212C2
E||z’ - x! + 2 R S of P <y
Z Z H H 5?) (1—B)2 T;;N; i (1-3)2
2721(72 6’7212(14% +L3) 1 -1 1 N o 6’7212C2
< - = — E|x] —%x"||"+ —= (B.20)
G-t a7 T NEEN-FI g
2 2 2
Rearranging the above inequality, with 1 — % > 0, we get
T-1 N
1 1 _ 2 1 272102 672 12¢2
7272EHX)§_X§H < 212(L2 L2 ( o T 5 - (B.21)
Tt:oN':1 1—% (1-p%) (1-58)
B.7. Proof of Theorem 4.3
With Assumption 4.1, we have
' R N0 7 IR Y
B [fx)] S B B ( VA, + D0 D i) ) + LR -3 S m)
i=1 k=0 i=1 k=0
N I-1 7—1 2
=T =T 1 7 o 727,2[1 1 T
SICT RIS 9 SR MR R RS 9 oS
i=1 k=0 i=1 k=0
N I-1 I—1 2
o oy 1 YLy | 1 .
=E[f(x")] =k <Vf(x )N 2 VFZ»(XZ"”“>> R 20 e (B.22)
i=1 k=0 i=1 k=0
The second term in the RHS of (B.22) can be computed as follows.
| NIt
_fanE<Vf( ),NZZVFZ(X:k)>
i=1 k=0
o ] Nt
ST r.k
=- JE<IVf( >,NZZVFZ(X1 >>
i=1 k=0
- | NI 2 | NI 2
= SE| 5 D (VRN - Vi) | - PEIVAE)IP -E |+ > Y VR
21 N N <
1=1 k=0 =1 k=0
- -1/ 2
=37 (E (NZVFL( ") = VIEF) ) +Z VIE*) - V()
k=0 =1
N I-1
2 rk
—I’E|Vf(&" NZZVF
=1 k=0
- 1| N 2 -1 ,
< o7 2I) R NZVFi(xz’k) = VEM)|| +20) E|VEF) - VR
k=0 i=1 k=0
N I-1
~PE|Vf)|? ZZVF )
i=1 k=0
2T L2 « B
_21{ LgI;JEX’—XH
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N I-1 2
—IPE||Vf(x" ZZVF x! " 7 (B.23)
i=1 k=0
where (a) is due to Assumption 4.1 and Assumption 4.2.
The third term in the RHS of (B.22) can be computed as follows.
2
2 I—-1
v*n?L 1
9 Z gi(x
7,:1 k=0
2021, | NI . | NI . | NI . 2
= R} ) NZ gi(x] ),NZ VE(x] ”NZ VE;(x]")
i=1 k=0 i=1 k=0 i=1 k=0
Nt 2 | NI 2
<L | £ S VR | 4| L ST ) - VRG]
i=1 k=0 i=1 k=0
@ 1 oo 221 Lyo?
2 r.k yn g
< 4**L,E ¥ Z VE;(x]") N (B.24)
i=1 k=0
Now we explain (a) in (B.24). We have
| N 2
r.k r.k
Bl D0 &) - VRG]
i=1 k=0
| N N -1 ,
- =Y E <gi(x2’k) — VE(Y), g (x5 ) — VEy (x5 )> . (B.25)
i=1i'=1 k=0 k'=0
When i # i/, we have
B (gi(x™) = VE (), g (<) = VE () )
(B [{x") — VG, g0 ) - PR ) i x])
=0. (B.26)
When i = ¢/ but k # k', suppose that k < £/,
E(gi(x") - VR, &™) = VEEY))
E (E [<gi(x:’k) — VFi(x:’k), gi(xz’k ) — VFi(x:’k/)> |x:’0, x;’l, x:’z, . ,x:’kl})
= 0. (B.27)
Therefore, we have
| NI 2
B[+ D) [m6") - VRG]
i=1 k=0
| NI N
:ﬁz E(E[’gz( ) — VEi( )H |%; ])
i=1 k=0
Io?
< —. B.28
=N (B.28)

Substituting (B.23) and (B.24) to (B.22), we have
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E[f(x")]
. ynL3 — k k 2171 k 2
<E[fE)] + 8 SN E[xt x| 4 mrd Yo B[ - x|
k=0 i=1 k=0
N -1
717[ 1 1 ok 72772IL902
IR - L, |E|= F;
IVF&IP = (21 v g) N;kzov ()| +—
(@) an ek 2
< E[f(x B R B L
vnI 7 IL o’
—E[Vf(x )H2+Tg
() 21 LN 2 'VI ,\/2 2IL 02
<E[f(x % \ - TRV + T

0' 2 ST
+nLyl <5(I— 1)7N Xt ) +301(1 = 1)7? ||V f(x )||2>

2%

_r I r 2n2IL,0? .
<BU] - (72 303 - ) ) BIVAI + T sy i)

L2 30y nL2L2I2 it Al
Nt > E

k=0 1=1

‘ 2

ko
Xk gk

(B.29)

where (a) is due to yn < 21L , (b) is due to Lemma B.3. By v < we have

2\/7L I’
I
T 30y* L2 (1 — 1) < X2 (B.30)
2 4
and

ynLi | 30YnLGLil  3ymLy
N N - 2N

(B.31)

Substituting back to (B.29), we obtain

E[f(x)]

. I 2[L,o 3 L2 -—
B - 2B 96+ T sy - e

17
)N
3,72 o

k—Oz 1
72772,[[/90'2
N

[12(1 — 1)%4°¢* + 4(I — 1)*4%0?] . (B.32)

Elre) - WE|vie)P +

3ynLj

A

where (a) is due to using Lemma B.2. Moving —LZI E ||V f(x")||* to left and taking the average over r, we obtain
1 gz ASFEY) = ) | AymLge? | 2002L5(1 - 1)o? 272 272 2
— E " < 24~* Ly (I — 2v*L
7 2 BV < T ST SIS 2 L1 1)o® Ty LR~ 17

(B.33)
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Then we have

R—1
1 i
min E |Vf(x")[* < + Y BV
re[R] Rr:O
= fx) = £ mLgo? 2 iﬁ 2 2, 272 2,2
_O< ik PN Ty Fh ) U D LI =) (B3

B.8. Proof of Theorem 4.5

In this section, we define an identity random variable to indicate the participation of workers in the following. In each round,
the server performs M times of sampling. Then Vj € [M],i € [IN], we have

VA (B.35)

» _ J1,worker i is chosen at jth sampling of rth round,
0, else,

N . . . . .
where ) ", 17, = 1. Since we consider uniform sampling with replacement, we have

1
N7Vi7jara (B36)

p(Lj;=1) =
and
, 1
Es, [1j] = (B.37)
where Eg_[-] means taking the expectation over sampling at rth round. In addition, we have
1
15 2| = Es, 15, |l2]* = + Il (B.38)

g,

for any z that is independent of 17, ., where the first equality is because (]l 5 )2 =17 and fori # 4/,

J» Jl’

Es, [15,1} ] = 0. (B.39)
Here we assume that the sampling workers and sampling gradients are independent.

With Assumption 4.1, after one round of FedAvg, we have

E[f&x )] <E[f(x)] - vnE< ,1 ZZZHW >

j:1 =1k

2

M I-1

N

PP IR IAC A
j 1i=1 k=0

(B.40)

It can be seen that the inner-product term is the same as that in (B.23). So we have

1 M N I-1
—WE<W( )’M, , ﬂrigi(X?k)>

I
|
2
3
&
—
<
Kﬁ
e
N
S
=

Il
I
2
3
&
—
<
=
"
-
2=
)=
~
L
<
|
0
=3
N
\/

2
kK S
X;’ —XT’kH

N 2
k_XrH

—IPPE|VfE")|*-E (B.A1)
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In this case, we consider x:’k, 1 ¢ S, as a virtual local model on worker 4, which is not computed in the system. The virtual
local model is mainly used for analysis. Similar to (B.24), for the third term in the RHS of (B.40), we have

2

| Mo NIt
r r.k
E|37 20 > 1aeix™)
j=11i=1 k=0
2
| Mo NIt .
—E| >3 >0 (w0t - VR + VA
j=11i=1 k=0
2 2
| M NIt . . | Mo Nt .
<2E|-S 331, {gi(x;” ) — VF(x )} +2E |- > 3D 5 VAGGY)
j=1i=1 k=0 j=11i=1 k=0
9] o2 | Mo NIt 2
r r.k
<5 T2 |Es |57 ZZZ]IMVE-(XZ. | - (B.42)
7j=114=1 k=0
Now we consider the expectation on sampling. Let Q; = é;é VFE; (xf’k), then for the second term in the RHS of (B.42),
we have
2 2
| M NIl . 1
: T — T .
Bs, |37 22 22 2 VARG =Bs, |73 15,0:
j=11i=1 k=0 j=1i=1
| Mo~
=Es, M;;ﬂj Qi — NZQZ NZQZ
@ | M N | X 2
2 Es ||— 17.Q ; = il B.43
5. Mj:“; i ZQ + N;Q (B.43)

where (a) is due to

< iiﬂ iQi = NZQ“Ni_V: > (B.44)

Further, we have

N
Es |3 DD 15,Q -+ D@
J=1i=1 i=1
1 M|l N 2 N L
=3B | D |5 2o (V15— 1) @ +Z<NZ(N1§J—1)Q“NZ(N1T 1)Qz>
j=1 i=1 %5 i=1 i—1
1 U 1 & ’
j= i=
| M L 2
B -rya
j= i=

2

1 N
N;Qi

2 N
Qi - QEST <Z 1;7ina Z Ql>
i=1
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2 2

1 & 1 &
= 35 2_Bs. - | v 2=C
j=1 i=1
1 < 2 11 &
r 2 r r
= L7 1Qil" + > Bs, (15,Q015,,Qi) | — 17 |15 2 @
j= il i=1
1 & LA
2
= o 2 el T2 Qi (B.45)
i=1 i=1
Substituting above results back to (B.42), we obtain
M N I- 2 N I-1 N I-1 2
7" k 2[0' 2 7, k M 1 1 = rk
TN N ICEES] [EE ST 3 MZTE REIE ES R RIS
j=1i=1 k=0 i=1  |lk=0 j=1k=0
(B.46)
For the second term of (B.46), we have
2
1‘”,k
-1 2
—E | [VRG®) = VA + VI = V) + VAE) = VIR + V()]
k=0
(@) 2
< A% 4+ 4L X7k gk \ +4L? — 7|+ AR |V, (B.47)
where (a) is due to Assumption 3.3 and Assumption 4.1. Substituting back and rearranging, we have
1 -1 ? N I-1 2
2,2 - 2,2 2 2,2 -
R "o (x v Lglo® | y'ntLg(M —1) |1 vk
7Bl L2 e <+ el DO PALC A
j=1i=1 k=0 i=1 k=0
4P LG PP SN e 2
e ZZ]E [

il L] SN ok o2, PP L (2
N > P - xT||T+ SR VAP (BA4Y)

i=1 k=0
Substituting (B.41) and (B.48) back to (B.40), we have

2,2 2
B[] < Bl - (T3 - e

(LM - 1) o
21 M

) E V()2

1 N
N YN VEY)

2P Lglo®  Av*n?L,I%¢? PPLAT 1 A i 2
+ nMgU n '7"7Mg ¢ +<’777L%+ 7;7\49 5 ZE’xik )A(r,k:’
k=0 i=1
42 2L3I =
+ (ynLQ ) > E[xmF - . (B.49)
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By Lemma B.3, we have

i ynl  4yPnPLyI? 2, YPLglo®  AyPnPLyI¢?
B[] < Bl - (T - TR ) B v+ TR

47772L3I 1 =2y 2
( )N;Z\ =

2L3 12
nILj +

~<5I 1)L +301

(I = 1)y’E Vf(x’“>2> . (B50)
By yn < % and v < m we have

I A2, 12 N 422 L3 12 .
‘(‘g B[V + | I+ =7 | 301 = DBV

2 M
I I I 1
< - (B2 ey s+ (vor+ 22 ) - 5 EITSEOIE
I
<- ”’7 LRV B0

By v < %, we have

4202 312 252 102 L2 (I — 1)o?
YN Ly )~5(I—1)-70 < Y qg\[ )

2 : .
<’yn]Lg + i < ~nl - . (B.52)

Then we have

_r r WI V2P Lylo?  4y*n?L,I%¢? 1072L2(I — 1)0?
E[f(&x)] <E[f(E)] - —E|VE)]*+ M‘" + M" +nl - "N

47277%31 4ry? 2L312 = k2
+ (an‘fL T+ 43092 (I L+ = Z S E ‘ ke ‘ . (B53)
k: i=1

With Lemma B.2, we have

22L,00%  4y2n2L,1 1072 L2 (T — 1)02
vngOJrvn C+7179( )

_r 7771 2
&) = TEE v + T - 0l ——s

E [f(f(r—’_l)}

<E
422L3[ A2 L3 T2 ,
+ <7nbi + # +30v*IL7 <7nIL§ + MM9>> (121 = 1)*4%¢C + 4(1 — 1)%420?) .

(B.54)

Then we obtain

S(f°— 1) , SynLeo® | 329mLyI¢ 8072L2(I — 1)o?

R—1
E 1 2
m < g T <
n E[[Vf(x ~ R = ElIVIEIIT < ynlR M M N

r€[R]
dynL3T 4ynL31?
+8 <L2+A4"+30721L,2L <IL§+MQ (12(1 = 1)*/2C +4(1 — 1)7%0?) .
(B.55)
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M 1
By yn S m and’}/ S m, we have

327771)2[
M

(2T — 1292 + 41— 1)720%) < 1159 (61¢2 1967 | (B.56)

and

43T
3042112 (1L§ + WMQ> (1201 = 1)242¢2 + A1 — 1)720?)

1 1
B L S 1)2.202 1242
< <10 + 40) Li - (12(1 = 1)*4°¢? + 4(1 — 1)7°0?)

<AL - 12 ++2L3(1 - 1)0”. (B.57)
Finally, we obtain

0 f* 10ynL 02 L,I¢? 80y2L2(I —1)o?
win BV < M0 Tk | I | IR i)

r€[R) ynIR M M N
+ 972 L3 (I — 1)%¢* 4+ 33y*Li. (I — 1)o”. (B.58)
Rearrange,
(fo - f") '7"7qu'2 7"7qu(2 72[’3([ - 1)02 272 2 2,2 2,2
E =0 ‘ ‘ ‘ Ly(I -1 Ly(I -1 .
min E[[V ()| ( it T e T R I - 00”4 LR - 1%

(B.59)

B.9. Proof of Proposition 5.1

First, using V f(x) = Zf\; V F;(x), it is straightforward to show that Assumption 3.1 implies Assumption 4.1 holds by
choosing L, = L.

Second, we can see that

N
1 _ 1 _
N Y VEx)-VIE)| = N > [VE(x) = VF; (%)]
i=1 i=1
| XN
N2
<N Y IVFi(xi) - VE (%)
i=1
@72 Y s
SW;H& -, (B.60)
where (a) is due to Assumption 3.1. By choosing L;, = L, Assumption 4.2 holds. O

B.10. Proof of Proposition 5.2

Recall that X" is the virtual averaged model defined in (14) in the main paper. During one local iteration, we have
N
E[x" AL xmk) = &k Z : (B.61)

Using (15), if we use centralized update at this iteration, we have

E[x0EFLE™F]) = &7k — 4V F(x7F). (B.62)
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Using Assumption 4.2, we obtain

H]E rk-‘rllATk] ]E[ rk—&-llATk

’im
=1

B.11. Proof of Proposition 5.3

For quadratic functions, we have
VFZ(X) =Ax+ bi; X € Rd.

Recall that A := Zl 1Ajand b = 5 vazl b;. We have

2

1
NZVF- X; (X)
i=1
1 & ’
= NZ(Aixi +b;) — (AX+b)
i=1
1 & i
== ZAle Ax
N i=1
1 & ’
= NZAiXi —2Ax + Ax
i=1
1 & 1 & 1 &
1 & 1 &
= N;Az(xz —x) — N;A(xz - x)
1 & ’
= NZ(Al—A)(xZ—Sc)
i=1
1
12
<5 D lI(A = A) (xi = x)|
i=1
N
|)‘dlff|r2nax 2
< N Z [xi — x|
i=1
For local Lipschitz gradient, we have
[VEi(x) = VE(y)|
= [|Aix — Ayl
< 1Al lx = yll-

Since local Lipschitz gradient holds for each worker ¢ € [N], we can choose L as

L = max | A]|.
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rk
X

- Vf(x"F)

‘ 2

(B.63)

(B.64)

(B.65)

(B.66)

(B.67)
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B.12. Proof of Theorem 5.5

It can be observed that for quadratic objective functions when A; = A, Vi, we have L, =0and L, = |A(A)].

With Assumption 4.1, after one local iteration, we have

2

N N
1 v L 1
t+1 t ot t g t
E [£( )]<]E[f(><)]7E<Vf(X),N;gz(Xz)>+ 3 B L)
1 Y 2L, |1 & ’
=E[f(x)] —E <w(xt),N;vp,(x§)> 5 E N;gi(xi) (B.68)
For the second term in the RHS of (B.68), we have
1
—~E %), — Fi(x!
gl <Vf(x ),N;v z(xl>>
1 & ’ 1 & ’
y A Aty 12
=5 (E N;vm(xg)—w(xt ~E||Vf&E)|| -E N;vm(xg)
(12 N , , L 2
h ~ ~
<3| B R E I B B S vRed) )
For the third term of (B.68), we have
N 2
L, 1 .
TE N;gl(xz)
2 N 2
YL 1 t t t
= TIEZ Ey: N Zl (gi(x}) — VFi(x}) + VE;(x}))
N 2 9 N 2
(a)"}/L ¢ L, 1
—IE N;Vﬂ(xi) 5 E |Ey: N;(gz( x;) — VF;(x}))
L, |1 & Y s
IR || — Fi(x! L9 B.
N;v (| + (B.70)
where E,:[-] = E[[x{] and (a) is due to that E,: (VF;(x}), gi(x}) — VE;(x})) = 0.
Substitute (B.69) and (B.70) back to (B.68), we obtain
E[f()A(t+1)]
'yL a2 Y NN
<E[f(x hZEut | —§Er|w<xt>u
2 2 2
(7 v“Lg i ot v°Lgo
(2 5 )E N;vmxl) +
(a) L 2L 2
< E[f(&)] + 4 ”ZEH* x| - JE(|VE|" + T (B.71)

2N
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where (a) is due to v < 7~ Rearrange the above inequality with L;, = 0, we have
. 2E [f(x')] — 2Bf (%) L 7Eg0?
t h
B[/ < - ZEHX |y 2
2E —2Ef(xtH! L
0 N
Take the average over ¢ on both sides, we obtain
LS g o g < 2/E) =27 ALy
trél[l%lEHVf ?< T Z]EHVf(x )| < e o (B.73)

B.13. Proof of Corollary 5.6

In Corollary 5.6, for both local SGD and mini-batch SGD, we choose the learning rate as v = % The proof (order-wise,
g9
ignoring the constants) is as follows.

Let h(+y) denote the order of the convergence upper bound in Theorem 5.5. For mini-batch SGD, we have

T vLgo?
YR NI

By minimizing h(+y), we obtain y* = , / R}LN i >. Because o < 4/ fgfg as specified in Corollary 5.6, we have
g9

h(y) = (B.74)

FNI Rl I
L, FNL, L,

*

72

Therefore, when v € (07 Li}, h(7y) is monotonically decreasing. Now, note that Theorem 5.5 requires y € (0, %} . When

1

choosing v = % < Li (since I > 1), h(~y) is minimized under the condition of y € (O, T} and we obtain
g g g

1 FL 1 Lyo? (@) FL FL
h =h( = — g - g < g9 g9
™) (Lg) R "I, NI © R " RE
where (a) is due to o < _Fng The case of local SGD can be proven similarly.

B.14. Proof of Theorem A.2

First, we introduce a useful lemma, which is used in this section.
Lemma B.5. Withx > 1 and k € NT, we have

k—1 y Ik_l 5 o k‘2 k+2
=0

k _
Yoat=? ! (B.76)

r—1
When k > 2, taking the derivative over x on both sides, we obtain
k—1

k
11 kx ¥ =1
g Iz = 1 EEEh (B.77)
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Multiplying « on both sides, we obtain

kill l kpk gkl
T = - .
— r—1 (x—1)2

Taking the derivative over x on both sides again, we obtain

ki:llz o kbt kx* (k+1)zF -1 N 2kl _9g
X = - —
= x—1 (x —1)2 (x—1)2 (z—1)3
_ RN @ 1) - @k Daf e - D)+ (@ = 1) + 205 — 2%
- (@ —1)°
_ KR e —1)? — 2k + DaF(z — 1) + 2244
B (z—1)3
:Ek_l
T [(k* — 2k 4+ 1)2” — 2k°x + (2k + 1)z + k]
(a) k-1
< o1 (W — 26+ 1a” — Kz + (2 + 1)a]
(2) L k22
T (z—-1)?

where (a) is due to = > 1 and (b) is due to k& > 2.
When k = 1, we have

k=1 k=1
lz_;l%l_l =0< m N
Then we have
kill%l < (;ill)g Ka? o = (Ifﬂi}“:;

For quadratic objective functions, the global objective functions is
f(x)= %XTAX +bTx+ec.
The local objective function of worker i is
Fi(x) = %XTAZ'X +bI'x + ¢,
where A= LS A, b=1LSN biande= L SN ¢;. The local stochastic gradient is
gi(x) = A;x+b; +n;,
where n; € R< is the noise vector. Since we assume the stochastic gradient is unbiased, we have
Elgi(x)] = A;x + b; + E[n;] = VF;(x) = A;x + b;, Vx.
Therefore, we can get E[n;] = 0. By Assumption 3.2, we have

E|lgi(x) — VF(x)|?> = E ||n,]*> < o2
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By Assumption A.1, we have

IVF;(x) —

Vi) =

I(A; — A)x + (b; — b)||* < ¢, Vi.

(B.87)

By Proposition 5.3, Ly, = |A\(A)| and L}, = 2max; [A(A — A;)|. In the following, we define Apyax = max; | A, ||,.

In the following, we n;’k to denote the noise vector on worker ¢ at kth iteration of rth round. During local updates, we have

rk rk—1
x; U =x0 T = ei(x;

:X:k I—W(Aka 1+b +nrk: 1)
( )Tk*li,‘y(b +n’l“k 1)

Tk 1)

= (1= 7A) [(T = yA)XH 2 =

= (I —yA;)*x7F2 -

v (bt )] = (b4 0

(I —~A;) (b +nlk” 2)— (b +nlk 1)

=(I- WA _72I vA rkll)
k-1
= (I —7A)'x" —y Z I—7A)'b; —~ Y (I —~A)n)h
1=0
@ — — il
= |I-7 Z(I —yA)' A X =) (I —7A)' D — 4> (I — A
=0 =0 1=0
k—1 k—1
=x"—7 Z(I —7A) [AX 4+ D] -7 Z(I — A
=0 1=0
k-1 k—1
=x" =y ) (I =7A)'VE(X) =7 Y (I - A ny* 7
=0 1=0

Now we explain (a). For the sum of geometric series (Hubbard & Hubbard, 2015) of matrix I — vA;, we have

k

I
-

l

I
=)

Since A; is symmetric, A, Land I — (I - vAi)k are also symmetric. Thus, we have

y

Multiplying A; on both sides and rearranging, we obtain

Then for the model divergence, we have

rk sk

2
)
X, —X’ ‘

k—1

=0

v (I —vA)'VE(X")

Lar[1- a0t =

-

- (1A A7 =

S

N
I
<

Ju

(-

(= yA) = [T = (T —7A)] 7 [T - (T—A)"] = %A;l [1-(T—7A)"

VA

(B.88)

(B.89)

(B.90)

(B.91)
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E
=

N
1 rk—1—1
=7 2o (T —7A)'n]
=11

2

I
=

2

, (B.92)

where (a) is due to Eg-[n}"'] = 0.
For the first term in the RHS of (B.92), we have

k— 1 N
E’YZI YA VF(X") — - Z
(I —~A)VE,

H

k—
(I —~vA;)'VF;(x")
0

[

N

=0 j:l =
k—1 k—1 k—1
Ellv> ( (") =y (I = yA)'VIE) +7 > (I —vA)'VF(E")
=i =
k—ll ’ k—1 ’ 1
=) (T =7A)VIE) +7 ) (T =7A)VE) =7 &
=0 =0 J
k—

0
k—
> (I —7A)'VI(E)

=0

H

Mzr

Il
-

k—

=
=

2

1 N
(I —~A))'VF(E) —7- E
0

j:1 1=

+
2
2=
1M

(I —yA)'VF;(x")
0

vY (I —7A)'VEEX") =7 > (I —7A)'Vf(X")

(B.93)
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For the first term in RHS of (B.93), we have
2

E

k—1 k—1
VY (I =vA)'VE(X) =7 Y (I —~A)'Vf(X)
l =0

=0
k

c—1
<9k Y (1A EVEE) - Vi)
=0

(a)
< k- ok, k) - CF, (B.94)
where
k 0<kr<l1
k)= . - B.95
¢(K“a ) {/4,2]‘—1 1 <KJ§2 ( )

Kk2—1 =

Now we explain (a). We can rewrite ||(I — vA,)!|| as

l

(I —~A)Y| = [mjaxl — (A - (B.96)

When A, is positive definite, which means A;(A;) > 0, Vi, j, since 0 < v < ﬁ, we have

(A,
1> max1l—7yA;j(A;) >max1l— Ay(As) > 0. (B.97)
J J max
Then we have
k—1 )
(I = A" < k. (B.98)
1=0
In this case, we also have
Ni(A;
Kk =max1 — i )<1. (B.99)

i 1Al

When A; is not positive definite, which means that 35 € [d], such that Aj (A;) <0, we have

(A, Ai(A;
1 <max1l—7\;(A;) <maxl— i )gma_xlf i ): (B.100)
J J )\max ©J ||A’L||2
Then we have
k-1 - Qk -1
(I —~A) Z (B.101)
=0 =0
For the second term in RHS of (B.93), we have
k—1 k—1 2
Elly Y (I =vA)'VFE) =7 ) (I -7A) V(")
1=0 1=0
k—1 )
<PEY (I =vA) = (I —7A) | B V()|
1=0
(@) k—1
< YLk Y Ple(m) BV ()]
1=0
O gy Bl
<AL E|V(x (B.102)
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where
p(k) = { (B.103)
(a) is due to

2 (c)
(I = vA) = (T =A< Plp(r)]* |T —vA; = T+ A" = 3*Plo(r)* | Ai — Al]* < /L P[p(x)]*,

(B.104)
and (b) is due to Lemma B.5 by letting z = [p(k)]?.
Now we prove (¢). Let B; =T — A, and B = I — vA. Then we have
1 0<Z 1
By <<, PSS (B.105)
k' 1 <k<2
Thus, we get [B!]| < [p()]"
Then we have
|IB! - B! = |(B; - B)(B"' + B/ 2B+ B/ °B? ... + BI"})]
<|B; - B|IB ' + BI 2B+ B/ *B2 + ... + B}
< IB: = BJ(IB{ || + B 2IlIB + 1B [[[1B2] + ... + | B 1)
< Ip(s))' " B; - BJ. (B.106)
Taking (B.94) and (B.102) back to (B.93), we can obtain
2
k—1 | Nkt
E|ly) (I —7A)'VE(X") —7- N YD (I —7A)VE(X)
1=0 j=11=0
ko (k)P A2
<82k - p(k, k) -+ 8y L e BV (B.107)
! " (e - 1)
For the second term in RHS of (B.92), we have
2
k—1 | Nkt i
E|lyY (I —~A)ni* 17—y N DD (T —Ay G
1=0 j=11=0
2 2
k—1 ‘ | Nkt i
=E |y (I —rA) )| +E |y (- vA)'E)
1=0 j=11=0
k—1 ) k—1 )
<9I =7A) " o® +97 3 (= A) || o
=0 =0
(@ 9

where (a) is due to Zf;ol 1T — vA|]” < ok, k).
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Substituting (B.92), (B.107) and (B.108) back to (B.71), we have

E [f(}A(t+1)]
<E[f(x) + 1ok ZE| e - Jepwse) - (1) e| LS ore| + Tl
- 2 2 2 N P 2N
3 2(I+2)
<E[/E)] + % (WI o) G s I T BV 207 bl D)
fy L o?
]E IV + =N
2 2
=E[f(x")] + 7 26@“ + % (8Y’LiI - ¢(k,I) - G2 +29°Li, - ¢(k, 1) - 0°)
: Plir) 20+
- (2 —47°L}, - ([80(/‘5)])) E|VfE)]?. (B.109)

Letvy < Qi -min{}, %} we have

v 574 Blp()]?"+2) oy
— — 4Ly, - > —. (B.110)
2 " ()2 =12 T 4
Rearranging (B.109), we obtain
2 4F | 2yL40* 272 2 272 2
trénTn]EHVf <—Z]E]|Vf —T+T+167 Lyl - (k1) - ¢ +4°Li - ¢(k, 1) - 0
(B.111)
where T' = RI.

B.15. Proof of Theorem A.5

In this section, we provide the proof for the convergence analysis of FedAvg with momentum. First, we apply the technique
of auxiliary sequence used by Yu et al. (2019a) to construct the proof. Then, we apply Assumptions 4.1 and 4.2 at key steps.

Before proceeding to the proof, we introduce the auxiliary sequence {z’}. That is,

7t X t=0, (B.112)
zZ = .
% - % >0

Then during each iteration, we have

N
st+l _ st
2l =3 ﬁﬁg (B.113)

First, we incorporate Lemma 4 in (Yu et al., 2019a) as follows to support our proof.
Lemma B.6 (Lemma 4 in (Yu et al., 2019a)). For FedAvg with momentum, we have

3 2P < L2 TZ Z (B.114)
—0 =0 i=1
Using Assumption 4.1, we have
Ef(2) <Ef(2') — ——E <Vf(it) i ig»<x¢>> bk gl L ig(x*) 2 (B.115)
- 1-p5 7N1:=1 B 2(1 — )2 N &~ B '
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For the inner product in the RHS of (B.115), we have

Y 1 &
- iE <Vf(it)a N Zgz(xf)>

gl i 1 ¢ Y 1
At ot t ot t
—1—5E B« <Vf(Z)—Vf(X),N;gi(Xz)>] ~ 75 |Bx <Vf(x),N;gi<xl)>]
=T B{vE) - Vi iZN:VF-(x’?) - T (v iZN:VF(X?) (B.116)
S 1-p TN~ 1-— TN & '
For the first inner-product term, we have
1 N
13 ki <Vf(2t) - VI ;VFi(x§)>
@ (1-pB) s 42BL 1 & ’
- ~ ~ r.k
< 21, E||Viz) - Vi +2(T5)3E N;VFZ(XI " (B.117)

where (a) is due to (a,b) < § || + = [b]]*, ¢ > 0. Here, we let a = V f(z!) — Vf(x!), b = + Zi\;l VF;(xt) and

_ (-8
T

For the second inner-product term, we have

gl N al t
1_5E<Vf(x )7Nizgi(xi)>

=1

g N = t
:—I_BE<Vf(x),NZVFi(Xi)>

onne]
_ v sty + Y v ISNIE:
= 505/ N;vmxi) s V&
1 ’

Y yan

-3 _B)E N;vmxi) (B.118)
For the norm square in the RHS of (B.115), we have
2
’YQL 1 Y ya
20— AP | 250
2
L 1
— 2(177 2)2IE ~ ; (gi(x}) — VE(x!) + VF(x})
72Lg<72 Y2 L, 1 . ’
~ 2N(1-pB)? + 2(1 7@21@ N;VE(XJ (B.119)
Substituting back to (B.115), we get
Ef(z71) < Ef(5t 2 EIV £ ,}/2ng2 Y Ellvf(xt 1 NVF t i
2
(1-0) At Sty [[2 g 'Yng 'YQﬂLg 1 & t
+ 35z, BIVIE) = VIGOI - (2(1 —B) 201-p2  201- 6)3) ’ N;VFZ(X’)
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2Lg0? yL? 1 al 2
<E“—7E T 29 h = N"R st —xt
<Ef@) - s EIv/E I TN B +2(&5)]\71,; x x|
2
(1-p)L <12 < gl YLy 72BLg ) 1 ¢
+ — — — — : E|— V F;(x; (B.120)
2 " an—m " gp aap) B|w & VRGD
By Lemma B.6, we obtain
= , 252 = L 2
- E st ot < - Ell= . t
T; @ %I < g T; N;g(xz)
2
2 52 T—1 N
7 B 1 t t
TA-pA'T Z Z Fi(x;) + VF;(xj)]
t=0 i—1
202 2 292 T-1 N 2
v Bo 7B 1 1 t
< - = E|—= Fi(x; B.121
SNa o taog T 2B v L VR (B.121
By Lemma B4, with W > O, we get
R
T—1 N
1 1 . 2 1 272102 62 12%¢2
— — E|x" —xt|” < . ( + . (B.122)
TtZON; | | _6721(21@5;%) (1-p% @Q-p)?
Substituting (B.121) and (B.122) back to (B.120), we obtain
T—1
e DE-1 147 =3 A L e
21— p) T & =TT TaN(@-pR ' 28 N(I-p)
N yL? 1 (272102 N 67212C2)
21— 8) 6212(L2+L2) \ (1 — B2 1_ B)2
-5 1w \0-5) " 1-5)
2 2 2 92 T-1 N 2
gl YV Lyg Y BLy (1-8)Lg B 1 1 t
— — — — . = E|— F; B.123
(s T aas T 7 2Bl 2 V) (B.123
Dividing both sides by ﬁ, we obtain
=
7 zg E||Vf(&'
t=
21-8)fo— 1) | L, o 1 22007 | 0PI
- VT NA-pp T _erraiiry \(1-47)  (1-5)?
(1-p)2
L 2 BL 1Y ’
_(1_ Oty _ 7 (ot
(1 =3 ) ZIEI N;vmx) (B.124)
By vy < ——L8___ wehave
= VI8(L2+LI
1 3
1 B 6’\/212(L,2L+L§) S 5 (BIZS)
(1-5)2
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By v < %, we have
L 29A8L 1— 2
ke 8L, o, 128 28 (B.126)
1= (1-p)? 1+8 1+8
With y < min{-2=2 ks 15 } we obtain
Lg(1+8)7 \/18(L2+L3)1
T—1

: . 1 o2~ 21 =B)(fo — f+) yLy0” 3y*Lj10” 972L212C2
minE[[VFEH° < = STE|VIEH| < 1 A ¥ 4 (B.127)

EIVSENT < 7 2 E IV o R N (e N (e

B.16. Proof of Theorem A.7

In this section, we use the techniques of Reddi et al. (2020) in the proof. We define the update at rth round A, as

N
— NZX:’I —x". (B.128)
i=1
In FedAdam, the global update is given by
A,
X =x" =", B.129
K VT T ( )
where

v = Bov T 4 (1 - Bo) AL (B.130)

We use A, ; to denote the jth element of A,.. We use v to denote the jth element of v". The division is element-wise.

\/‘%Zr — means that for each element j € [d], we perform \FJF , and A2 means that for each element j € [d], we perform
AZ .
By Assumption 4.1, we obtain
A n?L ¢ A2
Y < F(XRT) 4+ <V x"), u >+ g ol B.131
) S FE) +n (VI = )+ 7 ;(W;Mz (B.131)

For the inner-product term, we have

r A,
77<Vf(>< ),\/‘7+T>
A A A
= V(x"), L u VFE), ——m—m— ). B.132
17< JiCH) T s BQVT1+T>—H7< f(x") BQVT1+T> ( )
By (14)—(15) in Reddi et al. (2020), we have
A, A,
E( Vf(x"), - :
< 16 F e ﬁsz"1+T>

2
—n\/lfﬁzlEjzl - f+7

(B.133)

and

A
E X",
U <Vf(x ), B2vr—1+r>

x")]? Vf(x") _
AnIE E{ —"l A, +~4IVFE) ). B.134
Z Bavy ™ 1+T+n <W+T Vi) ( )
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For the second term in the RHS of above inequality, we have

nE<\/szvf75i(:)+T,Ar +fyIVf(xr)>

Vf N I-1
(A v R e - )|
- L N IZ = B .
= —inE ZZ( - V)

Povi—t + T

= —1mE

d

nyl V(")) ny 1 &
<—E + E|— VFi(x;") = Vf(x")
Bt 2By ) || ;
d -1 N 2
777] [VF(X")]; Y 1 ok ok
< —————+ = E||< ) VFE(x")-VfE")+VfE") - Vf(E)
Pl i, 5 E N L
77")/_[ J /th al rk  ork 2 U’YILE sk or 2
< 1= Z\/iJr + = ;ON;E‘& % ‘ + B g - (B.135)
- V! — Nz

Since the local updates of FedAdam are the same as that of FedAvg, we can apply Lemma B.2 and Lemma B.3 in the above
inequality. Then, by (B.29), with v < NS T GEBT and v < WAL, we obtain

2 IL?
4 m QE )A(r,k T
2T

2
x|

x, " —X"

k ‘2 +301(I — 1)7°E IIVf(iT)II2>

- 5 17L52JI202 N 1593 L2 1° 15+3nL2L3 I? 7L2>
T

EIIVf(XT)IIQJr( =

- 21N
5v3nL2I%0%  15y3nL213
<D T VT v NP+ L (1201 — 1)292L2¢2 + AT — )WL,%UQ). (B.136)
2T N T
1
. . . . ) . < . 1 T3
According to (16) and its proof in Reddi et al. (2020), with v < min { e 16K(120L§G)% }, we have
157221 g 4V )]
———E|Vf(x - (B.137)
[ < g W
Substituting (B.132)—(B.136) back to (B.131), we can get
d <712
I V(x4
Ef(x" ) <Ef(X" +7)MEZ 7—77;11512 +—77; Ezi[ AlE
o T VYT 5216 1+T =1/l 4T
5y3L21%02  157°nL213 . Y 2L, & 2.
j E ST 2T (12(T — 3 2L 4 2 2L2 2 QE J
e+ 9SG+ T (120 = D L 4 = 1P L) + 2B Y
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© EF() + (nﬁ;@e n2L, )

_|_
Z \/7—1-7' 4 = 5211;71 +r 2TN

+ D (12(1 = 142022 + A(I — 1)%2L20?) (B.138)

AL ol Ei VAN 5y*nLirko?

T

where (a) is due to (B.137).

Similar to the proof of Lemma 4 in Reddi et al. (2020), we obtain

Ar +IVF(X)

<2E H (B.139)
T

2 —r (12
T

Furthermore, by Lemma B.1 and Lemma B.2, we have

EHA +IVIED |

T

<47 o2 & 47
= N2

le SOVEGH) - VIE) + VIE) - V)
i=1

I 5 4 572L21202 B
_]\772 “+ ZQ ( N F30PLIPE VI + 241 = 1°Li ¢ + 8(1 = 1)°5°Lio® | . (B.140)

According to the proof for Theorem 2 in Reddi et al. (2020), with v < min{ 1577, W} we have

L.\ 2721? +120+*L21* I 1
<w/1_52c:+” g) Rl ot e e | (B.141)
2 T 8 VBayIG+ T

Substituting (B.139) and (B.140) back to (B.138), we obtain

2 5,}/377[/2]20_2
Ef(x") <Ef(x -

7771
R +
y el

W1=5G  n’Ly\ (471 291 + 12091 L7 1" ez, 96Y'LEIN? | 329 LR IR0
+ ( + 5 ) 7zt S EIV/E)I"+ Tg + A

T2

+ @ (12(7 — 1)372Lic2 LA - 1)272L,2102)

(a) 7771 N7 5y3Lire? gy
<Ef(x") - —E g —
o Z ﬂﬂ] + 27’N (

2L 44T 96y1L214¢? 3291 L2 1302
+(77 /1—6204'77 g>(7 o2 + g h<+ il ha)’ (B.142)

12(1 = 1>y L3¢ + 4(1 = 1)*4%Lj,0%)

2 N72 72 72
where (a) is due to (B.141).
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Rearranging the above inequality, we have

1 R_l]EZd: VIE] 8o —f) | vLylo® N 967212122 N 3242 LI o2
R = = /ﬂ [ ynIR TN T T
32 76873 L3 I3¢%  256~3L2 %0
<\/1—52G+ : > <N7202+ 772’1 S A’T; ) (B.143)
By the proof of Theorem 2 in Reddi et al. (2020), we have
R-1 d —r\12 R—
1 V(=] 1 1 2
—= EY —~ > — > minE |Vf(x")|”. (B.144)
R; JZ:; Byl 4 RTZ: Z\/Ele—i—T VBNIG+ T v

Substituting (B.144) back to (B.143) and rearranging, we have

nE IV Ff(x / 8(fo— fe) YLg0? 9672I2L2(%  32y2Lplo?
min X" 2 < Bay + 0 9 h
v IV 7l _< 2 1G T) ynIR TN T + T

L\ (32 6873 L2132 | 25677 L2120
+ (VBIG +7) <\/1—62G+7729> (NZ 2y OV IR LC | 207 >

T T
(B.145)

B.17. Proof of Theorem A.9

In this section, we apply Assumption 4.2 in the convergence analysis for strongly convex objective functions in Karimireddy
et al. (2020). First, we bound the term A; in the proof of Lemma 7 in Karimireddy et al. (2020) using techniques in our

paper.

A = 2%77 ;wFi(xf*l),x* —x)

2%77 S (VE(xEY) = V(%) + Vf(x),x* —x)

ki
2 2
= S AVEET) = V(). =)+ D V(). x" —x). (B.146)
ki ki
T Ty

For T}, we have
1 k—1 *
T12777<N kE_VFi(Xi )—IVf(x),x x>

2

1 k—1 1 * 2
< — E VF;(x: — IV - _ )
<Ml a N . z( i ) I f(x) +a ||X X|| R (B.147)

T3

where a > 0 is a constant. Furthermore, for T3, we have

TR - VAR + VA - V()
ki %

k

2L2]
< ThZngH —%FT2 42120y IR — x| (B.148)
ik k
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For T3, according to Lemma 5 in Karimireddy et al. (2020), we obtain
2 *
T2<ﬂz( £ = Slx— x|
_ * % 12
— 29I (f(x") = f(x) = Ellx —x"|?).
Substituting T, T5 and T3 back to A1, we obtain

A < 2031 k=1 _ k=112 4 9727 Sk—1 _ 2 I i )2
<ayy | S ST b =R 2220 DD R - x|+ 2 - x|
j k

+ 29l (fx7) = £lx) = Llix = x7I17) -

Now we bound the term A, in the proof of Lemma 7 in Karimireddy et al. (2020).

Ay =P || 3 (VA = V) 4 VAR - V100 + 9 )

2,212
W 3 = & 4 3922 L x|’ 4 3921 V()

By Lemma 7 in Karimireddy et al. (2020), we have
V2 Io?

= x| <l = A+ A+

Substituting A; and A, to the above inequality, we obtain

I
st —x|* < (1 + ”’2’*) I8 =1 = (29m] = 39°0° Ly I®) (F(x") = )

2aynL21  3v*n?L2%1 ik R
+ YN, + TN Ly, ”Xi’k 1_Xr,k71||2
N N -
i,k
2 2. 272 ork—1 ’Y 77210
+ (2amLyl + 377 L20) Y A s |F 4+
k

By choosing a = ur» We obtain

r . yopd  anpl N\ %" *
%7+ —x (1+ 1 2) 1" = x*[|* = (2ynI = 3Ly I%) (f(X7) = f*)
8ynLiI — 3v*n*L21 rk—1  ark—12
( ui ) D
8ynLyl 2, 272 k1 or2, Ynlo?
+< T T Ll ijx’ X+ —5—
Y I ST * x" * 72 210
< (1 B th> %7 =" = (29 =35 L, 1) (F(X) = )+ =5

Ly 1 et
(SVULhM +39*°L I>~NZ|IX/ Rt i
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Ty

46

3v2n2L2 1 _ 12 e 2 N
S D DI Lt +3v2n2L§I§ijxk L x| 3P L P (f (%) - f(x7)).

(B.149)

(B.150)

(B.151)

(B.152)

(B.153)
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PO 2
Xr,k l_XTH )

L
+ (8777Lgug + 372772L31) Z
k

Ts

Applying Lemma B.2 and Lemma B.3 to (B.154), we obtain

L
Ty < (8777Lhuh + 372772L21) S(12(1 = 1)*42C +4(1 — 1)*4%0%),
and

2 2

1y < (st 3P ) - (- 1) 5 4 300 = 152, (1) - 1)
1

+301v°L (12(1 — 1)*42¢% + 4(I — 1)*4%0?) >

20.2

N

2

L L

< (Sngfg + 3y L1 - 9) . <5(1 -1)-
j I

+301v°L7 (12(1 — 1)*42¢% + 4(I — 1)*4%0?) >

< (ynI +*n*LyI?) - 8L, LMQ : (5([ —1)- Yo 30I(I — 1)¥*L, (f(X") — f*)

In particular, we have

L e
(ynI ++*7°LyI?) '8Lgf -301(1 = 1)y*Ly (f(X") = f*)

—~

a)

< % (vl +¥*0°LoI?) (f(X") — f*),

+30I(I — 1)Ly (F(X") — f*)

(B.154)

(B.155)

(B.156)

(B.157)

where (a) is due to v < ﬁ, /L%' Substituting 7); and T5 back to (B.154), by v < ﬁ, /L% and vy < mTlgI’ we

obtain

_ 2
HXT—Q—l _x*

gl I ST * 1 =T * *n*lo?
< (1= 20 e =t = (Gt - L) (1) - )+ TR

N
L :
+ (SWLth + 372772/3%1) C(3e(I — 1)34%¢C + (I — 1)%420?)

2 2 2 2 Lga2
+ (ynI +*n*LyI?) (407 LI - N

L/ A T S /) A o b i
< _ e _ _ i _ A i
_<1 1 )IX X = FE) =)+ —F

L
+ (8777Lh'uh + 37277%%1) C(12(1 = 1)°42C +4(1 — 1)*4°07)

2 2

L ,
+ (I +7*n* L I?) (407%91;; + 879 S30I72L2 (12(1 — 1)34%C% + 4(1 — 1)%420>
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Rearranging the above inequality, we have

_r 4 ynul \ | _ 4 1
f XT _ f* S - (1 ) _ Xr+ X*
&)1 < = =) = |

4 2
2 + yno
N

L
* (32th + 127%%1) (1201 = 1)*92¢ + 41 = 1)9%0%)
u

Ts
2 Lg("2 Lg 272 3.2,2 2.2 2
Tz
By yn < ﬁ,we have
QL% 22 2L% 2
Te < 45y —1°¢" + 15y —10". (B.160)
H w
B < 1 andv< 1 /Ls h
Y < o7 and Y < gppo7y/ G we have
L,o L? L?
T: < 807*L,I qN +18~2 hﬂg + 672 L1052 (B.161)
u

Substituting T and 7% back, we have

< 4 el - 2 4 2 4yno?
T fr o _hes T ok12 . F ||lgrtl  ox
f&E)—f < oy (1 4 [x" — x| Al HX X H + N

Lgyo L? L?
+807°L, I 9 + 6372 hﬂg + 2142 hIJ (B.162)
By Lemma 1 in [2], using “1 <l < 16L , we obtain

pynl R) L o’

E[f(&)] - 1 < dplx — x| exp(—T2 u

L2 2 L2 L2
+8072 =917 4 6392 2R 12¢2 4 21427k [ 52, (B.163)
po N Jz %

C. Additional Details and Results of Experiments

In this section, we provide additional details of our experiments. More experimental results are provided for full participation
with the MNIST dataset, CINIC-10 dataset (Darlow et al., 2018) and CIFAR-100 dataset.

Environment. All of our experiments are implemented in PyTorch and run on a server with four NVIDIA 2080Ti GPUs.
The mini-batch size of SGD for MNIST and CIFAR-10 is 20. The mini-batch size of SGD for CIFAR-100 is 32. We run
each experiment 5 times then plot their average and the standard deviation.

Model. For experiments with MLP model, we use a two-layer fully connected neural network, where the width of the
networks is 100. For experimental results with CIFAR-10 dataset in the main paper, we use a CNN model. The structure of
the CNN is 5 x 5 x 32 Convolutional — 2 x 2 MaxPool — 5 x 5 x 32 Convolutional — 2 x 2 MaxPool — 4096 x 512
Dense — 512 x 128 Dense — 128 x 10 Dense — Softmax. For experimental results with MNIST dataset, we use a
two-layer neural network with cross-entropy loss and a linear regression model with MSE loss. For experimental results
with CINIC-10 dataset (Darlow et al., 2018), we use VGG-16 with the cross-entropy loss.

Further explanation of the percentage of heterogeneous data. For example, the percentage of heterogeneous data is
50% means that 50% of the data on each worker are with the same label, e.g., 50% of the data on worker 1 are with label 1.
Another 50% of the data are sampled uniformly from the remaining dataset.
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Figure C.1: The results of test accuracy for CNN with CIFAR-10 and MLP with MNIST, which are corresponding to the
setting in Figure 2.
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Figure C.2: Results with CIFAR-10 dataset. The model is VGG-11. The percentage of heterogeneous data is 50%. The
learning rates are chosen as 7 = 2 and v = 0.01.

The estimate of L;. Let the global model be X and the local models be x;,2 = 1,2,..., N, in the beginning of a round,
then we estimate L;, using the following equations.

‘ 2

|Vre) - & 2, Vi)
L? ~ ~ 5
% >imt 1% — X

Starting from a global model that is close to convergence, we perform FedAvg for 10 rounds and estimate L? in each round.
Then we use the averaged L? over 10 rounds as the estimate for L?. The reason for starting from a global model that is
close to convergence is that this can make the variance of the estimate smaller. Similarly, the methods of estimating L, and
L are given by

Ly~ IVIx) = VI

)

X -3l
[ ~ max ||VFi(X2 — VFi(x)] .
i % — x|
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Figure C.3: Results with CIFAR-10 dataset. The model is VGG-11. The percentage of heterogeneous data is 75%. The
learning rates are chosen as 7 = 2 and v = 0.01.
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Figure C.4: Results with CINIC-10 dataset. The model is VGG-16. The percentage of heterogeneous data is 50%. The
learning rates are chosen as 7 = 2 and v = 0.01.

Additional Experimental Results. We partition CIFAR-10, CINIC-10 and CIFAR-100 into 10 workers. During each round,
all workers will perform the local updates. The results of test accuracy for CNN with CIFAR-10 and MLP with MNIST are
provided in Figure C.1. The results of training loss can be found in Figure 2 of the main paper. As shown in Table 1 of
the main paper, Ly, is very small in this case. In Corollary 4.4, with full participation, it is shown that when L;, is small,
increasing I can improve the convergence even when data are highly heterogeneous. As shown in both Figure C.1, the

curve with the largest number of local iterations, converges the fastest and achieves the highest accuracy, which validates
Theorem 4.3 and Corollary 4.4.

Results for CIFAR-10 with VGG-11 are shown in Figures C.2 and C.3. Results for CINIC-10 with VGG-16 are shown
in Figures C.4 and C.5. Results for CIFAR-100 with VGG-16 are shown in Figure C.6 and C.7. It can be seen in both
results, the curve with the largest number of local iterations converges the fastest and achieves the highest accuracy, which is
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(a) Training Loss. (b) Test Accuracy.

Figure C.5: Results with CINIC-10 dataset. The model is VGG-16. The percentage of heterogeneous data is 75%. The
learning rates are chosen as 7 = 2 and v = 0.01.
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Figure C.6: Results with CIFAR-100 dataset. The model is VGG-16. The percentage of heterogeneous data is 50%. The
learning rates are chosen as 7 = 2 and v = 0.02.
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Figure C.7: Results with CIFAR-100 dataset. The model is VGG-16. The percentage of heterogeneous data is 75%. The
learning rates are chosen as 7 = 2 and v = 0.02.

consistent with our theoretical results in Theorem 4.3 and Corollary 4.4.
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