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Abstract

We consider the setting where a user with sensitive features wishes to obtain a recommendation
from a server in a differentially private fashion. We propose a “multi-selection” architecture
where the server can send back multiple recommendations and the user chooses one from these
that matches best with their private features. When the user feature is one-dimensional — on
an infinite line — and the accuracy measure is defined w.r.t some increasing function h(.) of the
distance on the line, we precisely characterize the optimal mechanism that satisfies differential
privacy. The specification of the optimal mechanism includes both the distribution of the noise
that the user adds to its private value, and the algorithm used by the server to determine the
set of results to send back as a response and further show that Laplace is an optimal noise
distribution. We further show that this optimal mechanism results in an error that is inversely
proportional to the number of results returned when the function h(.) is the identity function.

1 Introduction

Consider a user who wants to issue a query to an online server (e.g. to retrieve a search result or
an advertisement), but the query itself reveals private information about the use. One commonly
studied approach to protect user privacy from the server in this context is for the user to send a
perturbed query, satisfying differential privacy under the local trust model [14]. However, since the
query itself is changed from the original, the server may not be able to return a result that is very
accurate for the original query. Our key observation is that in many situations such as search or
content recommendations, the server is free to return many results, and the user can choose the
one that is the most appropriate, without revealing the choice to the server. In fact, if the server
also returns a model for evaluating the quality of these results for the user, then this choice can
be made by a software intermediary such as a client running on the user’s device. This software
intermediary can also be the one that acts as the user’s privacy delegate and is the one ensuring the
local differential privacy protection.

We call this, new for the differential privacy (DP) literature system architecture, the “Multi-
Selection” approach to privacy, and the key question we ask is: What is the precise trade-off that can
be achieved between the number of returned results and quality under o fixed privacy goal? Of course,
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had the server simply returned all possible results, there would have been no loss in quality since
the client could choose the optimal result. However, this approach is infeasible due to computation
and communication costs, as well as due to potential server interest in not revealing proprietary
information. We therefore restrict the server to return k results for small k, and study the trade-off
between k and the quality when the client sends privacy-preserving queries. Our algorithmic design
space consists of choosing the client’s algorithm and the server’s algorithm, as well as the space of
signals they will be sending.

At a high level, in addition to the novel multi-selection framework for differential privacy, our
main contributions are two-fold. First, under natural assumptions on the privacy model and the
latent space of results and users, we show a tight trade-off between utility and number of returned
results via a natural (yet a priori non-obvious) algorithm, with the error perceived by a user
decreasing as ©(1/k) for k results. Secondly, at a technical level, our proof of optimality is via a
dual fitting argument and is quite subtle, requiring us to develop a novel duality framework for
linear programs over infinite dimensional function spaces, with constraints on both derivatives and
integrals of the variables. This framework may be of independent interest for other applications
where such linear programs arise.

1.1 System Architecture and Definitions

We denote the set of users by R and when we refer to a user u € R, we mean a user with a query
value u € R. Let M denote the set of results and OPT : R — M denotes the function which maps
user queries to optimal results. This function OPT is available (known) to the server but is unknown
to the users.

1.1.1 Privacy

We adopt a well-studied notion of differential privacy under the local trust model [14]:

Definition 1.1 (adapted from [25, 43]). Let ¢ > 0 be a desired level of privacy and let U be a
set of input data and ) be the set of all possible responses and A()) be the set of all probability
distributions (over a sufficiently rich o-algebra of ) given by 0())). A mechanism @ : U — A(}Y) is
e-differentially private if for all S € o(Y) and uy,us € U:

P(Qui € S) < eP(Quz € 5).

A popular relaxation of differential privacy is geographic differential privacy [4] (GDP), which
allows the privacy guarantee to decay with the distance between user values. It reflects the intuition
that the user is more interested in protecting the specifics of a medical query they are posing rather
than protecting whether they are posing a medical query or an entertainment query, and is thus,
appropriate in scenarios such as search. We restate the formal definition from [43] and use it in the
rest of the work.

Definition 1.2 (adapted from [43]). Let ¢ > 0 be a desired level of privacy and let U be a set
of input data and Y be the set of all possible responses and A()) be the set of all probability
distributions (over a sufficiently rich o-algebra of ) given by ¢())). A mechanism @ : U — A(Y) is
e-geographic differentially private if for all S € o()) and wuy,us € U:

P(Qu; € S) < el “2lP(Quy € 5).



1.1.2 “Multi-Selection” Architecture

Our “multi-selection” system architecture (shown in Figure 1) relies on the server returning a small
set of results in response to the privatized user input, with the on-device software intermediary
deciding, unbeknownst to the server, which of these server responses to use.

User Side Server Side
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best in a & a(e M*) ~ Qs

Figure 1: Overall architecture for multi-selection.

The space of mechanisms we consider in this new architecture consists of a triplet (Z, P, Q):
1. A set of signals Z that can be sent by users.

2. The actions of users, P, which involves a user sampling a signal from a distribution over
signals. We use P, for u € R to denote the distribution of the signals sent by user « which is
supported on Z. The set of actions over all users is given by P = { P, },cr.

3. The distribution over actions of the server, Q. When the server receives a signal s € Z, it
responds with ()5, which characterizes the distribution of the k results that the server sends
(it is supported in M*). We denote the set of all such server actions by Q = {Qs}scz. !

Our central question is to find the triplet over (Z, P, Q) that satisfies e-geographic differential
privacy constraints on P while ensuring the best-possible utility or the smallest-possible disutility.

1.1.3 The disutility model: Measuring the cost of privacy

We now define the disutility of a user u € R from a result m € M. One natural definition would
be to look at the difference between (or the ratio) of the cost of the optimum result for v and the
cost of the result m returned by a privacy-preserving algorithm. However, we are looking for a
general framework, and do not want to presume that this cost measure is known to the algorithm
designer, or indeed, that it even exists. Hence, we will instead define the disutility of w as the
amount by which u would have to be perturbed for the returned result m to become optimum; this
only requires a distance measure in the space in which u resides, which is needed for the definition
of the privacy guarantees anyway. For additional generality, we will also allow the disutility to be
any increasing function of this perturbation, as defined below.

Definition 1.3. The dis-utility of a user v € R from a result m € M w.r.t some continuously
increasing function h(.) is given by 2

Dis-util®®) (u, m) := Roilglif( ) b(ju — ) (1)
u' €R: u')=m

'We treat this distribution to supported on U* instead of k-sized subset of U for ease of mathematical typesetting.
21f no such v’ exists then the dis-utility is co as infimum of a null set is co.



We allow any function h(.) that satisfies the following conditions:

h(.) is a continuously increasing function satisfying h(0) = 0. (2)
There exists B € R" s.t. logh(.) is Lipschitz continuous in [B, co) (3)

The first condition (2) captures the intuition that dis-utility for the optimal result is zero. The
second condition (3) which bounds the growth of h(.) by an exponential function is (a not very
restrictive condition) required for our mathematical analysis.

Quite surprisingly, to show that our multi-selection framework provides a good trade-off in the
above model for every h as defined above, we only need to consider the case where the h is the
identity function. The following example further motivates our choice of the disutility measure:

FExample 1. Suppose, one assumes that the result set M and the user set R are embedded in the
same metric space (d, M UR). This setup is similar to the framework studied in the examination
of metric distortion of ordinal rankings in social choice [5, 20, 38, 42]. Using triangle inequality,
one may argue that d(u,m’') — d(u,m) < 2d(u,u’) where m is the optimal result for user u (i.e.

m = argmind(u,m)) and m’ is the optimal result for user /. 2 Thus, 2d(u,u’) gives an upper
meM

bound on the disutility of user u from result OPT(u’).

1.1.4 Restricting users and results to the same set

For ease of exposition, we study a simplified setup restricting the users and results to the same set
R. Specifically, since Dis—utilh(‘)(u, OPT(v')) < h(Ju — «'|), our simplified setup restricts the users
and results to the same set R where the dis-utility of user u € R from a result a € R is given by
h(Ju — al). Our results will extend to the model where the users and results lie in different sets, and
we refer the reader to Appendix A.5 for the treatment. We note that even in the simplified setup,
while we use a € R to denote the result, what we mean is that the server sends back OPT(a) € M.

1.1.5 Definition of the cost function in the simplified setup

We use Set(a) to convert a vector a = (ay, as, ...,ax)’ € R¥ to a set of at most k elements, formally
Set(a) = {a; : i € [K]}.

Recall from Section 1.1.4, the dis-utility of user u € R from a result a € R in the simplified setup
may be written as

Dis—utilgz(%(u, a) =h(Ju —al) (4)

Since we restrict the users and results to the same set, Q, is supported on R for every s € Z. Thus,
the cost for a user u from the mechanism (Z, P, Q) is given by

cost"V(u, (Z,P,Q)) = E [E [ min Dis—utilh(‘)(u,a)” (5)

s~ Py aNQs aESet(a) sum

= E E min u—a 6
E LB [ o] | 0
where the expectation is taken over the randomness in the action of user and the server.

We now define the cost of a mechanism by supremizing? over all users v € R. Since, we refrain
from making any distributional assumptions over the users, supremization rather than mean over

3This follows since d(u,m’) — d(u,v') < d(u',m’) < d(w',m) < d(u,u’) + d(u, m)
“We write supremum instead of maximum as the maximum over an infinite set may not always be defined.



the users is the logical choice.

costh(')(Z,P,Q) = supcosth(')(u, (Z,P,Q)) =sup E [ E [ min h(|u—a|)” (7)
u€R u€R s~Pu [a~Qs |a€Set(a)

We use 1(.) to denote the identity function, i.e. 1(x) = x for every x € R and thus define the cost
function when h(.) is an identity function as follows:

cost]l(‘)(Z,P,Q) = supcost]l(')(u, (Z,P,Q)) =sup E [ E [ min |u — a\” (8)
u€R ueR s~Pu [a~Qs |acSet(a)
Recall our central question is to find the triplet over (Z, P, Q) that ensures the smallest possible
disutility / cost while ensuring that P satisfies e-geographic differential privacy. We denote the
value of this cost by f9¢)(e, k) and it is formally defined as

b(.) —inf i ; b(.)
(e, k) erlfpérg(Zf)QIEIgz(COSt (Z,P,Q))

—iyt int it (sup B [ B | i (- al)]] ) where )

Z PEP(ZE) QEQZ uERSNPu aNQs aESet(a)

Pg) := {P|Vu € R, P, is a distribution on Z, and P satisfies e-geographic differential privacy.}.
Qz :={Q|Vs € Z,Q, is a distribution on R¥}.

1.2 Our results and key technical contributions

For any h(.) satisfying equations (2) and (3) when the privacy goal is e-geographic DP our main
results are:

e The optimal action P, for a user u, is to add Laplace noise® of scale % to its value u (result
stated in Theorem 2.13 and proof sketch described in Sections 2.1, 2.2 and 2.3). Further, we
emphasize that the optimality of adding Laplace noise is far from obvious®. For instance,
when users and results are located on a ring, Laplace noise is not optimal (see Appendix A.4
for an analysis when k = 2).

e The optimal server response Q could be different based on different h. We give a recursive
construction of Q for a general h (Section 2.4). Furthermore, when h(t) = t, we give an exact
construction of Q (sketched in Fig. 2 for & = 5) and show that f10) (e, k) = O(Z;) in Section
2.4 and Appendix B.5.

Formally, our main results can be stated as:

Theorem 1.4 (corresponds to Theorem 2.13 and Theorem B.3). For e-geographic differential
privacy, adding Laplace noise, that is, user u sends a signal drawn from distribution Lc(u), is one

of the optimal choices of P(ZE) for users. Further, when bh(t) = t, we have f10) (e, k) = O(i) and

the optimal mechanism (Z,P,Q) (choice of actions of users and server) itself can be computed in
closed form. For a generic §(.), the optimal server action Q may be computed recursively.

®We use Lc(u) to denote a Laplace distribution of scale 1 centred at u. Formally, a distribution X ~ Lc(u) has its
probability density function given by fx(z) = 367417“'.
5Tn fact, only a few optimal DP mechanisms are known [37, 40, 41, 24], and it is known that for certain scenarios,

universally optimal mechanisms do not exist [18].
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Figure 2: Optimal mechanisms in geographic differential privacy setting when £ = 5 and € €
{0.3,0.5,1.0}. Suppose the user has a private value u. Then the user sends a signal s drawn
from distribution L.(u) to the server, meaning the user sends s = v + z where z is drawn from
the density function p(t) in this figure. Suppose the server receives s. Then the server responds
{s+ ai,....,s + as}, where the values of aj,as,...,a5 are the t-axis values of dots on the density
functions.

In addition to our overall framework and the tightness of the above theorem, a key contribution
of our work is in the techniques developed. At a high level, our proof proceeds via constructing
an infinite dimensional linear program to encode the optimal algorithm under differential privacy
constraints. We then use dual fitting to show the optimality of Laplace noise. Finally, the optimal
set of results being computable by a simple dynamic program given such noise.

The technical hurdles arise because the linear program for encoding the optimal mechanism is
over infinite-dimensional function spaces with linear constraints on both derivatives and integrals,
since the privacy constraint translates to constraints on the derivative of the density encoding the
optimal mechanism, while capturing the density itself requires an integral. We call it Differential
Integral Linear Program (DILP); see Section 2.2. However, there is no weak duality theory for
such linear programs in infinite dimensional function spaces, such results only existing for linear
programs with integral constraints [3].

We therefore develop a weak duality theory for DILPs (see Section 2.2 with a detailed proof
in Appendix B.6), which to the best of our knowledge is novel. The proof of this result is quite
technical and involves a careful application of Fatou’s lemma [49] and the monotone convergence
theorem to interchange integrals with limits, and integration by parts to translate the derivative
constraints on the primal variables to derivatives constraint on the dual variables.

We believe our weak duality framework is of independent interest and has broader implications
beyond differential privacy; see Appendix A.8 for two such applications.

1.3 Related Work

1.3.1 Differential Privacy

The notion of differential privacy in the trusted curator model is introduced in [26]; see [28] for a
survey of foundational results in this model. The idea of local differential privacy dates back to [53],
and the algorithms for satisfying it have been studied extensively following the deployment of DP in
this model by Google [30] and Apple [6]; see, e.g. [19, 21, 52, 12] and Bebensee [14] for a survey.



Geographic differential privacy was introduced by Andrés et al. [4] and has gained widespread
adoption for anonymizing location data. Our use of geographic DP utilizes the definition of [4] with
the trust assumptions of the local model, and is thus, only a slight relaxation of the traditional local
model of differential privacy.

1.3.2 Multi-Selection

An architecture for multi-selection, particularly with the goal of privacy-preserving advertising, was
already introduced in Adnostic by [50]. Their proposal was to have a browser extension that would
run the targeting and ad selection on the user’s behalf, reporting to the server only click information
using cryptographic techniques. Similarly, Privad by [39] propose to use an anonymizing proxy that
operates between the client that sends broad interest categories to the proxy and the advertising
broker, that transmits all ads matching the broad categories, with the client making appropriate
selections from those ads locally. Although both Adnostic and Privad reason about the privacy
properties of their proposed systems, unlike our work, neither provides DP guarantees.

Two lines of work in the DP literature can be seen as somewhat related to the multi-selection
paradigm — the exponential mechanism (see e.g. [46, 17, 45]) and amplification by shuffling (see e.g.
[29, 22, 32]). The exponential mechanism focuses on high-utility private selection from multiple
alternatives and is usually deployed in the TCM model. Amplification by shuffling analyzes the
improvement in the DP guarantees that can be achieved if the locally privatized data is shuffled by
an entity before being shared with the server. As far as we are aware, neither of the results from
these lines of work can be directly applied to our version of multi-selection, although combining
them is an interesting avenue for future work.

More broadly, several additional directions within DP research can be viewed as exploring novel
system architectures in order to improve privacy-utility trade-offs, e.g., using public data to augment
private training [47, 11], combining data from TCM and LM models [8, 7, 15], and others. Our
proposed architecture is distinct from all of these. Finally, our work is different from how privacy
is applied in federated learning [36] — there, the goal is for a centralized entity to be able to build
a machine learning model based on distributed data; whereas our goal is to enable personalized,
privacy-preserving retrieval from a global ML model.

1.3.3 Optimal DP mechanisms

To some extent, much of the work in DP can be viewed as searching for the optimal DP mechanism,
i.e. one that would achieve the best possible utility given a fixed desired DP level. Only a few
optimal mechanisms are known [37, 40, 41, 24|, and it is known that for certain scenarios, universally
optimal mechanisms do not exist [18].

Most closely related to our work is the foundational work of [37] that derives the optimal
mechanism for counting queries via a linear programming formulation; the optimal mechanism turns
out to be the discrete version of the Laplace mechanism. Its continuous version was studied in [33],
where the Laplace mechanism was shown to be optimal. These works focused on the trusted curator
model of differential privacy unlike the local trust model which we study.

In the local model, [43] show Laplace noise to be optimal for e-geographic DP. Their proof relies
on formulating an infinite dimensional linear program over noise distributions and looking at its
dual. Although their proof technique bears a slight resemblance to ours, our proof is different and
intricate since it involves the minimisation over the set of returned results in the cost function.

A variation of local DP is considered in [35], in which DP constraints are imposed only when
the distance between two users is smaller than a threshold. For that setting, the optimal noise is



piece-wise constant, which is a similar outcome to our optimal Laplace noise distribution. However,
our setting of choosing from multiple options makes the problems very different.

1.3.4 Related work on duality theory for infinite dimensional LPs

Strong duality is known to hold for finite dimensional linear programs [1]. However, for infinite
dimensional linear programs, strong duality may not always hold (see [3] for a survey). Sufficient
conditions for strong duality are presented and discussed in [51, 13] for generalized vector spaces. A
class of linear programs (called SCLPs) over bounded measurable function spaces have been studied
in [48, 16] with integral constraints on the functions. However, these works do not consider the case
with derivative constraints on the functional variables. In [43, Equation 7] a linear program with
derivative and integral constraints (DILPs) is formulated to show the optimality of Laplace noise
for geographic differential privacy. However, their duality result does not directly generalize to our
case since our objective function and constraints are far more complex as it involves minimisation
over a set of results.

We thus need to reprove the weak-duality theorem for our DILPs, the proof of which is technical
and involves a careful application of integration by parts to translate the derivative constraint on
the primal variable to a derivative constraint on the dual variable. Further, we require a careful
application of Fatou’s lemma [49] and monotone convergence theorem to exchange limits and
integrals. Our weak duality result generalizes beyond our specific example and is applicable to a
broader class of DILPs. Furthermore, we discuss two problems (one from job scheduling [2] and one
from control theory [31]) in Appendix A.8 which may be formulated as a DILP.

2 Characterizing the Optimal Mechanism: Proof Sketch of Theo-
rem 1.4

We now present a sketch of the proof of Theorem 1.4; the full proof involving the many technical

details is presented in the Appendix. We first show that for the sake of analysis, the server can be

removed by making the signal set coincide with result sets (Section 2.1) assuming that the function

OPT is publicly known both to the user and server.” Then in Section 2.2 we construct a primal

linear program O for encoding the optimal mechanism, and show that it falls in a class of infinite
dimensional linear programs that we call DILPs, as defined below.

Definition 2.1. Differential-integral linear program (DILP) is a linear program over Riemann
integrable function spaces involving constraints on both derivatives and integrals.

A simple example is given in Equation (10). Observe that in equation (10), we define C; to be a
continuously differentiable function.

f

N Py C

0= s.t. /g(v)dv =1 (10)
R

—eg(v) < ¢'(v) < eg(v) VW ER

"One should note that this removal is just for analysis and the server is needed since the OPT function is unknown
to the user.




We next construct a dual DILP formulation £ in Section 2.2, and show that the formulation
satisfies weak duality. As mentioned before, this is the most technically intricate result since we need
to develop a duality theory for DILPs. We relegate the details of the proof here to the Appendix.

Next, in Section 2.3, we show the optimality of the Laplace noise mechanism via dual-fitting,
i.e., by constructing a feasible solution to DILP £ with objective identical to that of the Laplace
noise mechanism. Finally, in Section 2.4, we show how to find the optimal set of k£ results given
Laplace noise. We give a construction for general functions h(.) as well as a closed form for the
canonical case of h(t) = t. This establishes the error bound and concludes the proof of Theorem 1.4.

2.1 Restricting the signal set Z to R”

We first show that it is sufficient to consider a more simplified setup where the user sends a signal
set in R* and the server sends back the results corresponding to the signal set. Since we assumed
users and ads lie in the same set, for the purpose of analysis, this removes the server from the
picture. To see this, note that for the setting discussed in Section 1.1.4, the optimal result for user
u is the result w itself, where when we refer to “result u”, we refer to the result OPT(u) € M.

Thus, this approach is used only for a simplified analysis as the OPT function is not known
to the user and our final mechanism will actually split the computation between the user and the
server.

Therefore a user can draw a result set directly from the distribution over the server’s action
and send the set as the signal. The server returns the received signal, hence removing it from the
picture. In other words, it is sufficient to consider mechanisms in 73(6)

ric» Which are in the following
form (corresponding to Theorem 2.2).

1. User v € R reports s that is drawn from a distribution P, over RF.

2. The server receives s and returns s.

We give an example to illustrate this statement below.

Ezample 2. Fix a user u and let Z = {s1, s} and {a),a®} C R* and consider a mechanism M,
where user u sends s; and sp with equal probability. The server returns a € R¥ on receiving signal
s, with the following probability.

P (a = a(l)]s = 51> =02 P (a = a(2)|s = 31) = 0.8,

P (a =all|s = 32> =04, P (a =a®|s = 32) = 0.6.

Then the probability that u receives a(!) is 0.3 and it receives a(® is 0.7. Now consider another
mechanism My with the same cost satisfying differential privacy constraints, where Z = {a(l), a(Q)},
with user u sending signal a") and a(® with probabilities 0.3 and 0.7. When the server receives
a € R*, it returns a.

We show the new mechanism M satisfies differential privacy assuming the original mechanism
M satisfies it. As a result, we can assume Z = R* when finding the optimal mechanism.

The following theorem states that it is sufficient to study a setup removing the server from
the picture and consider mechanisms in set of probability distributions supported on R* satisfying

e-geographic differential privacy (Pﬂ({k) as defined in Section 1.1.5).



Theorem 2.2 (detailed proof in Appendix B.1). It is sufficient to remove the server (Q) from the
cost function f"(')(e, k) and pretend the user has full-information. Mathematically, it maybe stated
as follows.

O k)= inf sup E min h(ju —al)] . "
( ) PEPH;?UERGNPu acSet(a) (‘ ’) ( )

Proof Sketch. Fix Z,P € PY),Q € Qz. For u € R and § C R¥, let P, (S) be the probability
that the server returns a set in S to user u. Then for any ui,us € R, S C R¥, we can show that
P,, (S) < ecli—u2l B, (S) using post-processing theorem, and thus P = {P,},er € Plgk) because
P, is a distribution on R¥ for any u € R. At the same time,

E [E [min h(lu—a\)H— E | min h(lu—a\))],sowehave

s~Py |a~Qs |acSet(a) a~P, |acSet(a)

fb(') e, k)= inf sup E min h(jlu—a ],
( ) Pepﬂ(gg u€R a~Pu |a€Set(a) (| |)

O]

2.2 Differential integral linear programs to represent f(e, k) and a weak duality
result

Recall the definition of DILP from Definition 2.1. In this section, we construct an infimizing DILP
O to represent the constraints and the objective in the cost function f(e, k). We then construct a
dual DILP &, and provide some intuition for this formulation. The proof of weak duality is our
main technical result, and its proof is defered to the Appendix.

2.2.1 Construction of DILP O to represent cost function f(e, k)

We now define the cost of a mechanism P which overloads the cost definition in Equation 7

Definition 2.3. Cost of mechanism P € 73]1(5,3 : We define the cost of mechanism P as

cost(P) :=sup E min h(ju — al) (12)
weR a~Py | a€Set(a)

Observe that in Definition 2.3 we just use P instead of the tuple (Z,P,Q) as in Equation
(7). Observe that it is sufficient to consider P in the cost since P simulates the entire combined
action of the user and the server as shown in Theorem 11 in Section 2.1. We now define the
notion of approximation using cost of mechanism by a sequence of mechanisms which is used in the
construction of DILP O.

Definition 2.4. Arbitrary cost approximation: We call mechanisms P ¢ PIE{,B an arbitrary cost

approximation of mechanisms P € Pﬂ(;k) if lir% cost(PM) = cost(P)
n—
Now we define the DILP O to characterise f(e,k) in Equation (11). In this formulation, the

variables are g(.,.) : ZP(R x R¥ — R¥), which we assume are non-negative Riemann integrable
bounded functions. These variables capture the density function P,.

10



inf K
g(.,.): ZB(RxRkF—sR+) keR

st Kk — / [ min h(u—a!)} g(u,x)d (ﬁxl> >0VueR

a€Set(x) —
x€ERF =
O = k (13)
/ g(u,x)d (sz> =1VueR
x€ERF =1

eg(u,x) +g (u,x) > 0; Vu € R;x € R¥

eg(u,x) — g, (u,x) > 0; Yu € R;x € R¥

\

In DILP O, we define g _(u,x) and g, (u,x) to be the lower and upper partial derivative of g(u,x)
at u. Now observe that, we use lower and upper derivatives instead of directly using derivatives as
the derivatives of a probability density function may not always be defined (for example, the left
and right derivatives are unequal in the Laplace distribution at origin).

Note that the DILP O involves integrals and thus requires mechanisms to have a valid probability
density function, however not every distribution is continuous, and, as a result, may not have a
density function (e.g. point mass distributions like PZ< defined in Definition 2.9). Using ideas from
mollifier theory [34] we construct mechanisms P with a valid probability density function that
are an arbitrary good approximation of mechanism P in Lemma 2.7, hence showing that it suffices
to define O over bounded, non-negative Reimann integrable functions g.

We now prove that the DILP constructed above captures the optimal mechanism, in other words,

opt(0) = f(e, k).
Lemma 2.5. Let opt(O) denote the optimal value of DILP (13), then f(e, k) = opt(O).

To prove this lemma, we show Lemma 2.6, which relates the last two constraints of the DILP O to
e-geographic differential privacy, and Lemma 2.7, which shows that an arbitrary cost approximation
of mechanism P can be constructed with valid probability density functions.

Lemma 2.6. Let P, have a probability density function given by g(u,.) : R¥ — R for every u € R.
Then, P satisfies e-geographic differential privacy iff max(|g,(u, )|, |g, (u,2)|) < eg(u,z) Vu €
R;Vx € RF 8

The proof of this lemma (Appendix B.2.1) proceeds by showing that e-geographic differential
privacy is equivalent to Lipschitz continuity of log g(u,x) in u.”

Lemma 2.7. (Proven in Appendiz B.2.3) Given any mechanism P € 73](;,2 (satisfying e-geographic
differential privacy), we can construct a sequence of mechanisms P with bounded probability

density functions such that P is an arbitrary cost approzimation of mechanism P € 771(;,1.

Using Lemmas 2.7 and 2.6, we give the proof of Lemma 2.5.

Proof of Lemma 2.5. Consider any ¢ > 0. As established in Lemma 2.7, it follows for every
)

mechanism P € ng, we can construct another mechanism P with bounded probability density
functions whose cost is a ¢ approximation of the cost of mechanism P. Thus, we can use Lemma

2.6 to conclude that the optimum value of DILP O is precisely f(e, k). O

Sgu (u,x), g, (u,x) denote the lower and upper partial derivative w.r.t. u
9We handle the case when the log is not defined as the density is zero at some point separately in the proof.
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2.2.2 Dual DILP £ and statement of weak duality theorem

Now, we write the dual of the DILP O as the DILP £ in Equation (14). Observe that, we have the
constraint that §(.) and A(.) is non-negative, C° (continuous) and v(.,.) is a C! function i.e. v(r,v)
is continuously differentiable in r and continuous in v. Thus, we may rewrite the equations as

sup / A(r)dr
S(IAQ)CORSRYY; Jrer
v(.,.):Ct(Rx(R)*—R)

s.t. o(r)dr <1
g — reR
- [ gnrz )h(|r - a|)} 5(r) + A(r) + v (r,v) + €v(r,v)| <0 Vr e Ryv € (R)F
acSet(v

U : CO(R* = R) s.t. v(r,v) >0Vr>U(v) Vv € (R)*
3L : CO(R* = R) s.t. v(r,v) <0 Vr < L(v) Vv € (R)*

(14)
To get intuition behind the construction of our dual DILP &, relate the equations in DILP O to
the dual variables of DILP & as follows. The first equation denoted by {d(r)},er, second equation
denoted by {A(r)},er and the last two equations are jointly denoted by {v(r, v)},crve®) 10
The last two terms in the second constraint of DILP £ are a consequence of the last two equations on
DILP O and observe that it involves a derivative of the dual variable v(u,v). The linear constraint
on the derivative of the primal variable translates to a derivative constraint on the dual variable by
a careful application of integration by parts, discussed in detail in Appendix B.6.
Observe that in our framework we have to prove the weak-duality result as, to the best of our
knowledge, existing duality of linear programs in infinite dimensional spaces work for cases involving
just integrals. The proof of this Theorem 2.8 is technical and we defer the details to Appendix B.6.

Theorem 2.8. opt(O) > opi(E).

2.3 Dual fitting to show the optimality of Laplace noise addition

~

Before starting this section, we first define a function f(e, k) which characterises the optimal
placement of k points in R to minimise the expected minimum dis-utility among these k points
measured with respect to some user v sampled from a Laplace distribution. As we shall prove in
Theorem 2.10 that it bounds the cost of the Laplace noise addition mechanism.

f(e,k) = min yNE(O) aeﬁlﬁa)b(w al) (15)

In this section, we first define a mechanism in Definition 2.9 which simulates the action of the

server corresponding to the Laplace noise addition mechanism in Section 2.3.1 and show that the

cost of Laplace noise addition mechanism is f (e, k). We finally show the optimality of Laplace noise

addition mechanism via dual fitting i.e. constructing a feasible solution to the dual DILP £ with an
objective function f(e, k) in Section 2.3.2.

!ONote that the variable v(r,v) is constructed from the difference of two non-negative variables corresponding to
third and fourth equations, respectively. The detailed proof is in Appendix B.6,

12



2.3.1 Bounding cost function f(e, k) by the cost of Laplace noise adding mechanism

~Le ~ . . . .
We now define the mechanism P~ = {P%<},cr which corresponds to simulating the action of the
server on receiving signal S, ~ L.(u) from user u. We often call this in short as the Laplace noise
addition mechanism.

Definition 2.9. The distribution P~< is defined as follows for every u € R.

A~ Pf — a=—argmin E [ min h(|y — a|)] where S, ~ L(u) (16)
acRk Y~Le(Sy) [a€Set(a)
= argmin K [ min_h(|y — GD} + S, where S, ~ L(u) (17)
acRk Y~Lc(0) [aE€Set(a)

Equality (a) follows from the fact that y ~ L(2) = y — 2z ~ L(0) for every z € R.

Observe that the server responds with set of points Set(a) for some a € R* so as to minimise
the expected cost with respect to some user sampled from a Laplace distribution centred at .S,,.

We show that the following lemma which states that PLe satisfies e-geographic differential
privacy constraints and bound f(e, k) by f(e, k).

- Ee . . . . .
Lemma 2.10 (detailed proof in Appendix B.3). P satisfies e-geographic differential-privacy
<

constraints i.e. P~ € 73]1(;3 and thus, we have f(e,k) < cost(PL<) = f(e, k)

Proof Sketch. Observe that P e Pﬂ({k) from the post processing theorem, refer to [27] since S, ~
L.(u) satisfies e-geographic differential privacy constraints.'?. Thus, we prove f(e, k) < cost(P%).

The equality is fully proven in Appendix B.3.

O
2.3.2 Obtaining a feasible solution to DILP &
We now construct feasible solutions to DILP £. For some ¢ > 0 and A > 0, we define
9@ = (¢/2)e " and A9 (r) = X (¢/2)e I vr e R (18)

Now define v,,.q = Median(Set(v)) and for every v € R¥, we consider the following Differential
Equation (19) in (.).

| min b(r —ap)| 59 @) + 2@ @) 1 920

a€Set(v) dr

+ €|o(r)| = 0; with D(vmeq) =0 (19)

Observe that this equation precisely corresponds to the second constraint of DILP £ (inequality
replaced by equality) with an initial value. We now show that a solution (.) to differential equation
(19) exists such that o(r) is non-negative for sufficiently large r and non-positive for sufficiently
small 7 to satisfy the last two constraints of DILP £ in Lemma 2.11.

Observe that the structure of our differential equation is similar to that in [43, Equation 19].
However, our differential equation has significantly more complexity since we are minimising over
a set of points v € R* and also our equation has to be solved for every v € R¥ making it more
complex.

1 Observe that we choose a deterministic tie-breaking rule amongst all vectors minimising this objective.
12Post processing theorem can be proven even for e-geographic differential privacy similarly
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Lemma 2.11 (Proof in Appendix B.4.2). Choose ¢ < ¢ and 0 < A < :_Cf(e + (, k), then equation

(19) has a unique C* solution () (.) and there exists U, L € R satisfying v (r) > 0 Yr > U and
v (r) <0 Vr<L.

Intuitive explanation. We just give an intuition for this proof for the case where \ exceeds :rg f (e, k)
by showing two plots in Figure 3a and 3b for the two cases where A < :rg f (e, k) and A > % f (e, k)
respectively. In the first case, v(©) (r) is positive for sufficiently large r and in second case, it goes
negative for large r demonstrating the requirement of the bound % fle, k) on A

The two plots are for the case when € = 1, ( = 0.1, h(z) = z and thus Zgﬂ@ k) may be

approximately by % X % = 0.44 as shown in Section 2.4. For the purpose of the plots, we choose
v = [~log4; 0; log4]"'® and demonstrate the point in the Lemma.
. Solution plot
Solution plot N -
0.15 —— A=0.46
— 0.05 S
- S 01
g; 0.00 3
-150 -100 -50 ’(1 50 100 150 -150 —100 —50 ;)- 50 100 150
(a) Solution for A = 0.40 (b) Solution for A = 0.46

Figure 3: Solutions for Differential Equation (19) for v = [~ log4; 0; log4]”

These spikes in the solution may be observed due to the selection of v € R? due to the term

miI% : h(|r — a\)] in the differential equation. O
acSet(v

Lemma 2.12 (detailed proof in Appendix B.4.2). opt(€) > f(e, k).

We present a proof sketch where we do not explicitly show the continuity of the bounds U(.)
and L(.). In Appendix B.7, we prove a claim showing the existence of such continuous bounds.

Proof Sketch. Recall the functions A (.),§(9)(.) defined in (18). Also for every v € R¥, we obtain
a function v(9)(.,v) [solution of Equation (19)] with bounds U(v) and L(v) satisfying v(°) (r,v) >
0 Yu > U(v) and v (r,v) <0 Vu < L(v) and this solution is feasible.

The objective value of this feasible solution is X and the constructed solution is feasible for any
A< =S f(e+ ¢ k) and ¢ > 0. Now, since f(e, k) is continuous in e, choosing ¢ to be arbitrarily

e+C
small enabAleS us to obtain the objective value of the solution arbitrarily close to f(e, k) and thus,
opt(£) > f(e, k). O

~ L oy
Observe that although we defined the Laplace noise addition mechanism (P) (see Definition

~

2.9) entirely in terms of the user’s action, we can consider an alternate mechanism splitting (P°)
into user’s action and server’s response attaining the same cost:

3We choose this vector since it minimises equation (15) and a detailed calculation is given in Section 2.4.
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e User u sends S, ~ Lc(u) to the server.

e The server on receiving S, responds with a vector a = argmin E min h(ly —al|)|.
acRk  Y~Le(Su) |acSet(a)
Theorem 2.13. For e-geographic differential privacy, sending Laplace noise, that is, user u sends a
signal drawn from distribution Lc(u) is one of the optimal choices of Pg) for users, and in this case

fh(')(ea k) = f(ev k)

Proof. (;ombining the results in Lemmas 2.10, 2.5, 2.12 and Theorems 2.8 and Theorem 2.2, we
obtain f(e, k) < opt(€) < opt(O) < f(e, k) where f(e, k) denotes the cost of Laplace noise addition
mechanism P%< i.e. cost(P<) = f(e, k).

O

2.4 Server response given the user sends Laplace Noise

Recall that we proved in Theorem 2.13 that the Laplace noise addition mechanism is an optimal
action for the users. We now focus on the construction of an optimal server action on receiving the
signal s from an user.

1. User with value v € R reports s after adding Laplace noise of scale % More formally, s is
drawn from Laplace distribution L¢(v).

2. The server receives s and respond (s + aq,...,s + ax), where ay, ..., a; are fixed real values.

For the case of h(t) = t, the optimal mechanism is simple enough that the values a1, as, ..., ax
can be computed by dynamic programming, as we sketch in the following subsection, and this
concludes the proof of Theorem 1.4. For other general increasing functions, the optimal solution
for {a;}%_; may not always be written in closed form, however we can always write a recursive
expression to compute the points.

2.4.1 Sketch of server response for odd k

We now show the optimal choice of A to optimize cost function f(e, k) [in Equation (15)]. Specifically,
we assume odd k in this section. The solution for even k (refer Theorem B.3) can be constructed
using a similar induction where the base case for k = 2 can be directly optimized.

Assuming the symmetry of A, let A ={-yp_1,... —v1,0,41,...,Yp_1}, where y1,...,yp_1 are
positive numbers in increasing order. We will construct the set y1,...,yp_1 inductively.Let z be a
random variable drawn from Laplace distribution £.(0) with parameter €, and the goal is to minimize

Dy =E, . (0 [miﬂ |z — a@ . Since the density function of L.(0) satisfies pz (0)(z) = pz.(0)(—T), we
ac

have

Dy=E,. i — >0
b= Esr.(0) [gﬂh(\x al) 4 :
i.e. the user has a positive private value. Under this conditioning, the variable x is an exponential
random variable of mean 1. In this case, the search result being used by the server will be one of
Yo, Y1, - - -5 Ypo—1. Clearly, D; = 1. To compute Dyy1, let s = y.

Then using the memorylessness property of exponential random variables, we get the recurrence

Dyyq = ) min{h(t), (s — t)}e 'dt + e Dy
t=0
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s/2 s s
= / b(t)e tdt + s/ e tdt —/ h(t)e tdt + e 5Dy,
t t

=0 t=s/2 =s/2

The optimal Dyyq given Dy can be computed by minimising over all s € R. However, for the
case where h(.) is an identity function, we may give a closed form expression below.

s/2 s s
Dy 1 2/ te~tdt + 8/ e tdt — / te~tdt + e *Dy
t=0 t=s/2 t=s/2
= (1 — (s/2)e™%/? — 6_5/2> +s <e_5/2 - e_5> — ((8/2)6_5/2 A e 6_8> +e Dy
=1-22 4 e +e°D,
2 2
(e )

Setting v = e~%/2, and minimizing by taking derivatives, we get —2(1 — %) + 2vDy = 0 which in
turn gives
1 Dy
= d Dy = .
Y Dy + 1 an b+1 Dy + 1

Plugging in the inductive hypothesis of D, = 1/b, we get Dyrq = 1/(b+ 1). Further, we get
s = 2In(1+ 1/b). Thus, by returning k = 2b — 1 results, the expected “cost of privacy” can be
reduced by a factor of b. To obtain the actual positions y1, .., yp—1 we have to unroll the induction.
Fori=1,...,b— 1, the position y; is given by:

Yi =vi—1+2In(1+1/(b—1)).

Based on the above arguments in the four sections, we have the main theorem 1.4.

3 Further extensions
We describe some additional results below.

e When the user is not able to perform the optimal action, we show in Appendix A.6 that
cost'(Z,P,Q) = O(lok%k) for an appropriate server response Q4 if the user’s action P consists
of adding symmetric noise whose distribution satisfies log-concave property'®. Observe that
this property is satisfied by most natural distributions like Exponential and Gaussian.

e In practice, the set of users may not belong to R but in many cases may have a feature vector
embedding in R¢. In this scenario, a server could employ dimensionality reduction techniques
such as Principal Component Analysis (PCA) to create a small number d’ of dimensions which
have the strongest correlation to the dis-utility of a hypothetical user with features identical
to the received signal. The server may project the received signal only along these dimensions

to select the set of k results. In this case, we show that cost’)(Z P, Q) = O (ﬁ) under

some assumptions as discussed Appendix A.7 when the user’s action P consists of adding
independent Gaussian noise to every feature.

' The server’s action Q involves sampling from the posterior of the noise distribution.
'°If the random noise with log-concave distribution g is given by Y, then we have E[Y TU{0}] = 1 and g(y) = g(—y).
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e We further show that Laplace noise continues to be an optimal noise distribution for the user
even under a relaxed definition of geographic differential privacy (defined in Definition 3.2) in
Section 3.1. This definition captures cases when privacy guarantees are imposed only when
the distance between users is below some threshold (recall from Section 1.3.3 that such a setup
was studied in [35]).

3.1 A generalization of Geographic differential privacy

Here we consider a generalization of e-geographic differential privacy and define g(.)-geographic
differential privacy for an increasing convex function g(.) satisfying Assumption 3.1.

Assumption 3.1. g(.) is a increasing convex function satisfying g(0) = 0 and g(.) is differentiable
at 0 with g'(0) # 0.

Definition 3.2 (alternate definition of geo-DP). Let € > 0 be a desired level of privacy and
let U be a set of input data and ) be the set of all possible responses and A()) be the set of
all probability distributions (over a sufficiently rich o-algebra of ) given by ¢())). For any g(.)
satisfying Assumption 3.1 a mechanism @ : u — A()) is g(.)-geographic differentially private if for
all S € o(Y) and uy,us € U:

P(Qu; € S) < e8lm=u2Dp(Quy € 9).

Since this definition allows the privacy guarantee to decay non-linearly with the distance between
the user values, it is a relaxation of e-geographic DP as defined in Definition 1.2. Observe that this
definition captures cases where the privacy guarantees exist only when the distance between users is
below some threshold by defining g(t) to be oo if t > Tj for some threshold 7.

Under this notion of differential privacy, we may redefine cost function falt’b(')(e, k) as follows.

ath()(g(), k) :=inf inf inf E | E i —
f (a(.), k) =1 PGH;?’) onf s B 1R, aegleg%a)h(lu al |,

where 73%(') = {P|Vu € R, P, is a distribution on Z, and g(.)-geographic differential privacy is satisfied}.
The definition of Q7 are similar to that in Section 1.1.2.

We now show that adding Laplace noise continues to remain an optimal action for the users
even under this relaxed model of geographic differential privacy.

Theorem 3.3. For g(.)-geographic differential privacy, adding Laplace noise, whose density function
is p(x) = @ e~ 8Ol s one of the optimal choices of 77%(’) for users. Further, when h(z) = z,

we have f4*00(g(), ) = O (b
server) itself can be computed in closed form.

) and the optimal mechanism (choice of actions of users and

Proof. The proof of this theorem follows identically to that of Theorem 1.4. However, we require a
slight modification of Lemma 2.6 to prove it as stated and proven in Lemma 3.4. O

Lemma 3.4. Suppose, P, has a probability density function given by g(u,.) : R¥ — R for everyu € R.
Then, P satisfies g(.)-geographic differential privacy iff max(|g, (u, )|, g, (u, ®)|) < ¢'(0)g(u, =) Vu €
R;Vz € R¥ whenever g(.) satisfies Assumption 3.1.

The proof of this Lemma is very similar to that of Lemma 2.6 and proven in Section B.2.2.
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4

Conclusion

We have defined a new architecture for differential privacy with a small number of multiple selections,
and shown in a stylized model that significant improvements in the privacy-accuracy tradeoffs are
indeed possible. Our model ignores some practical considerations, namely, the client’s request lives
in a high dimensional feature space (and not in one-dimension), and the server has a machine
learning model to evaluate the quality of a result that it needs to convey to the client in some
compressed form. Addressing these issues while preserving the privacy-accuracy trade-off either
theoretically or empirically, will be the focus of future work.
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A Extensions to the models and more detailed model description

A.1 Model and Overview (With More Details)
A.1.1 Notations

We use [m] to denote the set {1,2,...,m}, for any non-negative integer m. N is the set of positive
integers, Q is the set of rational real numbers, and R is the set of real numbers. We denote A = R*

E [V] denotes the expectation of real random variable V. P (E) denotes the probability of an
event £. I{E} is the indicator, which has value 1 when the event E happens and has value 0 when
E does not happen, and thus we have P (E) = E[I{E}].

For any set S, D (.5) is defined as the set of probability measures on S.

We sometimes have integral operations. Since we are optimizing the objective over all possible
mechanisms, some functions may not be continuous, and some distributions may not have density
functions, so we use the Lebesgue integral.
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We use Ex~, [V(X)] to denote the expectation of V(X) when the probability measure of X is
11, SO

Bxe (V) i= [ Vi@n(do).

Similarly, we use Px~, (E(X)) to denote the probability that event E(X) happens when the
probability measure of X is u, so

Mwwu»:mewamz/ummmm»

When a probability measure p has a probability density (or in other words is continuous), we
use p,(x) to denote its probability density at = and the Lebesgue integral may be replaced by a
Reimann integral.

Similarly, we use Set to convert a vector in R¥ to a set. More formally, for any a € R¥, Set(a)
is denoted by {a; : i € [k]}.

A.2 Problem setting for the restricted setup (results and users lie in the same
space)

Users send a signal to the server, and the server sends back k results A which we denote as a vector
in R¥. In this subsection, we give a measure-theoretic view of the mechanism (Z, P, Q).
We aim to determine a mechanism with the following ingredients.

1. A set of signals Z.

2. Action of users P,(H), denoting the probability that user u sends signal s € H, for u € U and
H € Fz, where F is the set of all the measurable subsets of Z.

3. Action of server Q4(H), denoting the probability that server sends back results A € H when
receiving signal s, for s € Z and H € F 4, where F is all the measurable subset of Z.

The system should have geographic differential privacy. For any ‘H € F, for any uy,us € U,
P (H) < ecluiualp,, (3),

We want to minimize the distance between the user and the closest ad that the user receives, in
the worst case with respect to the distribution of users. Formally, we want to compute

fh(-) €, k) :=inf inf sup E { E [ min h(jlu —a ”7
(&%) Z pep QeQy ueR s~Pu [a~Qs [acset(a) ( )

where

1. Z can be any set.

2. When we are interested in geographic differential privacy on R. We call E [ min h(ju — al)
s~Py,a~Qs | a€Set(a)

the cost of user u from mechanism (Z,P, Q)

3. Pg) is the set of mechanism satisfying geographic differential privacy.

4. Q7 :={Q|Vs € Z,Qs(-) € D(A)}, which is the set of available actions of the server.
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Figure 4: Geographic differential privacy setting when users and results are located on a unit ring,
for k = 2 and e € {3/8,1}, showing the stark difference between Laplace noise and the optimal
noise. Suppose the user has a private value u. Then the user sends u + x to the server, where x is
drawn from a noise distribution with density p(t), depicted here for both Laplace noise and the
optimal noise. Suppose the server receives s. Then the server’s optimal response is s + a1 and s+ as,
where the values of a;, as are the t-axis values of dots on the density functions, again assuming both
Laplace noise and the optimal noise. Laplace is not optimal when e = 3/8, while Laplace is optimal
when € = 1.

A.3 Summary of Results

In either model, one of the optimal mechanisms satisfies H = A, which means the signals sent by
users and servers can be drawn from the same set. In fact, the server will directly return the signal
it receives. Furthermore, we do not need to consider all the distribution over users, we only care
about the user that has the largest error.

Theorem A.1. For e-geographic differential privacy adding Laplace noise i.e. user u draws a signal
from Le(u) is one of the optimal choices for users, and in this case ) (e, k) is O(1/(ek)) when
h(t) = t. Furthermore, when h(t) = t, the optimal mechanism can be computed in closed form
(Theorem B.3).

A.4 Calculation of optimal mechanism on a ring for the case of k =2

We calculate the optimal mechanism in geographic differential privacy setting, on a unit ring, when
e = 3/8, and the number of results is £ = 2. In this section, we define d(u,a) = (u,a)

We use real numbers in [—7,7) to denote users and results on a unit ring, and (z,a) denotes
|x — a|. Figure 4 illustrates the optimal mechanism under geographic DP for k£ = 2. This mechanism
uses noise that is a piece-wise composition of Laplace noises; we obtain a cost of 0.72 whereas
Laplace noise gives a cost of 0.75.

To find the optimal mechanism for the case of the ring, we solve the DILP O using a linear
program solver and obtain the plot shown in Figure 4 with cost of 0.72. However, when the user
sends Laplace noise, the server on receiving signal z responds with two points z + a1 and z + aq
which maybe calculated by the following problem.
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™

min min{(z,a1), (z, as) }p(x)dz,
a1 €[—m,m),a0€[—m,w) J 1

where p(x) is a density function for the Laplace distribution,

A.5 Restricted and Unrestricted Setup of the Multi-Selection model

Recall the setup in Section 1 where the users and results belonged to different sets R and M with
the definition of dis-utility in Definition 1.3. In section 1.1.4, we considered an alternate setup where
the users and results belonged to the same set R and the optimal result for an user u was the result
u itself. In this section, we call these setups unrestricted and restricted respectively and define our
“multi-selection” model separately for both these setups. Finally, we bound the cost function in the
unrestricted setup by the cost function in the restricted setup in Theorem A.2 thus, showing that it
is sufficient to consider the cost function in the restricted setup.

A.5.1 Unrestricted setup

Recall that results and users are located in sets M and R respectively and function OPT : R — M
maps every user to its optimal result(ad). Recall that the dis-utility of an user u from a result m is
defined in Definition 1.3.

A.5.2 Restricted setup

This setup is very similar to the setup described except the fact that users and results(ads) lie on
the same set R. Recall from the description in Section 1.1.4, the dis-utility of an user v € R from a
result a € R is given by h(|u — a|) for some function h(.) satisfying equations (2) and (3).

A.5.3 The space of server/user actions

Recall that the goal is to determine a mechanism that has the following ingredients:

1. A set of signals Z.

2. The action of users, which involves choosing a signal from a distribution over signals. We
use P, for u € R to denote the distribution of the signals sent by user w. This distribution is
supported on Z.

3. The distribution over actions of the server, Qs when it receives s € Z. This distribution
denoting the distribution of the result set returned by the server given signal s may be
supported on either R* or MF¥, for the restricted setup and unrestricted setup respectively.

The optimal mechanism is computed by jointly optimizing over the tuple (Z, P, Q).
And thus, we define the set of server responses by Qunrestricted,z and Qrestricted,z for unrestricted
and restricted setup respectively.

L4 Qunrestricted7z = {Q|VS S Z, Qs iS a dlStI‘lbuthH on Mk}

o Qiestricted,z ‘= {Q|Vs € Z, Qs is a distribution on R*}.
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In any feasible geographic DP mechanism, the user behavior should satisfy e-geographic differential
privacy: for any uy,us € R, it should hold that Py, (S) < Py, (S)ef“1=%2| where S is any measurable
subset of Z. For any fixed response size k, in order to maximize utility while ensuring the specified
level of privacy, the goal is to minimize the disutility of the user from the result that the gives the
user minimum dis-utility where the minimisation is the worst case user u in R.

A.5.4 Cost functions in both the setups

For the unrestricted and restricted setups, we define the cost functions fbnrestrlcted(€7 k) and

f nrestrlcted(€7 k) respectively below. Recall that Z may denote any set.

b(-) s : ; ( ; i10() )
. €, k) ;= inf inf su E min ( Dis-util”’(u, a ,
funrestrlcted( ) 4 Pe’P(ZE) U«Eg s~ Pu,arnQs |:a€Set(a) ( )

QE Qunrestricted,Z

€, k) :=inf inf su E min U—a where
fres“‘“ed( k) pepld) ueﬁ s~ Pu,anQs [aESet(a)b(| D] ’

QEQrestricted,Z
73(e = {P|Vu € R, P, is a distribution on Z, and e- geographic differential privacy is satisfied}.
We state a theorem upper bounding fhnrestrlcted(6 k) by frestrlcted(67 k).

Theorem A.2. For any h(.) satisfying equation (2), we have f nrestrwted( k) < frestmted(e, k).

Proof. Recall that

") (e k):—inf  inf E in_(Dis-util?(u, 0))
R S W N Rt

Qe Qunrestricted,Z

"e k) = inf inf sup K [ min b (ju—a ]
ey PePy)  ueRs~Pu,a~Qs [acSet(a) ( )

QEQrestricted,Z
and
Dis-util?®) u,m) := inf u—u']).
( ) u:OPT(u')=m b(| |)
So we need to prove

inf inf sup E [ min ( inf) h(\u—u'\))}

Z Pep(ZE) ueR s~Pu,a~Qs |acSet(a) \uw:OPT (v

QE Qunrcstrictcd,Z

<inf inf sup E min § (ju — al)
PErP(ZE) u€eR s~Py,a~Qs acSet(a)

QE Qrestricted,Z

It is sufficient to show, for any Z and P € 73(6)

inf sup E min inf b(ju —u'])
QEQunrestricted, Z ueR 5~Pu,a~Qs |acSet(a) \uv/:OPT(uv')=a
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inf  sup E [min f)(]u—a|)] (20)

- Qegrestricted,z ueER s~Py,a~Qs aESet(a)

For Q € Qyestricted,z, since Dis—utﬂh(')(u7 m) = inf h(Ju — u'|), we have
u:OPT(u')=m

E [ min h(|u—a])} > E [ min Dis—utilb(')(u,OPT(a))].

s~Py,a~Qs |acSet(a) s~Py,a~Qs | acSet(a)

= su E min u—al)| > su E min Dis-util’®) u, OPT(a } . 21
ueﬁ s~Py,,a~Qs |:a,eSet(a)b(| D:| - ue%l; s~Py,a~Qs |:a€Set(a) ( ( )) ( )

Given Q € Qrestricted,z, We draw a from Q, and let b = [OPT(a1), OPT(a2), ..., OPT(ay)]”.
Suppose the distribution of b is Q’, and we have

E [ min Dis-util’®) (u, OPT(a))] = E [ min Dis—utilh(')(u,b)] . (22)
s~Py,a~Qs |acSet(a) s~Py,b~Q’ | beSet(b)
Note that Q" € Qunrestricted,z, SO combining Inequality 21 and Equality 22, we have Equation 20,

which finishes the proof.
O

And thus, it is sufficient to study ff(') (e, k) (defined as f9C) (e, k) in Section 1.1.2).

estricted

A.6 Noise satisfying Monotone Hazard Rate property

Let Y denote the random noise with density g. We assume Y is symmetric about the origin, and let
X =Y T U{0}. Let f denote the density function of X (so that f(z) = 2¢g(x) for x > 0), and let
F(z) =P (X > z). We assume that E [X] = .16 We assume [ is continuously differentiable and
log-concave. By [9], we have F' is also log-concave. Note that several natural distributions such as
Exponential (Laplace noise) and Gaussian are log-concave.

We are interested in choosing 2K — 1 values S = {—ax_1, —ax—2,...,—a1,0,a1,...,ax_1} such
that for a random draw y ~ Y, the expected error in approximating y by its closest point in 5 is

small. For i =0,1,2,..., K — 1, we will choose a; = F~! (1 - %) Let ¢ = Epx [mifql]v — x]]
ve

Note that the error of Y with respect to S is exactly ¢.
Our main result is the following theorem:

log K
Theorem A.3. ¢ = O < 5= )

Proof. Let G(z) = F~!(z) for z € [0,1]. For upper bounding ¢, we map each x ~ X to the
immediately smaller value in S. If we draw z € [0, 1] uniformly at random, the error is upper
bounded as:

1

1 K 1 1/K 1
6 < /O G(2)dz — ; 26 (K> < /O (G(=) - GU/K)) d= + G(1/K).

Let ¢ = G(1/K). Then the above can be rewritten as:

[e.o]

q
o< —+ F(z)dz.
K Jq

16This implies that a large € is equivalent to the magnitude of noise being smaller and vice-versa. Although this
distribution does not satisfy e geographic differential privacy, this follows a similar trend w.r.t e.
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Next, it follows from [9] that if F' is log-concave, then so is [*° F(x)dz. This means the function

aﬂzl};gwx

is non-increasing in r. Therefore,

/OO Flz)dz < F(q) /OOO Flz)dz = %E X] = %

Let h(z) = —log F(x). Then, h is convex and increasing. Further, h(q) = log K. Let
s = F~1(1/e) so that h(s) = 1. Since

h(q) = h(s) = (q = s)h'(s),

we have
e log K
IO
Further, h(s) < sh/(s) so that
1
— <.
Wis) ="
Since F(s) =1/e and E[X] =1 > [ F(z)dx, we have s < . Therefore, #'(s) > 1/ee. Putting this
together,
s logK e log K
<= <-(1+logK)=0 .
022+ 25 < St K) = 055
Therefore,
q e log K 1
< = F(z)dr = O —
¢—K+l (z)de <Kt T Ke
completing the proof. O

A.7 User Features lying on some high dimensional space

In this subsection, we relax the assumption that users lying on an infinite dimensional line, rather
for every user u belongs to some set U and every movie m belongs to some set M and consider some
function  : U — R% mapping every user to some user feature vector and denote the dis-utility of
an user u from a movie m by d(k(u), m). Observe that this could be any complex function in high
dimensions which could be captured by some machine learning model. We now make the following
assumption for movies lying in some vicinity of user u. Informally, this means that the the user
does not get dis-utility from every possible feature but only gets a dis-utility only from some d’
directions.

Assumption A.4. Fix any user u € U. There exists a subset of movies M,, C M (call it movies
in neighbourhood of user u), a matrix P, € RY*d function A, : M, — R satisfying the following
properties

e The disutility of users v’ € U lying in a neighbourhood of u i.e. |k(u') — k(u)|1 < § from
movies m € M, may be approximated by d(u',m) = || P, - k(u') — Ay(m)]]1-

e The function A, is invertible i.e. the set of movies M, is densely populated and movies exist
along most directions.
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These assumptions imply that the functions described above hold not just for user w but is
also true for users v’ with (') lying in a neighbourhood of x(u). The function A, denotes a map
from the movie space to the feature space for an user u € U. P, effectively captures the linear
combination of the features that play a role in the dis-utility of user wu.

Note that some of these assumptions a bit tight and may not be true in reality but in this section
we analyse the server response and user action under this mechanism under the Gaussian noise
addition mechanism. We analyse the Gaussian mechanism as it is easier to analyse since additions
of Gaussian is also a Gaussian. Also we make an assumption that noise parameter 1/e << 4.

Notations: For some Y ~ N(0,0?%) and suppose X = |Y|. Now denote F,(z) = Pr(X > x) for
some z > 0 and observe that Fy is invertible from (0, 1] — [0, 00). We also extend its definition to
(0,2) by defining F, 1(2 —2) = —F;1(z) forz > 0

Let us denote the sum of all squares of all entries in row i of matrix P is given by P®[i,:] and
denote all integers from a to b by [a...b] and [a...b]* denotes the set of all k dimensional vectors
in with each component taking an integral value from a to b.

User’s Action:

An user u € U adds Gaussian noise with parameter € i.e. N(0, 6%[ ) to its feature x(u) and sends
it to the server, let us call it distribution F,.

Server’s Action:

Suppose the server receives a signal f . The signal sends back k = (2k’' + 1)d/ along each of the
the d’ dimensions which we describe below. Further consider some user u’ whose feature vector

k(u') lies in 1/e vicinity of signal f. Let us index the movies by M = [mi]ie[ik/ e

For every i € [k ...k ]dl, define m; as follows:

mi = )\;,1 (Pu/f +v) forve R? (23)
where v := F iy - (1—i;/K) Vi€ [L,....d] (24)
u/€2
. (a) log k/ log k
Lemma A.5. E; - [mrg}\r/llf d(u,m)| = O <d’ = ) =0 <€;1g/d/)

Proof. This follows since f’ is a Gaussian Random vector and thus j** component of P, f is given
P(?) iy
by Gaussian random variable with variance “TD] The first point in Assumption A.4 implies the
disutility may be approximated by ||P, - k(u) — Ay (m)||1 since the
Now apply Theorem A.3 and since the placement of points is identical to that in Section A.6,
we get the desired equality in (a). O

A.8 Additional problems that may be be formulated as a DILP
We now discuss two scenarios where a problem maybe solved by formulation as an optimization
problem over function spaces involving constraints on both derivatives and integrals.

A.8.1 A problem from job scheduling

Job scheduling has been a well-studied problem and has attracted a lot of attention in theory of
operations research starting from [23, 10]. In [2], a new continuous time model was proposed for
the same described formally in [2, Section 2] and the optimization variable functions are given by
{z;( VI, R — R {y; (), u”()}jv;lj\izl : R — R™. In this model, we need to produce multiple
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items with each item goes through multiple job shops for an operation to be performed. and there
is a continuous demand for each item. We aim to minimise the cumulative backlog for items in
continuous time.

We now introduce some notations for the same by restating the problem in [2].

e N : number of parts

e n;: number of operations required by part 4

e M: number of machines

e m,; ;: machine on which the 4t operation is performed for part i

e 7;;: Maximum rate of procession on m; ; of the jth operation on part ¢
e s;; Initial stock of part i between the j* and (j + 1) operation.

e b;: Initial backlog of part ¢

e d;(t): Rate of demand of part i at time ¢

e k;: cost per unit time of unit backlog of part ¢

e T time horizon

Observe that the optimization variables in this problem are z;(t) : [0,1] — R™ for i € [n] and
yii(t) - [0,1] = RY for j € [n],i € [n]
As discussed in [2], we now formulate our optimization problem below.

T n
min /t S kit)s(t)du

€0 i=1
st Zi(t) = di(t) — rip,uin (t) Vi € [ni];i € [n];
Y (1) = rijui(t) — rijrauigra(t) Vi € [nsi € [n];
zi(t) = 03y:,5(t) > 0;u;,5(t) > 0 Vj € [ny];i € [n);t € [0, 7]
> wiy(t) <1k € [M]
i,jim; j=k

zi(0) = bi;yi ;(0) = 85,55 V5 € [n4];1 € [n];

(25)

Observe that since it involves constraints on both the derivatives and integrals, this maybe
modelled as a differential integral linear program (DILP) and our weak duality framework may be a
useful tool in analysing the same.

A.8.2 A problem from control theory

In control theory [31], we often have a state x(¢) whose evolution is given by a differential equation.
We redefine the following equation from [31, Chapter 4] below to characterise its evolution.

{X(t) = f(x(), a(t))

0) =40 -
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Here 2° €¢ R*, A€ R™, f: R" x A — R, : [0,00) — A is the control, and x : [0,00) — R"
is the response of the system. Denote the set of admissible controls by A = {a(.) : [0,00) —
Ala(.) is measurable}

We also introduce the payoff functional (P)

T
Pla()] = / F(@(t), a())dt + g(2(T))

=0

)

where the terminal time 7" > 0, running payoff r : R” x A — R and terminal payoff g : R® — R
are given. Observe that if the function f(.) is linear and the running payoff is linear, we may
represent it as a differential integral linear program.

It may also be typical to have constraints on the the control input «, for example there could be
some constraints on its rate of growth or some constraints on its Lipschitz continuity.

B Proofs of skipped lemmas and theorems

B.1 Simulating the server: Detailed proof of Theorem 2.2

We first show it is sufficient to consider mechanisms in which servers directly return the received

signal from the user, thus removing the server from the picture.

Recall that P(ZE ) is the set of differential private mechanisms that adopt signal set Z. Then PS)

is the set of differential private mechanisms in which users pick signals from A = R*.

Theorem (Restatement of Theorem 2.2). We have

fPO(e,k) = inf supEaop, | min b(ju—al)].
PePﬂijj u€R acSet(a)

Proof. Fix Z,P € 73(;), Q € Qy and recall that that A = R¥ from Appendix A.1.1. For any H € F4,
let

P,(H) = Psop,a~qs (aeH),

which is the probability that user w receives a result set in H.
Then for any ui,us € R,H € F4, we have

Pul (H) = ]P)sNPul ,anQs (a € 7-[) :ES’\‘Pul []P)aNQS (a € H)]

_ / (Pavq, (2 € H) - Py, (ds))
SEZ

<t [ B (ae M) Puli)
s€”Z

:ee.\u1—u2\ EswPu2 []P)aNQS (a S H)]
:ee.\u1—u2\ ESNPuQ,aNQs []I {a S H}]

soPe Pff) because P, (-) € D (A) for any u € R.
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At the same time,

min h(Ju —al)| so we have,

Esep, an i — =E
s~ Py,a~Qs min h(’u a’) _aGSet(a)

a€Set(a) a~ Py

fh()(e, kj) = 1nf sup ]EaNPu min h(|u - a|)
PP ueR La€Set(a)

O]

It is sufficient to assume the server directly sends back the received signal, and we care about
the user with largest cost

B.2 Dual and primal DILPs: Proof of Lemmas 2.6, Lemma 3.4 and 2.7
B.2.1 Proof of Lemma 2.6
Lemma. Suppose, P, has a probability density function given by g(u,.) : R¥ — R for every u € R.

Then, P satisfies e-geographic differential privacy iff max(|g,(u,x)l,|g, (v, %)) < eg(u,x) Vu €
R;Vx € RF 17

Proof. We first prove the only if statement.
Here assuming e- geographic differential privacy, we prove the desired constraint on g(u,.).
Observe that since, { P, },cr satisfies € - geographic-differential privacy, we must have g(uq,x) <
eclti=uzlg(yy, x).
Thus, applying log on both sides we get [assuming g(u, z) # 0],

log g(u + du, x) — log g(u, x) < €|dul
max(|g, (u,x)], g, (u,x)|)

9(u,x)

The last implication follows on limiting du towards zero and applying the lower and upper limits
respectively and thus we prove the only if statement.
However, if g(u,z) = 0, we get the following

g(u+ du,x) — g(u,xz) <0
= max(|g,(u,x)|,[g, (u,x)]) <0

The last inequality follows on applying du tending to 0 and applying upper and lower limits
respectively.

We now prove the if statement.

Here assuming, max(|g, (u,x)|,[g, (v, x)|) < €g(u,x) we prove e-geographic differential privacy.

We first show that g(u,x) is continuous in u. Observe that lig&r&fg(u +du) — g(u) = 513210 du X

liminf £

(whdw)=g() _ 5 0o
du—0 du

lg (u,x)| = \li(sm i%f %)_g(u” < €g(u,x). Similarly, using the bound
=u u— w

17gu(u, x), g, (u,x) denote the lower and upper partial derivative w.r.t. u
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on upper derivative, we show that limsup g(u + 0u) — g(u) = 0 and thus, we have continuity of
du—0

g(u,x) at u for every u € RF.
We first prove assuming g(u,x) # OVu € R. Now consider u; > ug for some uj, ug € R.

u1

Gu(u, X)
log g(u1,x) — log g(uz, x S/ —_
( ! ) ( 2 ) u=us g(u,x)

The first inequality follows since we use an upper derivative.

w g (u,x)
lﬁammwA%awmn;/ LX) 5 ey — o)

u=usg g(ua X)

Thus, we get g(up,x) < el"1=%2lg(uy, x) on taking exponent on both sides

We now consider the other case that g(u,x) = 0 for some u € R. We now show that this implies
g(u,x) =0 Vu € R. Suppose not and there exists some u1 s.t. g(uj,x) > 0 and consider the largest
u<ups.t. g(u,x) =0 (call it ug)

Now, observe the following observe that we define the limits over extended reals i.e. RU{—o00, c0}.
Observe that

lim g(u,x) = lim g(u,x) + lim (logg(d",x) —logg(d',x))
U—uQ

U—UuUl dl%uo
d“—>u1
T
< lim g(u,x)+/ G
U—ruo u=ug g(u, X)

< lim g(u,x) + (w1 — up)

uU—uUQ
@ _ + e(ur —up) = —o0

(a) follows from the fact that g(u,x) is continuous in u and g(ug,x) = 0.

Since, g(u,x) is a continuous function, this implies that g(u;,x) = 0. Since we can make this
argument for every u; € R, we argue that g(u,x) = 0 Vu € R and thus satisfy the condition of
e-geographic DP.

O

B.2.2 Proof of Lemma 3.4

Lemma. Suppose, P, has a probability density function given by g(u,.) : R¥ — R for every u € R.
Then, P satisfies g(.)-geographic differential privacy iff max(|g, (v, )|, |g, (v, %)) < ¢'(0)g(u,x) Vu €
R; ¥z € R¥ 18 whenever g(.) satisfies Assumption 3.1.

Proof. We first prove the only if statement.
Assuming g(.) geographic differential privacy we prove the desired constraint on g(u,.).
Observe that since, { P, },cr satisfies g(.) geographic-differential privacy, we must have g(ui,x) <
edllu—u2) g (45 x).

18

g, (u, %), g, (u,x) denote the lower and upper partial derivative w.r.t. u
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Thus, applying log on both sides we get,

log g(u + du, x) — log g(u, x) < g(|dul)
max(|g, (u,x)|, g, (u, x)])
o) < ¢'(0)

The last implication follows on limiting du towards zero and g(0) = 0 thus, applying the lower and
upper limits respectively and thus we prove the only if statement.
However, if g(u,z) = 0, we get the following

g(u+ 5U7X) —g(U,JZ‘) < 0
= max(|g, (u,x)|, |g, (u,x)]) <0

The last inequality follows on applying du tending to 0 and applying upper and lower limits
respectively.
We now prove the if statement.
Here assuming max(|g,(u,x)|,[g, (u,x)[) < g'(0)g(u,x), we prove g(.)-geographic differential
privacy.
We first show that g(u,x) is continuous in u. Observe that liminf g(u + du) — g(u) = lim du x
du—0 Su—0

lim inf w =0as|g (u,x)| = |liminf w| < €g(u,x). Similarly, using the bound
du—0 w =u du—0 u
on upper derivative, we show that limsup g(u + 0u) — g(u) = 0 and thus, we have continuity of

du—0
g(u,x) at u for every u € R¥.

We first prove assuming g(u, ) # OVu € R. Now consider u; > ug for some uj,us € R.

@ g, (u,x)
1 —1 < JUNT T ! _
og g(u1,x) —log g(uz,x) < /u:w o(a.%) <g (0)(u1 — u2)

(b)
< g(ur — u2)

The first inequality (a) follows since we use an upper derivative and the inequality (b) follows
from the fact that g(.) is a convex function and g(0) = 0 as defined in Section 3.1.

log g(u1,x) — log g(u2,x) > /u1 Qu(u’x) > —g'(0)(ug — ug)
1,X) — 2,X) > — 2> — 1 — U2
Uu=uz g(u7x)

(c)
> —g(u1 — u2)

Inequality (c) follows from the fact that g(.) is a convex function. Thus, we get g(uj,x) <
e~ 9(lmi—u2) g (yy x) on taking exponent on both sides.

We now consider the other case that g(u,x) = 0 for some v € R. We now show that this implies
g(u,x) =0 Vu € R. Suppose not and there exists some u1 s.t. g(uj,x) > 0 and consider the largest
u<ups.t. glu,x) =0 (call it ug)
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Now, observe the following observe that we define the limits over extended reals i.e. RU{—00, c0}.
Observe that

lim g(u,x) = lim g(u,x)+ lim (logg(d*,x) —log g(d',x))

U—ru1 U—uQ dlﬁuo
4" —uy
ur =
< lim g(u,x) + / G
u—ruo u=ug g(u,x)
< lim g(u,x) + e(ur — up)
U—uUQ
(@ _
= —00 + €(u; —up) = —00

(a) follows from the fact that g(u,x) is continuous in u and g(ug,x) = 0.

Since, g(u,x) is a continuous function, this implies that g(u;,x) = 0. Since we can make this
argument for every u; € R, we argue that g(u,x) = 0 Vu € R and thus satisfy the condition of
g(.)-geographic DP.

O]

B.2.3 Proof of Lemma 2.7

To prove this lemma, we first show another lemma showing a necessary and sufficient condition for
e-geographic differential privacy of distributions { P, },cr assuming that it has a probability density
function.

We now restate and prove Lemma 2.5

(e)

Lemma. Given any mechanism P € Pf;k (satisfying e-geographic differential privacy), we can

construct a sequence of mechanisms P € 771(;,1 with a bounded probability distribution function

for every u € R such that P™ is an arbitrary cost approximation of mechanism P € 731(;11-

Proof. For any mechanism P belonging to the set P]gk) , we can construct alternative mechanisms P
within the same set, aiming to provide an arbitrary cost approximation of the original mechanism.

For this, we borrow ideas from theory of mollifier in [34]. We now give a construction P with
a probability density function py (u,.) : R¥ — R for every u € R.
For > 0 and a € R*, define the 7-ball of a, denoted by Ba,p, to be

Ba,y, = {a’ c RF: la —a|s < 17},

and use |Bj ;| to denote the Lebesgue measure (corresponding to the volume) of B4,. Note that
there exists a real number, denoted by |B,| € R, satisfying |Ba,| = |By| for any a € R as this
volume is independent of a.

Fix 17 > 0, we define another probability measure qun) which has density py(u,a) for all a € R¥.

Py(Bay)

pv (u,a) == W
n

pv (u,.) defines a valid probability measure because

/pv(u,a)da:/ Mda
RF R |B77‘
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(db)d.
|B | /ae]R’c /beBa n

P,(db) / da
|Bn| beRk acByp,,

1

- P,(db) |B,| = 1.
|Bn| beRk ( )| 77|

To show P P(k, we now show

P,, (B P, (Bay)elti—uel
pv(u1,a) = ulu(s, T’n) < . aige‘ = el2lpy (uy, a)
n n

This implies for any measurable set S in R*, we have Pfls?)(S) < ee|“1*“2|P75727)(S) and thus
satisfies e-geographic differential privacy and also implies that that py(u,a) is continuous in u for
every a € RF.

Also observe that py(u,a) is always bounded above by ﬁ as P,(.) is a probability measure.
Observe that since, we showed that py (.,a) is Riemann integrable and is non-negative for every

a € R* and py(u,a) is continuous in u, we showed that py(.,.) is Riemann integrable over R x R*.
19

In the next set of equations (34) and (42), we upper and lower bound E__pm mir% : h(ju — al)
~ a€Set(a
and then apply limit n — 0 on both the upper and lower bounds in Equations (48) and (49) to show

that P arbitrarily approximates P in Equation (50).

Ea~p1§"> aelgutr%a) h(|lu— a)} /aeRk aelgti&a) h(ju — a])py (u,a)da (27)
Pu(Bay)
= min —a|)—5—"+*da 28
|, min o= al) e (28)
/ / min  h(ju — al) Fu(db) da (29)
aGR’“ beBa,y a€Set(a) ’Bﬂ|
/ / min _b(ju — al)da (30)
beRk JacBy, n aESet(a)

T e S (aez;n ool ) dapu () (51
/be]Rk /aGBb (aegleitr(lb) Hlu = af + 77)> daP,(db)  (32)
:/beRk (aeggtr(l b(lu — al + n)) P,(db) (33)

=Ea-p, [ min bh(|lu —a| + 17)] (34)
a€Set(a)

m‘H m‘H m‘

where Inequality 31 holds because for any b € R* and a € By, we have

(a)
min (Ju —al) < min (ju—al)+7n
acSet(a) a€Set(b)

90bserve that this integral may go to oo but is always defined.
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(b) . .
= min u—al) < min u—al+
a€Set(a) hﬂ D " acset(b) h(‘ ’ 77)
(a) follows from triangle inequality and the fact that |a; — b;| < n Vi € [k]. (b) follows since b is
monotonic.
Equality (32) follows from monotone convergence theorem since min,eget(n) h(ju — al +1) is
monotonic in 7 as h(.) is monotonic.

We now show that E_ ) [ min b(|u — a|)} > Ea~p, [ min h([Ju —al —n],)|. Note that
a~Py, €Set(a) a€Set(a)

in the following expression [z]1 denotes max(x,0).

g | 2 00 —aD| = [ in (= oy (v, )da (39)
| P.(Bay)
= min h(|lu — a|)———=da 36
/aeRkaGSet(a) (‘ ’) ’BTI| ( )
/ / min h(]u—a|)Pu(db)da (37)
acRF JbeBa,, acSet(a 1By
:/ / Py(db) min b(lu— a|)da (38)
‘B’ beR* JaeBy, , a€Set(a)
—al — daP,(db
sy [ min bl ul)darid)  (39)
bERk acBy, 4
—al — daP,(db 4
=7 | min Ul ul)darid) ()
beRF a€Byp, ,
= —al — P,(db 41
[ min b (= al = ),) Pulab) (a1)
=Ea-p, Lerégtrza)b([lu—al—nh) (42)

where Inequality 39 holds because for any b € R¥ and a € By, we have

min (|u — al) (g) min [(ju — al) —

acSet(a) acSet(b) M-

(b) . .
— — > — —
(oo b(ju—al) > min b ([lu—al =)
(a) follows from triangle inequality and the fact that |a; — b;| < n Vi € [k] and the fact (b) follows
since b is monotonic and h(0) =0
Now observe that Eawp, | min b ([Ju —a| — 77]4_)} and Eyop, [ min _h(lu —a| +n)| is con-
acSet(a) a€Set(a)
tinuous in 7n for every wu. Observe that each of these functions is monotonic in 7.

Now we bound E,.p, [ Il’liI% : h(Ju — a| + n)} below by some linear function on
acSet(a

Ea~p, mlr% )h(|u — a|)] for every u € R and use it to show the convergence of the supremum in
a€Set(a

(48) and a similar approach for Ea.p, { miI% : h(lu —al + 77)] . Let us denote the Lipschitz constant
acSet(a
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of logh(.) in [B,o0) by M. We now split R* into two sets aj(u) = {a: min |u—a| > B} [recall

a€sSet(a)
from definition of B from Property 3] and as(u) = {a: mir% )|u —a| < B}. With this, we now
a€Set(a
define
k() :== sup h(o+n) —b(o) (43)
ve(0,B]

Observe that this supremum is finite for every 7 since, the interval is closed and bounded and
the function is continuous. We can now apply Dini’s theorem [49, Theorem 7.13] to conclude x(n)
goes to 0 as 7 tends to 0. This argument goes as follows.

e Observe that h(v + ) converges point-wise in v monotonically to h(bv)

e Since, [0, 8] is a compact set(closed and bounded), we can argue that h(v + 1) uniformly
converges to h(v) for v € [0, B] implying convergence of k(1) to 0 as n — 0.

Now observe for every a € a;(u), we get the following

~

(a
R SN
anin (= al+n) = (i ool +n) £ minu—dl) + 00

= min b(Ju—al) +r(n) (44)
acSet(a)

Observe that (a) follows from Definition 43 since HliI% : |u — a| < B and the equality follows
a€Set(a

since h(.) is monotonic thus, h(min(a, b)) = min (h(a), h(b))
Similarly, for every a € as(u), we get the following

win b(lu—al+n) =0 min (u—ol+) <o ( i ju-al)-e

acSet(a) acSet(a) a€cSet(
= min h(ju—al)-eM" (45)
a€Set(a)

(b) follows since, log h(2) is Lipschitz-continous in [B, o), thus h(z +n) < b(2)eM" for z > B.
Combining equations (44) and (45) coupled with the fact that a;(u) Uag(u) = R¥, we get the
following result for every a € R¥

win bilu~ ol + ) < mox (i oilu~a) -, win b al)+x)  (40)
acSet(a) a€Set(a) a€cSet(a)

< min_b(lu—af) - M+ x(n) (47)
a€Set(a)

With this, we now observe that

sup (Eanr, | im0 =l +0)] ) <sup (Bav, | min bu—ap] ) 7+ 500

weER acSet(a wER acSet(a)
g lim <sup <anpu [ min _b(|u —a| + n)} )) < sup (]anpu [ min h(|lu — a])}) (48)
n—0 \ uecRr a€Set(a) weR a€Set(a)
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(c) follows since lim, 0 k(1) =0
Using a very similar approach, we can show that

i (sup (Eavr, | min 0 —al =1l )) = s0p (Banr, | min nu—a)]) a9

=0 \ ek acSet(a) weR a€Set(a)

Now, combining equations (48), (49) and bounds in equation (42) and (34), we obtain

iy sup (B, g0 | min o0u = a)| ) =swp (Baer | min nu-ab]) G0

=0 yeR a€Set(a) u€R a€set(a)

Thus, we show that the distributions P e Pﬂ({k) with a valid probability density function defined

by pv(u,.) arbitrarily approximates P for every distribution P € P]g,z .
We now construct the DILP O in (13) where g(u,.) : R¥ — R denotes the probability density
corresponding to qun) for every u € R. The last 2 conditions in DILP O follow as a consequence of

Lemma 2.6.
O

B.3 Dual fitting: Proof of Lemma 2.10

~

Lemma (detailed proof of Lemma 2.10). Pﬁe satisfies e-geographic differential-privacy constraints
. A L. W
ie. Ptee Pﬂé? and thus, we have f(e, k) < cost(P ) = f(e, k)

Proof. We denote a+ z as a + 21, (i.e.) adding z € U to every component of a € U¥

) S B[ min (=)

u€ER a~PLe |acSet(a)

(b) [
= E —
SUD g% | [aciin, B aﬂ

a= inE,,. i —al) | +Su
al;geggn y~Le(0) Lé&lﬁwh(‘y al)]

© .
= su E min u—29S,) —a
ueg Sur~Le(u) _aGSet(B) h(’( ) ‘)]

b=arg min E ~ min h(|ly—a :|
ageRk y~Le(0) |:aESet(a) (‘y |)

Dop E [minA b(!y—al)]

u€R Y~Le(0) | acset(b)

b=argmin E ~ min —a
rgminE, (0| amin_ bllu—a))

© i EM@[ i h<|y—a\>] — (k)

acRk a€Set(a)

(a) follows from the fact that P% € Pﬂ({k) from the post processing theorem, refer to [27] since

S ~ Lc(u) satisfies e-geographic differential privacy constraints.2?. (b) follows from the definition
in Equation (15) and (c) follows on substituting b = a — .S, and (d) follows on substituting v — S,

20Post processing theorem can be proven even for e-geographic differential privacy similarly
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by y and the fact that b is independent of S, and (e) follows since b is minimised over the same
objective function and independent of w.
O

B.4 Dual fitting: Proofs of Lemmas 2.11 and Lemma 2.12

Recall from Section 2.3 the following assignment to functions 6(°)(.) and A()(.)

€@ = (¢/2)e I and A9 (r) = X (¢/2)e 1" vr e R
Recall that we considered the following Differential Equation (19) in (.).

— | min b(Jr —al) 5(0)(7') +)\(C)(,,,) + di(r)

a€Set(v) dr + 6|I/(7’)| = 0; with V(Umed) =0

We show that there always exists a solution 2(.) to (19) such that (r) is non-negative for
sufficiently large u and non-positive for sufficiently small 2! to satisfy the last two constraints of
DILP & in Section below. Observe that the solution could depend on v. In the next subsection, we
prove two technical lemmas which is used in the proof of Lemmas and Claims in Section B.4.2.

B.4.1 Technical lemmas used

Lemma B.1. Consider any vector ¢ € R* and consider any vmeq € R satisfying vmeq >
Median(Set(q)). Then the following holds true (recall the definition of f(e, k) from FEquation

(15))

o
2/ [ min  h(|t — al)| (¢/2) e Evmed)qt > f(e, k). (51)
Vmed acSet(q)
Notation: In this proof we use gj;.;] to denote a vector in R¥=7+1 constructed from all coordinates
of q starting from j** coordinate to the k*" coordinate of q.

Proof. Suppose the median of Set(q) is denoted by geq and construct v = q + (Vmed — Gmed)1r 22
W.L.O.G, we assume that components in q are sorted in ascending order. Consider the smallest
index j in [k] s.t. qj > Umeq. Clearly, j > % if kis odd and j > % if k is even.

We construct a vector q € R* by defining (k) = 4(j:k) and q1p—j11) = 2Umedl — qj.5)- For all
other entries of q, define it to be vyeq. Observe that we choose a points from gj;.) and choose other
points by symmetrizing around v,,eq and j > % + 1 implies vyeq € Set(q) as 2(k —j+ 1) < k. Now
consider the following two exhaustive cases.

Case - 1: j>§+1.

2/ [ min h(|t — a’)} (¢/2) e c(t=vmea) gy (52)
Vmea LOESe(q)
(a) 00
> 2/ min f)(|t — a|) (5/2) e_e(t_vmed)dt (53)
Umed aeset(q[j:k])u{vmed}
@ / |: min h(|t — a|):| (6/2) e_Elt_'Umed‘dt (54)
—o0o La€set(q)

2'We may still need to prove continuity of the bounds U(.) and L(.) which we discuss in Lemma 2.12
221, is a vector in R* with all elements unity
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=By’ (vmea) Ersneltl%q)h(!y —al) Z fle k). (55)

(a) follows from the fact that ¢; is the smallest element in list larger than vy,cq. (b) follows from
the fact that q is constructed from a symmetric extension of q[j:k] about Vyeq and vp,eq € Set(q).
(c) follows from the fact that it is minimised over all collection of k points as defined in Equation
(15).

Case -2: j = % + 1. And thus,

2/ [ min b(\t—a!)} (¢/2) e=(t=vmed) gy (56)
Vmea LOESet()
(a) o0
> 2/ min _ h(|t — a)| (e/2) e (t7vmealgt (57)
Umed aeset(q[j:k])
® / { min l‘)(\t—a|)] (e/2) e~ clt=vmeal gy (58)
—oo La€Set(q)
Byt |, i = o] 2 Fleb) (59

Note that (a) follows from the fact that ¢; + gj—1 > 2vpeq as Median(Set(q)) > vmeq and
Median(Set(q)) = %. (b) follows from the fact that q is constructed from a symmetric
extension of gj;.;] about vyeq. (c) follows from the fact that it is minimised over all collection of k

points as defined in Equation (15).
t

We now state the next lemma which say that we says that there exists a solution to Equation
(19). This lemma states that zeros of the solution to Equation (19) with negative derivative is upper
bounded and states that zeros with positive derivative is lower bounded.

_g A(e + ¢, k) for some 0 < ¢ < e. Then for every ve R¥, a
unique C' solution v\9)(.) exists to Differential Equation (19) satisfying the following two constraints
for some constant C independent of v € R¥. Note that v|;) denotes the ith largest component of v
for every i € [k].

o {t eR: () =0 and dv'e )() < O} is upper bounded by C + vy
o {t eR: v (t) =0 and ' )() > O} is lower bounded by —C + v|y].

Proof. Recall Differential Equation from Equation (19), restate it below as follows.

_[ min b(|r—a|)] 5<c>(r)+A<c>(r)+d2( ) 4 o) = 0

a€Set(v)

Also recall from Equation (18) that we defined

© () = (¢/2)e I and A9 (r) = - (¢/2)e " vr e R

From global uniqueness and existence condition of Cauchy-Lipschitz theorem in [44, Theorem
2], we can show that there is a unique solution (°)(.) of Equation (19) satisfying this initial value
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condition as Lipschitz conditions as described in [44, Theorem 2] is satisfied in Equation (19). Also,
observe that this function is continuously differentiable.

We now prove the first point in the lemma..

We first prove that limy o h(u) > \. First observe from Claim B.1) (substituting € by € + ()

that

med

= / [ min  b(|t —al) — fle+¢, )] (e + Q)™ (FOE—vmea) gy >

a€Set(q)

[ win bt - a!)} (e 4¢) e O0vnaddy > fe 4 ¢, k).

a€Set(q)

This, implies that for some t > veq s.t. [miHGGSet(q) (|t —al) — fle +C, )] > 0 and since, we

know h(.) is monotonic, we can argue that lim, o h(r) > fle+¢, k) > A2 Let us denote the the
smallest r s.t. h(r) > A by u®. Now observe for r > (v|;+1%), [mingeses(v) H(|7 — al)] 5@ () =X (r)
is non-negative.

Suppose there exists rg € [v|;] + t*, 00) satisfying, v (rg) = 0 and (9 (rg) < 0 thus, () (1) +
v (rg) < 0, thus contradicting the fact that [mingesec(v) H(7 — al)] 5@ (r) = M (r) > 0 is non-
negative in r € [va |+ u 00). Thus, we show that there does not exist ro > V| + ¥ satisfying
v(©) (ug) = 0 and 1/(0),(7“0) < 0 thus proving the desired statement, since t° is a constant independent
of v.

The second statement follows from a very similar argument.

O]

With these lemmas, we now prove the following lemma 2.11 which shows that I/(C)(.) is positive
for sufficiently large u and negative for sufficiently small wu.

B.4.2 Obtaining a feasible solution to DILP &: Proof of Lemma 2.11

Lemma (detailed proof of Lemma 2.11). Choose ¢ < € and 0 < A << f(e + ¢, k), then equation

(19) has a unique C! solution »(?)(.) and there exists U, L € R satlsfymg v (r) > 0Vr > U and
() <0vr <L

Proof. Recall from lemma B.2, that there exists a unique C' solution (denoted by v()(.)) to (19).
Uniqueness and existence of the solution can be shown from global uniqueness and existence condition
of Cauchy-Lipschitz theorem in [44, Theorem 2| as Lipschitz conditions as described in [44, Theorem
2] is satisfied in Equation (19).

We first prove the following Equation (60) in Part - 1 which states that there cannot be an
unbounded interval in [v,,eq, 00) where ©()(.) is non-positive. Next, we use this statement to prove
the main lemma in Part - 2.

{t € [Wmed; 00) ‘ V() <0V > t} — ¢ (60)
Part - 1. We now assume the contradictory statement that there exists " eR st v© (r)y<o
for all » > 0 and define 7™ = inf{t € [Umed, 00) ‘ O (r) <0vr> t}. Since, v(9)(.) is continuous

and (9 (v,,64) = 0, we have v(©) (™) = 0. Thus, the differential equation (19) can be rewritten in
[r™8% 00) as follows (replacing |7(u)| by —(u))

**The limits are defined over extended reals R U {—o0, +-c0}
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—[ min h(]r—a])} 5Oy + A (r) + o —e(r)=0

a€Set(v)

~< and applying the initial value condition of () (v,.q) = 0,

max o0) is given by

Now, multiplying both sides by e
we have the solution to the Differential Equation in [r

VO () = ( / m [—)\(C)(t) + Lersneltrév)h(]t— a|)] 5t )] e—etdt) o

max 24

However, since () (r) is non-positive in [r™®*, oo), we have

7 [+ [ i v - ap] 5900 ear <o o)
— [ | i v ab] (5) e Ve e < [T aO0@De e o2

pmax aESet( max

We now consider two exhaustive cases and treat them separately »™** > 0 and r™** < 0. We
denote ¢; = v; + Vpeq — r™*Vi € [k] and q = [q1, q2, - - -, gk]

Case a: Let us first consider the case where r™* > 0. We thus get from Equation (62)

ge(ﬁré)(rmaxumed)‘/oo |: min h(|t—a’):| <g> 7<t(6/2) *6tdt< (1/4)A€ 6+< max( GC >

acSet(q) € +C
(63)
= 2/00 [ min h(|t — a|)} ((e +¢)/2)e” (Fgt < e~ (FOmea (64)
VUmed acset(q)
= 2/00 [ min b(|t — a])} ((e+¢)/2)e (FOE—vmed) gt < \ (65)
Vmea LOESet()
O fle+ ¢, k) <A (66)

which is a contradiction.

(a) follows from the fact that ™ > 0, thus |t| = ¢t and applying change of variables. The
argument for (b) follows from Lemma B.1.

Case b: Consider the case when r™?* < 0. We can thus write Equation (62)

- €\ ¢t et /“[ : B ](Ce) et
:’/ L;é:knv) (i ““](4)6 eart [ | min b —al)| () e tar (67

< / R (e /a) et + /0 TR (¢ /1) e Cte—cta (68)

24Observe that a strict inequality follows since a contrary assumption would imply that v(© (r) is identically zero
in [r™e4, 00). This would imply that —\ (¢) + { mir(l )b(|t — a|)} 6 (t) is zero in [rmax, c0) implying, h(|t — a|) = A
a€Set(v

which is a contradiction since, lim,— o h(r) > X as shown in proof of Claim B.2
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. Vmed =%
{4 (=g / [ min h(|t—a])} e~ (O t=vmea) gy (69)

Vmed acSet(q)
max 0 ~ 1 6_(E_C)Tmax — 1
(et Or / [ min bl —a ] o~ (Ot —vme) gy < 3 N
vmed_rmax aESet(q) (’ D (6 + C) (6 - C)
(70)
g e—(e—C)rmax /oo [ min h(|t _ CL|):| e—(e-l—C)(t—vmed)dt < 5\ 1 + e*(G*C)T‘maX —1 (71)
Umea La€Set(a) (e+¢) (e—=¢)
—(e—()pmax OO . + C _ _ Q (6 + C) —(e—()pmax
— 2¢O / [ min t—a } (6 )e (e+Ot=vmed) gy < X [1 + e~ (O™ _q
Vmed acSet(q) h(’ ’) 2 (6 — C) ( )
(72)
o~ (e=Ormaxg o e+ .
= / [ min h(|t — a])} () e~ (HEvmea) gp < X (73)
|:1 + (51‘0 (ef(efC)rmax _ 1)] Vmed LOESEE(Q) 2
(e=¢)
(@ (e=C\, [~ - €0\ (O —vmea) g < §
2 t— med) dt < )\ 74
S (50)2 [ L pte-a] ()« < 2
@ (e=C\ ; .
9, (6+<> fle+C k) < A (75)

which is a contradiction.

(b) follows from the fact that € — ( < € 4+ ¢ and thus, —(e — ()r™** < —(e + ()r™* since
% < 0. Also, —(e 4+ ) (t — Vmed) < —(€ = C)(t — Vymed) for t > vipeq. (¢) follows from by infimising

e—(E—C)TmaX

(e4+¢) [, —(e—¢)rmax
[+ g0

We thus prove Equation (60) by showing contradiction under both cases.

Part - 2. Observe that Equation (76) follows from Claim B.2 and Equation (60) (restated below)
which has been shown above.

] over all 7™#* < 0 (happens as " — —o0) and (d) follows from Lemma B.1.

dv(©(x)

() =
{teR.y (v) =0 and T

< 0} is upper bounded by C + v). (76)

{tG]R‘l/(c)(T)SOVT>t}:¢

Let us denote the set of all the closed intervals in [vyeq, 00), where v(9)(.) is non-negative by
779525 Now observe, that the Equation (76) implies that upper bound of every interval in ZP°* must
be upper bounded by C' + v|;|. This implies the existence of an unbounded interval where I/(C)(.) is
non-negative or an unbounded interval where v(°)(.) is non-positive. However Equation (60) implies
that there can not exist an unbounded interval where v(°)(.) is non-positive and thus, we show that
there exists an unbounded interval where ©/(°)(.) is non-negative. This proves the statement in Claim
2.11 that there exists U € R s.t. v(9)(u) > 0Vu > U.

Using a very similar approach, we can prove that (9 (u) < 0 for u < L for some L € R.
O

25We can construct such intervals as v(9) is continuously differentiable and there does not exist an interval where
v(®) is identically zero.
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We now prove the main lemma 2.12 which shows that the objective value of f (¢, k) is achievable
by some solution in the DILP £. Observe that this feasible solution is constructed using §(9)(.), A©)(.)
and (9 (.) that we defined to satisfy Equation (19) and ensured positivity and negativity of ©(°)(.)
for “sufficiently” large and small u respectively for every v € RF. However, we also require a
technical claim 1 to prove the existence of continuous bounds U(.) and L(.). For sake of brevity, we
state and prove it in Appendix B.7.

Lemma (detailed proof of Lemma 2.12). opt(£) > f(e, k)

Proof. Recall the functions A()(.), §(9)(.) defined in (18). Also for every v € R¥, we obtain a function
v(9(.,v) [solution of Equation (19)] with bounds U(v) and L(v) satisfying v (r,v) > 0Vu > U(v)
and (9 (r,v) < 0Vu < L(v). Now, we argue that this solution is feasible attaining an objective
value of A which we argue below.

e Observe that [, _p A9 (u) = A and Joer 69 (u) =1
e The second constraint is satisfied as v(°)(v,.) is a solution of Equation (19).

e Bounds U(v) and L(v) exist from statement in Lemma 2.11. The proof of continuity of U(.)
and L(.) is slightly technical and we formally prove this in Claim 1. Observe that all the
assumptions in Claim 1 is satisfied due to results from Lemma 2.11 and Lemma B.2.

Now observe that the objective value of this feasible solution in X and the constructed solution
is feasible for any A < %f(e + ¢, k) and ¢ > 0. Now, since f(e, k) is continuous in €, choosing ¢ to
be arbitrarily small enables us to get obtain the objective value of the solution arbitrarily close to
f(e, k) and thus, opt(E) > f(e, k).

O

B.5 Optimal Result Selection given Laplace noise when §(.) is an identity function
Theorem B.3 (corresponds to Theorem 1.4). Recall the definition of f(e, k) from Equation (15)

and suppose A* = {x1,x2,...,x} where x1 < x9 < --- < xp minimises the same.?S Then, we have

1. When k is odd, x(1y2 = 0. Fori € [(k—1)/2], z; = —2log((k + 3)/2 —i)/e. For
ie[k]\[(k+1)/2], x; = —xpi1-;. That is, if t :== (k —1)/2, then

2log (£2)  2log (£1) 2log (1) 2log(t+1
(a1, o} = 40,4+ Og(t),i LV Og(Q),i og(t+1)
€ € € €

2. When k is even, xy,)9 = —log(1 +2/k)/e. Fori € [k/2 —1], z; = xiy1 — (2log(1 + 1/7))/e.
Fori e [k]\ [k/2], x; = —xg+1—i. That is, if t :== k/2, then

t(t+1) t(t+1) H(t+1)

1 t+1 log | =55 log | 75 log n

(21, .. o) = j;Og(t),:lz ((t 1)),:|: ((t 2)>,...,:|: ( 2 ),j:IOg(t(t+1>)
€ € € € €

We prove this theorem using the following lemmas.

26Here, we denote A* by a set instead of a vector.
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Lemma B.4. I[fmin E [mln la — £L‘|:| E [mln la — x|] and A* = {x1,x9,...,x1} where

A€Az~L(0) [a€A z~Le(0) |a€A*
x1 < g < -+ < wy, we define y; = (x; + xi41)/2 fori € [k — 1], yo := —o0, and yi := +o00. Then,
P.or.0) (Vi1 <z <) =P,or o) (i <2<y), V ielkl (77)

Proof. Note that for any i € [k], for any 2z € (y;—1,¥;), mingea~ |a — z| = |z; — z|. Then we have

Eynr.(0) [;giAq la— J?@ Z]P’;wﬁ ©0 Wim1 <z <) Eour o) [l — 2] lyic1 <2 <wi] -
=1

If i # E.wr.0)[2lyi-1 <2 <y for a certain i € [k], we can change the value of z; so that
Equation 77 holds, in which x; is somehow a median of £.(0) inside the interval (y;—1,¥;), and then
E.wz.0) [|7i — 2] [yi1 < 2 < yi] strictly decreases, which implies E,.z, (o) [mingea+ |a — || decreases.
However, A* is the optimal point, so it is a contradiction. As a result, for ¢ € [k], we have Equations
77.

O

Lemma B.5. Using the same definition of x; and y; as Lemma B.4, we have

log(1+1/1)

€ )

log(14+1/(k—i+1))

1. forie€ [k —1], ify; <0, we have x; = y; —
2. forie [k \ {1}, if i1 > 0, we have z; = y;—1 +

Proof. We first show x; = y; — when y; < 0. We prove it by induction. When ¢ = 1, by
Equation 77, we have P, ) (2 < 1) =P,z (0) (1 <2 <y1). If y1 <0, we have

1 1
/ e“dz = / e“dz,
—00 T

Tl — oY1 _ eem’

log(1+1/4)

which is equivalent to

so y1 = x1 + log(2)/e.
If Yi < 0, assuming Ti—1 = Yi—1 —
we have

log(1+1/(i—1))

/ e“dz = / e“dz,
i—1 T4

_log(1+1/(: —1))

€

, then z; = y;_1 + w. By Equation 77,

which is equivalent to

exp (ex;) — exp <e:cz ) = exp (ey;) — exp (ex;),

S0 Y = 2 + log(1+1/z)

As a result, for i€[k—1],if y; <0, we have z; = y; — M

By symmetry, using similar arguments, we know that for i € [k]\ {1}, if y;—1 > 0, then

T = yi1 + 10g(1+1/€(k: H—l))‘

O
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Lemma B.6. Using the same definition of x; and y; as Lemma B.4, if y; < 0 < y;+1 where
i€lk—2], then|i— (k—1i)] <1.

Proof. By Lemma B.5, we have

“log(1-41/(k—i—1))

i =y — lo80+1/)
Tit2 = Yir1 + —

which implies

log(1+1/i log(1+1/(k—21—1
yrl-ig( c />=$i+1=yz‘+1— 5 /<e )>~

Since y; < 0 < y;+1, we have x;41 € [f1, f2|, where

By = _10g(1 +1/(k—i— 1))7 By = M.

€ €

Define

log(141/(k—i—1))

€

‘ E o E
—— —€|Z P —€|Z
g1(x) :== /x_log(1+1/i) e “¥ldz, and ga(x) .—/x e “ldz,
and define h(z) := gi(x)/g2(x). By Lemma B.4, we have ¢i1(zi+1) = g2(2it+1), which implies
h($i+1) =1.

For f1 < y1 < y2 <0, we have g1(y1) = e¥*7¥2¢1(y2), and ga2(y1) > €¥*"¥2g2(y2), so h(y1) < h(y2).
Similarly, for 0 < y1 < y2 < B2, we have g1(y1) < €”27¥1g1(y2), and g2(y1) = €¥27¥1 g2(y2), so
h(y1) < h(y2). As a result, h(z) is strictly increasing on [51, B2].

Ifi>k—i+1,h(B2) <1. Ifi+1<k—1i, h(f1) > 1. In both cases, for any = € [, B2],
h(z) # 1. Tt contradicts to h(z;+1) = 1 and x;41 € [B1, B2]. As a result, we have |i — (k — )| < 1.

]

Combining Lemmas B.5 and B.6, we have the following corollary B.3.
And thus, Theorem A.1 is proved.

B.6 Proof of weak duality as stated in Theorem 2.8

We now restate the weak duality theorem from Theorem 2.8.
Theorem (proof of Theorem 2.8). opt(O) > opt(E).

To prove this lemma, we now redefine the optimization problems O and £ in (13) and (14).

( inf K
g(.,.): IB(RxRF—-R+) kER

st K- / [ min h(|u—a|)]g(u,x)d<ﬁxi>EOVUER

acSet(x) ey
x€ERF =

k
/ g(u,x)d (Hmz> =1VueR

<CRE i=1
eg(u,x) + g (u,x) > 0; Vu € R;x € R¥

(78)

eg(u,x) — g, (u,x) > 0; Yu € R;x € R¥
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\

sup / AMu)du
v(.,.):CH(RxRF5R) JueR

A():CO(R—RT)
5(.):CO(R—RT

)
s.t. / O(u)du <1
u€R

— { min h(ju — a|)] §(u) + M) + €|v(u,x)| + vu(u,x) <0 Vu € R,Vx € R

a€Set(x)
JU : CO(RF = R) s.t. v(u,x) >0 Vu > U(x) Vx € (R)¥

3L : CO(R* = R) s.t. v(u,x) <0 Vu < L(x) Vx € (R)*
(79)

We now define a DILP £ which effectively splits the function v(.,.) into a negative and a
positive part and prove a lemma B.7 bounding the optimal value of £ by £,

gint _

sup / Au)du
5(.):COR—=RT),vMW(,.):CL(RxRFRT) Ju€ER
v ():CHRXRF—RT),A(.):CO(R-RT)

s.t. / O(u)du <1
u€R

- [ min b(ju — a|)] d(u) + A(u) + € <—1/(1)(u,x) + V(Q)(u,x))

a€Set(x)
+ vV (u, x) + U£2)(u, x) <0 Vu € R,vx € R¥
U : CO(RF - R) st — vV (u,x) + v (u,x) > 0 Vu > U(x) Vx € (R)F

3L : CO(RF = R) s.t. — v (u,x) + P (u,x) <0 Vu < L(x) ¥x € (R)
(80)

We now prove the following set of lemmas and denote the optimal value of DILP given by O as

opt(O)

Lemma B.7. opt(E™) > opt(€)

Proof. This proof follows by restricting exactly one of the values v") (u, x) or v(? (u,x) = 0. In this
case, we may define v(u,x) = —v(u,x) + v (u,x) and thus, |v(u,x)| = vW (u,x) + v (u,x).
Since, we restrict the optimization variables i.e. add an extra constraint, we get opt(£) >

opt(€)

O]

Lemma B.8. opt(O) > opt(E™).

Before we start the proof, we give some key observations which allow us to prove the weak
duality. Observe that the constraint of DILP O involves a linear constraint of derivative of g(.,.).
We use integration by parts in this proof to convert this into a constraint on the derivative of the
dual variable v/(.) in the dual DILP £. We state the equation for this below. 27

/ER(V(l)(u,x) — @ (u, %)) gu(u, x)du (81)

2TFor sake of brevity, we give the inequality using derivatives and not upper and lower derivatives. A formal version
of this is given in equation (98).
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—+00

= {(y(l)(u,x) - V(Z)(u,x))g(u,x)} — /GR(ygl)(u,x) V(2) (u,x))g(u,x)du (82)

U=—00

— V(I)UX—V(Z)UX u, X
< ]C€R< (1, %) — v (u, %)) g (u, X) (83)

The last step follows from the last two constraints in DILP £ i.e. limy ;0 ™) (u, x) =2 (u,x) < 0
and lim,_, oo v (1, x) — 3 (u,x) > 0

We now move to the proof of the weak duality. Notice that this proof B.6.2 bears resemblance to
the weak duality proof, albeit with a clever utilization of integration by parts, Fatou’s lemma, and
the monotone convergence theorem. This approach allows for the exchange of limits and integrals
in a strategic manner.

To get an intuition on the proof steps, we first present an informal proof B.6.1 where we assume
functions are always integrable and exchange limits and integrals without giving explicit reasons.
To look into its formal treatment refer to Section B.6.2

B.6.1 Informal proof to Theorem 2.8

As discussed above, in this proof we just give an intuition for the steps to gain an understanding
without giving formal reasons for exchange of integrals and limits. We further assume that the
lower and upper derivatives are integrable in this part. To look into its formal treatment refer to
Proof in Section B.6.2.

Informal proof. Now consider any feasible solution g(.,.) and « in the primal DILP O and feasible
solution vM(.,.),v@(.,.),A(.) and §(.) in the dual DILP £

Now pre-multiply the first constraint in DILP O by §(u) second constraint in DILP by A(u), the
third constraint in DILP by v()(u,x) and fourth constraint in DILP O by v®)(u, x)

/5(u) K — / <a€rsri{cr%)h(]u—a\> (Hmz> du+/ /g(u,x)/\(u)d (E[lxz> du

ueR xR u€R xRk
s [ Geatun) + g, w0 ) 0PJ@+/L/@W@—MMWWWJMGFJME/AWM
u€R xERF u€R xERF =1 ueR
] (84)
L . +x /| ue/R <— Lersneltréx) h(ju — a])} 5(u) + Mu) + e (u,x) + ev™ (u,x)> du| g(u,x)d (ﬁ :z:l)
+/XERk _/UER (y(l)(u,x)(u,x)gu(u’x) _ y<2)(u,x)§u(u,x) ] <H$l> > / u)du
i u€R
(85)

(e) follows by exchanging integrals since each term is positive and the constraint [ 6(u) < 1.

Now, we solve the for the term [ _p [V(l)(u, x)g, (u,x)du — v (u, x)7, (u, x)} du

/UER [V(l)(u,x)gu(u,x)du — 2 (u,x)gu(u,x)} du (86)
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(0) 1 @
< | [ (000 - 2w0) gl x)d (88)
€R
(a) follows from integration of parts and the inequality from the fact that we take lower derivative
and upper derivative of g(.) respectively. (b) follows from the third and fourth constraints in the LP
D™ on v (u,x) — @ (u,x) as u — 0o or u — —oo.
Combining the inequalities in (97) and (98), we get,

— okt / /([ min b(\u—a])} (5(u)+/\(u)+eu(2)(u,x)+eu(1)(u,x)> du| g(u,x) (Hac)

x€RF  lweR aesert)
B /xem ME/R (A2 03) = 142 0.3 o, ) (H x) zu e/R A(u)du (89)
T /xeRk L/R <<a€rSneitI%x) blu = a|)) 6(u) + A(u) + ev? (u,x) + eu(l)(u, X) (90)
_ (yftl)(u,x) - yl(f)(u,x))) ] (H 96@) > / Wdu  (91)
ueR
9 > / A(u)du (02)

ueR

(c) follows from the first and second constraint in LP £™. Since this inequality is true for every

feasible solution in the primal O and dual £™, we have the proof in the theorem.
O

B.6.2 A formal proof of Theorem 2.8

Proof. Now consider any feasible solution ¢(.,.) and  in the primal DILP O and feasible solution
v (.,.),v3(.,.),A(.) and §(.) in the dual DILP £,

Now pre-multiply the first constraint in DILP O by §(u) second constraint in DILP by A(u), the
third constraint in DILP by v(!) (u,x) and fourth constraint in DILP O by v(?)(u,x) and take the
lower Riemann-Darboux integrals for the last two terms and the integral for the first two terms.
28 This approach is very similar to the use of Lagrange multiplier in weak duality proof in linear
programming. Also observe that some limits may take values in the extended reals i.e. RU{—00, 00}
and thus, we define the limits in extended reals.

Observe that d',d* € R,c!,c* € R* and cch refers to its i component of ¢! and c* € R*
respectively.

28The integral may not be defined as g, and g, may not be Riemann integrable, however the first and second
terms are integrable which follows since the product of integrable functions is integrable.
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Thus, we get?”

av k
lim d(u) |k — / < min  h(|lu — a\)) g(u,x)d 1_[:1:Z du (93)

d'——o0o a€Set(x) i
400y 2l xERE i=

du k

+ lim / x)d ARBYOT
i g(u,x) (1:[11’> (u)du
d“—=00 y=d! \xcRk =

k
+ lc%rgl—g.lof /uek[d’,d“] ((eg(u,x) +gu(u,x))y(1)(u7x) + (eg(u,x) — g, (u,x))? (u,x)) d <1;[1 :L'Z> du > / A(u)du

xe I1[ctc] u€R
i=1
(94)
d k
= lim O(w) lim |k — / < min b(ju — a])) g(u,x)d 1_[33Z du
d'——co %“—>oo a€Set(x) 1
d¥—00 y=dl c'——00 k 1=
xe[] [cl,c¥]
L i=1 .
du k
+ lim lim / g(u,x)\(u)d (H acz) du
d'——oc0 ct—o0 .
d%—00 y=d! cl—s—oc0 k i=1
xE _];[1 [ci <]

k
+ 1;15;125 /ue[dl7du] ((eg(u,x) -I-gu(u,x))u(l)(u,x) + (eg(u, x) — g, (u,x))v® (u,x)) d <H :m) du > / Au)du

J k
xe [ [cl,ct
=1

d" k
(e) 5. . . '
- dlggo Clggo ko(u) + / <<—5(u) aersrle{cr%x) h(Ju — al) + A(u)) g(u,x)) d <1_[1 :cz> du
u=d! =
d PSS ﬁ [el,c¥]

=1

+ lgminf (/ue[dl7du] (eg(u,x) (V(l)(u,x) + I/(Q)(U,X))) d <H :m) du

k
x€ [T [efcf]
i=1

+ /ue[dl,d“} (gu(u,x)u(l)(u,x) —ﬁu(u,x)u(2)(u,x)> d (H %) dU> > / Au)du

xe[] [cé,c;ﬂ
i=1

29 J f(z)dz and ff(a:)d:c denotes the lower and upper integral respectively.
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dv

A K+ lim sup / k / <— [ min  h(|u — a|)] d(u) +)\(u)> du| g(u,x)d | | x;
d,c—00 x€ ] [c,c¥] p a€Set(x)
1=1 =

+ glgl_yg </uek[dl’du] <6g(u,x) (V(l)(u x) + v (u, x) )) (H x,) du

xe [T [chct]
1=1

o (000,00 = 2 0003, ] (Hw,))_ [ Ay

u€R
(97)

(c) 30 follows from the following observations.

e For the first two integrals, apply monotone convergence theorem (MCT) which allows us
to exchange limit and integral. This is possible since the expression in [.] is positive and
non-decreasing as ¢* — oo and ¢! — —oo due to first constraint of DILP O and the fact that
the g(.,.) is non-negative.

(d) follows from the following steps.

e Apply the interated integral inequality [54, Proposition 3.9] that f axp 9(A, B)dAdB <
Ja [IB g(A, B)dB} dA for the last integral.

e We exchange integrals for the first term using Fubini’s theorem [54, Theorem 3.10] as the
functions are Riemann integrable and use the fact that [ _p d(u) < 1.

e We upper bound the iterated limits by a limsup as lim SUDy, 5, Gmyn > lim,, limy, @y -

Now, we bound the term Iue[dl 0] [V(l)(u,x)gu(u,x)du - V(Q)(u,x)gu(u,x)] du3l. Observe

that,

[ [, 0du = v gy (w0 dut [ (000 = 2 w30) gl x)du
Jueld!,dv] - ueld!,dv]

D, @) -

<[ (V@0 - v ux)) gluxo)] (98)

(f) follows from the chain rule of differentiation and the inequality from the fact that we take
lower derivative of —g(.) is upper derivative of g(.)
Now consider (observe we take the -ve of the last term in Equation (98)).

u k
lilnca_s)g) /xeﬁ " [(V(l)(u,x) —® (u,x)) g(u,x)] i:dl d (H l’l>

=1

(é) qu k
. . 1 2
> hinﬁsolip hﬁg‘}f /xeﬁ o <— [(V( )(u,x) — )(u,x)) g(u,x)} u—dl> d <i|_|1 xz)
i=1 -

304, — o is a shorthand notation for d* — oo, d' — —o0 and ¢ — oo is a shorthand for ¢* — oo and ¢! = —o00
31Note that the second integral is defined as the product of Riemann integrable functions is also integrable
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. k
(g) lim sup/ . lim inf [— <y(1)(u,x) — 2 (u,x)> g(u,x)}d_dl d <H a:z>

c—00 c H [C,L,C“] dav —>OO

i=1
(h)
> lim sup/ . (hm inf [(—V(l)(d“,x) + V(Q)(du,x)> g(d“,x)} (99)
c—oo  Jxe ] [cl,c¥] d¥—o00
i=1
k
im i Wt x) — @ (g ! .
—l—(lillrgirg[(l/ (d,x) — v (d,x))g(d,x)})d<g%>
(m)
>0 (100)

(i) follows from the fact that lim sup,,, ,, f(m,n) > limsup,, limsup,, f(m,n) > limsup,, liminf,, f(m,n).
(g) follows from the following arguments.

e Observe that [— (V(l)(u,x) - V(z)(u,x)) g(u,x)]du 4 is non-negative for every x € H [cl, c¥]

=1

whenever, d,, > sup{U(x)|x € H[ c?]} and d; < inf{L(x)|x € H[ c¥]} from third and

’L7’L Z’Z

fourth constraint of DILP Emt. Note that value is finite as supremeum and infimum of
k

continuous functions is finite over a compact set since [][c},c%] is closed and bounded.
i=1

e Now apply Fatou’s lemma to conclude (g).

(h) follows from the fact that liminf, (A, + B,) > liminf,, A4, +liminf,, B,, and the last inequality
(m) follows from the following 2 statements.

o liminfgu_oo (—vW(d%, x) + v (d%, x)) > 0 and liminfy_,_ (vM(d,x) —vP(d,x)) >0
follows from third and fourth constraint of DILP &"t.

e g(.,.) is a bounded function follows from the constraint in DILP O.

Observe that (99) implies (follows from limsup,, A, = —liminf,, —A4,,) that

dv b
N 1 2
Brgl—lélj /xeﬁ e [(V( ) (u,x) — v/ )(u,x)) g(u,x)} ot d <Zl_[1 x; || <0 (101)
i=1 -

Using inequality in (98) and the fact that liminf, (a, + by) < liminf a,, 4+ lim sup,, b, we obtain

du
.. (1) _ 2
gt g [, 000000020 x>guux>d4 (1)
1

1=

+ /ue[dl7du] (eg(u,x) ( M (4, x) 4 2 )) (H xz)) (102)

x€ [T [ef.cf]
i=1

qu k
< hoin /xe e [(V(l)(u’ x) =2 X)) g, X)L:dl ! <H mz)
1

i=1
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=1

+ /ue[dl7du] <eg(u,x) (y(l)(u,x) + 13 (u,x)>) d (ﬁ xz> du) (103)

=1
x€ [T [cf.cf]
i=1

(k) k
< lim sup(/ . [—/ (yél)(ujx) (2 (u,x)) g(u,x)du] d (H xl>
d,c—o0 x€ I] [e},c¥] u€ld,dv] .
i=1

=1

+ /‘ue[dlydu] (eg(u,x) (V(l)(u,x) + 13 (u,x))) d (ﬁ :1;,) du) (104)

k =1
xe[] el ,c¥]

7=

k
+ lim sup / X —/ (V&l)(u,x) — 2 (u,x)) g(u,x)du| d sz
d,c—00 x€ [T [¢h,c¥] u€ldl,dv] :
i=1

(k) follows on applying Equation (101)
Now combining (104) and (97), we obtain

k
ot [ L (L ] s 30) o ([T

=1

k
+ lim sup(/ k / (l/gl)(u,x) — v (u, X)) g(u,x)du] d (H 1:1>
d,c—00 x€ '1:11[0576?] u€ldl,dv] aie]
k
+ /ue[dzdu] <eg(u,x) (V(l)(u,x) + I/(2)(U,X)>) d (H :c,) du) > / AMu)du
xefl [clc¥] =1 u€lR
(105)
4 k
20N k+ lim / . / < [ min H(ju — a)} o(u) +)\(u)) du| g(u,x)d Hmz
d,c—o0 \ Jxe H (el u€ld!,dv] a€Set(x) paiy
k
+limsup</ k [—/ ( W (u,x) — v (u, x)) g(u,x)du] d (H xl>>
d,c—o0 ]:[ [cl,c¥] u€ldt,dv] i1
k
+/ . / <eg(u,x) (V(1)<U,X) + I/(Q)(U,X))> d (H xl> du) > / Au)du
€Il [} ci] Jueld',dv] i=1
i=1 u€eR
(106)
= Kk + limsup / X / — < min  h(ju — a|)) 5(u) + AMu) + e (u, x) + ev™ (u, x)
dc—oo \ Jxe 1‘[ [c,c¥] [d!,dv] a€Set(x)
(107)
— (%) = v <u,x>)> ] (H )) > [ Awdu
ucR
(108)
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g K> /)\(u)du (109)

u€R

The limsup in first term of (7) can be replaced by a limit as integral (110) is defined in extended
reals (R U {00, —occo}) which follows from the following reasons.3?

(o [ (- L =] st 3 e s (1)) oo

=~ Lt o= ] stezya ([T o

=1

/xeRk /ueR g(u, x)du d (H 96) (112)

=1

e Observe that [ d(u) < 1 and [ g mu% )h(\u — al)g(u,x)d (H?Zl xl) < Kk Vu € R (first
a€Set

constraint of DILP ) implying that term (111) is lower bounded by —«.

e Thus, we may conclude that the following integral (110) is defined in extended reals as the
first term (111) is lower bounded by —« and second term (112) is lower bounded by 0.

() follows from the first and second constraint in DILP £™. Since this inequality is true for
every feasible solution in the primal © and dual £, we have the proof in the theorem. O

We now prove Theorem 2.8.

Proof. Combining Claim B.7 and B.8, we obtain that opt(Q) > opt(E). O

B.7 Claim to prove the existence of continuous bounds U(v) and L(v) for the
feasible solution in £ in the proof of Lemma 2.12

Claim 1. Consider a function v(.,.) : C}(R x R¥ — R) s.t. zeros of v(.,v) i.e. {u:v(u,v)=0}isa
countable set for every v € RF.

It also satisfies the following two conditions for some constant C independent of v. Note that
v|;| denotes the it" largest component of v for every i € [k].

° {u €R:v(u,v) =0 and v,(u,v) < O} is upper bounded by C' + vy, for every v € RE.

e WweRFIU st v(u,v) >0 Vu>U.
Then there exists U : C°(RF — R) s.t. v(u,v) >0 Vu > U(v) ¥v € RF.

Proof. We prove this statement as follows. For every v € R¥, denote the largest zero of v(.,v) by
p(v). Now construct U(v) = max(p(v),C + v|;|). Observe that v(u,v) > 0Vu > U(v) Vv € RF
follows from the second assumption.

To prove continuity at v € R¥, we aim to show the following statement.

32Intuitively it shows that co — co scenario cannot arrive in this integral
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Ve>036>0st. VzeRF; ||z—v|1 <6 = |U(z) —UW)| <e. (113)

We now show U (v) is continuous for every v € R¥. We consider two exhaustive cases below.

Case 1: p(v) > C +wv|y) and thus, U(v) = p(v). Recall from the second assumption that v(u,v)
goes from negative to positive at u = p(v).

We now discuss the construction of § below for a sufficiently small € as follows.

For some e sufficiently small, we now discuss the construction of an interval around p, as
[Av,By] = [pv — §,pv + §]. Since, € is sufficiently small, observe that v(A,,v) = —(; and
v(By,v) = (2 for some (1,2 > 0.

Observe that v(Ay,v) must be continuous in v and thus there must exist §; > 0 s.t. Vz €
RF: ||z —v|| <61 = |v(Av,v) — v(Ay,2)| < % and similarly, choose d2 > 0 s.t. Vz €
R¥; ||z — vi|| < 02 = |v(By,V) — v(By,2)| < %2.33

We choose § = min(dy, 2, 5) and consider any z € R¥ satisfying ||z — v||; < § and show
(113)

This implies v(Ay,z) < —% < 0 and v(By,z) > %2 > 0 since, v(Ay,v) = —(; and v(By,v) = (a.
Thus, from intermediate value and LMVT theorem, there must exist some zero of v(.,z) (call it ug)
with ug € [Ay, By| with v(.) going from negative to positive i.e. v, (ug,z) > 0 and v(up,z) =0

Also observe that,

(a) €
By > C—l—vw —|—§

Q
> C oy +5-02Czy (114)

(a) follows from p(v) > C' + v|;| and the definition of By. (b) follows from the fact [|v — z|| < 4.
Observe that the last inequality follows from the fact that § < §.

Equation (114) and the first condition in Claim limplies that U(u,z) cannot have a zero in u
with U(u,z) going from positive to negative on the right side of interval [Ay, By]. This implies that
the largest zero of v(u,z) in interval [Ay, By] must be the largest zero and thus, it must be p(z).
Also, p(z) > Ay > C' + 2| and thus, U(z) = p(2)

We thus, have |U(z) — U(v)| = |p(z) — p(v)| < ¢, since max(|Ay — p(v)],|By — p(v)|) < € thus
proving the desired result in (113)

Case 2: p(v) < C + vy, thus U(v) = C + v

Since, p(v) was the largest zero of v (., v) with v, (p(v),v) > 0, observe that v(C'+v|;|, v) = ¢ > 0.
Now since v(u, v) is continuous, there must exist d; > 0 s.t. Va € R satisfying |4 — (C +vx))| < d1,
we have |v(4, v)—v(a,v)| < %. Similarly, there must exist 2 > 0s.t. Vz € R satisfying ||v—z||; < d2,
we have [v(C + 25|, V) = v(C + 25, 2)| < %. 34

Now we choose § = min(é1,ds,¢) and consider any z € R* satisfying ||z — v||; < J to
show (113).

Observe that, since, [(C' + vjg)) — (C + 2))| < 6 < 1, we must have v(C + z),v) =
v(C + v, v) + (W(C + 215, v) = v(CH v, v)) 2 — % = %C. Similarly, since ||v —z|| < 0 < g,
we must have v(C' + z;},2) = v(C + 2|5}, V) + (V(C + 24), V) = v(C + 23], V)) > % - % = % > 0.

Since, ¥(C + z|3],2) > 0 and since the second condition in lemma 1 says that there can be no
zero of v(u,z) in u with v(u,z) going from positive to negative beyond C' + z|;| we have the largest
zero of v(.,v) should be smaller than C' + 23| and thus U(z) = C' + 2|y

33Note that we can do this since, the continuity result holds true for every € > 0 and we can choose any e we want.
34This holds since continuity result holds for every e > 0.
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Now observe that |U(z) — U(y)| = [(C + zyx)) — (C +yx))| < 0 < ¢, thus proving the desired
statement in (113).
O
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