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Abstract

Motivated by approximation Bayesian computation using mean-field variational approxi-
mation and the computation of equilibrium in multi-species systems with cross-interaction,
this paper investigates the composite geodesically convex optimization problem over mul-
tiple distributions. The objective functional under consideration is composed of a convex
potential energy on a product of Wasserstein spaces and a sum of convex self-interaction
and internal energies associated with each distribution. To efficiently solve this problem,
we introduce the Wasserstein Proximal Coordinate Gradient (WPCG) algorithms with par-
allel, sequential, and random update schemes. Under a quadratic growth (QG) condition
that is weaker than the usual strong convexity requirement on the objective functional,
we show that WPCG converges exponentially fast to the unique global optimum. In the
absence of the QG condition, WPCG is still demonstrated to converge to the global op-
timal solution, albeit at a slower polynomial rate. Numerical results for both motivating
examples are consistent with our theoretical findings.

Keywords: composite convex optimization, coordinate descent, optimal transport, Wasser-
stein gradient flow, mean-field variational inference, multi-species systems.

1. Introduction

The task of minimizing a functional over the space of probability distributions is common
in statistics and machine learning, with a wide range of applications in nonparametric
statistics (Kiefer and Wolfowitz, 1956; Yan et al., 2023), Bayesian analysis (Ghosh et al.,
2022; Lambert et al., 2022; Trillos and Sanz-Alonso, 2020; Yao and Yang, 2022), online
learning (Ballu and Berthet, 2022; Guo et al., 2022), single cell analysis (Lavenant et al.,
2021), and spatial economies (Blanchet et al., 2016). Since a probability distribution is an
infinite-dimensional object with rich geometric structures, analysis of such an optimization
problem requires special treatment and usually leverages optimal transport theory where the
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convergence is characterized through the Wasserstein metric. In this paper, we consider the
problem of jointly minimizing an objective functional over m distributions tρju

m
j“1, where

ρj P P2pXjq, the space of all probability distributions over the j-th (Euclidean) domain Xj
with finite second-order moments. Precisely, we consider the following general optimization
problem:

min
ρ1,...,ρm

Fpρ1, . . . , ρmq :“ Vpρ1, . . . , ρmq `
m
ÿ

j“1

Hjpρjq `
m
ÿ

j“1

Wjpρjq, (1)

where Vpρ1, . . . , ρmq “

ż

X
V px1, . . . , xmq dρ1 ¨ ¨ ¨ dρm, (2a)

Hjpρjq “

ż

Xj
hjpρjpxjqq dxj , @ j P rms, (2b)

Wjpρjq “

żż

XjˆXj
Wjpxj , x

1
jq dρjpxjqdρjpx

1
jq. (2c)

Here we use X “
Âm

j“1 Xj to denote the product space of tXjumj“1. Throughout the paper,
the notation for a distribution, such as ρ, may stand for both the corresponding probability
measure or its density function relative to the Lebesgue measure. In this formulation, V can
be interpreted as an interaction potential energy functional with potential function V : X Ñ

R, describing the interactions among the m input distributions, Hj is the individual internal
energy functional associated with ρj for some convex function hj : r0,8q Ñ R, and Wj is
the self-interaction functional associated with ρj for some self-interaction potential function
Wj : Xj ˆXj Ñ R. By convention, we define Hjpρjq “ 8 if ρj is not absolutely continuous
with respect to the Lebesgue measure and hj is not a constant function. When hj ” 0 and
Wj ” 0, this problem degenerates into the problem of minimizing an m-variate function V on
the Euclidean space; when hjpxq “ x log x, Wj “ 0, and m “ 1, this optimization problem
amounts to minimize the Kullback-Leibler (KL) divergence KLp¨ } ρ˚1q with ρ˚1 9 e

´V . In
general, an internal energy functional Hj with hj satisfying hjpxq Ñ 8 as xÑ8 prevents
the optimal solution of ρj from degenerating into a point mass measure. Our problem of
minimizing the functional in (1) is chiefly motivated by the two representative examples
below.

Example 1 (Mean-field inference in variational Bayes). In approximate Bayesian com-
putation (ABC) when optimizing a functional over a single high-dimensional distribution
to approximate the posterior distribution, it can often be computationally and theoretically
advantageous to employ a mean-field approximation by breaking into the product of many
lower-dimensional ones, provided that the bias introduced by this approximation is tolera-
ble or can be suitably controlled. Specifically, consider a Bayesian model with a likelihood
function ppx | θq and a prior density function π (relative to the Lebesgue measure) over
the parameter space Θ “

Âm
j“1 Θj , where the parameter θ “ pθ1, . . . , θmq is divided into

m pre-specified blocks with θj P Θj . Given observed i.i.d. data Xn “ pX1, . . . , Xnq, the
posterior density function of θ can be expressed via Bayes’ rule as

πnpθq :“ ppθ |Xnq “
πpθq

śn
i“1 ppXi | θq

ş

Θ πpθq
śn
i“1 ppXi | θq dθ

. (3)
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We use Πn to denote the corresponding posterior distribution. In practice, πn is often com-
putationally intractable due to the lack of an explicit form of the normalizing constant, i.e.,
the denominator in (3). Mean-field variational inference (MFVI) (Bishop and Nasrabadi,
2006), which approaches this task by turning the integration problem into an optimization
problem, can be formulated as finding a closest fully factorized distribution pπn “

Âm
j“1 pρj

to approximate the target posterior distribution Πn with respect to the KL divergence; that
is, computing

pπn “ argmin
ρ“

Âm
j“1 ρj

KLpρ }Πnq, s.t. ρj P PpΘjq @ j P rms.

Up to a ρ independent constant, this is equivalent to

pπn “ argmin
ρ“

Âm
j“1 ρj

"
ż

Θ

“

nUnpθq ´ log πpθq
‰

dρ1 ¨ ¨ ¨ dρm `
m
ÿ

j“1

ż

Θj

ρj log ρj

*

, (4)

where Unpθq “ ´
1
n

řn
i“1 log ppXi | θq corresponds to the (averaged) negative log-likelihood

function of data Xn. It is then apparent that above is a special case of the general formu-
lation (1) by taking V “ nUn ´ log π, hjpxq “ x log x, Wj “ 0, and Xj “ Θj . The optimal
solution ppρ1, . . . , pρmq corresponds to the mean-field approximation of the joint posterior dis-
tribution of the parameter θ “ pθ1, . . . , θmq via the relationship pπn “

Âm
j“1 pρj . Ghosh et al.

(2022) shows the connection between MFVI (4) and the objective functional (1) without
proposing practical algorithm for solving (4). Yao and Yang (2022) focuses on solving spe-
cial cases of problem (4) with m “ 2 blocks corresponding to continuous model parameters
and discrete latent variables.

Concurrent and independent to our work, Arnese and Lacker (2024) and Lavenant and
Zanella (2024) have also investigated the minimization of (4) with coordinate ascent varia-
tional inference (CAVI) using optimal transport theory. Arnese and Lacker (2024) explored
the convergence of CAVI with the sequential update scheme, while Lavenant and Zanella
(2024) studied the random update scheme. Both papers primarily emphasized the theo-
retical analysis of the CAVI algorithm, demonstrating similar convergence results to ours
for CAVI when the posterior distributions are log-concave. In contrast, our work intro-
duces a novel algorithm that differs from CAVI and studies its algorithmic convergence
rate. Furthermore, our analysis is conducted under the quadratic growth condition (de-
tailed in Assumption D), which is weaker than the log-concavity assumption as later shown
in Proposition 8.

Example 2 (Equilibrium in multi-species systems with cross-interaction). Multi-
species systems (Carrillo et al., 2018; Daus et al., 2022) arise in applications in cell biology
(Pinar, 2021) and population dynamics (Zamponi and Jüngel, 2017). In this example, we
consider the following non-local multi-species cross-interaction model with diffusion,

Btρj “ ∇ ¨
´

ρj

”

∇Vj ´
m
ÿ

i“1

p∇Kijq ˚ ρi `∇h1jpρjq
ı¯

, j P rms, (5)

where ρjpx, tq is the unknown mass density of species j at location x and time t, Vj is the
external potential field affecting species j, Kjj is the self-interaction potential of species j,
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and tKij : 1 ď i ‰ j ď mu are the cross-interaction potentials. When Hj is the negative
self-entropy functional hjpρjq “ ρj log ρj for the j-th species, PDE (5) corresponds to the
Fokker–Planck equation associated with the mean-field multi-species stochastic interacting
particle system (Daus et al., 2022),

dXjptq “ ´∇Vj
`

Xjptq
˘

dt`
m
ÿ

i“1

`

∇Kij ˚ ρip¨, tq
˘`

Xjptq
˘

dt`
?

2 dBjptq, @ j P rms. (6)

In particular, ρjp¨, tq corresponds to the density function associated with the distribution
of Xjptq with initialization Xjp0q „ ρjp¨, 0q for all j P rms. Another common class of
Hj has hjpρjq “ ρ

mj
j with mj ą 1, corresponding to diffusion in porous media (Aronson,

2006; Vázquez, 2007). For such an entropy functional Hj , there is no analogous stochastic
differential equation (SDE) corresponding to equation (5). For symmetric multi-species
models where Kij “ Kji, finding the equilibrium of equation (5) is equivalent to solving the
optimization problem (1) with V pxq “

řm
i“1 Vipxiq´

ř

1ďiăjďmKijpxi´xjq andWjpxj , x
1
jq “

´Kjjpxj ´ x1jq{2 (cf. Proposition 25). The symmetric interaction kernel assumption is
natural in physics applications due to Newton’s third law of motion.

The demand of computing the stationary distribution (or equilibrium) of a multi-species
system naturally arises in physical science, such as chemical engineering (Carrayrou et al.,
2002; Paz-Garcia et al., 2013). However, most existing literature considers computational
methods for calculating the equilibrium of interacting particle systems with only one species.
For example, Gutleb et al. (2022) consider the case where m “ 1, V “ h “ 0, and the interac-
tion potential W has attractive-repulsive power-law form, by approximating the equilibrium
measure with a series of orthogonal polynomials. Under their approximating schemes, the
original problem of finding the equilibrium turns into an optimization problem of solving the
coefficient of each polynomial. In the multi-species setting, Owolabi and Atangana (2019)
studied the equilibrium of multi-species fractional reaction-diffusion systems by simply ap-
proximating the spatial derivatives with second-order Taylor expansion without analyzing
the approximation error of their methods.

1.1 Our Contributions

In this paper, we propose the Wasserstein Proximal Coordinate Gradient (WPCG) algo-
rithm as a tool to minimize a composite geodesically convex functional of form (1) over
multiple distributions, which extends the coordinate descent algorithm from the Euclidean
space to the space of probability distributions. We provide detailed convergence analysis
for WPCG with three updating schemes: parallel, sequential, and random. Specifically, we
show that: (i) under the condition that the potential function V is smooth and convex, and
thju

m
j“1 and tWju

m
j“1 are convex, WPCG converges to a global optimal solution of (1) at

rate Op1{kq, where k denotes the iteration count; (ii) under the additional quadratic growth
(QG) condition in (17), WPCG converges to the unique global optimum exponentially fast
in the Wasserstein-2 metric. Note that QG condition is a weaker requirement than the
strong convexity on V and/or thju

m
j“1 and tWju

m
j“1; see Figure 1 for the implications of

various assumptions for proving convergence in optimization and Section 3 for further de-
tails. In addition, implementation of WPCG with the parallel updating scheme inherently
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supports parallelization, which enhances its computational scalability to high-dimensional
problems.

Previous studies, including (Ambrosio et al., 2005; Salim et al., 2020; Wibisono, 2018),
predominantly concentrate on using Wasserstein gradient flow for the minimization of a
functional over a single distribution. To the best of our knowledge, the current work is
among the first study to:

1. investigate the application of Wasserstein gradient flow for minimizing a functional
over multiple distributions;

2. extend the design and analysis of coordinate descent type algorithms for optimization
in Euclidean spaces to those for optimization in Wasserstein spaces.

Convexity // Polynomial rate

Strong Convexity

19

%-

LSI (PL)

univariateKL
��

Quadratic Growth Exponential rate

`
univariate

KL type
+3

))

Figure 1: Implication diagram of commonly used assumptions for proving convergence re-
sults in optimization. Double arrows show the connections between assumptions
on the Wasserstein space: strong convexity implies convexity and the quadratic
growth condition; convexity and the quadratic growth condition together imply
LSI for KL-type functionals. Single arrows show the convergence rates implied
by different assumptions, among which the blue ones are studied in this work for
minimizing multivariate objective functionals.

We emphasize two key differences from optimization on the Euclidean space.
First, most common internal energy functionals tHju

m
j“1 in (2) (e.g., negative self-

entropy) are non-smooth in the usual sense—the difference incurred by the linearization
of Hj around any ρ cannot be upper bounded by a multiple of the Wasserstein distance to
ρ. For coordinate descent optimization on the Euclidean space, such a smoothness property
serves as two critical purposes: (i) it ensures that the discretization error of gradient de-
scent is compensated by the contraction of the corresponding continuous-time gradient flow;
(ii) it prevents overshooting of the coordinate descent update by controlling the misalign-
ment between the coordinate-wise steepest descent direction and the entire steepest descent
direction, so that coordinate descent algorithm keeps making progress in minimizing the
objective functional. In the Wasserstein space, (explicit) gradient/coordinate ascent algo-
rithms with non-smooth Hj require the linearization of Hj in the algorithm and a uniform
control of smoothness of the Wasserstein gradient of Hj . Our analysis reveals that consid-
ering an implicit scheme (or a proximal type update) in designing coordinate descent type
algorithms in Wasserstein spaces can avoid imposing a smoothness assumption on tHju

m
j“1

when analyzing their convergence. In particular, the linear convergence of WPCG only
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requires the potential gradient ∇V to be Lipschitz (cf. Assumption B in Section 3). Thus,
convergence rates of WPCG are derived under more realistic conditions on the objective
function F and hold for general functionals tHju

m
j“1 than the negative self-entropy. This

allows us to compute the stationary measure of non-local multi-species degenerate cross dif-
fusion beyond heat diffusion (cf. more details for our numeric example on porous medium
equation in Section 5.2).

A second challenge in demonstrating the convergence of WPCG lies in the difficulty of
proving a Polyak– Lojasiewicz (PL) type inequality, which requires some positive power of
certain norm of the “Wasserstein gradient” of target functional F at any ρ1:m :“ pρ1, . . . , ρmq
to be lower bounded by a multiple of Fpρ1:mq ´ Fpρ˚1:mq, where ρ˚1:m denotes a global
minimizer of F . It is known (Karimi et al., 2016) that proving a PL inequality is crucial
and common for analyzing gradient-based optimization algorithms in the Euclidean case. A
PL inequality is typically implied by strong convexity or a log-Sobolev inequality (LSI). It
is also known that a quadratic growth (QG) condition with convexity is strictly weaker than
the strong convexity (see discussions after Assumption D). While the QG condition together
with convexity implies LSI for the KL-type functional over a single distribution, there is
no corresponding result for a general functional over multiple distributions ρ1:m. The main
technical difficulty comes from the lack of tensorization for a “multivariate” Wasserstein
gradient.

1.2 Related Work

Optimization over one distribution. The seminal paper by Jordan, Kinderlehrer, and
Otto (Jordan et al., 1998) introduces an iterative scheme (now commonly known as the
JKO scheme) serving as the time-discretization of a continuous dynamic in the space of
probability distributions following the direction of the steepest descent of a target functional
with respect to the Wasserstein-2 metric. In later developments, the JKO scheme has been
recognized as a promising numerical method for optimizing a functional over a probability
distribution and can be viewed as a special proximal gradient update (Rockafellar, 1997)
relative to the Wasserstein-2 metric in the space of probability distributions (see Section 2.2
for more details). Therefore, in the remainder of the paper, we will primarily use the term
Wasserstein proximal gradient scheme instead of the JKO scheme, as this terminology more
clearly suggests its close link with general convex optimization.

Recently, several other discretization methods are proposed for minimizing a functional
over a single distribution (i.e., m “ 1 in our setting). Different from the Wasserstein proxi-
mal gradient scheme that can be viewed as an implicit (backward) scheme for discretizing
the Wasserstein gradient flow (WGF), some explicit (forward) schemes, analogous to the
usual gradient descent on the Euclidean space, are considered and analyzed for solving spe-
cific problems. For example, Chewi et al. (2020) analyze a gradient descent algorithm for
computing the barycenter on the Bures–Wasserstein manifold of centered Gaussian prob-
ability measures. One key ingredient in their convergence analysis is to prove a quadratic
growth condition for the barycenter functional that leads to a PL inequality and implies the
exponential convergence of the algorithm. For the KL divergence functional KLp ¨ } ρ˚q with
ρ˚9 e´V for some strongly convex and smooth potential function V , Wibisono (2018) shows
that a symmetrized Langevin algorithm, which is an implementable discretization of the
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Langevin dynamics, reduces the bias in the classical unadjusted Langevin algorithm (Dur-
mus and Moulines, 2017) and attains exponential convergence up to a step size dependent
discretization error. Salim et al. (2020) consider a more general setting where the objective
functional consists of the same potential functional and a general non-smooth term that
is convex along generalized geodesics on the Wasserstein space; they propose a forward-
backward algorithm, which runs a forward step (gradient descent) for the potential func-
tional and a backward step (proximal gradient) for the non-smooth term, and prove its
exponential convergence under the same conditions on potential V .

Optimization over special cases of multiple distributions. Several recent works focus
on solving an important special case of problem (1) in the context of MFVI as we described
in Example 1, where a multi-dimensional Bayesian posterior distribution is approximated
by the product of several lower-dimensional distributions relative to the KL divergence.
Yao and Yang (2022) consider a block MFVI for Bayesian latent variable models with two
blocks, one for the discrete latent variables and one for the continuous model parameters,
which corresponds to problem (1) with m “ 2. They propose and analyze a majorization-
minimization algorithm for solving MFVI, which can be viewed as a distributional extension
of the classical expectation–maximization (EM) algorithm. Due to the special property that
minimizing the latent variable block in the problem admits a closed-form expression, their
algorithm is effectively a time-discretized WGF for optimizing a single distribution, with
an effective potential function V changing over the iterations. When the population-level
log-likelihood function is locally strictly concave, they show that their algorithm converges
exponentially fast to the solution of MFVI. Ghosh et al. (2022) study a WGF-based algo-
rithm for solving MFVI without latent variables. Their study shows that the discretized
flow (Wasserstein proximal gradient scheme) converges to a mathematically well-defined
continuous flow when the step size is small, assuming certain conditions on the potential
function V . However, their analysis is asymptotic and they do not directly examine the
convergence of the time-discretized algorithm, leaving it unclear if the discrete dynamic
system is stable so that the discretization error does not accumulate over time and whether
an explicit convergence rate can be obtained.

The rest of this paper is organized as follows. In Section 2, we present an overview of
essential concepts in optimal transport that are necessary for developing our methods and
theory. Section 3 introduces the WPCG algorithm with three different update schemes:
parallel, sequential, and random update schemes. We also propose two different numerical
methods to solve the Wasserstein proximal gradient scheme, a key step for implementing
the WPCG algorithms. Theoretical analyses of the WPCG algorithms are provided in
Section 4 in the presence and absence of a λ-quadratic growth condition. In Section 5, we
demonstrate the applications of our algorithm and theory to mean-field variational inference
and multi-species systems, along with numerical experiments. In Section 6, we conclude
the paper and discuss some open problems for potential future research.

1.3 Notations

For any X Ă Rd, let PpX q be the collection of all probability measures on X , P2pX q “
tµ : EX„µr}X}2s ă 8u be the set of probability measures with finite second-order moments,
and Pr

2pX q Ă P2pX q be the subset that includes all absolutely continuous probability
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measures with respect to the Lebesgue measure on X . For a measurable map T : X Ñ X ,
let T# : PpX q Ñ PpX q be its corresponding pushforward operator, i.e., ν “ T#µ if and
only if νpAq “ µpT´1pAqq for any measurable set A Ă X . Throughout the paper, we assume
X to be convex and compact unless otherwise stated.

Let π0px, yq “ x and π1px, yq “ y be two projection maps (projecting into the first and
second components). Let Πpµ, νq “ tγ : pπ0q#γ “ µ, pπ1q#γ “ νu be the set of couplings1,
or all transport plans, between µ and ν. Let Πopµ, νq be the set of all optimal transport
plans, whose precise definition can be found in Section 2 below. For a random variable X,
we use LpXq to denote its distribution.

Let C1pX q be the set of functions on X that have continuous derivatives. Let L1pX q
and L8pX q represent the class of integrable functions and uniformly bounded functions on
X , respectively. For a vector x “ px1, . . . , xmq, we assume its sub-vector without the j-th
entry is denoted by the shorthand x´j “ px1, . . . , xj´1, xj`1, . . . , xmq. Let } ¨ } denote the
vector `2 norm. For a matrix A, let |||A|||op “ sup}x}“1 }Ax} denote its matrix `2 Ñ `2
operator norm.

2. Preliminaries on Optimal Transport

In this section, we briefly review some concepts and results in optimal transport that are
necessary for explaining and developing our methods and analysis.

2.1 Wasserstein Space and Geodesics

For any µ, ν P P2pX q, the Wasserstein-2 distance between µ and ν is defined as

W2
2pµ, νq “ inf

γPΠpµ,νq

"
ż

XˆX
}x´ y}2 dπpx, yq

*

, (7)

It is known that pP2pX q,W2q is a metric space called Wasserstein space. Moreover, if X
is complete and separable, pP2pX q,W2q is complete as well (Bolley, 2008). The infimum
in (7) always admits a solution γ called an optimal transport plan (Santambrogio, 2015).
When µ P Pr

2pX q, the optimal transport plan is unique and takes form γ “ pId, T νµ q#µ,
implying ν “ pT νµ q#µ, where Id is the identity map and T νµ is called the optimal transport
map from µ to ν (Santambrogio, 2015). Moreover, Brenier’s Theorem (Brenier, 1987) states
that this unique optimal transport map T νµ “ ∇ψ is the gradient of a convex function ψ.

Note that pP2pX q,W2q is not a flat metric space, but is positively curved in the Alexan-
drov sense (Ambrosio et al., 2005). Geodesics on a curved space are the shortest paths
connecting two points. pP2pX q,W2q is indeed a geodesic space. For any µ0, µ1 P Pr

2pX q
and γ P Πopµ0, µ1q, the constant-speed geodesic connecting µ0 and µ1 is µt “ pπtq#γ, where
πt “ p1´ tqπ

0 ` tπ1.

1. A coupling between two distributions µ and ν is a joint distribution whose two marginals are µ and ν.
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2.2 Convex Functionals on Wasserstein Space

Convexity is an important concept in optimization. On the Euclidean space, a function
f : X Ñ R is λ-strongly convex if

fpxtq ď p1´ tqfpx0q ` tfpx1q ´
tp1´ tqλ

2
}x1 ´ x0}

2,

and we say f is L-smooth if

fpxtq ě p1´ tqfpx0q ` tfpx1q ´
tp1´ tqL

2
}x1 ´ x0}

2,

for all t P r0, 1s where xt “ p1 ´ tqx0 ` tx1. In convex optimization, L-smoothness and λ-
strong convexity are common sufficient conditions to guarantee the exponential convergence
rate of an (explicit) gradient descent algorithm, xk`1

grad “ xkgrad ´ τ∇fpxkgradq, k “ 0, 1, . . .,
towards the unique global minimum of f . In comparison, the following proximal gradient
algorithm

xk`1
prox “ argmin

xPX

!

fpxq `
1

2τ
}x´ xkprox}

2
)

, k “ 0, 1, . . . , (8)

only requires the λ-strong convexity to guarantee its exponential convergence rate (Beck,
2017). Note that a proximal gradient algorithm is also called an implicit gradient descent
algorithm, since the first-order optimality condition (FOC) for (8) reads xk`1

prox “ xkprox ´

τ∇fpxk`1
proxq. The theoretical advantage of the proximal scheme comes at the price of the

additional computational cost of numerically solving this FOC equation.
Similar to these notions in the Euclidean case, a functional F : P2pX q Ñ p´8,`8s to

be λ-strongly convex along geodesics, if for all µ0, µ1 P P2pX q, we have

Fpµtq ď p1´ tqFpµ0q ` tFpµ1q ´
λ

2
tp1´ tqW2

2pµ0, µ1q, (9)

where tµt : 0 ď t ď 1u is the constant speed geodesic curve connecting µ0 and µ1. When
λ “ 0, we simply say that F is geodesically convex. It can be shown that both functionals
Wjpρjq and Hjpρjq in our problem formulation (4) are geodesically convex when their
defining functions Wj and hi are convex (Ambrosio et al., 2005, Chapter 9.3). However,
different from the Euclidean case where all convex functions are continuous, geodesically
convex functionals may not be continuous with respect to the W2 distance.

Example 3 (Geodesically convex functional may not be continuous). Consider the negative
self-entropy functional ρ ÞÑ

ş

X ρ log ρ which is geodesically convex. Let ρ8 be the uniform

distribution on r0, 1s and ρn be the uniform distribution on An where An “
Ťn´1
i“0 r

2i
2n ,

2i`1
2n s.

Then W2pρn, ρ8q Ñ 0 as nÑ8, while
ş

ρn log ρn “ log 2 for all n and
ş

ρ8 log ρ8 “ 0.

As we mentioned in the introduction, the Wasserstein proximal gradient scheme, an
iterative algorithm defined as below, is commonly used for minimizing a functional F :
P2pX q Ñ p´8,`8s defined on the Wasserstein space,

ρk`1 “ argmin
ρPP2pX q

"

Fpρq ` 1

2τ
W2

2pρ, ρ
kq

*

, k “ 0, 1, . . . , (10)
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with the initial distribution ρ0 and the step size τ ą 0. This is analogous to the proxi-
mal gradient algorithm (8), i.e., the backward time-discretization of a gradient flow on the
Euclidean space. The convergence of Wasserstein proximal gradient scheme for the KL
divergence functional FKLpρq “

ş

V dρ `
ş

ρ log ρ is well studied in literature. As on the

Euclidean space, piecewise interpolation ρt “ ρt t
τ

u converges to a continuous dynamics on
Wasserstein space, i.e., the solution of Fokker–Planck equation Btρt “ ∇ ¨ pρt∇pV ` log ρtqq
(Santambrogio, 2015). Since the Fokker–Planck equation is also the density evolution equa-
tion of Langevin dynamics (Jordan et al., 1998)

dXt “ ´∇V pXtq dt`
?

2 dWt, (11)

one can also use the Euler–Maruyama method to numerically approximate the Wasserstein
proximal gradient scheme for the KL using particle approximation. It is shown in the litera-
ture that when V is strongly convex, the solution tρt : t ě 0u of the Fokker–Planck equation
converges to the unique global minimizer ρ˚9 e´V of FKL (Villani, 2021). Corollary 2.8
in (Yao and Yang, 2022) further shows that the time-discretization of the continuous time
dynamic via Wasserstein proximal gradient scheme tρk : k P Z`u is unbiased, and also
converges to ρ˚9e´V exponentially fast when V is strongly convex.

In this paper, we are primarily interested in functional F : P2pX1q ˆ ¨ ¨ ¨ ˆP2pXmq Ñ
p´8,8s that is defined over m distributions. Analogously, we say that F is (blockwise)
λ-strongly convex if

Fpµt1, . . . , µtmq ď p1´ tqFpµ0
1, . . . , µ

0
mq ` tFpµ1

1, . . . , µ
1
mq ´

λ

2
tp1´ tq

m
ÿ

j“1

W2
2pµ

0
j , µ

1
j q

for all µ0
j , µ

1
j P P2pXjq and the corresponding constant speed geodesics tµtj : 0 ď t ď 1u,

@j P rms. In the next section, we will extend the aforementioned Wasserstein proximal
gradient scheme from minimizing a simple functional of one distribution into minimizing a
functional of multiple distributions by describing several coordinate ascent versions of JKO
and analyze their convergence.

2.3 First Variation and Wasserstein Gradient

Let F : P2pX q Ñ p´8,`8s be a lower semi-continuous functional. For a measure µ P
Pr

2pX q, we call µ to be regular for F if Fpp1´ εqµ` ενq ă 8 for every ε P r0, 1s and every
absolutely continuous probability measure ν P PpX q

Ş

L8pX q. If µ is regular for F , the
first variation (or Gateaux derivative) of F at µ is a map δF

δρ pµq : X Ñ R satisfying

d

dε
Fpµ` εχq

ˇ

ˇ

ˇ

ˇ

ε“0

“

ż

X

δF
δρ
pµq dχ

for any perturbation χ “ µ̃ ´ µ such that µ̃ P Pr
2pX q and

ş

dχ “ 0. Clearly, δF
δρ pµq is

uniquely defined up to additive constant. This is analogous to the gradient of F in the
L2pX q sense. If F is a geodesically convex functional defined on the Wasserstein space, and
Fpµq ă 8 at some µ, then the vector field ξ “ ∇ δF

δρ pµq P L
2pµ;X q will satisfy (Ambrosio

et al., 2005)

Fpνq ě Fpµq `
ż

X

@

ξ, T νµ ´ Id
D

dµ, @ ν P Pr
2pX q. (12)

10
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We say that ξ “ ∇ δF
δρ pµq is a strong subdifferential (or Fréchet derivative) of F at µ.

Strong subdifferential captures the “gradient” with respect to the W2 metric and is more
convenient to use than the first variation when analyzing the convergence of a gradient flow
on the Wasserstein space. Henceforth, we will also refer to a strong subdifferential of F as
its Wasserstein gradient.

3. Wasserstein Proximal Coordinate Gradient (WPCG) Algorithms

In this section, we introduce the WPCG algorithm with three different yet common update
schemes: parallel update (WPCG-P), sequential update (WPCG-S), and random update
(WPCG-R).

3.1 Parallel Update

In the WPCG-P algorithm, each coordinate is updated synchronously, i.e., we solve the
following Wasserstein proximal gradient scheme (13) for all j P rms at the same time to get
ρkj ,

ρk`1
j “ argmin

ρjPPr
2 pXjq

!

Vpρj , ρk´jq `Hjpρjq `Wjpρjq `
1

2τ
W2

2pρj , ρ
k
j q

)

. (13)

Recall that we have used the shorthand ρk´j “ pρk1, . . . , ρ
k
j´1, ρ

k
j`1, . . . , ρ

k
mq to denote the

collection of all distributions at iteration k except for the j-th one, for each k P N and
j P rms. When Hj “ Wj “ 0, the solution ρk`1

j of the subproblem (13) satisfies pId `

∇V k
j q#ρ

k`1
j “ ρkj , where V k

j “
ş

V pxj , x´jq dρk´j is a function on Xj . Furthermore, when the

initialization ρ0
j is a point mass for all j P rms, the subproblem degenerates to the coordinate

proximal descent method for updating the j-th block. The parallel update scheme can be
parallelly computed and therefore is preferred when the number of coordinates m is large.
However, as we shall see in Section 4, this scheme is more sensitive to the step size compared
with the other two (i.e., sequential and random) update schemes since it may diverge when
the step size τ is large. Pseudo-code of WPCG-P is shown in Algorithm 1.

Algorithm 1 WPCG-P

Initialize distribution ρ0 “ pρ0
1, . . . , ρ

0
mq arbitrarily, number of iterations T , and step size

τ .
for k “ 0 to T ´ 1 do

for j “ 1 to m do
ρk`1
j “ argmin ρjPPr

2 pXjq Vpρj , ρ
k
´jq `Hjpρjq `Wjpρjq `

1
2τ W2

2pρj , ρ
k
j q;

end for
end for

3.2 Sequential Update

In the WPCG-S algorithm, the updates are made sequentially through all coordinates,
one by one, at each iteration. Although WPCG-S cannot be made parallel, the functional
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value is always convergent regardless of the step size τ magnitude since WPCG-S is always
a descent algorithm. To ease the presentation of the result, we use the notation ρki:j “

pρki , . . . , ρ
k
j q to denote the distributions at iteration k from index i to j, with the convention

that ρki:j “ H if i ą j. Pseudo-code of WPCG-S is shown in Algorithm 2.

Algorithm 2 WPCG-S

Initialize distribution ρ0 “ pρ0
1, . . . , ρ

0
mq arbitrarily, number of iterations T , and step size

τ .
for k “ 0 to T ´ 1 do

for j “ 1 to m do
ρk`1
j “ argmin ρjPPr

2 pXjq Vpρ
k`1
1:pj´1q, ρj , ρ

k
pj`1q:mq `Hjpρjq `Wjpρjq `

1
2τ W2

2pρj , ρ
k
j q;

end for
end for

3.3 Random Update

In the WPCG-R algorithm, we sample the index jl of the coordinate to be updated randomly
and uniformly from rms, independently of the previous selections of indices. To make the
convergence rate comparable to the other two schemes, we consider one iteration of WPCG-
R as the process of updating M randomly selected coordinates, where the batch size M
is of the order Opm logmq. This ensures that with high probability, each coordinate has
been updated at least once per iteration. Similar to WPCG-S, WPCG-R is also a descent
algorithm regardless of the choice of the step size τ . Pseudo-code of WPCG-R is shown in
Algorithm 3.

Algorithm 3 WPCG-R

Initialize distribution ρ0 “ pρ0
1, . . . , ρ

0
mq arbitrarily, number of iterations T , step size τ ,

and the number M of coordinates (or batch size) updated in each iteration.
for k “ 0 to T ´ 1 do
ρk,0 “ ρk;
for l “ 0 to M ´ 1 do

Choose index jl „ unifprmsq;

ρk,l`1
jl

“ argmin ρjlPP
r
2 pXjl q

Vpρjl , ρ
k,l
´jl
q `Hjlpρjlq `Wjlpρjlq `

1
2τ W2

2pρjl , ρ
k,l
jl
q;

ρk,l`1
´jl

“ ρk,l´jl ;
end for
ρk`1 “ ρk,M ;

end for

3.4 Implementation

Note that a common key step in the WPCG algorithm is to solve the Wasserstein proximal
gradient scheme (10) with Fpρq “ Vpρq ` Hpρq `Wpρq, which does not have an explicit
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solution. Here we introduce two numerical methods: function approximation (FA) approach
and particle approximation via SDE.

3.4.1 Particle Approximation via SDE

The first method is particle approximation via SDE, which is only applicable when Hpρq is
the negative self-entropy functional. Recall that the Wasserstein proximal gradient scheme
is an implicit scheme for discretizing the WGF. When Vpρq “

ş

V dρ, Hpρq “
ş

ρ log ρ, and
Wpρq “

şş

W px, x1q dρpxqdρpx1q, the WGF of F starting from ρ0 is the evolution of the
distribution of the following SDE,

dXt “ ´∇V pXtq dt´
´

ż

∇1W pXt, xq `∇2W px,Xtq dρtpxq
¯

dt`
?

2 dWt, Xt „ ρt,

(14)

where ∇1 and ∇2 are the gradients with respect to the first and the second variates of W .
This connection between SDE and WGF motivates us to discretize the WGF by discretizing
its corresponding SDE. When the step size (for discretization) is small, these two different
discretization schemes are expected to be close. Then, we can approximate the Wasserstein
proximal gradient scheme by the evolution of the discretized SDE through the empirical
measure of particles which satisfy the following updating formula

Xk`1
b ´Xk

b “ ´

´

∇V pXk
b q `

1

B

B
ÿ

b1“1

“

∇1W pX
k
b , X

k
b1q `∇2W pX

k
b1 , X

k
b q
‰

¯

τ `
?

2τηkb ,

where τ is the step size, B is the number of particles, and ηkb
i.i.d.
„ N p0, 1q for all k P Z`

and b P rBs. The last recursive equation is the discretized representation of the dynamics
(14) for approximating the Wasserstein proximal gradient scheme (10), and ρk`1 can be
approximated by the empirical distribution of tXk`1

b : b P rBsu.

3.4.2 Function Approximation Method

The SDE approach is no longer applicable for a more general internal energy functional H
beyond the negative self-entropy. Instead, we leverage the function approximation methods
converting Wasserstein proximal gradient scheme (10) into an optimization problem over
the function space. Note that finding ρk`1 that minimizes (10) is equivalent to finding a
transport map T such that T#ρ

k minimizes (10). Precisely, we have the following statement.

Proposition 4. If ρk P Pr
2 and

T k`1 “ argmin
T

VpT#ρ
kq `HpT#ρ

kq `WpT#ρ
kq `

1

2τ

ż

}T pxq ´ x}2 dρk, (15)

then ρk`1 “ T k`1
# ρk minimizes (10).

We highlight the optimization problem (15) is unconstrained. By Brenier’s Theorem,
the optimal transport map from ρk to ρk`1 is the gradient of a convex function. Mokrov
et al. (2021) consider the constrained optimization problem by restricting T “ ∇ψ to the
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gradient of a convex function ψ and finding the optimal convex function ψk`1 by using input-
convex neural networks (ICNN) (Amos et al., 2017). On the contrary, Proposition 4 shows
that an unconstrained optimization problem is enough; directly minimizing the objective
functional (15) yields the optimal transport map T k`1 from ρk to ρk`1. The intuition is
that, when T k`1 is not the optimal transport map, changing T k`1 to the optimal transport
map rT k`1 from ρk to ρk`1 does not change the first three functional values in (15) but
decreases the last term, which contradicts to the optimality of T k`1.

In practice, the optimization problem in Proposition 4 over the function space can be
solved by function approximation methods such as kernel methods and neural networks.
Moreover, since we do not have access to the time-evolving density ρk, we still need to
approximate the objective functional in Proposition 4. Suppose tXk

b : b P rBsu are samples
drawn from ρk. We provide two concrete examples, which will be used later in Section 5,
to show how to approximate the objective functional in Proposition 4. The details will be
postponed to Appendix C.7.

Example 5 (Approximating negative self-entropy). For Hpρkq “
ş

ρk log ρk, we can consider
the optimization problem

T k`1 “ argmin
T

1

B

B
ÿ

b“1

V pT pXk
b qq ´

1

B

B
ÿ

b“1

log |det∇T pXk
b q|

`
1

B2

B
ÿ

b,b1“1

W
`

T pXk
b q, T pX

k
b1q
˘

`
1

2Bτ

B
ÿ

b“1

}T pXk
b q ´X

k
b }

2.

Example 6 (Approximating porous medium type diffusion). For Hpρkq “
ş

pρkqn, we can
consider the following optimization problem

T k`1 “ argmin
T

1

B

B
ÿ

b“1

V pT pXk
b qq `

1

B

B
ÿ

b“1

“

pρkkdepX
k
b q ¨ |det∇T pXk

b q|´1
‰n´1

`
1

B2

B
ÿ

b,b1“1

W
`

T pXk
b q, T pX

k
b1q
˘

`
1

2Bτ

B
ÿ

b“1

}T pXk
b q ´X

k
b }

2,

(16)

where pρkkde is the kernel density estimation of ρk by tXk
b : b P rBsu.

Remark 7 (Comparison between FA and SDE approaches). Compared with the SDE ap-
proach, the FA approach can be applied when the diffusion term Hj is beyond the negative
self-entropy. According to our numerical results in Section 5, the performance of the FA
approach will not be affected when the system contains super-quadratic drift terms. How-
ever, smaller step size has to be chosen to apply the SDE approach, since τ needs to be
smaller than OpL´1

c q, where Lc “ maxjPrms,xPX |||∇2
jV pxq|||op) is defined in the discussion

after Assumption B (Section 4), so that the explicit discretization of the SDE converges.
It then takes more iterations for the SDE approach to converge due to this requirement on
a smaller step size. An additional attractive aspect of the FA approach is its unbiasedness
for any step size τ . This is due to the fact that any fixed-point solution (from a distri-
butional perspective) to its iterative formula must correspond to a global minimum of F .
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In comparison, the SDE approach often exhibits bias—its fixed point usually deviates by
Op
?
τq from a global minimum of F . Although choosing a decreasing step size sequence

when discretizing the SDE (14) can alleviate the constant bias, it does so at the expense of
convergence speed. This is evidenced by the slow convergence observed in Figure 7a, which
persists even for the largest permissible step size due to the existence of a super-quadratic
error term.

4. Convergence Analysis of WPCG Algorithms

In this section, we derive the convergence rates of the WPCG (-P, -S, -R) algorithms. First,
we shall make the following assumptions and discuss their implications. These assumptions
are assumed to hold throughout the rest of paper unless otherwise specified.

Assumption A (Internal energy). All h1, h2, . . . , hm P C
1pR`q are convex and satisfy:

1. For some α ą
dj
dj`2 , it holds

hjp0q “ 0, lim inf
xjÓ0`

hjpxjq

xαj
ą ´8;

2. the map xj ÞÑ x
dj
j hjpx

´dj
j q is convex and non-increasing in R`;

3. hjpρjq P L
1pXjq implies ρjh

1
jpρjq P L

1pXjq.

The first condition on hj implies that the negative part hjpρjq is integrable. Details are
referred to Remark 3.9 in (Ambrosio and Savaré, 2007). The second condition implies the
convexity of hj along geodesics (Ambrosio and Savaré, 2007; Santambrogio, 2015). The third
condition guarantees that the first variation of Hj at ρj admits the explicit form as h1jpρjq
(Lemma 9 in Appendix). For example, hjpxjq “ xj log xj (corresponding to negative self-
entropy) and hjpxjq “ x

mj
j with mj ą 1 (corresponding to porous medium type diffusion)

satisfy all these three conditions.

Assumption B (Potential energy). There exists L ą 0 such that
›

›∇jV pxj , x´jq ´∇jV pxj , x
1
´jq

›

› ď L}x´j ´ x
1
´j}, @ j P rms.

This Lipschitz constant is different from the coordinate Lipschitz constant Lc used by
Wright (2015) in }∇jV pyj , x´jq ´ ∇jV pzj , x´jq} ď Lc}yj ´ zj} for all j P rms. A finite
Lc guarantees the smoothness of V on each coordinate, which helps control the change of
the function value of V after each iteration through the gradient ∇V . Wright (2015) also
defined the restricted Lipschitz constant Lr as }∇V pyj , x´jq ´∇V pzj , x´jq} ď Lr}yj ´ zj}
to study the convergence property of asynchronous coordinate GD. We also let Lg be the
global Lipschitz constant defined through }∇V pxq´∇V pyq} ď Lg}x´y}, which is commonly
used in literature of GD. In fact, we have 0 ă L{Lc ď

?
m´ 1, 0 ď L{Lr ď

a

1´ 1{m, and
0 ď L{Lg ď 1. The proof of these connections is provided in Appendix E.

From the above connections, we can see that our Lipschitz assumption is the weakest,
which only requires a control on the off-diagonal term of ∇2V (when V is twice differen-
tiable). This difference is due to our choice of the proximal-type optimization algorithm,
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where only the magnitude of interaction (off-diagonal) components in V matters in the sense
that changing the target function from V pxq `

řm
j“1 fjpxjq into V for any univariate func-

tions tfju
m
j“1 does not affect the convergence of a proximal coordinate descent algorithm.

Technically, this irrelevance of marginal (diagonal) components is due to the reason that
convergence of a proximal gradient algorithm for minimizing a univariate function does not
require the smoothness (gradient) condition. However, the interaction component, which
incurs the overshooting when alternating the coordinate-wise steepest descent direction,
cannot be eliminated by using the proximal scheme.

Assumption C (Self-interaction energy). There are functions fj and gj such that
both

rV pxq :“ V pxq ´
m
ÿ

j“1

“

fjpxjq ` gjpxjq
‰

and ĂWjpxj , x
1
jq :“ fjpxjq `Wjpxj , x

1
jq ` gjpx

1
jq

are convex for all j P rms.

When Wj is symmetric, we can simply take fj “ gj for all j P rms. Without loss of
generality, in the remaining of this paper, we will only consider the case where fj “ gj “ 0
for all j P rms. For the general case, note that the functional value Fpρ1:mq in (1) remains

the same while replacing V and Wj with rV and ĂWj , respectively. Thus our proof with
fj “ gj “ 0 can be easily extended to the general case. This freedom of allocating the
marginal components between the potential energy and the self-interaction energy in our
analysis is again due to the fact that the convergence of the proximal coordinate algorithm
is only affected by the interaction components within V (cf. discussions after Assumption
B).

Assumption D (Overall growth). The target functional F satisfies the following λ-
quadratic growth (λ-QG) condition: for λ ě 0,

Fpρ1:mq ´ Fpρ˚1:mq ě
λ

2

m
ÿ

j“1

W2
2pρj , ρ

˚
j q, @ ρj P Pr

2pXjq. (17)

When λ ą 0, the λ-QG condition guarantees the uniqueness of the solution to the
optimization problem (1). When λ “ 0, the minimizer of (1) may not be unique, but the
functional value convergences to Fpρ˚1:mq for any global minimizer ρ˚1:m of (1) (cf. Theorem
18). On the Euclidean space, it is known that λ-strong convexity is stronger than λ-QG
condition plus convexity, which together implies a PL inequality (Karimi et al., 2016). A
similar result holds in the Wasserstein setting. In fact, the following proposition shows that
Assumption D holds when V is λ-strongly convex, which is a sufficient condition for F being
strongly convex. Its proof is provided in Appendix C.

Proposition 8. Assumption D holds when V is λ-strongly convex.

On the other hand, we also want to mention that the λ-QG in Assumption D is strictly
weaker than λ-strong convexity. A simple illustrative example is Wj ” 0, hjpρjq “ ρj log ρj ,
and V pxq “ V1px1q ` ¨ ¨ ¨ ` Vmpxmq with Vjpxjq “

λ
2 |xj | for xj P r´1, 1s and Vjpxjq “

λ
2 x

2
j
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elsewhere. In this case, Fpρ1:mq “ F1pρ1q ` ¨ ¨ ¨ ` Fmpρmq with

Fjpρjq “
ż

Xj
Vj dρj `

ż

ρj log ρj , Xj Ă R.

It is straightforward to verify that Fj satisfies the λ-QG condition due to the growth rate
of Vj (see p.280 in (Villani, 2021) for more details) and is convex along geodesics, but is not
strongly convex along geodesics since V is not strongly convex in r´1, 1sm (e.g. consider
two absolutely continuous measures supported on r´1, 1sm).

The PL inequality has an analogy on the Wasserstein space which is called log-Sobolev
inequality (LSI) (Villani, 2021). However, it is not easy to directly prove an LSI, mainly
due to the following two reasons. Firstly, LSI is often exclusively used to study the KL
divergence type objective functionals associated to the relative entropy functional, while
we are considering more general objective functionals. Secondly, when we consider a multi-
variate functional on the Wasserstein space, the multivariate Wasserstein gradient does not
tensorize, i.e., the sum of the norm of its blockwise Wasserstein gradient does not equal to
the norm of the Wasserstein gradient of the functional treated as a univariate functional
(see ahead (18) in Remark 17 below).

4.1 Convergence Rates of WPCG under λ-QG Assumption

Now, we are ready to present our main theoretical results on the convergence rates of the
WPCG algorithms. For notation simplicity, we denote ρ˚ :“ ρ˚1:m as a solution of the
optimization problem (1) and ρk :“ ρk1:m as the solution of the WPCG algorithms (-P, -S,
-R) at the k-th iteration when the context has no ambiguity.

Theorem 9 (Exponential convergence rate of WPCG-P under λ-QG). Assume As-
sumptions A, B, C, and D hold for some λ ą 0. Let ρk be the solution of WPCG-P in (13)

at the k-th iteration. If the step size satisfies 0 ă τ ă m´1{2

Lpm´1q3{2
, then

W2
2pρ

k, ρ˚q ď
2

λ

“

1` C1pm,L, τqλ
‰´k“Fpρ0q ´ Fpρ˚q

‰

, @ k P Z`,

where

C1pm,L, τq “
1
2τ ` pm´ 1q

`

1
τ ´ L

?
m´ 1

˘

2mr2L2pm´ 1q ` 2
τ2
s

ą 0.

Remark 10 (Comments on the step size and iteration complexity of WPCG-P).

(i) By taking τ´1 “ KL
?
m´ 1 for K ą 1, we have C1pm,L, τq ě

pK´1q
?
m´1

4LpK2`1qm
. Therefore,

the best iteration complexity based on our theory for achieving ε-accuracy is

log 2rFpρ0q´Fpρ˚qs
λε

logp1` λC1pm,L, τqq
ď

log 2rFpρ0q´Fpρ˚qs
λε

logp1` λpK´1q
?
m´1

4LpK2`1qm
q
ď

4LpK2 ` 1qm

λpK ´ 1q
?
m´ 1

¨
log 2rFpρ0q´Fpρ˚qs

λε

1´ λpK´1q
?
m´1

8LpK2`1qm

,

i.e., WPCG-P requires at most Op
?
mL
λ logp 1

λεqq iterations to achieve ε-accuracy when the
step size τ is on the scale Op 1

L
?
m
q. [In the sequel, we will drop the logarithmic factor in the
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iteration complexity when exponential convergence is achieved.] (ii) Both the upper bound
of the step size τ and the smoothness condition of V are necessary for the convergence of the
parallel update scheme. The following Example 11 shows that the upper bound Op 1

L
?
m
q

of the step size τ cannot be relaxed, i.e., there exists V , Hj , and Wj such that WPCG-P
diverges when τ exceeds the scale Op 1

L
?
m
q. Moreover, when we choose τ on this scale,

the iteration complexity is exactly Op
?
mL
λ q which coincides with the result in the previous

discussion.

Example 11 (Optimality of step size and convergence rate of WPCG-P). Consider
the case where V pxq “ 1´α

2 }x}2 ` α
2 px1 ` ¨ ¨ ¨ ` xmq

2 and Wj “ hj “ 0 so that ρ˚j “ δ0, the

point mass measure at 0 for each j P rms. In this case, when we initialize ρ0
j to a point mass

measure for all j P rms, the optimization problem (1) on the Wasserstein space degenerates
into an optimization problem on Rm with objective function V . The (gradient) Lipschitz
constant of V in Assumption B is L “ α

?
m´ 1. In each iteration, the update scheme in

WPCG-P algorithm is equivalent to solve

xk`1
j “ argmin

xjPR

"

V pxj , x
k
´jq `

pxj ´ x
k
j q

2

2τ

*

“ argmin
xjPR

"

1´ α

2
x2
j `

α

2
pxj ` s

k
´jq

2 `
pxj ´ x

k
j q

2

2τ

*

,

where we use the shorthand sk “ xk1 ` ¨ ¨ ¨ ` x
k
m to denote the sum of all coordinates at the

k-th iterate, and sk´j “ sk ´ xkj . A direct calculation for this example reveals that

sk “
´τ´1 ´ pm´ 1qα

1` τ´1

¯k
s0.

Therefore, sk only converges as k Ñ8 when |τ´1´pm´1qα| ď |1`τ´1|, which is equivalent
to

τ ď
2

pm´ 1qα´ 1
“ O

´ 1

L
?
m

¯

.

This calculation shows that our upper bound requirement on step size τ is necessary and
tight. To study the tightness of the convergence rate implied by the theorem, we note that
a direct calculation leads to

¨

˚

˝

xk`1
1
...

xk`1
m

˛

‹

‚

“
1

1` τ

¨

˚

˚

˚

˝

1 ´ατ ¨ ¨ ¨ ´ατ
´ατ 1 ¨ ¨ ¨ ´ατ

...
...

. . .
...

´ατ ´ατ ¨ ¨ ¨ 1

˛

‹

‹

‹

‚

¨

˚

˝

xk1
...
xkm

˛

‹

‚

“: Apx
k.

It is easy to verify that the m eigenvalues of the symmetric matrix Ap are

λ1 “ ¨ ¨ ¨ “ λm´1 “
1` ατ

1` τ
, λm “

1` ατ ´ ατm

1` τ
.
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Under the optimal step size (modulo constants) τ “ 1{pL
?
m´ 1q “ 1{pαpm´ 1qq, we have

λ1 “ ¨ ¨ ¨ “ λm´1 “
m

m´ 1` 1
α

, λm “ 0.

Therefore, we can always find some initialization x0 P Rm (e.g., any eigenvector associated
with λ1) such that

}xk} “ λk1}x
0} “

´

1´
1´ α

mα` 1´ α

¯k
}x0}.

Under this initialization, the algorithm takes Opmα{p1 ´ αqq “ OpL
?
m{λq iterations to

converge. This example shows that our convergence rate bound is unimprovable when τ is
Op 1

L
?
m
q.

Next, we establish the exponential convergence rate of WPCG-S.

Theorem 12 (Exponential convergence rate of WPCG-S under λ-QG). Assume
Assumptions A, B, C, and D hold for some λ ą 0. Let ρk be the solution of WPCG-S at
the k-th iteration. Then for any step size τ ą 0 we have

W2
2pρ

k, ρ˚q ď
2

λ

“

1` λC2pm,L, τq
‰´k

´

Fpρ0q ´ Fpρ˚q
¯

,

where

C2pm,L, τq “
´

8τL2pm´ 1q ` 8τ´1
¯´1

ą 0.

Remark 13 (Comparison with existing results in the Euclidean case). Similar to
the parallel update scheme, by taking τ´1 “ L

?
m´ 1 the iteration complexity also grows

at a rate of OpL
?
m
λ q. When degenerated to optimization on the Euclidean space (by taking

Hj ” 0 and Wj ” 0), our result is comparable to the rate Op
?
mLg

λ q in Theorem 6.3
of (Wright and Recht, 2022) for sequential coordinate gradient descent method with strongly
convex and smooth functions. When we take τ “ L´1, the iteration complexity turns out
to be OpLmλ q. This iteration complexity is no larger than Op

maxj Lj
minjtLj`µju

¨
mLg

λ q derived by

Li et al. (2017) when applying coordinate proximal gradient descent with the sequential
update scheme, where λj and Lj are the parameters of strong convexity and smoothness
of the j-th block, and the step size for updating the j-th block is L´1

j . Their result has an

additional factor
maxj Lj

minjtLj`µju
because they approximated the smooth part of the objective

function by its first-order Taylor expansion before applying the proximal descent step. As
we mentioned, we believe that the difference between the Lipschitz constant in our result
and the ones chosen in (Li et al., 2017; Wright and Recht, 2022) for optimization problems
on the Euclidean space is due to our choice of a proximal-type optimization method. In
fact, for the sequential update scheme, the Lipschitz constant can be further relaxed to the
lower triangular Lipschitz constant (Hua and Yamashita, 2015).

Remark 14 (Effect of step size in WPCG-S). The iteration complexity OpL
?
m
λ q when

τ´1 “ L
?
m´ 1 in WPCG-S is smaller than the iteration complexity Op

mLg

λ q derived
by Sun and Ye (2021) for alternating minimization algorithm (corresponding to τ “ 8)
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with the sequential update scheme on the Euclidean space, which shows that using an
overly large τ can still drag down the convergence speed. It is an interesting open problem

that if the iteration complexity OpL
?
m
λ q can be improved. Even when it degenerates to an

optimization problem on Rm (Hj “Wj “ 0 and ρ0 is a point mass measure), the optimality
of this rate remains as an open problem. Sun and Ye (2021) showed that there exists an
optimization problem (related to the Example 11 by choosing α carefully) on Rm such
that alternating minimization algorithm with the sequential update scheme has iteration
complexity Op

mLg

λ q.

For WPCG-R, we can establish the following rate of convergence.

Theorem 15 (Exponential convergence rate of WPCG-R under λ-QG). Let M “
P

2m logpmLq
T

. Assume Assumptions A, B, C, and D hold for some λ ą 0. Let ρk be the
solution of WPCG-R at the k-th iteration with batch size M . Then for any step size τ ą 0,
we have

EFpρkq ´ Fpρ˚q ď mintC3pm,L, τq, 1
(k“Fpρ0q ´ Fpρ˚q

‰

where

C3pm,L, τq “

ˆ

1`
λτ

8r1` 2eτ2L2m logpmLqs

˙´1

`
2

mL2
.

The constant C3 is a strictly positive constant less than one if

4

mL2
ă

λ

8rτ´1 ` 2eτL2m logpmLqs
ă 1.

Remark 16 (Comments on the batch size in WPCG-R). In the proof of Theorem 15,
we may control the norm of the blockwise Wasserstein gradient by the distance between
two consecutive iterates only when all coordinates have been updated at least once in
each iteration. For this reason, we need to choose a larger batch size, M “ r2m logpmLqs,
compared to the other two update schemes (parallel and sequential), where precisely M “ m
coordinates are updated in each iteration.

Remark 17 (Comparison with existing results in the Euclidean case). In opti-
mization problems on the Euclidean space, the random update scheme usually has smaller
iteration complexity compared with the other two schemes in worst case scenario, such as in
coordinate GD (Wright, 2015) and alternating minimization algorithm (Sun and Ye, 2021).
However, on the Wasserstein space, we are only able to derive the same iteration complexity
up to a log factor as in the other two update schemes, given λ ą 0 and a fixed step size

τ ą 0. In particular, when τ´1 “ L
a

2em logpmLq, our result implies an Op
L
?
m logpmLq

λ q

iteration complexity of WPCG-R, where in each iteration we need to solve r2m logpmLqs
sub-problems. Recall that there are only m sub-problems in each iteration in WPCG-P
and WPCG-S. Therefore, the iteration complexity in WPCG-R is rlogpmLqs3{2 times larger
than WPCG-P and WPCG-S. This logarithmic factor appears since we need to solve more
sub-problems in each iteration compared with the other two update schemes, so that every
coordinate has been updated with high probability in each iteration. When τ “ L´1, we
derive the iteration complexity OpmL logpmLq

λ q, which is slower than OpLc
λ q in the coordinate

20



Wasserstein Proximal Coordinate Gradient Algorithms

GD with random update scheme derived by Wright and Recht (2022) if mL logpmLq ą Lc.
We conjecture that such a sub-optimal rate when specialized to the Euclidean case (Sun
and Ye, 2021; Wright and Recht, 2022) is due to the extra complexity of dealing with the
Wasserstein space, where there is no tensorization structure of the Wasserstein gradient.
More precisely, the following key identity

Ejk
›

›∇jkfpx
kq
›

›

2
“

1

m

m
ÿ

j“1

›

›∇jfpx
kq
›

›

2
“

1

m

›

›∇fpxkq
›

›

2
, where jk „ unif prmsq

holds in the Euclidean case, indicating on average that randomly selecting a coordinate to
update for m times is similar to updating all coordinates at once as in the parallel scheme.
So, a majority of the analysis for the parallel update scheme can be reused for analyzing
the random update scheme that is expected to have smaller iteration complexity than the
other two update schemes for Euclidean optimizations. Nevertheless, the similar identity
does not hold for the Wasserstein gradient of potential energy V. Specifically, if we denote
∇W2Vpρq “ ∇V and ∇W2,jVpρq “

ş

∇jV pxj , x´jq dρ´j as the Wasserstein gradient and the
j-th marginal Wasserstein gradient of V (with respect to ρj) at ρ, then ∇W2Vpρq does not
tensorize, that is,

m
ÿ

j“1

}∇W2,jVpρq}2L2pρq “

m
ÿ

j“1

ż

Xj

›

›

›

›

ż

X´j
∇jV pxj , x´jq dρ´j

›

›

›

›

2

dρj

‰

m
ÿ

j“1

ż

XjˆX´j

›

›∇jV pxj , x´jq
›

›

2
dρjdρ´j “ }∇W2Vpρq}2L2pρq.

(18)

Thus in our proof, different from the Euclidean case, we cannot directly calculate the norm
of the blockwise Wasserstein gradient of the updated coordinate and take expectation with
respect to the index of the updated coordinate due to the same non-tensorization issue
described in (18). We instead prove a high probability bound of the norm of blockwise
Wasserstein gradient to control the functional value of F after each iteration. When this
bound does not hold, we directly use the non-increasing property of the functional value
to bound F . By tuning the number M of updates in each iteration, we can derive the
convergence rate of WPCG-R in Theorem 15. It is still an open question whether the
iteration complexity in the theorem can be improved by applying other strategies.

4.2 Convergence Rates of WPCG without λ-QG Assumption

When the λ-QG condition is not met for a strictly positive λ, we obtain the following
convergence result for all three update schemes. This result parallels that for the first-order
optimization algorithm in Euclidean spaces under convexity but not strict convexity.

Theorem 18 (Polynomial convergence rate of WPCG without λ-QG). Let DX ă 8

be the diameter of X . Assume the step size 0 ă τ ă m´1{2

Lpm´1q3{2
if the coordinate is updated

with the parallel scheme, and Assumptions A, B, and C hold. Then, for each update scheme,
there exists a constant C ą 0 depending on τ,m,L, and the update scheme, such that

EFpρkq ´ Fpρ˚q ď
CD2

X ` Fpρ0q ´ Fpρ˚q
k

.
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In the parallel and the sequential update schemes, EFpρkq “ Fpρkq since there is no ran-
domness.

Remark 19 (Comparison with existing results in the Euclidean case). When the QG
condition is not met for some λ ą 0, the functional value in a typical first-order optimization
algorithm decreases with a rate no faster than Opk´1q in the worst case. This has been
demonstrated through various studies on the Euclidean space especially for the sequential
update scheme. Theorem 3 in (Wright, 2015) shows that the function value decreases with a
rate Opk´1q when applying the coordinate GD with the sequential update scheme. Theorem
11.18 in (Beck, 2017) proves the same Opk´1q convergence rate for the coordinate proximal
GD with the sequential update scheme. Here, we derive the same convergence rate for
WPCG with all three update schemes.

The assumption of compactness of the parameter space is frequently utilized when ap-
plying the Wasserstein proximal gradient scheme to optimization problems, as seen in works
by Santambrogio (2015); Yao and Yang (2022). This assumption plays a crucial role in our
proof, allowing us to derive a uniform bound for W2

2pρ
k, ρ˚q and the first-order optimality

condition of Wasserstein proximal gradient scheme (Lemma 9). The compactness is specif-
ically used to determine the first variation of W2

2pµ, νq with respect to µ. More details on
this can be found in Proposition 7.17 and Theorem 1.52 in (Santambrogio, 2015). It would
be interesting to explore potential methods for relaxing this technical condition.

4.3 Convergence Rates of Inexact WPCG

In this subsection, we investigate the inexact WPCG algorithm, where non-zero numerical
errors are allowed in each iteration. Our focus will be on the parallel update scheme
(WPCG-P), though analogous convergence results can be derived similarly for the other
two update schemes.

To precisely characterize the inexact WPCG-P algorithm, let rρk`1
j denote the inexact

solution of the subproblem (13) for updating the j-th coordinate in the pk` 1q-th iteration.
We define a vector-valued function

ηk`1
j “T

rρkj

rρk`1
j

´ Id´τ

„

∇V k
j `∇h1jprρk`1

j q `∇
ż

X
Wjp¨, yq drρk`1

j pyq `∇
ż

X
Wjpy, ¨q drρk`1

j pyq



as the first variation of the objective functional in the subproblem (13) evaluated at rρk`1
j .

If rρk`1
j is the exact solution of the subproblem (13), the first-order optimality condition

(Lemma 9) implies ηk`1
j “ 0. Therefore, we can employ }ηk`1

j }L2pXj ;rρk`1
j q

to characterize

the numerical error incurred while solving the subproblem. Let tεkj : j P rms, k P Z`u be a
sequence of error tolerance levels such that

ż

Xj
}ηk`1
j }2 drρk`1

j ď pεk`1
j q2

for every j P rms and k P N. This rigorous formulation allows us to quantify the impact of
numerical errors stemming from the inexact subproblem solutions on the overall convergence
behavior of the WPCG-P algorithm.
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Theorem 20 (Convergence rate of inexact WPCG-P under λ-QG). Assume Assump-
tions A, B, C, and D hold for some λ ą 0, and the step size satisfies 0 ă τ ă 1

2L
?
m´1

.

Let rρk be the inexact solution of WPCG-P at the k-th iteration with error tolerance levels
εk “ pεk1, . . . , ε

k
mq.

(1) If }εk} ď εκk for some κ P p0, 1q and ε ą 0, then there are positive constants C5 “

C5pλ, τ,m,Lq ă 1 and C6 “ C6pλ, τ,m,L, κq such that

W2
2prρ

k, ρ˚q ď
2

λ

“

Fprρkq ´ Fpρ˚q
‰

ď Ck5
“

Fpρ0q ´ Fpρ˚q
‰

` C6ε
2 maxtC5, κ

2uk`1.

(2) If }εk} ď εk´α for some ε, α ě 0, then there exists a constant C7 “ C7pλ, τ,m,L, αq ą 0
such that

W2
2prρ

k, ρ˚q ď
2

λ

“

Fprρkq ´ Fpρ˚q
‰

ď Ck5
“

Fpρ0q ´ Fpρ˚q
‰

`
C7ε

2

k2α
.

Remark 21 (Impact of numerical error). This result elucidates the impact of numerical
errors, highlighting how the rate of numerical error reduction influences the overall con-
vergence behavior. Specifically, the convergence rate of WPCG-P will be hindered if the
numerical error decreases at a polynomial rate across iterations. Conversely, the algorithm
maintains exponential convergence if the numerical error decays exponentially. Further-
more, if κ2 ď C5, the same dependence of the iteration count on the condition number L

λ
and the number of blocks m can be derived by carefully tracking the constant C5.

The following result demonstrates that the convergence rate remains polynomial in the
presence of a numerical error that decreases polynomially, when the λ-QG condition is not
met for a strictly positive λ. Moreover, the iteration count depends on the rate at which
the numerical error diminishes, and as anticipated, will be no less than the iteration count
of the exact WPCG-P algorithm.

Theorem 22 (Polynomial convergence rate of inexact WPCG-P without λ-QG).
Let DX ă 8 be the diameter of X . Assume the step size satisfies 0 ă τ ă 1

2L
?
m´1

and

Assumptions A, B, and C hold. If }εk} ď εk´α for some ε, α ě 0, there exists a constant
C8 “ C8pα, τ,m,L,DX , εq ą 0 such that

Fprρkq ´ Fpρ˚q ď C8

kmint1,αu

holds for all k P Z`.

5. Numerical Experiments

In this section, we demonstrate the application of our WPCG algorithms to approximate the
posterior distribution via the mean-field variational inference in Example 1 and to compute
the stationary distribution of the multi-species systems with cross-interaction in Example 2.
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Figure 2: Histograms of particles used to approximate posterior distributions by MCMC
and MFVI through WPCG-P with the FA approach and the SDE approach. Sim-
ilar marginal distributions are derived by both WPCG-P (with the SDE approach
or the FA approach) and MCMC.

5.1 Mean-field Variational Inference

Recall that Θ “
Âm

j“1 Θj is the parameter space, ppx | θq is the likelihood function, π is the
prior density function, and X1, . . . , Xn are n observations. In MFVI, we approximate the
posterior distribution by the solution of the following optimization problem,

pπn “ argmin
ρ“

Âm
j“1 ρj

KLpρ }Πnq, s.t. ρj P PpΘjq @ j P rms,

where Πn is the posterior distribution with the density function given by (3). As a corollary
of Theorem 9, we have the following convergence result about computing pπn via WPCG-P.

Corollary 23. Let ρk be the k-th iterate by applying WPCG-P (Algorithm 1) to MFVI with
V “ Vn “ ´

řn
i“1 log ppXi | θq ´ log πpθq, hjpxq “ x log x, and Wj “ 0. If Vn is λn-strongly

convex and Ln-smooth, and 0 ă τ ă 2m´1
2Lnpm´1q3{2

, we have

W2
2pρ

k, pπnq ď p1` Cnλnq
´k

“

KLpρ0 }Πnq ´KLppπn }Πnq
‰

,

where the constant

Cn “
1
2τ ` pm´ 1q

`

1
τ ´ Ln

?
m´ 1

˘

2mr2L2
npm´ 1q ` 2

τ2
s

ą 0.
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Figure 3: Numerical errors of the SDE approach and the FA approach. The numerical error
W2

2pρ
k, δθ˚q is first dominated by the optimization error W2

2pρ
k, ρ˚q which decays

exponentially fast, and later dominated by the statistical error W2
2pρ

˚, δθ˚q. The
statistical error derived by the SDE approach is a bit larger than the one derived
by the FA approach since we discretize the Langevin dynamics to approximate
the Wasserstein proximal gradient scheme. The optimization error derived by the
FA approach decreases exponentially fast as predicted by our theoretical results.
In contrast, in the SDE approach, the optimization error will be dominated by
the approximation error after several iterations.

Note that in Corollary 23, both λn and Ln depend on the samples X1, . . . , Xn. When the
log-likelihood function log ppx | θq satisfies certain mild conditions (e.g., Assumptions 2 and
3 in Mei et al., 2016), the sample convexity parameter λn and the smoothness parameter
Ln will concentration in the small neighborhoods of the population convexity parameter
λ “ Eθ˚λn and the smoothness parameter L “ Eθ˚Ln respectively with high probability.

Remark 24. When applying WPCG-P to MFVI, our method coincides with representa-
tions in (Ghosh et al., 2022). However, Ghosh et al. (2022) only studied the convergence
of the piecewise constant interpolation tρt “ ρtt{τ u : t ě 0u towards the solution of its
corresponding WGF (Equation (15) in Ghosh et al., 2022) as the step size τ Ñ 0 when
Vn is strongly convex. Yao and Yang (2022) proposed the MF-WGF algorithm for solving

25



Yao, Chen and Yang

MFVI with latent variables numerically. They showed exponential convergence of iterates
towards the mean-field approximation pπn of the true posterior in W2 sense. Their proof
heavily depended on the strong convexity of the negative log-likelihood function, while
our analysis only uses the strong convexity to show QG condition. Lambert et al. (2022)
studied Gaussian variational inference (i.e., m “ 1 and the variational family is restricted
to all Gaussian distributions) and showed that the corresponding gradient flow (so-called
Bures–Wasserstein gradient flow) converges to the Gaussian variational approximation ex-
ponentially fast in W2 sense. Compared with Gaussian variational inference, our method
is more flexible with the number of blocks and the variational family.

To support our theoretical findings, we simulate a Bayesian Logistic Regression model
with prior π “ N p0, 4I4q and data generating process

Xi „ N p0, I4q, yi |Xi, θ „ Bernoullippiq where log
pi

1´ pi
“ XT

i θ,

with the ground truth being θ˚ “ p´1, 1, 0.3,´0.3q. n “ 100 samples generated from the
true model are then used to estimate the posterior by implementing MFVI through the
WPCG-P algorithm. Two different numerical methods, the FA approach and the SDE
approach, are implemented. In both numerical methods, B “ 1000 particles are used
to approximate each marginal distribution. In the FA approach, a neural network with
three fully connected hidden layers is used to approximate the optimal transport map.
Each hidden layer consists of 1000 neurons, and the activation function is ReLu defined as
ReLupxq “ maxtx, 0u.

Figure 2 compares the WPCG-P algorithm with MCMC. The results show that similar
approximations of each marginal distribution of the posterior distribution are derived by
both methods. Figure 3 presents the numerical errors by applying the FA approach and
the SDE approach in WPCG-P. The numerical error W2

2pρ
k, δθ˚q is first dominated by the

optimization error W2
2pρ

k, ρ˚q (corresponding to the decreasing parts of the solid lines) and
then dominated by the statistical error W2

2pρ
˚, δθ˚q (corresponding to the horizontal parts

of the solid lines) after several iterations. In the SDE approach, the optimization error will
finally be dominated by the approximation error, which appears since we use discretized SDE
to approximate the Wasserstein proximal gradient scheme, and stop decreasing as shown
by the orange dashed line. As comparison, the optimization error in the FA approach will
decrease exponentially fast as predicted by our theoretical findings, which is shown by the
red dashed line.

5.2 Equilibrium in Multi-species Systems

Here we apply WPCG to find the stationary distribution of the following non-local multi-
species cross-interaction model with diffusion, whose aggregation equation is given in (5).
Our numerical result below shows that the algorithm converges exponentially fast as pre-
dicted by our theory when the corresponding objective functional is convex and satisfies the
QG condition. We also conduct a numerical study to compare the FA approach and the
SDE approach when Hjpρjq “

ş

ρj log ρj for all j P rms. The numerical study shows that
the FA approach is not affected by the existence of super-quadratic terms in the potential
energy function.
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Figure 4: Scatter plots of all three species for different α and β. We use B “ 1000 particles
to approximate each species. The first row corresponds to α “ 1 and β “ 1; the
second row corresponds to α “ 5 and β “ 1; the third row corresponds to α “ 1
and β “ 10. Species concentrate more around the centers θ1, θ2, and θ3 with
larger α and smaller β.

Let us start from the following result which connects the PDE (5) and the optimization
problem (1).

Proposition 25. Consider the optimization problem (1) with

V px1, . . . , xmq “
m
ÿ

i“1

Vipxiq ´
ÿ

1ďiăjďm

Kijpxi ´ xjq

Wjpxj , x
1
jq “ Kjjpxj ´ x

1
jq

If Assumptions A, B, C, and D hold, and Kij “ Kji are even functions, then the solution
ρ˚ “ pρ˚1 , . . . , ρ

˚
mq of problem (1) is the stationary distribution of the system (5).

Remark 26. (i) In this lemma, we assume Kij “ Kji for all i, j P rms so that the evolution
of tρjp¨, tq : j P rms, t ě 0u follows the WGF of some functional F . When m “ 2, this
condition can be relaxed to K12 “ αK21 for some constant α ą 0 by rescaling the WGF of
ρ1 and ρ2 (Di Francesco and Fagioli, 2013). (ii) The choice of hjpxq “ x log x corresponds
to the standard diffusion without medium of species j, and (5) turns to be the PDE of
multi-species stochastic interacting particle systems (Daus et al., 2022). As a comparison,
hjpxq “ xmj 2 corresponds to a porous medium type diffusion (Otto, 2001). When m “ 1,

2. Here the exponent mj ą 1 depends on physical properties of the diffusing material.
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(a) Optimization error W2
2pρ

k
θ , ρ

˚
θ q. (b) Varρkj

`

δF
δρj
pρkqpXk

j q
˘

for 1 ď j ď 3.

Figure 5: (a) Comparison of optimization error W2
2pρ

k
θ , ρ

˚
θ q for different α and β. All these

lines are straight, indicating that the optimization error decays exponentially fast.
Contraction rate does not change by only changing β (blue line v.s. green line),
while it gets smaller (i.e., faster convergence) when α gets larger (orange line
v.s. blue line). (b) Variance of first variation Varρkj

`

δF
δρj
pρkqpXk

j q
˘

versus number

of iterations. That the variance converges to 0 indicates that the first variation
δF
δρj
pρkq converges to a constant, which implies that pρk1, ρ

k
2, ρ

k
3q converges to the

minimum of F .

(5) is the aggregation equation of interacting particle systems (Cabrales et al., 2020; Carrillo
et al., 2019; Li and Rodrigo, 2010); when m “ 2 and Vj “ hj “ 0, (5) turns into the PDE
of non-local interaction systems with two species (Di Francesco and Fagioli, 2013; Evers
et al., 2017). To our knowledge, Equation (5) has not been studied for general m P N˚ and
functions hj , j P rms. We believe that our theory is also useful to study the existence and
the uniqueness of this kind of PDEs from the perspective of WGF.

In the numerical study, we consider the following test example (Daus et al., 2022; Jin
et al., 2020) with m “ 3 species in R2. We specify the functions

Kijpxq “
QiQj

2
arctan }x}2, hjpρjq “ βρ2

j , and Vjpxjq “
αrj
2
}xj ´ θj}

2, 1 ď i, j ď 3,

with model parameters pQ1, Q2, Q3q “ p1,´1, 0.5q, pr1, r2, r3q “ p6, 7, 3q, and θ1 “ p3, 0q,
θ2 “ p´3,´3q, and θ3 “ p3, 3q. It is easy to check that (see Appendix D.2 for more details)

V px1, x2, x3q “

n
ÿ

j“1

αrj
2
}xj ´ θj}

2 ´
ÿ

1ďiăjď3

QiQj
2

arctan }xi ´ xj}
2
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Figure 6: Scatter plots of all three species when the potential V contains a super quadratic
term }x}4{4. As expected, all species converge to their equilibrium; they get
closer to the origin compared with the case without the super quadratic term.

and

Wjpxj , x
1
jq “ ´

Q2
j

4
arctan }xj ´ x

1
j}

2, j “ 1, 2, 3

satisfy Assumptions A, B, C, and D in Section 3 when α ě 1 and β ě 0. We will apply
WPCG with the FA approach by solving the optimization problem (16), since the corre-
sponding Hj is not the negative self-entropy functional.

Figures 4, 5, 6, and 7 present the numerical results of this example. B “ 1000 particles
are generated to approximate each species, and a neural network with 2 hidden layers is
used to solve (16) in the FA approach. Each hidden layer consists of 800 neurons, and the
activation function is ReLu. In Figures 6 and 7, we add a super-quadratic term }x}4{4 to
the potential function V and change the entropy functional to the negative self-entropy to
compare the SDE approach and the FA approach.

Figure 4 shows the scatter plots of all species with different α and β. When α gets
larger, all species concentrate more around the corresponding centers (θ1, θ2, and θ3) due
to a larger external force. In contrast, larger β makes all species less concentrate since the
entropy term penalizes the concentration of species. Figure 5 shows the optimization error
W2

2pρ
k
θ , ρ

˚
θ q for different α and β and the variance of the first variation when α “ β “ 1. In

Figure 5a, the optimization error decays faster with larger α (compare the blue line with
the orange line) since the convexity gets stronger, while changing β will not change the
convergence speed (compare the blue line with the green line) since the entropy term does
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(a) Optimization error W2
2pρ

k
θ , ρ

˚
θ q. (b) Varρkj

`

δF
δρj
pρkqpXk

j q
˘

for 1 ď j ď 3.

Figure 7: (a) Comparison of optimization error W2
2pρ

k
θ , ρ

˚
θ q derived by the SDE approach

and the FA approach when hjpxq “ x log x. The optimization error derived by
applying the FA approach (the orange line and the red line) decays exponentially
fast despite of the existence of the super-quadratic term. In contrast, the opti-
mization error derived by applying the SDE approach (the green line and the blue
line) is dominated due to the approximation error. Moreover, due to the super-
quadratic term, it takes more iterations for the SDE approach to converge when
the initialization gets farther from the origin. (b) Variance of the first variation
Varρkj

`

δF
δρj
pρkqpXk

j q
˘

versus number of iterations. That the variance converges to

0 indicates that the first variation δF
δρj
pρkq converges to a constant, which implies

that pρk1, ρ
k
2, ρ

k
3q converges to the minimum of F .

not provide any convexity to the whole functional. Figure 5b plots the variance of the first
variation δF

δρj
pρkqpXk

j q where Xk
j „ ρkj . This variance converges to 0 if and only if the first

variation δF
δρj
pρkq converges to a constant [ρj ]-a.e., which indicates that pρk1, ρ

k
2, ρ

k
3q converges

to the minimum of F .

Figure 6 shows the scatter plot of all species when there exists an extra super-quadratic
term }x}4{4 in the potential function V . Due to this super-quadratic term, all species get
closer to the origin when the system is at its equilibrium. Figure 7 shows the optimization
error W2

2pρ
k
θ , ρ

˚
θ q and the variance of the first variation. Figure 7a compares the optimization

error derived by WPCG with the FA approach and the SDE approach. Compare with the
FA approach, the optimization error derived by applying the SDE approach (the blue line
and the green line) is dominated by the approximation error after several iterations. Due to
the existence of the super-quadratic term, a smaller step size has to be chosen to make the
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Figure 8: Optimization error W2
2pρ

k, ρ˚q.

SDE approach converge when the initialization gets farther from the origin, which increases
the number of iterations for the SDE approach to converge. In contrast, the optimization
error derived by the FA approach (the red line and the orange line) is not affected by the
super-quadratic term as predicted by our theoretical result. Fig 7b plots the variance of the
first variation δF

δρj
pρkq. The variance converges to zero as a sign of convergence of ρk to the

minimum of F .

5.3 Real Data Example

We apply the WPCG-P algorithm to analyze the Pima Indian diabetes data set (Smith
et al., 1988). This data set comprises 8 medical predictors (pregnancies, glucose, blood
pressure, skin thickness, insulin, body mass index, diabetes pedigree function,
age) and a binary outcome variable (0 for no diabetes, 1 have diabetes) from 768 individuals.

We construct a Bayesian logistic regression model (with an intercept term) to predict the
outcome based on all 8 medical predictors. A stratified sample of 68 data points is set aside
as the test set, while the remaining 700 points constitute the training set. We employ the
WPCG-P algorithm with the FA approach to compute the mean-field variational approxi-
mation of the posterior distribution over the intercept and predictor coefficients. Figure 8
depicts the optimization error W2

2pρ
k, ρ˚q across iterations, which decays exponentially fast

as predicted by our theoretical findings.

Furthermore, We compare our algorithm with MCMC for sampling from the posterior
distribution. Both WPCG-P and MCMC achieve a misclassification rate 19.1% and a
cross entropy loss 0.496 on the test set. Figure 9 presents the box plot of the mean-field
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Figure 9: Box plot of the mean-field variational approximation of the posterior distribution
of the intercept and all predictors.

variational approximations of the posterior distributions over the intercept and predictor
coefficients. Consistent with domain knowledge, the analysis indicates that larger values
of pregnancies,Glucose, BMI, and diabetes pedigree function are associated with an
increasing possibility of having diabetes.

6. Conclusions and Discussions

In this paper, we introduced the WPCG algorithms for solving multivariate composite
convex minimization problem on the Wasserstein space. We established its exponential
convergence results with different update schemes under the quadratic growth condition.
When this condition is not met, we also showed a slower polynomial convergence result for
the WPCG algorithm. Additionally, we analyze the convergence behavior of the inexact
WPCG algorithm with the parallel update scheme. We believe that similar results hold
for the other two update schemes. We also conducted numerical studies about mean-field
variation inference and multi-species systems to verify the predictions from our theory.
To conclude this paper, we list several open problems as future directions.

1. An interesting topic is to develop the PL-type condition for multivariate objective
functionals and investigate its relationship with the QG condition. This will enable
us to relax the assumptions of convexity and the QG condition, and analyze the
convergence rate of the WPCG algorithm for non-convex objective functionals.

2. It is interesting to see whether it would be beneficial to augment the Euclidean space
Rm to the space of all product measures

Âm
j“1 ρj , which includes Rm as a special

case by restricting each ρj to be a point mass measure, when minimizing a function
V over Rm. This augmentation may help avoid the algorithm quickly getting trapped
into a local minimum in case of non-convexity, similar to SGD which avoids getting
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trapped by injecting random noise; the augmented algorithm can be viewed as the
infinite particle limit of an evolutionary algorithm for minimizing V .

3. It is still unknown if the convergence rates of WPCG are optimal with respect to
the number of blocks m. The dependence on m will be important when m is very
large. Also, The current convergence result of WPCG-R seems worse than the one
in the coordinate GD with the random update scheme on the Euclidean space. It
is interesting to see if this convergence rate is due to the analyzing strategies or the
difference between the Wasserstein space and the Euclidean space.

4. Another potential topic is to consider the coordinate Wasserstein forward-backward
gradient descent algorithm, which updates each coordinate by approximating the po-
tential energy V in first order (forward step) followed by a proximal descent step
(backward step). This algorithm corresponds to the proximal coordinate gradient
descent algorithm in the Euclidean case. The case m “ 1 on the Wasserstein space
has been studied by Salim et al. (2020). We believe our analysis of WPCG can be
extended to the coordinate Wasserstein forward-backward gradient descent algorithm.

5. In many problems in statistics (such as MFVI in Section 5.1), the potential function
takes the form V “

řn
i“1 Vi, where n can be treated as the sample size. When n is

large, there will be huge computational cost to calculate ∇V in the proximal gradient
descent step. One possible way is to approximate ∇V « n

ns

řns
l“1 ∇Vil by subsampling

il from rns :“ t1, . . . , nu independently for l P rnss in each update, where ns is the
batch size. It is interesting to see how this stochastic WPCG algorithm converges and
the impact of the batch size ns.
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Appendices

Appendix A. Proof of Main Results

Since the whole proof is quite involved, we will first provide with the sketch, and detail the
proof in next several subsections. For every update scheme when λ ą 0, we proceed with
the following two steps

Step 1. (Sufficient decrease.) In this step, we will prove

Fpρk´1q ´ Fpρkq ě C W2
2pρ

k´1, ρkq

holds with some constant C ą 0 depending only on τ , λ, L, and the update scheme.

Step 2. (Bound of functional value.) In this step, we will prove

Fpρkq ´ Fpρ˚q ď C 1W2
2pρ

k, ρk´1q

holds with some constant C 1 ą 0 depending only on τ , λ, L, and the update scheme.

With the above two steps, we have

Fpρk´1q ´ Fpρkq ě C W2
2pρ

k´1, ρkq ě
C

C 1
`

Fpρkq ´ Fpρ˚q
˘

This implies

Fpρkq ´ Fpρ˚q ď
´

1`
C

C 1

¯´1
`

Fpρk´1q ´ Fpρ˚q
˘

ď ¨ ¨ ¨ ď

´

1`
C

C 1

¯´k
`

Fpρ0q ´ Fpρ˚q
˘

.

Since F satisfies (λ-QG) condition, we have

λ

2
W2

2pρ
k, ρ˚q ď

´

1`
C

C 1

¯´k
`

Fpρ0q ´ Fpρ˚q
˘

.

This implies the desired result. Next, we will detail the proof for different update schemes.

A.1 Parallel Update Scheme: Proof of Theorem 9

As introduced in the sketch, we will use the following two results to bound the decrease of
functional values and the difference between the functional value and the minimum of F ,
whose proof will be postponed to Appendix B.

Lemma 1 (sufficient decrease). Under Assumptions A, B, and C, when the step size satisfies
0 ă τ ă 2m´1

2Lpm´1q3{2
, we have

Fpρk´1q ´ Fpρkq ě C4pm,L, τqW2
2pρ

k´1, ρkq ą 0,

where the constant

C4pm,L, τq “
1

m

„

1

2τ
` pm´ 1q

´1

τ
´ L

?
m´ 1

¯



.
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Lemma 2 (bound of functional value). Under Assumptions A, B, C, and D, in both the
parallel update scheme and the sequential update scheme, we have

Fpρkq ´ Fpρ˚q ď 2

λ

´

2L2pm´ 1q `
2

τ2

¯

W2
2pρ

k, ρk´1q.

With the above two lemmas,

Fpρk´1q ´ Fpρkq
Lem 1
ě

1

m

„

1

2τ
` pm´ 1q

´1

τ
´ L

?
m´ 1

¯



W2
2pρ

k´1, ρkq

Lem 2
ě

1
m

“

1
2τ ` pm´ 1qp 1

τ ´ L
?
m´ 1q

‰

2
λ

`

2L2pm´ 1q ` 2
τ2

˘

`

Fpρkq ´ Fpρ˚q
˘

“ λC1pm,L, τq
`

Fpρkq ´ Fpρ˚q
˘

,

where

C1pm,L, τq “
1
2τ ` pm´ 1q

`

1
τ ´ L

?
m´ 1

˘

2mr2L2pm´ 1q ` 2
τ2
s

is defined in Theorem 9. Therefore, we have

λ

2
W2

2pρ
k, ρ˚q ď Fpρkq ´ Fpρ˚q ď

“

1` λC1pm,L, τq
‰´t`Fpρ0q ´ Fpρ˚q

˘

,

where the first inequality is due to Assumption D (λ-QG condition). This ends the proof.

A.2 Sequential Update Scheme: Proof of Theorem 12

In the sequential update scheme, we have the following lemma to bound the decrease of
functional values, whose proof will be postponed to Appendix B.

Lemma 3 (sufficient decrease). For two consecutive updates ρk´1 and ρk, we have

Fpρk´1q ´ Fpρkq ě 1

2τ
W2

2pρ
k´1, ρkq.

With the above lemma, we have

Fpρk´1q ´ Fpρkq
Lem 3
ě

1

2τ
W2

2pρ
k´1, ρkq

Lem 2
ě

λ

4τ

´

2L2pm´ 1q `
2

τ2

¯´1
`

Fpρkq ´ Fpρ˚q
˘

“ λC2pm,L, τq
`

Fpρkq ´ Fpρ˚q
˘

.

Therefore, we have

λ

2
W2

2pρ
k, ρ˚q ď Fpρk, ρ˚q ď

“

1` λC2pm,L, τq
‰´k`Fpρ0q ´ Fpρ˚q

˘

,

where the first inequality is due to Assumption D (λ-QG condition). This ends the proof.
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A.3 Random Update Scheme: Proof of Theorem 15

For any fixed k P N, let AT
k pMq be the event such that all coordinates are updated at least

once but at most T times in the k-th iteration. Take

Mδ “

Q

m log
m

δ

U

and Tδ “
Q

e log
m

δ

U

.

The following lemma controls the probability of ATδ
k pMδq

c, whose proof will be postponed
to Appendix B.

Lemma 4. For any δ ą 0 such that 0 ă δ ă 1, define

M “

Q

m log
m

δ

U

and T “
Q

e log
m

δ

U

.

j0, . . . , jM´1 are i.i.d. random variables sampled from Uniformt1, . . . ,mu. Then, there is
probability at least 1´2δ, such that every integer in t1, 2, . . . ,mu appears at least once but
at most T times in tjlu

M´1
l“0 .

From the above lemma, we know PpATδ
t pMδq

cq ď 2δ. Note that

E
“

Fpρkq ´ Fpρ˚q
ˇ

ˇ ρk´1
‰

“ E
“

Fpρkq ´ Fpρ˚q
ˇ

ˇATδ
k pMδq, ρ

k´1
‰

¨ PpATδ
k pMδqq

` E
“

Fpρkq ´ Fpρ˚q
ˇ

ˇATδ
k pMδq

c, ρk´1
‰

¨ PpATδ
k pMδq

cq.

The second term can be bounded by 2δ
`

Fpρk´1q ´ Fpρ˚q
˘

since Fpρkq is non-increasing
with respect to k. Next, we will bound the first term with the following two lemmas, whose
proof will be postponed to Appendix B.

Lemma 5 (sufficient decrease). For any k,M P Z`, we have

Fpρk´1q ´ Fpρkq ě 1

2τ

M´1
ÿ

l“0

W2
2pρ

k´1,l, ρk´1,l`1q.

Lemma 6 (bound of functional value). For any k P Z`, let M P Z` be an integer such that
all coordinates are updated at least once but at most T times through M updates in the
k-th iteration. Under Assumptions A, B, C, and D, we have

Fpρkq ´ Fpρ˚q ď 4

λ

´

L2mT `
1

τ2

¯

M´1
ÿ

l“0

W2
2pρ

k´1,l, ρk´1,l`1q.

Under ATδ
k pMδq, we have

Fpρk´1q ´ Fpρkq
Lem 5
ě

1

2τ

M´1
ÿ

l“0

W2
2pρ

k´1,l, ρk´1,l`1q

Lem 6
ě

λ

8τ

´

L2mTδ `
1

τ2

¯´1
`

Fpρkq ´ Fpρ˚q
˘

.

This implies

E
“

Fpρkq ´ Fpρ˚q
ˇ

ˇATδ
k pMδq, ρ

k´1
‰

ď

´

1`
λτ

8p1` τ2L2mTδq

¯´1´

Fpρk´1q ´ Fpρ˚q
¯

.
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Combining all the pieces above yields

E
“

Fpρkq ´ Fpρ˚q
ˇ

ˇ ρk´1
‰

ď

„

´

1`
λτ

8p1` τ2L2mTδq

¯´1
` 2δ



`

Fpρk´1q ´ Fpρ˚q
˘

Taking the expectation with respect to ρk´1, we have

E
“

Fpρkq ´ Fpρ˚q
‰

ď

„

´

1`
λτ

8p1` τ2L2mTδq

¯´1
` 2δ



E
“

Fpρk´1q ´ Fpρ˚q
‰

.

Now, let us choose a proper δ to derive the convergence rate. Taking δ “ 1{pmL2q, we
have Tδ “ 2e logpmLq and Mδ “

P

2m logpmLq
T

. Therefore, we have

E
“

Fpρkq ´ Fpρ˚q
‰

ď C3pm,L, τqE
“

Fpρk´1q ´ Fpρ˚q
‰

where

C3pm,L, τq “

ˆ

1`
λτ

8r1` 2eτ2L2m logpmLqs

˙´1

`
2

mL2
,

Note that this is a decreasing algorithm, meaning that Fpρkq ď Fpρk´1q. Therefore,

E
“

Fpρkq ´ Fpρ˚q
‰

ď min
 

C3pm,L, τq, 1
(

E
“

Fpρk´1q ´ Fpρ˚q
‰

.

Taking τ´1 “
a

2emL2 logpmLq yields

C3 “

ˆ

1`
λ

2
a

2eL2m logpmLq

˙´1

`
2

mL2
.

A.4 Case λ “ 0: Proof of Theorem 18

Parallel and sequential update schemes. First, let us show there is a constant C depending
on m,L, τ and the update scheme, such that

Fpρkq ´ Fpρ˚q ď C
b

Fpρk´1q ´ FpρkqW2pρ
k, ρ˚q.

In fact, we have

Fpρkq ´ Fpρ˚q
piq
ď C W2pρ

k, ρk´1qW2pρ
k, ρ˚q

piiq
ď C

b

Fpρk´1q ´ Fpρkq ¨W2pρ
k, ρ˚q,

where C is a constant varying from line to line. Here, (i) is by the inequality (24) in both
the parallel and the sequential update schemes; (ii) is by Lemma 1 in the parallel update
scheme and Lemma 3 in the sequential update scheme.

The above inequality implies

Fpρk´1q ´ Fpρ˚q ě
´

Fpρkq ´ Fpρ˚q
¯

`
1

C W2
2pρ

k, ρ˚q
¨

´

Fpρkq ´ Fpρ˚q
¯2

ě

´

Fpρkq ´ Fpρ˚q
¯

`
1

CD2
X
¨

´

Fpρkq ´ Fpρ˚q
¯2
.
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In the last inequality, we use the fact that

W2
2pρ

t, ρ˚q “ inf
X„ρk,Y„ρ˚

E}X ´ Y }2 ď D2
X .

Therefore, we have

1

Fpρkq ´ Fpρ˚q
´

1

Fpρk´1q ´ Fpρ˚q
ě

1

CD2
X ` Fpρkq ´ Fpρ˚q

ě
1

CD2
X ` Fpρ0q ´ Fpρ˚q

,

where the last inequality is due the non-increasing property of F derived by Lemma 1 and
Lemma 3. This implies

Fpρkq ´ Fpρ˚q ď
CD2

X ` Fpρ0q ´ Fpρ˚q
k

.

Random update scheme. In the random update scheme, let AT
k pMq be the event such that

all coordinates are updated at least once but at most T times in the k-th iteration. We
have PpATδ

k pMδq
cq ď 2δ by taking

Mδ “

Q

m log
m

δ

U

and Tδ “
Q

e log
m

δ

U

.

Similar to the proof of Theorem 15, we consider the decomposition

E
“

Fpρkq ´ Fpρ˚q
ˇ

ˇ ρk´1
‰

“ E
“

Fpρkq ´ Fpρ˚q
ˇ

ˇATδ
k pMδq, ρ

k´1
‰

¨ PpATδ
k pMδqq

` E
“

Fpρkq ´ Fpρ˚q
ˇ

ˇATδ
k pMδq

c, ρk´1
‰

¨ PpATδ
k pMδq

cq.

By (25) and Lemma 5, the first term is bounded by
c

2τ
´

2L2mTδ `
2

τ2

¯

¨DX
b

Fpρk´1q ´ Fpρkq.

Since Fpρkq is non-increasing, the second term can be bounded by 2δ
`

Fpρk´1q ´ Fpρ˚q
˘

.
Thus, we have

E
“

Fpρkq ´ Fpρ˚q
‰

ď

c

2τ
´

2L2mTδ `
2

τ2

¯

¨ EDX
b

Fpρk´1q ´ Fpρkq ` 2δE
“

Fpρk´1q ´ Fpρ˚q
‰

ď

c

2τ
´

2L2mTδ `
2

τ2

¯

¨DX
b

E
“

Fpρk´1q ´ Fpρkq
‰

` 2δE
“

Fpρk´1q ´ Fpρ˚q
‰

,

(19)

where the last inequality is due to Cauchy–Schwarz inequality.
Now, let us prove E

“

Fpρkq ´ Fpρ˚q
‰

À 1
k . For simplicity, assume 4δ ď 1 and let

xk “ E
“

Fpρkq ´ Fpρ˚q
‰

, Aδ “ DX

c

2τ
´

2L2mTδ `
2

τ2

¯

, and Ãδ “
Aδ

1´ 4δ
.

We will prove xk ď pÃ
2
δ ` x0q{k for all k ě 1 by induction. k “ 1 is obvious since x1 ď x0.

For k ě 2, note that (19) implies

xk ď Aδ
a

xk´1 ´ xk ` 2δxk´1. (20)
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Case 1: xk´1 ď 2xk. (20) implies xk ď Ãδ
?
xk´1 ´ xk. Thus, we have

1

xk
ě

1

xk ` Ã
2
δ

`
1

xk´1

piq
ě

1

x0 ` Ã2
δ

`
k ´ 1

Ã2
δ ` x0

“
k

x0 ` Ã2
δ

.

Here, (i) is by xk ď x0 and the induction hypothesis.
Case 2: xk´1 ą 2xk. In this case, we have

xk ă
xk´1

2

piq
ď
Ã2
δ ` x0

2pk ´ 1q

piiq
ď
Ã2
δ ` x0

k
.

Here, (i) is due to the induction hypothesis, and (ii) is by k ě 2. By induction, we have
xk ď pÃ

2
δ ` x0q{k. We finish the proof.

A.5 Inexact WPCG-P with λ ą 0: Proof of Theorem 20

The proof is similar to the exact WPCG, but we need to take the cumulative error into
consideration. Some analogous lemmas as in the proof of Theorem 9 are required, the proofs
of which are postponed to Appendix B.

Lemma 7 (sufficient decrease for inexact WPCG-P). Under Assumptions A, B, and C, when
the step size satisfies 0 ă τ ă 1

2L
?
m´1

, we have

Fprρkq ´ Fprρk`1q ě

´ 1

2τ
´ L

?
m´ 1

¯

W2
2prρ

k`1, rρkq ´
}εk`1}2

2τ
.

Lemma 8 (bound of functional value for inexact WPCG-P). Under Assumptions A, B, C,
and D, we have

Fprρkq ´ Fpρ˚q ď 6

λ

”´

L2pm´ 1q `
1

τ2

¯

W2
2prρ

k, rρk´1q `
}εk}2

τ2

ı

.

With the above two lemmas, we have

λ

6

“

Fprρkq ´ Fpρ˚q
‰

´
}εk}2

τ2

piq
ď

´

L2pm´ 1q `
1

τ2

¯

W2
2prρ

k, rρk´1q

piiq
ď
L2pm´ 1q ` 1

τ2

1
2τ ´ L

?
m´ 1

”

Fprρk´1q ´ Fprρkq ` }ε
k}2

2τ

ı

.

Here (i) is by Lemma 8, and (ii) is by Lemma 7. Reorganizing the inequality yields
„

λ

6
`
L2pm´ 1q ` 1

τ2

1
2τ ´ L

?
m´ 1



“

Fprρkq ´ Fpρ˚q
‰

ď
L2pm´ 1q ` 1

τ2

1
2τ ´ L

?
m´ 1

“

Fprρk´1q ´ Fpρ˚q
‰

`

„

L2pm´ 1q ` 1
τ2

1´ 2τL
?
m´ 1

`
1

τ2



}εk}2.

Applying Lemma 14 with

A “
´

1`
λ

6
¨

1
2τ ´ L

?
m´ 1

L2pm´ 1q ` 1
τ2

¯´1
, B “

L2pm´1q` 1
τ2

1´2τL
?
m´1

` 1
τ2

L2pm´1q` 1
τ2

1
2τ
´L
?
m´1

` λ
6

, and ξk “ }ε
k}2

yields the convergence result.
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A.6 Inexact WPCG-P with λ ą 0: Proof of Theorem 22

Recall that we have Equation (26)

Fprρkq ´ Fpρ˚q ď
c

´

3L2pm´ 1q `
3

τ2

¯

W2
2prρ

k, rρk´1q `
3}εk}2

τ2
¨W2prρ

k, ρ˚q

ď
?

3 W2prρ
k, ρ˚q

„

}εk}

τ
`

c

L2pm´ 1q `
1

τ2
W2prρ

k, rρk´1q



ď
?

3DX

„

}εk}

τ
`

d

L2pm´ 1q ` 1
τ2

1
2τ ´ L

?
m´ 1

¨

´

Fprρk´1q ´ Fprρkq ` }ε
k}2

2τ

¯



.

Here, we apply Lemma 7 and the fact that W2prρ
k, ρ˚q ď DX . If Fprρkq´Fpρ˚q ě

?
3DX

}εk}
τ ,

we have

´Fprρkq ´ Fpρ˚q
?

3DX
´
}εk}

τ

¯2
ď
L2pm´ 1q ` 1

τ2

1
2τ ´ L

?
m´ 1

´

Fprρk´1q ´ Fprρkq ` }ε
k}2

2τ

¯

,

otherwise

´Fprρkq ´ Fpρ˚q
?

3DX
´
}εk}

τ

¯2
ď
}εk}2

τ2
.

Therefore, we have

´Fprρkq ´ Fpρ˚q
?

3DX
´
}εk}

τ

¯2
ď
L2pm´ 1q ` 1

τ2

1
2τ ´ L

?
m´ 1

´

Fprρk´1q ´ Fprρkq ` }ε
k}2

2τ

¯

`
}εk}2

τ2
,

i.e.

1
2τ ´ L

?
m´ 1

L2pm´ 1q ` 1
τ2

¨
rFprρkq ´ Fpρ˚qs2

3D2
X

`

”

1´
1
2τ ´ L

?
m´ 1

L2pm´ 1q ` 1
τ2

¨
2}εk}
?

3τDX

ı

¨
“

Fprρkq ´ Fpρ˚q
‰

ď
“

Fprρk´1q ´ Fpρ˚q
‰

`
}εk}2

2τ
.

Applying Lemma 15 with

A “
1
2τ ´ L

?
m´ 1

L2pm´ 1q ` 1
τ2

¨
1

3D2
X
, B “

1
2τ ´ L

?
m´ 1

L2pm´ 1q ` 1
τ2

¨
2

?
3τDX

, C “
1

2τ
, and ξk “ }ε

k}

yields the convergence result.

Appendix B. Proof of Lemmas in the Main Theorems

To prove the two steps mentioned in the sketch at the beginning of Appendix A, the most
important result is the following first-order optimality condition (FOC). The proof, which
will be postponed to Appendix C.2, is similar to Proposition 8.7 in (Santambrogio, 2015)
for hpxq “ x log x and W “ 0.
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Lemma 9 (FOC). Consider the Wasserstein proximal gradient scheme

ρτ “ argmin
µPPr

2 pX q

ż

X
Upxq dµ`

ż

X
hpµq `

żż

XˆX
W px, yq dµpxqdµpyq `

1

2τ
W2

2pρ, µq.

Under Assumption A, ρτ satisfies

T ρρτ ´ Id “ τ

ˆ

∇U `∇h1pρτ q `∇
ż

X
W p¨, yq dρτ pyq `∇

ż

X
W py, ¨q dρτ pyq

˙

For simplicity, in the following proof, define

Hpρq “
m
ÿ

j“1

Hjpρjq and Wpρq “
m
ÿ

j“1

Wjpρjq

for ρ “ pρ1, . . . , ρmq. Also, let

∇W2Wjpρjq “ ∇
ż

Xj
Wjp¨, yq dρjpyq `∇

ż

Xj
Wjpy, ¨q dρjpyq

be the Wasserstein gradient of Wj at ρj with respect to W2 metric. Note that this Wasser-
stein gradient is a function on Xj .

B.1 Proof of Lemma 1

For simplicity, define

V k
j “

ż

X´j
V pxj , x´jq dρk´jpx´jq, and V´j “

ż

Xj
V pxj , x´jq dρkj pxjq.

Step 1. First, let us show

m
ÿ

j“1

Vpρk`1
j b ρk´jq ď mVpρkq `Hpρkq `Wpρkq ´Hpρk`1q ´Wpρk`1q ´

1

2τ
W2

2pρ
k`1, ρkq.

(21)

In fact, by definition of ρk`1
j , we have

Vpρk`1
j b ρk´jq `Hjpρ

k`1
j q `Wjpρ

k`1
j q `

1

2τ
W2

2pρ
k`1
j , ρkj q ď Vpρkq `Hjpρ

k
j q `Wjpρ

k
j q.

Summing from j “ 1 to m yields equation (21).

Step 2. Next, we will show that

m
ÿ

j“1

Vpρk`1
j b ρk´jq ě mVpρk`1q ` pm´ 1q

m
ÿ

j“1

ż

Xj

@

∇V k`1
j , T

ρkj

ρk`1
j

´ Id
D

dρk`1
j . (22)
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To prove this, by convexity of V we have

Vpρk`1
j b ρk´jq

piq
ě Vpρk`1

j b ρk`1
´j q `

ż

X´j

B

∇
δVpρk`1

j b ¨q

δρ´j
pρk`1
´j q, T

ρk´j

ρk`1
´j

´ Id

F

dρk`1
´j

piiq
“ Vpρk`1q `

ÿ

i‰j

ż

X´j

@

∇iV
k`1
´j , T

ρki
ρk`1
i

´ Id
D

dρk`1
´j

“ Vpρk`1q `
ÿ

i‰j

ż

Xi

@

∇V k`1
i , T

ρki
ρk`1
i

´ Id
D

dρk`1
i

Here, (i) is by Equation (12); (ii) is by

∇
δVpρk`1

j b ¨q

δρ´j
pρk`1
´j q “ ∇V k`1

´j “
`

∇1V
k`1
´j , . . . ,∇j´1V

k`1
´j ,∇j`1V

k`1
´j , . . . ,∇mV

k`1
´j

˘

.

Summing the inequality above from j “ 1 to m yields equation (22).

Step 3. Let us show

m
ÿ

j“1

ż

Xj

@

∇V k`1
j , T

ρkj

ρk`1
j

´ Id
D

dρk`1
j

ě
`

τ´1 ´ L
?
m´ 1

˘

W2
2pρ

k`1, ρkq ´
´

Hpρkq ´Hpρk`1q

¯

´

´

Wjpρ
k
j q ´Wjpρ

k`1
j q

¯

.

(23)

By Lemma 9, we have T
ρkj

ρk`1
j

´ Id “ τ∇V k
j ` τ∇h1jpρ

k`1
j q ` τ∇W2Wjpρ

k`1
j q. This implies

m
ÿ

j“1

ż

Xj

@

∇V k`1
j , T

ρkj

ρk`1
j

´ Id
D

dρk`1
j

“

m
ÿ

j“1

ż

Xj

BT
ρkj

ρk`1
j

´ Id

τ
´
`

∇V k
j `∇h1jpρk`1

j q `∇W2Wjpρ
k`1
j q

˘

, T
ρkj

ρk`1
j

´ Id

F

`
@

∇V k`1
j , T

ρkj

ρk`1
j

´ Id
D

dρk`1
j

“

m
ÿ

j“1

„
ż

Xj

A

∇V k`1
j ´∇V k

j , T
ρkj

ρk`1
j

´ Id
E

dρk`1
j ´

ż

Xj

A

∇h1jpρk`1
j q, T

ρkj

ρk`1
j

´ Id
E

dρk`1
j

´

ż

Xj

A

∇W2Wjpρ
k`1
j q, T

ρkj

ρk`1
j

´ Id
E

dρk`1
j `

1

τ
W2

2pρ
k`1
j , ρkj q



piq
ě

m
ÿ

j“1

„
ż

Xj

A

∇V k`1
j ´∇V k

j , T
ρkj

ρk`1
j

´ Id
E

dρk`1
j ´

´

Hjpρ
k
j q ´Hjpρ

k`1
j q

¯

´

´

Wjpρ
k
j q ´Wjpρ

k`1
j q

¯



`
1

τ
W2

2pρ
k`1, ρkq

piiq
ě ´

m
ÿ

j“1

W2pq
k`1
j , qkj q ¨

›

›

›
∇V k`1

j ´∇V k
j

›

›

›

L2pρk`1
j ;Xjq

´

´

Hpρkq ´Hpρk`1q

¯

42



Wasserstein Proximal Coordinate Gradient Algorithms

´

´

Wpρkq ´Wpρk`1q

¯

`
1

τ
W2

2pρ
k`1, ρkq

piiiq
ě ´

m
ÿ

j“1

W2pρ
k`1
j , ρkj q ¨ LW2pρ

k`1
´j , ρ

k
´jq ´

´

Hpρkq ´Hpρk`1q

¯

´

´

Wpρkq ´Wpρk`1q

¯

`
1

τ
W2

2pρ
k`1, ρkq

(iv)
ě ´L

m
ÿ

j“1

„
?
m´ 1

2
W2

2pρ
k`1
j , ρkj q `

1

2
?
m´ 1

W2
2pρ

k`1
´j , ρ

k
´jq



´

´

Hpρkq ´Hpρk`1q

¯

´

´

Wpρkq ´Wpρk`1q

¯

`
1

τ
W2

2pρ
k`1, ρkq

“
`

τ´1 ´ L
?
m´ 1

˘

W2
2pρ

k`1, ρkq ´
´

Hpρkq ´Hpρk`1q

¯

´

´

Wpρkq ´Wpρk`1q

¯

.

Here, (i) is due to the fact that both Hj and Wj are convex along geodesics; (ii) is by
Cauchy–Schwarz inequality; (iii) is by Lemma 12; (iv) is by AM-GM inequality.

Step 4. Finally, let us prove the statement. By Equations (21), (22), and (23), we have

mVpρkq `Hpρkq ´Hpρk`1q `Wpρkq ´Wpρk`1q ´
1

2τ
W2

2pρ
k`1
j , ρkj q ě

m
ÿ

j“1

Vpρk`1
´j b ρ

k
j q

ě mVpρk`1q ` pm´ 1q
m
ÿ

j“1

ż

Xj

@

∇V k`1
j , T

ρkj

ρk`1
j

´ Id
D

dρk`1
j

ě mVpρk`1q ` pm´ 1q
”

`

τ´1 ´ L
?
m´ 1

˘

W2
2pρ

k`1, ρkq ´
´

Hpρkq ´Hpρk`1q

¯

´

´

Wpρkq ´Wpρk`1q

¯ı

.

This implies

Fpρkq ´ Fpρk`1q ě
1

m

„

1

2τ
` pm´ 1q

´1

τ
´ L

?
m´ 1

¯



W2
2pρ

k`1, ρkq.

Substituting k with k ´ 1 yields the result.

B.2 Proof of Lemma 2

To prove the result, we need the following lemma.

Lemma 10. Under Assumptions A and B, for both the parallel update scheme and the
sequential update scheme, we have

m
ÿ

j“1

ż

Xj

›

›∇V k
j `∇h1jpρkj q `∇W2Wjpρ

k
j q
›

›

2
dρkj ď

´

2L2pm´ 1q `
2

τ2

¯

W2
2pρ

k, ρk´1q.

Then, by convexity of F , we have

Fpρkq ´ Fpρ˚q ď ´
ż

X

A

∇δF
δρ
pρkq, T ρ

˚

ρk
´ Id

E

dρk
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“ ´

m
ÿ

j“1

ż

X

A

∇jV `∇h1jpρkj q `∇W2Wjpρ
k
j q, T

ρ˚j
ρkj
´ Id

E

dρk

“ ´

m
ÿ

j“1

ż

Xj

A

∇V k
j `∇h1jpρkj q `∇W2Wjpρ

k
j q, T

ρ˚j
ρkj
´ Id

E

dρkj

piq
ď

m
ÿ

j“1

d

ż

Xj

›

›∇V k
j `∇h1jpρkj q `∇W2Wjpρkj q

›

›

2
dρkj ¨W2pρ

k
j , ρ

˚
j q

piiq
ď

g

f

f

e

m
ÿ

j“1

ż

Xj

›

›∇V k
j `∇h1jpρkj q `∇W2Wjpρkj q

›

›

2
dρkj ¨W2pρ

k, ρ˚q

piiiq
ď

c

2L2pm´ 1q `
2

τ2
W2pρ

k, ρk´1qW2pρ
k, ρ˚q. (24)

Here, both (i) and (ii) are due to Cauchy–Schwarz inequality, and (iii) is by Lemma 10. By
Assumption D (λ-QG condition), we have

λ

2
W2

2pρ
k, ρ˚q ď Fpρtq ´ Fpρ˚q ď

c

2L2pm´ 1q `
2

τ2
W2pρ

k, ρk´1qW2pρ
k, ρ˚q.

This implies

W2pρ
k, ρ˚q ď

2

λ

c

2L2pm´ 1q `
2

τ2
W2pρ

k, ρk´1q.

Substituting the term W2pρ
k, ρ˚q in (24) with the above inequality yields

Fpρkq ´ Fpρ˚q ď 2

λ

´

2L2pm´ 1q `
2

τ2

¯

W2
2pρ

k, ρk´1q.

B.3 Proof of Lemma 3

Proof By the definition of ρkj , we have

Vpρk´1
1 , . . . , ρk´1

j , ρkj`1, . . . , ρ
k
mq `Hjpρ

k´1
j q `Wjpρ

k´1
j q

ě Vpρk´1
1 , . . . , ρk´1

j´1 , ρ
k
j , . . . , ρ

k
mq `Hjpρ

k
j q `Wjpρ

k
j q `

1

2τ
W2

2pρ
k´1
j , ρkj q.

This implies

Fpρk´1q ´ Fpρkq “
m
ÿ

j“1

”

Vpρk´1
1 , . . . , ρk´1

j , ρk`1
j , . . . , ρkmq `Hjpρ

k´1
j q `Wjpρ

k´1
j q

´ Vpρk´1
1 . . . , ρk´1

j´1 , ρ
k
j , . . . , ρ

k
mq ´Hjpρ

k
j q ´Wjpρ

k
j q

ı

ě

m
ÿ

j“1

1

2τ
W2

2pρ
k
j , ρ

k´1
j q

“
1

2τ
W2

2pρ
k, ρk´1q.
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B.4 Proof of Lemma 4

Proof Let Yj “
řM´1
l“0 Itjl “ ju and Aj “ tYj “ 0u Y tYj ą T u be a event. Then

P
`

A1

ď

¨ ¨ ¨
ď

Am
˘

ď

m
ÿ

j“1

PpAjq “ mPpY1 “ 0q `mPpY1 ą T q.

Take M “ Rm logm with some R to be decided later. Note that

PpY1 “ 0q “
´

1´
1

m

¯M
“

„

1
`

1` 1
m´1

˘m


M
m

ď e´
M
m “ e´R logm “ m´R.

Applying Chernoff’s inequality to Bernoulli distribution (Theorem 2.3.1 in(Vershynin,
2018)) yields

P
´

Y1 ą eR logm
¯

ď e´R logm “ m´R.

Therefore, we have

P
`

A1

ď

¨ ¨ ¨
ď

Am
˘

ď

m
ÿ

j“1

PpAjq ď 2m ¨m´R “ 2m1´R.

By taking

R “ 1´
log δ

logm

we have 2m1´R “ 2δ.

B.5 Proof of Lemma 5

Proof By the definition of ρk,l`1
jl

, we have

Vpρk,l`1
jl

, ρk,l´jlq `Hjlpρ
k,l`1
jl

q `Wjlpρ
k,l`1
jl

q `
1

2τ
W2

2pρ
k,l`1
jl

, ρk,ljl q

ď Vpρk,ljl , ρ
k,l
´jl
q `Hjlpρ

k,l
jl
q `Wjlpρ

k,l
jl
q.

Therefore,

Fpρkq ´ Fpρk`1q “ Fpρk,0q ´ Fpρk,M q “
M´1
ÿ

l“0

“

Fpρk,lq ´ Fpρk,l`1q
‰

“

M´1
ÿ

l“0

“

Vpρk,ljl , ρ
k,l
´jl
q`Hjlpρ

k,l
jl
q`Wjlpρ

k,l
jl
q
‰

´
“

Vpρk,l`1
jl

, ρk,l`1
´jl

q`Hjlpρ
k,l`1
jl

q`Wjlpρ
k,l`1
jl

q
‰

piq
“

M´1
ÿ

l“0

“

Vpρk,ljl , ρ
k,l
´jl
q`Hjlpρ

k,l
jl
q`Wjlpρ

k,l
jl
q
‰

´
“

Vpρk,l`1
jl

, ρk,l´jlq`Hjlpρ
k,l`1
jl

q`Wjlpρ
k,l`1
jl

q
‰
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ě

M´1
ÿ

l“0

1

2τ
W2

2pρ
k,l
jl
, ρk,l`1
jl

q
piiq
“

1

2τ

M´1
ÿ

l“0

W2
2pρ

k,l, ρk,l`1q.

Here, both (i) and (ii) are due to ρk,l`1
´jl

“ ρk,l´jl .

B.6 Proof of Lemma 6

Proof Similar to the argument in Lemma 2, we have

Fpρkq ´ Fpρ˚q ď

g

f

f

e

m
ÿ

j“1

ż

Xj

›

›∇V k
j `∇h1jpρkj q `∇W2Wjpρkj q

›

›

2
dρkj ¨W2pρ

k, ρ˚q.

To bound the norm of the blockwise Wasserstein gradient, we need the following lemma.

Lemma 11. For any k P Z`, let M P Z` be an integer such that all coordinates are
updated at least once but at most T times through M updates in the k-th iteration. Under
Assumptions A and B, we have

m
ÿ

j“1

ż

Xj

›

›∇V k
j `∇h1jpρkj q `∇W2Wjpρ

k
j q
›

›

2
dρkj ď

´

2L2mT `
2

τ2

¯

M´1
ÿ

l“0

W2
2pρ

k´1,l, ρk´1,l`1q.

With the above lemma, we have

Fpρkq ´ Fpρ˚q ď

g

f

f

e

´

2L2mT `
2

τ2

¯

M´1
ÿ

l“0

W2
2pρ

k´1,l, ρk´1,l`1q ¨W2pρ
k, ρ˚q. (25)

By Assumption D (λ-QG), we have

λ

2
W2

2pρ
k, ρ˚q ď Fpρkq ´ Fpρ˚q.

Combining the above two pieces yields

λ

2
W2pρ

k, ρ˚q ď

g

f

f

e

´

2L2mT `
2

τ2

¯

M´1
ÿ

l“0

W2
2pρ

k´1,l, ρk´1,l`1q,

which implies

Fpρkq ´ Fpρ˚q ď 4

λ

´

L2mT `
1

τ2

¯

M´1
ÿ

l“0

W2
2pρ

k´1,l, ρk´1,l`1q.
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B.7 Proof of Lemma 7

Step 1. By convexity of F , we have

“

Vprρkj b rρk´jq `Hjprρ
k
j q `Wjprρ

k
j q
‰

´
“

Vprρk`1
j b rρk´jq `Hjprρ

k`1
j q `Wjprρ

k`1
j q

‰

ě

ż

Xj

A

∇V k
j `∇h1jprρk`1

j q `∇W2Wjprρ
k`1
j q, T

rρkj

rρk`1
j

´ Id
E

drρk`1
j

“
1

τ

ż

Xj

A

T
rρkj

rρk`1
j

´ Id´ ηk`1
j , T

rρkj

rρk`1
j

´ Id
E

drρk`1
j

“
1

τ
W2

2prρ
k`1
j , rρkj q ´

1

τ

ż

Xj

A

ηk`1
j , T

rρkj

rρk`1
j

´ Id
E

drρk`1
j

ě
1

τ
W2

2prρ
k`1
j , rρkj q ´

1

τ

ˆ

1

2

ż

Xj
}ηk`1
j }2 drρk`1

j `
1

2
W2

2prρ
k`1
j , rρkj q

˙

ě
1

2τ
W2

2prρ
k`1
j , rρkj q ´

pεk`1
j q2

2τ
.

Summing j from 1 to m yields

m
ÿ

j“1

Vprρk`1
j b rρk´jq ď mVprρkq `Hprρkq `Wprρkq

´Hprρk`1q ´Wprρkq ´ 1

2τ
W2

2prρ
k`1, rρkq `

}εk`1}2

2τ
.

Step 2. By convexity of V, we have

Vprρk`1
j b rρk´jq ě Vprρk`1

j b rρk`1
´j q `

ż

X´j

A

∇
δVprρk`1

j b ¨q

δρ´j
prρk`1
´j q, T

rρk´j

rρk`1
´j

´ Id
E

drρk`1
´j

“ Vprρk`1q `
ÿ

i‰j

ż

Xi

A

∇V k`1
i , T

rρki
rρk`1
i

´ Id
E

drρk`1
i .

Summing j from 1 to m yields

m
ÿ

j“1

Vprρk`1
j b rρk´jq ě mVprρk`1q ` pm´ 1q

m
ÿ

j“1

ż

Xj

A

∇V k`1
j , T

rρkj

rρk`1
j

´ Id
E

drρk`1
j .

Step 3. We have

m
ÿ

j“1

ż

Xj

A

∇V k`1
j , T

rρkj

rρk`1
j

´ Id
E

drρk`1
j

“

m
ÿ

j“1

ż

Xj

A

T
rρkj

rρk`1
j

´ Id´ ηk`1
j

τ
´
`

∇V k
j `∇h1jprρk`1

j q `∇W2Wjprρ
k`1
j q

˘

, T
rρkj

rρk`1
j

´ Id
E

`

A

∇V k`1
j , T

rρkj

rρk`1
j

´ Id
E

drρk`1
j
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“

m
ÿ

j“1

„
ż

Xj

A

∇V k`1
j ´∇V k

j , T
rρkj

rρk`1
j

´ Id
E

drρk`1
j ´

ż

Xj

A

∇h1jprρk`1
j q, T

rρkj

rρk`1
j

´ Id
E

drρk`1
j

´

ż

Xj

A

∇W2Wjprρ
k`1
j q, T

rρkj

rρk`1
j

´ Id
E

drρk`1
j `

1

τ
W2

2prρ
k`1
j , rρkj q

´
1

τ

ż

Xj

A

ηk`1
j , T

rρkj

rρk`1
j

´ Id
E

drρk`1
j



ě

m
ÿ

j“1

„
ż

Xj

A

∇V k`1
j ´∇V k

j , T
rρkj

rρk`1
j

´ Id
E

drρk`1
j ´

ż

Xj

A

∇h1jprρk`1
j q, T

rρkj

rρk`1
j

´ Id
E

drρk`1
j

´

ż

Xj

A

∇W2Wjprρ
k`1
j q, T

rρkj

rρk`1
j

´ Id
E

drρk`1
j `

1

2τ
W2

2prρ
k`1
j , rρkj q ´

pεk`1
j q2

2τ



ě ´

m
ÿ

j“1

W2prρ
k`1
j , rρkj q ¨

›

›

›
∇V k`1

j ´∇V k
j

›

›

›

L2prρk`1
j ;Xjq

´
“

Hprρkq ´Hprρk`1q
‰

´
“

Wprρkq ´Wprρk`1q
‰

`
1

2τ
W2

2prρ
k`1, rρkq ´

}εk`1}2

2τ

ě ´

m
ÿ

j“1

W2prρ
k`1
j , rρkj q ¨ LW2prρ

k`1
´j , rρ

k
´jq ´

“

Hprρkq ´Hprρk`1q
‰

´
“

Wprρkq ´Wprρk`1q
‰

`
1

2τ
W2

2prρ
k`1, rρkq ´

}εk`1}2

2τ

ě ´L
m
ÿ

j“1

„
?
m´ 1

2
W2

2prρ
k`1
j , rρkj q `

1

2
?
m´ 1

W2
2prρ

k`1
´j , rρ

k
´jq



´
“

Hprρkq ´Hprρk`1q
‰

´
“

Wprρkq ´Wprρk`1q
‰

`
1

2τ
W2

2prρ
k`1, rρkq ´

}εk`1}2

2τ

“

´ 1

2τ
´ L

?
m´ 1

¯

W2
2prρ

k`1, rρkq ´
“

Hprρkq ´Hprρk`1q
‰

´
“

Wprρkq ´Wprρk`1q
‰

´
}εk`1}2

2τ
.

Step 4. Combining all pieces above yields

mVprρkq `Hprρkq `Wprρkq ´Hprρk`1q ´Wprρkq ´ 1

2τ
W2

2prρ
k`1, rρkq `

}εk`1}2

2τ

ě

m
ÿ

j“1

Vprρk`1
j b rρk´jq ě mVprρk`1q ` pm´ 1q

m
ÿ

j“1

ż

Xj

A

∇V k`1
j , T

rρkj

rρk`1
j

´ Id
E

drρk`1
j

ě mVprρk`1q ` pm´ 1q

„

´ 1

2τ
´ L

?
m´ 1

¯

W2
2prρ

k`1, rρkq ´
“

Hprρkq ´Hprρk`1q
‰

´
“

Wprρkq ´Wprρk`1q
‰

´
}εk`1}2

2τ



.

This implies

Fprρkq ´ Fprρk`1q ě

´ 1

2τ
´ L

?
m´ 1

¯

W2
2prρ

k`1, rρkq ´
}εk`1}2

2τ
.
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B.8 Proof of Lemma 8

Step 1. We first prove that

m
ÿ

j“1

ż

Xj

›

›∇V k
j `∇h1jprρkj q `∇W2Wjprρ

k
j q
›

›

2
drρkj ď

´

3L2pm´ 1q `
3

τ2

¯

W2
2prρ

k, rρk´1q `
3}εk}2

τ2
.

Just note that
ż

Xj

›

›∇V k
j `∇h1jprρkj q `∇W2Wjprρ

k
j q
›

›

2
drρkj

“

ż

Xj

›

›

›
∇V k

j ´∇V k´1
j `

1

τ

´

T
rρk´1
j

rρkj
´ Id´ ηkj

¯›

›

›

2
drρkj

ď 3

ż

Xj

›

›∇V k
j ´∇V k´1

j

›

›

2
drρkj `

3

τ2
W2

2prρ
k
j , rρ

k´1
j q `

3pεkj q
2

τ2

ď 3L2 W2
2prρ

k´1
´j , rρ

k
´jq `

3

τ2
W2

2prρ
k
j , rρ

k´1
j q `

3pεkj q
2

τ2
.

Summing j from 1 to m yields

m
ÿ

j“1

ż

Xj

›

›∇V k
j `∇h1jprρkj q `∇W2Wjprρ

k
j q
›

›

2
drρkj ď

´

3L2pm´ 1q `
3

τ2

¯

W2
2prρ

k, rρk´1q `
3}εk}2

τ2
.

Step 2. By convexity of F , we have

Fprρkq ´ Fpρ˚q ď ´
ż

X

A

∇δF
δρ
prρkq, T ρ

˚

rρk
´ Id

E

drρk

“ ´

m
ÿ

j“1

ż

X

A

∇jV `∇h1jprρkj q `∇W2Wjprρ
k
j q, T

ρ˚j
rρkj
´ Id

E

drρk

“ ´

m
ÿ

j“1

ż

Xj

A

∇V k
j `∇h1jprρkj q `∇W2Wjprρ

k
j q, T

ρ˚j
rρkj
´ Id

E

drρkj

ď

m
ÿ

j“1

d

ż

Xj

›

›∇V k
j `∇h1jprρkj q `∇W2Wjprρkj q

›

›

2
drρkj ¨W2prρ

k
j , ρ

˚
j q

ď

g

f

f

e

m
ÿ

j“1

ż

Xj

›

›∇V k
j `∇h1jprρkj q `∇W2Wjprρkj q

›

›

2
drρkj ¨W2prρ

k, ρ˚q

ď

c

´

3L2pm´ 1q `
3

τ2

¯

W2
2prρ

k, rρk´1q `
3}εk}2

τ2
¨W2prρ

k, ρ˚q. (26)

By λ-QG condition, we have

λ

2
W2

2prρ
k, ρ˚q ď Fprρkq ´ Fpρ˚q ď

c

´

3L2pm´ 1q `
3

τ2

¯

W2
2prρ

k, rρk´1q `
3}εk}2

τ2
¨W2prρ

k, ρ˚q.
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So, we have

W2prρ
k, ρ˚q ď

2

λ

c

´

3L2pm´ 1q `
3

τ2

¯

W2
2prρ

k, rρk´1q `
3}εk}2

τ2
,

indicating that

Fprρkq ´ Fpρ˚q ď 6

λ

”´

L2pm´ 1q `
1

τ2

¯

W2
2prρ

k, rρk´1q `
}εk}2

τ2

ı

.

B.9 Proof of Lemma 10

The proof for two schemes are slightly different. We will consider these two cases separately.

Parallel update scheme. By Lemma 9, T
ρk´1
j

ρkj
´Id “ τ∇V k´1

j `τ∇h1jpρkj q`τ∇W2Wjpρ
k
j q.

Therefore, we have
ż

Xj

›

›∇V k
j `∇h1jpρkj q `∇W2Wjpρ

k
j q
›

›

2
dρkj “

ż

Xj

›

›

›
∇V k

j ´∇V k´1
j `

1

τ

´

T
ρk´1
j

ρkj
´ Id

¯›

›

›

2
dρkj

piq
ď 2

ż

Xj

›

›∇V k
j ´∇V k´1

j

›

›

2
dρkj `

2 W2
2pρ

k
j , ρ

k´1
j q

τ2

piiq
ď 2L2 W2

2pρ
k´1
´j , ρ

k
´jq `

2 W2
2pρ

k
j , ρ

k´1
j q

τ2
.

Here, (i) is by Cauchy–Schwarz inequality, and (ii) is by Lemma 12. Summing the above
inequality from j “ 1 to m yields the desired result.

Sequential update scheme. For simplicity, let

rV k
j “

ż

X´j
V pxj , x´jq dρk1 ¨ ¨ ¨ dρ

k
j´1 dρk´1

j`1 ¨ ¨ ¨ dρ
k´1
m

be a function on Xj . By Lemma 9, we have T
ρk´1
j

ρkj
´ Id “ τ

“

∇rV k
j `∇h1jpρkj q`∇W2Wjpρ

k
j q
‰

.

Therefore, we have

m
ÿ

j“1

ż

Xj

›

›∇V k
j `∇h1jpρkj q `∇W2Wjpρ

k
j q
›

›

2
dρkj

“

m
ÿ

j“1

ż

Xj

›

›

›
∇V k

j ´∇rV k
j `

1

τ

´

T
ρk´1
j

ρkj
´ Id

¯›

›

›

2
dρkj

piq
ď 2

m
ÿ

j“1

ż

Xj

›

›∇V k
j ´∇rV k

j

›

›

2
dρkj `

2

τ2

m
ÿ

j“1

ż

Xj

›

›

›
T
ρk´1
j

ρkj
´ Id

›

›

›

2
dρkj

piiq
ď 2

m
ÿ

j“1

L2
m
ÿ

l“j`1

W2
2pρ

k
l , ρ

k´1
l q `

2

τ2
W2

2pρ
k, ρk´1q

ď

”

2L2pm´ 1q `
2

τ2

ı

W2
2pρ

k, ρk´1q.

Here, (i) is by Cauchy–Schwarz inequality; (ii) is by Lemma 12.
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B.10 Proof of Lemma 11

Proof For any j P rms and k P N, let Ij,k P rM s be the time of the latest update of the

j-th coordinate in the k-th iteration. By definition, we know ρk´1,M
j “ ρkj “ ρ

k´1,Ij,k
j for all

j P rms. Since

ρ
k´1,Ij,k
j “ argmin

ρjPPr
2 pXjq

V
`

ρj , ρ
k´1,Ij,k´1
´j

˘

`Hjpρjq `Wjpρjq `
1

2τ
W2

2

`

ρj , ρ
k´1,Ij,k´1
j

˘

,

Lemma 9 implies

T
ρ
k´1,Ij,k´1

j

ρ
k´1,Ij,k
j

´ Id “ τ
´

∇V k´1,Ij,k´1
j `∇h1j

`

ρ
k´1,Ij,k
j

˘

`∇W2Wjpρ
k´1,Ij,k
j q

¯

,

where we let

V
k´1,Ij,k´1
j pxjq “

ż

X´j
V pxj , x´jq dρ

k´1,Ij,k´1
´j

Therefore, we have

m
ÿ

j“1

ż

Xj

›

›∇V k
j `∇h1jpρkj q `∇W2Wjpρ

k
j q
›

›

2
dρkj

“

m
ÿ

j“1

ż

Xj

›

›∇V k
j `∇h1jpρ

k´1,Ij,k
j q `∇W2Wjpρ

k´1,Ij,k
j q

›

›

2
dρkj

“

m
ÿ

j“1

ż

Xj

›

›

›
∇V k

j ´∇V k´1,Ij,k´1
j `

1

τ

´

T
ρ
k´1,Ij,k´1

j

ρ
k´1,Ij,k
j

´ Id
¯›

›

›

2
dρkj

ď 2
m
ÿ

j“1

ż

Xj

›

›∇V k
j ´∇V k´1,Ij,k´1

j

›

›

2
dρkj `

2

τ2

m
ÿ

j“1

ż

Xj

›

›

›
T
ρ
k´1,Ij,k´1

j

ρ
k´1,Ij,k
j

´ Id
›

›

›

2
dρkj

piq
ď 2L2

m
ÿ

j“1

W2
2

`

ρk´j , ρ
k´1,Ij,k´1
´j

˘

`
2

τ2

m
ÿ

j“1

W2
2

`

ρ
k´1,Ij,k´1
j , ρ

k´1,Ij,k
j

˘

“ 2L2
m
ÿ

j“1

W2
2

`

ρk´1,M
´j , ρ

k´1,Ij,k´1
´j

˘

`
2

τ2

m
ÿ

j“1

W2
2

`

ρ
k´1,Ij,k´1
j , ρ

k´1,Ij,k
j

˘

. (27)

Here, (i) is by Lemma 12. In the k-th iteration, recall that jl P rms be the coordinate
updated in the l-th update. The goal is to bound (27).

Bound of the second term in (27). It is obvious that

m
ÿ

j“1

W2
2

`

ρ
k´1,Ij,k´1
j , ρ

k´1,Ij,k
j

˘

ď

M´1
ÿ

l“0

W2
2pρ

k´1,l
jl

, ρk´1,l`1
jl

q “

M´1
ÿ

l“0

W2
2pρ

k´1,l, ρk´1,l`1q.

The first inequality is because each coordinate is updated at least once, and the second
equation is because only the jl-th coordinate is updated in the l-th update.
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Bound of the first term in (27). Note that

m
ÿ

j“1

W2
2

`

ρk´1,M
´j , ρ

k´1,Ij,k´1
´j

˘

ď

m
ÿ

j“1

W2
2

`

ρk´1,M , ρk´1,Ij,k´1
˘

“

m
ÿ

i“1

m
ÿ

j“1

W2
2

`

ρk´1,M
i , ρ

k´1,Ij,k´1
i

˘

.

To bound this sum, define the set of iteration

Sk´1
j pa, bq “ ta ď l ď b : ρk´1,l´1

j ‰ ρk´1,l
j u.

We know |Sk´1
j p1,Mq| ď T since each coordinate is updated at most T times. Thus

m
ÿ

i,j“1

W2
2

`

ρk´1,M
i , ρ

k´1,Ij,k´1
i

˘

ď

m
ÿ

i,j“1

´

ÿ

lPSk´1
i pIj,k,Mq

W2pρ
k´1,l´1
i , ρk´1,l

i q

¯2

ď

m
ÿ

i,j“1

|Sk´1
i pIj,k,Mq| ¨

ÿ

lPSk´1
i pIj,k,Mq

W2
2pρ

k´1,l´1
i , ρk´1,l

i q

ď T
m
ÿ

i,j“1

ÿ

lPSk´1
i pIj,k,Mq

W2
2pρ

k´1,l´1
i , ρk´1,l

i q

ď T
m
ÿ

i,j“1

M
ÿ

l“1

W2
2pρ

k´1,l´1
i , ρk´1,l

i q

“ mT
M
ÿ

l“1

W2
2pρ

k´1,l, ρk´1,l´1q.

Combining all pieces above yields the desired result.

Appendix C. Other Technical Lemmas

C.1 Proof of Proposition 8

Fpρ1, . . . , ρmq ´ Fpρ˚1 , . . . , ρ˚mq ě
ż

X

A

∇δF
δρ
pρ˚q, T ρρ˚ ´ Id

E

dρ˚ `
λ

2
W2

2pρ, ρ
˚q

“

ż

X

@

∇V, T ρρ˚ ´ Id
D

dρ˚ `
m
ÿ

j“1

ż

Xj

@

h1jpρ
˚
j q `∇W2Wjpρ

˚
j q, T

ρj
ρ˚j
´ Id

D

dρ˚j `
λ

2

m
ÿ

j“1

W2
2pρj , ρ

˚
j q

“

m
ÿ

j“1

ż

X

@

∇jV, T
ρj
ρ˚j
´ Id

D

dρ˚ `
m
ÿ

j“1

ż

Xj

@

h1jpρ
˚
j q `∇W2Wjpρ

˚
j q, T

ρj
ρ˚j
´ Id

D

dρ˚j `
λ

2

m
ÿ

j“1

W2
2pρj , ρ

˚
j q

“

m
ÿ

j“1

ż

Xj

@

∇V ˚j ` h1jpρ˚j q `∇W2Wjpρ
˚
j q, T

ρj
ρ˚j
´ Id

D

dρ˚j `
λ

2

m
ÿ

j“1

W2
2pρj , ρ

˚
j q,

where we let

V ˚j “

ż

X´j
V pxj , x´jq dρ˚´j
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for simplicity. Since ρ˚ is the stationary point of the optimization problem (1) on the
Wasserstein space, we know ∇V ˚j ` h1jpρ˚j q `∇W2Wjpρ

˚
j q “ 0 (e.g., using Lemma 10). This

implies

Fpρ1, . . . , ρmq ´ Fpρ˚1 , . . . , ρ˚mq ě
λ

2

m
ÿ

j“1

W2
2pρj , ρ

˚
j q.

C.2 Proof of Lemma 9 (first-order optimality condition)

Proof Since ρ P Pr
2pX q, by Brenier’s theorem (Theorem 2.12 in (Villani, 2021)), there is

a unique optimal map ∇φ from ρτ to ρ and the Kantorovich potential φ is convex. Then,
by Lemma 2.1 in (Del Barrio and Loubes, 2019) we know φ is unique up to a constant. By
Proposition 7.17 in (Santambrogio, 2015), we know the first variation of the Wasserstein
term is φ

τ . The first variation of the potential energy term and the self-interaction term are
U and

ş

W p¨, yqdρτ pyq `
ş

W py, ¨qdρτ pyq respectively (see the first bullet point of Remark
7.13 in (Santambrogio, 2015)). Next, we will show the first variation of the internal energy
functional is h1pρτ q.

Let ρ̃ “ c “ |X |´1 be the constant positive density on X , and let ρε “ p1 ´ εqρτ ` ερ̃.
Similar to Lemma 8.6 in (Santambrogio, 2015), we have CUε ě εpρτ ´ cqh

1pρεq where CU is
a positive value depending on U . Let

A “ tx P X : ρτ pxq ą 0u, B “ tx P X : ρτ pxq “ 0u.

Then, we have

CU ě

ż

X
pρτ ´ cqh

1pρεq “

ż

A
pρτ ´ cqh

1
`

p1´ εqρτ ` εc
˘

´ c|B|h1pεcq

ě

ż

A
pρτ ´ cqh

1pcq ´ c|B|h1pεcq.

Here, we get the last inequality since h is convex and h1 in nondecreasing. This implies
ρτ P L

1pX q. Taking τ Ñ 0 and applying Fatou’s lemma, we have pρτ ´ cqh1pρτ q P L
1pX q.

Since hpρτ q P L
1pX q which implies ρτh

1pρτ q P L
1pX q, we know h1pρτ q P L

1pX q. Therefore,
for any ρ̄ P L8pX q, we have
ˇ

ˇ

ˇ

B

Bε
h
`

p1´ εqρτ ` ερ̄
˘

ˇ

ˇ

ˇ
“

ˇ

ˇ

ˇ
h1
`

p1´ εqρτ ` ερ̄
˘

¨ pρ̄´ ρτ q
ˇ

ˇ

ˇ
ď

`

}ρ̄}8 ` ρτ
˘

max
!

|h1pρτ q|, }ρ̄}8

)

P L1pX q.

Now, by Theorem 2.27 in (Folland, 1999) we know

B

Bε

ż

X
h
`

p1´ εqρτ ` ερ̄
˘

ˇ

ˇ

ˇ

ˇ

ε“0

“

ż

X

B

Bε
h
`

p1´ εqρτ ` ερ̄
˘

ˇ

ˇ

ˇ

ˇ

ε“0

“

ż

X
h1pρτ q dpρ̄´ ρτ q.

This indicates that h1pρτ q is a subdifferential.
By Proposition 7.20 in Santambrogio (2015), we know

U ` h1pρτ q `
φ

τ
`

ż

X
W p¨, yq dρτ pyq `

ż

X
W py, ¨q dρτ pyq

is a constant [ρτ ]-a.e.. Taking the gradient yields the result.
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C.3 Proof of Lemma 12

Lemma 12. Let ρ, ρ1 P Pr
2pX q. Under Assumption B, for any j P rms we have

›

›

›

›

∇
ż

X´j
V pxj , x´jq dρ´j ´∇

ż

X´j
V pxj , x´jq dρ1´j

›

›

›

›

2

ď L2 W2
2pρ´j , ρ

1
´jq.

Proof Just notice that
›

›

›

›

∇
ż

X´j
V pxj , x´jq dρ´j ´∇

ż

X´j
V pxj , x´jq dρ1´j

›

›

›

›

2

“

›

›

›

›

∇
ż

X´j
V pxj , x´jq dρ´j ´∇

ż

X´j
V pxj , x´jq d

`

T
ρ1´j
ρ´j

˘

#
ρ´j

›

›

›

›

2

“

›

›

›

›

ż

X´j
∇jV pxj , x´jq ´∇jV

`

xj , T
ρ1´j
ρ´j px´jq

˘

dρ´j

›

›

›

›

2

piq
ď

ż

X´j

›

›∇jV pxj , x´jq ´∇jV
`

xj , T
ρ1´j
ρ´j px´jq

˘›

›

2
dρ´j

piiq
ď L2

ż

X´j

›

›T
ρ1´j
ρ´j px´jq ´ x´j

›

›

2
dρ´j

“ L2 W2
2pρ´j , ρ

1
´jq.

Here, (i) is by Cauchy–Schwarz inequality; (ii) is by the L-smoothness of V .

C.4 Tensorization of Wasserstein Distance

Lemma 13 (tensorization). Assume ρ “
Âm

j“1 ρj and ρ1 “
Âm

j“1 ρ
1
j , where ρj , ρj P Pr

2pXjq
for all j P rms. Then

W2
2pρ, ρ

1q “

m
ÿ

j“1

W2
2pρj , ρ

1
jq and T νµ pxq “ pT

ρ11
ρ1 px1q, . . . , T

ρ1m
ρm pxmqq.

Proof By definition, we have

W2
2pρ, ρ

1q “ min

"
ż

X 2

}x´ y}2 dπ : π P Γpρ, ρ1q

*

“ min

" m
ÿ

j“1

ż

X 2
j

}xj ´ yj}
2 dπpx, yq : π P Γpρ, ρ1q

*

ě

m
ÿ

j“1

min

"
ż

X 2
j

}xj ´ yj}
2 dπpx, yq : π P Γpρ, ρ1q

*

“

m
ÿ

j“1

min

"
ż

X 2
j

}xj ´ yj}
2 dπjpxj , yjq : πj P Γpρj , ρ

1
jq

*

“

m
ÿ

j“1

W2
2pρj , ρ

1
jq.

The inequality holds while taking π “ pId, T ρ
1

ρ q#ρ. This implies the desired result.
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C.5 Proof of Proposition 4

For any ρ̃, let T̃ be the optimal map from ρk to ρ̃. Note that

Vpρk`1q `Hpρk`1q `Wpρk`1q `
1

2τ
W2

2pρ
k, ρk`1q

ď VpT k`1
# ρkq `HpT k`1

# ρkq `WpT k`1
# ρkq `

1

2τ

ż

}T k`1pxq ´ x}2 dρk

ď VpT̃#ρ
kq `HpT̃#ρ

kq `WpT̃#ρ
kq `

1

2τ

ż

}T̃ pxq ´ x}2 dρk

“ Vpρ̃q `Hpρ̃q `Wpρ̃q ` 1

2τ
W2

2pρ
k, ρ̃q.

So, ρk`1 “ T k`1
# ρk minimizes (10).

C.6 Lemmas for Controlling Numerical Error

Lemma 14. Let txku
8
k“0 and tξku

8
k“1 be two non-negative sequences such that

xk ď Axk´1 `Bξk, @ k P Z`

for some constants 0 ă A ă 1 and B ą 0.

(1) If ξk ď κξk for some constants 0 ă ξ ă 1 and κ ą 0, we have

xk ď Akx0 `
Bκ

|A´ ξ|
¨maxtA, ξuk`1.

(2) If ξk ď ξk´α for some ξ, α ě 0, there is a constant Cpα,Aq ą 0 such that

xk ď Akx0 `
Cpα,AqBξ

kα
.

Proof It is easy to see that

xk ď Akx0 `B
k
ÿ

l“1

Ak´lξl, @ k P Z`.

(1) When ξk ď κξk, we have

xk ď Akx0 `B
k
ÿ

l“1

Ak´lκξl “ Akx0 `BA
kκ

K
ÿ

l“1

´ ξ

A

¯l
.

Note that

k
ÿ

l“1

´ ξ

A

¯l
ď

$

’

’

&

’

’

%

A
A´ξ ξ ă A

ξk`1

Akpξ´Aq
ξ ą A

.
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So, we have

BAkκ
k
ÿ

l“1

´ ξ

A

¯l
ď

$

’

&

’

%

ABκ
A´ξA

k ξ ă A

Bξκ
ξ´Aξ

k ξ ą A

ď
Bκ

|A´ ξ|
maxtA, ξuk`1.

Therefore, we have

xk ď Akx0 `
Bκ

|A´ ξ|
maxtA, ξuk`1 ď

´x0

A
`

Bκ

|A´ ξ|

¯

maxtA, ξuk`1.

(2) When ξk ď ξk´α, we have

xk ď Akx0 `B
k
ÿ

l“1

Ak´l
ξ

lα
“ Akx0 `BA

kξ
k
ÿ

l“1

A´l

lα
.

Similar to the proof in (Proof of Theorem 4, Yao et al., 2023), there is a constant C “

Cpα,Aq ą 0 such that

k
ÿ

l“1

A´l

lα
ď
CA´k

kα
.

So, we have

xk ď Akx0 `BA
kξ
CA´k

kα
“ Akx0 `

Cpα,AqBξ

kα
.

Lemma 15. Let txku
8
k“0 and tξku

8
k“1 be two non-negative sequences and tξku are non-

increasing. Assume that there are constants A,B,C ą 0 such that

Axk
2 ` p1´Bξkqxk ď xk´1 ` Cξ

2
k.

If ξk ď
ξ
kα for some α ą 0, then there exists a constant K “ Kpα, ξ, A,B,Cq ą 0, such that

xk ď
K

kmint1,αu
. (28)

Proof Without loss of generality, we assume ξk ď
1
kα . Otherwise, we have

Axk
2 `

`

1´
Bξ

kα
˘

xk ď xk´1 `
Cξ2

k2α
,

and then take B1 “ Bξ,C 1 “ Cξ2, and ξ1k “ 1{kα.
We can take K large enough such that inequality (28) is true for all k ě k0, where

k0 ě 1 is a constant such that Bk´α0 ă 1. We will use induction to prove (28). Assume the
inequality is true for k ´ 1 ě k0. Now let us prove (28) holds for k. Then, we have

xk ď
´p1´Bξkq `

b

p1´Bξkq2 ` 4Apxk´1 ` Cξ
2
kq

2A
.
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Since 1´Bξk ě 0, we have

xk ď
K

kmint1,αu
ðù

´p1´Bξkq `
b

p1´Bξkq2 ` 4Apxk´1 ` Cξ
2
kq

2A
ď

K

kmint1,αu

ðñ p1´Bξkq
2 ` 4Apxk´1 ` Cξ

2
kq ď

´ 2AK

kmint1,αu
` p1´Bξkq

¯2

ðñ xk´1 ď
AK2

k2 mint1,αu
`
Kp1´Bk´αq

kmint1,αu
´

C

k2α

ðñ
K

pk ´ 1qmint1,αu
ď

AK2

k2 mint1,αu
`
Kp1´Bk´αq

kmint1,αu
´

C

k2α

ðñ
K

pk ´ 1qmint1,αu
´

K

kmint1,αu
ď

AK2

k2 mint1,αu
´

BK

kα`mint1,αu
´

C

k2α
.

Case 1. When α ą 1, we only need to prove

K

k ´ 1
´
K

k
ď
AK2

k2
´
BK

k1`α
´

C

k2α
ðù

K

kpk ´ 1q
ď
AK2 ´BK ´ C

k2
,

which only requires AK2 ´ pB ` 2qK ´ C ě 0 since k ě k0 ` 1 ě 2.
Case 2. When α ď 1, we only need to show

K

pk ´ 1qα
´
K

kα
ď
AK2 ´BK ´ C

k2α
.

Note that

kα
” 1

pk ´ 1qα
´

1

kα

ı

“

´

1`
1

k ´ 1

¯α
´ 1 ď 2pα´1q` α

k ´ 1
ď

2αα

k
@ k ě 2,

So, we only need to prove

2ααK

k
ď
AK2 ´BK ´ C

kα
.

Since α ă 1, we just need AK2 ´ pB ` 2ααqK ´ C ě 0. By induction, we know such K
exists.

C.7 Numerical Methods in FA Approach

By changing variables, we can write the interaction and self-interaction functionals as

VpT#ρ
kq “

ż

V pxq drT#ρ
kspxq “

ż

V pT pxqq dρkpxq,

and

WpT#ρ
kq “

żż

W px, x1q drT#ρ
kspxqdrT#ρ

kspx1q “

żż

W pT pxq, T px1qq dρkpxqdρkpx1q.
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These expressions suggest the following sample approximations

VpT#ρ
kq «

1

B

B
ÿ

b“1

V pT pXk
b qq and WpT#ρ

kq «
1

B2

B
ÿ

b,b1“1

W
`

T pXk
b q, T pX

k
b1q
˘

,

where tXk
b : b P rBsu are B samples from ρk. Regarding the internal energy term Hpρkq, we

will consider two leading cases Hpρkq “
ş

ρk log ρk and Hpρkq “
ş

pρkqn with some positive
integer n ě 2.

For Hpρkq “
ş

ρk log ρk, we can apply the argument in (Mokrov et al., 2021) by noting
that

HpT#ρ
kq “ Hpρkq ´

ż

log |det∇T pxq| dρk,

which suggests approximating the negative self-entropy functional by

HpT#ρ
kq « Hpρkq ´ 1

B

B
ÿ

b“1

log |det∇T pXk
b q|

Since the first term does not depend on T , the above discussions yield the approximation
in Example 5

For Hpρkq “
ş

pρkqn, an additional kernel density estimation (KDE) step is required.
Since

HpT#ρ
kq “

ż

“

ρkpxq ¨ |det∇T pxq|´1
‰n´1

dρk,

which suggests that we consider the approximation

HpT#ρ
kq «

1

B

B
ÿ

b“1

“

pρkkdepX
k
b q ¨ |det∇T pXk

b q|´1
‰n´1

,

where pρkkde is the kernel density estimation of ρk by tXk
b : b P rBsu. This leads to the

approximation in Example 6.

Appendix D. Results for Multi-species Systems

D.1 Proof of Proposition 25

Since ρ˚ “ pρ˚1 , . . . , ρ
˚
mq is the minimum of (1), by Lemma 9, we have

Cjpρ
˚
´jq “

ż

X´j
V pxj , x´jq dρ˚´j ` h

1
jpρ

˚
j q `

ż

Xj
Wjp¨, yq dρ˚j pyq `

ż

Xj
Wjpy, ¨q dρ˚j pyq

“

´

Vj ´
ÿ

i‰j

Kij ˚ ρ
˚
i

¯

` h1jpρ
˚
j q ´Kjj ˚ ρ

˚
j

is a constant [ρ˚j ]-a.e. on Xj . If ρptq “ ρ˚ at time t “ 0, we have

ρjptq
”

∇Vjptq ´
m
ÿ

i“1

p∇Kijq ˚ ρi `∇h1jpρjq
ı

“ 0. (29)

This implies that ρ˚ is a stationary measure.
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D.2 Example in Section 5.2

Recall that hjpρjq “ ρj log ρj ,

V px1, x2, x3q “

n
ÿ

i“1

ri
2
}xi ´mi}

2 ´
ÿ

1ďiăjď3

QiQj
2

arctan }xi ´ xj}
2

and

Wjpxj , x
1
jq “

Q2
j

2
arctan }xj ´ x

1
j}

2, 1 ď j ď 3.

Let us now check all assumptions in Section 3.

Assumption A. It is clear that ρ2
j satisfies the Assumption A.

Assumption B. Let Rpyq “ y{p1 ` }y}2q be a function on R2. For any x “ px1, x2, x3q and
x1 “ px11, x

1
2, x

1
3q, we have

›

›∇1V pxq ´∇1V px
1q
›

› À
›

›r1px1 ´ x
1
1q
›

›` |Q1Q2| ¨

›

›

›

x1 ´ x2

1` }x1 ´ x2}
2
´

x11 ´ x
1
2

1` }x11 ´ x
1
2}

2

›

›

›

` |Q1Q3| ¨

›

›

›

x1 ´ x3

1` }x1 ´ x3}
2
´

x11 ´ x
1
3

1` }x11 ´ x
1
3}

2

›

›

›

“ |r1| ¨ }x1 ´ x
1
1} ` |Q1Q2| ¨

›

›Rpx1 ´ x2q ´Rpx
1
1 ´ x

1
2q
›

›

` |Q1Q3| ¨
›

›Rpx1 ´ x3q ´Rpx
1
1 ´ x

1
3q
›

›.

Notice that the Jacobian matrix of R at y “ py1, y2q is

JRpyq “
1

p1` y2
1 ` y

2
2q

2

ˆ

1` y2
2 ´ y

2
1 ´2y1y2

´2y1y2 1` y2
1 ´ y

2
2

˙

with eigenvalues

λ1 “
1

1` y2
1 ` y

2
2

, and λ2 “
1´ y2

1 ´ y
2
2

p1` y2
1 ` y

2
2q

2
.

Clearly, we have |λ1| ď 1 and |λ2| ď 1. This implies }Rpyq ´ Rpy1q} ď }y ´ y1}. Therefore,
we have

›

›∇1V pxq ´∇1V px
1q
›

› À }x1 ´ x
1
1} ` }px1 ´ x2q ´ px

1
1 ´ x

1
2q} ` }px1 ´ x3q ´ px

1
1 ´ x

1
3q}

À }x´ x1}.

This indicates that

›

›∇V pxq ´∇V px1q
›

› À

3
ÿ

i“1

›

›∇iV pxq ´∇iV px
1q
›

› À }x´ x1}.

So, ∇V is Lipschitz.
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Assumption C. To verify this, we first prove that when αj “ βj “ Q2
j ,

ĂWjpxj , x
1
jq “

αj
2
}xj}

2 `Wjpxj , x
1
jq `

βj
2
}x1j}

2 “
αj
2
}xj}

2 `
Q2
j

2
arctan }xj ´ x

1
j}

2 `
βj
2
}x1j}

2

is a convex function on R2 ˆ R2. To show this, notice that

BWj

Bxj
“ Q2

jRpxj ´ x
1
jq and

BWj

Bx1j
“ Q2

jRpx
1
j ´ xjq.

Therefore, the Hessian of Wj is

∇2Wj “ Q2
j

ˆ

JRpxj ´ x
1
jq ´JRpxj ´ x

1
jq

´JRpxj ´ x
1
jq JRpxj ´ x

1
jq

˙

.

Let

ηj1 “
1

1` pxj1 ´ x1j1q
2 ` pxj2 ´ x1j2q

2
and ηj2 “

1´ pxj1 ´ x
1
j1q

2 ´ pxj2 ´ x
1
j2q

2

p1` pxj1 ´ x1j1q
2 ` pxj2 ´ x1j2q

2q2

be the eigenvalues of JRpxj ´ x1jq. Assume P P Op2q be the orthogonal transition matrix
such that

JRpxj ´ x
1
jq “ P

ˆ

ηj1 0
0 ηj2.

˙

PT.

Therefore, we have

ˆ

PT 0
0 PT

˙

∇2
ĂWj

ˆ

P 0
0 P

˙

“

¨

˚

˚

˝

αj `Q
2
jηj1 0 ´ηj1 0

0 αj `Q
2
jηj2 0 ´ηj2

´ηj1 0 βj `Q
2
jηj1 0

0 ´ηj2 0 βj `Q
2
jηj2

˛

‹

‹

‚

,

which is p.s.d. when αj “ βj ě ´Q
2
j mint0, ηj1, ηj2u. We can then take αj “ βj “ Q2

j since
ηj1, ηj2 ą ´1.

Next, we will show that

rV pxq “ V pxq ´
3
ÿ

i“1

Q2
i }xi}

2

“

n
ÿ

i“1

´ri
2
}xi ´mi}

2 ´Q2
i }xi}

2
¯

´
ÿ

1ďiăjď3

QiQj
2

arctan }xi ´ xj}
2

is λ-convex for λ “ min1ďiď3

´

ri ´ 4Q2
i ´ |Qi|

ř

j‰i |Qj |
¯

. Let Hij “ JRpxi ´ xjq for

simplicity. It is easy to see that

B2
rV

Bx2
i

“ pri ´ 2Q2
i qI2 ´Qi

ÿ

l‰i

QlHil and
BrV

BxiBxj
“ QiQjHij , @ 1 ď i ‰ j ď 3.
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Therefore, we have

`

yT
1 yT

2 yT
3

˘

∇2
rV pxq

¨

˝

y1

y2

y3

˛

‚

“

3
ÿ

i“1

pri ´ 2Q2
i q}yi}

2 ´

3
ÿ

i“1

Qi
ÿ

j‰i

Qjy
T
i Hijyi ` 2

ÿ

1ďiăjď3

QiQjy
T
i Hijyj

ě

3
ÿ

i“1

pri ´ 2Q2
i q}yi}

2 ´

3
ÿ

i“1

ÿ

j‰i

|QiQj ||||Hij |||op}yi}
2 ´ 2

ÿ

1ďiăjď3

|QiQj ||||Hij |||op}yi}}yj}

piq
ě

3
ÿ

i“1

´

ri ´ 2Q2
i ´ |Qi|

ÿ

j‰i

|Qj |
¯

}yi}
2 ´ 2

ÿ

1ďiăjď3

|QiQj |}yi}}yj}

piiq
ě

3
ÿ

i“1

´

ri ´ 4Q2
i ´ |Qi|

ÿ

j‰i

|Qj |
¯

}yi}
2

ě min
1ďiď3

´

ri ´ 4Q2
i ´ |Qi|

ÿ

j‰i

|Qj |
¯

}y}2

Here, (i) is because |||Hij |||op ď 1; (ii) is due to AM-GM inequality. This implies rV is

min1ďiď3

´

ri ´ 4Q2
i ´ |Qi|

ř

j‰i |Qj |
¯

-convex.

Appendix E. Connections between Different Lipschitz Conditions

First, let us show 0 ď L{Lc ď
?
m´ 1. The lower bound is because L and Lc are non-

negative. For the upper bound, notice that L “ maxjPrms supx |||∇j∇´jV pxq|||op and Lc “

supx

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
∇2
jV pxq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

op
. Also, when ∇2

jV is invertible, we have

0 ĺ

ˆ

∇2
´jV ∇j∇´jV

∇´j∇jV ∇2
jV

˙

„

ˆ

∇2
jV 0

0 ∇2
´jV ´∇j∇´jV p∇2

jV q
´1∇´j∇jV

˙

,

where A „ B means A and B are congruent, i.e., there exists invertible matrix P such that
A “ P TBP . It is known that congruent transformation does not change the semi-positive
definiteness of a matrix. This implies 0 ĺ ∇2

jV ´∇j∇´jV p∇2
jV q

´1∇´j∇jV , i.e.,

vT∇2
´jV v ě vT∇j∇´jV p∇2

jV q
´1∇´j∇jV v, @ v P Rd´dj .

Therefore, we have

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ∇2
´jV

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

op
“ sup
}v}“1

vT∇2
´jV v

ě sup
}v}“1

vT∇j∇´jV p∇2
jV q

´1∇´j∇jV v

ě sup
}v}“1

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ∇2
jV

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

´1

op
}∇´j∇jV v}

2
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“
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ∇2
jV

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

´1

op
|||∇´j∇jV |||

2
op.

This implies

L2 “ sup
x
|||∇´j∇jV pxq|||

2
op ď sup

x

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ∇2
´jV pxq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

op

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ∇2
jV pxq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

op

ď sup
x

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ∇2
´jV pxq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

op
sup
x

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ∇2
jV pxq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

op

piq
ď pm´ 1qmax

i‰j
sup
x

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ∇2
iV pxq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

op
sup
x

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ∇2
jV pxq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

op

ď pm´ 1q
´

max
jPrms

sup
x

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ∇2
jV pxq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

op

¯2

“ pm´ 1qL2
c .

Here, (i) is due to Section 3.2 in (Wright, 2015). Thus, we have L{Lc ď
?
m´ 1. To

see the bounds are tight, consider the examples V px1, x2q “ x2
1 ` x2

2 and V px1, ¨ ¨ ¨ , xnq “
pxm`¨ ¨ ¨ , xmq

2. In the first example, we have L “ 0 and Lc “ 2, indicating that L{Lc “ 0.
In the second example, we have L “ 2

?
m´ 1 and Lc “ 2, indicating that L{Lc “

?
m´ 1.

Next, we will prove that 0 ď L{Lr ď
a

1´ 1{m. The lower bound is due to L,Lr ě 0
and is tight due to the same reason as of L{Lc. To see the upper bound, note that Lr “
maxjPrms |||∇j∇V |||op. Therefore, we have

L2
r “ max

jPrms
sup

}v1}2`}v2}2“1

}∇´j∇jV v1 `∇2
jV v2}

2

piq
“ max

jPrms
sup

}v1}2`}v2}2“1

´

}∇´j∇jV v1} ` }∇2
jV v2}

¯2

piiq
“ max

jPrms
sup

}v1}2`}v2}2“1

´

|||∇´j∇jV |||op}v1} `
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ∇2
jV

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

op
}v2}

¯2

piiiq
ě sup

}v1}2`}v2}2“1

´

L}v1} `
L

?
m´ 1

}v2}

¯2

“
mL2

m´ 1
.

Here, (i) is because we can rotate v2 such that ∇´j∇jV v1 and ∇2
jV v2 have the same

direction; (ii) is by the definition of operator norm; (iii) is by Lc ě L{
?
m´ 1. Thus,

we have L{Lr ď
a

1´ 1{m. The tightness of this bound can been seen by considering
V pxq “ px1 ` ¨ ¨ ¨ ` xnq

2.
Finally, let us show 0 ď L{Lg ď 1. This inequality is obviously true. The lower bound

is tight by considering V pxq “ x2
1 ` ¨ ¨ ¨ ` x2

m. For the upper bound, consider the example
V pxq “ px1 ` x2q

2 ` x2
3 ` ¨ ¨ ¨ ` x2

m. In this example, we have L “ Lg “ 2. Therefore,
L{Lg ď 1 is the tightest bound.
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in the space of probability measures. Springer Science & Business Media, 2005.

Brandon Amos, Lei Xu, and J. Zico Kolter. Input convex neural networks. In Doina Precup
and Yee Whye Teh, editors, Proceedings of the 34th International Conference on Machine
Learning, volume 70 of Proceedings of Machine Learning Research, pages 146–155. PMLR,
06–11 Aug 2017. URL https://proceedings.mlr.press/v70/amos17b.html.

Manuel Arnese and Daniel Lacker. Convergence of coordinate ascent variational inference
for log-concave measures via optimal transport. arXiv preprint arXiv:2404.08792, 2024.

Donald G Aronson. The porous medium equation. Nonlinear Diffusion Problems: Lectures
given at the 2nd 1985 Session of the Centro Internazionale Matermatico Estivo (CIME)
held at Montecatini Terme, Italy June 10–June 18, 1985, pages 1–46, 2006.

Marin Ballu and Quentin Berthet. Mirror sinkhorn: Fast online optimization on transport
polytopes. arXiv preprint arXiv:2211.10420, 2022.

Amir Beck. First-order methods in optimization. SIAM, 2017.

Christopher M Bishop and Nasser M Nasrabadi. Pattern recognition and machine learning,
volume 4. Springer, 2006.

Adrien Blanchet, Pascal Mossay, and Filippo Santambrogio. Existence and uniqueness of
equilibrium for a spatial model of social interactions. International Economic Review, 57
(1):31–60, 2016.

François Bolley. Separability and completeness for the wasserstein distance. In Séminaire
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