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Abstract

Krylov subspace methods are a ubiquitous tool for computing near-optimal rank k approxi-
mations of large matrices. While “large block” Krylov methods with block size at least k give the
best known theoretical guarantees, block size one (a single vector) or a small constant is often
preferred in practice. Despite their popularity, we lack theoretical bounds on the performance
of such “small block” Krylov methods for low-rank approximation.

We address this gap between theory and practice by proving that small block Krylov methods
essentially match all known low-rank approximation guarantees for large block methods. Via a
black-box reduction we show, for example, that the standard single vector Krylov method run
for ¢ iterations obtains the same spectral norm and Frobenius norm error bounds as a Krylov
method with block size ¢ > k run for O(t/{) iterations, up to a logarithmic dependence on the
smallest gap between sequential singular values. That is, for a given number of matrix-vector
products, single vector methods are essentially as effective as any choice of large block size.

By combining our result with tail-bounds on eigenvalue gaps in random matrices, we prove
that the dependence on the smallest singular value gap can be eliminated if the input matrix
is perturbed by a small random matrix. Further, we show that single vector methods match
the more complex algorithm of [Bakshi et al. ‘22], which combines the results of multiple block
sizes to achieve an improved algorithm for Schatten p-norm low-rank approximation.

1 Introduction

Krylov subspace methods have been studied since the 1950s and remain our most reliable algorithms
for approximating eigenvectors and singular vectors of large matrices. Krylov methods access a
matrix A via repeated matrix multiplications (each considered an iteration of the method) either
with a single vector or a block of vectors. There has been significant interest in analyzing how many
iterations are required to obtain accurate eigenvector or singular vector approximations. Classic
work studies both single vector [Kaniel, 1966, Paige, 1971] and block methods [Cullum and Donath,
1974, Kahan and Parlett, 1976, Saad, 1980, Saad, 2011].

More recently, there has been interest in analyzing Krylov subspace methods specifically for
the downstream task of low-rank approximation. Since the top k singular vectors can be used
to obtain an optimal rank-k approximation, the goal is to understand how many iterations are
required to compute approximate singular vectors that yield a near-optimal rank-£ approximation
[Rokhlin et al., 2009, Halko et al., 2011b, Woodruff, 2014]. This problem differs from classical work
because convergence to the actual top singular vectors is sufficient but not necessary for obtaining
an accurate low-rank approximation [Drineas and Ipsen, 2019].

Prototypical single vector and block Krylov methods for low-rank approximation are shown in



Algorithm 1 Single Vector Krylov Method for Low-Rank Approximation

input: Matrix A € R™*?. Target rank k. Starting vector x € R™. Number of iterations .
output: Orthogonal matrix Q € R**¥,

1: Compute an orthonormal basis Z for K = [x, (AAT)x, (AAT)*x, ..., (AAT)'x].
2: Compute Uy, the k top eigenvectors of M = ZTAATZ
3: return Q = ZUy.

Algorithm 2 Block Krylov Method for Low-Rank Approximation

input: Matrix A € R™¢. Target rank k. Starting block B € R™**. Number of iterations .
output: Orthogonal matrix Q € R"*¥,

1: Compute an orthonormal basis Z for K = [B, (AAT)B, (AAT)?B ..., (AAT)'B].
2: Compute Uy, the k top eigenvectors of M = ZTAATZ
3: return Q = ZU,.

Algorithm 1 and Algorithm 2.! For an n x d input A, both methods returns an n x k orthogonal Q
so that the rank-k£ matrix QQTA is a good approximation to A. Ideally, it is nearly as good as A’s
optimal rank k approximation, Ay, which is given via projection onto A’s top k singular vectors.”

1.1 Large block methods and gap-free bounds

Most recent work on Krylov methods for low-rank approximation focuses on “large block” methods,
where £ in Algorithm 2 is chosen to be > k [Rokhlin et al., 2009, Halko et al., 2011a, Gu, 2015, Musco
and Musco, 2015, Tropp, 2018, Yuan et al., 2018, Drineas et al., 2018, Tropp, 2018]. In this
regime, block methods are known to quickly converge to a near-optimal low-rank approximation.
log(n/e)
(ok—0e+1)/0k
Gaussian matrix B € R with block size ¢ > k, achieves with high probability the bound

For example, in just O ( > iterations, Algorithm 2 initialized with an i.i.d. random

A = QQTAle < (1+¢)[A — Al (1)

for any € > 0 and || - ||¢ being either the Frobenius or spectral norm [Musco and Musco, 2015]. That
is, convergence is linear with a rate depending on the square root of the relative gap from the k!
singular value, oy, to the (£ + 1)%* singular value, o41. Even for £ mildly larger than k, this gap is
often quite large. For example, [Halko et al., 2011b] recommends setting ¢ = k + 5 or k + 10.
Beyond such spectrum dependent guarantees, another advantage of large block Krylov methods
is that they enjoy gap-independent bounds, which do not involve any terms depending on A’s
spectrum. For example, a now standard result is that Algorithm 2 achieves Equation (1) in just
O(% log(2)) iterations [Musco and Musco, 2015].% Further, this bound is essentially optimal among

all methods that access A only through matrix-vector products [Simchowitz et al., 2018, Bakshi

LAlgorithms 1 and 2 are examples of the simplest possible implementations of Krylov methods for low-rank
approximation. In practice, various optimizations like the Lanczos recurrence are often applied, and additional care
is necessary to ensure that the orthogonal basis for the Krylov subspace K in computed in a numerically stable way
[Saad, 2011]. While an important topic, this paper is not focused on the numerical stability of Lanczos methods. All
derivations assume computation in the Real RAM model of arithmetic.

2For simplicity, we focus on computing an approximate left singular vector subspace spanned by Q € R™**. If we
instead care about computing right singular vectors, Algorithms 1 and 2 can be applied to AT instead.

3Randomly initialized block power method with block size k gives a similar bound, but with a suboptimal 1/e
rather than 1/4/¢ dependence on the error [Rokhlin et al., 2009, Halko et al., 2011b].
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Figure 1: Comparison of the number of matrix-vector products needed for Krylov iteration to
converge to an accurate rank 50 approximation under different block sizes. The left figure uses
a matrix with singular values decaying polynomially; the middle figure uses a matrix from the
SuiteSparse library; the right figure uses a worst-case matrix from the literature. See Section 6.5
for more details. In the first two plots, single vector Krylov outperforms large block methods. Even
in the adversarially chosen hard instant on the right, it does not perform much worse.

and Narayanan, 2023]. Bounds where the iteration complexity does not depend on properties of A,
are called “universal” guarantees [Urschel, 2021]. Universal bounds are useful in applications where
properties like large spectral gaps cannot be ensured, but where worst-case accuracy guarantees
are still desired [Hegde et al., 2016, Li et al., 2017, Soltani and Hegde, 2018].

In contrast to large block sizes, it is impossible to prove gap-independent guarantees for single
vector or small block Krylov iteration. To see why, consider A € R¥*? that is all zeros, except that
Ajy=1fori=1,...,k Le., A= [Ik O] . where I, denotes the k£ x k identity matrix. If we run
Algorithm 2 on this matrix with block size ¢ < k, then it can be checked that the Krylov subspace
K will have rank ¢ < k, and thus any low-rank approximation obtained from the subspace cannot
be near-optimal. In general, bounds for small block methods must depend inversely on the gaps
between sequential singular values. In the above example, these gaps are equal to 0.

1.2 Main contribution: the virtue of small block Krylov methods

The inability of single vector and small block Krylov methods to offer gap-independent bounds has
been a point of concern for the use of these methods in computing low-rank approximations [Li
et al., 2017, Musco and Musco, 2015, Li and Zhang, 2015]. At the same time, in practice, low-rank
approximation is frequently solved using iterative eigensolvers based on single vector or small block
methods. Such methods are the standard in MATLAB, Julia, Python, and essentially all languages
used for matrix computations [Lehoucq et al., 1998, Mathworks, 2023, SciPy Community, 2023].
These methods often perform very well, converging quickly to good low-rank approximations. In
fact, in our experience, they typically outperform large block methods in terms of the number of
matrix-vector products required to achieve a desired level of accuracy — see Figure 1.
The main goal of this paper is to explain this phenomenon. We ask:

4The number of matrix-vector products used by an algorithm does not necessarily translate directly into the
computational cost of the algorithm. For example, in many computing systems, it is faster to multiply a matrix A
by a block of k vectors all at once, than to multiply by k£ vectors chosen in sequence. Nevertheless, matrix-vector
products are still a valuable measure of complexity for many problems where they dominate other runtime costs.
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For low-rank approrimation, when and why do small block Krylov methods require the
same or fewer matriz-vector multiplications than large block Krylov methods?

We answer this question in a strong way by proving that small block methods nearly match or
even improve on all known theoretical guarantees on the convergence of large-block methods for
low-rank approximation. In particular, up to a logarithmic dependence on the smallest gap between
singular values, the trade-off between accuracy and number of matrix-vector products achieved by
small block methods matches the trade-off achieved by large block methods. Since there are a
variety of guarantees known for large block methods, this claim is broken down as a number of
results throughout our paper. We state one such result as a concrete example:

Theorem 1. For A € R™ %, let gpmin = min;e(q, . k—1} Jl%}“ be the smallest relative gap among

the top k singular values. For any €,0 € (0,1), Algorithm 1 initialized with an i.i.d. mean zero
Gaussian vector x and run for t = O(% log(-—=—) + %log(%)) iterations returns an orthogonal

9min

Q € R™* such that, with probability at least 1 — &, letting || - ||¢ be the spectral or Frobenius norm,
IA = QQTA[le < (1 +&)[|A — Aglle.

As discussed, [Musco and Musco, 2015] prove that Algorithm 2 with block size k achieves an
identical error bound in O (%) iterations. This translates to O (%\/rgaé)) matrix-vector

products, which Theorem 1 matches, except for the dependence on log(1/gmin). At the same time,
Theorem 1 improves on the large block bound by separating the log(n/ed) and k terms.

Remark. Since it is a logarithmic instead of polynomial dependence, we consider the log(1/gmin)
term to be mild for typical problems. In experiments, it appears to have little impact on the ob-
served convergence of the single vector Krylov method (see Section 6). Indeed, except in adversarial
cases, such as the identity matrix, where gm;, truly equals 0, in finite precision, we cannot expect
to resolve singular value gaps to accuracy better than machine precision. So, it is reasonable to
think that in practice, this term should be at most a moderate constant. We make this intuition
formal in Section 5, showing that the dependence on g, can be eliminated in a smoothed analysis
setting (i.e., when the input is perturbed by a small random matrix).

Our proof for Theorem 1 (with some additional results) is given in Section 3. Our approach is
via a black-box reduction to the existing analysis for large block methods. In particular, we view
the single-vector method of Algorithm 1 as a block Krylov method in disguise. We observe that

x AATX (AAT)'x
Figure 2: Our main analysis is based on the simple
observation that the span of the Krylov subspace gen-
erated by a single vector Krylov method after ¢ itera-
tions is exactly equivalent to that generated by a block
Krylov method run for ¢t —k+1 iterations with starting
block Sy, =[x, (AAT)x, ..., (AAT)*x]. This obser-
vation allows us to take advantage of existing results
on block methods in a black-box way.
S (AAT)S,  (AAT)2S) (AATY-k+1 G,



the span of the single-vector Krylov subspace K (Line 1 of Algorithm 1) is exactly equivalent to
the span of a block Krylov subspace generated from a specific starting matrix. Concretely, suppose
Algorithm 1 is run for ¢t > k iterations and let Sj, € R4*¥ equal the first k& columns of K. I.e.,

Ski=[x AATx (AAT)’x ... (AAT)FIx]. (2)
Then we can check that for g =t — k + 1:
span(K) = span ([Sk AATS, (AAT)2S, ... (AAT)qSkD . (3)

This equivalence is visualized in Figure 2. Since both Algorithm 1 and Algorithm 2 only depend on
the span of the Krylov subspace they generate (through Z), the single vector method thus matches
the block Krylov method run for £ — 1 fewer iterations, with the specific starting block Sg.

With this perspective, a naive hope might be to directly appeal to prior results on block Krylov
iteration to analyze the single vector method. Unfortunately, these results rely on the fact that
the starting matrix B is chosen at random, typically with i.i.d. Gaussian or sub-Gaussian entries
[Halko et al., 2011b, Musco and Musco, 2015, Bakshi et al.; 2022]. In contrast, Sy is far from a
random Gaussian matrix. Its columns are highly dependent on each other. To understand just how
far Sy is from an ideal starting matrix, note that, generally, a block Krylov subspace with ¢ blocks
will have rank gk when B is a random Gaussian matrix. In contrast, the block Krylov subspace
[Sk AATS, ... (AAT)qSk] only has rank t = ¢+ k — 1.

Surprisingly, however, we are still able to show that Si provides a (barely) good enough starting
matrix for the block Krylov method in Algorithm 2 to succeed. To do so, we consider a natural
definition of what it means to be a “good” starting matrix. At a high-level, we need S; to have
non-negligible inner product with all top k singular vectors of A. While S; is exponentially worse
in terms of starting inner product than a random B, this is made up for by the fact that it is
far cheaper (in terms of matrix-vector products) to build a block Krylov subspace with Si; we
can compute a degree g subspace using just ¢ + k matrix-vector products with A. In contrast,
computing a degree ¢ block Krylov subspace with a random starting block B € R™*¥ requires gk
matrix-vector products. The detailed proof is presented in Section 3.

1.3 Results and Paper Organization

Theorem 1 is our main result, and its proof is contained entirely in Section 3. In addition to this
result, whose proof shows the crux of our argument that single vector methods converge quickly,
we include several other bounds for single vector and small block methods. We summarize these
additional results below. Section 6 contains experiments which demonstrate that our bounds are
predictive of the performance of these methods in practice.

Spectrum adaptive bounds, Section 4.1. The black-box nature of Theorem 1’s proof allows
us to similarly adapt other results on large block Krylov methods to the single vector setting.
For example, we show that Algorithm 1 matches known “spectrum dependent” bounds for large
block methods. As discussed in Section 1.1, the convergence rate of these bounds depends on
Jk—t = 0'“_07(;”1, the gap between the k" and (£+ 1) singular values. Since this gap increases with
£, there is a natural tradeoff: a larger block means more matrix-vector products per iteration, but
fewer iterations. Our proof shows that single vector methods match any block size ¢ > k (up to
a dependence on 1og(1/gmin)). Le., they automatically match the complexity of the method with

best choice of large block size, without need for parameter tuning.

Schatten p-norm low-rank approximation, Sections 4.2 and 4.3. Recently, a combination
of spectrum dependent and spectrum independent bounds have been used to give faster convergence
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rates for Schatten p-norm low rank approximation. In particular, for constant p, [Bakshi et al.,
2022] show how to find a low-rank approximation achieving ||[A — QQTA|, < (1 +¢)||A — Ak,
using just O(k/e'/?) matrix-vector products with A. For the Frobenius norm (i.e., p = 2), this is an
improvement on the O(k/+/€) required by [Musco and Musco, 2015]. Their method requires running
Algorithm 2 with multiple choices of block size, and optimizing over the best Krylov subspace. We
show that, again up to a logarithmic dependence on 1/gmin, the exact same guarantees can be
obtained by simply running a single vector Krylov method. In concurrent work, [Bakshi and
Narayanan, 2023] show a similar result without a dependence on log(1/gmin) or log(n).

Beyond block size 1, Section 4.4. While the above results focus on the single vector Krylov
method, our bounds naturally generalize to other small block sizes between 1 and k (e.g. 4, 10, or
k —1). For general small block size b, we show that dependence on g¢,,;, can be replaced with a

dependence on the smallest “b'" order” gap gminp := min;e (1, k—b} 01_07?“’

Removing the gap dependence, Section 5. While a dependence on singular value gaps is
unavoidable for small block methods in the worst-case, the parameter seems to rarely have an
impact in practice. We take a step towards explaining this observation via a smoothed-analysis
result [Spielman and Teng, 2004, Sankar et al., 2006]. Specifically, we leverage work in random
matrix theory on eigenvalue repulsion, which shows that small spectral gaps in a matrix are brittle:
adding a tiny amount of random noise to any matrix ensures that its singular value gaps are at
worst inverse polynomial in the problem parameters. Using this fact, we present bounds that replace
the dependence on log(1/gmin) in our prior results with a dependence on log(“) for randomly
perturbed matrices, where k; = o1/0) measures the conditioning of the top k singular values.
From an algorithm design perspective, the log(1/gm:n) can be removed even in the worst case by
explicitly adding a random diagonal perturbation to A.

Single Vector Simultaneous Iteration, Appendix G. Lastly, we describe a single vector
analogue for simultaneous iteration. While it converges somewhat more slowly, this method has
the advantage of using less space than the single vector Krylov method, which needs to store
the span for the entire Krylov subspace. For instance, it allows us to store just k vectors while
converging in O(k/e) iterations, in contrast to the O(k/y/2) iterations required by the standard
single vector Krylov method. Since single vector simultaneous iteration only uses a single starting
vector, its convergence still depends on log(1/gmin)-

1.4 Related Work

We briefly discuss additional prior work on low-rank approximation and Krylov methods, though
since the literature is rich, so we cannot cover all relevant prior work. As discussed, early analyses
of Krylov methods for approximating eigenvectors consider both single vector and block methods
[Saad, 1980, Golub and Underwood, 1977, Kuczyniski and Wozniakowski, 1992]. However, this work
does not directly provide strong bounds for low-rank approximation, since convergence to the top
singular vectors is not required to accurately solve the problem [Drineas and Ipsen, 2019].

For low-rank approximation, large block methods have been more popular. In addition to prior
work already discussed, this includes work on randomized sketching methods, which can be viewed
as large block Krylov methods run for one or two iterations [Martinsson et al., 2006, Cohen et al.,
2015, Clarkson and Woodruff, 2013, Drineas and Mahoney, 2016, Martinsson and Tropp, 2020].
Sketching methods have become a mainstay technique in randomized numerical linear algebra.

Work on single vector or small block methods for low-rank approximation has been more sparse.
[Wang et al., 2015] experimentally study small block methods, and suggest that large blocks are
only worthwhile when singular value gaps are very small, when low precision suffices, or when
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making many passes over a matrix is expensive. [Yuan et al., 2018] theoretically studies the related
problem of singular value approximation for all block sizes, and as in our work, obtains linear
convergence rates depending on gr_,p. They also show superlinear rates when A has a sufficiently
quickly decaying spectrum. While it is difficult to directly compare their results to ours on low-rank
approximation, it would be interesting to consider such spectra in our setting. Finally, we note that
[Allen-Zhu and Li, 2016] proves a result similar to Theorem 1 using an algorithm that in some ways
is a single vector Krylov method. However, because the method iteratively restarts k times with &
randomly chosen starting vectors, it ultimately returns a solution from a block Krylov subspace.

Related to our results in Section 5, we note that adding small random perturbations to avoid
small singular value gaps or other conditioning issues is a technique that has been employed in
several recent works focused on worst-case runtime bounds for linear algebraic problems [Boutsidis
et al., 2016, Peng and Vempala, 2021, Banks et al., 2022].

2 Notation

We use capital bold letters to denote matrices, lowercase bold letters to denote vectors, and lower-
case non-bold letters to denote scalars. For a matrix Q, we let q; denote the i*" column, span(Q)
denote its column span, and QT denote its transpose. Typically, A € R™ ¢ denotes our input
matrix. We let A = UXVT denote the SVD of A, with U € R™"™ ¥ € R™" V € R We
let 01 > 09 > ... > 0, > 0 denote the singular values of A (the diagonal entries of 3). We let
Ui € R™F and V, € R%* denote the first & columns of U and V, and let ) € R¥** denote the
top k x k principal submatrix of 3. Then Ay = UkEsz is the best rank-k approximation to A in
any unitarily invariant norm. When A is square, we let A = UAUT be the eigendecomposition of
A, where A\ > A9 > ... > )\, are the eigenvalues of A (the diagonal entries of A). We often work
with symmetric positive semi-definite (PSD) matrices, which have all non-negative eigenvalues. In
this case, the singular values equal the eigenvalues. We also work with matrix polynomials. If
p(z) = > | ¢z’ is a polynomial and if A is square, p(A) :== Y7, ;A"

We let ||x||2 denote the vector £ norm, ||Al|2 the spectral norm, ||A||r the Frobenius norm, and
I1All, = 28, af)l/p the Schatten p-norm. Wherever ||All¢ is used, the equation holds for both
the spectral and Frobenius norms. We let [n] = {1,...,n} be the set of integers between 1 and n.
Finally, we let N'(0,I) denote the distribution over vectors whose entries are i.i.d. mean zero unit
variance Gaussians. The dimension will be clear from context.

3 Proof of Theorem 1

In this section, we prove Theorem 1 by showing that S; as described in Section 1.2 is a good enough
starting matrix for block Krylov iteration. This proof serves as a foundation for all additional results
in the paper. Throughout, we assume that A € R™*™ is square and positive semidefinite. We shown
in Appendix A that this is without loss of generality: running Algorithm 1 or Algorithm 2 on a
matrix C € R™? with SVD C = UXVT yields an identical output to running the method on
the PSD matrix A = (CCT)"/? = USUT. Further, all low-rank approximation and singular value
approximation results guaranteed for the returned matrix Q directly carry over from A to C.

3.1 A naive approach that actually works.

As discussed in Section 1.2, our main approach is to view the single-vector method of Algorithm 1
as a block Krylov method in disguise. Specifically, recall the matrix S; and the Krylov subspace
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from Equations (2) and (3). Since we now assume that A is PSD, we have AAT = A2, so we can
write

Ski= [x A’ A'x ... AXDx] (4)
and
span(K) = span ([S;, A%S, ... A%S.]), (5)

where ¢ := t — k 4+ 1. This matches the subspace spanned by K in Algorithm 2 with starting
block B = Si. Since the output of Algorithm 1 and Algorithm 2 depend only on the span of the
Krylov subspace they construct, we will use this equivalence to appeal to prior results on block
Krylov methods to analyze Algorithm 1. To do so, we need to show that, even though Sy is very
much unlike the i.i.d. random starting matrices used in prior work, it still provides a good enough
starting matrix for convergence to a near-optimal low-rank approximation.

Towards that end, we use a natural definition of what it means to be a “good” starting matrix
that specifically will allow us to leverage results on block Krylov methods from [Musco and Musco,
2015] in a black-box way. That same definition suffices for other results as well [Woodruff, 2014,
Drineas et al., 2018]. Intuitively, we require that a starting matrix B has nontrivial inner product
with all of the top k singular vectors of A:

Definition 1 ((k,L)-good Starting Matrix). Let A € R™ ¢ be a matriz with top k left singular
vectors Uy, € R™F. A matriz B € R™* is a (k, L)-good starting matriz for A if, letting Q € R"**
be an orthonormal basis for span(B), ULQ is invertible and ||(ULQ) |3 < L.

The condition above is equivalent to requiring that all singular values of U[Q are at least %,

or that all principle angles between span(Uy,) and span(B) have cos(6;) > ﬁ [Drineas et al., 2018].

Using Definition 1, we can immediately obtain bounds on the low-rank approximation error of
a subspace Q returned by Algorithm 2 when run with any (k, L)-good starting matrix. We will use
such bounds to analyze the single vector Krylov method of Algorithm 1, after proving that Sy is

(k, L)-good. Consider the following bound, which depends logarithmically on L:

Imported Theorem 2 (Theorem 1 of [Musco and Musco, 2015]). Let B € R™¥* be any (k, L)-good
starting matriz (Definition 1) matriz for A. If we run Block Krylov iteration (Algorithm 2) for
q= O(% log(%)) iterations with starting block B, then the output Q € R™* satisfies

A -QQTA[ls < (1+¢)[|A — Al (6)
and, letting q; be the ith column of Q,
|a] AATq; — 0i(A)?] < copi1(A)?. (7)

Imported Theorem 2 is implicit in [Musco and Musco, 2015], although, as stated in that work, it
is specialized to when B is a matrix with i.i.d. Gaussian entries. In Appendix F we discuss how the
more general result stated above follows from [Musco and Musco, 2015]. Imported Theorem 2 gives
two different guarantees. The first bounds low-rank approximation error, in both the Frobenius
and spectral norms. The second shows that the columns of Q can be used to estimate the top
singular values of A. This can be called a “Ritz value guarantee” or a “singular value guarantee”.

A random Gaussian matrix B can be shown to be an (k, O(nk))-good starting matrix with high
probability (see Lemma 4 in [Musco and Musco, 2015] or [Rudelson and Vershynin, 2010]). This is
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intuitive, since B will span a uniformly random subspace, which has non-negligible inner product
with any other fixed subspace, including the one spanned by Uj. For a Gaussian starting block,

Imported Theorem 2 therefore gives a bound of O(\% log(n/e)) iterations to achieve Equations (6)

and (7).

The fact that Sy, satisfies Definition 1 is less clear. Our main technical contribution is to prove
that it does, albeit with a much larger value of L than in the Gaussian case: in Section 3.2 we show
that, with probability at least 1 —d, Sy, is a (k, L)-good starting matrix for L = O(poly(n/dg",.)).
Here gimin = mingep g1} Ui_ofzi“ is the minimum gap between A’s top k singular values. Since
Imported Theorem 2 depends logarithmically on L, it follows that block Krylov with starting

block Sy needs O (% log( gn];in) + % log(e%)> iterations to achieve Equations (6) and (7) — yielding

Theorem 1.

In other words, we require k times as many iterations when starting with Sj instead of a fully
random B. However, notice that running Algorithm 2 for ¢ iterations with starting block Sy only
requires ¢ + k iterations of the single vector Krylov method from Algorithm 1, and thus ¢ + k
matrix-vector products. In contrast, running the method with a random B requires gk matrix-
vector products. Ultimately, this allows us to achieve in Theorem 1 a total complexity (in terms
of matrix-vector products) that matches, and in some cases improves, the block Krylov method
initialized with a Gaussian starting matrix, up to the dependence on log(1/gmin)-

3.2 Main Technical Analysis

Formally, we prove the following (k, L)-good guarantee for Sg. In combination with Imported
Theorem 2 and Equation (5), this bound yields Theorem 1. It will also serve as the basis for all of
the other results discussed in Section 1.3.

Theorem 3. Fix any PSD matriz A € R™*" with singular values o1 > ... > oy, let g be a vector
with i.i.d. mean zero Gaussian entries, and let Sy = [g A’g Atg ... A2(k*1)g]. For any

0 € (0,1), with probability at least 1—0, Sy, is a (k, L)-good starting matriz for A for L = %.

min
Here ¢ = 2.5 is a fized constant and Gmin = MiNje(y | 1} U’%ﬁ“
5
To prove Theorem 3, we will need a simple bound on the minimum of k£ independent Gaussian
random variables:

Lemma 4. Let g1,...,9x ~ N(0,1) and independent. Then, with probability at least > 1 — 0,
i 2
min; g? > %

Proof. We have that:

Pr[miingiz > = (1-Prlg2 <)) = (1-2Pr0 < g < VI)* > (1 = V1= e2/m)k,

The last line uses the bound Pr[0 < g1 < V] < 3V/1 — e=2*/7 from [Chu, 1955]. Setting the right
hand side equal to 1 — § and solving for ¢, we get:

s k) 7T2
t=5 I g 2 51 (=9 2 5()° = 3

T 2k2

ISIE

jus
2

In the first inequality we used that In (ﬁ) > z. In the second we used that 1—(1—z)'/% > -0



Proof of Theorem 3. We first argue that U%Sk is invertible. Observe that for any x € R*, S;yx =
p(A?)g for some degree k — 1 polynomial p with coefficients determined by the entries in x. We let
A =UXUT be the SVD of A. Then

UlSix = UlH(A%)g = ULUR(Z?)UTg = j(Z})g,

where 3, contains the top left k elements of 3 and g := UJg ~ N(0,I) by rotational invariance of

the Gaussian distribution. Note by Lemma 4 that min;e(; ) g2 > 72%:2 with probability at least
1 — 4. So altogether, we can write

k k
s e 200
[UFSixIB = U(A%)glE = S (5(e)%3 2 =5 > (0(07)°. ®)
i=1 i=1
Since p has degree k — 1, if none of the top k singular values are repeated (i.e., gmin > 0), we have
that the right hand side is nonzero for any nonzero x. Thus, U[Sy, is invertible.

Now, let Q € R™** be any orthonormal basis for span(Sy), so that S; = QC for some invertible
matrix C € RFxk (observe that Si must be full rank since U;Sk is invertible). Since ULSk is
invertible, we then also know that ULQ is invertible, as required by Definition 1. We also have
Sk(ULSk) ™! = QC(ULQC)™! = Q(ULQ)~! and therefore ||Sx(ULS,) '3 = [[Q(ULQ) |3 =
1(UTQ) Y3 So, to prove the theorem, it suffices to bound

ISe(UIS'xlE _ Sex3 _ [p(A%)el3
<13 X TUTSIxI3 ~ destpi k1 TUTH(A?)g]B

1Sk (UESk) ™[5 = max (9)
We already bounded the denominator in (8). Thus, we turn to the numerator. Since g has i.i.d.
mean zero, unit variance Gaussian entries we have for each i, g7 < 1 + 4log(1/8) with probability
at least 1 — 0 by standard concentration bounds for chi-squared random variables [Laurent and
Massart, 2000]. So, by a union bound, max; g7 < 5log(n/s) for n > 2. We thus have:

n

15(A%)gll3 < 5log(v/s) Y _(B(07))* < 5nlog(n/s) - e ax }(ﬁ((f?))2~ (10)
= il n
Combining (10) and (8), we conclude that
5mnk? log(% ; (p(02))?
50780 < TR DNcen DT (1)
20 deg(P)<k—1 S (p(0?))?

We now focus on bounding the maximum in (11). Observe that if there were no gap between two
of the top k singular values, then some nonzero polynomial p could make the denominator zero by
equaling zero on the at most k£ — 1 unique values in o1, ..., 0. So, any bound on (11) must depend
on the minimum gap between singular values. Second, note that if the maximum in the numerator
is achieved for ¢ < k, then the overall ratio is trivially at most 1. So, without loss of generality, we
only consider max;ec (g1, 2} (p(02))? in the numerator.

To bound this ratio, we follow a similar broad approach to [Saad, 1980], who bounds a re-
lated term by expanding p as an interpolating polynomial. Formally, we write p as a Lagrange

interpolating polynomial over O’%, e ,O’,%:
k €T — 0'2.
) =) oiti(x) where ¢ii=p(of),  lix)= [[ G2 ie{l... .k}
i=1 jefl ok} Tt T

JF#i
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For any 0 < x < ai we have

11 o] o3 1

[i@)] < [PEppTi II — 7S o

je{l,...k} |Ui o Uj| jell,... .k} |U’ - U]| min
JFi j#i

where the second inequality uses that |o? — ajzl > |o; — oj|? for all 0;,0; > 0. Next, we write
¢ =[p1 ... ¢x] =[p(01)? ... P(o?)] and obtain:
. - k
MmaX;c{k+1,...,n} ’p(U?)P < maXrE[O,aE] ]p(x)\Q . maXzG[O,oz} ‘Zi:l ¢2€2(x>‘2

SE 2?2 T SE (e K L (9(02))2

max, (o 52 (|61 max; [€i(x)])*

- &3
o3 2
= max Vi
1612 ecoohit, sy 4@
< Kk
T g

Finally, we plug back into (11) to conclude that [[(ULQ)™|13 = ||Sk(ULSk) '3 < 233[,?’“32 log(%),
which completes the proof. o O

3.3 Proof of Theorem 1

As mentioned, Theorem 1 follows directly by combining Imported Theorem 2 and Theorem 3. In
C
particular, since Sy is an (k, L)-good starting matrix for L < (#) for a constant ¢, if we run

the block Krylov method initialized with Sy, then with probability at least 1 — d, we obtain Q
achieving the guarantees of Theorem 1 after

1 nlL k 1 1 n . i
gq=0 (\/E log <€>> =0 <\/§ log <gmin> + % log <55>> iterations.

Moreover, by Equation (5), the Q returned by Algorithm 2 with S as the starting block, is
exactly the same as the Q returned by the single vector Krylov method (Algorithm 1) after ¢ + k
iterations. Overall, we get the following full version of Theorem 1, which includes both the low-rank
approximation and singular value guarantees from Imported Theorem 2:

Theorem 1 Restated. For A € R™%, let gpip = mingeqy, -1y 01707?“ For any ¢,6 € (0,1),
Algorithm 1 initialized with x ~ N(0,I) and run for t = O(\/I"’g log(gmﬁ) + ﬁlog(e%)) iterations
returns an orthogonal Q € R™* such that, with probability at least 1 — 6,

A - QQTA[ls < (1+¢)[|A — Al and |af AATq; — 0i(A)?| < copya(A).

4 Additional Applications of Main Result

In this section, we leverage our analysis of the starting block Si to give several results beyond
Theorem 1. In Section 4.1, we start by generalizing from using Sy to using Sy, which has £ > k
columns, and lets us obtain faster rates of convergence when the spectrum of A decays between

11



singular values k and £+ 1. Next, in Section 4.2, we use the results of Theorem 1 and Section 4.1 to
get a faster rate of convergence in the Frobenius norm, simplifying the algorithm of [Bakshi et al.,
2022]. In Section 4.3, we generalize from the Frobenius norm to Schatten p-norms, also simplifying
[Bakshi et al., 2022]. Lastly, in Section 4.4, we generalize from single vector Krylov with block size
b =1 to small-block Krylov with any block size b < k.

4.1 Faster Convergence with Spectral Decay

As discussed in Section 1, in addition to spectrum-independent bounds, we know that large block
Krylov methods achieve very fast convergence when using block size £ > k if there is a sufficiently
large gap between oy and oy41. Formally, [Musco and Musco, 2015] show the following;:

Imported Theorem 5 (Theorem 13 of [Musco and Musco, 2015]). Let B € R™¢ be any (¢, L)-
good starting matriz (Definition 1) matriz for A, for some £ > k. If we run Block Krylov iteration

(Algorithm 2) for q = O(\/giﬁlog(%)) iterations with starting block B, where gi_o = L;‘Z“,
then the output Q € R™* satisfies
IA-QQUA < (1+e)[A-Adle  and  |aTAATG; - 0i(A)?] < copa(A)

Our second main result shows that the convergence rate of Imported Theorem 5 applies to

single vector Krylov as well. In particular, we can simply apply the same idea as was used to prove
Theorem 1, but with “simulated block size” ¢ > k. Letting

Sei=[x A2x A*x ... A2 Dx| and span(K)=span([S, A?S, ... A%S/]),

we observe that single vector Krylov run for ¢ iterations exactly computes span(K) for ¢ =t — ¢+ 1.
This lets us show that single vector Krylov run for ¢ iterations essentially matches the convergence
rate of block Krylov run for ~ ¢// iterations:

i O0i+1

Theorem 6 (Spectral Decay Convergence). For A € R™ ¢ and { > k, let gpmin = min;eqy . o—1} Z i
and gp_¢ = =75 For any ¢,8 € (0,1), Algorithm 1 initialized with x ~ N(0,1) and run for

Ok

t = O(\/gﬁﬁ log(gm%) + \/ﬁ log(£)) iterations returns an orthogonal Q € R™** such that, with
probability at least 1 — ¢,

A - QQTAls < (1+¢)||A — Ayl and |a] AATq; — 0i(A)?| < eopia(A)°

Proof. By Theorem 3, we know that Sy is an (¢, L)-good starting matrix for block Krylov iteration
on A, where L < ( 69?4 )¢ for a constant c. So, by Imported Theorem 5, we find that block Krylov
iteration with startinwémblock Sy converges in

—0( LI (”L>)—o< ‘ 1o<1 >+ LR (”))
1 VGk—st 5\ VOk—t 8 Imin VIk—t & \se

iterations. Moreover, by Equation (5), the Q returned by Algorithm 2 with S, as the starting block
is exactly the same as the Q returned by the single vector Krylov method (Algorithm 1) after ¢+ ¢
iterations, which completes the proof. ]

Comparison to Prior Bounds. In terms of the number of matrix-vector products computed,
Theorem 6 can significantly improve upon the prior work for large k. [Musco and Musco, 2015]

require using a block size ¢ > k for t = O( iterations, or equivalently for O( \/gzlgﬁ .

A log(2))
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log(5%)) matrix-vector products. Assuming that g, is a constant, our guarantee for single vector
Krylov methods only requires O( ﬁ(f—l—log( Z5))) matrix-vector products. That is, we reduce the

product between £ and log(5%) into a sum, suggesting a nearly /-fold speedup when we want high
precision results. Further, we obtain the above guarantee for any £ > k, meaning that single vector
Krylov automatically competes with the bound for the best possible choice of block size, without
knowing it in advance. We observe in Section 6.5 that the above theoretical advantages translate
into practice — for matrices with decaying singular value spectra, we find that single vector Krylov
methods substantially outperform large block methods.

Comparison to Lower Bounds. It is worth comparing Theorem 6 to the lower bound of
[Sim(h(m itz et al., 2018], who show that finding an orthogonal matrix Q € R™* such that
ZZ 19]Ag; > (1 —¢) Zle oi(A) requires at least Q(\’;%) matrix-vector products when e =

Gk = % In comparison, applying Theorem 6 with ¢ = k yields an upper bound of roughly
O(klo%i") \/l%)’ which only does not violate the lower bound of [Simchowitz et al., 2018]

since T = = poly(n) for their input. ILe., their input suffers from very small singular value gaps.
When k = 1, the intuition for the logn dependence is that since a random start vector has

ﬁ() inner product with the top singular vector, it requires logn iterations to converge. The

matchlng upper and lower bounds of ©(Xken

s

et al., 2018] suggest that the cost of rank-k approximation is simply %k times the cost of rank-1
approxnnatlon, i.e., roughly klogn. In fact, the situation is more nuanced. Our work suggests
that, unless gaps between singular values are very small, the cost of rank-%k approximation is much
actually cheaper.

) from [Musco and Musco, 2015] and [Simchowitz

4.2 Improved Results for Frobenius Norm Low-Rank Approximation

Theorem 6 shows that single vector Krylov methods achieve strong spectrum-adaptive guarantees,
converging at essentially the same rate as the best choice of block size, if not faster. As a concrete
application of this observation, we show that single vector Krylov methods automatically match
a recent result of [Bakshi et al., 2022] on Frobenius norm low-rank approximation. [Bakshi et al.,
2022] propose an algorithm that combines the results of running block Krylov iteration twice,
once with block size k for O<51 73) iterations and once with block size O( k) for O(1) iterations.
Their algorithm obtains a (1 + ¢) optimal low-rank approximation in the Frobenius norm using
olt 1"}3) matrix-vector products instead of O( \/) as required by Theorem 1. Since Theorem 1 and
Theorem 6 show that single vector Krylov methods match the convergence rates of both block size
k and block size O( /3) they therefore match the result of [Bakshi et al., 2022]. Formally we have:

Theorem 7. For A € R"™?, let gpmin = minje(y, -1 0’;7(:1“ where { = 6)(61%) For any €,6 €
(0,1), Algorithm 1 initialized with x ~ N(0,I) and run for t = O(El%log(g Ly + ﬁlog(%))
iterations returns an orthogonal Q € R¥* such that, with probability at least 1 — &, we have

A -QQTA|r <(1+¢)[[A-QQTA|p.

We formally prove Theorem 7 in Appendix B, by generalizing and formalizing an analysis
stated in the introduction of [Bakshi et al., 2022]. We note that, in concurrent work, [Bakshi and
Narayanan, 2023] show a similar result which has no g, dependence and further removes the
logn dependence. However, their bound only applies to the special case of rank-1 approximation.

13



4.3 Improved Rates for Schatten Norm Low-Rank Approximation

The work of [Bakshi et al., 2022] also gives bounds for low-rank approximation in general Schatten
p-Norms for any p > 1. They show that by running Krylov iteration 4 times, on both A and AT
and with both a relatively small block size £ = k and a relatively large block size £ = O( = /3) they

p1/6
can recover a low-rank approximation to A in the Schatten p-norm using O( 2173 ) matrix-vector
multiplications. As in the case of Frobenius norm low-rank approximation, we show that we can
match this entire process with a single instantiation of single vector Krylov, yielding:

Theorem 8 (Schatten-p Norm Low-Rank Approximation). For A € R™*? and p > 1, let gmin =
mineqy . o—1} M where £ = @(W). For any €,5 € (0,1), let Q € R be the result of
running Algorn‘hm 1 on AT initialized with x ~ N(0,1) and run for

t=0 (%575 log(;1-) + (VB + L) og(32)) = O (277 + V)

iterations. Let Z € R™* be an orthonormal basis for AQ. Then, with probability at least 1 — 6,

A = ZZTA|, < (1 +¢)[[A = Agllp,
where | All, := (327, 0:(A)P)Y/? is the Schatten p-norm.

We prove Theorem 8 in Appendix C. Unlike our previous results, Theorem 8 first uses single
vector Krylov to compute an orthonormal basis Q, but then outputs Z, which is an orthonormal
basis for AQ. We suspect that this two-step process is an artifact of the analysis in [Bakshi et al.,
2022], and that simply returning the output of a single vector Krylov method suffices.

Note that since the same single vector Krylov method obtains the result of Theorem 8 for any
choice of p, and setting p = O(lo%) closely approximates the Schatten-oo norm (i.e., the spectral
norm), we achieve the best known result for outputting a low-rank approximation simultaneously

in all Schatten p-norms:

Corollary 9. For A € R™?  let gnin = mine(y, . -1} ‘72;7::“ where ¢ = @(m)- For any
£,6 € (0,1), let Q € R¥>* be the result of running Algorithm 1 on AT initialized with x ~ N'(0,1)

and run for
log(n n ~
t=0 (kloig/(i( n) log(g m) + fg( ) log(66)> =0 (7\’/“5)

iterations. Let Z € R™ ¥ be an orthonormal basis for AQ. Then, for gp 1= € -min{l, %} <eg,
with probability at least 1 — §, simultaneously for all p > 1,

A — QQTAHP <1+ 5p)HA - Ak”p-

A similar but weaker guarantee is available from [Bakshi et al., 2022]. They show that running
four Block Krylov methods with block size choices depending on p suffices to obtain a low-rank ap-
proximation in the Schatten g-norm for all ¢ < p. If we let p = O(logn) so that || A, approximates

the spectral norm, then, their result shows that O( ﬁ) matrix-vector products suffice to output a
(1 +¢) relative error low-rank approximation in all Schatten norms, including the Frobenius norm.
In contrast, Theorem 7 shows that running single vector Krylov for O( \[) iterations actually gives

a better relative error of (1 +£%?2) in the Frobenius norm.
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4.4 General Bounds for Small-Block Methods

Our approach to analyzing single vector Krylov also extends to ‘small-block’ Krylov methods,
which use block size 1 < b < k. Such methods are common in practice as they help avoid slow
convergence due to nearby singular values: intuitively, we expect a block size of b to be effective
even when the input A has clusters of at most b very close singular values. Additionally, parallelism
often lets us compute multiple matrix-vector products with A just as quickly as computing a single
matrix-vector product, with incentives the use of a block size > 1.

We outline results for small block methods in this section, but defer proofs to Appendix E. To
start, we generalize the notion of a gap between singular values:

Definition 2. Fiz block size b € [k]. For each i € [k|, we let N; C [k] \ {i} be the indices of the

b — 1 singular values other than i that minimize |Gi;40j |. Then let Gminp e the bth-order gap of A:
J

0 — 0j

in.p = Min  min
Gminb = L8] jelk\Waji

gy
If b=k, then the sets N; have no terms, and we define gpinp := 1.

If b = 1, then we see that the sets N; are empty, and we recover gminp = gmin as defined in
Theorem 1. If b = k, then g,,in p is just 1, which matches the fact that block size k does not require

a gap dependence [Musco and Musco, 2015]. If e.g., b = 2 and A has two identical singular values,
then we may still have g, > 0, and so an algorithm can depend on 7 L ; without risking total

failure. With this characterization of small-block gaps, we prove the following generalization of
Theorem 3 in Appendix E:

Theorem 10. Fir any PSD A € R™" and block size b € {1,...,k}. Let G € R™*® be a matriz

with i.i.d. N(0,1) entries, and let S, = [G A?G A'G ... A20-DG], wherer =k —b+1.
For any § € (0,1), with probability at least (1 — J), there ewists a matriz Q € R™* that lies in
21.2
the span of S, and is a (k,L)-good starting matriz for A for L = %w. Here, ¢ is a fized
min,b
constant.

Above, the starting block S, has rb ~ b(k —b) columns, which can be larger than k. Theorem 10
shows that there exists a matrix Q € R™** in the span of S, which satisfies the (k, L)-good property
of Definition 1. Since the Krylov subspace generated by Q lies within the Krylov subspace generated
by S,, we can thus use Imported Theorem 2 and Imported Theorem 5 to obtain guarantees for the
subspace generated by S,. For a formal argument, see Appendix E. Overall, by plugging in the

value of L = poly( 5 ——) into these theorems, we achieve similar guarantees as for single vector
g

min,b

Krylov, but with a dependence on g, . For instance, we generalize Theorem 1, obtaining:

Theorem 11. For A € R"™4 and b < k, let ginp as in Definition 2. For any £,8 € (0,1),

Algorithm 2 initialized with i.i.d. N(0,1) matric G € R™® and run for t = O(k—\;gb log(; 1 o)+
N ,

NG log(5%)) dterations returns an orthogonal Q € R™¥F such that, with probability at least 1 — 9,

A - QQTA[le < (1+2)[[A - Aglle and |a] AATq; — 0i(A)?| < coppa(A).

bk—b) |, (2

In particular, this requires O( NG e o)+ % log(5z)) matriz-vector products with A.
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For constant b = O(1), the above theorem recovers the same asymptotic matrix-vector com-
plexity as Theorem 1 but with an improved dependence on singular value gaps. For k—b = O(1), it
nearly matches the matrix-vector complexity of block Krylov with block size k, but with a very mild
gap dependence. When b = %, we get the worst of both worlds, needing m = O(\k—;) matrix-vector
products. This may be a limitation of our proof techniques: it could be possible to show that the
matrix-vector complexity scales linearly in k for any block size.

Further, observe that by using Theorem 10, the spectrum-adaptive results of Section 4.1, the
fast Frobenius results of Section 4.2, and the fast Schatten norm results of Section 4.3 also apply in
the general block size b < k case. Wherever those theorems have g,,in, we replace this with gnin b,
where g, p is defined now across the top £ — b singular values instead of the top k — b.

5 Random Perturbation Analysis

Theorems 1, 6, 8 and 11 all show that single vector or small-block Krylov methods match or improve
the existing bounds for large block methods, up to a factor of log(gmﬁ). Single vector methods
cannot avoid this dependence in general: if one of A’s top singular values is repeated, so that
Jmin = 0, then the Krylov subspace can be rank deficient and fail to converge to the top subspace
of A. To address this possible point of failure, we take a smoothed-analysis approach, showing that
if our input instance is subjected to a small random perturbation, the dependence on ¢.,,;, can be
removed. The key tool we leverage is a line of work from random matrix theory called eigenvalue
repulsion, which shows that small eigenvalue gaps are brittle: by adding a tiny amount of random
noise to any matrix, we can ensure that its eigenvalues are well separated [Minami, 1996, Nguyen
et al., 2017, Beenakker, 1997].

5.1 Gap-Independent Bounds for PSD Matrices

Our first result shows that we can remove the dependence on ¢,,;, when our input matrix A is
PSD. In Section 5.2, we show that this result gives some bounds for non-PSD matrices as well. Our
result leverages the following eigenvalue repulsion bound, which we derive in Appendix D.1 using
a result of [Minami, 1996].

Lemma 12. Fiz symmetric matriz A € R™", § € (0,1), and A < ||Af]2. Let D € R™™ be a
diagonal matriz whose entries are uniformly distributed in [—A,+A]. Then, letting A = A + D
and letting C denote some universal constant, with probability at least 1 — ¢,

IXi(A) = Nig1(A)] N Y A?

min > . )
i€[n—1] |)\i+1 (A)‘ Cn? ||AH§

That is, by adding a small amount of noise to the diagonal of A, we can ensure its eigenvalue gaps
are polynomially large in the problem parameters. While Lemma 12 holds for general symmetric
matrices, we will apply it specifically to PSD A in our analysis, since for indefinite matrices, having
large eigenvalue gaps does not necessarily imply having singular value gaps, which are required
for our convergence results for single vector Krylov methods. It would be interesting to prove an
analogous result to Lemma 12 that applies directly to singular values and use it to generalize our
results beyond PSD matrices.

Naturally, the larger the perturbation parameter A in Lemma 12, the larger the resulting gaps.
Thus, A gives a tradeoff between runtime and accuracy: higher A leads to larger gaps and thus
faster convergence. However, it will also make the result of our algorithms less accurate. In
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Appendix D.2 we show that picking A such that ||D]j2 < w suffices to guarantee that a
near-optimal low-rank approximation of A is also near optimal for A:

Lemma 13. Let A = A + D where |D||y < Zop41(A) and e € (0,1). Fiz any Q € R™* with

orthonormal columns qy,...,q. Then, with probability at least 1 — 9,
1. If [a]AATq; — 04(A)?| < coy11(A)?, then ] AATq, — 0;(A)?| < 8eay(A)>.
2. If |A —QQTA[2 < (1 +)[|A — A2, then ||A — QQTA|2 < (1+2¢) A — Agll2.
3 Af[|A - QQTA|lp < (1+2)|A — Ak, then A — QQTA||r < (1+42)|A — Ak]lp.

In particular, since we pick D to be diagonal, we have |Dljs < A < Lemmas 12
and 13 then together imply the following gap-independent variant of Theorem 1 for PSD matrices.

eok+1(A)
3n '

Corollary 14 (Gap-Independent Convergence). For PSD A € R™™ " let kj, = g—i and A = w;—n“
For any ¢,6 € (0, %), let A = A + D where D € R™ is a diagonal matriz with entries drawn
uniformly and i.i.d. from [=A,A]. Then, Algorithm 1 run on A initialized with x ~ N(0,1) and
run for t = O(% log(“sk)) iterations returns orthogonal Q € R™* such that, with probability at

least 1 — 0,
A —-QQTA[le < (1+e)l|A — Ayl and a] AATq; — 0i(A)?] < copy1(A)%

Proof. Proving this result simply requires showing that Lemma 12 implies gaps between A’s singular
values. This is not immediate since, even if we assume A is PSD, A might not be, so could have
negative eigenvalues. An eigenvalue at n and another eigenvalue at —n, which would give a singular
value gap of 0, which we need to rule out. To do so, note that |D|l2s = max; |D; ;| < A < eop41(A).
So by assuming that A is PSD, we know that for any negative eigenvalue A\;(A) of A,

Ai(A)] < [Ai(A) = Ai(A)] < D]z < copr1(A) < op41(A).

The last inequality assumes ¢ < 1 to say that 0ps1(A) > 0pp1(A) — D2 > (1 — €)ops1(A) >

eok+1(A). So, we know that if A;(A) < 0 then any singular value associated with A;(A) is not one
of the top k singular values of A. So, the top k singular values of A must all be associated with

nonnegative eigenvalues. That is 0;(A) = \;(A) for i € [k]. And so, we find that

(A) — o1 (A Ai(A) = Nip1(A 5 A?
Gmin = min |0i(A) Uzj-l( )| — min [Xi(A) z~+1( )| > - .
i€{1,....k—1} oir1(A) i€{l,....k—1} INir1(A)] Cn? ||Al5
To complete the theorem, we then plug in A = 603‘“71“, getting
5 o 5e?
Imin = e .
Cn? o2 9Cn*K2
We then appeal to Theorem 1 to get the final iteration complexity of ¢ = O(%log(grim) +
- log(%) = O( log(252). =

Up to a logarithmic dependence on xj, Corollary 14 exactly matches the gap-independent low-
rank approximation for the block Krylov method [Musco and Musco, 2015]. The same approach
can be generalized to give analogs to Theorem 6, Theorem 7, Theorem 8, and Corollary 9 with a
dependence on ki instead of gin.
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Corollary 14 can be interpreted in several ways. In practice, it is unlikely that adding random
noise is in fact needed to break small singular value gaps. Noise inherent in the input matrix or due
to roundoff error will generally suffice to rule out the existence of tiny singular value gaps. Thus,
the corollary can be thought of as a smoothed-analysis result [Spielman and Teng, 2004, Sankar
et al., 2006], showing that single vector Krylov methods display gap-independent convergence even
on input instances which are tiny random perturbations of potentially worst-case instances. Al-
ternatively, when rigorous worst-case guarantees are required, we could actually run Algorithm 1
on the true input matrix A with a random diagonal perturbation added. Since D is diagonal, the
runtime of matrix-vector products with A will generally be dominated by the runtime of matrix-
vector products with A, so this is very efficient. We experimentally explore the convergence of this
perturbed iteration on a PSD matrix in Section 6.4.

5.2 Gap-Independent Bounds for Rectangular and Indefinite Inputs

We next observe that Corollary 14 gives results for non-PSD matrices as well, at least for low-rank
approximation with respect to the spectral norm. In this case, we can run a single vector Krylov
method on a perturbation of PSD matrix AAT. This suffices because the spectral norm guarantee
has the property that a near-optimal basis for approximating AAT is also a near-optimal for A:

Lemma 15. Let A € R" 4. Let Q € R™* be a matriz with orthonormal columns such that
[AAT — QQTAAT|y < (1 +¢)[|AAT — (AAT)[l2. Then, |[A—QQTA[2 < (1+¢)[|A — Ag2.

Proof. Let P := I — QQT. Observe that ||[AAT — (AAT).|l2 = okr1(A)?, so we are given that
|PAAT|2 < (1 +¢€) or,1(A)% Next note that P is a projection matrix, which can only decrease

spectral norms, so we have
IPA[3 = |(PA)(PA)T|l> = [PAATP|s < [PAAT[|2 < (1 +¢) og11(A)

Taking the square root of both sides, and noting that v/1+¢ < 1+ ¢, we conclude that ||A —
QQTA[l2 < (1 +€)or41(A) = (1 +2)[|A — A2, 0
Combining Lemma 15 with Lemma 15 we obtain the following result:

ET

2 ~
Corollary 16. For A € R™ et k), = ok and A = gt. For any e, € (0, %), let A =AAT+D
where D € R" " is a diagonal matriz with entries drawn uniformly and i.i.d. from [—A,A]. Then,
Algorithm 1 run on A initialized with x ~ N (0,I) and run fort = O(% log (%)) iterations returns

an orthogonal Q € R™ F such that, with probability at least 1 — §,

A -QQTA|2 < (1 +¢)A - QQTA|2.

Note that it is not clear that Lemma 15 extends beyond the spectral norm, e.g., to the Frobenius
norm. Nevertheless, we suspect that a result comparable to Corollary 16 should hold for all other
error metrics considered in this paper.

6 Numerical Experiments

In this section we validate the core findings of our theoretical results with numerical experiments.
We focus on four key findings. In Section 6.2, we verify that the dependence of single vector
Krylov on the sequential gap size gmnin is in fact logarithmic, matching the theoretical bounds of
Sections 3 and 4. In Section 6.3, we show that using a small block size b > 1 can ameliorate this
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gap dependence, by replacing log(1/gmin) with log(1/gminp) as shown in Theorem 11. Relatedly,
in Section 6.4 we show that a small random perturbation of the input matrix can break up over-
lapping singular values and lead to much faster convergence of the single vector Krylov method,
matching our theoretical findings from Section 5. In Section 6.5 we compare single vector and large
block Krylov methods. We find that for a wide range of matrices, single vector Krylov methods
significantly outperform larger block methods. However, for some very specific worst case instances,
large block methods can perform better.

Finally, while our theoretical bounds ignore issues of numerical stability, in Section 6.6, we
observe empirically that small block methods tend to have significantly more issues with stability
than large block methods. Exploring this issue further in future work would be very interesting.

6.1 Experimental Set Up

To control against stability issues in our primary experiments, we implement algorithms Algorithm 1
and Algorithm 2 using a full reothogonalization strategy to keep the Krylov subspace close to
orthogonal. At every iteration of the (block) Krylov iteration, we orthogonalize the most recently
generated column (resp. block) of the Krylov subspace against all previous columns (resp. blocks)
using the modified Gram-Schmidt process. At the next iteration, this column (resp. block) is
multiplied by A to produce a new column (resp. block) of the Kyrlov subspace. See Section 6.6
for more details or our code, which is available on GitHub®.

We also note that, like most standard implementations, including those based on the Lanczos
recurrence, our code implements Algorithm 1 run for ¢ iterations using ¢+ 1 matrix-vector products
with AAT. To see why this is possible, note that the matrix AATZ computed on Line 2 of the
algorithm can be formed “on-the-fly” as we generate the Krylov subspace. Let z; be the i column
in Z. At each iteration we already compute A ATz; for column z; to form column z; 1, so can just
store this result to form AATZ. Similarly, implementing Algorithm 2 requires (t+1)¢ matrix-vector
products with AAT.

Throughout our experiments, we only report low-rank approximation error in terms of the
Frobenius norm, as we found convergence in the spectral and Frobenius norms typically matched
quite closely. In particular, letting Q be the output of Algorithm 1 or Algorithm 2, we report

_ [A—QQTA[|r — ||A — Allr
Eempirical *= HA — AkHF .

Our theory describes how ecppiriciar Should change as a function of the number of iterations, the
block size, and the singular value gaps of A.

Lastly, we note that, since Krylov methods initialized with random Gaussian vectors are invari-
ant to rotation, without loss of generality we test on diagonal input matrices for all synthetic data
experiments. Each matrix’s diagonal entries correspond to its singular values.

6.2 Verifying Gap Dependence

We first empirically show that single vector Krylov has a logarithmic dependence on the minimum
sequential gap size gmin = Min;epp_q) U";Tl“, as predicted by the bounds of Sections 3 and 4. We
consider an exponentially decaying spectrum with parameter o = 1.1 whose singular values are all

nearly repeated, with gap sizes varying between g, € [107191]. That is, letting our vector of

®https://github.com/Raphael ArkadyMeyerNYU/SingleVectorKrylov
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Impact of Minimum Gap on Single Vector Krylov
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Figure 3: Low-rank approximation error vs. minimum gap size for diagonal A € R1000x1000 ith
singular values o as described in Equation (12). For 8 different gap sizes logarithmically spaced in
[10710, 1], we run single vector Krylov for t = 25,26, ..., 34 iterations with target rank & = 10. The
median of €¢mpiricar Over 500 independent trials is plotted, with the 25" and 75" quartiles shaded
in. When eeppirical < 10715, we plot it at 1071° so that the log/log plot does not degenerate. As
expected given the theoretical bound of Theorem 6, we see a linear relationship between the log
relative error and log gap size.

singular values be denoted o = [0, ..., 0y,] so that A = diag(o), and fixing n = 1000, we let
1 —1 -1 -2 -2 —499 —499
o= |:1’ 1+gmin’ a ’ 1fgmin, a ’ 1+O[g'rni1'1,7 T « ’ ligmzn ’ (12)

Since this matrix has a fast decay of singular values, we expect the performance of single vector
Krylov to follow the spectral decay rate of Theorem 6. That is, fixing the dimension d and failure
probability &, we should expect the number of iterations to scale as:

l 1 1 1
boc 7= log (gmm) + m=loe ()

Rearranging this expression, we can equivalently expect

log(e) = —t\/Gk—e — £10g(gmin)
= —C — llog(gmin)

where Cy 1= t,/gr_¢ is independent of g,in. So, if we plot €cpmpirical VEISUs gmin on a log/log plot
for a fixed value of ¢, we should see a line with negative slope. Further, since the vertical offset of
these lines are C; o t, we should expect that increasing t should shift these lines downwards and
proportionally to t. We see this behavior exactly in Figure 3.

6.3 Verifying the Effect of Block Size on Gap Dependence

We next show that when A has very small singular value gaps (or even exactly overlapping singular
values), the dependence on log(1/gmin) can be avoided by using a small constant block size b. This
lets us instead depend on 1og(1/gminp), as in the analysis of Theorem 11.
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Impact of Block Size on Convergence under Repeated Singular Values
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Figure 4: Low-rank approximation error vs. number of matrix-vector products for diagonal A €
R1000x1000 with repeated top singular values as in Equation (13). We run Krylov iteration with
target rank k = 50 for block sizes b = 1,2,3,50. The median of e.mpiricar Over 10 independent
trials is plotted, with the 25! and 75" quartiles shaded in. Note that these quartiles are very
close together in this example. When ecppiricar < 10715, we plot it at 1071° so that the plot does
not degenerate. The plot on the left has a linear y-axis and highlights the performance for early
iterations, while the plot on the right uses a logarithmic y-axis and highlights the performance
for later iterations. Overall, we see that block size b = 2, which is just large enough to avoid
the repeated pairs of singular values in A’s spectrum, performs best. Single vector Krylov is
handicapped by the repeated singular values, especially at early iterations. Large block Krylov
converges at a significantly slower rate than the small block variants.

We focus on when A has pairs, but not triplets, of exactly overlapping singular values. In this
case, block Krylov with block size b = 2 should perform well, since it should not suffer due to the
overlapping singular values. Further, it should match or outperform larger block methods. To show
this, we construct an exponentially decaying spectrum with parameter a = 1.005 and whose top
k = 50 singular values are each repeated, with sequential gap size gmni, = 0. Formally, we choose
1000 singular values as follows:

o) = [1 1 a! o' a2 a2 ... a? 04_25]
op = [a—26 a2l o8 a—975]
oc=[ocs op|. (13)

In theory, single vector Krylov should completely fail in this case, only capturing a k/2-dimensional
subspace of the span of the top k singular vectors. Due to finite precision roundoff, the method
nevertheless converges. However, it is still significantly handicapped by the repeated singular values.

In Figure 4 we plot the low-rank approximation error vs. number of matrix-vector products of
single vector Krylov and block Krylov with block sizes 2, 3, and 50, for target rank k = 50. We show
both y-linear and y-logarithmic plots to highlight the performance at early and later iterations. We
see that block size 2 performs the best across the board, and that block size 3 is only mildly worse.
Due to the repeated singular values, single vector Krylov performs worse, especially for the early
iterations. It becomes competitive with block size 3 eventually. In contrast, the full block size k
method converges much more slowly.
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Impact of Noise on Convergence under Repeated Singular Values
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Figure 5: Low-rank approximation error vs. number of matrix-vector products for diagonal A €
R1000x1000 with repeated top singular values as described in Equation (13). We run the single
vector Krylov method with target rank k = 50, with varying levels of noise added to A to separate
its repeated singular values. In particular, following Corollary 14, we run the method on A + D
where D € R1000%1000 g 5 random diagonal matrix with entries drawn uniformly on [—A, A], for
A € {107%,10719 10714 0}. Low-rank approximation error is measured with respect to the original
input A. For comparison, we also show performance of block Krylov with block size b = 2 with no
noise added. This was the optimal block size for this spectrum as seen in Figure 4. The median of
Eempirical OVer 10 independent trials is plotted, with the 25" and 75" quartiles shaded in. Note that
these quartiles are very close together in this example. When ecppirical < 10715, we plot it at 10719
so that the plot does not degenerate. The plot on the left has a linear y-axis and highlights the
performance for early iterations, while the plot on the right uses a logarithmic y-axis and highlights
the performance for later iterations. We can see that by adding a small random perturbation, we
can improve the convergence of single vector Krylov to nearly match that of block Krylov with
b = 2. Larger noise leads to faster convergence but also larger final error.

6.4 Verifying the Effect of Random Perturbations on Gap Dependence

Next, we show that adding a small amount of random noise to break up small singular value gaps
can also make single vector Krylov converge more quickly, verifying the results of Section 5. We
use the same matrix as in Section 6.3, with spectrum given in Equation (13). In Figure 5, we show
that adding noise to A the order of 1076 leads to single vector Krylov converging nearly as quickly
as the optimal b = 2 block Krylov method as seen in Section 6.3. This noise does limit our eventual
accuracy at convergence, which can be seen clearly in our logarithmic error plot. Changing the
magnitude of the noise lets us interpolate between fast convergence and high accuracy.

6.5 Effect of Block Size in Convergence

We next present a wider comparison of how the choice of block size for Krylov iteration effects
convergence to a near-optimal low-rank approximation. We fix target rank k£ = 50 and compare
block sizes 1, 2, 3, 50, and 54. Block size 1 corresponds to the single vector Krylov method. Block
sizes 2 and 3 should be more resilient to a pairs or triplets of very close singular values, respectively.
Block sizes k and k + 4 are recommended by prior theoretical work on Krylov Iteration for low-
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rank approximation [Musco and Musco, 2015, Tropp, 2018]. We consider eight input matrices. All
synthetic inputs are 1000 x 1000 and diagonal.

1. Exponential Decay: o; = o~ for a € {1.001, 1.01, 1.1}
2. Polynomial Decay: o; =i~ 7 for 8 € {0.1, 0.5, 1.5}

3. Repeated Singular Values: A matrix with each of its top k singular values repeated, as
defined in Equation (13).

4. Wishart Lower Bound: o; = /1 — (10i00)2. This is an approximation of the spectrum of

— = GTG where G!000%1000 ha5 i i.d A/(0,1) entries. This matrix is used as a lower bound
instance for rank-1 low-rank approximation in [Bakshi et al., 2022].

5. nd3k, appu, human _gene 2, exdata_1: Various real-world matrices arbitrarily chosen
from SuiteSparse [Davis and Hu, 2011].

We can see the results of these experiments in Figure 6. We see that for all except the repeated
singular value and Wishart lower bound matrices, single vector Krylov dominates. For the repeated
singular value matrix, as in Section 6.3, we see that block size 2 dominates again. For the Wishart
lower bound matrix from [Bakshi et al., 2022], we see that large block methods marginally (though
consistently) outperform small block methods. This lower bound instance is designed to force

1. 1 .
Krylov methods to converge at a rate of VR instead of at the spectral decay rate NTEvE This

seems to makes the rate of convergence of single vector Krylov slower than block Krylov, since
we pay a log(1/gmin) dependence, while only benefiting a small amount from separating the k
and log(n/e) dependence (see Theorem 1). In contrast, the other figures show matrices where
the spectral decay rate controls convergence, where single vector Krylov still pays log(1/gm:n) but
seems to see performance gains from being able to simulate general block sizes and from separating
the log(n/e) dependence from the (simulated) block size dependence (see Theorem 6).

6.6 Block Size and Numerical Stability

It is well known that Krylov methods can suffer from numerical stability issues [Golub and Van Loan,
2013, Meurant and Strakos, 2006]. In particular, the iterates (AAT)'g approach the same vector
(the top singular vector of A) as ¢t grows large. So, K becomes ill-conditioned. So far, we have
focused on convergence guarantees and ignored numerical stability. As discussed, our implementa-
tions use orthogonalization to keep K well-conditioned at all iterations. That is, for single vector
Krylov, at every iteration, we compute (AAT)k;_; where k;_; is the last column in the Krylov
matrix K. Then we project (AAT)k;_; away from all of the previous columns ky,..., k1 via
modified Gram-Schmidt, and store the resulting vector as k;. We do the same for block Krylov,
where we compute (AAT) [kt,b,l .. kt—l] and add the resulting b columns to K iteratively via
modified Gram-Schmidt.

In practice, Krylov implementations typically spend less effort orthogonalizing at each step. For
example, they are commonly implemented via the Lanczos method, where k; is only projected away
from k; 1 and k;_o. In infinite precision, this is equivalent to projecting away from all previous
columns [Golub and Van Loan, 2013]. Similar ideas can be applied to block Krylov methods
[Rokhlin et al., 2009, Saad, 1980]. While such methods are highly efficient, when using them, K
can lose orthogonality. This can lead to slower convergence or necessitate modifications such as
restarts or reorthogonalization [Calvetti et al., 1994, Paige, 1972, Parlett, 1998].

23



Relative Error (€empiricat) Relative Error (€empiricat) Relative Error (€empiricat)

Relative Error (€empiricat)

Figure 6: Low-rank approximation error vs. number of matrix-vector products for Krylov iteration
with various block sizes on synthetic and real-world input matrices as described in Section 6.5. In
all cases, the target rank is set to & = 50. The median of e¢/piricar is plotted over 10 independent
trials, with the 25" and 75" quartiles shaded in. Note that these quartiles are very close together
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Impact of Block Size and Orthogonalization on Convergence
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Figure 7: Low-rank approximation error vs. number of matrix-vector products for diagonal A €
R1000x1000 wwith singular values o; = 1.17% and target rank k = 50. We run for block sizes b €
{1,2,k,k + 4} both with Lanczos and with full orthogonalization. The median of ecppiricar OVer
100 independent trials is plotted, with the 25! and 75" quartiles shaded in. Notice that for this
experiment, single vector Krylov converges the fastest with full orthogonalization and slowest with
Lanczos, and that large block methods have no real gap between full orthogonalization and Lanczos.
ILe., large block methods are much more stable even with partial orthogonalization.

Intuitively, comparing single vector or small block Krylov to large block Krylov with a fixed size
Krylov subspace K, we expect that single vector and small block Krylov will be more susceptible
to conditioning issues, since they require more iterations to reach the same sized subspace. Thus,
we should expect partial orthogonalization methods like Lanczos to lead to slower convergence for
these methods as compared to large block methods. With full orthogonalization, we should instead
expect to see small block methods dominate. We see this trend exactly in Figure 7. An interesting
extension to our work would be to more closely study the stability of Krylov methods for low-rank
approximation, and to develop a more clear theoretical understanding of the advantages of large
block methods in this regard.

Acknowledgements

This work was supported by NSF Awards 2046235 and 2045590. Cameron Musco thanks Alex
Breuer for helpful conversations in 2016 that helped inspire the initial idea behind this work.
Raphael Meyer was partially supported by a GAANN fellowship from the US Department of Ed-
ucation. He thanks Tyler Chen, Apoorv Singh, and Axel Elaldi for help designing the figures. He
also thanks Kathryn Lund, Kirk Soodhalter, and David Persson for helpful conversations contextu-
alizing this work. He further thanks David Persson for help formalizing the results on single vector
simultaneous iteration.

25



References

[Aizenman et al., 2017] Aizenman, M., Peled, R., Schenker, J., Shamis, M., and Sodin, S. (2017).
Matrix regularizing effects of Gaussian perturbations. Communications in Contemporary Math-
ematics, 19(03):1750028.

[Allen-Zhu and Li, 2016] Allen-Zhu, Z. and Li, Y. (2016). LazySVD: Even faster SVD decompo-
sition yet without agonizing pain. In Advances in Neural Information Processing Systems 29

(NeurIPS).

[Bakshi et al., 2022] Bakshi, A., Clarkson, K. L., and Woodruff, D. P. (2022). Low-rank approxi-

mation with 1/ 51/ 3 matrix-vector products. In Proceedings of the 54th Annual ACM Symposium
on Theory of Computing (STOC).

[Bakshi and Narayanan, 2023] Bakshi, A. and Narayanan, S. (2023). Krylov methods are (nearly)
optimal for low-rank approximation. arXiv:2304.03191.

[Banks et al., 2022] Banks, J., Garza-Vargas, J., Kulkarni, A., and Srivastava, N. (2022). Pseu-
dospectral shattering, the sign function, and diagonalization in nearly matrix multiplication time.
Foundations of Computational Mathematics, pages 1-89.

[Beenakker, 1997] Beenakker, C. W. (1997). Random-matrix theory of quantum transport. Reviews
of modern physics, 69(3):731.

[Boutsidis et al., 2016] Boutsidis, C., Woodruff, D. P., and Zhong, P. (2016). Optimal principal
component analysis in distributed and streaming models. In Proceedings of the /8th Annual
ACM Symposium on Theory of Computing (STOC).

[Calvetti et al., 1994] Calvetti, D., Reichel, L., and Sorensen, D. C. (1994). An implicitly restarted
Lanczos method for large symmetric eigenvalue problems. Electronic Transactions on Numerical
Analysis, 2(1):21.

[Chu, 1955] Chu, J. T. (1955). On bounds for the normal integral. Biometrika, 42(1/2):263-265.

[Clarkson and Woodruff, 2013] Clarkson, K. L. and Woodruff, D. P. (2013). Low rank approxima-
tion and regression in input sparsity time. In Proceedings of the 45th Annual ACM Symposium
on Theory of Computing (STOC).

[Cohen et al., 2015] Cohen, M., Elder, S., Musco, C., Musco, C., and Persu, M. (2015). Dimen-
sionality reduction for k-means clustering and low rank approximation. In Proceedings of the
47th Annual ACM Symposium on Theory of Computing (STOC).

[Cullum and Donath, 1974] Cullum, J. and Donath, W. (1974). A block Lanczos algorithm for com-
puting the q algebraically largest eigenvalues and a corresponding eigenspace of large, sparse, real
symmetric matrices. In IEEE Conference on Decision and Control including the 13th Symposium
on Adaptive Processes, pages 505-509.

[Davis and Hu, 2011] Davis, T. A. and Hu, Y. (2011). The University of Florida sparse matrix
collection. ACM Transactions on Mathematical Software, 38(1).

[Drineas et al., 2018] Drineas, P., Ipsen, I. C., Kontopoulou, E.-M., and Magdon-Ismail, M. (2018).
Structural convergence results for approximation of dominant subspaces from block Krylov
spaces. SIAM Journal on Matrixz Analysis and Applications, 39(2):567-586.

26


http://arxiv.org/abs/2304.03191

[Drineas and Ipsen, 2019] Drineas, P. and Ipsen, I. C. F. (2019). Low-rank matrix approximations
do not need a singular value gap. SIAM Journal on Matriz Analysis and Applications, 40(1):299—
319.

[Drineas and Mahoney, 2016] Drineas, P. and Mahoney, M. W. (2016). RandNLA: Randomized
numerical linear algebra. Communications of the ACM, 59(6).

[Golub and Underwood, 1977] Golub, G. and Underwood, R. (1977). The block Lanczos method
for computing eigenvalues. Mathematical Software 111, (3):361-377.

[Golub and Van Loan, 2013] Golub, G. and Van Loan, C. (2013). Matriz Computations. Johns
Hopkins University Press, 4th edition.

[Gu, 2015] Gu, M. (2015). Subspace iteration randomization and singular value problems. SIAM
Journal on Scientific Computing, 37(3):A1139-A1173.

[Halko et al., 2011a] Halko, N., Martinsson, P.-G., Shkolnisky, Y., and Tygert, M. (2011a). An
algorithm for the principal component analysis of large data sets. SIAM Journal on Scientific
Computing, 33(5):2580-2594.

[Halko et al., 2011b] Halko, N., Martinsson, P.-G., and Tropp, J. (2011b). Finding structure
with randomness: Probabilistic algorithms for constructing approximate matrix decompositions.
SIAM Review, 53(2):217-288.

[Hegde et al., 2016] Hegde, C., Indyk, P., and Schmidt, L. (2016). Fast recovery from a union of
subspaces. Advances in Neural Information Processing Systems 29 (NeurIPS), 29.

[Huang and Tikhomirov, 2020] Huang, H. and Tikhomirov, K. (2020). A remark on the smallest
singular value of powers of Gaussian matrices. FElectronic Communications in Probability, 25:1-8.

[Kahan and Parlett, 1976] Kahan, W. and Parlett, B. (1976). How far should you go with the
Lanczos process? In Sparse Matriz Computations, pages 131-144. Academic Press.

[Kaniel, 1966] Kaniel, S. (1966). Estimates for some computational techniques in linear algebra.
Mathematics of Computation, 20(95):369-378.

[Kuczynski and Wozniakowski, 1992] Kuczynski, J. and Wozniakowski, H. (1992). Estimating the
largest eigenvalue by the power and Lanczos algorithms with a random start. SIAM Journal on
Matriz Analysis and Applications, 13(4):1094-1122.

[Laurent and Massart, 2000] Laurent, B. and Massart, P. (2000). Adaptive estimation of a
quadratic functional by model selection. The Annals of Statistics, 28(5):1302-1338.

[Lehoucq et al., 1998] Lehoucq, R. B., Sorensen, D. C., and Yang, C. (1998). ARPACK users’
guide: solution of large-scale eigenvalue problems with implicitly restarted Arnoldi methods.
SIAM.

[Li et al., 2017] Li, H., Linderman, G. C., Szlam, A., Stanton, K. P., Kluger, Y., and Tygert, M.
(2017). Algorithm 971: An implementation of a randomized algorithm for principal component
analysis. ACM Transations on Mathemathical Software, 43(3).

[Li and Zhang, 2015] Li, R.-C. and Zhang, L.-H. (2015). Convergence of the block Lanczos method
for eigenvalue clusters. Numerische Mathematik, 131(1):83-113.

27



[Martinsson et al., 2006] Martinsson, P.-G., Rokhlin, V., and Tygert, M. (2006). A randomized
algorithm for the approximation of matrices. Technical Report 1361, Yale University.

[Martinsson and Tropp, 2020] Martinsson, P.-G. and Tropp, J. A. (2020). Randomized numerical
linear algebra: Foundations and algorithms. Acta Numerica, 29:403-572.

[Mathworks, 2023] Mathworks (2023). Matlab svds documentation. https://www.mathworks.
com/help/matlab/ref/svds.html.

[Meurant and Strakos, 2006] Meurant, G. and Strakos, Z. (2006). The Lanczos and conjugate
gradient algorithms in finite precision arithmetic. Acta Numerica, 15:471-542.

[Minami, 1996] Minami, N. (1996). Local fluctuation of the spectrum of a multidimensional An-
derson tight binding model. Communications in mathematical physics, 177:709-725.

[Musco and Musco, 2015] Musco, C. and Musco, C. (2015). Randomized block Krylov methods for
stronger and faster approximate singular value decomposition. In Advances in Neural Information
Processing Systems 28 (NeurIPS). Full version at arXiv:1504.05477.

[Nguyen et al., 2017] Nguyen, H., Tao, T., and Vu, V. (2017). Random matrices: tail bounds for
gaps between eigenvalues. Probability Theory and Related Fields, 167(3):777-816.

[Paige, 1971] Paige, C. C. (1971). The computation of eigenvalues and eigenvectors of very large
sparse matrices. PhD thesis, University of London.

[Paige, 1972] Paige, C. C. (1972). Computational variants of the Lanczos method for the eigen-
problem. IMA Journal of Applied Mathematics, 10(3):373-381.

[Parlett, 1998] Parlett, B. N. (1998). The symmetric eigenvalue problem. SIAM.

[Peng and Vempala, 2021] Peng, R. and Vempala, S. (2021). Solving sparse linear systems faster
than matrix multiplication. In Proceedings of the 32nd Annual ACM-SIAM Symposium on Dis-
crete Algorithms (SODA).

[Rokhlin et al., 2009] Rokhlin, V., Szlam, A., and Tygert, M. (2009). A randomized algorithm for
principal component analysis. SIAM Journal on Matriz Analysis and Applications, 31(3):1100—
1124.

[Rudelson and Vershynin, 2010] Rudelson, M. and Vershynin, R. (2010). Non-asymptotic theory
of random matrices: extreme singular values. In Proceedings of the International Congress of
Mathematicians 2010 (ICM), volume 3, pages 1576-1602.

[Saad, 1980] Saad, Y. (1980). On the rates of convergence of the Lanczos and the block-Lanczos
methods. SIAM Journal on Numerical Analysis, 17(5):687-706.

[Saad, 2011] Saad, Y. (2011). Numerical Methods for Large Eigenvalue Problems: Revised Edition,
volume 66.

[Sankar et al., 2006] Sankar, A., Spielman, D. A., and Teng, S.-H. (2006). Smoothed analysis of
the condition numbers and growth factors of matrices. SIAM Journal on Matriz Analysis and
Applications, 28(2):446-476.

28


https://www.mathworks.com/help/matlab/ref/svds.html
https://www.mathworks.com/help/matlab/ref/svds.html
http://arxiv.org/abs/1504.05477

[SciPy Community, 2023] SciPy  Community  (2023). SciPy  v1.10.1  Manual:
scipy.sparse.linalg.svds. https://docs.scipy.org/doc/scipy/reference/generated/scipy.
sparse.linalg.svds.html.

[Simchowitz et al., 2018] Simchowitz, M., El Alaoui, A., and Recht, B. (2018). Tight query com-
plexity lower bounds for PCA via finite sample deformed Wigner law. In Proceedings of the 50th
Annual ACM SIGACT Symposium on Theory of Computing, pages 1249-1259.

[Soltani and Hegde, 2018] Soltani, M. and Hegde, C. (2018). Fast low-rank matrix estimation for
ill-conditioned matrices. In 2018 IEEE International Symposium on Information Theory (ISIT).

[Spielman and Teng, 2004] Spielman, D. A. and Teng, S.-H. (2004). Smoothed analysis of algo-
rithms: Why the simplex algorithm usually takes polynomial time. Journal of the ACM (JACM),
51(3):385-463.

[Tropp, 2018] Tropp, J. A. (2018). Analysis of randomized block Krylov methods.

[Urschel, 2021] Urschel, J. C. (2021). Uniform error estimates for the Lanczos method. SIAM
Journal on Matriz Analysis and Applications, 42(3):1423-1450.

[Wang et al., 2015] Wang, S., Zhang, Z., and Zhang, T. (2015). Improved analyses of the random-
ized power method and block Lanczos method. arXiv:1508.06429.

[Wegner, 1981] Wegner, F. (1981). Bounds on the density of states in disordered systems. Zeitschrift
fiir Physik B Condensed Matter, 44(1):9-15.

[Woodruff, 2014] Woodruff, D. P. (2014). Sketching as a tool for numerical linear algebra. Foun-
dations and Trends in Theoretical Computer Science, 10(1-2):1-157.

[Yuan et al., 2018] Yuan, Q., Gu, M., and Li, B. (2018). Superlinear convergence of randomized
block Lanczos algorithm. In IEEE International Conference on Data Mining (ICDM), pages
1404-1409.

A Reduction to the Positive Semidefinite Case

In our analysis, we can assume without loss of generality that the input A is a square PSD matrix.
To see why, for any C € R™*? let A = (CCT)1/2. Observe that A € R™*™ is PSD. Further, observe
that since A2 = AAT = CCT, Algorithm 1 and Algorithm 2 yield identical outputs for A and C.
Expanding the SVD C = UXVT, we can have A = (CCT)/?2 = UXUT. Thus, A and C
have identical singular values and ||A — Ay|l¢ = ||C — Cy||¢ for any unitarily invariant norm || - ||
(including the spectral and Frobenius norms) and any k. Additionally, for any Q € R"**,

A -QQTA[¢ = [UX - QQTUX[¢ = [|C - QQ'C|l¢.
Thus, any bound on ||A — QQTA||¢ in terms of [|A — Ayl[¢ holds identically for C. Finally, for any
q € R*, qTCCTq = qTA?q. Thus, any bound on qTA%q in terms of o;(A) holds identically for C.
B Frobenius Low-Rank Approximation with ¢!/ Dependence

In this section, we prove Theorem 7. This analysis closely follows the intuition given in the intro-
duction of [Bakshi et al., 2022]. We have the following:
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Theorem 7 Restated. For A € R™*, let gy = mingegy, -1 ‘”;7(:1“ where { = 6)(81%) For
any €,6 € (0,1), Algorithm 1 initialized with x ~ N(0,I) and run for t = O(el%bg(gim) +
51% log(5%)) dterations returns an orthogonal Q € R™* such that, with probability at least 1 — 8,

A -QQTA|r < (1+¢)[[A-QQTA|p

Proof. We first recall that we have two different guarantees for Algorithm 1. Fix some v > 0.
By Theorem 1, if we run Algorithm 1 for ¢ = O(% log(gmﬁ) + % log(5%)) iterations, then with
probability at least 1 — 4,

la]AATq, — 07| < voiy,.

Fix some ¢ > k, and let g, = ‘7’“_07‘;“1 Then, by Theorem 6, if we run Algorithm 1 for ¢t =
O( \/gi—uz log(grim) + \/gazlak_m log () iterations, then with probability at least 1 — ¢ we again have

2 2
la] AATq; — 07| < nojeyy-

We will show that we can get error € in Frobenius norm by taking v = £2/3 and = 7. In particular,
we run a case-analysis between either 1arge—tailed or small-tailed spectra of A.

Small Tailed Case: Suppose |A — Ag[|% < i ol 4+1- Then A must have a fast spectral decay.
In particular, let £ = (1 + Elﬁ)k = O(61 75 )- Then oy is substantially smaller than oy:

k 4k
1/3Uk+1 > A — Ay} = Z of > (¢ = k)oj 61?03-
i=k+1

That is, o < 25, so that ,/gk = M > \}, so the spectral-decay analysis of Theorem 6
says that t = O(5 173 log( —) + log( )) 1terat10ns suffice to get the singular value guarantee

lafAll3 € 0 £ noi ;. Slnce QQT Zi:l q;q] is a sum of orthogonal projection matrices,

A - QQTA|% = ||A% — ZH% TA|% (Matrix Pythagoras)
=1

= || All% - ZHQTAHz

<||A|% - Z o7 +nkopq (Singular Value Guarantee)
i=1

= | A = AgllE + ko

< |A = Apll: + k| A — Agl

= (1+nk)||A - Ag|%.

So, taking n = ¢ for a total iteration count of ¢t = O(L5 173 log( —) +1log(5%)) suffices in this case.

Large Tailed Case: Suppose |A — AkH% > El%akﬂ. Since the tail is large, even a low-accuracy
singular value guarantee still ensures a good Frobenius norm guarantee. In particular, we take the
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2/3

gap-independent analysis of Theorem 1 with v = /3, so that lalAlj3 € 02 £e2/307 41, and we get

A - QQTA[% = ||A|% - Z [CEwN (Matrix Pythagoras)

= [|A[l% —ZIIqIAH%

i=1
k
<|A|% - Z o? + 52/314:0',%“ (Singular Value Guarantee)
i=1
= |A = Alf +e¥ kot
1/3
< [|A = Agllf + el A - AgllE (01 < 1A — Agll7)

= (1+2)|A — Ayl

So, since v = &2/3 here, we achieve error ¢ under Frobenius norm with ¢ = O(el%log( ) +

 log(§).

Imin

Putting it Together. So, in either case, running ¢ = O(l—/d) iterations suffices to obtain a
(14 ¢) optimal low-rank approximation in the Frobenius norm. Further, the algorithm used in the
two cases is identical, so (unlike [Bakshi et al., 2022]) we do not have to detect which case we are
in and alter the algorithm accordingly. We simply run single vector Krylov. O

C Schatten Norm Low-Rank Approx. with ¢ !/ Dependence

In this section, we prove Theorem 8 by arguing that running Algorithm 1 once effectively simulates
running Algorithm 5.4 from [Bakshi et al., 2022]. We have the following:

Theorem 8 Restated. For A € R™? and p > 1, let gmin = minegy -1} “o o where £ =

Oi+1

@(W) For anye,d € (0,1), let Q € R¥™F be the result of running Algorithm 1 on AT initialized
with x ~ N(0,I) and run for
1/6 p1/6
t=0 (%77 108(51-) + (Vo + ) log(2)) = O (%7 + vb)

iterations. Let Z € R™F be an orthonormal basis for AQ. Then, with probability at least 1 — 6,

A = ZZTAll, < (1+2)[|A = Axllp,
where | All, = (37, 0:(A)P)Y/? is the Schatten p-norm.

Proof. Note that [Bakshi et al., 2022] outputs orthonormal Q € R¥* with ||A — AQQT|| bounded,
rather than Q € R™* with ||A — QQTA| bounded. However, we can translate their analysis to
the later case simply by running their algorithms on AT Thus we consider this case going forward.
The first two lines of Algorithm 5.4 in [Bakshi et al.; 2022] run Block Krylov Iteration twice on
AT. First, they let Wi € R®* be the result of usmg block size ¢; = k and running until the
gap-independent rate gives a singular value guarantee (i.e. Equation (7)) with relative error at

most y; = ;?—;2. For single vector Krylov, by Theorem 1, this takes

n 1/ n
0 (Frlon(zi) + Frlon(iy) = O (M log(zin) + Ers loe(2D)
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iterations. Second, they let Wy € R?** be the result of running with block size £y = O(W)

for enough iterations so that if gx_¢, > %, then block Krylov would achieve error v, = poly(%)@
For single vector Krylov, by Theorem 6, this takes

V2 n kpl/6 n
O (s tlog(;1) + Lo log(:2%)) = O (M5 log(; 1) + Vlog(%))

iterations. Note that Algorithm 1 outputs a single matrix Q that achieves the guarantees needed
by both W; and Wa.

Next, we consider the third and fourth lines of Algorithm 5.4 in [Bakshi et al., 2022]. The third
line runs block Krylov on A directly to estimate several of its singular values. The fourth line uses
those estimated singular values to determine if we should return an orthogonal basis for W]AT
or WIAT.” Since we have W; = W3 = Q, we can ignore the tests in the third and fourth lines,
and just always return a basis for QTAT. So, overall, we compute a matrix Z with the exact same
guarantees as the [Bakshi et al., 2022] by only using a one instance of single vector Krylov. O

D Eigenvalue Repulsion Corollaries

This appendix covers the proofs needed for Corollary 14. First, we take a result of [Minami, 1996]
and use it to prove a gap on the eigenvalues of symmetric matrices. Second, we show that a
optimal projection matrix that achieves near-optimal low-rank approximation on the perturbation
of A must also achieve near-optimal low-rank approximation on A itself.

D.1 Proof of Lemma 12

We first import a result of [Minami, 1996], originally studied in relation to the Wegner Estimate
[Wegner, 1981]. This result is also given as Equation (1.11) in [Aizenman et al., 2017]:

Imported Theorem 17. Let A € R™™™ be symmetric, and let D € R™ "™ be diagonal, with entries
drawn i.i.d. from a distribution with pdf p(-). Then, for any interval T C R,

Pr[A 4+ D has at least 2 eigenvalues in T) < C(||plloo|Z|n)?,

for some universal constant C, where |Z| is the length of Z, and where ||p|locc = maxer p(t).

Lemma 12 Restated. Fir symmetric matriv A € R™", 6 € (0,1), and A < [[A|l2. Let D € R™™
be a diagonal matriz whose entries are uniformly distributed in [—A,+A]. Then, letting A = A+D
and letting C denote some universal constant, with probability at least 1 — ¢,

Ni(A) A (A)| 0 A

min .
i€[n—1] [Ait1(A)] —Cn? A3

Proof. Let R :=2||Al|z. Since A < ||Al|2, we know that ||Al]z < ||Al]2 + ||D||2 < 2||Al|z = R. Let
~v > 0 be a number to be fixed later. Then define

= (—R+iv) £y=[(-R+~vi) — v, (—R+ i) + ]

5They write 2 = ¢ in the algorithm but in Equation (5.21) we can see they actually want this smaller error. Since
gap-dependent rate depends on log(3"), shrinking 2 from € to poly(5) does not change the asymptotic complexity.

"In a personal communication with the authors of [Bakshi et al., 2022], we confirmed there is a typo in the current
arXiv version of the paper, where the algorithm says to return a matrix Z;. It should return an orthonormal basis
for WTAT instead.

32



fori=1,...,m, where m = 4Alz _ 1 These are intervals of width 2+ that overlap and cover

the range [—R, R]. For instancg, we have Z; = [-R,—R + 27|, Zo = [-R+ v,—R + 27], and
I3 = [-R + 27, R+ 4], so that Zy overlaps with Z; and Z3. In particular, if A has two eigenvalues
that are additively + close, so that [A\;(A) — X\iy1(A)| < 7, then we know that \;(A) and \;i41(A)
both lie in some Z;. Therefore, we can write

Pr[3i: [M(A) — A\it1(A)] < 4] < Prfat least two eigenvalues of A lie in some Z;]

m
< Z Pr[at least two eigenvalues of A lie in Z;]

j=1
1 2
<Cm <2A <2y n> (Imported Theorem 17)
4Cyn?|| A
< 722” l2 (using that m < 74“1;‘”2)
where the last line holds if we ﬁx v = ﬁ That is, with probability at least 1 — §, we know
that [\;(A) — Aip1(A)| > W for all i = 1,...,n — 1. Lastly, we take
- ~ ~ ~ A2§ 5
Ai(A) = A (A)] | [Mi(A) = A1 (A)]  aon?[AT, _ A%
PA) T AR T 2lAllz - sCR?AlE
which completes the proof. O

D.2 Proof of Lemma 13

We next show that a small enough perturbation of A suffices to give approximate SVD results for
A itself.

Lemma 13 Restated. Let A = A + D where |D|s < 3-0k41(A) and ¢ € (0,1). Fiz any
Q € R™k with orthonormal columns qy, . .. ,dy- Then, with probability at least 1 — 9,

1. If |afAATq; — 0i(A)?| < eopy1(A)?, then |q] AATq; — 0;(A)?| < 8c0i(A)2.
2. If |A - QQTA|2 < (1 +¢)[|A — A2, then |A — QQTA[]2 < (1 + 2¢)||A — Ayllo.
3. If |A—QQTA|r < (1+¢)||A — Ayllr, then |A — QQTA|r < (1+42)[|A — Agllr.

Proof.

Singular Value Guarantee. First note that for any real a,b, c such that |a — b| < ¢ and ¢ < b,
we have |a? — b?| < 3be. This follows from expanding (b — ¢)? < a? < (b + ¢)? and applying the
AMGCM inequality. Then note that |o;(A) — 0;(A)| < ||A — Alls = ||D]]2. We then find that for
i<k+1,

02(A) — 02(A)| < 30:(A)[D]l2 < cor(A)rs1(A) < eai(A)2.

Similarly note that [||Aq,|l2 — [|Aq;l2| < |D|2 and ||Aqll2 < 20:(A) < 404(A), so we have

I1Aq, 5 — 1Aq;l3] < 3[|Ag,]2|Dll2 < 4e0i(A)*.
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Which completes this part by triangle inequality:

[a] AATq; — 0i(A)?] < |af AATq; — 0i(A)?| + deai(A)°
<|a]AATq; — 0i(A)?| + Teos(A)?
< 8eai(A)2

Spectral Norm Guarantee. Here, first note that |A — Aglls = opr1(A) < (1 + €)ops1(A)
by the prior analysis on the singular value guarantee. Next, we use the fact that I — QQT is a
projection to simplify

IA - QQTA[l> = |1~ QQ")(A +D)|2 > 1~ QQTA|2 — [DJl2,
and since | D||2 < eox41(A), we have |A - QQTA[]2 < [|A = QQTA |2 + D2 < (1+2¢)0x11(A),
which completes this part of the lemma.

Frobenius Norm Guarantee. Here, first note that |A — Ag[|% < (1+¢)||A — Ag||%, since

n n n
IA = Agllz = DY 07(A) < D (0i(A) +[D]2)* < [A = Axl7+ D (ID]3 +204(A)[Dll2),
i=k—+1 i=k+1 i=k+1

where we can further upper bound

- co A co A
S (IDI3 + 20i(A)|D]l2) < n(“Z5t A2 4 ongy  (A) 1) < 262 | (A) < | A - A3
k+1

Next, using the fact that P =1 — QQT is a projection matrix, we simplify
IA ~QQTA|F = |P(A +D)|r > |PA||r — |[PD]F,
and since |[PD||p < ||P|r|Dll2 < Vd£or11(A) < €]|A — Ayl|p, we have
IA - QQTAF < |A - QQTA|F + |PD|lr < (1 +¢)* +e)l|A — Agllp,

which completes the proof since ((1+¢)? +¢) <1+ 4e for € € (0,1). O

E Krylov Analysis with Small Blocks

This section proves Theorem 11. We first define the starting matrix that we will simulate block
Krylov iteration on, analogously to what we use in Section 3:

S, =[G A’G A'G ... A2)G] KEZ[S, A’S, A'S, ... A%S,]

where ¢ = rb is the simulated block size (so we assume the integer r has rb > k) and where
q =t — 1+ 1 denotes the number of simulated block-Krylov iterations run. Our proof will set
r =k —b+ 1. Notably, this means that S, can have more than k£ columns, which is not allowed by
the definition of (k, L)-good in Definition 1. So, we first present a generalization of Definition 1 that
also suffices for convergence under Imported Theorem 2 and Imported Theorem 5. In particular,
it suffices for S, to contain a n x k size (k, L)-good matrix within its span. The Krylov subspace
generated by this matrix will be contained in the subspace generated by S,., and thus any guarantees
that hold for it apply to S, as well. See Appendix F for a formal argument.
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Definition 3 ((k, L)-good Starting Matrix (Generalized)). Let A € R™*? be a matriz with top
k left singular vectors Uy, € R™*. A matriz B € R™! is a (k, L)-good starting matriz for A if
1(ULQ) 713 < L for some orthonormal Q € R™** whose columns lie in span(B).

Observe that when the starting block has exactly ¢ = k columns, Definition 3 matches Def-
inition 1 exactly. To prove the (k, L)-good guarantee for small block methods, we first note an
equivalent formulation of the generalized (k, L)-good guarantee:

Lemma 18. B € R™* is (k, L)-good for A € R™ " if and only if there exists a matriz M € R¥F
with U BM =1 and |BM]||3 < L.

Proof. Suppose we are given such an M. Since span(BM) is a k-dimensional subspace of span(B),
we can let Q be an orthonormal basis for BM. Then we have BM = QX for some invertible
X € R***. Since UJQX = U]BM = I, we have X! = U] Q. And so, we have [|(ULQ)7 !} =
X113 = 1QX][5 = [BMJ3 < L.

In the other direction, we are given Q which spans a subspace of span(B). So, for any invertible
matrix X € RF*# we can write BM = QX for some M € R?* If we take X = (U;Q)*l, then
we have UJBM = ULQX = I and [BM]3 = [|QX |3 = |X]3 = (U]Q)"[3 < L. 0

With this foundation in place, we prove the following guarantee on S,.:

Theorem 10 Restated. Fiz any PSD matrix A € R™"™ with singular values o1 > ... > oy,
ke€n], andbe[k]. Letr =k —b+1. Let G € R™ be a matriz i.i.d. N(0,1) entries, and let
S, =[G A2G A'G ... A?"DG]. For any é € (0,1), with probability at least (1 —6), S, is

a (k, L)-good starting matriz for A for L = %. Here ¢ is a fixed constant.

min,b

Proof. We prove the generalized (k,L)-good bound by constructing a matrix M € R* with
UZSTM = I and then applying Lemma 18. Consider first the matrix UTS, M. Writing the SVD
A = UXUT, we can define G := UTG € R™ | which is distributed as a iid N (0, 1) matrix because
of the rotational invariance of the Gaussian. We can then write UTA%G = UTUS2UTG = 2% G.
Thus,

U's, = [G =G =G ... 2ADG].

If we let g; be the i*" column of G and permute the columns of UT(G, we can write UTS,. as
UTS,P = [g, 2%, .. 220 Vg, | g, 528, .. 320 Vg, | .| g, B2, .. 320 Vg,].
where P is the permutation matrix that reorders the columns as such. So, for some vector m;,

c1
<
coefficients c;. Then, we get

we can decompose PTm,; = { } for ¢; € R", and let p, (t) be the degree r — 1 polynomial with

UTS,m; = UTS,PP™m; = p, , (3%)8; +p,,(Z*)& + ... + p,,(5°)& (14)

And so, the matrix UTS, M is the concatenation of k£ such vectors UTS,m1,...,UTS, m;.
Observe that UJS,M is just the top k rows of UTS,M. So to apply Lemma 18, we need to

find polynomials py 1, ...,pgp which make the top k rows of UTS, M into an identity matrix. Le.,

we need to show U]S,m; = e; for i = 1,..., k. We do this by first designing the degree k — b filter

polynomials f1,..., fr by
1 j=i
filo3) = {

0 j&NU{i}
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That is, f; is 1 at o2 and is 0 on the squares of the k — b + 1 singular values furthest from o;. The
squares are there because the Krylov subspace uses polynomial of 32. We then take

pij(t) = fi(t)zi;

for some values of z; ; which will be specified later. Note these polynomials are all degree r—1 = k—b,
which is why we constrain r = k — b+ 1. If we plug this into Equation (14), we get

UTSrmi = P¢,1(22) gl + pi,2(22) gQ +.o.+ pi,b(22) gb
= fi(5?) (&12i1 + Boziz + - + Ep2ip)
= fl(EQ) Gzia

where z; = [zm zi,b]T. So, we need to find a choice of z; € R® such that U[S,m; = e;.
Letting G € R¥*? be the top k rows of G, we write

Recalling that f; is a filter polynomial, we know that [U]S,m;]; = 0 for j ¢ N; U {i}. So, we just
need to pick z; € R? such that [U]S,m;]; =0 for j € NV; and [U[S,m;]; = 1. That is, we need to
pick z; such that the product G.z; is zero for the b — 1 rows in N; and is 1 for row i. This is just
a linear system, so we pick the unique z; = [Gk]xfju (10> where [Gk] N;ugiy Just selects the b rows
indexed by N; U {i}.

Once we have these z; vectors, we get UJS,m; = fZ(Ez) Gz = e;, and so UJS,M = I, as
required by Lemma 18. Now we just have to bound ||S,M]||3. We do this by bounding ||S,M||3 =
[0S, M3 < ||UTS, M7 < 371, [UTS,m|3.

Let X_j € R(=k)x(n=k) he the bottom n — k singular values of A, and let G_k € R(—k)xb
bottom n — k rows of G. Then, we can decompose

s @y | fi(ED Gz ] -
UTS,m; = fi(%7) Gz; = [fi(zﬁk)ékzz' a

€;
fi(22)) G—k[Gk]/_\/}U{i}ei] '

We now bound the lower elements. First, we look at G,k[ék]j@u (i€ which is the product of a

(n — k) x b Gaussian matrix and inverse of an independent b x b Gaussian matrix. Since these
matrices are independent, we can directly bound

. . ~ 1 bV kn 1
1G LGl el < Gl ——— -\rerr2so< kR fiog ()) (15)
NiU{i} Umm([Gk]Mu{i}) g 0

where we use the bound |G_i|lz2 < O(y/(n —k)bIn(})) from Equation (2.3) of [Rudelson and

Vershynin, 2010] and the bound O'mm([érk]/\[iu{i}) > Q(-%-). This latter bound comes from a

kv/b N N
union-bound argument using the fact that any square Qaussian G € ]Rf’” has Pr[o,in(G) >
Q(%)] >1— ¢ [Huang and Tikhomirov, 2020], and that [Gg]axqugi}s - - - [Grlauge) are all square
Gaussian matrices. Next, we bound f;(X2 ) by writing f; as a Lagrange interpolating polynomial:

t—o?
fit) = H 2 j2'

jel\NG i 71 0
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We can then use our gap assumption to bound f; on all singular values below ;. That is, for
0 <t < o we have

2 2
o o 1
T I e I 1 O Pt B
JERNNG i | ¢ J JER\NG gAY min,b

Putting this altogether, we then find that

15052 GilGulid el < 1213 16 clGiliy el

b2kn 1
< - Z
<0 S 5 tog <5>

min,b
And therefore

b2k2n 1
2 2
M < 1078, MIE < 0 | 1+ g oe (5 ).

min,b

which completes the proof by Lemma 18. O

F Convergence Results from [Musco and Musco, 2015]

In this section, we show how Imported Theorem 2 and Imported Theorem 5 follow from [Musco
and Musco, 2015]. We prove the result using a generalization of a (k, L)-good starting block
(Definition 1), which is useful in the small block analysis of Appendix E:

Definition 3 Restated ((k,L)-good Starting Matrix (Generalized)). Let A € R™ 9 be a matriz
with top k left singular vectors Uy, € R™F*. A matriz B € R™* is a (k, L)-good starting matriz for
A if [[(ULQ)7Y3 < L for some orthonormal Q € R™** that lies in span(B).

Note that if B has exactly k columns then this generalized definition exactly matches Defini-
tion 1. This is the case for the analysis of single vector Krylov in Section 3, where we take B = Sy,
with exactly k& columns and show that Si is (k, L)-good. In Appendix E, we show an equivalent
formulation which is easier to use in our analysis:

Lemma 18 Restated. B € R"* is (k, L)-good for A if and only if there exists a matriz M € RP*F
with U BM =1 and IBM|2<L.

Given this definition, we will show that Imported Theorem 2 and Imported Theorem 5 follow

from [Musco and Musco, 2015]. Before diving in, we first state a guarantee on the polynomials

used in [Musco and Musco, 2015]. They use polynomials of the form p(z) := ,}161)% T
q

a>0,v € (0,1), and ¢ € N, and where T,(z) is the degree ¢ Chebyshev polynomial of the first

kind. We first show that such polynomials are monotonic for large enough x:

(£) for some

Lemma 19. Let p(x) = rga’ﬁ%Tq(%) where o > 0 and v € (0,1). Then, max,c(g,o) P(z) = p(a)

and p(zx) is monotonically increasing on (o, 00).

Proof. The result follows from two well-known properties of Tj: that T}, is monotonically increasing
on (1,00) and that max,e(o 1) T4(t) = Ty(1) = 1. Since v > 0, we know that Ty (1 + ) > Ty(1) = 1,

so we have }ial)% > 0. Therefore, we get that p(x) is monotonically increasing on (o, c0), and
that max,c(o o P(7) = p(a). O
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In order to relate the generalized (k, L)-good definition to the convergence analysis of [Musco
and Musco, 2015], we rely on a slight generalization of a theorem used in the appendix of [Musco
and Musco, 2015]:

Imported Lemma 20 (Lemma 48 of [Woodruff, 2014]). Let P = PUUT+E € R™"™ be a low-rank
factorization of A € R™", with U € R™* and UTU = 1. Let B € R™* (¢ > k) be any matriz
with rank(UTS) = rank(U) = k. Let M € R“* with UTBM = I;. Let C = AS € R"*‘. Then,

[P — T (P)F < [ElF + [TEBM|[Z.
Here, g x(P) = Yo Y] , A € R™ " is the best rank k approzimation to A in the column space of

opt
C So, Yo € R™%% is an orthogonal matriz that lies in the column span of C.

Lemma 48 from [Woodruff, 2014] is stated with M = (UTB)™, but the proof only requires that
UTBM = 1. We now prove the imported theorems:

Imported Theorem 2 Restated (Theorem 1 of [Musco and Musco, 2015)). Let B € R™¢ be
any (k, L)-good starting matriz (Definition 3) matriz for A. If we run Block Krylov iteration
(Algorithm 2) for q = O(%log(%)) iterations with starting block B, then the output Q € R™*F
satisfies

A - QQTA[le < (1+2)[[A - Axlle and |a AATq; — 0i(A)?| < coppa(A).

Proof. To recover this guarantee from [Musco and Musco, 2015], we recover Properties 1-3 of their

Lemma 9. We start by recovering Property 1. We let py(z) = Tf(ﬁ?ﬁ) Ty(%£) where o = 0341(A),

«
v=5,and ¢ = O(\% log(%)). Let M € R** be the matrix guaranteed to exist by Lemma 18.
We then instantiate Imported Lemma 20 with P = p1(A), B =B, M = M, and U = Uy, being the
top k singular vectors of A. By Lemma 19, since o = 0;4+1(A), we know that the top k singular
vectors of A are also the top k singular vectors of p;(A), and therefore that PUUT = p;(A);. We

then get that some orthonormal Y; € R™ ¥ in the span of p(A)B has

A)illE + ll(p1(A) = p1(A)r) BM %

lp1(A) = Y1 Y{pi(A)|F < [[p1(A) = pi
< lp1(A) = pr(A)llE + p1(A) — pr(A)x|EBMI|3
< (L+1D)pi(A) = pr(A)lF
=(L+1) Y ploi(A))
i=k+1
40'k+1(A)2 ] oA e
<(L+1)n- STV (Lemma 5 of [Musco and Musco, 2015])
€
< §Uk+1(A)2, (16)

where the last line uses ¢ > ﬁ logQ(S(le)n) = O(% log(£2)). The inequality [|p1(A)—Y1Y]pi(A)| <
Sor41(A)? is exactly Equation (5) on page 11 of [Musco and Musco, 2015]. Once Equation (5) is
achieved, the rest of the proof of Property 1 then follows without any alteration.

We next move onto proving properties 2 and 3. The proofs of properties 2 and 3 in [Musco
and Musco, 2015] both involve defining the matrix Ayyser. If A = UXUT is the SVD of A, then
Auter = UX0uter UT where 340 contains all the singular values of A with either o;(A) > or(A)
or ;(A) < @ak(A). All the other singular values are set to equal zero. Crucially, the top k
singular vectors of A are still the top k singular vectors of A yuter-
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We let po(x) = gaﬁ%Tq(g) where o = Tla/QakH(A), v =5,and ¢ = O(%log(%)). We
next instantiate Imported Lemma 20 with P = pa(Aguter), B = B, M =M, and U = U;. By
Lemma 19, since a < o (Aguter), we know that the top k singular vectors of A ,yer are also the top k
singular vectors of pa(Aguter), and therefore that PUUT = po(Aguter)x. We then let Yoo, € R™¥F

be the orthogonal basis that constructs IIc x(A), so that

1P2(Acuter) — Youter Y duerP2(Aouter) |7 < [[P2(Acuter) — p2(Aouter )kl T
+ | (p2(Aouter) — p2(Aouter) ) BM[F:
< (L + Dllp2(Aouter) — pQ(Aouter)H%’
k+

< -0 1(A0uter)2-

¢
2
Where the inequalities follow from the same logic as earlier, for Equation (16). We again find
ourselves at Equation (5) of [Musco and Musco, 2015], and follow the rest of the proof on page 11
to get the following guarantee:

||(Aouter)k”%‘ - HYouterY;ruter(Aouter)k||%" S Uk+1(Aouter)2-

| ™

Since (Aouter)r = Ay, the above inequality then recovers Equation (10) of [Musco and Musco,
2015]. Given this proof of Equation (10), the rest of the proof of Property 2 holds as written.
Equation (10) is also used on page 14 of [Musco and Musco, 2015] to prove Property 3. The rest
of the proof of Property 3 also holds without alteration given Equation (10).

Overall, we have recovered the proofs of Properties 1-3 of Lemma 9 of [Musco and Musco, 2015].
That is, we have shown that Lemma 9 holds for block Krylov iteration starting from (k, L)-good
starting block B with ¢ = O(% log(%)) iterations. The proofs in Section 6.2 of [Musco and Musco,
2015] then show that Properties 1-3 suffice to achieve the spectral, Frobenius, and singular value
guarantees. O

We now move onto Imported Theorem 5 from [Musco and Musco, 2015], which depends on
spectral decay. Note there are two different variables £ and £y in this context. In order to perform
rank-k approximation, we want to recover a convergence bound in terms of gp_,, for some ¢ > k.
Our starting block B € R™ has ¢y > ¢ columns and is an (¢, L)-good starting block. We need
to consider this case because, when running block size b < k Krylov iteration, the analysis in
Appendix E considers a simulated starting block S, which uses ¢y ~ b(¢ — b) > ¢ columns to
simulate block size ¢ Krylov iteration.

Imported Theorem 5 Restated (Theorem 13 of [Musco and Musco, 2015]). Let B € R®*%0
be any (¢, L)-good starting matriz (Definition 3) matriz for A, for some ¢ > k. If we run Block

Krylov iteration (Algorithm 2) for q = O(\/gijlog(%)) iterations with starting block B, where

Jk—t = %;72“1, then the output Q € R™¥* satisfies

A - QQTA[le < (1+2)[[A - Axlle and |[af AATq; — 0i(A)?| < coppa(A).

Proof. We again show that Properties 1-3 of Lemma 9 of [Musco and Musco, 2015] hold, but now
with ¢ = —=2— log(“£). Following Section 7 of [Musco and Musco, 2015], we will prove Property 1

VIk—e
for all I € [k], which in turn implies that Properties 2 and 3 hold. To begin, let p3(z) = 7(“i(+11)3) (%)
where o = 0y41(A), 7 = gk, and ¢ = O(\/gii_mlog(%)). We let M € R* be the matrix

guaranteed to exist by Lemma 18. Then, noticing that the top ¢ singular vectors of A are also
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the top ¢ eigenvectors of p3(A), we again appeal to Imported Lemma 20 with P = p3(A), B = B,
M = M, and U = U,. We get that some orthogonal Y3 € R"*¢ in the span of p3(A)B has:

lp3(A) = Y5Y]p3(A)|7 < llps(A) — ps(A)ell7 + [[(p3(A) — p3(A))BM| %
< |Ips(A) = ps(A)el|F + [Ips(A) — ps(A) ]| FIBMI13
< (L+1D)ps(A) = p3(A)el
= (L+1) Y ploi(A))?
i=0+1
dogi1(A)? O co. 2015
<(L+1)n- ol (Lemma 5 of [Musco and Musco, 2015])
€
< §U€+1(A)2a

This recovers Equation (5) on page 10 of [Musco and Musco, 2015], and from there the rest of the
proof of Property 1 holds. As discussed on page 16 of [Musco and Musco, 2015], Property 1 holds
here for all [ € [k], and therefore Properties 2 and 3 also hold. Then, the analysis in Section 6.2
shows how Properties 1-3 imply the spectral, Frobenius, and singular value guarantees. O

G Single Vector Simultaneous Iteration

We briefly present a single vector algorithm for low-rank approximation based on the standard
simultaneous iteration algorithm. Simultaneous iteration, or block power method, extracts a low-
rank approximation from the span of K = A2/B where B is a starting block. We present a
prototypical pseudocode for simultaneous iteration in Algorithm 3. [Musco and Musco, 2015]
show that Algorithm 3 converges from any (k, L)-good starting block B, giving the two following
theorems, which follow from the same arguments as in Appendix F and [Musco and Musco, 2015]:

Algorithm 3 Simultaneous Iteration for Low-Rank Approximation

input: Matrix A € R™*¢. Target rank k. Starting block B € R™**. Number of iterations .
output: Orthogonal matrix Q € R"*¥,

1: Compute an orthonormal basis Z for K = (AAT)!B.
2: Compute Uy, the k top eigenvectors of M = ZTAATZ
3: return Q = ZU,.

Algorithm 4 Single Vector Simultaneous Iteration for Low-Rank Approximation

input: Matrix A € R"*?, Target rank k. Starting vector x € R”. Number of iterations t. Memory
budget ¢ > k.
output: Orthogonal matrix Q € R"*¥,

1: Compute an orthonormal basis Z for K = [(AAT)!=1x, (AAT)"=2x ..., (AAT)x].

2: Compute Uy, the k top eigenvectors of M = ZTAATZ
3: return Q = ZUy,.

Imported Theorem 21 (Theorem 1 of [Musco and Musco, 2015]). Let B € R™*¢ be any (k, L)-
good starting matrixz (Definition 3) matriz for A. If we run Simultaneous Iteration (Algorithm 3)
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for g = O(Llog(“L)) iterations with starting block B, then the output Q € R"™* satisfies
A = QQTA[le < (1 +¢)[A — Al and |[af AATq; — 0i(A)?| < conra(A)?.

Imported Theorem 22 (Theorem 13 of [Musco and Musco, 2015]). Let B € R™ be any (¢, L)-
good starting matrixz (Definition 3) matriz for A, for some £ > k. If we run Simultaneous Iteration
(Algorithm, 3) for ¢ = O(=—— log(%)) iterations with starting block B, where gi_yp = Z2=241  then

[ o’

the output Q € R™ ¥ satisfies
A -QQTA[ls < (1+e)l|A — Ayl and |a]AATq; — 0i(A)?] < copy1 (A)2

When compared to block Krylov Iteration, subspace iteration uses less memory, but converges
slower. Specifically, in the theorems above we obtain a dependence on 1/e and 1/gx_, in comparison
to 1/4/e and 1/,/gx— in the comparable Imported Theorem 2 and Imported Theorem 5 for block
Krylov iteration.

In Algorithm 4, we present a “single vector” variant of simultaneous iteration that similarly
saves memory over the single vector Krylov method from Algorithm 1. When run for ¢ iterations,
instead of storing the entire length ¢ Krylov subspace as in Algorithm 1, the method only stores
the last ¢ > k columns for a specified memory budget £.

Taking ¢ = k, we can analyze Algorithm 4 by letting S = [x A%x A'x ... Az(k_l)x]
and noticing that Algorithm 3 run with starting matrix Sy for ¢ iterations produces the matrix
K = A%S;, = [A%x A2@tDx A2(q+k)x]. Since Theorem 3 already tells us that Sy is

(k, L)-good for A, applying Imported Theorem 21 immediately gives the following convergence
guarantees for Algorithm 4:

Theorem 23. For A € R™*, let gip = mingeqy 1y ‘”Ti“ For any ¢,6 € (0,1), Algorithm 4

initialized with x ~ N(0,I) and run for t = O(glog(gmﬁ) + Llog(Z)) iterations with memory
budget k returns an orthogonal Q € R™** such that, with probability at least 1 —§,

|A - QQTA[s < (1+e)||A — Ayl and |a] AATq; — 0i(A)?| < eopy1(A)

Additionally, if Algorithm 4 is run with memory budget £ > k, we can obtain a spectrum
dependent convergence bound comparable to the result proven in Section 4.1 for single vector
Krylov iteration. Specifically, since Theorem 3 already tells us that Sy is (¢, L)-good for A, applying
Imported Theorem 22 immediately gives the following convergence guarantees for Algorithm 4:

Theorem 24. For A € R™? and ¢ > k, let gmin = min;e(y, . o1} G0l and g = TETEL

Oit1 Ik
For any €, € (0,1), Algorithm 4 initialized with x ~ N (0,I) and run for t = O(gkié log(gm%) +

gkil log(5%)) idterations with memory budget £ returns an orthogonal Q € Rk such that, with

probability at least 1 — ¢,

|A - QQTAe < (1+e)||A — Ayl and la] AATq; — 0i(A)?| < eopy1(A)
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