Comparing Graph Transformers via Positional Encodings

Mitchell Black *! Zhengchao Wan*? Gal Mishne?> Amir Nayyeri' Yusu Wang?

Abstract

The distinguishing power of graph transformers is
tied to the choice of positional encoding: features
used to augment the base transformer with infor-
mation about the graph. There are two primary
types of positional encoding: absolute positional
encodings (APEs) and relative positional encod-
ings (RPEs). APEs assign features to each node
and are given as input to the transformer. RPEs
instead assign a feature to each pair of nodes, e.g.,
shortest-path distance, and are used to augment
the attention block. A priori, it is unclear which
method is better for maximizing the power of the
resulting graph transformer. In this paper, we aim
to understand the relationship between these dif-
ferent types of positional encodings. Interestingly,
we show that graph transformers using APEs and
RPEs are equivalent in their ability to distinguish
non-isomorphic graphs. In particular, we demon-
strate how to interchange APEs and RPEs while
maintaining their distinguishing power in terms
of graph transformers. However, in the case of
graphs with node features, we show that RPEs
may have an advantage over APEs. Based on our
theoretical results, we provide a study of different
APEs and RPEs—including the shortest-path and
resistance distance and the recently introduced
stable and expressive positional encoding (SPE)—
and compare their distinguishing power in terms
of transformers. We believe our work will help
navigate the vast number of positional encoding
choices and provide guidance on the future design
of positional encodings for graph transformers.
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1. Introduction

Graph transformers (GTs) (Dwivedi & Bresson, 2021; Ying
et al., 2021) have recently emerged as a competitor to mes-
sage passing neural networks (MPNNs) (Gilmer et al., 2017)
for graph representation learning. While MPNN5s only con-
sider the immediate neighbors of a node when updating that
node’s feature, GTs consider all nodes in the graph. Accord-
ingly, graph transformers can capture global information
of graphs that can potentially be used to address the issue
of oversquashing faced by MPNNSs. Likewise, the atten-
tion mechanism of transformers can address the issue of
oversmoothing faced by MPNNSs. See (Miiller et al., 2024).

However, one caveat in applying transformers to graph data
is that transformers are equivariant, meaning they treat
nodes symmetrically and cannot distinguish two nodes at
different positions in the graph. Accordingly, much of the re-
search on graph transformers has been focused on the design
of positional encodings that incorporate information about
the graph structure into the input or architecture of trans-
formers. There are currently two major types of positional
encodings:

Absolute positional encodings (APEs) encode the graph
structure as an embedding of the vertices ¢ : V — RY.
APEs are either added to or concatenated with the initial
vertex features that are the input to the transformer. Typical
examples are the Laplacian eigenvectors (Dwivedi & Bres-
son, 2021) or information about random walks (Rampések
et al., 2022). Recent works have also proposed learnable
APEs (Lim et al., 2022; Huang et al., 2024).

Relative positional encodings (RPEs) encode the graph
structure as an embedding of pairs of vertices ) : V x V —
R?. RPEs are incorporated into a GT via a modified atten-
tion mechanism. Examples of RPEs include the shortest-
path distance (Ying et al., 2021), resistance distance (Zhang
et al., 2023), and heat kernels (Choromanski et al., 2022).
The adjacency matrix can also serve as an RPE, which will
result in an RPE GT with the same distinguishing power as
MPNNSs (Corollary 4.17).

Although different kinds of APEs and RPEs have been pro-
posed to encode graph structure and enhance the perfor-
mance of GTs, there is a lack of understanding of how
different positional encodings compare—e.g., shortest-path
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vs. resistance distance—for distinguishing non-isomorphic
graphs. Only a few works (Zhang et al., 2023) have at-
tempted to compare different RPEs, let alone conduct a
systematic study comparing APEs and RPEs. This results
in a lack of guidance for the design of positional encod-
ings for GTs: which type of positional encoding—absolute
or relative—should be used in practice? Furthermore, this
could lead to inefficiency in constructing positional encod-
ings. In some recent works on designing APEs like Basis-
Net (Lim et al., 2022) and the stable and expressive posi-
tional encoding (SPE) (Huang et al., 2024), the authors first
construct well-defined RPEs and then use some extra ma-
chinery to artificially transform RPEs into APEs. This raises
the natural question of whether the transition is worthwhile
given the expensive extra computation.

Our contributions. We establish a theoretical framework
for comparing positional encodings, not only for those in
the same category, i.e., absolute or relative, but also across
APEs and RPEs. Our main contributions are as follows:

(1) In Section 3, we establish that specific types of APE and
RPE GTs (cf. Definition 2.2) are equivalent in their ability to
distinguish non-isomorphic graphs. In particular, we show
how to map APEs to RPEs and vice versa while maintaining
their distinguishing power. We empirically validate our
theoretical results on several graph classification datasets.

(2) We show that RPEs may have an advantage over APEs
for distinguishing graphs with node features. In particular,
we show that transforming an RPE to an APE results in a
GT that is able to distinguish strictly fewer graphs with node
features than a GT that uses the RPE directly.

(3) The techniques for proving the above results enable us
to compare the distinguishing power of different positional
encodings. In Section 4, we provide a case study on several
popular APEs and RPEs by comparing their distinguishing
power. For example, we prove that GTs using SPE (Huang
et al., 2024) as an APE are stronger than the GTs using
resistance distance as an RPE (Zhang et al., 2023).

(4) In the process of establishing our main results, we iden-
tify a new variant of the Weisfeiler-Lehman (WL) test (We-
isfeiler & Leman, 1968) that we call the RPE-augWL test
that allows us to connect the distinguishing power of RPEs
and corresponding GTs. This RPE-augWL test is interesting
in itself as a way to further the theoretical formulation of the
representation power of graph learning frameworks. We gen-
eralize the equivalence between the WL and 2-WL tests to
our RPE-augWL test and establish the equivalence between
the resistance distance and the pseudoinverse of the Lapla-
cian in terms of distinguishing power via the RPE-augWL
test. Furthermore, we identify a class of RPEs resulting in a
family of RPE GTs at least as strong as MPNNSs.

2. Positional Encodings and Graph
Transformers

In this section, we introduce some preliminaries on posi-
tional encodings and graph transformers, as well as some
auxiliary results that will be used to prove our main results.

Let G = (V,FE) denote an unweighted graph, which
can be either directed or undirected. A featured graph
(G, X) includes node features X € RIVI*4 indicating a
d-dimensional feature X (v) for each node in v € V. Let
A denote the adjacency matrix, D the diagonal matrix of
the degrees, and L = D — A the graph Laplacian matrix.
To prevent ambiguity when working with multiple graphs,
we use (G as a subscript in our notations, such as Vi for the
vertex set or X for the node features of graph G.

For two graphs G and H, a graph isomorphism is a bijec-
tion o : Vg — Vi such that {u,v} € Eg if and only if
{o(u),o(v)} € Ep. Two graphs G and H are isomorphic
if there is a graph isomorphism o : Vg — V.

2.1. Positional Encodings

A positional encoding (PE) of a graph is a way of summa-
rizing structural or positional information of the graph. In
their most general form, there are two types of positional
encodings we consider in this paper:

Definition 2.1. (Positional Encodings)

An absolute positional encoding (APE) ¢ assigns each
graph G a map ¢¢ : Vg — R! such that for any two
isomorphic graphs G and H and graph isomorphism o :
Ve — Vi, one has that g = ¢ 0 0.

A relative positional encoding (RPE) 1) assigns each graph
G amap Yg : Vg x Vg — R¥ such that for any two
isomorphic graphs G and H and graph isomorphism o :
Ve — Vi, one has that ¢ = ¢y o (0 X o).

An APE is also naturally expressed as a matrix in RIVe!x!
and an RPE as a tensor RIVe!xIValxk,

Note: While node features and APEs both assign a vector
to each node, we emphasize that the difference between
node features and APEs is that APEs are dependent on the
topology of a graph, while two isomorphic graphs can have
different node features.

One of the simplest APEs is the degree map deg: for any
graph G, deg(u) is the degree of the vertex u. Any graph
distance is an RPE, e.g., shortest-path distance (SPD) or
resistance distance (RD).

Laplacian eigenvectors are commonly used as APEs
(Dwivedi & Bresson, 2021; Kreuzer et al., 2021). How-
ever, there is no unique choice of eigenvector for a given
eigenspace. Therefore, Laplacian eigenvectors are not a
well-defined APE by our definition, as isomorphic graphs
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may have different eigenvector encodings due to the choice
of basis. However, the projection matrices onto the
eigenspaces are a well-defined RPE (Lim et al., 2022).

2.2. Graph Transformers

A transformer is an architecture 7' composed of multi-
headed attention layers T' = MHA® o ... 6 MHA(I),
where a multiheaded attention layer with heads 1 <
h < H is a map MHA® that sends X} € R"*4 to
MHA (XD = x(+1) ¢ Rn*d g5 defined below:

X(Z)Wg»h) (X(Z)WI((ZJL))T )

AL (X(l)) = softmax (

Vi
H
yO = x0 4 <Z A(l,h)(X(l))X(l)W‘(/l,h)> Wg)
h=1

XD —y O 4 4 (y(l)Wl(l)) Wb

where W3 Wi Wi Wl e R Wy e

Rdnxdr Wz(l) € R4 x4 and ¢ is an activation function.
Here Q, K,V refer to “query”, “key” and “value”, respec-
tively, in the terminology of the attention literature (Vaswani
et al., 2017), and dj, and d,. are the dimension of the hidden
layer and the dimension of the residual layer, respectively.
The activation function o is usually the Gaussian error linear

units (GELU) (Hendrycks & Gimpel, 2016).

Fact 1 (Transformers are Permutation Equivariant). Let T’
be a transformer. Let X € R"*%. Let P € R" ™ be a
permutation matrix. Then PT(X) = T(PX).

When applying a transformer to a graph G, the input is a
set of node features X4 € RIVelxd: however, initial node
features often do not contain any information about the
topology of a graph, so two graphs with the same multiset
of features but different topologies will have the same output
from a transformer. Graph transformers augment the trans-
former by incorporating information about the input graph

in the form of absolute or relative positional encodings.

Definition 2.2 (Graph Transformers). An APE graph trans-
Jormer with APE ¢ (¢p-APE-GT) is a transformer that ei-
ther: concatenates the node features X¢ € RIVel*d with the
APE ¢¢ € RIVeIX! je Xg = [Xg|pg] € RIVelx(@d+h),

or adds the node features and APE, i.e. Xg = X¢g + ¢¢,
before passing them through a transformer.

An RPE graph transformer with RPE 1) (1-RPE-GT) is a

transformer whose attention layer is modified as follows for

a graph G with node features X € R!Vel*d:

XWo(XWi)T
Vdp,

where f1, fo : R¥ — R are functions applied entrywise to
the tensor 1) € RIValxIValxk,

A(X) = () Osoftmax ( ; fzwc;))

The original transformer (Vaswani et al., 2017) used sines
and cosines as APEs for sequences. Transformers for se-
quences with RPEs were subsequently proposed by Shaw
et al. (2018). The first instance of an APE-GT for graphs was
proposed by Dwivedi & Bresson (2021) using the Laplacian
eigenvectors. The first instance of an RPE-GT was proposed
by Ying et al. (2021) using the shortest-path distance, while
the form of RPE-GT we consider was proposed by Zhang
et al. (2023). Although other ways of incorporating an RPE
into a transformer have been proposed (Mialon et al., 2021;
Ma et al., 2023), in this paper, APE-GT and RPE-GT only
refer to transformers of the forms in Definition 2.2.

2.3. Properties of RPEs

In this subsection, we describe two special types of RPEs
that will be useful later.

Diagonally-Aware RPEs. One benefit of using graph dis-
tances as RPEs—compared to e.g., the adjacency matrix—is
their distinct diagonal entries are all zeros, in contrast to the
positive off-diagonal terms. We characterize this property as
“diagonal-awareness”. As we will see throughout the paper,
this property is important as it allows various algorithms to
distinguish the feature at a node from all other features.

Definition 2.3. An RPE ¢ is diagonally-aware if for any
two graphs G and H and vertices v € Vg and x,y € Vg,

then ¥ (v, v) = Y (z,y) only if x = y.

Diagonal-awareness is a very mild condition as one can al-
ways augment an RPE so that it becomes diagonally-aware:

Definition 2.4. The diagonal augmentation D¥ of an RPE
1) is defined, for a graph G, as the stacking DY = (Ig,va)
where I is the identity matrix.

For any graph G, the diagonal augmentation D’é(u, v) has a
1 in the first coordinate iff © = v and 0 otherwise. Therefore,
DV is diagonally-aware:

Proposition 2.5. Let i) be an RPE. The diagonal augmen-
tation DV is diagonally-aware.

Asymmetric RPEs. Most popular RPEs for undirected
graphs are symmetric. However, for directed graphs, it is
natural to consider asymmetric RPEs such as the adjacency
matrix, the directed distance matrix, or the Laplacian matrix.

We identify the following special type of (possibly asym-
metric) RPEs, which will be useful later:

Definition 2.6 (Psecudo-symmetric RPEs). Let 1) be an
RPE valued in R” for either directed or undirected graphs.
Let f : R¥ — R’ be any injective function such that
fof =1d. Then, v is ( f-)pseudo-symmetric if 1 (u,v) =
f(¥g(v,u)) for any graph G and any vertices u,v € Vg.
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Examples of f satisfying f o f = Id include the iden-
tify map, the reflection map, and any coordinate switch-
ing map. Obviously, any symmetric RPE v is Id-
pseudo-symmetric. Any skew-symmetric matrix is pseudo-
symmetric for f(z) = —x. If we consider complex-valued
RPEs, then any Hermitian matrix is pseudo-symmetric for
f(x) =7, the complex conjugate map.

Although the adjacency or the Laplacian matrix of a di-
rected graph can also serve as RPEs, they are in general not
pseudo-symmetric. In order to guarantee pseudo-symmetry,
given any RPE ¢, we can define an augmented RPE
SY = (¢,97T), i.e., for any graph G, Sg = (Ya, vL).
Lemma 2.7 (Pseudo-symmetric augmentation). Let 1) be
any RPE. Define f : R?* — R?* by letting (z,y) — (y, )
forany x,y € R*. Then, SV is f-pseudo-symmetric.

3. Comparison of APE-GT and RPE-GT

In this section, we establish the equivalence of the distin-
guishing power of APE and RPE GTs for distinguishing
graphs without node features. This is done by showing that
any RPE can be mapped to an APE without changing its
distinguishing power and vice versa. Our strategy is to relate
the distinguishing power of APE and RPEs, as well as the
maps between the two, to variants of the Weisfeiler-Lehman
tests. This approach generalizes the method of Zhang et al.
(2023) for studying the expressive power of the Graphormer-
GD. Our main results are summarized in Figure 1.

However, for the case of graphs with node features, we
prove that our map from RPEs to APEs can result in a strict
decrease in the distinguishing power of the corresponding
GTs. In this way, our results suggest that (1) the two types of
positional encodings are theoretically equivalent for solving
graph isomorphism problems but (2) RPE GTs may be better
suited for tasks where graph node features are involved.

Our theoretical results are tested empirically in Appendix C.

3.1. Distinguishing Power: PEs vs. Graph Transformers

Positional encodings provide a way of distinguishing differ-
ent, non-isomorphic graphs. In their most basic form, two
graphs can be distinguished by a positional encoding if it
takes different values on the two graphs. For graphs with
node features, a positional encoding can distinguish two
graphs if it takes different values on nodes with different
features. Specifically, two featured graphs (G, X) and
(H, X ) are indistinguishable by an APE ¢ if the concate-
nation of their features with their images by the APE ¢ are
the same multiset, i.e., {(Xg(v),dc(v)) : v € Vg} =
{(XuW),¢u(z)) : © € Vyg}, and G and H are indistin-
guishable by an RPE ¢ if {(Xa(u), X¢(v), ¥a(u,v)) :
(1,0) € Vo x Vol = {(Xule), Xu(y), dulz.y)) :
(x,y) € Vg x Vg }. Likewise, two graphs are indistin-

guishable by a graph transformer if their outputs have the
same multiset of node features.

Next, we compare the distinguishing power of positional
encodings and GTs using these positional encodings.

APE vs. APE-GT. Interestingly, APE-GTs are only as
strong as their initial APEs in distinguishing power. This
was previously noted by Miiller et al. (2024, Section 2.1),
although we include a short proof (which follows from the
permutation-equivariance of transformers) in Appendix A.4
for completeness.

Lemma 3.1 (Equivalence of APEs and APE-GT). Any two
graphs (G, X¢) and (H, X 1) are indistinguishable by an
APE ¢ iff (G, X¢) and (H, Xg) are indistinguishable by
all -APE-GTs.

RPE vs. RPE-GT. An analogous result does not hold for
RPEs and RPE-GTs, as using an RPE in an RPE-GT can
increase its distinguishing power; see Appendix A.1 for an
example. In fact, one can obtain a stronger notion of distin-
guishing power of RPEs via a variation of the Weisfeiler-
Lehman (WL) graph isomorphism test (Weisfeiler & Leman,
1968). This new notion of indistinguishability for RPEs will
be equivalent to the indistinguishability of RPE-GTs.

We first recall the standard WL algorithm, which iteratively
assigns colors to the vertices of a graph and utilizes the mul-
tisets of node colors to distinguish non-isomorphic graphs.
The color updating process is defined explicitly as follows:
Definition 3.2. Let GG be a graph. The Weisfeiler-Lehman
(WL) algorithm assigns a coloring to the vertices Xg) :
Ve — Cy for each t > 0 defined by

X(C?) (v) =1, (1 denotes an arbitrary constant)
&) = (& ), @ (W) < {v,u} € Ec}).

However, to understand the distinguishing power of RPE
transformers, we need to consider the following augmented
WL test for graphs with node features and RPEs.

Definition 3.3. Let ¢ be an RPE. Let (G, X ) be a featured
graph. The Weisfeiler-Lehman algorithm augmented with
RPE 1) (RPE-augWL or 1-WL) assigns a coloring to the

vertices Xf/,té : Vg — C} for each t > 0 defined by
Xy (v) = X (v),
X () = (il (), {00 (W), do(v,w) u € Val).

Note: For unfeatured graphs, 1¥)-WL is defined by setting

Xffc) (v) = 1 (where 1 is an arbitrary constant.) We adopt

this convention for all later constructions.

Note that the RPE-augWL algorithm has a different color
updating mechanism from the WL algorithm: RPE-augWL
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Figure 1. Illustration of main results. Arrows denote non-decreasing in distinguishing power. Our main results are the two red arrows on
the left. The proofs of the two theorems are illustrated by other parts of the diagram. Our contributions are in bold. The two-head arrow
from RPE-2-WL to APEs indicates that the non-decreasing property only holds for unfeatured graphs.

considers all nodes in the update stage, whereas WL con-
siders only neighbors. However, when the RPE is the
adjacency matrix A, A-WL is equivalent to WL (cf. Propo-
sition B.16). Hence, we consider RPE-augWL to be a gen-
eralization of the WL algorithm.

The definition of RPE-augWL is inspired by the GD-WL
test of Zhang et al. (2023) where the new feature is updated
as YU (0) = LRV (u), Ye(v,u) : u € V}, where
1 is a graph distance. We note that GD-WL is equivalent
to our ¥-WL; in GD-WL, the previous color of the node
can be deduced from the fact that ¢ (v, v) = 0 since 1)¢ is
a graph distance.

The WL algorithm has a family of higher-order general-
izations called the k-WL algorithms that assign colors to
k-tuples of nodes. While Definition 3.3 augments the WL
test by using RPEs within the feature updating step, we can
also directly use RPEs as the initial colors for 2-WL.

Definition 3.4. Let ¢ be an RPE. Let (G, X)) be a featured
graph. The 2-Weisfeiler-Lehman algorithm with RPE )
(RPE-2-WL or 1-2-WL) assigns a color to each pair of
vertices Xét) :V xV — C; foreach t > 0 defined by1

X () = (X (), X (v), v (u,v)),
X%f;) (u,0) = (Xétzpc (u,v), {{XSLG (u,w) :w eV},

{{ngﬁc (w,v) :weV}).

Because RPEs are dependent on the graph structure and will
be the same (up to permutation) for two isomorphic graphs,
we can use the RPE-augWL or RPE-2-WL as heuristics to
distinguish non-isomorphic graphs. We say two featured
graphs (G, X¢) and (H, X jy) are v-WL indistinguishable
if {{XEZL (W) :ve Vgl = {{XE;I){ (v) : v € Vg } for all
t > 0. We denote this as x,,(G) = xy(H). Likewise, they

'In the literature (Chen et al., 2020), a pair (u, v) is colored
differently from ours at the 0-th step by considering both its iso-

morphism type and its RPE: X(2(,)z)/) (u,v) = (Lu=v, Auw, ¥(u,v)).
We ignore the first two terms as one can easily augment ¢ with
these terms to obtain a new RPE that reflects the isomorphism type

if needed; see Section 4.5 for a further discussion.

are 1-2-WL indistinguishable if {{Xéthc (u,v) : w,v €

Vol = fxy), (w,v) : u,v € Vi) forallt > 0. We
denote this as x2 ¢ (G) = x2,4(H).

1-WL and ¢-2-WL indistinguishability can be used as a
heuristic test for a special type of graph isomorphism. Two
featured graphs (G, X¢) and (H, X ) are feature isomor-
phic if there is a graph isomorphism ¢ : Vg — Vi such that
Xc(w) = Xg(o(v)) forall v € V. Two feature isomor-
phic graphs will be 1-WL and -2-WL indistinguishable.
Fact 2. If (G, X¢) and (H, X g) are feature isomorphic,
then (G, Xq) and (H, Xp) are 1-WL indistinguishable
and -2-WL indistinguishable for any RPE ).

Interestingly, these two WL tests—RPE-augWL and RPE-
2-WL—are equivalent for pseudo-symmetric RPEs. See
Appendix A.2 for a proof.

Theorem 3.5 (Equivalence of RPE-augWL and
RPE-2-WL.). Let ) be a pseudo-symmetric RPE.
Then two featured graphs (G, X¢) and (H, X ) are ¢-WL
indistinguishable iff they are 1-2-WL indistinguishable.

This result generalizes the well-known fact that the WL and
2-WL tests are equivalent; see (Huang & Villar, 2021).

Finally, in contrast to Lemma 3.1, we have the following
slight generalization of (Zhang et al., 2023, Theorem 4) who
only consider the case where the RPE is a distance function.
See Appendix A.6 for a sketch of the proof.

Lemma 3.6 (Equivalence of RPE-augWL and RPE-GT).
Let + be a diagonally-aware RPE. Let (G,X¢q) and
(H, Xp) be featured graphs. Then (G, X¢) and (H, Xg)
are indistinguisable by the V-WL test iff (G,Xqg) and
(H, X ) are indistinguisable by all 1)-RPE-GTs.

3.2. Main Results: APE vs RPE Transformers

In this section, we show that any APE can be turned into an
RPE without changing its distinguishing power in terms of
transformers and vice versa.

Mapping APEs to RPEs. Let S be any set, and let
Mul,(S) denote the collection of all 2-element multi-
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subsets of S. For amap f : S — RY, define the map
hy : Muly(S) — R? as hy({z,y}) = f(x) + f(y). The
map hy is a special case of the DeepSets network (Zaheer
et al., 2017) as it operates on multisets. Accordingly, we
refer to hy as a DeepSet network in this paper.

We propose the following way of mapping APEs to RPEs:
given a function f and an APE ¢, we define the RPE ¢/ for
a graph G as ¥/, (1, v) = h({pc(u), 66(v)}})- Our key
observation is that given an APE ¢, there exists a universal
function f whose induced RPE 1/ distinguishes the same
pairs of graphs as ¢ (Lemma 3.7). The main Theorem 3.8
will then follow. Proofs of these results can be found in
Appendix A.7.

Lemma 3.7. Let ¢ be an APE. Then there is a function f
such that any two featured graphs (G, X¢) and (H, Xyr)
are indistinguishable by ¢ iff (G, X ) and (H, X ) cannot
be distinguished by the 11 -2-WL test.

Theorem 3.8. For any APE ¢, there exists a function f
such that any two graphs (G, X¢) and (H, X i) are indis-
tinguishable by all p-APE-GTs iff they are indistinguishable
by all ¥ -RPE-GTs.

Mapping RPEs to APEs. In the other direction, we can
transform an RPE v to an APE ¢7 by passing 1 through
a 2-equivariant graph network (2-EGN) g. (See (Maron
et al., 2019b) or Appendix A.3 for a definition of 2-EGN.)
As 2-EGNs are permutation equivariant, the output ¢9 will
be a well-defined APE in the sense of Definition 2.1. This
is the approach taken by Lim et al. (2022) to compute an
APE from the eigenspaces of the graph Laplacian. It turns
out that mapping RPEs to APEs using 2-EGNs can preserve
their ability to distinguish non-featured graphs; however,
mapping an RPE to an APE may decrease its ability to dis-
tinguish featured graphs. Proofs of the following theorems
and example can be found in Appendix A.8.

Lemma 3.9. Let v be a diagonally-aware RPE.

For any 2-EGN g, if (G,X¢) and (H, X ) are indistin-
guishable by the 1)-2-WL test then (G, X¢) and (H, Xyr)
are indistinguishable by ¢9.

Moreover; for any finite set of unfeatured graphs G, there is
a 2-EGN g such that if G, H € G are indistinguishable by
@9, then G and H are indistinguishable by the 1)-2-WL test.

Theorem 3.10. Let 1) be a diagonally-aware RPE.

For any 2-EGN g, if (G, X¢) and (H, X ) are indistin-
guishable by all 1)-RPE-GTs, then (G, X¢) and (H, Xyr)
are indistinguishable by ¢9.

Moreover, for any finite set of unfeatured graphs G, there is
a 2-EGN g such that if G, H € G are indistinguishable by
all p9-APE-GTs, then G and H are indistinguishable by all
1-RPE-GTs.

Example 1. There exists an RPE ¢ and featured graphs
(G, X¢) and (H, X i) that are distinguishable by 1-2-WL
but are indistinguishable by ¢9 for any 2-EGN g.

Remark 3.11. Even in the case of unfeatured graphs, there
is still a slight asymmetry in the statements of the results
for APEs (Theorem 3.8) and RPEs (Theorem 3.10), as the
result for APEs does not have the restriction on “a finite set”
of graphs. This restriction arises because there is no known
universal 2-EGN equal in power to the RPE-2-WL test. This
is in part due to the fact that known 2-EGNs would need
an unbounded hidden dimension and number of layers to
distinguish all pairs of graphs (Maron et al., 2019a).

More expressive RPE to APE maps. Theorem 3.10
shows that RPEs can be transformed into equally-powerful
(for unfeatured graphs) APEs using 2-EGNs. However, it
is worth noting that RPEs can be turned into APEs that
are even more powerful than the original RPE using k-
EGNs for £ > 2 (Maron et al., 2019a). In the extreme
case of k € Q(n), k-EGNs can distinguish all pairs of non-
isomorphic graphs with n vertices. Such techniques for con-
structing APEs from RPEs have been previously explored in
the literature (Huang et al., 2024); for example, Expressive
BasisNet (Lim et al., 2022). However, the downside to these
techniques is that their computational cost increases with
their expressive power; k-EGNs take ©(n*) time as they
operate on tensors of size ©(n*). In practice, techniques
that map RPEs to APEs typically only use 2-EGNs because
of the computational cost of higher k-EGNs.

Restrictions and Implications. Our main findings (Theo-
rem 3.8 and Theorem 3.10) show that APE-GTs and RPE-
GTs have comparable distinguishing capabilities for unfea-
tured graphs. However, in practice, learning the DeepSet
(to serve as f) in Theorem 3.8 or the 2-EGN (to serve as
g) in Theorem 3.10 may not always yield the desired maps.
Hence, it remains an interesting open question to figure out
whether it is theoretically easier to learn the DeepSet or
the 2-EGN. For example, one would benefit in designing
architectures from understanding which method requires a
lower dimension for hidden layers.

Finally, we would like to point out that converting RPEs to
APE:s to fit a specific graph transformer architecture is not
recommended, as shown by Example 1. See also discus-
sion in Remark 4.5 and Appendix C.3 for some empirical
validation of this point.

4. Comparing Graph Transformers with
Different Positional Encodings

In this section, we compare the distinguishing power of
graph transformers with different (absolute or relative) po-
sitional encodings. The main results are summarized in
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Proposition 4.10

Theorem 4.16

SPD is combinatorially-aware

Adjacency & Laplacian WL & MPNN Combinatorially-Aware RPEs * SPD
LT is a spectral kernel ?
Lemma B.13 Corollary 4.3
KT v
SPE Spectral Kernels Powers of L Lt RD
~— Theorem4.6__—
Theorem 4.4

Figure 2. Hierarchy of PEs. The arrows indicate that the corresponding positional encoding is less strong than the one it points to in
terms of distinguishing power. The two-head arrow indicates that the non-decreasing property only holds for unfeatured graphs. The
dotted arrow between SPD and RD refers to some partial evidence (cf. Theorem B.18) that RD is stronger than SPD in some respects;

however, it is an open question how the two compare as RPEs.

Figure 2. Intuitively, by Theorem 3.8, APE-GTs can be
turned into RPE-GTs preserving the distinguishing power.
This enables us to compare APE-GTs with RPE-GTs. When
comparing two RPE-GTs, by Lemma 3.6 we simply need to
compare the corresponding RPEs via the RPE-augWL test.
For two RPEs v; and 15, we say that )1 -WL is at least as
strong as »-WL if for any two featured graphs (G, X¢)
and (H, Xg) such that xy, (G) = xy, (H), then we have
Xvs (G) = Xy, (H). Moreover, we say that 1),;-WL and
12-WL are equally strong if for any two featured graphs
(G, Xq) and (H, Xfr), we have that xy, (G) = xq, (H) iff
Xtz (G) = X¢2 (H)

Some highlights of this section include a comparison of
SPE-APE-GTs with RD-RPE-GTs (Theorem 4.4), identifi-
cation of a class of RPEs whose corresponding RPE-GTs
are at least as strong as MPNNs (Proposition 4.10 and Corol-
lary 4.17), and suggesting new RPEs for directed graphs
(Proposition 4.12).

4.1. Resistance Distance, Spectral Kernels, and SPE

Many popular APEs (such as BasisNet (Lim et al., 2022)
and SPE (Huang et al., 2024)) and RPEs (such as RD (Zhang
et al., 2023)) are defined using the spectrum of the Lapla-
cian L. While BasisNet and SPE have been shown to be
equivalent (Huang et al., 2024, Proposition 3.2), it is unclear
how either of these compares to RD in terms of transform-
ers. More generally, it is unknown how much information
RD-WL carries about the spectrum of L.

In this section, we establish that SPE-APE-GTs are stronger
than resistance distance RPE-GTs (Theorem 4.4). As one
step to prove this, we show that two graphs are indistinguish-
able by RD-WL iff they are indistinguishable by Lf-WL
where LT is the pseudoinverse of L (Corollary 4.3). This
result gives a partial answer to the question of how much
information RD-WL carries about the Laplacian spectrum.
This is weaker than saying that RD-WL indistinguishable

graphs have the same L' up to permutation, but it does
show that L of these graphs are indistinguishable when
combined with RPE-augWL (and thus RPE-GTs).

In fact, our result about RD-WL is a corollary to a stronger
result about the equivalence of RPE-augWL tests with spec-
tral distance and spectral kernel as RPEs.

Definition 4.1. Let L = Y"1 , \;z;z] be the spectral de-
composition, where {Aq, ..., A, } are the non-zero eigen-
values and {z2, ..., 2z, } is an orthonormal basis of eigen-
vectors. Let f : RT — RT be a function. The spectral
kernel (Hammond et al., 2011) corresponding to f is the
matrix K é = >0, f(N\)ziz]. The spectral distance cor-
responding to f is defined

dé(u,v) = \/Ké(u, u) + Ké(v,v) - 2Ké(u,v).

Example 2. The diffusion distance (at time t) (Coifman &
Lafon, 2006) is the spectral distance DY for the function
f(x) = e~ '*. The heat kernel is the corresponding spectral
kernel denoted by H®) = """, e~ *it2;2T, which has been
proposed as an RPE by Choromanski et al. (2022).

Note: Although eigenvectors are not unique due to the
choice of bases for eigenspaces, the spectral kernel and
spectral distance are unique up to graph isomorphism and
so are well-defined RPEs.

Let Df denote the RPE assigning the matrix of spectral dis-
tance dé to a graph G and let K/ denote the RPE assigning

the matrix of spectral kernel K Cf;

Theorem 4.2. Let f : RT — RT. Df-WL is at least as
strong as Kf-WL. K¥-WL with diagonal augmentation is
at least as strong as Df-WL.

Theorem 4.2 is the result of the fact that the spectral distance
and kernel are the distance and Gram matrix, respectively,
of a point cloud in R?. A variant of the WL-algorithm
for general distance matrices of point clouds was studied
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by delle Rose et al. (2023) as a heuristic for determining
if two point clouds are isometric, so our proof may have
implications for these algorithms as well. A proof of this
theorem can be found in Appendix B.2.

The resistance distance (RD) is the squared spectral dis-
tance of the function f(z) = 2!, and the pseudoinverse
of the Laplacian L is the corresponding spectral kernel,
so Theorem 4.2 applies to RD and L. Interestingly, RD has
additional properties that allow us to drop the assumption of
diagonal augmentation. A proof of the following theorem
can be found in Appendix B.2.

Corollary 4.3. RD-WL and Lt-WL are equally strong.

Finally, as an immediate consequence of Corollary 4.3 (com-
bined with Theorem 3.10), we compare RD-RPE-GT, with
existing APE-GPTs using the so-called Stable and Expres-
sive Positional Encodings (SPE) (Huang et al., 2024). A
proof of this theorem can be found in Appendix B.3.

Theorem 4.4. For unfeatured graphs, diagonally aug-
mented SPE-APE-GT is at least as strong as RD-RPE-GT.

Remark 4.5. In Appendices C.1 and C.2, we empirically val-
idate this theorem by showing that SPE-APE-GTs perform
similarly to RD-RPE-GTs on some unfeatured graph classi-
fication/isomorphism tasks. However, when node features
are involved, the theorem may not hold since the 2-EGN
involved in the construction of SPE-APE-GT may have
weaker distinguishing power than the RD-RPE-GT (cf. Ex-
ample 1). In Appendix C.3, we empirically observe that for
graph regression tasks when node features are involved, us-
ing RD-RPE-GT can indeed give us an edge in performance
over SPE-APE-GT.

4.2. Resistance Distance and Cut Edges.

The first proposed RPE for graph transformers was the
shortest-path distance (SPD) (Ying et al., 2021). Later,
Zhang et al. (2023) proposed to use the stack of RD and
SPD as an RPE. It is natural to wonder how RD-WL com-
pares with SPD-WL. While this remains an open question,
we prove that RD-WL is at least as strong as SPD-WL in at
least one regard.

Zhang et al. (2023) showed that SPD-WL could distinguish
cut edges but not cut vertices in unfeatured graphs. Further-
more, the authors showed that RD-WL could distinguish
cut vertices. However, it was not known whether or not
RD-WL could distinguish cut edges in a graph. We answer
this open question in the affirmative: RD-WL can distin-
guish cut edges in a graph. See Theorem B.18 for a precise
theorem statement and proof.

However, our experiments on the BREC dataset (Wang &
Zhang, 2024) suggest (but do not prove) that RD-WL may
not be strictly stronger than SPD-WL, as there are pairs of
graphs in this dataset that an SPD-RPE-GT was able to learn

to distinguish, while we were unsuccessful in training a RD-
RPE-GT to distinguish these graphs. See Appendix C.2 for
details.

4.3. Powers of Matrices and Spectral Kernels

Another common type of RPE is the stack of powers of some
matrix associated with the graph; for example, GRIT (Ma
et al., 2023) uses a stack of powers of the random-walk
adjacency matrix of a graph called the relative random-
walk positional encoding (RRWP). In this section, we show
that using stacks of various matrices as an RPE is at least as
strong as any spectral kernel RPEs for any f : RT — R*.
Proofs for this section can be found in Appendix B.4.

We first prove that using sufficiently many powers of the
Laplacian is at least as strong as any spectral kernel.

Theorem 4.6. (I, L,...,L?"1)-WL is at least as strong
as K¥-WL on graphs with at most n nodes.

Remark 4.7. While it may seem excessive to consider 2n
powers of L to match the power of a single spectral kernel,
this is not computationally more expensive than computing
the spectral kernel in the first place, which requires adding
n matrices f(\;)z;z] of size n%, which takes O(n?) time.

A variant of RRWP that uses stacks powers of
the symmetrically-normalized adjacency matrix A =
D~1/2AD~1/2 is at least as strong as spectral kernels us-
ing the symmetrically-normalized Laplacian K/ (see Ap-
pendix B.4 for definition).

Theorem 4.8. (I, A, ..., A"=1)-WL is at least as strong
as K7-WL on graphs with at most n nodes.

Finally, we show that stacked heat kernels H ®) (cf. Exam-
ple 2) are also at least as strong as any spectral kernel.
Theorem 4.9. (I, HY ... HC"=V).WL is at least as
strong as K1-WL on graphs with at most n nodes.

4.4. RPEs: Common Matrices for Graphs

There are multiple common matrices used to characterize
graphs, such as the adjacency matrix, Laplacian matrix and
their normalized versions. We will examine their corre-
sponding RPEs and compare their distinguishing power.

Undirected graphs. For undirected graphs, we show that
various common matrices lead to equivalent RPEs.

Let A= D 'A. LetL =I1— Aand L = I — A denote
the symmetrically-normalized and the random-walk graph
Laplacians, respectively. These, along with A, L and A,
give rise to six RPEs and hence five corresponding RPE-
augWL tests. The following result suggests that in practice,
perhaps there is no need to use more than one such type of
information with RPE-GTs and one can interchangeably use
any of the matrix as RPE.
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Proposition 4.10. A, g, ;l, L, L and L induce equivalent
RPE-augWL tests. In particular, all of these RPE-augWL
tests are equally strong as the WL test.

Directed graphs. Directed graphs are sometimes turned
into a magnetic graph to obtain a Hermitian matrix called
the magnetic Laplacian (Fanuel et al., 2018). Let G be
a directed graph with adjacency matrix A. Let A* :=
(A + AT)/2 and let D* denote the corresponding degree
matrix. Then, given a parameter «, the magnetic Laplacian
is defined as

LY :=D"-T*0© A",
where TjF = exp(c - 2ma - sgn(A;; — A;j)) and ¢ is the
imaginary unit. As mentioned in Section 2, L% can serve
as a pseudo-symmetric RPE. In fact, L can be obtained
via the pseudo-symmetric augmentation (A, AT) of A (cf.
Lemma 2.7) as well as an extra augmentation via D*:
Lemma 4.11. L® = fo((D*, A, AT)) where f* : R3 —
R is applied to each channel n X n X - such that

y+z
5

f(x,y,2) = a —exp(i2ma - sgn(z — y)) -

In this way, we obtain an RPE (D*, A, AT') more general
than the magnetic Laplacian matrix. Hence, instead of us-
ing magnetic Laplacian as positional encoding, one should
consider using (D*, A, AT)-RPE-GT.

Proposition 4.12. The (D*, A, AT)-WL test is at least as
strong as the L*-WL test for any a.

4.5. RPEs: Combinatorial-Awareness and WL

It is an interesting question what information about a graph
a transformer can extract from a positional encoding. In
Definition 2.2, the learnable functions in an RPE-GT f; are
applied elementwise to the RPEs. Moreover, the functions
are also applied elementwise to the attention scores. In other
words, given an RPE 1), even though certain graph structure
can be obtained indirectly through more complicated opera-
tions on v, such hidden information may not be accessible
to the transformer because of the limited set of operations it
can perform on the RPE. For example, while a graph can be
reconstructed from its resistance distance matrix, an RPE-
GT may not have access to the edges of a graph as it cannot
perform the necessary operations to reconstruct the graph.

One basic piece of information a GT may want to access
through an RPE is—of course—the adjacency matrix. We
identify a desirable type of RPE where a GT will have this
information.

Definition 4.13. An RPE v is combinatorially-aware if for
any two graphs GG and H and vertices u,v € Vg and z,y €
Vi, then Yg(u,v) = g (x,y) iff one of the following
conditions hold: (i) {u,v} € Eg and {z,y} € Eg (ii)
{u,v} ¢ Eg and {x,y} ¢ Epn.

As it turns out, elementwise operations are insufficient for
reconstructing the graph structure from the resistance dis-
tance, as evidenced by the following example.

Example 3. The shortest-path distance (SPD) is
combinatorially-aware as SPD(u,v) = 1 iff {u,v} € E.
The resistance distance is, however, not combinatorially-
aware. See Appendix B.7 for a counterexample.

As in the case of diagonal-awareness, given any RPE, one
can always augment it to be combinatorially-aware.

Definition 4.14 (Combinatorial Augmentation). Let 1
be any RPE. We define its combinatorial augmenta-
tion C¥ as follows: for any graph G, C’g(u, v) =
(Ag(u,v), ¥ (u,v)) for any u,v € V, where A denotes
the adjacency matrix of G.

This in fact provides an equivalent characterization of
combinatorially-aware RPEs.

Proposition 4.15. An RPE 1) is combinatorially-aware if for
any G, the following condition holds for all u,v,z,y € Vg:
’l/)G(ua U) = ¢G(:E7 y) lffcg(ua U) = ng‘(za y)

The reason combinatorially-aware RPEs are important is
because RPE-augWL with combinatorially-aware RPEs are
at least as strong as the WL test (Weisfeiler & Leman, 1968).
A proof of this theorem can be found in Appendix B.6.

Theorem 4.16. Let 1) be a combinatorially-aware RPE.
Then, 1-WL is at least as strong as WL.

Theorem 4.16 is of interest because the WL test is equally
strong at distinguishing graphs as message passing graph
neural networks (MPNNs) (Xu et al., 2018).

Corollary 4.17. Let ) be a combinatorially-aware RPE.
Then 1-RPE-GTs are at least as strong as MPNNs.

5. Conclusion and Open Questions

We have established a framework for comparing different
types of positional encodings. Future work can continue
this line of work of comparing different specific positional
encodings, e.g. shortest-path vs. resistance distance or resis-
tance distance vs. SPE. Furthermore, our theoretical results
provide some suggestions for designing new positional en-
codings, e.g., one may not want to convert RPEs into APEs
as done in the literature. Finally, it would be interesting to
shift the focus of research on positional encodings for graph
transformers from coarse-grained distinguishing-power re-
sults (what pairs of graphs can GTs distinguish) to more
fine-grained results on expressive power, for example, ap-
proximation results (Azizian & Lelarge, 2021) or results
using RPE-augWL-inspired distances to study graph trans-
formers (Chen et al., 2022; 2023; Boker et al., 2024).
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A. Details from Section 3

A.1. Example of RPE vs RPE-augWL

O

Figure 3. Left: G. Right: H

In this section, we show that RPE-augWL can distinguish graphs that are indistinguishable by just their RPE. By Lemma 3.6,
this also means the graphs are distinguishable by some RPE transformer. Consider the graphs G and H in Figure 3 and the
RPE A that assigns each graph its adjacency matrix. Both graphs have 4 vertices and 4 edges, so their adjacency matrices
Ag and Ap are indistinguishable. However, after one iteration of A-WL, all vertices of G will have the same color, while
the degree 1 vertex in H will have a different color from all vertices in G. Therefore, G and H are distinguishable by A-WL.

A.2. Equivalence of RPE-augWL and RPE-2-WL: Proof of Theorem 3.5

Our proof of Theorem 3.5 is based on the following lemma.
Lemma A.l. Let ¢ be a pseudo-symmetric RPE. Let (G, X¢) and (H, Xp) be featured graphs. Let u,v € Vg and
v,y € Vir. Then X3, (u,0) = x3, (2.9) iff e(u,v) = a(,y), x\) () = x§) (@), and X5 (v) = xﬁzi, (v)-

Proof of Lemma A.1. 'We prove this by induction on ¢. For ¢ = 0, this is follows directly from definition as szg; (v) = Xa(v)
0

and x4}, (u,v) = (X (u), Xo(v), vo(u,v)).

Now inductively suppose this is true for some value ¢; we will show this is true for ¢ + 1.

(t+1)

(t+1)(u, V) = Xg.y,, (€, y). Then, it follows from the definition that

First assume that x

t
Lo (uv) = x8,, (@)

2. Xy, (ww) s w e Vo = ), (@,2) - 2 € Vg s
3. ) (w,v) tw e Vel = xS, (2.9) - 2 € Vi)

By induction, Item 1 implies that

4. Ya(u,v) = Yy (z,y), and by pseudo-symmetry, (v, u) = Yy (y, z);
5. %0 () = x5 () and X (v) = x{\) ();

By item 2, there is a bijection o : Vg — Vi such that gib (u,w) = thsz (x,0(w)). The inductive hypothesis implies
)

that g (u, w) = ¥y (x,o(w)) and X(t) (w) = Xw ( (w)). Therefore, the 1)-WL colors of v and x at t + 1 are the same as

X () = (g, (), £ O (w), e (e w) s w € Vi )
= (o (@) (g (2) (. 2)) 2 € Vi ) = XtV ().
By item 3, there is a bijection ¢’ : Vi — Vg such that ngb (w,v) = thzm( "(w),y). The inductive hypothesis
(o' (w

implies that ¢ (w,v) = Yy (o’ (w), y) and ng,é( )= XwH )). By pseudo-symmetry, one also has that g (v, w) =

12
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Y (y, 0’ (w)). Therefore, the 1)-WL colors of v and y at t + 1 are the same as

X ) = (L ), L (L (w), v (v,w) s w € Vo })

= Oy W L O, W) va(y.2)) 2 € Vi ) = x5 ().
Conversely, assume that ¥g (u,v) = Y (x,y), xfbt;rl)( )= ij:l)( ), and x(tH)( )= ngl)( ). By definition of the -

WL, we have that Xfﬁl (u) = XE;L (z) and Xgp;( )= Xfp; (y). Hence, by induction, we have thatx(t) (u,v) = thsz (z,9).

2,%¢
Moreover, there exist bijections oy, : Vg — Vg and 0y, : Vo — Vi such that

1. forany w € Vg, ng; (w) = XEZI){ (Ouz(w)) and Y (u, w) = Y (@, oy (w));
2. forany w € Vg, XEL();( )= XSL (0vy(w)) and Y (v, w) = Y (y, ouy(w)), and by pseudo-symmetry, we also have
that ,(/)G (U), U) wH (va (’LU)7 y)

For any given w € Vg, by induction, one has that Xé?pc (u,w) = Xé L}H (x,0uz(w)) and X( ) L (w,v) = xgtsz( »(2), ).

Therefore, {{thLG (u,w) :w e Vgl = {{X;%H(x,z) iz € Vy} and {{X2 wG(w v):we Vgl = {{XZwH( 2,y) 2 €

Vi }}. This implies that Xétlg)( u,v) = XétlH) (x,y) which concludes the proof. O

Now we are ready to prove our main theorem in this section.

Theorem 3.5 (Equivalence of RPE-augWL and RPE-2-WL.). Let 1) be a pseudo-symmetric RPE. Then two featured graphs
(G, X¢) and (H, X ) are -WL indistinguishable iff they are 1)-2-WL indistinguishable.

Proof of Theorem 3.5. For the forward direction, we will show that for all ¢ > 0, if {X(Hl)( JrueVgl} = {X(t+1)( )
v € Vi }, then {{X2 we (W) tu,v € Vgl = {X27'¢)H (z,y) : x,y € Vg }. This implies that if G and H are indistinguish-
able by the )-WL, they are indistinguishable by the -2-WL.

We first prove the base case of t = 0. As {XS;G) (u):ueVgh = {XE;,), (v) : v € Vi }}, then there is a bijection o : Vg —

Vi such that Xf;; (u) = ch) (o(u)). Moreover, by the definition of bel), for each u € V, there is a bijection o, : Vg — Vi
such that ¥¢(u, v) = ¥ (o(u), o, (v)). Therefore, we can define a bijection ® : Vi x Vg — Vi x Vi defined ®(u, v) =

(o(u), 04 (v)) such that Y (u, v) = Y (P(u,v)). Therefore, {{Xéol)m (u,v) :u,v € Vgl = {{xéosz (z,y): 2,y € Vi }.

We now prove that for each ¢ > 1, if {{X(erl)( Jiue Vel = {X(t+1)( ) :v € Vi }, then {{X2 e (W) tu,v € Vel =
{{X2 o (Ty) 1 2,y € Vir}}. Assume that both graphs are assigned kD colors by x(*+1). More specifically, assume there

are partitions Vg = Véﬁrl) U---u V(t:(ltll) and Vg = Vgirl) u---u Vg Z(lt)+1> such that

2. forany u € VC(; + and v € V(Hl) g;rl)(u) = XEZ;FI)(U) iff 1 = j;

(t+1) (1) (1)) = (D) ().

(t+1)
i » Xpg Yu

3. foranyu € Vg ;" andz € Vy

We can define analogous partitions for sz).

These partitions induce a partition on the set of pairs of vertices Vi X Vo = Uy<;<pern Ur<j<pm VG( oy V ; and

Vi X Vi = Ui<i<pern Uicj<ipm VH SRR VI({)],, see Figure 4 for an illustration of the decomposition.

We show that Xg ) "has the same multiset of colors on V(tﬂ) X Vc(f) and V(tH) X V(t) By the definition of the partitions,
there exists a bijection a(t+ ). V(Hl) V(H_ ) such that X(t+ )( ) = (H_l)( (t+1)( )) for any u € V((;tjl). By
definition of ¢-WL, we have that X( ) s(u) = Xw(pi;( (t+1)( )) for any u € V(tJrl Furthermore, for any u € VG(’:H),

1

{8 (), va(u,w)  w e Ve b = L (X8 (2), vr (0 (u),2) - 2 € Vir ).

13
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(t) (t)
Ve Vo

t+1
v

(t+1)
Va.e

t+1
ves"

(t+1)
Vi

Figure 4. Decomposition of Vg X V.

Now for each 1 < j < k(*), consider the sub-multiset { (Xgl (w), Yg(u,w)) : w € Vc(fj B of { (X%( w), Ya(u, w)) :
w € Vg }, then we have that

L0 (), va(uw) :w e VL } = { () (2), va (0! (W), 2)) - 2 € V)
This is because when j # b, one has that Xw ( ) # X ( ) forw € Vg; and z € Vlgt)b
Therefore,
(o u,w), XL (w), X5 (w) = w e VT
={ @ (! @), 2),x5) (0P W), X () 2 € VP B
Therefore, by Lemma A.1, one has that
{{ngﬁc (u,w) : w e V(t)}} = {{XgZ/)H (0§t+1)(u),z) iz € Vg)j}

(t+1)

Since o, is bijective, we conclude that

1 1
{{Xz 7be(u v):u€ Vc(:tj ),v € Vc(:t;}} = {{Xétsz(x y):x € V(tJr ),y € Vf(lt)]}
Taking the multiset union over 1 < i < k(*Y and 1 < j < k¥, this implies that {{X2 e (V) tuv € Vgl =
x5, (2.9) -2,y € Vi

Conversely, we will show that for ¢ > 0, if {{Xétzpc (u,v) ru,v € Vg}} = {thl,m (z,y) : z,y € Vy}}, then {Xéf)c (u) :ue
Val = {xi, (@) o € Vi),

For the base case of ¢ = 0, we have that {(X¢(u), Xa(v), ¥a(u,v)) : u,v € Vo = {(Xu (), Xu(y), ¥vu(z,y)) :
x,y € Vi }}. Therefore, {( Xa(u), Xg(v)) : u,v € Va} = {(Xu(z), Xu(y)) : z,y € Vg } and hence {Xg(u) = u €
Vg}}Q {Xu(z): x € Vi }%. Now we apply the following fact:

Fact 3. Let A and B be two finite multisets. If A> = B2, then A = B.

Then, we have that {{ngg (u) = Xg(u):ueVg} = {{Xff; () =Xp(z):z€Vy}.
Now assume that for £ > 1, we have that
xS (wv) s w0 € Vol = x50, (2,9) 2y € Vi)

Lemma A.1 implies that

{(@We(u,v), x5 (), x ) () 1 w0 € Vo = L (z,y).x0) (@), x5 @) : 2,y € Vi)

Dropping the ¢ term, one has that

L0 ) X @) s uv € Vol = L) (@) 1) () s 2,y € Vi)

14
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This implies that the following Cartesian products are equal:
t t
sl () u e Vel = {xy), (@) -« € Vi)
Then, by Fact 3 again, we have that

t t
{beé(u) ueVgl = {Xfm)q () :z eV}
This means that G and H are indistinguishable by ¢)-WL.
We now end this proof by proving Fact 3.

Proof of Fact 3. We let C := AU B denote the set of all distinct elements in A and B. Let C' = {c¢y, ..., ¢, } and assume
that A contains 7 many ¢; and B contains 7” many ¢; for each i = 1,...,n. Then, A? contains 7 3-4 many (¢;, ¢;)
and B? contains 7P many (c;, ¢;). Therefore, A> = B? implies that r{*rs' = rPrP foralli,j = 1,...,n. For each
i=1,...,n, weletj =iandhence (r/*)? = (r?)2. Since we are dealing with nonnegative integers, we must have that
rd = TZB. Therefore, A = B. O

O

A.3. RPE-2-WL vs 2-EGN

Equivariant or invariant graph networks (EGNs and IGNs) (Maron et al., 2019b) are another important type of graph neural
networks. These models will be important when trying to understand the distinguishing power of positional encodings later.

Definition A.2 (EGNs). A k™ order Equivariant Graph Network (k-EGN) is a function F' : R? Xdo — R %do for
s < k of the form
F=homoL®ogo---0o0oL®

where h and L(*) : Rn"* 7' xdi—1 _y Rn"* xds are equivariant linear layers for each ¢ = 1,..., T such that k; < k, ko = k
and k;, = s, o is an activation function, and m is a pointwise MLP. When s = 0, the resulting k-EGN is also called a kth
order Invariant Graph Network (k-IGN).

Note: Some implementations of 2-IGNs and 2-EGNs (e.g. (Maron et al., 2019b)) stack the adjacency matrix to the input W.
In this paper, unless otherwise stated, the adjacency matrix is not stacked to the input.

EGNs are permutation equivariant in the sense that permutation of the order of input tensors will result in a corresponding
permutation of the order of output tensors. Likewise, IGNs are permutation invariant as any permutation of the input tensors
results in the same output.

We are interested in 2-EGNss and 2-IGNss since they are closely related to the 2-WL graph isomorphism test. Let ¢ be an
RPE valued in R* and let g : R’ xk _y Rrx! e any 2-EGN. Recall that for any graph G with n vertices, the RPE ¢ can
be represented as a tensor in R 3k If X € R™*! are node features for G, let row(X¢), col(Xg) € R™**! be the tensors
where each row or column respectively are the node feature X, e.g. row(X¢)[i,:,:] = X¢ and col(Xg)[:, j,:] = X for
alll <4,57 <n.

We now show that 2-EGNs with the input [¢)¢, row (X ), col(X¢)] € R"” % (k+2D) have the same distinguishing powers as
the 1-2-WL test.

Proposition A.3 (Equivalence of RPE-2-WL and 2-EGN). Let 1) be a diagonally-aware RPE valued in R¥. Let G be any
finite set of featured graphs. Then there exists a 2-EGN g : Rk 5 R sych that any (G, Xq),(H,Xg) € G can be
distinguished by g with the input [, row (X)), col(X)] iff G and H can be distinguished by the 1)-2-WL test.

This result is a generalization of existing results showing that 2-IGNs of the form g : R Xk _, R™ are equivalent to the
2-WL test (Maron et al., 2019a; Chen et al., 2020).

Proof of Proposition A.3. We will prove the forward and backward direction of this statement separately in the following
lemmas. However, we emphasize that only Lemma A.5 needs the assumption of diagonal-awareness. Moreover, we
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emphasize that the “proofs” of both of these lemmas are just slightly adapting existing results connecting 2-IGNs to the
2-WL test.

Lemma A.4 (2-EGNs are stronger than RPE-2-WL). Let 1) be an RPE valued in R¥. Let G be a finite set of graphs. Then,
there exists a 2-EGN g : R X(k+2) _y Rnxm queh that if any (G, X¢), (H, X)) € G can be distinguished by 1)-2-WL
test then {g([vc, row(X¢), col(Xe)]) (u) : uw € Ve # {g([u, row(Xg), col(Xg)])(v) : v € Vi ]

Proof. This follows from the proof by Maron et al. (2019a, Theorem 1) showing that there exists a 2-EGN that can
distinguish any two graphs from a finite set of graphs well as the classical 2-WL algorithm. (While their statement of
Theorem 1 is only for two graphs, their proof explains why this can be generalized to a finite set of graphs.) This lemma
shows how this result can be generalized to the RPE-2-WL test.

Their proof is broken into two steps. First, the authors show that given a tensor W € R *(e+1) of diagonal feature matrix
stacked with the adjacency matrix, there is a 2-equivariant linear layer f : R X (e+1) _y R x4x(e+2) gych that, for each
pair (u, v), the vector f(W)[u, v, :] corresponds to the isomorphism type of (u, v), which is the initial color of (u, v) in the 2-
WL test. Second, they show that there is a d layers 2-EGN f = L(® ogo---000 L) : R *k 5 R™* ! that can implement
d iterations of the 2-WL algorithm; that is to say, f(Ag)(u,v) = f(Aw)(u,v) iff XD (u,v) = x(D(z, ). Finally, they
show that there exists an MLP m, together with a final layer & of summing over all entries, such that g = homo f
implements the 2-WL test, i.e. g(Ag) = g(An) iff x(G) = x(H).

The difference between the 2-WL test and the RPE-2-WL test lies in the initialization step. In the classical 2-WL test, a pair
(u,v) is colored with its isomorphism type, while in the RPE-2-WL test, the initial color is (X¢(u), Xg(v), ¥a(u,v)). If
the input to the 2-EGN is the RPE matrix concatenated with the node features (i.e. the initial coloring), we can skip the
initialization step and just perform the update steps of the RPE-2-WL through a 2-EGN f = LY 0 go---00 0 L) :
R Xk _y Rn*XL Finally, instead of taking the sum of all entries, we can apply the operation of row sum (which is
equivariant) to the output of f to obtain our target 2-EGN g : R xk _y RnxL, O

Lemma A.5 (RPE-2-WL is stronger than 2-EGNs). Let ¢ be a diagonally-aware RPE. Let (G, X¢) and (H, Xyr) be
graphs. If G and H cannot be distinguished by 1)-2-WL, then (G, X¢) and (H, X i) cannot be distinguished by any 2-EGN
with input [, row (X)), col(X)].

Proof. This follows directly from the proof showing that if two graphs cannot be distinguished by the 2-WL, they cannot be
distinguished by 2-EGNs (Chen et al., 2020, Lemma 4.2). The only reason we cannot apply this proof directly is that it
relies on the fact that the initial colors to the 2-WL—and therefore all subsequent colors—are diagonally-aware (Chen et al.,
2020, Lemma D.1), which is not necessarily the case for the initial colors of RPE-2-WL for general RPEs. However, if the
RPE is diagonally-aware, then our lemma can be proven following the proof of Chen et al. (2020, Lemma 4.2). O

O

Importance of diagonal-awareness. In the proof of Proposition A.3 (specifically in Lemma A.5), we show that RPE-
2-WL is at least as strong as 2-EGNs if the RPE is diagonally-aware. We emphasize that if we drop the assumption
of diagonal-awareness, the lemma does not hold. Therefore, 2-EGN can be strictly stronger than th RPE-2-WL test for
non-diagonally-aware RPEs, as shown by the following simple example.

Consider the two graphs on two vertices G and H where G has an edge and H does not. (In this example, the graphs have
no node features.) Consider the (artificial) RPE ) that assigns

1 0 0 1
T . .

Note that v is not diagonally-aware, as the values 0 and 1 appear on both the diagonal and off-diagonal elements.

The 1-2-WL colorings for ¢t = 0 are

s

1 0 0 1
@@= =7
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These are, in fact, already stable 1)-2-WL colorings, as another iteration of 1-2-WL gives the same partition. This means
further iterations of 1-2-WL won’t be able to distinguish these two graphs. For example,

(@) = [(1, (£0, 1}, €0, 1%)) (0, ({0, 1}, {0, 1}}))}
o (0, ({0, 1}, £0, 1)) (1, ({0, 1}, §0,1}))

D () = [(07({071}}7{071}})) (1,({{0,1},{{0’1}}))}
2 (1, (£0, 1}, {0, 1})) (0, ({0, 1}, §0,1}))]"

As X(O) (G) and Xé% (H) have the same multiset of colors {0, 0,1, 1}, they are indistinguishable by 1)-2-WL. However,
there is a 2-IGN that distinguishes these graphs. Specifically, one invariant linear matrix is B : R"*™ — R that maps
B(W) =%, cv Wy (In the language of the original IGN paper (Maron et al., 2019b), this corresponds to the partition

v = {1,2}.) Then B(¢»¢) = 2 # B(vpr) = 0, so this 2-IGN distinguishes ¢ and ¢ .

A 4. Equivalence of APEs and APE-GTs: Proof of Lemma 3.1

Lemma 3.1 (Equivalence of APEs and APE-GT). Any two graphs (G, X¢) and (H, X p) are indistinguishable by an APE
¢ iff (G, X¢) and (H, X ) are indistinguishable by all $-APE-GTs.

Proof. Let T be any transformer, and let (G, X¢) and (H, Xp) indistinguishable by ¢. The initial input to 7" are
XG = [XG\qu] and Xy = = [Xpg|pn]. As G and H are indistinguishable by ¢, then there is a permutation P such that
PX¢ = Xp; however, as transformers are permutation-equivariant (Fact 1), then T'(X ) = T(PXg) = PT(X¢), so the
theorem follows.

Now we prove the inverse. Consider the transformer 7" with all weight matrices set to the zero matrix. The transformer 7' is
exactly the identity map. Thus, if G and H are distinguishable by ¢, then they are distinguishable by 7. O

A.5. Isomorphic implies WL Indistinguishable: Proof of Fact 2

Fact 2. If (G, X¢) and (H, X ) are feature isomorphic, then (G, X¢) and (H, X ) are 1-WL indistinguishable and
1-2-WL indistinguishable for any RPE 1.

Proof. Let (G, X¢) and (H, X ) be feature isomorphic graphs connected by isomorphism o : Vg — Vi. Let ¢ be an
RPE. We will prove the stronger statement that ij ) (u) = xfj) (o(u)) forall v € Vg and ¢ > 0. For the base case of ¢t = 0,

this is trivial as Xi?(); (u) = Xg(u) = Xpg(o(u)) = ng?;( (u)) for all v € Vi by the definition of feature isomorphism.

Now suppose the statement is true for ¢, and we will show it is true for ¢ + 1. Let u € V. Consider the colors x

() (), f () (0), ¥a (u,0)) = v € Vel and x$ (0 (w) = (X (0(w), (), (v), ¥ (o(u),v)) : v € Vir}). By

induction, we know that the first coordinates Xgp) (u) = XSZ) (o(u)). Moreover, by the inductive hypothesis and the definition

of RPE, we know that (), () (), Ya(u,v)) = (XEZI){( (v)),¥u(o(u),o(v))), which implies the second coordinates are
equals. Therefore, the theorem holds.

() =

A similar argument shows that Xé 311@ (u,v) = thsz( (u),o(v)) forall u,v € Vg and t > 0. O

A.6. Equivalence of RPE-augWL and RPE-GTs: Proof of Lemma 3.6

Lemma 3.6 (Equivalence of RPE-augWL and RPE-GT). Ler ) be a diagonally-aware RPE. Let (G, X¢) and (H, Xfr)
be featured graphs. Then (G,X¢) and (H, Xp) are indistinguisable by the )-WL test iff (G, Xg) and (H, Xp) are
indistinguisable by all 1)-RPE-GTs.

Proof. We will denote the input at the [-th layer of the RPE-GT for graph G as X g) € RIVe!x¢ and for each node u € Vg,
its feature is denoted by X g) (u). Note X, é? ) (u) = X¢(u). We adopt similar notations for H.

For the forward direction, it suffices to show that if G and H are indistinguishable by the ¢)-WL test, they are indistinguishable
by any ¥-RPE-GT. We will prove the stronger statement that if the multiset of colors {{Xgi (u):v eV} = {{XSL (z) :
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x € Vi }, then any bijection o) : Vg — Vi such that X(t) (u) = XE/;?;( () (u)) will satisfy the following property:

X0 () = X (0® (u)) for all u € Vi, and hence { X () : u € Vo) = {XP(2) : 2 € Viy }. We will prove this by
induction on ¢.

The key observation is that the only part of the transformer architecture that is not applied separately to the node features
X () is the multiplication by the attention matrix A" (X)) X @) meaning for all other parts of the transformer, if the

inputs X (¢ )( )=X g) (z) are equal, then the outputs at u and z are equal.

For the base case of ¢ = 0, the statement holds as the initial node features equals the 1)-WL colors for ¢ = 0, i.e. {{XEpOC); (v) :
ve V) =X W) :vevg}

Now suppose the theorem inductively holds for some ¢. Assume that {x(tH)( ):ve Vel ={x t+1)( ):xz € Vy}and
let o(**1) : Viz — V denote any bijection such that X(HU (u) = xgﬂ) (o1 (w)) for any u € Vg. By the definition of
X+ and the inductive hypothesis, we have that {ch( u):v € Vgl = {x(t) (x):x € Vh}, X(t) (u) = Xfﬁil)(o(t) (u))
and X (u) = XV (D) (u)) for all u € V.

Now for any v € Vg and y € Vp such that Xg) (v) = XS)(y), we have that
X6 )Wo (X' (0)Wie)" = X5 () () Wo (X1 (0) W) (1)
for any matrices W and Wi.

Now, for any u € Vg, X(tH)( )= ij;rl)( (t+1) (4)) implies that

{02 ), v (u,0) v e Vol = {8 @), vr (@D (w),)) y € Vi)
Hence,

{(XE (), v (u,v) v € Vol = {(XF ), vu(e™D(u),) 1y € Vir}.
Note that for any given value a,

fva(u,v) v e Ve, X8 (0) = a} = {ou(e™V (w),y) 1y € Vir, X (y) = a}. ®)

Then, we have that
(AN (X X)) = > ACD (XD (1, 0) X (v)
=Y Ae(u, v))softm;xaé? (W) Wo (X (YWi)T/Vdn + fa(e(u, ) (0) XS (v)
= Z Fi@ (o (), y))softmax( X (01 () Wo (X1 (VW) /v/dn + fo(m (0“1 (u), ) () X7 ()
= [ZW (X)X ().

Here the third equation follows from Equation (1) and Equation (2).

It is then easy to check that X g +1) (u) = XSH) (o+ 1) (u)) for any u € Vi and this concludes the proof.

For the other direction, the proof follows from the one of Zhang et al. (2023, Theorem 4); More precisely, Zhang et al. (2023)
are dealing with the case when the RPE 1 is taking value from a finite set D for graphs with bounded sizes. Furthermore,
their RPE % is a distance (or a stack of distance functions) so that )¢ (u,v) = 0 iff u = v € Vi for any graph G. In this
way, elements in D can be written as 0 = ry < r; < ---rg. Note that, for one step of 1-WL, the second argument can be
decomposed by

{0 (), Yo (v,u) 1 ue Vo) = U{{xijg i) Yo(v,u) =riu € Vol
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Then, Zhang et al. (2023) explicitly constructed H + 1 different RPE attention heads A’PL{PE which can simulate
{{(XEZL (u),r;) : Yg(v,u) = rp,u € Vg} in an injective manner for each h = 0,..., H. In this way, they argue
that by concatenating these heads, one can simulate their GD-WL test where each step is updated by )?f;;rl)(v) =

{{()?SZL (u), Ya(v,u)) : u € Vi }. But as mentioned already in Section 3.1, this GD-WL test is equivalent to the ¢-WL
test when ¥ is a graph distance (or a stack of graph distances), so their one layer RPE transformer can simulate one step of
1»-WL in an injective manner.

Recall that GD-WL is equivalent to 1)-WL due to the fact that ¢/ takes value 0 on diagonal entries and v takes non-zero values

on off-diagonal entries. This is the reason why one can drop the first argument in (XEZ; (v), { (ng; (u), Yva(v,u)) :u eV}
without losing distinguishing power. Hence, the same argument in the proof of (Zhang et al., 2023, Theorem 4) can be
applied to the setting of diagonally-aware RPEs due to the following simple result.

Lemma A.6. When v is a diagonally-aware RPE, then 1)-WL is equivalent to the following variant of 1»-WL:

I (v) = Xa(v),
) = (R (W), va(v,u) s ue VY.

Now, to prove our theorem, we simply let D := {¢g(u,v) : u,v € Vg} U{Yu(x,y) : x,y € Vi } and apply the same
argument as in the proof of (Zhang et al., 2023, Theorem 4) to conclude the proof. O

A.7. Mapping APEs to RPEs: Proof of Lemma 3.7 and Theorem 3.8

We first recall a key lemma from Xu et al. (2018). For any set S, we let Mul(S) denote the collection of all finite
multi-subsets of .S and recall that Muly(.S) denotes the collection of all multi-subsets of size 2 in S.

Lemma A.7 ((Xu et al., 2018, Lemma 5)). If S is countable, then there exists a function f : S — R such that the map
hy : Mul(S) — R defined by sending hy(X) =) . f(x) is injective.

As a direct consequence, we immediately have the following corollary.

Corollary A.8. If S is countable, then there exists a function f : S — R such that the map hy : Muly(S) — R defined by
sending hy({z,y}) = f(x) + f(y) is injective.

Lemma 3.7. Let ¢ be an APE. Then there is a function f such that any two featured graphs (G, Xg) and (H, Xg) are
indistinguishable by ¢ iff (G, X¢) and (H, X ) cannot be distinguished by the 1) -2-WL test.

Proof. Let S = Ugeg im ¢ where G is the set of all finite graphs. We first note that S is countable as the set of all finite
graphs is countable. Let f be any function such that A that is injective on S such a function must exist by Corollary A.8
as S is countable. Assume that G and H are indistinguishable by the )/ -2-WL test. This, in particular, implies that the
multisets of initial colors are the same:

{(Xa(u), X (), v (v, ) s uv € Vo) = {(Xn(2), Xu(y), ¥ (x,9) : 2,y € Vir ).

By the definition of ¢/ and the fact that h t 1s injective, one has that

{(Xa(u), Xa(v), ¢a(u), da(v)) s u,v € Vol = {(Xu(2), Xu(y), ou(x), ou(y)) : v,y € Vu }.
Hence, the following two Cartesian products of multisets are equal:
{(Xa(w), da() : u e Vel = {(Xu(2). 6u(@) : 2 € Vi)

By Fact 3, we have that {(X¢(u), dg(w)) :u € Vo } = {(Xu(x),du(z)) : z € Vi }.

Conversely, assume that (G, X¢) and (H, Xp) are indistinguishable by ¢. Then {(X¢g(u),pa(u) : v € Vg} =
{(Xu(x),pu(x)) : x € Vg }. Let o : Vg — Vi be a bijection such that ¢ (v) = ¢ (o(v)) and Xg(v) = Xy (o(v))
for all v € Viz. We will prove that (G, X) and (H, Xz ) are indistinguishable by 1) -WL for any function f. In fact, we

will prove the stronger statement that XS; (v) = XEZ} (o(v)) for all t > 0. This is stronger than proving they are ¥/ -WL
H

G
indistinguishable as we use the same bijection for all iterations .
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(t)
vl
features X (v), which are implied by the definition of indistinguishability by an APE. Now suppose this is true for some

iteration ¢; we will show it is true for ¢ 4 1. Let v € V(. The inductive hypothesis implies that the first element of the colors
(*) ()

We prove this by induction on the iteration ¢. For ¢ = 0, this is true as the initial 1»/-WL colors '} (v) are just the node

(o(v)). Moreover, if we consider the second element of the colors, we find that

are equal X7 (v) = X1
{O) (). wh(0.w)) s w € Vel ={(x})) (w). f(66(0)) + f(d6(w)) - w € Ve (defintion of ;)
={(x,;) (@), f(@n(0(0)) + f(Gn(o(w) : w € Va} (defintion of o)
={(x) (o). f(@r(o () + f(Sm(o(w)) :w € Va} (inductive hypothesis)
=(x}) (7)), ]y (o(0), o (w)) s w € Va} (defintion of /)
={x) (). vh(o(v),w)) - w € Vil (o is a bijection)
Therefore, X' (v) = ¥V (0(v)) as claimed. O

o ¥

Theorem 3.8. For any APE ¢, there exists a function f such that any two graphs (G, X ) and (H, X pr) are indistinguishable
by all ¢p-APE-GTs iff they are indistinguishable by all 1) -RPE-GTs.

Proof. By Lemma 3.1, two graphs (G, X) and (H, X g ) are indistinguishable by all APE transformers with APE ¢ iff they
are indistinguishable by ¢. By Lemma 3.7, this is equivalent to being indistinguishable by v/ -2-WL. Hence, by Lemma 3.6,
this is equivalent to being indistinguishable by any RPE transformer with RPE )7 . O

A.8. Mapping RPE to APE: Proof of Theorem 3.10
Lemma 3.9. Let o) be a diagonally-aware RPE.

For any 2-EGN g, if (G, X¢) and (H, Xg) are indistinguishable by the 1-2-WL test then (G, X¢) and (H,Xg) are
indistinguishable by ¢9.

Moreover, for any finite set of unfeatured graphs G, there is a 2-EGN ¢ such that if G, H € G are indistinguishable by ¢9,
then G and H are indistinguishable by the 1-2-WL test.

Proof. Let (G, X¢) and (H, X ) be featured graphs that are indistinguishable by ¢-2-WL. By Lemma A.5, this means that
for any 2-EGN g of the appropriate dimension, g([¢)q, row(X¢a), col(X¢)]) = 9([¢a, row(Xg), col(X¢)]). In particular,
for any 2-EGN h of appropriate dimension, there is a 2-EGN gy, such that g, ([v¢, X6 X&) = [h(¢a), X2]; the 2-EGN gj,
runs h on the first columns of [/, row (X ), col(X¢)] and then copies the mean of the rows of row(X ) on the remaining
columns. The output of gy, is exactly the APE 12 concatenated to the node features X.

For the backward direction of the case of graphs without node features, this follows directly from Lemma A.4. O
Theorem 3.10. Let i) be a diagonally-aware RPE.

For any 2-EGN g, if (G, X¢) and (H, X ) are indistinguishable by all {-RPE-GTs, then (G,X¢) and (H, Xy) are
indistinguishable by ¢9.

Moreover, for any finite set of unfeatured graphs G, there is a 2-EGN g such that if G, H € G are indistinguishable by all
@9-APE-GTs, then G and H are indistinguishable by all 1)-RPE-GTs.

Proof. By Lemma 3.6 and Theorem 3.5, G and H are indistinguisable by an RPE transformer with RPE ¢ iff G and H
are indistinguisable by the 1-2-WL test. By Lemma 3.9, this is equivalent to G and H being indistinguishable by ¢9. By
Lemma 3.1, this is equivalent to G and H being indistinguishable by any APE transformer with APE ¢9. O

We now show that RPEs are strictly stronger than APEs derived from RPEs for graphs with node features.
Example 1. There exists an RPE ¢ and featured graphs (G, X¢) and (H, X ) that are distinguishable by )-2-WL but are
indistinguishable by ¢9 for any 2-EGN g.
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Figure 5. Left: (G, X¢). Right: (H, X#).

Proof. The graph G and H are both be the cycle graph on 4-vertices Cy. The RPE 1) is the adjacency matrix. The node
features are X = [1,2,3,4] and X = [1, 3,2, 4]. See Figure 5.

We first prove these graphs are distinguishable by ©-WL. If we consider the first ¢)-WL colors bel), we see that G has a

node of color (1, {(2, 1), (3,0), (4,1)}); however, H has no node of that color, as the only node with feature 1 has color
(1,3, 1),(2,0), (4, 1) }).

We next prove that are indistinguishable by the APE ¢9 for any 2-EGN g. The first thing to observe is that the APE ¢9
will assign the same value to each node in GG and H;; this follows from the definition of APE and the fact that for any two
nodes u, v € Vg, there is a graph isomorphism o : Vi — Vi such that o(u) = v; likewise for any two nodes x,y € Vg
ornodes u € Vi and « € V. Therefore, as (G, X¢) and (H, X ) have the same multiset of node features and ¢¢ has
uniform entries, they cannot be distinguished by ¢9. O

B. Details from Section 4
B.1. A Lemma for RPE-augWL Composition.

In this section, we will repeatedly use the following useful property of composing the RPE-augWL test. Let 1) be an RPE
valued in R?, and let f : RY — R be a function. Consider the composition f o 1 defined by (f o )a(u,v) == f(¥g(u,v))
for any graph GG. One naturally wonders about the distinguishing power of ¥)-WL versus f o ¢-WL. In fact, ¥-WL will
always be at least as strong as f o ¥)-WL, and under mild conditions on the input, there will exist a function f such that
1-WL and f o )-WL are equally strong.

Proposition B.1. Let i) be an RPE. Let G and H be graphs. Let u € Vg and v € V.

1. IfoZ(); (u) = XE;I){ (v), then for any function f : RY — R, nggwc (u) = ngng (v). In particular, 1)-WL is as strong as

fo-WL.

2. For any set Q C R? and any function f : R? — R injective on €, ifim g Uim ¢y C Q and XE/Z (u) # XEZL (v), then
)

Xfope () # x;?wH (v). In particular, f o -WL is as strong as 1{)-WL.

Proof. For item 1, it follows from (Zhu et al., 2023, Theorem 3).

For item 2, we choose the function f to be any function that is injective on {2; such a function exists as € are finite. The
lemma follows by induction of the iteration ¢t. O

Remark B.2. It is quite common that RPEs will be drawn from a finite set  C R?. In particular, if we consider any RPE
defined on unweighted graphs with n vertices that is purely a function of its topology, e.g., the shortest-path distance or
Laplacian eigenspace projection, then because there are only finitely many unweighted graphs on n vertices, then the image
of the PE in R? will be finite.
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B.2. Proof of Theorem 4.2 and Corollary 4.3

Euclidean Distance and Gram Matrices Let P = {p1,...,pn} C R?be a point cloud. The Gram matrix of P is
denoted Gp € R"*" where (Gp);; = p; p;. The distance matrix of P is denoted Dp € R™*"™ where (Dp);; = ||p; — p;]|.
A point cloud P is centered if ) ., p; = 0.

Theorem B.3. Assume that for any graph G, there is an embedding of the nodes Pg : V — R? such that im Pg is centered.
Let 14 and )4 be RPEs that are the distance and Gram matrix of the point set im Pg, respectively. Then, 14-WL is at least
as strong as are as py-WL. Conversely, 1,-WL with diagonal augmentation is at least as strong as 1.

The proof is based on the following key lemma. We define the squared distance matrix of P to be the matrix D% € R™"*"
where (D%)i; = ||pi — p;l|*.

Lemma B.4. Let g and 14 be RPEs such that, for any graph G, 14 ¢ and 14 ¢ are the squared distance and Gram matrix
of a centered point set Pg C R®. Then 1)4-WL is at least as strong as are as Yg-WL. Conversely, 14-WL with diagonal
augmentation is at least as strong as 1.

Proof of Theorem B.3 assuming Lemma B.4. As the square root function is injective, then by Proposition B.1, G and H are
indistinguishable by ¢)4-WL if and only if D% and Dgg are indistinguishable by 1,-WL. O

Now we proceed to prove Lemma B.4.
Lemma B.5. Let P = {pi,...,p,} C R be a centered point cloud. For any 1 < k < n, (Gp)y = 23" (D%)ir —

ﬁ Z?:l Z?:1(D%>)ij-

Proof. Observe that (D2);; = p{ pi + p] pj — 2p; p;. Therefore, the first term simplifies to

2y, _.T 1 T4 T
~ > (DR =pipet =D pipi= =D pime
=1 =1 =1
1 n
=pipi + o szrpi- (as >, pi =0)
i=1

The second term simplifies to:

1 1 <&
Tnzzz )ij TZZ (! pi +p] P — 2] P))

3

X \
.

n n
Z nppi+ Y pipi— Y 200D
— =~

Jj=1

1 n n
=5z > | melpi+ ) _rip (as Yo7y pi = 0)
i=1 =1
1 n
o2 Z 2”]9?1%‘
i=1

1 n
:*E Pisz‘-
n -
=1

Therefore,

n n n

LD DTN B (e ARE A DY I Oy
i=1 i=1

i=1 i=1 j=1
=p}. Dk
=(Gp)kk- O
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Lemma B.6. Let 14 and 1p, be RPEs such that, for any graph G, 1}q ¢ and 4 ¢ are the squared distance and Gram
matrix of a centered point set Pg C RY. Let (G, X¢) and (H, X ) be featured graphs. Ifxw L) = XEEJH( ), then
(GPG)uu = (GPH)MP

Proof. We will prove this using Lemma B.5. First, the fact that X( ) L) = bel)H( ) implies {(D3,)uv : v € Va} =

{(D%, )ay : y € Var}, which in particular implies that - Zvevc(D%G)m, =1 w2 yeVa (D%, )ay- Second, as X( ) NOES
ngd) H( x), then as the second coordinate of these colors are equal, there is a bijection o : Vg — Vg such that X(l) (v) =

Xf;d)H( (v)) for all v € Vg. In particular, this implies that {(D3_)vw : w € Va} = {(D}, )o@ : © € Vu}

for all v € V. Therefore, P; and Py have the same multiset of distances, and # > veVe ZweVG (D%G)Uw =
ﬁ Zy Vi DazeVi (D?DH )y=- These two observations and Lemma B.5 imply the lemma. O

Proposition B.7 (Forward Direction of Lemma B.4). Let 14 and 14 be RPEs such that, for any graph G, 14, and 4

are the squared distance and Gram matrix of a centered point set P C R%. Let (G, X¢) and (H, X 1) be featured graphs.
Letu € Vg and x € V. Iffoji (u) = sz+2)( ), then xfp) L) = XE;) (). Moreover, if (G, X¢) and (H, Xy ) are
indistinguishable by 1q-WL, then (G, X¢) and (H, X i) are indistinguishable by 1) 4-WL.

Proof. We prove this by induction on ¢. For ¢t = 0, this is obvious as X( ) L) = Xffd)H( ) implies that X(O) L) =

Xa(u) = Xu(v) =X\, (2)
(t+3)( ) = (t+3)( )

Now suppose the proposition is true for a natural number ¢, and let u € Vg and = € Vjz such that x Xipa
By induction, we know that X(HZ)( )= X$+f,)( ) implies Xi}; o(u) = 1(/2 ., (x), so the first coordinates of X( +1)( ) and

ijﬂ)( ) are equal.

(HB)( )= XS%)( ) implies there is a bijection o : Vg —

Vir such that (X2 (v), (D3,)un) = (XU 2 (0(0), (D},)ao(w) forall v € Vo As 72 (v) = x 72 (0(v)) implies
(GPe)ow = (GPy )o(v)o(v) by Lemma B.6, then we know that

(GPc)uv = % ((GPc)vv + (GPc)uu - (D?Dc)“”) = %

We now show the second coordinates are equal. The fact that

((GPH)O'('U)(T('U) + (GPH)ME - (D%H)xo(v)) = (GPQ)ara(v)~
(t +2)( ) = Xf;:?( (v)) implies ij) (v) = X1(L') (o(v)) by the inductive hypothesis. Therefore, as o is a

bijection, the second coordinates of X;}H)( ) and X( + )( ) are equal:

Moreover, Xap

{0 ), (Gro)uw) 1v € Vol = {8, ), (Gry)ay) v € Vi) O

Proposition B.8 (Backward Direction of Lemma B.4). Let 14 and 14 be RPEs such that, for any graph G, 4. and
Vg,c are the squared distance and Gram matrix of a centered point set Pg C R?. Let 1// = (1pg, I) be the diagonal
augmentation of 1. Let (G, X¢) and (H, X i) with featured graphs. Let u € Vg and x € V. Ifx (t+1) ( )= ngl)(x),

g, H
then Xfﬁc (u) = X&iH (z). In particular, 1,-WL with diagonal augmentation is at least as strong as wd-WL.

Proof. We prove this by induction on ¢. For ¢ = 0, this is obvious as X( ) ( )= X;},) (x) implies XEI?;) . (u) = Xg(u) =

Xu(v) = xfp;’ () and equivalently x; _(u) = Xg(u) = Xp(v) = Xfp;ﬂ( ).

(H)( ) = xfjﬂ)( ). By induction, we

and XE;, )( ) are

Now suppose the proposition is true for a natural number ¢, and suppose that x

(t+1)( ) = (t+1) (t) (t)

=Xy () implies X, , (u) = Xy, , (), so the first coordinates of X( i )( )

know that y
equal.

We now show the second coordinates are equal. As Xfﬁﬁ)( ) = Xq(;fr 2)( ), then there is a bijection o : V¢ — Vi such

that (XEZ'H (), (Gpg, Duw) = (Xfﬁl)( (), (Gpgs 1) zo(v)) for all v € V. The diagonal augmentation implies that

23



Comparing Graph Transformers via Positional Encodings

(Gpgys Iuw = (Gpy, )z as a diagonal element of (Gp,,, I) can only equal a diagonal element of (Gp,,, I). By a similar

argument, the fact that ngrl)(v)) = XEZ,H)(U(U)) implies that (Gp., I)vw = (G Py, I)o(v)e(v)- Therefore,
9,G g, H

(DIQDG)uv :(GPG)UU + (GPc)vv - 2(GPG)uv
:(GPH)CME + (GPH)O'(U)U(’U) - 2(GPH):CU(U) = (D%H)xo(vy

Therefore, the second coordinates of ng;) (u) and XEZ:}{) (z) are equal, i.e.,

L) (), (DE ) 10 € Vel = LX), (©), (Dd, ) 1 v € Vir}. O

Now we can prove Theorem 4.2 below:

Theorem 4.2. Let f : Rt — RT. Df-WL is at least as strong as Kf-WL. Kf-WL with diagonal augmentation is at least
as strong as DT-WL.

Proof of Theorem 4.2. Note that for given graph G with n points, any spectral decomposition of the Laplacian L =
S o Nizizl, and any function f : RY — RY, we can define the point cloud Pz = {/f(L)1, : v € V}, where
V(L) =3 5 \/f(N\i)ziz] The spectral kernel K, é is the Gram matrix of this point cloud and the spectral distance
Dé is the distance matrix of this point cloud. (While different choice of bases for the eigenspace result in different point
clouds Pg, these point clouds will always have the same Gram and distance matrices regardless of choice of basis.) This
point cloud is centered as -, oy v/ f (L)1 = 3 oy Yoo/ f(L)Aiziz] 1, = 0 by the fact that each eigenvector z; is
orthogonal to the all-1s vector, which is the eigenvector of L corresponding to A\; = 0. The result for RPE-augWL with
RPEs K, é and Dé holds by directly applying Theorem B.3. O

RD-WL and LT-WL In this section, we prove Corollary 4.3 by showing that it is unnecessary to perform diagonal
augmentation on L' in order for LT-WL to be as strong as RD-WL. In particular, we show that vertices v and v with the
same LT-WL color after one iteration have the same diagonal entry L'(u,u) = L'(v,v). This is the point in the proof
of Proposition B.8 where diagonal augmentation is used, so because this holds for LT-WL, we can drop the diagonal
augmentation.

For background, the pseudoinverse of the Laplacian is LT = S, %zizT and the resistance distance between nodes u

and v in a graph is RD(u,v) = (1, — 1,)TLT(1, — 1,), where 1,, is the vector whose u-th entry is 1 and other entries are
0. The resistance distance is a squared spectral distance, but remarkably, it is also a metric (see for example (Spielman,
2019, Section 12.8)), which is not true in general for the square of distances.

In particular, we prove the following lemma:

Lemma B.9. Let G and H be graphs. Let u € Vg and v € Vg such that X(Llf) (u) = X(Llj.) (v). Then Lg(u, u) = LL(U, v).
G H
The proof is based on several auxiliary results.

Lemma B.10. Let G be a connected graph with more than 1 vertex and let L denote its graph Laplacian. Then, for any
u # v €V, we have that LT (v,v) > LT (u,v).

Proof. By the fact that RD(u,v) = LT (u,u) 4+ LT (v,v) — 2LT(u, v), we have that
1
Li(v,v) — LT (u,v) = §(RD(U,U) + LT (v,v) — LT (u,u))

Therefore, to prove that L' (v, v) > L

uv??

it suffices to prove that
RD(u,v) > Lt (u,u) — LT (v, v).

24



Comparing Graph Transformers via Positional Encodings

By Lemma B.5, we have that

1
LY (u,u) — LT (v,v) = = (Z RD(u,w) — Z RD(v,w)>
n weV weV
_! Z RD(u,w) — RD(v,w)
" weV
1
= > RD(u,w) — RD(v,w) (as RD(v,u) = 0)
weV\{u,v}
1
< - Z RD(u,v) (Triangle inequality.)
" weV\{u,v}
== 2RD(u,v) < RD(u,v). O
n

Lemma B.11. Let G be a graph and let L denote its graph Laplacian. Let w € V. Then either

1. LT (u,u) > LT (u,v) forallv € V, or
2. LY(u,v) =0 forallv e V.

Proof. Let G1,--- ,G} denote the connected components of G. Then, we have that L = L; @ --- @ Ly and thus
Lt = LJ{ B---P LJ,Z. For each connected component 5y, if it contains more than 1 vertex, then by Lemma B.10, L}L satisfies
the condition that the diagonal entries are strictly larger than all other entries in the corresponding rows. If G; contains only
1 vertex, then LlT = 0 and hence the corresponding row and column in L' is always 0. This concludes the proof. O

Now, we finish the proof of Lemma B.9.
Proof of Lemma B.9. By the definition of the L-WL test, X(Llj); (u) = X(Ll}){ (v) implies that {Lg (u,w) : w e Vgl =
{{LL(U,:E) :x € Vg}. By Lemma B.11, we know that either the multisets {{Lg(mw) w e Vol = {{L;I(v,:v) :

x € Vg}} are all Os, in which case Lg(u,u) =0 = LL(U,’U), or they have the same maximal element, which is
Lg(u,u) = LL(U,U). O

B.3. SPE APE-GT is Stronger than RD-RPE-GT

Background. First, we provide the definition of SPE (Huang et al., 2024). Denote the eigenvalues and eigenvectors of
the Laplacianas A\; < ... < Ajyjand 21,..., 2y Let A i=[Ag, ..., \jy|] € RVland V := [z]--- lzv)] € RIVIXIVI 5o
L =V diag(A)VT.

Stable and expressive positional encoding (SPE) is the APE
SPE(V, A) = g(V diag(f(A))V7),

where f : R” — R" is a permutation-equivariant function like an elementwise MLP or DeepSets (Zaheer et al., 2017) and
g : R™*™ — R"™ is any graph neural network. In our context, we assume that f is a DeepSets network and g is a 2-EGN.

By removing the final layer of 2-EGN from SPE, one obtains a natural RPE that we call the relative-SPE (RSPE):
RSPE(V,A) = V diag(f(A))VT.

Lemma B.12. If a chosen RSPE is diagonally-aware (or diagonally augmented), then there exists a 2-EGN g such that
RSPE-RPE-GT is equivalent to SPE-APE-GT in terms of distinguishing power.

Proof. This follows from Theorem 3.10. O
Notice that when f is an elementwise function, RSPE reduces to a spectral kernel and we hence have the following result;
however, RSPE is more general than spectral kernels as f(A); may be a function of all the eigenvalues, not just the ith

eigenvalue. Accordingly, we have the following lemma.
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Lemma B.13. RSPE can compute any spectral kernel.

Based on the lemma, we are able to prove our main result in this section.

Theorem 4.4. For unfeatured graphs, diagonally augmented SPE-APE-GT is at least as strong as RD-RPE-GT.

Proof. The precise statement of the result is that there exists a choice of RSPE with the diagonal augmentation such that its
corresponding SPE-APE-GT is at least as strong as RD-RPE-GT.

By Lemma B.12, we know that there exists a 2-EGN g such that RSPE-RPE-GT is equivalent to SPE-APE-GT in terms
of distinguishing power. Therefore, it suffices to show that RSPE-RPE-GT is at least as strong as RD-RPE-GT. Since the
pseudoinverse of the Laplacian LT is a spectral kernel, by Lemma B.13 RSPE can be chosen so that its corresponding
RSPE-WL is at least as strong as L-WL. Since the extra diagonal augmentation of the two RPEs will not change the relative
distinguishing power of their RPE-augWL test, by Lemma 3.6 and the fact that RD is diagonally-aware, we conclude the
proof. O

B.4. Powers of Matrices and Spectral Kernels: Proofs from Section 4.3

We want to show that the multidimensional RPE (I, L, ..., L*) is equivalent to spectral kernels in distinguishing power. To
prove this, we will use a basic result from the interpolation literature showing that any function on k points can be fit exactly
by a (k — 1)-degree polynomial p.

Lemma B.14. Let f : R — R be any function and let {x1, ..., x,} C R. Then there exists an (n — 1)-degree polynomial
p: R — Rsuch that p(x;) = f(x;) forall 1 <i <n.

Theorem 4.6. (I, L,...,L*" ')-WL is at least as strong as K-WL on graphs with at most n nodes.

Proof. Let G and H be graphs such that K/-WL distinguishes G and H. Let {\g.1,- .-, Ag.n}and {\g 1, ..., Am.n} be the

spectra of the Laplacians L¢ and L g respectively, and denote their union {\{', ..., AGYU{AF, ... AC) = (Mo, ..., Aot}

(without loss of generality, we assume these elements are distinct). Let p(x) = Zf”o ! c;x’ be the polynomial guaranteed

by Lemma B.14 for the point cloud {Ag, ..., A2,—1} and for the function f in defining K/. f. Let p; : R?™ — R be the linear
n—1

function with the same coefficients as p, i.e. p;(z) = Zf o CiTi. By linearity, if we apply p; elementwise on the tensor
(I,Lg,..., L&), we find that it equals K7 for Gt

2n—1 2n—1 n
pl La,.. LG =Y alg =YY clg 2z Zp Xa,j)zizt Zf Na,j)zizl = KL
1=0 1=0 j=2 =2

The same calculation holds for H. Therefore, as K-WL distinguishes G and H, then p; o (I, L,..., L2”’1)-WL
distinguishes G and H.

Moreover, Proposition B.1 implies (I, L, ..., L?"~1)-WL distinguishes G and H. As the above argument can be repeated
(using different polynomials p) to show that (I, L, ..., L?”~!) can distinguish any pair of graphs that K7/ can, then
(I,L,...,L*" 1)-WLis as strong as K ¥-WL on graphs with n nodes. O

The following theorem uses normalized versions of the adjacency matrix and Laplacian. Recall that D denotes the degree
matrix, A denotes the adjacency matrix, and L denotes the graph Laplacian. The symmetrically-normalized adjacency
matrix is A = D~Y/2AD~1/2 and its symmetrlcally normalized Laplacian is L = D~Y/2AD~1/2 = [ — A. We let
w1 < --- < gy denote elgenvalues of A and let 1 < --- < v, denote eigenvalues of L

Note that v; = 1 — u;. Moreover, Aand L they have the same set of eigenvectors {1, ..., x,} (up to choice of orthonormal
basis). For a function f : R* — R*, we define the normalized spectral kernel as K/ = """, f(v;)z;z}.

Theorem 4.8. (I, E, cee 22”*1)-WL is at least as strong as K!-WL on graphs with at most n nodes.

Proof. This theorem follows as the eigenvalues p; of A and v; of L can be matched as w; = 1 — v;. The rest of the proof is
the same as Theorem 4.6 by using polynomials to fit the function f(x) = f(1 — x). O

Theorem 4.9. (I, HY . H(Q”_l))-WL is at least as strong as K'-WL on graphs with at most n nodes.
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Proof. This theorem follows as the eigenvalues of H®) are e~ = (e=*)t, so the proof is the same as the proof of
Theorem 4.6 by using polynomials to fit the function f(x) = f(—log(x)). O

B.5. Common Matrices: Proof of Proposition 4.10

Proposition 4.10. A, A\, /Nl, L, L and L induce equivalent RPE-augWL tests. In particular, all of these RPE-augWL tests
are equally strong as the WL test.

Proof. By Proposition B.16 below, we know that A-WL is equivalent to the WL test. Hence, we only need to show that all
other RPE-augWL tests are equivalent to A-WL.

Choose any featured graphs (G, X ) and (H, X 7). Pick u € Vg and v € V. First of all, we observe the following fact.
Fact 4. X(l) (u) = Xi‘li[ (v) simplies that degq(u) = degy (v).

A:  We inductively prove that XS)G (u) = XSL (v) iff X%t) (u) = XS) (v). The case when ¢t = 0 trivially holds. Assume that
H

the statement holds for some ¢ > 0. Then, we first assume that X(Hl)( )= xgzl)( ). This implies that XS(); (u) = XSI){ (v).
By Fact 4, we have that deg(u) = degy; (v). By induction, we have that ng) (u) = X(Zi) (v) and
G H

{04 (@), Aa(u,2)) s € Vol = § G (1), An(v,y)) sy € Var}.

Hence, we have that

{0 (@), Ag(u,2)/ degg(w) @ € Ve } = { (X}, (1) Ar(v,y)/ deg (v)) : y € Vir},

Gl = x5 ).

and thus x X5
H

Conversely, assume that X(~ 1)(u) = QH)(U). This implies that X(~1) (u) = X(l) (v). Similarly to Fact 4, we have that
degq (u) = degy(v). Then, the above argument can be repeated to show that X(H_l) (u) = XS:I) (v).

Therefore, A-WL is equivalent to A-WL.

A: We prove that A-WLis equivalent to A-WL and hence A-WL by showing that for any u € V5 and v € Vp, one has
for all £ > 0 that

® (

L )
X7, u) = X%L (v) implies X%t)c (u) = X%L( ) and X(t+ )( )

="V () implies 1) (u) = . (v)

The case when ¢t = 0 holds trivially.

Now assume that the statement holds for any ¢ > 1. x .

(H_l)( )= X%H)(U) implies that
H

(0 () A (), Aa(u,0)//degg (u) degg () : @ € Vo })
=<x§;<v>,{{<xf§>< ), A (v,y)/\/degy (v) deg ()  y € Vir}).

By counting the number of non-zero elements on both sides, we have that deg (u) = degy (v). Hence,

(G (A (@), dega(w). Ag (u,2) /y/deg () : x € Vi })
= () @), A (9), degy (v AHvy/\/degH ):y €V}

and thus
(G (A0 (@), deg(w), Ag(u,2)) s @ € Vo })
= (Y @), 4G (v), degyy (v), A (v,9)) : y € Vir}).
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Finally, by the inductive hypothesis we have that

X w) = (08 ()4 (@), A(u,2) s o € Ve })
= (G @AY, @), An(e.) sy € Vi) = x5V ().

(t+2)( X(j+2)

Apg

O @), A0 (@), Ag (@) @ € Vo })
= 0GP OACG W), Au(v,y) 1y € Var}).

For the other direction, assume that x u) = (v). This implies that

It is obvious that dego(u) = deg(v). Let o : Vo — Vg denote a bijection such that (x (tH)(:c Ag(u,z)) =

(G (@), A (v, 0(x)

= =

)
) for all # € Vg. Then, we have that dego(z) = degH(a(x)) Hence,

(ngl)(x),ﬁg(u,x)) (X( ( (33))7111{(11, (x))). By the inductive hypothesis, we have that( ((E)7jg( r)) =
(X%L(U(z)),/TH(U,U( x))). herefore

G w) = 0 ) A (@), A(u,2)) 2 € Ve })
= 0 @AY @), An) iy € Vieh) = X0 (0.

L, E, L: Note that the graph Laplacian L is combinatorially-aware. Hence by Theorem 4.16, L-WL is at least as strong as
the WL test and hence A-WL test. For the other direction, we prove the stronger result that XEX)G (u) = XSL (v) implies that
Xg)c( )= X%L (v) forany u € Vg and v € V.

The statement trivially holds when ¢t = 0. Assume that the statement holds for some ¢ > 0. Then, we assume that
xgzl)(u) = xgjl)( ). This implies that X(l) (u) = XSI){ (v). By Fact 4, we have that deg(u) = degy (v). By definition,
XS)G( ) = XS) (v) and hence by induction hypothesis, X<Lt2;( )= X(Lt) (v). Now, from the fact that {{(XSL (), Ag(u, x)) :
x e Vgl = {(XE:H( ), A (v,y)) : y € Vg }}, we obtain a bijection o : Vi — Vp such that (ijé(x),Ag(u,x)) =

(xi&( (), A (v,0(z))) for all z € Viz. We assume that o(u) = v (otherwise we can modify o so that the assumption

holds). Then, by inductive hypothesis we have that X( ) L) = xf) (o(x)) for all z € V. Furthermore, from the fact
that Ag(u,z) = A (v,0(x)), o(u) = v and deg(u) = degH( ), we have that Lg(u, z) = Ly (v,0(x)) for all z € V.

Hence, {(x\") (z), L (u,2)) - & € Vo) = LK) (), Lir(v,y)) = y € Vir}. Therefore, X\ (u) = {7 (v). This
concludes the proof.

Therefore, L-WL is equivalent to A-WL. Similarly, L-WL is equivalent to A-WL and L-WL is equivalent to A-WL. Hence,
all of these RPE-augWL tests are equivalent to the WL test. O

B.6. Combinatorial-Awareness: Proof of Theorem 4.16

Theorem 4.16. Let i) be a combinatorially-aware RPE. Then, 1)-WL is at least as strong as WL.

For any two featured graphs (G, X¢) and (H, X i ), we prove the following stronger lemma that immediately implies Theo-
rem 4.16.

Lemma B.15. Ler v be a combinatorially-aware RPE. Letu € G and v € H. Ifx(t) (u) = Xz(ﬁ; (v), then Xg)(u) = X(If[)(v).

Proof. We prove this by induction on the iteration. The case ¢ = 0 holds trivially by definition of the two WL tests.

Now inductively suppose the theorem is true for iteration ¢. Let u € G and v € H such that X(H_ )(u) = Xf;:l) (v).

First, by definition, X( ) () = Xpr (v). This and the inductive hypothesis imply X(G) (u) = Xffl)(v).

28



Comparing Graph Transformers via Positional Encodings

Next, by definition, there is a bijection o : Vg — Vp such that (Xf/z (w), Ya(u,w)) = (XEZL (o(w)), Y (v,o(w)))
for all w € V. This implies ¢g(u, w) = ¥y (v,o(w)) if and only if both {u,w} and {v,o(w)} are edges or non-
edges; therefore, {[XEZ)G (w) : {u,w} € Eg} = {{xgl){ (x) : {v,z} € Eg}. This and the inductive hypothesis imply
{Xg)(w) H{u,w} € Eg} = {Xg)(a:) : {v,z} € Eg}. This and the observation from the previous paragraph imply

(t+1) L (t41) O
Xg (W) =xp (v).

Note that the adjacency matrix A is trivially combinatorially-aware and hence A-WL is at least as strong as the WL. In fact,
the other direction also holds and hence we have that the A-WL and WL are equally strong.

Proposition B.16 (RPE-augWL generalizes WL). Consider the RPE given by the adjacency matrix A. Given two graphs G
and H, then x(G) = x(H) iff xa(G) = xa(H).

Proof. We only need to prove the direction that the WL is at least as strong as the A-WL. Let (G, X) and (H, X ) be two
featured graphs. We prove the following stronger statement:

Lemma B.17. Assume that {{Xg;) (u):ueVgh = {Xg)(v) v eVl Letue Gandv € H. Ifxg) (u) = Xg_t[) (v), then

xf& (u) = XSL (v) and hence {{xf& (u):ueVgh = {[XX)H (v):veVy}

Proof of Lemma B.17. We prove this by induction on the iteration. The case ¢ = 0 holds trivially by definition of the two
WL tests.

Now inductively suppose the theorem is true for iteration ¢. Let w € G and v € H such that Xg+1) (u) = ng,“) (v). By

definition, X(C?(u) = Xg_t[)(v) and {{X(C? (w) : {u,w} € Eg} = {{Xg)(x) : {v,z} € Eg}. By induction assumption, we

have that X(Gt) (u) = xﬁ? (v). Furthermore, there is a bijection o : Ng(u) — Ny (v) such that X(Gt) (w) = xﬁ? (o(w)) for
all w € Ng(u). Now, since {{Xg)(aj) rxeVgl = {{X(f?(y) :y € Vi }, we have that {{Xg)(x) cx € Ve\Ng(u)}} =
{{X(}?(y) :y € Vg\Npg(v)}. Hence there exists a bijection 7 : Vg\Ng(u) — Vi \Ng(v) such that X(C? (x) = Xg) (1(2))
for all z € Vo \Ng(u). Now, we define a bijection @ : Viz — Vjy as the union of ¢ and 7. In this way, we have that for any

x € Vg, Ag(u,z) = A (v, ®(x)) and Xx)(l") = XS)((I)(CC)). Hence, we have that

) (), A (2), Ag(u, ) s 2 € Ve }) = (XD (0), AT, (), An (0.9)) = y € Vir}).

This implies that XX—GH) (u) = Xf};:l) (v) and we hence concludes the proof. O
This concludes the proof. O

B.7. Resistance Distance is not Combinatorially-Aware

In Figure 6, we show a graph G so that RD(1,3) = RD(4,5) = 1 but {4,5} € E¢ and {1,3} ¢ E¢. This proves that the
resistance distance is not combinatorially-aware.

3

Figure 6. RD(1,3) = RD(4, 5) = 1.
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B.8. Resistance Distance and Block Cut-Edge Component Trees

For a connected graph G, a cut edge is an edge e € E¢ such that G\ {e} is disconnected. An (edge-)biconnected component
of GG is a maximal subset U C V(; such that the subgraph of GG induced by U is connected and has no cut edges. The
block cut-edge tree of G is the tree whose vertices are the edge-biconnected components BC'C(G) of G and its edges are
{{C1,Cs} : C1 # C3 € BCC(G), FH{u,v} € Eg suchthatu € Cy &v € Ca}, i.e. the edges of the block cut-edge tree
correspond to cut edges in G that connect two edge-biconnected components.

Similarly, a cut vertex is a vertex v € Vi such that G \ {v} is disconnected.

In this section, we prove the following theorem.
Theorem B.18. Let G and H be unfeatured graphs.

1. Let {u,v} € Eg and {z,y} € Eq. If{Xg)DG (u), Xg)DG ()} = {{X%)DH (x),xg},H (y)} forallt > 0, then {u, v} is
a cut edge if and only if {x,y} is a cut edge.

2. If xrp(G) = xrp(H), then the block cut-edge trees of G and H are isomorphic.

Background The following are well-known facts about effective resistance that will be useful for proving this theorem.

Lemma B.19. Let G be a graph with {u,v} € Eq. Then RDg(u,v) < 1. Moreover, RD¢(u,v) = 1 if and only if {u,v}
is a cut edge.

Lemma B.20. Ler G be a graph with u,v,w € V. Then RD¢(u,v) + RDg (v, w) = RD¢(u, w) if and only if v is a cut
vertex such that u and w are disconnected in G \ {v}.

Notation For any pair of vertices u and v of a graph G, their resistance distance is denoted by RD¢ (u, v); however, we
may drop the subscript G when it is clear from the context.

Recall that the notation xgp(G) = xrp(H) means that two graphs G and H have the same multisets of the RD-WL
colorings of their vertices for all ¢ > 0, i.e. {{ngc; (v):veVg}= {X%?DH (v) : v € Vg }}, where xrp, and xXrp,, are
RD-WL colorings of G and H, respectively. Similarly, we define x grp,, (1) as the ordered tuple (Xg)DG (u), XSRUDG (u),...).
In other words, x rp., (#) = XrD,, (v) if and only if XE’?DG (u) = X%H (v) for all t > 0. We call these the colors of the
graphs and nodes, respectively. We prove the following lemma about this new notation.

Lemma B.21. Let u € Vg and u' € Vi be such that xgrp.(u) = xrpy (W'). Then {(xrps(v), RDg(u,v)) : v €
Vel = {(xrp, (v'), RDu (v, v")) : v € Vi }.

Proof. If not, then there is some iteration ¢ such that {[(XS;ZDG (v), RDg(u,v)) :v € Vg } # {{(Xg)DH ("), RDg (v ,v")) :
v € Vi }. In this case, clearly X%jgg(u) # Xg;;)(u’). O

Lemma B.22. Ler C be any set of colors. Let u € Vg and v’ € Vi be such that Xgrp.(u) = xrpy (W'). Let D(u)
(respectively, D(u')) be the multisets of the resistance distances of all vertices of G (respectively, H) with color C
from u (respectively, u’), i.e. D(u) = {RD¢g(u,v) : v € Vg, xgpe(v) € C} and D(v') = {RDy(w/,v") : V' €
Vi, xgp, (v) € C}. Then D(u) = D(u'). In particular, the mean, minimum, and maximum of the multisets D(u) and
D(u') are equal.

Proof. If these sets are not the same, then by Lemma B.21, it cannot be the case that x gp., () = xrD, (¢). O

Lemma B.23. Let {u, v} be a cut edge in G, and let S, and S,, be the vertex sets of the connected components of G\ {u, v}
such that v € S, and v € S,. Let Cy,, C V be the subset of all vertices that have RD-WL-color xrp. (v) or Xrp,, (V).
Then Sy, N Cyy = {u} or S, N Cyy = {v}.

Proof. Let x be the farthest vertex of C,, (with respect to the resistance distance) from the set {u, v} in G. Assume x # u
and = # v, otherwise the statement of the lemma trivially holds. Without loss of generality assume x € S,,. We show that
Cuw NS, ={v}.
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S S

Lety € S,, and y # v. Let m,, m, an m, be the maximum (resistance) distance of y, v and v from any vertex in
Cyv- Note my, = RD(u,z), and m, = RD(v,z) = 1 + RD(u,x) because of the choice of x. Further, we have
my, > RD(y,v) + RD(v,z) = RD(y,v) + m, > m,, and that m;, > RD(y,u) + RD(u,z) = RD(y,u) + m, =
RD(y,v) + 1+ m, > m, as {u, v} is a cut edge. Thus, m, # m,, and m, # m,. In particular, the list of distances of
both v and u to vertices in C,, ,, are different from the list of distances of y to these vertices. Hence, by Lemma B.22, the
color X rp,, () is different from both of the colors x rp.. (u) and X gp. (V). O

Theorem B.24. Let G and H be two graphs with the same RD-WL colorings. Let {u,v} € Eg be a cut edge, and let
{v,v'} € Ey be such that xgp., (v) = XD, (W) and xgps (V) = XrDy (V). Then, {v',v'} is a cut edge in H.

Proof. Let S, and S, be the vertex sets of the connected components of G\{u, v} such that u € S, and v € S,. Also,
let CS (respectively, CZ ) be the set of all vertices that are colored X rp,, (1) or Xrp, (v) in G (respectively, in H). By
Lemma B.23, and without loss of generality, we assume C¢ N S, = {v}. Therefore, the closest vertex of CS to v is u,
which is at distance 1 to v since {u, v} is a cut edge; the vertex w is the closest to v as there are no other vertices besides v in

CS% N S,, and any vertex in C$) N S, is at distance at least 1 from v via the series formula of the resistance distance.

Since Xrp. (V) = XrDy (V). the closest vertex in C

V7, to v’ has distance 1 from v'—otherwise x gp,, (v") would be
different from x gp., (v) by Lemma B.22. Moreover, RDy (u',v") < 1las {v/,v'} € Ey. Thus, RDy(u/,v") = 1 and, by

Lemma B.19, {u/,v'} is a cut edge. O

Lemma B.25. Let G and H be two graphs with the same RD-WL colorings. Let {u,v} be a cut edge in G and Sy, S,, be
the partitions of G\{u,v}. Let {v/,v'} be a cut edge in H such that Xpp.(u) = Xrp, (W) and Xgp, (V) = XrDy (V'),
and let S.,, S, be partitions of H\{u',v'}. Let C be any subset of colors used in these equivalent colorings. Let
D, = {di,...,d} be the list of distances of vertices with color C in S, from v and let L,, = {{1, ..., L. }} be the list of
distances of vertices with color C'in S,, from w. Similarly, let D), = {d., ..., d}, } be the list of distances of vertices with
color C'in S., fromv' and let L, = {{¢}, ..., ¢}, } be the list of distances of vertices with color C'in S.,, from u'. Then, we
have D, = D!, and L,, = L!,,. In particular, |D,| = |D.,| and |L,| = |L’,|.

¢ d 1 a

/
2 dy. t/ dy
/ /
Su Sy Su Sy

Proof. Without loss of generality, by permuting indices, let D; = D, N D;, = {di,...,dp} = {di,...,d,}, and
Ly=L,NLy, ={lr,.... 0} ={¢,..., ¢} Hence,

D;,:{dl,...,dwd;Jrh..., o 3
and
;,:{{61,...,6(1,3;“,..., s
By the definition of Dy,
{dyirs - dp 0 {dpy, . di} =0, 3)
and
{30 {lggr, . ) =0, 4)
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Since xrpg (V) = XrDy ('), by Lemma B.22, the list of distances of vertices with color C from v in G is the same as the
list of vertices with color C' from v" in H. As {u,v} and {u’, v’} are cut edges, then D, U (L, + 1) = D, U (L], + 1),
where +1 is applied to all elements of a multiset. Specifically,

{di,....dp, ba+1,... b+ 1}y ={d},....dp 05 +1,...,¢0, +1}
={di,....dp,dyy, . dp b1l A 10 1l 1)
Therefore, removing Dy and L; from these multisets, we conclude
{dp+17~~’7dk;‘€q+1 +177‘€t+]—} = {d;+1,...d;€/,€;+1+1... ;/ +1B’
Equations (3) and (4) imply
fdpsr, .. di} =l +1... 0, + 1},
and
Wgrr + 1, e+ 1} ={d}y, - di )
On the other hand, since the list of distances of vertices with color C' from w in G is the same as the list of vertices with
color C from«’ in H,ie. (D, + 1)U L, = (D,, + 1) U L’ ,. Specifically,
fdi+1,.. . dg +1,0,..., 0y ={d\ +1,...,d, +1,¢0,,....00}
={di+1,....dy+1,d,  + 1, dpy + 1,00, L
Therefore,
fdpir + 1, de+ 1, g, by ={dy + 1, iy + 1,0, O )

Again, Equations (3) and (4), imply

{dp+1+]-7"'7dk+1}:{£1q+1"' ;’}}7

and
g1, e} =4{d, +1,...d, + 1} (6)
Combining Equations (5) and (6), we conclude
g, by =fdy + 1, dpy + 1% = {lgr + 2, 4 + 2}

Thus, {4441, ..., ¢} is empty, implying L,, = L’ ,, and D,, = D),, as desired. O

Lemma B.26. Ler G and H be two graphs with the same RD-WL colorings. Let (i) {u,v} be a cut edge in G, (ii) v’ € Vg
such that Xpp. () = Xrp, (W), (iii) v € Vi such that xgrp, (V') = XrDg (v), and RDy (v ,v") = 1. Then, {u’,v'}
must be a cut edge in H.

Note that the lemma does not trivially follow from Lemma B.19 since {«’, v} is not assumed to be an edge a priori.

Proof. Let C,,, be the set of all vertices that are colored x rp, (¢) or xgp, (v) in G. By Lemma B.23, S,, N C,,, = {u} or
Sy N Cyy = {v}. Assume that S, N C,,,, = {v}; the other case is similar.

Suppose, to derive a contradiction, that {u’, v’} is not a cut edge. Let w’ be a neighbor of v’ that resides in the same connected
component as v’ in H\{v'}. (In particular, if v’ is not a cut vertex w’ can be any neighbor of v'). Such a w’ exists and is
distinct from v, otherwise {u, v’} would be a cut edge. We know that RDy(w',u') < RDpg(w',v") + RDy (v, u') =
RDp(w',v") + 1; the triangle inequality implies the inequality, and it is a strict inequality because, in the case of equality,
v’ would a cut vertex separating w’ and u’, contradicting the choice of w’. Let £ = RDp(w’,v’), and note that £ < 1, as
otherwise {w’, v} is a cut edge between v and v’ implying that RDg (v, v") > 1.
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Since xrp., (V) = XrD,, (V'), there must exist a vertex w € Vi such that xgp,, (w) = xrp, (w') and RDg(v,w) = € < 1.
Since all vertices in S, are at a distance at least one from v, we have w € S,,. Let L,, be the list of distances of vertices in
Cyy from w. Since S, N C\,, = {v}, the smallest distance in L,, is £ and the second smallest distance in £ + 1, to v and u,
respectively.

Let C\,, be the set of all vertices in H that are colored xgp,, (¢') = XrDg (©) OF XRD,, (V') = XRD (V). Then, let L,
be the list of all distances of w’ to vertices in Cy+,+. Since Xrp, (W') = xrD (W), then L, = L,, by Lemma B.22. In
particular, the smallest two numbers in L., are £ and £ + 1. We know RDp(w’,v’) = ¢, and by the triangle inequality
RDg(w',u') < RDy(w',v") +1 = £+ 1. Since, the second smallest number in the list is £ + 1, and not smaller, the
inequality must be tight, i.e. RDg(w',u') = RDg(w',v") +1 = RDy(w',v") + RDg(v',u’). Therefore, v’ is a cut
vertex separating v’ and w’, contradicting the choice of w’. O

Lemma B.27. Let G and H be two graphs with the same RD-WL colorings. Let {u,v} be a cut edge in G and {u’,v'}
a cut edge in H such that Xpp,(v) = Xrpy (V') and xrps (V) = XrDy (V). Furthermore, let B, (resp. B.,) be the
biconnected component of v (resp. v') in G (resp. H). Finally, let K (resp. K') be the set of all cut edges except {u,v}
(resp. {u',v'}) with one endpoint in B, (resp. {u',v'}). Then there exists a bijection between f : K — K’, such that
forany {z,y} € K and {w,z} = f({z,y}), if x in on v’s side in G\{x,y} and w is on v'’s side in H\{w, z}, then
XEDe (%) = XrDy (W) and Xrpe (Y) = XrDy (2)-

Proof. Let S, (resp. S!,) be the vertex set of the connected component of G\{u, v} (resp. H\{v,v'}) that contains v
(resp. v').

Let X = {x1,...,xy} be the set of endpoints of K that are in B,, ordered such that RD(v,z1) < ... < RD(v,xy). (Note
that each x; may be connected to multiple cut edges of K.)

By Lemma B.25, there exists X’ = {z],...,z}.} C S., such that for every i € [k]

(1) Xrp¢(%i) = XrDy (7}) and

(2) RDg(v,2z;) = RDg (v, 2%).

(Let C'x be the set of all vertices that are colored by the colors {x rpe (¢1);- - -, XD (k) } In S,. Note, Cx is a (possibly
proper) superset of {z1, ...,z }. Therefore, by Lemma B.25, there exists a set C}( C S,/, such that there is a one-to-one
correspondence between C'y and C’% with corresponding pairs have the same color and distance to v and v". The existence
of X’ with the aforementioned properties follows as X C Cx.)

For each i € [k], let Y; be the set of all vertices that are adjacent to x; with a cut edge in K. Since X gpg (2:) = XrD, (%),
by Lemma B.26, for each i € [k], there exists Y, such that (1) for all ' € Y/, {2}, vy} is a cut edge, and (2) the multisets
{xroe W) }yev: = {xrpu (¥) Byevy-

Next, we show for every ¢ € [k] and every ¢’ € Y/, RDy(v',2;) < RDg(v',y.), or equivalently, v’ is in the connected

component of z; in H\{z},y’'}. We prove this by induction on 1.

For each i € [k], and each y € Y}, let Sy, be the set of all vertices on the y side in G\{;, y}, and let S; = |J, ¢y, Sy. For
all h <i,and each y’ € Y}, let S}, be the set of all vertices on the y' side in H\{z},,y'}, and let S}, = Uy,ey/ Sy, Note

S\ Up<; Sk contains v and, by the induction hypothesis, S\ |, , S}, contains v'.

By Lemma B.25 and that RD¢ (v, z,) = RDg (v, x},), S, and S, induce the same set of color/distance pairs from v
and v’, respectively; i.e. there is a one-to-one map f from S, to S}, such that for each pair (¢, f(q)), (i) ¢ and f(g) have
the same color, and (i) RD¢(v,q) = RDy(v', f(q)). Thus, B, ; = S,\ U, ., Sr and B{M- = 8, \ U<, S}, induce the
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same set of color/distance pairs from v and v’, respectively. Let C be the set of colors of vertices that are incident to
cut edges. The ith smallest distance with color from C' in B, ; corresponds to ;. We know 2z has the same color as z;,
and RD¢(v,x;) = RDy(v', x}). If there exists y' € Y/ such that the RDy (v',y') < RDy (v, z;) then the ith smallest
number in By, ; would be smaller than RD¢ (v, z;) which is a contradiction. Hence, RD (v', 7}) < RDg(v',y") for all

y' €Y/, as desired.

Therefore, B’ SE\ Uie[k] S/ is connected, and it has the same set of colors as B, = S, Uie[k] S;. So, it must be the

v
biconnected component that contains v’. O

Theorem B.28. If two graphs G and H have the same RD-WL colorings, then their block cut-edge trees are isomorphic.

Proof. Let {u,v} be a cut edge in G such that S, is a biconnected component. Let {v/,v’} be an edge in H with
XrDe () = XrDy, (W) and Xrp, (V) = XrD, (v'). By Lemma B.27, S/, is a biconnected component of H. Root the
block cut-edge tree of G at S, and the block cut-edge tree of H at S/, so all cut edges are directed away from S,, and S7,.

For a directed cut edge u — v, define T(z[v] the be the block cut-edge subtree rooted at the biconnected component of v. We
use induction on the size of T [v] to show that for two same colored edges with the same direction © — v and v’ — v/,
T [v] and T [v'] are isomorphic.

Let B, and B!, be the biconnected components of v in G and v’ in H respectively. For the base case that B, = S,,,
then by Lemma B.27, B;, = S/, and the statement holds. Alternatively, also by Lemma B.27, the outgoing directed
edges of B, and B,, are in one-to-one correspondence with matching head and tail colors. Let these sets of edges be K
and K, respectively, and let f be the bijection between them that preserves colors. For any z — y € K, and its image
f(z) = f(y) = w — z € K', by the induction hypothesis, the block cut-edge subtrees T [y] and T |[z] are isomorphic.
Therefore, T [v] and Ty [v] are isomorphic. O

C. Experiments

In this section, we carry out experiments to validate our two main results Theorem 3.8 and Theorem 3.10. Our code is
adapted from the GraphGPS module (Rampasek et al., 2022) and subsequent fork from Miiller et al. (2024).

C.1. Graph Isomorphism: CSL

Table 1. Test performance on the CSL dataset of different APEs. Results are shown in the form of mean + standard deviation. Experiments
are averaged over 5 runs.

CSL Dataset: Classification Accuracy (1)

HKdiagSE RWSE
APE-GT 100 +0.00 100 4 0.00

DeepSet RPE-GT | 100 £0.00 100 £ 0.00

Table 2. Test performance on the CSL dataset of different RPEs. Results are shown in the form of mean =+ standard deviation. Experiments
are averaged over 5 runs. The result for GIN was taken from Miiller et al. (2024).

CSL Dataset: Classification Accuracy (1)
RSPE Powers of Adjacency RD SPD Adjacency
RPE-GT 100 £ 0.00 100 £ 0.00 100 £0.00 90=£0.00 1040.00
EGN APE-GT | 100 % 0.00 100 £ 0.00 100 £0.00 90=£0.00 1040.00
GIN 10 £ 0.00

We consider the graph classification task on the Circular Skip Links (CSL) dataset (Dwivedi et al., 2023). The goal of the
CSL dataset is to classify graphs according to their isomorphism type. This is classified as a “Hard” task by Miiller et al.
(2024).

To validate Theorem 3.8, we consider two different APEs: Random Walk Structural Encoding (RWSE) and Heat Kernel
Diagonal Structural Encoding (HKdiagSE) from the GraphGPS Library (Rampasek et al., 2022). For both APEs, we used
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times {1, ..., 20}. We test these APEs with APE-GTs and their corresponding RPEs by applying a DeepSet and the result
GTs are denoted DeepSet RPE-GTs.

To validate Theorem 3.10, we consider four different RPEs: RSPE (Huang et al., 2024), a stack of 20 powers of the
adjacency matrix (inspired by RRWP (Ma et al., 2023)), the resistance distance (RD), the shortest-path distance (SPD), and
the adjacency matrix. We then consider their corresponding APEs by applying a 2-EGN and the result GTs are denoted
EGN APE-GTs. We ran the RPE-GT and APE-GT for 1000 epochs each. Our results are averaged over 5 random seeds.
See Table 1 and Table 2 for the results.

As our theoretical results (Theorems 3.8 and 3.10) predict, RPE-GTs and EGN APE-GTs have the same classification
accuracy when using the same RPE. Likewise, APE-GT and DeepSets RPE-GT have the same classification accuracy when
using the same APE. This validates our main theorems.

Moreover, note that the accuracy of Adjacency-RPE-GT and GIN are equal, which agrees with Corollary 4.17.

C.2. Graph Isomorphism: BREC

Table 3. Performance of different RPEs on the BREC dataset. Basic, Regular, Extension, and CFI are subsets of the BREC dataset. Results
are shown in the form of mean =+ standard deviation. Experiments are averaged over 5 runs.

BREC Dataset: Pair-Distinguishing Accuracy (1)
\ Basic Regular Extension CFI \ Total
RPE: Resistance Distance (RD)

RPE-GT 100.00 £0.00 35.71 +£0.00 100.00 +£0.00 7.604+1.14 | 54.40 £ 0.29
EGN APE-GT | 100.00 £0.00 35.71£0.00 100.00£0.00 7.00£1.23 | 54.25+0.31
RPE: Shortest-Path Distance (SPD)

RPE-GT 26.67 £0.00  9.29 4+ 0.00 40.8+0.45 6.8+ 0.11 | 19.154+0.22
EGN APE-GT | 26.67+0.00 9.424+0.28 41.00£0.00 11.8040.45 | 20.50 £ 0.18
RPE: Stable Positional Encoding (SPE)

RPE-GT 97.00£2.17 34.71£0.57 96.00+1.87 3.24+4.47 51.5+0.73
EGN APE-GT | 097+2.17 33.14+£0.97 9880+0.84 880+1.30 | 53.05+0.54
RPE: Stack of Powers of Adjacency Matrix

RPE-GT 100.00 £ 0.00  35.00 £ 00 94.6 +0.00 9.80+0.84 | 53.55+0.28
EGN APE-GT | 83.00+1.39 32.86+£0.00 88.20+1.79 3.00+00 46.75 £ 0.47
RPE: Adjacency Matrix

RPE-GT 0.00 &+ 0.00 0.00 + 0.00 0.00 £+ 0.00 0.00 £ 0.00 | 0.00 £ 0.00
EGN APE-GT | 0.00 £0.00 0.00 + 0.00 0.00 £+ 0.00 0.00 = 0.00 | 0.00 £ 0.00

Table 4. Performance of different APEs on the BREC dataset. Basic, Regular, Extension, and CFI are subsets of the BREC dataset.
Results are shown in the form of mean =+ standard deviation. Experiments are averaged over 5 runs.

BREC Dataset: Pair-Distinguishing Accuracy (1)

Basic Regular Extension CFI \ Total
APE: Heat Kernel Diagonal Structural Encoding (HKdiagSE)
APE-GT 56.00 £4.50 26.00£0.57 38.00+3.16 3.00x£00 | 27.75+£1.43

DeepSets RPE-GT | 59.00 £4.01 18.86+1.84 59.60+6.11 1.24+1.30 | 30.65+ 1.57
APE: Random Walk Structural Encoding (RWSE)

APE-GT 84.33+3.65 31.29+0.83 62.40+4.39 1.00+0.00 | 39.45+1.10
DeepSets RPE-GT | 69.67 £5.32 21.294+2.73 63.80+2.39 04+0.55 | 33.95+1.81

We consider the graph isomorphism benchmark dataset BREC (Wang & Zhang, 2024). The BREC dataset tests a graph
neural network architecture’s ability to distinguish pairs of non-isomorphic graphs. Unlike the CSL dataset which poses the
graph isomorphism problem as a graph classification problem, the BREC dataset considers pairs of non-isomorphic graphs
and tests whether a graph neural networks can learn different representations for the two graphs. The graph neural network
is trained via contrastive learning on sets of graphs pairs with randomly permuted node indices. The graph neural network
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is then evaluated using the T2 test on the learned features for each of the two graphs. The exact training and evaluation
procedures can be found in the original BREC dataset paper (Wang & Zhang, 2024).

We compared several RPEs on the BREC dataset. We found that RD, SPE, and a stack of 20 powers of the adjacency matrix
all perform similarly well and perform better than SPD in terms of total accuracy. Moreover, the adjacency matrix achieves
0% accuracy, which matches the theoretical results of Proposition 4.10 as all pairs of graphs in the BREC dataset are WL
indistinguishable.

We also compared two APEs on the BREC dataset: RWSE and HKdiagSE from the GraphGPS library (Rampasek et al.,
2022). For both APEs, we used times {1, ..., 20}. We found that RWSE slightly outperformed HKdiagSE.

Finally, for the most part, both RPEs and APEs achieved similar performance for their different architectures, i.e. RPE-GT
and EGN APE-GT or APE-GTs and DeepSets RPE-GT. This matches our theoretical results (Theorems 3.8 and 3.10).

However, one interesting thing we found is that there are several graph pairs in the CFI subset that SPD-GTs were able to
learn to distinguish while RD-GTs did not. This suggests that SPD-WL and RD-WL may be incomparable. Zhang et al.
(2023) show there are graphs that RD-WL can distinguish that SPD-WL cannot; this suggests the converse is true too,
although it is not a definitive proof of this fact and should not be interpreted as such. A question for future research would
be to prove that these pairs of graphs are indistinguishable by RD-WL or to find a RD-GT that could distinguish these pairs
of graphs.

Hyperparameter search was performed for each pair of PE and architecture.

C.3. Graph Regression: ZINC

Table 5. Test performance on the Small ZINC dataset. Results are shown in the form of mean =+ standard deviation. Experiments are
averaged over 3 runs.

ZINC Dataset: MAE ()
# Parameters RD SPD SPE
RPE-GT 573922 0.096 £0.002 0.130 £0.010 0.132 £0.007
EGN APE-GT 520514 0.196 £0.004 0.217£0.011 0.200 £ 0.007
# Parameters RD+EF SPD+EF SPE+EF
RPE-GT 696226 0.069 +£0.004 0.092 £0.010 0.092 £+ 0.001
EGN APE-GT 664818 0.110 £0.003 0.132£0.004 0.126 £ 0.003

Although our theoretical results are for the distinguishing power of graph transformers and apply most directly to graph
classification/isomorphism tasks, we would also like to compare RPEs and APEs on real-world tasks beyond those. In
this experiment, we compare RPE-GTs and EGN APE-GTS for graph regression on the small ZINC dataset containing
12k graphs (Dwivedi et al., 2023). We consider the RPEs resistance distance (RD), shortest-path distance (SPD), and
SPE (Huang et al., 2024). See Table 5 for the results.

We test the models both with and without the use of edge features of graphs in the ZINC dataset. Edge features are distinct
from RPEs as they are not dependent on the graph structure and are associated to edges and not a pairs of vertices. For
the ZINC dataset, the features are one-hot encodings of the bond type (e.g. single, double, triple). When we include edge
features, we concatenate them to the RPE and pass the concatenated tensor to the model in place on the RPE. This use of
edge features is not captured by our theoretical results, and it is not clear if this is the best or most natural way of including
edge features in a graph transformer. Other papers have proposed different ways of incorporating edge features into a graph
transformer (Ma et al., 2023; Jin et al., 2023).

From Table 5, we see that the performance of EGN APE-GT is worse than the corresponding RPE-GT. This could be
partially explained by Theorem 3.10, which states that RPE-GTs have stronger distinguishing power than EGN APE-GTs
for graphs with node features (as the graphs in ZINC do). Additionally, we suspect that the training of the extra EGN layer
introduces additional difficulty in the training process, leading to worse performance of APE-GT compared to RPE-GT.
This result aligns with our expectations, suggesting that instead of converting an RPE into an APE, it may be better to use
the RPE directly in a RPE-GT.
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Hyperparameters & experimental setup. Our results are averaged over 3 random seeds. We ran the RPE-GT and
APE-GT for 1000 epochs each.

Following Zhang et al. (2023), the functions f; and fo in the RPE-GT head are embeddings into Gaussian kernels followed
by an MLP.

Hyperparameter search was performed for RPE-GTs and EGN APE-GTs. We chose the final hyperparameters for each
architecture to have similar numbers of parameters. Hyperparameters involved in our models are listed in Table 6.

Table 6.
Hyperparameters for ZINC Experiment
RPE GTs
# Transformer Layers: 14
# Transformer Heads: 8
# Gaussian Kernels 16
# MLP Layers 2
MLP Hidden Dimension (No Edge Features) 16
MLP Hidden Dimension (Edge Features) 16
EGN APE GTs

# Transformer Layers: 8

# Transformer Heads: 8

# EGN Layers 6

EGN Hidden Dim (No Edge Features) 48
EGN Hidden Dim (Edge Features) 64

APE Type Add
SPE
# DeepSets Layers 3
DeepSets Hidden Dimension 64
# Parameters 17217

C.4. Code

Code for all experiments can be found at https://github.com/blackmit/comparing_graph_transformers_via_
positional_encodings
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