IMPROVED PERFORMANCE GUARANTEES FOR TUKEY’S MEDIAN

STANISLAV MINSKER AND YINAN SHEN

ABSTRACT. Is there a natural way to order data in dimension greater than one? The approach
based on the notion of data depth, often associated with the name of John Tukey, is among
the most popular. Tukey’s depth has found applications in robust statistics, graph theory,
and the study of elections and social choice. We present improved performance guarantees
for empirical Tukey’s median, a deepest point associated with the given sample, when the
data-generating distribution is elliptically symmetric and possibly anisotropic. Some of our
results remain valid in the wider class of affine equivariant estimators. As a corollary of our
bounds, we show that the typical diameter of the set of all empirical Tukey’s medians scales
like o(nil/ 2) where n is the sample size. Moreover, when the data are 2-dimensional, we prove
that with high probability, the diameter is of order O(n~3/410g®/2(n)).

1. INTRODUCTION

The fundamental notions of order statistics and ranks form a basis of many inferential proce-
dures. They are the backbone of methods in robust statistics that studies stability of algorithms
under perturbations of data (Huber and Ronchetti, 2009). As the Euclidean space of dimension
2 and higher lacks the canonical order, the “canonical” versions of order statistics and ranks
are difficult to construct. Many useful versions have been proposed over the years: examples
include the componentwise ranks (Hodges, 1955), spatial ranks and quantiles (Brown, 1983;
Koltchinskii, 1997), Mahalanobis ranks (Hallin and Paindaveine, 2002), and recently introduced
Monge-Kantorovich ranks and quantiles (Chernozhukov et al., 2017). In this paper, we will focus
on the notion of data depth that gives rise to the depth-based ranks and quantiles, see (Serfling,
2002) for an overview. The idea of depth and the associated ordering with respect to a prob-
ability measure P on R goes back to Hotelling (1929): given z € R, its depth is defined as the
minimum among P(—o0, 2] and P[z,00). Hodges (1955) and Tukey (1975) extended this idea
to R2, and finally Donoho (1982); Donoho and Gasko (1992) formalized the general notion of
depth of a point z € R¢ with respect to a probability measure P as the infimum of all univariate
depth evaluated over projections of P on the lines passing through z. Equivalently, Tukey’s (or
half-space) depth of z is
(1) Dp(z)= inf P(H(zu)),

ueSd—1

where H (z,u) = {z € R?: 2Tu > zTu} is the half-space passing through z in direction u, and
S-1 is the unit sphere in R? with respect to the Euclidean norm || - [|l2. Let us remark that
the notion of half-space depth and its applications appear in other areas, for example in graph
theory (Small, 1997; Cerdeira and Silva, 2021), in convex geometry in relation to the convex
floating boudies (Nagy et al., 2019), and the theory of social choice in economics under the name
of the “min-max majority” (Caplin and Nalebuff, 1988; Nehring and Puppe, 2023). We refer the
reader to the habilitation thesis of S. Nagy (2022) for an excellent overview of the history and
recent developments in the theoretical and algorithmic aspects of Tukey’s depth.

S. Minsker acknowledges support by the National Science Foundation grant DMS CAREER-2045068.
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If P is such that P(OH) = 0 for the boundary 0H of any closed half-space H, then the
infumum in (1) is attained (Massé, 2004, Proposition 4.5). For example, this is the case for
distributions that are absolutely continuous with respect to the Lebesgue measure. Of particular
interest are the points of maximal depth, that is,

o := py(P) € argmax Dp(z).

The set of deepest points with respect to P will be referred to as Tukey’s median set, or simply
Tukey’s set, while the barycenter of this set is Tukey’s median; when d = 1, it coincides with the
standard median. According to Propositions 7 and 9 in (Rousseeuw and Ruts, 1999), Tukey’s
median always exists, and o, := Dp(us) > d%_l for any P. For distributions possessing symmetry
properties, «, can be much larger. For example, if P is halfspace-symmetric’ and absolutely
continuous with respect to the Lebesgue measure, then its center of symmetry coincides with
Tukey’s median, and its depth «, equals % The multivariate normal distribution, and more
generally all elliptically symmetric distributions, are known to satisfy this property. Whenever o,
is large, Tukey’s median also has a high breakdown point, and therefore features strong robustness
properties — for instance, its breakdown point equals % for halfspace-symmetric distributions, see
Proposition 1 in (Chen, 1995) for the precise statement. The upper-level sets of half-space depth,
defined as
Rp(a):={z€R?: Dp(2) > a, —a}, a < a,
are convex and compact. These sets are often called the central regions (Serfling, 2002) and their
boundaries — the quantile surfaces or depth contours (Liu et al., 1999).
Let X1,...,X, € R?be a sequence of independent copies of a random vector X with distribu-
tion P. The empirical measure P-X is a discrete measure with atoms X, ..., X,, having weight

1/n each. In particular, for any Borel measurable set A C RY,

1, z€A,

1 n
PX(A) = ﬁ;u(xj), where I4(z) = {0’ CdA

The empirical depth corresponding to PX will be denoted D,,(z), and it yields a natural way to
order the points in a sample, giving rise to the depth-based ranks. It also admits the following
convenient geometric interpretation: nD,(z) equals the cardinality of a smallest subset S C
{X1,...,X,} such that z is not in the convex hull of {Xy,..., X} \ S, with the convention that
the cardinality of the empty set is 0. The empirical version of Tukey’s set is defined as the set
of points of maximal empirical depth,

i = i (X1, Xy) € argné?él)n (2).

The barycenter of this set is known as the empirical Tukey’s median, and it will also be denoted
i1, with slight abuse of notation. The definition is illustrated in Figure 1 that displays the
(empirical) depth contours, upper-level sets and the Tukey’s median corresponding to a sample
of size n = 100 from the isotropic bivariate Gaussian distribution as well as the isotropic bivariate
Student’s t distribution with 2.1 degrees freedom. Figure 2 shows that the empirical contours
become smoother and approach their population counterparts as the sample size grows.

Even when p, is unique, the Tukey’s set can have a non-empty interior. For instance, if
d = 3, then the set arg max,cre Dy, (2) can be a single point, an interval, or a convex polytope,
see example 3.1 in (Pokorny et al., 2024). This raises a natural question: what is the typical
diameter of this set? In the univariate case (d = 1), the sample median is unique when n is

odd, and when n is even, the diameter equals L, = | X (241) ~ X (2) Under mild assumptions
2 2

1The distribution of a random vector X is halfspace-symmetric with respect to some p € R? if the random
variables uT (X — p) and uT (1 — X) are equidistributed for all v € S?~1.
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(A) n =100, standard Gaussian (B) n =100, Student’s t with v = 2.1 d.f.

FIGURE 1. Depth contours: lighter-colored regions correspond to higher depth.
Empirical Tukey’s median is marked with a circle and the sample mean — with
a Cross

(A) n =50, standard Gaussian (B) n =500, standard Gaussian

FIGURE 2. Empirical depth contours approach their population limit. The blue
circle denotes Tukey’s median.

and using the classical results on order statistics (Rényi, 1953), the expected value of L,, can be
shown to be of order ¢/n for a constant ¢ that depends on the distribution. To the best of our
knowledge, the question was open for d > 2. We make a step towards answering it and prove
(see Corollary 2.3) that with high probability, diameter of empirical Tukey’s set decays faster
than n='/2. When d = 2, we obtain sharper estimates and show that the diameter is of order
n=3/4 logs/ 2. These results follow from the general upper (Theorem 2.2) and lower (Theorem
3.1) bounds for the diameter of the sets of “deep points” that are proven to sharp in some cases.

Among the attractive properties of the half-space depth is the affine invariance: for any affine
map z — T(z) = Mz + b such that M € R%*? is non-singular and b € RY,

Dpor-1(Mz+b) = Dp(2), Vz € R%,
where PoT~1(A) = P (T~'(A)). This implies that
pe(P o T™) = My (P) +b,
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so that Tukey’s median “respects” affine transformations. For example, if X has mean p and
the covariance matrix ¥ = E(X — p)(X — )T is non-degenerate, then

fin( X1, Xn) =SV 2 00( 20, Zn) + i,

where Z; = Y ~Y/2(X; — u) has centered isotropic distribution (i.e. the covariance of Z; is
the identity matrix). Due to this property, existing literature that investigates the proximity
between the population median i and its data-dependent counterpart ji,, often focuses on the
estimation error measured in the Mahalanobis distance ||S~Y2(i, (X1, ..., X,) — p)|]2. Since
Y is typically unknown, one may instead prefer to measure the error with respect to the usual
Euclidean distance ||fi, — pf|2-

In this paper, we establish certain optimality properties of Tukey’s median. Specifically, we
prove (see Theorem 2.1) that the size of the error ||fi, — p||2 is controlled by the effective rank
of ¥ defined as the ratio of the trace tr(X) and the spectral norm |||,

r(z) = 1)
1%l
as opposed to the ambient dimension d. Finally, we investigate robustness properties of Tukey’s
median and the effects of adversarial contamination on the error. While this question has been
answered for isotropic distributions (equivalently, for the error with respect to the Mahalanobis

norm, see (Chen et al., 2018)), the case of Euclidean distance poses new challenges. We give a
partial answer in Corollary 2.4. The remaining open problems are discussed in the section 4.

1.1. Notation. Given z1, 2o € R, (21, z5) will stand for the standard inner product, || - ||o — for
the associated Euclidean norm and B(z,r) will denote the Euclidean ball of radius r centered at
2. For a matrix A € R4 tr(A) represents its trace and || A|| - its spectral (operator) norm. I,
will denote the d x d identity matrix.

We will employ the standard small-o and big-O asymptotic notation throughout the paper.
Given two sequences {a;};>1, {b;j};>1 C Ry, we will say that a; < b; if a; = o(b;) as j — oc.
We will write op(1) to denote a sequence of random variables §;, j > 1 that converge to 0 in
probability as j — oco. Indicator function of an event £ will be denoted Ig or I{€}. Finally,
®(t) will stand for the cumulative distribution function of the standard normal law on R and
@(t) — for the associated probability density function. Additional notation will be introduced on
demand.

2. MAIN RESULTS

Assume that a fraction of the data has been replaced by arbitrary values, that is, we observe
Y1,...,Y, where %2?21 I{Y; # X,;} = €. In a scenario when Xy, ..., X,, have multivariate
normal distribution N (u, ¥) such that ¥ is non-singular, Chen et al. (2018) showed that whenever
e<1/band 4+ L <,

(2) 1SY2 (fa(Ya, ..., Vo) — 1) | SC(W”)’

holds with probability at least 1 —e™t, where ¢, C > 0 are absolute constants. The key feature of
this inequality is the fact that it implies optimal dependence of the error on the contamination
proportion €; Tukey’s median is among the first estimators known to possess this property. This
robustness property of Tukey’s median is illustrated in figure 3 where it is juxtaposed with the
sample mean.

2This is commonly referred to as the adversarial contamination framework, see (Diakonikolas and Kane, 2023)
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(¢) n =50, Student’s t with v = 2.1 d.f. (D) n =100, Student t with » = 2.1 d.f.

FicUre 3. Contaminated sample with contamination proportion ¢ = 0.1. Circle
mark denotes Tukey median and the cross represents the mean.

Recently, Minasyan and Zhivotovskiy (2023) proved that there exists an estimator [i, that
satisfies the inequality

/1 r(X) +1
(3) ||un(Y1,...,Yn>—u||2SOIIEH”( (—; +e>
with probability at least 1 — ™", whenever —T(En) *t < ¢. Furthermore, if |IZ]|| and r(X) are known
r(2)+t

up to some absolute multiplicative factor, then the requirement === < ¢ can be dropped. This
inequality exhibits optimal dependence on the “dimensional” characteristic expressed via the
effective rank as opposed to the ambient dimension that can be much larger, as well as correct
dependence on the degree of contamination e. Deviation inequalities of type (3) are often referred
to as sub-Gaussian guarantees, since they hold, for ¢ = 0, for the sample mean of i.i.d. Gaussian
random vectors due to the Borell-TIS inequality (Borell, 1975; Tsirelson et al., 1976). Whether
Tukey’s median admits a bound of the form (3) remained an open question: specifically, it was
unknown whether d can be replaced by r(3). We will give a (partial) affirmative answer below.
As this question is mainly interesting in the situation when d is large, we will assume that d > 2
in the remainder of the paper.
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2.1. Contamination-free framework. Our starting point is the contamination-free scenario
corresponding to € = 0. Recall that a random vector X € R has elliptically symmetric distri-
bution &(u, 3, F), denoted X ~ E(u, 3, F) in the sequel, if

X2y BU +4,

where £ denotes equality in distribution, n is a nonnegative random variable with cumulative
distribution function F, B is a fixed d x d matrix such that ¥ = BB, and U € R¢ is uniformly
distributed over the unit sphere S?~! and independent of 5. The distribution &(u, X, F) is well
defined, as if B;BT = ByBI, then there exists an orthogonal matrix @ such that B; = ByQ,

and QU 2 U. To avoid such ambiguity, we will allow B to be any matrix satisfying BBT = X.
Whenever En? < oo, we will also assume that 7 is scaled so that En? = 1, in which case the
covariance of X exists and is equal to X.

A useful property of elliptically symmetric distributions that is evident from the definition
is the following: for every orthogonal matrix @, Q¥ ~/?(X — p) has the same distribution as
»~Y2(X — p). In other words, ©~'/2(X — p) is spherically symmetric. We are ready to state
our first result that essentially hinges on this fact.

Theorem 2.1. Let Xy,..., X, be i.i.d. copies of X ~ E(u, 3, F) where ¥ is non-singular. Let
Lin, be any affine equivariant estimator of . Suppose that

Hz_l/z(/jn - M)HQ < e(n’tad)
holds with probability at least 1 — p(t). Then

i — pll2 < e(n,t,d)||%||*/? <\/@+ ﬁ)

with probability at least 1 — p(t) — e~ *.

e(n,t,d) < \E* \/Z and p(t) = e ?,
whence
@) mn—unggc(ﬁﬂ/z) m(@ﬂ@ SQMW@H/D

with probability at least 1 —2e~* whenever ¢ < d. The proof of the theorem is given in appendix
A. Next, we state the corollaries for Tukey’s median and the Stahel-Donoho estimator, another
well known affine-equivariant robust estimator of location (see (Stahel, 1981; Donoho, 1982) for
its definition and properties).

Corollary 2.1 (Tukey’s median). Let Xi,...,X, be i.i.d. copies of X ~ N(u,X) where ¥ is
non-singular, and let [i, be the Tukey’s median, the barycenter of the set arg max,ega Dp(2).
Then there exist absolute constants ¢, C > 0 such that

i~ wl, < € (x/“(f) + wznﬂ)

with probability at least 1 — 2e~t whenever % + % <ec.

Proof. Theorem 2.1 in (Chen et al., 2018) states that

e(n,t,d) = \/||T||<\/z+ \/z>

In typical scenarios,
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and p(t) = et whenever %—l—% < c. Inequality (4) thus implies the desired result whenever ¢ < d.
If t > d, it suffices to show that under the stated assumptions, |2~/ (fi, — p)|| < C[ with
probability at least 1 —2e~*, which follows directly from Theorem 2.1 in (Chen et al., 2018). [

Remark 2.1. The bound of Corollary 2.1 remains valid whenever d > n+1: indeed, in this case
with probability 1 the convex hull of X1, ..., X, is a simplex with n vertices, and every point in
the convex hull has (maximal) depth 1/n, hence [i,, coincides with the sample mean.

Up to the values of numerical constants, the same result is valid for the Stahel-Donoho estimator.

Corollary 2.2 (Stahel-Donoho estimator). Let Xi,...,X, be i.i.d. copies of X ~ N(u,X)
where Y. is non-singular, and let [, be the barycenter of the set of Stahel-Donoho estimators.
Then there exist absolute constants ¢, C > 0 such that

t

n

- tr(X)
[ — plly <C (\/
n
with probability at least 1 — 2e~t whenever % + % <ec.
Proof. The argument repeats the proof of Corollary 2.1 mutatis mutandis, where Theorem 1 in
(Depersin and Lecué, 2023) plays the role of Theorem 2.1 in (Chen et al., 2018). |

1311

Remark 2.2. Results of both corollaries hold not just for Gaussian measures but more generally
for a wide class of elliptically symmetric distributions. Indeed, the arguments in (Chen et al.,
2018; Depersin and Lecué, 2023) leading to the bounds for e(n,t,d) remain valid if we assume
that X ~ E(u, X, F) is such that the density q(t) of one-dimensional projections

(Z7VAX =)o) =0 (U0),

where (-,-) denotes the standard Euclidean inner product, is continuous and strictly positive at
the origin (also see remark 2.2 in (Chen et al., 2018)). For example, multivariate t-distribution
satisfies this assumption.

2.2. Performance guarantees in the adversarial contamination framework. Recall the
adversarial contamination framework that was introduced in the beginning of section 2. All
results stated below will be specific to Tukey’s median as we rely on the existing rich literature
on the subject. However, we expect our claims to be valid for other affine equivariant estimators
such as the Stahel-Donoho estimator mentioned previously.

In what follows, we Wlll let 72X be the empirical Tukey’s median based on the uncontaminated
data X1,..., X, and i} — its counterpart based on the sample Y7,...,Y,. We will let

DX(z)= inf PXH(zu)
llullz=1

stand for the empirical depth of a point z € RY, where the empirical distribution P;X is based
on Xi,...,X,, and c/l\n = DX (ﬁf) be the maximal (empirical) depth. Consider the set

R,(6) :={z e R*: DX(z) > d, — 6}

of “c?n — d-deep” points. R, (0) is a convex polytope whose facets belong to the hyperplanes
defined by the elements of the sample. Observe that the empirical depth DY (z) (based on the
contaminated dataset) of any point z ¢ R, (d) satisfies the inequality

DY (z) <e+dy, — 6.
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Indeed,
(5) DY (2)= inf PYH(z,u)< inf PXH(z,u)+ sup |(PBL/ —-PY) H(z,u)|.

n
lufl2=1 [lull2=1 llulla=1

<dn,—9 <e

The latter does not exceed d,, — e whenever § > 2. Since DY (fi,) is no smaller than d,, — ¢ due
to the inequality in the spirit of (5), we deduce the following lemma.

Lemma 2.1. Let [i%y € argmax,cga DY (2). Then
iy € R, (2¢).
An immediate corollary of this lemma is that in the framework of Corollary 2.1,

(6) 7n = wllz < 175 — pll2 + diam (Rp (2¢))
where diam(A) stands for the diameter of a set A C RY. Whenever ¢ is large, meaning that
1/5>¢e> K\/g for some constant K > 0, results by Brunel (2019) imply that the Hausdorff

distance between R, (¢) and its population analogue R(¢) is of order Op (\/ 1= ﬁ), hence it

follows that
diam (R, (2¢)) < C(K)+/ ||| (\/z—i- €>

with probability at least 1 —2e™" for t < ¢1n (alternatively, this inequality can be obtained from
the bound (2) in the case of normally distributed data). Therefore, for such values of € and ¢,

7) 4 —MHZSC(K)< RN (ﬂ +))

with probability at least 1 — 2e~¢.

The problem is less straightforward for € := ¢, < \/% . In the remainder of this section, we

will assume that d and r(X) are fixed, where d is potentially much larger than r(X), and n — co.
The following theorem is the main result of this section.

Theorem 2.2. Assume that X1,...,X, are independent random vectors sampled from the
isotropic normal distribution N(u,I4). Then

(i) for any sequence e, = o(n~"/2), the diameter of the set R, (c,) satisfies
diam(Rn (e,)) = op (n*W) .
(i) if d =2, then
diam(R,(e,,)) = Op (n_% log®?(n) v En) .
In section 3, we will show that the bound (ii) is sharp for €, > n~1 log®/?(n). Before turning to
the proof of this result, we will state its immediate corollaries.
Corollary 2.3 (Tukey’s median set). The diameter of the set R, (0) satisfies
diam(R,(0)) = op (n_1/2> .

Moreover, when d = 2,
diam(R,(0)) = Op (n*% log3/2(n)> :
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Corollary 2.4 (Adversarial Contamination). Assume that X1,..., X, are i.i.d. random vectors
sampled from the multivariate normal distribution N(u,X). In the adversarial contamination
framework with ,, = o(n=1/?),

7 -y < (/L i)

with probability at least 1 — 2e~t — o(1), where C > 0 is an absolute constant.

Proof. First, note that due to affine invariance of the depth function D,,(z), the depth regions
corresponding to the data X1,...,X,) and X~Y2(X; — p),..., 5" Y2(X,, — p) are related via

Rn(26: X1,.. ., Xp) = p+SY2 R,y (26, 27 V23X — ), ..., 27 V2(X,, — ).
Therefore,

diam (Ry, (2655 X1, ..., X)) < || [|'/*diam (Rn(zan; STy =), BTYR(X, - u))) :

The latter diameter is op(n~'/?) in view of Theorem 2.2. The inequality (6) combined with
Theorem 2.2 and Corollary 2.1 yields that

®) 7 = ull, < (WJF ||2||\/Z> +op(n1/2)

with probability at least 1 —4e~* — 2. For sufficiently large n, the summand op(n~'/2) in (8) is
dominated by the first term, leading to the desired conclusion. O

Of course, for €, = o(n~1/?), the corollary trivially yields that

7 -ty = (24 v (yfE 4

with high probability. In view of (7), this inequality is also valid for large values of &,, above
K \/g . Whether a bound of this form also holds whenever ¢,, < 4/ @ (or more generally in the
regime C TTE) < g, <Oy \/g, where C1,C2 > 0 are some fixed constants), remains an open
problem. Next, we turn our attention to the proof of Theorem 2.2.

Proof of Theorem 2.2. Everywhere below, we will assume without loss of generality that p = 0.
We will first establish claim (i) of the Theorem. The idea of the proof relies on the strong
approximation of the depth process via a P-Brownian bridge that allows us to relate the behavior
of W, (z) and W (z) near their respective points of maxima. We will need several preliminary
facts. Let C' > 0 be a sufficiently large absolute constants. Recall that in view of Theorem 2.1
in Chen et al. (2018), for &, = o(n=1/?),

Ro(22,) C B (o,cu/ dﬂ”)

with probability at least 1 — e~*. Next, define

o) W) =i int (P (Z20) = 3) Il < VTR

On event of probability at least 1 — e, we can equivalently express R, (2¢,) via

Rn(2e) = {Z : zlle € CVd+t and Wy (2) > sup Wi (z) — 2\/5%} .

\/ﬁ z€R4
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Moreover, the depth process W, (z) converges weakly to

(10) W(z) :=Wg(z) = inf {G(’U,O) — \/127_(2,11)} , 2]l < ChvVd +t,

llvfla=1

where G(v,y) is the Brownian bridge indexed by half-spaces — a centered Gaussian process with
covariance function

EG(u,z)G(v,y) = Cov (I{X € H(z,u)},I{X € H(y,v)}),

where X ~ N(0,1;). This result is known, for example see (Massé, 2002, page 296). We will
also need the following estimate on the rate of convergence of W,, to W.

Lemma 2.2. For every C' > 0, there exists C; > 0 such that for all n > C1 R, one can
construct on the same probability space independent random vectors Xy, ..., X, with standard
normal distribution and a Brownian bridge G such that

R3 R 1/4
sup W) = W(2)| <60+ K | 2= 4 () Tog(n)
lz[[2<R n n

with probability at least 1—2/n, where K > 0 is an absolute constant and 8,, = C(d)n~2a log®/?(n).

We include the proof of the lemma in the appendix. In what follows, we will set R = d + t and

3 1/4
Yu(t) =0, + K (MZQ + <d:t> log(n)> ~

The final ingredient of the proof is the following statement.

Lemma 2.3. Let R(8) = {||z]2 € R : W(z) > sup,cpa W(z) — B}. Then there exists event £
of probability at least 1 — e~ " such that for any sequence 8; = o(1) and any T > 0,

(11) lergOP ({diam(R(B;)) > 7} NE) = 0.

Proof. Lemma B.1 (i) guarantees that Z is unique and that [|Z]s < Cv/d+t on event &£ of

probability at least 1 —e™?. Assume that (11) is false, meaning that for some increasing sequence
{jitiz1,
1_i>nl1]P’({diam(R(ﬂji)) >7iNE) >e>0.

Since the sets R(f;,) are nested, it implies that

P | {diam | (\R(B;,) | =7pnéE] >0

i>1

But any element of the set [),~, R(;,) must be the arg max, W (z), contradicting the a.s. unique-
ness of the latter. The claim follows. O
We will now deduce the statement of the theorem. It follows from the facts established above

that there exists an event © of probability at least 1 — 2e™* — % such that the claims of Lemmas

2.2 and 2.3 hold on O, and moreover the condition R,(2¢,) C B <O,C“/d:t> is satisfied.
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Therefore, on ©

(12) Ry(en) = {Z Szl £ Civd +t and Wy (2) > sup Wy (z) — Zﬁsn}

\/ﬁ z€R4

c{=. Izl < Civd+t, W(z) > sup W(z) —2  sup  |W,(z) — W(2)| — 2v/ne,
Vn zeRd |zl <C1VdFE

- {Z lzlle £ C1vVd 4+t and W(z) > sup W(z) — 27, (t) — Zﬁan} = A,.
\/ﬁ z€R4

As v, (t) + v/nen, = o(1) as n — 0o, we conclude that
Vvndiam(A,) - Ie — 0 in probability as n — oco.

Since t can be arbitrarily large, the claim follows.
To prove part (ii) of the theorem, we use similar reasoning combined with claim (ii) of
Lemma B.1. The latter states that with probability 1, sup,, mizl;l UTW < 0 where U is the
ue

set of extreme points of OW (Z). Therefore, for any « > 0, there exists ¢(a) > 0 such that

minu "

—_— —Cl
R ol < 4@

with probability at least 1 — . The trajectories of W(z) are concave with probability 1 as the
pointwise infimum of linear functions, therefore, for any z # z and any u € U

W(z) <WE) +u' (2 - 2).

Choosing u = u(z) € U for which u" (z — 2) is minimized, we deduce that W(z) < W (z) —
c(a)]|z — z||2 with probability at least 1 — «. In view of (12), this yields that

Rulen) C {ﬁ - e(a)])z — 32 < 2 () +2\/ﬁen}

|-l = s

on event of probability at least 1 —2e~¢ — % — «. Setting d = 2 in the definition of ,,, we obtain
the desired conclusion. O

(a(t) v \/ﬁen)}

3. LOWER BOUNDS FOR THE DIAMETER OF THE EMPIRICAL DEPTH REGIONS

The goal of this section is to establish lower bounds on the diameter of the sets R, (¢), and to
show that the upper bounds obtained before for the case d = 2 are optimal in some regimes.

Theorem 3.1. With probability at least 1 — e~ ¢,

€
sup  |Dn(21) — Dp(22)| < —=
|21 —22]|2<e V2T
€

t d C 1 C
+C (\f <\/ -+ \[logl/2 (2>> + - <t+ dlog <2>)> .
n n € n €
The following corollary states that the depth regions are not too small: in particular, diameter

of R,(g) grows at least linearly with respect to ¢ when . Given two subsets A, B C R
A+ B={a+b, a€ A, be B} stands for their Minkowski sum.
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Corollary 3.1. There exist absolute constants c, c1, C3 with the following property. Assume that
d+t dtt g (L
n n g d+t )’

R, (g) 2 R,(0) + B(0, cye)

< ¢ for ¢ small enough. Then for any ¢ > Cj

with probability at least 1 — e™*, where R, (0) is the set of all Tukey’s medians.
In particular, we immediately see for d = 2,
diam(R,(¢)) > 2c¢ie

for € larger than < log(n). On the other hand, result of Theorem 2.2 part (ii) states that with
high probability,

diam(R,(¢)) < C'e

whenever ¢ > C"n~3/410g®?(n). Therefore, for € that exceed C"'n~3/*1og®?(n), the bound of
Theorem 2.2 part (ii) is sharp.

e
27

dominates in the bound of Theorem 3.1. Therefore, D,,(z) > D, (jin)—¢ whenever ||z—fi, |2 < c1€
for a sufficiently small constant ¢; > 0.

Proof of Corollary 3.1. It is easy to see that whenever ¢ > Cg%log 747 ), the term

ﬁ

O

Proof of Theorem 3.1. Given z1, zo € R? such that ||z; — 22|z < €, let vy, v9 be unit vectors such
that D,,(z;) = PXH(zj,v;), 7 = 1,2. Assuming without loss of generality that D, (z1) > Dy (22),
note that

(13) Dn(Zl) — Dn(ZQ) = Pi( (H(zl,vl) — H(Zl,vg)) +Pn (H(Zl,l)g) — H(ZQ,”UQ))
<0

< sup |(Pn — P)(H(21,v) — H(22,0))|

lvll2=1,][z1 =22 <e

+ sup |P(H(z1,v) — H(22,v))].

lvll2=1,]lz1—22[|<e
We will estimate both terms on the right side of the display above. Denote
Fo(z,v) = v/n(PZ — PYH (z,v).
The following lemma controls its modulus of continuity.

Lemma 3.1. There exist absolute constants C1,Cy > 0 such that for any € > 0,

sup |Frn(21,v) — F(22,0)]

l1=zalla<e lullo=1 e <ﬁ <\/{e+ Vdlog'/? (?)) - % <t+ toe (6;2»)

with probability at least 1 —e~t.

Proof. For brevity, set

S = sup |F(z1,v) — Fp(22,0)],

[lz1—22]l2<e,||v][2=1



IMPROVED PERFORMANCE GUARANTEES FOR TUKEY’S MEDIAN 13

where the supremum is taken over all z1, zo such that ||z1 — 22|z < & and all unit vectors v. Note
that

(14) sup P(H(Zlav) - H(ZQuU))Q
< swp |21 — 22l €

lz1—22[[2<e,[[v]l2=1
[N =
¢(z)dz = .
(22,v) 21 —22]l2<e 27 V2

where ¢(z) is the probability density function of the standard normal law. Bousquet’s form of
Talagrand’s concentration inequality (Bousquet, 2003, Theorem 7.3) yields that

s<C<Es+ﬁﬁ+

= sup sup
21 —22]l2<e [lv][2=1

t
N
with probability at least 1 —e~t. It remains to estimate for ES. Since the class of half-spaces has
Vapnik-Chervonenkis dimension d+ 1 (van der Vaart and Wellner, 2023), a well known argument
(for instance, see Theorem 3.12 in Koltchinskii (2011)) implies that

ES<C, (\/£logl/2 (?) + \iflog (C;))
n

for some absolute constants Cy,Cy > 0. O

Next, we deduce in a way similar to (14) that

g
sup |P(H (21,v) — H(22,v))| < .
lvll2=1,]|z1 —22]|<e \/ﬂ

Therefore, (13) implies that with probability at least 1 — e,

€
sup  |Dn(21) — Dp(22)| £ —=
l21 =222 <e 2
1
e (Ve (2 e (2)) 4 (v (2))
which is the desired bound. O

4. DISCUSSION

We proved that Tukey’s median, and more generally affine equivariant estimators of location,
are sensitive to the geometry of the underlying distribution, in a sense that their performance,
measured with respect to the Euclidean distance, is controlled by the effective rank of the “shape”
matrix rather than the ambient dimension. In the adversarial contamination framework, our

claim remains valid as long as the contamination proportion ¢ is either large (larger than \/%)

or small, namely of order o(n_l/ ). There is still a significant gap between the bounds for
Tukey’s median proved in this paper and best known guarantees for the alternative estimators,
for example by Minasyan and Zhivotovskiy (2023). This fact motivates the following questions:
(1) Is it possible to prove a version of Corollary 2.4 that allows the effective rank (%) and

the ambient dimension d grow with the sample size n?
(2) What are the best guarantees for Tukey’s median in the adversarial contamination frame-

work with e,, of order @?

(3) More generally, does Tukey’s median satisfy non-asymptotic, finite-sample guarantees of
the form (3)7
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(4) Can the bound of Corollary 2.3 be sharpened? In other words, what is the typical
diameter of Tukey’s median set when the data follow an isotropic normal distribution?
Formally following the steps of our analysis in the case d = 1, it is possible to obtain the
rate for the diameter of the set of medians R, (0) of order @ which is sharp up to

log-factors. We conjecture that in the case d = 2, our result is also nearly sharp, namely

that diam(R,,(0)) is of order n=3/* up to log-factors.
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APPENDIX A. PROOF OF THEOREM 2.1.

Define the random vector

W=V, (X1, ..., X)) — ),
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and observe that we need to estimate ||S1/2W||5. Moreover, set Z; = S~ V2(X;—pu), j=1,...,n.
Let us record the following identity:

e S g

Wl
where U := % is defined as 0 if W = 0. We claim that conditionally on W # 0, U has uniform
distribution over the sphere of radius 1. Indeed, for any orthogonal matrix @, the vector QZ; has

the same distribution as Z; in view of elliptical symmetry, which implies that 11, (QZ1,...,QZ,)
and fi,(Z1, ..., Z,) have the same distribution. But

ﬁn(QZ]J?QZn) :Q/jn(Zh"'aZ’n)?
ﬁn(Zla < aZn) = 271/2(1'1”()(1’ s 7Xn) - H“) = VV7

W

due to affine equivariance, hence W 4 QW. It implies that the conditional distribution of i

given that W # 0 is indeed uniform.
The function w + ||X*/2w||o Lipschitz continuous with Lipschitz constant equal to ||X||*/2,
therefore we can apply Lévy’s lemma (Lévy, 1951), again conditionally on W # 0, to get that

21I3]|11/2
220, < B2, + 2

with probability at least 1 — e~ (this version of the inequality with sharp constants is due to
Aubrun et al. (2024)). The same result also holds unconditionally since U = 0 if W = 0. It
remains to observe that

tr(X)
d bl

E[S2U]2 < EV?|=Y2U13 =

hence we conclude by the union bound that

tr(2 2| 2|v/2¢
mmwz—wmwwwm<Wmm<¢2)+¢” )

d

with probability at least 1 — p(t) — e~ ".

Remark A.1. Spherical symmetry plays a crucial role in the proof of the theorem. Due to the
affine invariance of the depth function, it is not possible to capture the dependence of the error
on the effective rank by simply comparing the empirical and the true depth. For example, let
X1,..., X, be ii.d. N(0,X%) random vectors where X is non-singular, and note that for any

half-space H(0,u), P(X; € H (0,u)) = . Therefore,

3=

1 < 1
sup fZI{XjGH(O,u)}fﬁ = sup
Jj=1

lulla=1 " 5= llull2=1

- 1
S H{ETV2X; € H(0,u)} - 3|
j=1
hence the distribution of the supremum does not depend on X.

APPENDIX B. PROOF OF LEMMA 2.2.
The key step in the argument involves construction of a coupling between the empirical process
Fo(z,v) = vn(PX — P)H (z,v)

and the Brownian bridge G(z,v) indexed by the indicator functions of halfspaces. The strong
approximation result by Koltchinskii (1994, Theorem 11.3) guarantees the existence of a sequence
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X1,..., X, of independent standard normal random vectors and the Brownian bridge G(v, z)
defined on the same probability space such that

09) s [Fu(e0) = Gl )] < 5,0) = O~ log! o) s+ o)

with probability at least 1 — e™*, where C(d) depends only on d. To verify that the aforemen-
tioned result indeed applies in our setting, first recall that the Vapnik-Chervonenkis dimension
of half-spaces equals d + 1 (see van der Vaart and Wellner, 2023). Next, we will represent
X; = (®j1,--,254), j = 1,....,nas (271(Ujn1),..., 27 (Ujq)) where U;; := ®(x;,), i =
1,...,d, 5 = 1,...,n are independent random variables with uniform distribution on [0, 1].
Then (15) would follow once we establish an estimate for the modulus of continuity w(fy»; k) of
the functions

fop(ur, ... ,uq) = I{{® " (u),v) —b >0}

where u := (uq,...,uq) € [0,1]%, @71 (u) := (7 (u1),..., 2 *(uq)), v is a fixed unit vector and
b € R. Specifically, to deduce (15) from Theorem 11.3 in (Koltchinskii, 1994), we need to prove
that for small values of h, w(fyp; h) < CVh, where C does not depend on v, b and

1/2
W(fv,b; h) = Ssup </[O 1]d(fv(u + I‘) - fv(u))Zdu> :

Irlla<h

Here, we assume that f, p(u1,...,uq) = 0 if u; ¢ [0,1] for some j. Note that without loss of
generality we can consider only the values b > 0: if b < 0, note that

H{(X,0) > b} =1 — I{{(—X,v) > —b}

where —X also has standard normal distribution, and the function 1— f, ; has the same modulus
of continuity as f,;. Moreover, it is enough to tackle the case v = e; where eq,...,eq is the
standard Euclidean basis. Indeed, given an arbitrary v, let v, vs, ..., v4 be any orthonormal basis.
In this basis, the coordinates x;»,l, e ,x;,d of X are still independent N(0,1) random variables,
hence the problem reduces to v = e;. Finally, we will be assuming that r > 0 (the case r < 0
can be handled in a similar way). Using the fact that the integrand is bounded by 1, we see that
w(fv,p; h) does not exceed

sup </ (I{®" " (w +7°)—bZO}—I{q)_l(ul)—bZO})2du1
0<u;<1—r

0<r<h
1/2
+/ dU1 .
{1—-r<u;<1}

Since @~ (uj+7r) > ®!(uy), the integrand in the first term above equals 1 whenever ®~!(u;) < b
and ®~1(uj + 1) > b, that is, for uy € [®(b) — r, ®(b)], and is 0 otherwise. We conclude that

w(fopsh) < 2vh.

We are now ready to proceed with the proof of the main claim of the lemma. Recall the definitions
(9) and (10) of W,,(z) and W (z) respectively, and consider two possibilities: (a) W, (z)—W(z) > 0
and (b) W, (z) — W(z) < 0. Observe that the infimum in the definitions of W, (z) and W(z)
is attained, almost surely, at some unit vectors v, (z) and v(z). We will only consider case (a)
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below since the reasoning in case (b) is very similar. The following relation is evident:

16) 0= W,(:) = W) =it (P (o)) - 5) = (G010 = <= Geun(e)

Ve 2 Vo
-lpsn () ) -en () D
Vi (PXE (S22 = ) + e - VY = P (= 00o)

+/n(PX - P)H (\/Zﬁ,v(z)) e, (v(z)7 \;l) +G (v(z)7 &) — G (v(2),0).

Recalling that all 1-dimensional projections of X are standard normal, we deduce that

Vit (PEH (Zmoa)) = 5 )+ =tnte)) = VRS - P (2000

— Vit (PH (Z200) = 5 ) + Tz (0 = =l - v [ ) L ar
SONEL:

where we used the fact that ¢(t) > \/%7(1 — t2) for small t. Moreover, inequality (15) implies

that
sup

sup [VA(PY = P (S202)) = 6 (),

with probability at least 1 — 1/n. Finally,

G (v(z), \/Zﬁ> - G(v(z),O)‘ < sup

lloll2=1

jﬁ) ‘ < C(dyn~ 7 1og*2(n)

G (v, \/Zﬁ) - G(v,O)’ .

In view of the Gaussian concentration inequality (Tsirelson et al., 1976),

G <v, &) - G(v,O)‘

<E sup
llzl2<R,|lv]l2=1

sup
llzll2<R,[lv]l2=1

G (v, \;%) - G(U,O)‘ e (f)m N

, where we also used (14) to estimate

Var (G <v, &) - G(v,O)) .

Dudley’s entropy integral bound yields, via a standard argument (as explained in the proof of

Lemma 2.3), that
G <v, &) - G(U,())‘ < K\/fx/log(\/m).

It remains to note that for s = log(n), the last term is dominated by C (%) e Vs sincen > C1R
by assumption. In case (b), the reasoning is very similar. Collecting the estimates of each term
in (16), we deduce the desired result.

S

with probability at least 1 — e~

E sup
Izll2<R, [lv]l2=1
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B.1. Auxiliary results. Recall the definition (10) of the process W(z). Moreover, let

Z € argmax W (z
gmax W(z),

U:=UZ) = arg ”rn”m ) {G(U,O) -

1 ( A>}
V,2) p.
V2T
Lemma B.1. The following properties hold:

(i) With probability 1, Z is unique. Moreover, there exists event £ of probability at least
1 — e~ " such that on this event, ||Z]|2 < CVd +t;
(ii) With probability 1, for any w € R%, w # 0, there exists u € U such that w'w < 0.

Moreover, if d = 2, then the mequalzty can be strengthened to sup mllr} ul w | < 0.
w#0 UE

Proof. (i) Lemma 3.8 in (Massé, 2002) states that with probability 1, argmax,cgs W(z) is
unique. To establish the bound on [|Z]|2, note that in view of the Gaussian concentration in-
equality (Tsirelson et al., 1976),

| 1an G(v,0) > E | 1”11f G(v,0) — V2t sup var'/2(G(v,0))
vl2=1 vll2=1 llvllz=1
with probability at least 1—e~¢. A standard argument® based on Dudley’s entropy integral bound
(Dudley, 1967) and the fact that the Vapnik-Chervonenkis dimension of the class of half-spaces
passing through the origin equals d implies that

E inf G(v,0) > —C1Vd.

llofla=1

Since var(G(v,0)) = 1/4 for all v, we deduce that
inf G’(v 0) > —Covd+t

llvlla=

on event & of probability at least 1 — e~t. We conclude that on &,

wW(0) = " inf G(v 0) > —Cyvd

ll2=

Moreover, for ||z|l2 > Cv/d + t, we have

1
z) < — z su v vd+t
W( ) = \/%H H2 + HUHZIil G( 70) < Cy + 1,
whenever C' is sufficiently large. Therefore, ||Z]j < Cv/d+t on €.

(ii) The first claim is established in the course of the proof of Lemma 3.8 in (Massé, 2002),
also see (Nolan, 1999). Assume now that d = 2. Massé (2002); Nolan (1999) show that the set I
must contain at least 3 elements. Trajectories of the process W(z) are concave with probability
1 as the pointwise infimum of linear functions, moreover, the subdifferential 9W (Z) is the convex
hull co(U) of the set U (Boyd and Vandenberghe, 2004). The necessary condition for z to be
the maximizer of W(z) is 0 € OW(2). If 0 is on the boundary of co(lf), then there exists a
chord passing through 0 contained in co(lf), implying that there exists a unit vector o such that
{D, -9} CU (see figure 4b). But in this case

(17) MG u) = Glu,0) — \/%@ W =0

3For example, it suffices to combine Theorem 2.37 with Theorem 4.47 or 4.52 in (Dudley, 2014).
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co (U)

(A) Depiction of the case when 0 is in the inte- (B) Depiction of the case when 0 is on the
rior of co(Uf). boundary of co().

FIGURE 4. Subdifferential of W (%).

for all unit vectors u, in which case & = S? and the claim readily holds. To verify (17), observe
that, since G(—u,0) = —G(u,0) with probability 1, M (z, —u) = —M(z, u) for all z, u. Therefore,

W(z)=M(z,0) = | 1\{1f 1M(E, u) < sup M(Z,u) = M(z,—0) = W(2),
2= lullz=1
implying the claim.
Finally, when 0 is in the interior of co(d) (figure 4a), then
. T .
sup minu —— = —dist (0, bd(co(U))) <0
supmin e ol (0, bd(co(U)))

where dist(x, A) is the distance from a point z to a set A and bd(co(Uf)) is the boundary of
co(U). O
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