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ABSTRACT: A new algorithm for the identification of unavoided (trivial)
crossings in nonadiabatic molecular dynamics calculations is reported. The
approach does not require knowledge of wave functions or wave function time
overlaps and uses only information on state energies and gradients. In addition, a
simple phase consistency correction algorithm for time-derivative nonadiabatic
couplings is proposed for situations in which wave function time overlaps are not
available. The performance of the two algorithms is demonstrated using several
state crossing models. The approaches work best for systems with localized g, sign Fiip & Cross

To Cross or Not To Cross?

No Gap Sign Flip = No Cross

nonadiabatic coupling regions but may have difficulties for those with extended
regions of nonadiabatic coupling. It is found that state tracking alone is not sufficient for producing correct population dynamics and

that nonadiabatic coupling phase correction is required.

N onadiabatic molecular dynamics (NA-MD) has become a
popular tool for modeling a multitude of photoéphysical
and photochemical processes in biological molecules," ™ natural
photosynthetic systems,’™” and artificial solar energy materi-
als.'”" In particular, NA-MD approaches based on the
trajectory surface hopping (TSH)'*~'® idea are widely used
for modeling charge transfer,’’ ™2 excitation energy transfer,”"
nonradiative electron—hole recombination,**™** charge carrier
trapping,25’26 singlet fission,"*"8 photoinduced bond breaking
or photoisomerization, and many other processes in molecular
and solid-state systems™ ' with up to several thousands of
atoms.*>*

To date, multiple TSH schemes and their
corrections accounting for factors such as electronic decoher-
ence”™* or quantum nuclear effects*>~*’ have been developed.
Although the essential machinery of the TSH methods may be
straightforward mathematically, their practical implementation
often needs a certain amount of care’” because at least two kinds
of ambiguities in the electronic states are involved. First, the
adiabatic states in terms of how many TSH schemes are
formulated are determined up to a complex phase factor.”' ~>
Second, the identities of the adiabatic states can change along
nuclear trajectories.54_56

The first problem is the phase inconsistency problem, which
originates from the conventions used in the eigensolver
algorithms used to construct the adiabatic states and cannot
be corrected within the eigensolver algorithm implementation
because the latter has information on only a single geometry of
the system. The phases should be made consistent with each
other in the dynamical algorithms, in which case, information
about more than one geometry is used. Missing the phase
corrections was shown to lead to incorrect population
dynamics.>'

15,14,34—38
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The second problem concerns the possibility of state
crossings, which may change state identities along their
trajectories. Tracking states is critically important in these
situations, because missing it can result in an incorrect
assignment of state populations®” and introduce artifacts such
as unphysical long-range charge transfer effects.”>>* While the
adiabatic states are typically ordered according to their energies,
this ordering may be different from the ordering based on the
character of states (their identity). The most prominent
situation causing such state crossing is if the corresponding
diabatic states have zero diabatic coupling, and the energies of
the corresponding diabats cross. The crossing may be caused by
a small geometric perturbation if the system already resides near
the state crossing point in the phase space. In this situation, if the
system is treated as residing on the starting adiabatic state, the
corresponding nuclear forces would be discontinuous, leading to
problems in evolving nuclear dynamics even adiabatically
(although in this situation, using the adiabatic dynamics would
be incorrect in the first place).

Not changing the adiabatic state index in an appropriate way
may lead to other artifacts. For instance, electronic states
localized on well-separated molecules in a molecular crystal
would be non-interacting, yet their energies may change in an
uncorrelated way due to small geometric perturbations, causing
frequent crossings of the corresponding adiabatic states. This
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situation is known as trivial or “unavoided” crossing. Following
the adiabatic state with the unchanged state index would result
in a spurious charge transfer from one end of the molecular
crystal to the other. As a result, following the incorrect state
index could lead to unphysical long-range charge transfer and
yield overestimated and nonconverging charge carrier mobi-
lities.

Yet another example of trivial crossing would be the crossing
of electronic states of different spin multiplicities. If no spin—
orbit coupling is included or present (orif it is negligible), singlet
and triplet states (for instance) can cross without interacting
with each other. Staying in the adiabatic state corresponding to
the lowest energy would erroneously result in a spin-forbidden
electronic transition. Thus, tracking state identities and
detecting the trivial crossings are greatly important for a
meaningful interpretation of the excited-state dynamics results.

To date, several state-tracking algorithms have been
developed,”**™°" but all of them rely on the use of wave
function ({y;}) time overlaps, S;(t, t + At) = (y;(t)ly;(t + At))
(hence they are hereafter termed S tracking), which may be
difficult if not prohibitive to compute for sophisticated
electronic structure methods, even if the wave functions are
available. For instance, multiconfigurational excited-state wave
functions are represented as superpositions of a large number of

1
le/ily/iz...y/iNl. The
computation of the excited-state time overlaps then involves
calculations of the time overlaps for many pairs of Slater

determinants. While computing the time-derivative non-
adiabatic couplings (tNACs) of Slater determinants, (@Ilglq)])

N-electron Slater determinants, ®; =

, can be reduced to tNAC calculations for suitable single-particle
. 0 . . . .
orbitals,*** OVI'E'W]')’ no such simplification for the time

overlaps was reported. For solid-state systems, the correlated
wave functions obtained from the many-body GW or Bethe—
Salpeter equation (BSE) involve summations over millions if not
billions of products of electron and hole orbitals and over
multiple combinations of wavevectors.’”**7®> Thus, the
computation of the GW or BSE wave function time overlaps is
a computationally challenging task, which may be comparable in
cost to if not more costly than solving for such wave functions
themselves. As a consequence, time overlap calculations are still
out of reach for many advanced electronic structure calculations,
making it impractical to use the existing time overlap-based
state-tracking approaches in such calculations.

On the contrary, state-resolved gradients and energies are
available for many electronic structure methods ranging from
commonly used time-dependent density functional theory (TD-
DFT)®*%" approaches to much more sophisticated methods
such as state-specific complete active-state pair density func-
tional theory (SS-CAS-PDFT).®® Thus, it is natural to look for
trivial crossing identification algorithms that would rely on the
use of only state energies and gradients. In line with this
philosophy, recent NA-MD developments incentivized the use
of only energies, gradients, and energy curvatures (NAC-free
NA-MD method)®*™"* as an alternative to the traditional
reliance on NACs when solving the time-dependent Schro-
dinger equation (TD-SE) and conducting TSH calculations.
Therefore, having the state-tracking algorithm that requires
wave function time overlaps would be an inconvenient
redundancy for NAC-free NA-MD methods. In other scenarios,
one may still want to use NACs when integrating the TD-SE but
may not have sufficient additional information such as the wave

function time overlaps needed to properly track states and
account for NAC phases.

In this work, I report simple algorithms for (a) the
identification of trivial crossings that relies on only easily
accessible information such as state gradients and energies
rather than on much more tedious-to-compute wave function
time overlaps and (b) the correction of phases of time-derivative
NAC (tNAC) matrix elements used in the TD-SE integration
and TSH schemes. These algorithms are designed primarily for
situations in which time overlaps are not accessible. Hence,
although the current proof of principle is demonstrated with the
model problems, a particular strength of the methodology would
be for atomistic simulations with many-body electronic
structure methodologies, although such calculations are outside
of the scope of this work.

The generic NA-MD al%orithm has been described many
times in various sources.”**""”> Here, I only briefly overview the
basic definitions and equations. First, the electron—nuclear wave
function is described by the simplified Born—Huang ansatz:

¥(t, r; q) = Z c(O)y(r; q(t)) "

where {w;[r; q(t)]} is the basis of electronic adiabatic wave
functions, which are parametrically dependent on nuclear
trajectories q(t). Here, {c,(t)} is the corresponding amplitude
of the adiabatic states. Throughout this work, bold symbols refer
to vectors and matrices. The dynamics of nuclei is described by
classical Newtonian equations of motion:

4=Mp (22)
p=F (2b)
where M = diag(m,, my, .., my, ;) is the diagonal matrix of

masses of Ny, nuclear degrees of freedom, p is the vector of
nuclear momenta, and F, is the vector of nuclear forces
corresponding to active adiabatic state a.

The electronic dynamics is described by the TD-SE, which in
the adiabatic basis takes the form

_ 0(t) vib

j ()

where H; = E§; — ihd; is the vibronic Hamiltonian matrix
element, E; is the adiabatic energy of state i, §;; is the Kronecker

delta, and d;; = <Wi|%h’/j> = th_lp is the scalar time-derivative

nonadiabatic coupling, tNAC, also known as scalar NACs.
Finally, h; = (yIVly;) is the nonadiabatic coupling vector,
abbreviated simply as NAC. The NAC abbreviation is also used
in general context, when it is not important whether one thinks
of the scalar or vectorial property. The evolved amplitudes are
used to compute state hopping probabilities using the global flux
surface hopping (GFSH) prescription of Wang et al.”® and the
Jasper—Truhlar criteria’” for velocity reversal criteria at the
frustrated hops. Together with the newly introduced state-
tracking and NAC phase correction algorithms, the following
alternatives are used: a generalized local diabatization (LD)-
based approach78 similar to that of Granucci and co-workers,””
the min-cost algorithm of Fernandez-Alberti and co-workers,”
and the phase correction I previously reported.”’ Further details
and discussion of the basic methodologies are summarized in
section S1 of the Supporting Information, while the rest of the
work will focus on the new approach.

https://doi.org/10.1021/acs.jpclett.4c02909
J. Phys. Chem. Lett. 2024, 15, 11944—11953


https://pubs.acs.org/doi/suppl/10.1021/acs.jpclett.4c02909/suppl_file/jz4c02909_si_001.pdf
pubs.acs.org/JPCL?ref=pdf
https://doi.org/10.1021/acs.jpclett.4c02909?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as

The Journal of Physical Chemistry Letters

pubs.acs.org/JPCL

Trivial crossing topology

F;(t) Fj(t+ At)

kt;(t + At)

F;(t+ Ab)

t;(t + At)

t t+At Time

(a)

State crossing determined

t(®)

AEji(t) >0

()

Time

, 4(t+AD)

AEji(t) >0 o
AE;(t+At) <0

L b (t+ AD)

Avoided crossing topology
Fi(t) Fj(t+At)

t(0) u t(t +At)

. .

Fi(t) @ <, & Filt +A1)

L t(t+ AL

IS

t t+At Time
(b)

No state crossing determined

AE;(t+At) >0

Time

t t+At
(c)

t t+ At
(d)

Figure 1. Conceptual idea of the F-tracking algorithm. (a) Trivial crossing topology, directions of the tangents, £, and corresponding force
components, F,. (b) Tangents/force signature similar to those of the trivial crossing topology can occur in the avoided crossing topology; this example
demonstrates that using only force signs is not sufficient to detect trivial crossings. (c) Close-up of a small gap topology near the state crossing. The
extrapolated energy gap, AE,, changes the sign; the trivial state crossing is determined. (d) Larger gap situation with the same forces in which when no

7

change in the sign of the extrapolated energy gap is determined, no state crossing occurs. The solid green and red lines indicate the adiabatic-state
energy profiles, while the dashed lines indicate the corresponding diabatic curves. Gray arrows indicate the change of the state energies while moving
on these surfaces for time At under the motion of the corresponding state forces.

The proposed F-tracking approach is rooted in the principle
of property continuity. As mentioned in the introduction,
following the incorrect state index in the adiabatic dynamics may
lead to discontinuities of state forces and violate the energy
conservation requirement. Thus, at a trivial state crossing or an
avoided crossing with a sufficiently small adiabatic gap, the active
state should be chosen such that the change in force is minimal
when the system crosses the intersection point. This approach
enforces the continuity of state forces along the system’s
trajectory. The S-tracking algorithm follows the same general
principle, enforcing the maximum continuity, is but applied to
wave functions. In this approach, I assume the information on
wave functions is inaccessible but the information on the derived
properties such as state gradients is. In this approach, the forces
act as descriptors specific to the nature of the state.

To better understand the force continuity enforcement as a
principle for state tracking, consider the two-state crossing
model depicted in Figure 1. In Figure 1la, the crossing of non-
interacting diabatic surfaces (dashed lines) yields the trivial
crossing topology of the adiabatic potential energy surfaces. In
this case, following the initial diabat (but switching to a different
adiabat) is expected, because the diabatic coupling is zero and no
transition between diabatic states is possible. In this scenario, the

11946

forces for the active state are minimally perturbed, and no force
discontinuity problem arises. For example, state j at time ¢ should
change to state i at time ¢ + At, because the corresponding forces
F}-(t) and F,(t + At) would maintain their direction, while
continuing on the same state j would lead to a change in the sign
of the adiabatic force, FT (t)Fj(t + At) < 0. However, considering
only the changes of force directions is not sufficient for a correct
assignment of states. Indeed, the same force signature as in
Figure 1a is also encountered in the case of interacting diabatic
surfaces, leading to the avoided crossing topology of the
intersection (Figure 1b). At the same time, the adiabatic gap in
this situation may be quite large and no state index change
should occur.

To factor the energy change component into the state-
tracking algorithm, consider a fictitious evolution of the system
on both involved surfaces under the action of the corresponding
state-specific forces at the beginning of the time step (Figure 1c).

On the basis of the definition of the force component along
OE,

direction a, F , = _K;’ one can expect that during time step

At, the energy of state i changes by

https://doi.org/10.1021/acs.jpclett.4c02909
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AEi(t + At) = _Z E,a(t)ARa
a

_ At 1. _
- _Z Fi,a(t)[Ma lPa(t + T)At + 5Ma 'E ()AL

(4)

where P, is the nuclear momentum and M,, is the mass of nuclear
degree of freedom a. Analogous changes can be computed for
energy E;. The extrapolated energy gap will be

AE,(t + At) = AE,(f) + A, - A,

AEji(t) - Z [P},a(t) - E,(x(t)]Ma_lPa(t + %)At

L3R 0 - B0, AP
27 (5)

This extrapolated gap reflects the change in the adiabatic
energy gap upon the nuclear displacements,
AR, = M,”'P,At + %M{I_IEIAL‘Z under the action of initial
forces and momenta for a duration of At. The sign reversal of the
extrapolated gap compared to the initial energy gap is more
likely to occur when surfaces have a sharper crossing topology,
like in Figure 1a. Figure 1c shows a close-up of a similar situation
of a finite but still relatively small energy gap for which a change
in state identity is likely to occur (a near-trivial-crossing
situation). As the energy gap increases (Figure 1d), the sign
reversal of the extrapolated energy gap is less likely to occur,
suggesting that no state identity change occurs, as expected for
adiabatic regimes.

In practice, the state permutations are found by applying the
Munkres—Kuhn (min-cost) algorithm® to cost matrix C with
the matrix elements defined as

1 ~ 2
C;= E{1 — sign[AE;(t)]sign[AE;(t + At)]} ©

This formula yields larger costs (of 1) for the pairs of states
that exhibit trivial crossing (flip of the sign of the extrapolated
energy gap compared to the starting one) and the smallest values
(0) when the states do not cross. For the diagonal elements of
the matrix, one obtains intermediate values of (1/2)* = 0.25,
which is overwhelmed by the off-diagonal elements of 1.0, when
trivial crossings occur. The choice of the cost matrix is not
unique, and it is currently chosen as a simple yet physically
motivated one.

For the S- and F-tracking approaches, the obtained state
permutation matrix is used to transform the state amplitude
vectors in the TD-SE integration procedure. It is also applied to
permute state indices. In the generalized LD approach, a
continuous analogue of such a “permutation” matrix is
constructed as described elsewhere.””*" It is used to directly
transform the state amplitude vectors and determine the
reordering of the adiabatic-state indices. Additional details are
given in section SI.

The proposed approach is an ad hoc method based on
physical intuition and the principle of force continuity. It is not
guaranteed to work flawlessly in all situations, but it could be the
only viable solution in some situations. As mentioned in the
introduction, one of these situations is that in which wave
functions or time overlaps are not available or too costly to
compute, while state energies and gradients are accessible. For

instance, for methods such as GW, storing the wave function for
just a single state may take gigabytes of memory, due to
summation over k-points and distinct single-particle excitations.
The computation of the time overlaps may become comparable
in cost to if not more computationally intensive than obtaining
the wave functions themselves. In addition, the use of the wave
function overlap is conceptually flawed for perturbation-based
methods. While such methods can yield accurate state energies
and gradients, the corresponding wave functions are not self-
consistent and hence may lack orthonormality, hence requiring
generalization of the corresponding NAD formalism to non-
orthogonal states.

On the basis of the construction, the approach is expected to
work best in situations of clear trivial crossings (zero diabatic
couplings) of isolated pairs of states. As the diabatic coupling
increases, the adiabatic-state energy profiles may become more
distant from the corresponding diabats, especially when many
diabatic states are strongly mixed. In this situation or larger
adiabatic gaps, the presented algorithm for state mapping may
become confused. For the avoided crossing situations (when the
diabatic coupling is non-zero), the algorithm is expected to
follow the adiabatic surface (without state reordering) even if
they are separated by a very small energy gap. Indeed, with the
small integration time step parameter, At, one may be nearly at
the potential energy surface minimum where forces nearly
vanish. At this position, the change in the energy gap is
negligible, and the gap conserves its sign, leading to the cost
matrix elements being zero. This situation means that no state
index swap would occur and the state identities would be
preserved. However, a small diabatic coupling makes the
adiabatic surfaces resemble more the corresponding diabatic
characters. In this regard, the closely spaced adiabatic states may
change their character when passing the avoided crossing point,
and state switching may be detected. In more complex situations
of multiple diabatic-state crossings, when some diabatic
couplings are small and others are large, the gap between a
pair of adiabatic states may bracket multiple crossing diabatic
curves. In this situation, the F-tracking approach may miss the
detection of the correct pair of indices corresponding to the
crossing states. Further improvements in the cost matrix element
(eq 6) may be able to account for such situations, but this topic is
outside the scope of this work.

In addition to the presented state-tracking algorithm, I
present a new approach to ensure the phase consistency of
tNACs. In practical calculations, especially for extended
atomistic systems, tNACs may be available when the time
overlaps are not. In this situation, the phase correction to
tNACs®' cannot be computed using standard approaches.
Indeed, while the tNACs can often be computed from the wave
function time overlaps,®' they can also be obtained in NAC-free
ways ’ or analytically. Thus, it is desirable to rely solely on such
information without resorting to time overlaps.

The phase correction presented here is based on another
observation. Considering that trivial crossing is often localized in
space and typically involves only two states, one can assume that
the tNACs should be continuous and behave as a Lorentzian
function of the effective one-dimensional (1D) reaction
coordinate.”' For 1D model Hamiltonians such as those
considered in this work, such a coordinate choice is natural. In
atomistic simulations with multidimensional Hamiltonians, this
reaction coordinate can coincide with the nuclear trajectory.
Alternatively, one can think of the projection of the NAC vector
on the nuclear velocity direction. Due to the Lorentzian

https://doi.org/10.1021/acs.jpclett.4c02909
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functional form, the NAC for a given pair of states shall not
change its sign during the passage of the state crossing, although
the NAC:s for different pairs of states may have different signs.
Naturally, the antisymmetry of tNACs, d; = —d; ;, should also be
maintained. As a result, the tNAC phase correction takes the
following form:

s; = sign[dij(t - At)]sign[d,-j(f)]; i>j (7)

11948

dy(t) - ‘;ij(t) = dy(t)s; (7b)

(7¢)

As mentioned above, the assumption that tNAC behaves as a
continuous function is justified only in the case of localized
(weak diabatic coupling) two-state crossings. In a situation of
stronger diabatic couplings or nonconstant diabatic coupling,

d)‘i(t) - ‘;ji(t) = d)‘i(t)sij

https://doi.org/10.1021/acs.jpclett.4c02909
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Figure S. Results of NA-MD calculations for model II obtained using integration time steps of (g, ¢, e, g, and i) 4 au and (b, d, f, h, and j) 20 au and
different state-tracking and phase correction algorithms. Solid lines represent TSH results, and dashed lines SOFT results. Adiabatic-state color codes:

red for 0, green for 1, purple for 2, dark cyan for 3, and orange for 4.

the width of the NA coupling region may be substantial. In
addition, one may construct models in which multiple states
actively interact. In both of these cases, a continuous evolution
of the tNAC matrix elements may naturally lead to their sign
reversal. In this situation, this simple phase correction (eq 7) is
likely to break down.

The new state-tracking and phase correction algorithms are
tested using eight model Hamiltonians (Figure 2). The first four
models (I-IV, Figure 2, panels a—d, respectively) are the linear
crossing models of Esch and Levine®” also utilized in recent
methodology development’® and assessment*' studies. Models
V and VI (Figure 2, panels e and f, respectively) are given by the
Holstein-type Hamiltonians, similar to those employed in other
studies.*””>78 Finally, models VII and VIII are the three-state,
three-nuclear DOF spin-boson Hamiltonian of Wang and
Prezhdo™ and the five-state, five-nuclear DOF spin-boson

Hamiltonian of Jain, Alguire, and Subotnik,** respectively. The
detailed definition of the models is given in section S2.

All TSH methods and model Hamiltonian construction
functions are implemented in Libra.*”** The methods reported
here are included in the new release of the Libra code, version
5.8.1,%° prepared together with this work. The details of TSH
and quantum simulations are presented in section S3. In
addition, the scripts for conducting all presented calculations are
available in the public Zenodo repository.*®

Here, I compare the performance of the five tracking/phase
correction approaches (Figures 3—6 and Figures S1—S4 for
models I-VIII): (i) generalized local diabatization (LD)
approach’® (panels a and b) similar to that of Granucci and
co-workers,” (i) S tracking based on the min-cost algorithm
combined with the phase correction of tNACs,”! in which the
TD-SE is integrated using tNACs (panels c and d), (iii) present
F-based tracking scheme combined with the present tNAC
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Figure 6. Results of NA-MD calculations for model VII obtained using integration time steps of (a, ¢, e, g, and i) 4 au and (b, d, f, h, and j) 20 au and
different state-tracking and phase correction algorithms. Adiabatic-state color codes: red for 0, green for 1, and purple for 2.

phase correction approach (eq 7) (panels e and f), (iv) the
application of neither state tracking nor phase corrections
(panels g and h), and (v) the same approach as approach iii but
without tNAC phase correction (panels i and j). In addition, the
results from the fully quantum calculations are shown in the
dashed lines for 1D problems I—VI. For multidimensional
models VII and VIII, we primarily aim to compare the
performance of the new F-tracking/tNAC phase correction
approaches to that of the LD approach, considered a second
reference (after the fully quantum calculations).

I first discuss the results for models I-IV. Using a relatively
small integration time step of 4.0 au (left column of Figures 3
and 4 and Figures S1 and S2), all approaches but iv and v yield
good agreement with the fully quantum results. Naive approach
iv without tracking and phase corrections always fails to yield
correct dynamics. However, state tracking alone (method v) still
cannot yield the correct dynamics, in most cases. Thus, the
phase correction is critical to include together with the state-
tracking algorithm.

Among the LD and S- and F-tracking approaches, the LD
approach is the most robust; for models I-1V, it always yields
nearly a quantitative agreement with the SOFT reference, even
for the larger integration time step. Both S and F tracking
(together with the new tNAC phase correction) yield accurate
dynamics for all four models and both integration time steps
used, with the only exception being model II and a larger At of
20 au, in which case both S- and F-tracking approaches break
down (Figure 4). The breakdown of the S-tracking approach can
be attributed to numerical inaccuracies of the TD-SE integration
because large tNAC:s are still involved. The breakdown of the F-
tracking approach inherits this reason. In addition, F tracking
requires sufficiently small integration time steps for accurate
extrapolation of the energy gap change.

Surprisingly, for models I (Figure 3), III (Figure S1), and IV
(Figure S2), the F-tracking scheme shows slightly better
agreement with the SOFT-derived populations than even the
commonly adopted S-tracking approach, although this observa-
tion is not necessarily systematic.

While the encouraging results for models I-IV confirm the
utility of the F-tracking and new phase correction approaches,
the calculations for model V (Figure S) suggest that the F-

tracking approach may break down in situations with a broader
region of nonadiabatic coupling. As I have already shown in
Figure 2e, the adiabatic gaps between some states may enclose
multiple diabats rather than being closely related to only two
“parent” diabats as in all examples considered so far (models I—
IV). As a result, the algorithm may not be able to recognize and
“choose” the correct diabat along which the system would travel
in the diabatic representation. As a consequence, the selection of
the state may be incorrect, leading to observed deviations of the
evolved populations from the SOFT-derived references. When
this limitation of the F-tracking approach is considered, not
using any state tracking or not including phase correction of
tNACs leads to even stronger deviations of the computed
populations from the reference values. In this sense, having both
F tracking and the simplistic tNAC phase correction does help
improve the dynamics, but such an approach still remains
inferior to LD and S tracking.

To test the attribution of the failure of the F-tracking approach
for model V to the degree of tNAC locality described above,
consider model VI that features multiple trivial crossings with
highly localized nonadiabatic regions (Figure 2f). The TSH
calculations demonstrate that F tracking yields dynamics
consistent with that obtained by other methods such as LD, S
tracking, and reference SOFT calculations (Figure S3a—f).
Moreover, the tNAC phase correction is not critical for this
model (Figure S3ij). At the same time, not having any state
tracking yields vastly incorrect dynamics (Figure S3g)h). This
model demonstrated that accounting for only sign changes of
tNAC is not sufficient to produce the correct dynamics and that
the state-tracking component is essential.

Finally, to demonstrate the utility of the new approaches for
multidimensional problems, I study the dynamics in two spin-
boson systems: a three-state, three-nuclear DOF model VII
(Figure 6) and a five-state, five-nuclear DOF model VIII (Figure
S4). While exact population dynamics for such cases is not
computed, the quality of the F-tracking and tNAC phase
correction approaches can be judged on the basis of a
comparison to the dynamics obtained with the LD approach.
For model VII, the F-tracking approach yields dynamics similar
to those obtained with both LD and § tracking (Figure 6a—f).
This result holds for both small and larger integration time steps.

https://doi.org/10.1021/acs.jpclett.4c02909
J. Phys. Chem. Lett. 2024, 15, 11944—11953


https://pubs.acs.org/doi/suppl/10.1021/acs.jpclett.4c02909/suppl_file/jz4c02909_si_001.pdf
https://pubs.acs.org/doi/suppl/10.1021/acs.jpclett.4c02909/suppl_file/jz4c02909_si_001.pdf
https://pubs.acs.org/doi/suppl/10.1021/acs.jpclett.4c02909/suppl_file/jz4c02909_si_001.pdf
https://pubs.acs.org/doi/suppl/10.1021/acs.jpclett.4c02909/suppl_file/jz4c02909_si_001.pdf
https://pubs.acs.org/doi/suppl/10.1021/acs.jpclett.4c02909/suppl_file/jz4c02909_si_001.pdf
https://pubs.acs.org/doi/suppl/10.1021/acs.jpclett.4c02909/suppl_file/jz4c02909_si_001.pdf
https://pubs.acs.org/doi/suppl/10.1021/acs.jpclett.4c02909/suppl_file/jz4c02909_si_001.pdf
https://pubs.acs.org/doi/suppl/10.1021/acs.jpclett.4c02909/suppl_file/jz4c02909_si_001.pdf
https://pubs.acs.org/doi/10.1021/acs.jpclett.4c02909?fig=fig6&ref=pdf
https://pubs.acs.org/doi/10.1021/acs.jpclett.4c02909?fig=fig6&ref=pdf
https://pubs.acs.org/doi/10.1021/acs.jpclett.4c02909?fig=fig6&ref=pdf
https://pubs.acs.org/doi/10.1021/acs.jpclett.4c02909?fig=fig6&ref=pdf
pubs.acs.org/JPCL?ref=pdf
https://doi.org/10.1021/acs.jpclett.4c02909?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as

The Journal of Physical Chemistry Letters

pubs.acs.org/JPCL

Omitting tNAC phase correction and state tracking (panels g
and h) or even the tNAC correction alone (panelsiand j) results
in qualitatively different dynamics. For more complex model
VIII (Figure $4), both S- and F-tracking approaches yield similar
results for the smaller integration time step but show notably
different population dynamics as the integration time step is
increased. The more accurate calculations with the small time
steps are still notably different from the reference LD result,
suggesting that even smaller integration time steps may be
needed. At the same time, for a larger time step At of 20 au, the
F-tracking approach yields qualitatively better-behaving pop-
ulation dynamics than the S-tracking approach, as judged by
comparing it to that in the LD simulations. Finally, model VIII is
yet another example showing the effect of phase correction and
state tracking separately; in this case, the computed population
dynamics is quite distinct depending on whether the tNAC
phase correction is included (Figure S4g—j). However, because
no state tracking is used in these cases, the population dynamics
is notably distinct from the reference LD-based dynamics, as
well as from the S- and F-tracking results.

In summary, a new wave function-, time overlap-, and tNAC-
free state-tracking algorithm, dubbed F tracking, is developed
and validated using several multistate, 1D and multidimensional
model problems that emphasize trivial crossing situations. In
addition, a simple wave function- or time overlap-free tNAC
phase correction approach is developed. While the F-tracking
algorithm itself does not need tNACs or time overlaps, the
proposed tNAC phase correction does require information
about scalar NACs but does not require knowledge of the time
overlap matrices, which are often more difficult to obtain than
the scalar tNACs themselves, especially in certain kinds of
atomistic calculations. The combination of the F-tracking and
simple phase correction approaches is demonstrated to yield
good agreement with the S-tracking and LD-based approaches,
which all require knowledge of the time overlaps of the states. In
some situations, the results of F tracking are even more accurate
than those of broadly used S tracking. I demonstrate that state
tracking alone often fails to yield correct population dynamics,
and using the tNAC phase correction is critical. The new
approaches are demonstrated to work best in problems with
well-localized tNAC regions (smaller diabatic couplings), where
trivial crossings are dominant. They offer simplicity that can be
beneficial in model and atomistic situations, especially when
time overlaps are not easily accessible. The methods may,
however, break down for problems with wide regions of
nonadiabatic coupling where multiple diabatic states interact
with each other with a variety of diabatic coupling strengths.
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