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Abstract

We propose a fast and dynamic algorithm
for Density-Based Spatial Clustering of Ap-
plications with Noise (DBSCAN) that effi-
ciently supports online updates. Traditional
DBSCAN algorithms, designed for batch pro-
cessing, become computationally expensive
when applied to dynamic datasets, particu-
larly in large-scale applications where data
continuously evolves. To address this chal-
lenge, our algorithm leverages the Euler Tour
Trees data structure, enabling dynamic clus-
tering updates without the need to reprocess
the entire dataset. This approach preserves a
near-optimal accuracy in density estimation,
as achieved by the state-of-the-art static DB-
SCAN method (Esfandiari et al., [2021)). Our
method achieves an improved time complex-
ity of O(dlog®(n) + log*(n)) for every data
point insertion and deletion, where n and d
denote the total number of updates and the
data dimension, respectively. Empirical stud-
ies also demonstrate significant speedups over
conventional DBSCANS in real-time cluster-
ing of dynamic datasets, while maintaining
comparable or superior clustering quality.

1 INTRODUCTION

Density-based clustering is a fundamental problem in
data science, with machine learning applications span-
ning computer vision (Shen et al.; 2016)), and medical
imaging (Tran et al., [2012; Baselice et al., 2015). The
key idea behind density-based clustering is to group
points in space by identifying connected regions with
high data density while separating them from sparser
areas. One of the most widely used methods in this
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category is Density-Based Spatial Clustering of Applica-
tions with Noise (DBSCAN), introduced by [Ester et al.
(1996). DBSCAN estimates the density of each point by
counting the number of points within its neighborhood
and classifies those with densities above a threshold as
core points. A neighborhood graph of core points is
then constructed, with clusters formed based on the
connected components. This method has been suc-
cessfully adopted and integrated into numerous data
mining tools (Hall et al.| 2009; Pedregosa et al.l 2011a;
Team et al.; 2013} [Schubert et al., [2015).

Despite DBSCAN’s success across many domains, it
faces two major challenges: (1) its quadratic time com-
plexity and (2) the requirement to process the entire
dataset upfront. These limitations make it impractical
for large-scale datasets that evolve dynamically over
time. Static algorithms with polynomial-time complex-
ity are no longer practical for such massive and evolving
data.

To address the first challenge, several efficient and
scalable algorithms have been proposed (Chen et al.,
2005; (Gunawan and de Berg, [2013; |Gan and Taoj 2017}
de Berg et al., 2019; |[Jang and Jiang, [2019). However,
as the dimensionality d of the data increases, these al-
gorithms still exhibit a running time similar to O(n?),
where n denotes the number of data points. A notable
improvement is DBSCAN++ (Jang and Jiang, 2019)),
which achieves faster clustering while maintaining the
accuracy of the original DBSCAN under S-regularity
assumption (to be specified later). Building on the work
from [Rinaldo and Wasserman| (2010) that reveals the
relationship between connected components of a neigh-
borhood graph and the density level sets, DBSCAN++
has been shown to be near-optimal for A-density level

set estimation with respect to Hausdor(f distance, with
__28

a time complexity of O(n2 26+d). However, even this

method struggles to avoid quadratic time complexity

for high-dimensional datasets.

More recently, a near-linear time algorithm with
O(dnlog?®(n)) complexity was proposed by |[Esfandi-
ari et al.| (2021) which makes use of locality sensitive
hash funcions, and achieves a near-optimal Hausdorff
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distance for density level sets. While this method offers
significant improvements due to the decoupled depen-
dency on the number of data points n and the data
dimension d in its runtime guarantee, the algorithm
remains designed primarily for static, batch-processing
tasks. Consequently it becomes computationally ex-
pensive for dynamic datasets where data points are
continuously added or removed. In particular, using
this static algorithm for even a single point update
requires reprocessing the entire dataset, meaning it in-
curs the same time complexity as clustering all n data
points, making it inefficient for large-scale applications.

Our work addresses both the computational and dy-
namic challenges by introducing a fast, dynamic DB-
SCAN algorithm that efficiently supports online up-
dates. By leveraging the Euler Tour Sequence data
structure for dynamic forests (Henzinger and King,
1995; [Tseng et all [2019), our algorithm enables dy-
namic clustering updates without the need to reprocess
all data points, thereby significantly reducing compu-
tational overhead. This approach preserves a near-
optimal accuracy in density estimation as achieved
by the state-of-the-art static DBSCAN method (Es-
fandiari et al.| |2021), with a time complexity of
O(dlog”(n) + log*(n)) for every data point insertion
and deletion. Here n denotes the maximum number of
data points at any time.

Through extensive empirical studies, we demonstrate
that our algorithm provides substantial speed improve-
ments over the state-of-the-art static DBSCAN, as well
as the conventional DBSCAN method, particularly for
real-time clustering in dynamic datasets. Not only does
it deliver superior computational efficiency, but it also
maintains or improves clustering quality.

2 PRELIMINARIES

Consider a dynamic setting where the dataset X C R?
evolves over time as new data points are added or exist-
ing ones are removed. We assume that each data point
is drawn independently and identically distributed
(ii.d.) from a distribution F over R?. The goal is
to dynamically partition the evolving dataset into dis-
tinct clusters based on the density of the data points.

2.1 DBSCAN

The foundational DBSCAN algorithm (Ester et al.,
1996) builds on the idea of identifying high-density
regions in a static dataset to form clusters. The al-
gorithm first estimates points that belong to density
level set, where points in dense regions are referred
to as core points. These core points serve as an ap-
proximation of the density level set. The algorithm

Algorithm 1 DBSCAN(k, ¢, X)

Initialise set of core points C' = (
Initialise empty graph G
for x € X do
C <+ CU{z}, if {y e X :dist(z,y) <e}| >k
Construct a graph G = (V, E), where V + X
for c € C' do
Add edge e = (¢, x) € E, Ve € X N B(c,¢)

Return connected components of G

then identifies connected components of these dense re-
gions by constructing a graph where core points within
distance ¢ are connected. The final clusters are the con-
nected components of this graph, with non-core points
assigned to nearby dense regions and remaining points
treated as noise or outliers. According to Algorithm
a point x is classified as a core point if there are at
least k points within its e-radius neighborhood B(x, ¢)
The neighborhood is determined by a distance metric,
which is defined in Euclidean space as follows:

Definition 1. Given xz,y € R%, and a set C C R,

define dist(x,y) == ||z — yll2 = Z?zl(xi —y;)?; also
define a distance between x and C to be dist(xz,C) :=
infyco | —yll2. Fore >0, define B(x,e) :={y e X :
dist(xz,y) < e} and B(C,¢e) .= {y € X : dist(y,C) <
e}, respectively.

To establish theoretical guarantees, subsequent works
(Jiang, [2017; |Jang and Jiang) 2019) assume the exis-
tence of an underlying, yet unknown, density function
f: X — Rsg, where X C R? denotes the support of F.
The density of any given data point x is then defined
as f(x). In particular, A-density level set (or simply
M-level set) is defined as:

Definition 2 (Density Level Set). We define the \-
level set of f as: Ly(A\) :={x € X : f(x) > A\}. Here
A characterises the density level.

The algorithm is given A as input, but does not have
access to f. Building on the work from |[Rinaldo and
Wasserman (2010), which demonstrates that partition-
ing via a neighborhood graph can effectively approx-
imate the clustering of level sets, |Jiang| (2017); [Jang
and Jiang| (2019) provide comprehensive studies on
how to choose (k,¢) to estimate the density level set
for a given threshold A, and provide bounds on the
Hausdorff distance error. In practical situations, where
A is not explicitly provided, (k,e) are treated as hyper-
parameters to optimise the clustering performance.

Following this framework, our proposed algorithm will
also use (k,e) as hyperparameters, with theoretical
guarantees based on the A-level set. The relationship
between (k,e) and the density level A will be explicitly
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discussed in Section [l

2.2 Dynamic Forests

A dynamic forest is a data structure which provides
the following operations:

e ADD(x): add a new node to the forest.

e LINK(x,y): connect x and y, if they are in different
trees.

e CUT(x,y): remove any edge between x and y.

e ROOT(x): return the root of the tree having x.

Henzinger and King| (1995) proposed the use of Euler
Tours Trees in order to implement this data structure,
with a running time of O(log(n)) for the LINK, CUT,
and ROOT operations (also we refer to|Demaine (2012)).
Instead of storing the represented forest directly, this
approach stores the Euler Tour Sequence of each tree
in the forest. By viewing the tree as a directed graph,
where each edge is represented by two directed edges,
the Euler Tour Sequence is the sequence of nodes visited
when performing an Euler tour of the tree beginning
with the root.

Henzinger and King| (1995 demonstrated that the dy-
namic forest operations can be efficiently implemented
by storing the Euler Tour Sequences in a balanced bi-
nary tree data structure, with appropriate joining and
splitting when edges are added or removed from the
forest.

More recently, Tseng et al.| (2019) proposed another
scheme based on the same idea, in which the Euler
Tour Sequences are instead represented using a skip
list data structure. This approach preserves the same
asymptotic guarantees while simplifying the implemen-
tation considerably, and it is this technique that we
employ for our proposed DBSCAN algorithm.

3 DYNAMIC DBSCAN
ALGORITHM

Our algorithm builds on the nearly-linear time algo-
rithm for DBSCAN given by [Esfandiari et al.| (2021).
In contrast to the standard DBSCAN described in Al-
gorithm [I, they observe that locality-sensitive hash
functions can be used to efficiently find close data
points without an expensive linear scan of the dataset.
We will use hash functions defined as follows:

Definition 3 (Hash Function). For a point x € R?
and parameter e, we define a hash function h(x) =
L%E]ldj , where the floor function is applied entry-wise
to the vector, ) is drawn independently from the uniform
distribution over [0,2¢], and 14 is the d-dimensional
all-ones vector.

Algorithm 2 DynamicDBSCAN

1: procedure INITIALISE(k, ¢, ¢)

2: Initialise hash functions {h;}!_;, dynamic forest
G, and set of core points C' = {).

3: procedure ADDPOINT(x)

4 G.ADD(x)

5 C'=10

6: for i € [t] do

7.

8

9

> New core points

Compute h;(x) and add « to bucket;(x)
if |bucket;(z)| > k then
: C'+ C'"U{x}
10: else if |bucket;(x)| = k then
11: C’' < C' U (bucket;(xz) \ C)
122 C+«Cuc
13: for ce C’ do

14: LINKCOREPOINT(c)

15: if C" =0 then

16: LINKNONCOREPOINT(x)

17: procedure DELETEPOINT(x)

18: if x is a core point then

19: C'=0 > New non-core points

20: for i € [t] do

21: if |bucket;(z)| = k then

22: Add each y € bucket;(x) to C' if
|bucket;(y)| < k for all j # 1.

23: C+Cc\C

24: for ce C’ do

25: UNLINKCOREPOINT(c)

26: LINKNONCOREPOINT(¢)

27: Remove x from G, C, and all hash tables.

28: procedure LINKCOREPOINT(x)

29: Cut any edge incident to ¢ in G.

30: for i € [t] do

31: ¢; < max{c € bucket;(z) : idx(¢) < idx(x)}

32: ¢y < min{c € bucket;(x) : idx(c) > idx(x)}
Here max(-) and min(-) refer to returning the point
with the highest and lowest index, respectively.

33: Gr.CUT(Cl7 C2)
34: G.LINK(e1, @)
35: G.LINK(z, ¢2)

36: procedure UNLINKCOREPOINT(x)
37: for i € [t] do

38: ¢; <+ max{c € bucket;(x) : idx(c) < idx(x)}

39: ¢y < min{c € bucket;(x) : idx(c) > idx(x)}

40: G.cuT(ey, )

41: G.cuT(zx, ¢2)

42: G.LINK(cq, €2)

43: Re-link any non-core points attached to x.

44: procedure LINKNONCOREPOINT ()

45: Link « with one core point in bucket;(x), for
some <.

46: procedure GETCLUSTER(x)
47: Return G.ROOT(x)




Dynamic DBSCAN with Euler Tour Sequences

With this definition, |[Esfandiari et al.| (2021) give the
following guarantee for the recovery of close points.

Lemma 1 ((Esfandiari et al., [2021)). Given e > 0, the
following holds for any two points x,y € R? and for a
hash function h:

1. Pr[h(z) = h(y)] > 1 le—vls,
2. hz) =hy) = [z = yllo < 2e.

Using this fact that close points are likely to have
the same hash value, we create ¢t independent hash
functions hq,...h; and define the set of core points C'
for our DBSCAN algorithm as follows.

Definition 4 (Core Points). For a dataset X :=
{z;}7_,, the set of core points C C X is

C £ {x; € X : 3j € [t] such that |bucket;(z;)| > k},
where bucket;(x;) == {x; € X : hj(x¢) = hj(x;)}.

We then construct a graph H = (V, F), where each
vertex v; corresponds to the data point x;, and an
edge (v;,v;) € E exists between any pair of core points
xz;,x; € C, if &; and x; collide under any of the hash
functions hy, ... h. |Esfandiari et al.| (2021) show that
with appropriate choices of the parameters ¢, t, and k,
the connected components of the graph H correspond
to the connected components of the A-density level set
of the data.

For our dynamic application, however, maintaining the
connected components of H as points are added and
removed from the dataset is quite challenging. This
difficulty arises primarily due to the fact that H is a
dense graph with no inherent structure. In order to
overcome this, we will maintain a spanning forest of H
(as illustrated in Figure|l) throughout the dynamic up-
dates, and guarantee that the maximum degree of any
vertex in the spanning forest is at most O(log(n)). By
using an Fuler tour sequence data structure to main-
tain the dynamic spanning forest, the update time of
our dynamic data structure is bounded by O(log?(n)).

Our DYNAMICDBSCAN data structure is formally
described in Algorithm[2} In each of the ADDPOINT(x)
and REMOVEPOINT(x) methods, we first compute the
change to the set of core points resulting from adding
(resp. removing) . Then, we update the connections
for any core points added (resp. removed). Within each
hash bucket, we always maintain that the core points
are connected in a path structure according to the
indices of the data points. This ensures that the degree
of every core point in the spanning forest is bounded
by O(t), where ¢ is the number of hash functions, and
we set it to be O(log(n)). Non-core points are each
connected to at most one core point with which they
collide in any hash function, ensuring that each non-

Figure 1: Illustration of a graph constructed by the
DyNaAMICDBSCAN algorithm: Red points represent
core points, and each shaded region corresponds to
a separate hash bucket. Edge colors match the hash
bucket they belong to. Within each hash bucket, a
path is added on the core points unless adding an edge
would introduce a cycle into the graph.

core point has a degree of at most 1 in the spanning
forest.

Finally, our data structure always supports a GET-
CLUSTER(x) query method, which returns a unique
identifier of the cluster containing . This corresponds
to returning the identifier of the tree containing « in
the spanning forest. This can be obtained through a
call to the ROOT operation of the dynamic forest data
structure, with a time complexity of O(log(n)).

4 THEORETICAL RESULTS

4.1 Time Complexity

Theorem 1. Let X C R? be a set of n data points
updated through data point insertions and deletions.
The running time of the procedures in Algorithm|[2 is
as follows:

1. INITIALISE(k, ¢, €) runs in O(td) time.

2. ADDPOINT(x) and DELETEPOINT(x) run in
O(t?k(d + log(n)) time.

3. GETCLUSTER(z) runs in O(log(n)) time.

By setting t = O(log(n)) and k = O(log(n)), our data
structure has update time O(dlog®(n) + log*(n)).

Proof. The running time of the INITIALISE procedure is
dominated by the initialisation of the ¢ hash functions,
each of which requires O(d) time to create. Hence, the
overall time complexity for INITIALISE is O(td).

To establish the second claim, we first show that the
running time of the LINKCOREPOINT, UNLINKCORE-
PoINT and LINKNONCOREPOINT operations are all
bounded by O(¢ - (d 4 log(n))). These follow from the
two facts: (1) computing the hash values for x takes
O(td) time; and (2) the remaining operations, such as
the cuT and LINK operations, are efficiently handled
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using the Euler Tour Sequence data structure, such
that each operation takes O(log(n)) time per hash func-
tions, and searching for core points ¢; and ¢; within
the hash buckets is optimised using a balanced binary
tree. Furthermore, observe that in the ADDPOINT and
DELETEPOINT methods, at most O(tk) calls are made,
as the number of affected core points |C’| is bounded by
t - k. Consequently, these methods make at most O(tk)
calls to the LINKCOREPOINT, UNLINKCOREPOINT,
and LINKNONCOREPOINT operations, resulting in a
total running time of O(t? - k - (d + log(n))).

Finally, the GETCLUSTER method involves a single
call to the ROOT operation on the Euler tour dynamic
forest, having the time complexity of O(log(n)). W

Remark 1 (Comparison to Esfandiari et al.| (2021)).
By leveraging the Euler tour sequence data structure,
our algorithm efficiently handles dynamic updates with-
out meeding to reprocess the entire dataset, achieving a
time complezity of O(dlog®(n) + log*(n)).

In contrast, the use of the the static algorithm proposed
by |Esfandiari et al.| (2021) requires reconfiguration of
the core and non-core point sets due to the update, as
well as graph reconstruction. This process is essentially
equivalent to re-running the algorithm from scratch with
n + 1 data points, resulting in a time complezity of
O(tdnlog(n)) = O(dnlog®(n)) when t = O(log(n)).

Remark 2 (Memory Complexity). The total memory
usage of Algorithm[2 is O((n + d)log(n)). This is due
to the fact that (1) we use t = O(log(n)) hash functions,
requiring O(dlog(n)) space to store the hash functions
themselves; (2) O(nlog(n)) space is required to store
the data in the hash buckets; and lastly (3) we note that
the space to store the spanning forest is O(n).

4.2 Correctness of Dynamic Updates

In this subsection, we prove that after each call to
ADDPOINT or DELETEPOINT, our algorithm consis-
tently correctly maintains that the subgraph of G, cor-
responding to the core points, as a spanning forest
H = (Vy,Eg). In this forest, each vertex wv; corre-
sponds to a core point x;, and (v;, v;) € Eg if and only
if there exists some ¢ € [t] such that he(x;) = he(x;).

Theorem 2. After every call to ADDPOINT or
DELETEPOINT, G[C] (i.e., the subgraph of G induced
by the core points) remains a spanning forest of H.

Notice that since G[C] is a spanning forest of H, and
non-core points in G have degree at most 1, this im-
mediately implies that the connected components of G
correspond directly to the connected components of H.
Also, since H is invariant to the order in which points
are added and removed, and the clustering behaviour of

DyNAMICDBSCAN is based only on connected com-
ponents, it suffices to analyse H in order to obtain
theoretical guarantees on the clustering quality.

Proof of Theorem[2. We proceed by induction. As-
sume that prior to any call to ADDPOINT or DELETE-
PoiNT, G[C] is a spanning forest of H. Then one can
readily see that when ADDPOINT(x) (resp. DELETE-
PoOINT()) is called, the algorithm correctly computes
the set C’ which represents the change in the core set
induced by adding (resp. removing) the point .

Let b; ; := {x € X : h;(x) = j} be a hash bucket of h;.
By the inductive hypothesis that G[C] is a spanning
forest of H prior to the update, we see that every core
point in b; ; is in the same connected component of G.

For ADDPOINT, Algorithm [2 calls LINKCOREPOINT
for each new core point in C’. Following each call to
LINKCOREPOINT, the algorithm maintains that every
core point in b; ; is in the same connected component
of G: notice that in each bucket, a link between ¢; and
¢y may be cut, but linking ¢; and ¢, again with the
new point @ ensures that ¢; and ¢y remain in the same
connected component.

The case for REMOVEPOINT is similar: the algorithm
calls UNLINKCOREPOINT() for each point removed
from the set of core points. Although the links (¢, x)
and (zx, c2) are cut, the algorithm ensures that ¢; and
¢y remain connected by calling LINK (¢, ¢2).

We highlight that the LINK(x, y) operation of the dy-
namic forest data structure adds an edge between x
and y only if they are not already in the same tree.
This ensures that the structure of G remains a forest
throughout the execution of the algorithm.

Finally, since edges are only added between core points
that collide in some hash bucket, G[C] is always a
subgraph of H. Given that:

e G[C] is a subgraph of H;

e every pair of points connected by an edge in H are
in the same connected component of G[C]; and

o G[C] is a forest;

we can conclude that G[C] is a spanning forest of H
after every call to ADDPOINT or REMOVEPOINT. B

4.3 Approximation of Density Level Sets

We are now ready to state the theoretical results for
our algorithm with respect to finding density level sets.
Notably, the near-linear time DBSCAN algorithm pro-
posed by |Estandiari et al.| (2021) has been shown to
achieve a near-optimal statistical guarantee for estimat-
ing density level sets. In contrast to their algorithm,
DynaMIicDBSCAN defines core points based on all
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t hash functions, rather than using a dedicated hash
function specifically for core point determination. This
new definition ensures that no hash bucket contains
more than k£ non-core points, a crucial requirement to
guarantee poly-logarithmic update time for the data
structure.

Armed with this, we will show that despite this mod-
ification, Algorithm [2 still dynamically maintains an
estimator for the A-density level set, achieving a near-
optimal performance with respect to the Hausdorff
distance.

4.3.1 Assumptions and Parameter Setup

Throughout the analysis, we follow prior work (Jiang,
2017; [Jang and Jiang| [2019; |Esfandiari et al.| [2021)
and make two regularity assumptions on the density
distribution of the data.

Assumption 1. f is continuous and has convexr com-
pact support X C R%.

Assumption 2 (S-regularity of level-sets). There exist
B, Ri,Ra, Ae > 0 such that Ve € Ly(A — Ac) \ Ly(N),
Ry - dist(x, L§(A\)? <\ — f(z) < Ry - dist(z, Ly (\))”.

The first assumption ensures that the distribution is
continuous, which is a natural requirement. The second
assumption, referred to as S-regularity, is a standard
condition in level set analysis that characterises the
prominence of the level set boundary. This is captured
by £ and A..

For given values of n, d, 8, A, and A. corresponding
to our target dataset, we choose parameters of the
DyNAMICDBSCAN algorithm to satisfy

w(log(n));

d 28
.0 ((10g(n)) 2p+d . n2[3+d) :

2

o« k=M (3)
2842d
o k< M, \23+d

Cem ()

2 \nA(1-2Cs,n/VE) )

o t:=100log (%);

where Cs,, 1= Cp (log(t/é) dlog(n)) and ¢ is a con-
fidence parameter, ensuring that our guarantees hold
with a probability of at least 1 — 0. Moreover, we
consider the regime where n is sufficiently large with
M chosen to be sufficiently large and M, sufficiently
small, both depending on d, and the density function
f(-). While we treat the dimension d as a constant
here, our results also hold for d = O(log®(n)) for any
constant ¢ > 0. Additional details can be found in the
Appendix.

The following uniform convergence bound from |Chaud
huri and Dasgupta, (2010) will serve as a key component
in our analysis.

Lemma 2 (Lemma 7 of |Chaudhuri and Dasgupta
(2010)). Let X be a set of n i.i.d. samples drawn from
a distribution F over X. With probability at least 1 — %,
the following conditions hold for any cube K C R?:

1. IfProorle € K] > E4C5,, Y% then |XNK| > k.
2. If Proorle € K| < £ —C5,, Y% then | XNK| < k.
3. If Pro~rlz € K| > C5,, Y28™  then | X NK| > 1.

4.3.2 Density Level Set Estimation

We now establish that the connected components gen-
erated by our algorithm provide an accurate estimation
of the target density level set. To this end, we first
demonstrate that any sampled point located too far
from the desired density level set will not be included in
the core point set. Furthermore, we show that for any
point within the desired density level set, there exists
a nearby point that will be included in the core set.
We note that this analysis follows that of [Esfandiari
et al.| (2021) quite closely although we must carefully
take account of the difference in our definition of core
points. These findings are formalised in the following
two lemmas.

Lemma 3. For any point x € X, if dist(x, Ly(\)) >
1/8

Cs,n
2 ( 110% ) ,
pomt set C, with probability at least 1 — §.

then x will not be added to the core

Proof. Let ® € X be such that dist(x,Ls(\)) >

A Cs., 1/’8 . .
2 (— -10 f) and consider any point y € X sat-

isfying h;( ) for some i € [t]. By the second
claim in Lemmali ||a: —yll2 < Vd||z — ylloo < 2Vde.
Hence, the distance from y to the level set L¢(A) can be
bounded as follows: dist(y, L¢(X\)) > dist(x, Lf()\)) —

ne 1
2v/de. Since C’:;E" = (i) 28 ~w((log(n)/n)26+d>

1
((toxtny/m=+
tions are provided in Appendix [B)), it follows that
dist(y, Ly(\) > SH@Lr) for sufficiently small
Ms. By Assumption [2, we have f(y) < A — Ry -

) 8
dist(y, Lr(V)? < A = Ry - (Segu00)7 < -

Cs.n
10\ N

Now consider the condition for & to be added to the core

set. For @ to be a core point, there must be at least k

points within its hash bucket; however, as Prjxz € K] =
C n

fX f(y) . ﬂ[hi(y):h-(w)]dy < (QE)d ()\ — 10X 5’ <k-

A—10ACs., /VE VE
1205 V) S San %, by Lemma 2, with

probability at least 1 — g, |X N K| < k. Applying the
union bound for all {h;}!_,, we conclude that @ is not

1
and e = M{ - O , (detailed deriva-
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Name n d  Clusters Reference
Letter 20000 16 26 Frey and Slate| (1991)
MNIST 70000 20 10 Lecun et al.| (1998)
Fashion-MNIST 70000 20 10 Xiao et al.| (2017)
Blobs 200000 10 10 Synthetic Data
KDDCup99 494000 20 23 Stolfo et al.| (1999)
Covertype 581012 54 7 Blackard and Dean| (1999)

Table 1: Dataset Information

included in C, with probability at least 1 — 4. |

Lemma 4. With probability at least 1 — 6, any point

L RN
x € X satisfying dist(x,Ly(\)) < 5 (RT' \;E)
will be added to C.

Proof. Let « € X such that dist(x,Lf(N)) <
LA Con

2\R: " V&
isfying h;(y) = hi(x) for some i € [t]. By Lemmal[,
we have ||z — y|l2 < 2V/de. Hence, dist(y, Lf(\)) <

1/6
dist(x, Ly())) + 2vde < (RA : ng) , where the

last inequality follows from the same order-wise com-
parison provided in the proof of Lemma [3. Assump-

tion E then implies f(y) > A — )\C:;‘E", from which

we have Prlxz € K| = [, f(¥) - L, (g)=hi(2))9Y >

d _ C(S,n . A*)\Cé)n/\/E E @
(20)7 (A= 2Dz ) 2 k- 2l > £ Gy, YR,
implying from Lemma that |X N K| >k, with prob-
ability at least 1 — 4. Hence, « will be added to the
core point set C. |

and consider any point y € X sat-

Lemma 5. For any point € L¢(X), with probability
at least 1 — 6, there exists a core point y € C such that

/B
Cs.n
le—yla<s<i(a-S)

5 Y . Then we ob-

1/d
Proof. Let ry = 1 (W>

tain fX f(z)- ﬂ[HZ—mHooSTo]dz > (2T0)d()\ — Ry Tg) >

(2r9)¢ - % = C’(gmiv(“f(m, where the second inequality
follows for sufficiently large n. By Lemma [2, there
exists a point y € X such that || — y|locc < ro. Com-
paring the order with respect to n (similar to the one in
the proof of Lemma , we see that rg < 2%/&. We there-
/B
fore conclude that ||z —yll2 < § < 3 (R% . %) :
implying from Lemma [4] that y is in C.

Now, we bound the Hausdorff error when using the
core points returned by Algorithm [2] to estimate the
desired density level set.

Definition 5 (Hausdorff Distance). Given two sets
C and C', distpaus(C, C") = max{sup, dist(z,C"),
SUPg e dist(x’, C')}.

Theorem 3. Let C be the set of core points obtained
from Algorithm [2. With probability at least 1 — 4§, it

. 1/8
follows that disthayus(C, Ly(X)) < 2 (1:%1 : 106:%1) :

Proof. First, notice that Lemma [5 implies that

SUPger, (v dist(z, C) < %(R% - C:%”) In addi-

tion, Lemma E implies that sup,c dist(z, Lf(A)) <

1/p
2 (R% . 106:%1) . Given the hyperparameter choice
of k, distpaus(C, Lf(A)) — 0, as n tends to infinity. W

Remark 3. By selecting the mazimum possible
value for k, the resulting quantity is at most

~ o1
0] <M3 -n 26+d ) where M3 is a parameter that only

depends on (d, 0, \), and the density function f. This
matches with the lower bound established in Theorem
4 of | Tsybakov (1997), indicating that our density level
set estimation is near optimal.

5 EMPIRICAL RESULTS

In this section, we evaluate the performance of our
newly proposed dynamic DBSCAN algorithm by com-
paring it with several alternative methods. All exper-
iments are executed on a single thread using a 13th
Gen Intel(R) Core(TM) i5-13500 processor. We re-
port the average results over 10 runs, with the stan-
dard error. The code to reproduce the experiments
is available at https://github.com/seiyun-shin/
dynamic_dbscan.

Experimental setup. We conduct evaluations on a
variety of real-world and synthetic datasets, with their
properties summarized in Table[I] The blobs dataset is
a synthetic dataset drawn from a mixture of Gaussians.
The other datasets are widely used for evaluating clus-
tering and classification algorithms and are available on
the OpenML dataset repository. Detailed descriptions
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Figure 2: Comparison on the blobs dataset. (a) The running time of each algorithm. (b) The ARI for each
algorithm when data points are added in a random order. (c¢) The ARI for each algorithm when data points are

added cluster-by-cluster.

Algorithm
Dataset Metric DYDBSCAN EMZ SKLEARN
Time 1.4440.036 1.51+0.011 1.10=+0.046
Letter ARI 0.02+0.001 0.02-0.002 0.00=+0.000
NMI 0.27+0.007 0.29-£0.006 0.20=0.000
Time 1.64+0.027 2.63+0.018 0.99-£0.004
MNIST ARI 0.02-+0.001 0.02+0.002 0.00+0.000
NMI 0.22+0.011 0.26+0.013 0.20+0.000
Time 6.49+0.159 20.55+0.057 26.17+0.051
Fashion-MNIST ARI 0.05-0.001 0.05-+0.001 0.00+0.000
NMI 0.15=+0.003 0.26-£0.001 0.05+0.000
Time 84.39+1.008 241.96+2.943 621.43+1.921
Blobs ARI 1.00+0.001 1.00+0.000 0.98+0.000
NMI 0.99+0.001 1.00=0.000 0.97+0.000
Time 431.81+3.975  6005.93+22.759 -
KDDCup99 ARI 0.91+0.001 0.91:+0.000 -
NMI 0.80-£0.001 0.80-0.001 -
Time  874.01+10.841 4073.99+22.875 -
Covertype ARI 0.05+0.000 0.05+0.000 -
NMI 0.20-0.000 0.20+0.000 -

Table 2: Experimental Results

and license information for these datasets can be found
on the OpenML website (Vanschoren et al., 2013).

For the MNIST, Fashion-MNIST, and KDDCup99
datasets, we apply principal component analysis (PCA)
to reduce the dimensionality to 20. For all datasets,
we scale each dimension to have zero mean and unit
variance. In every experiment, we dynamically stream
the data points to the algorithm in a random order,
with a batch size of 1000. After processing each batch,
we compute the cluster labels for the entire dataset
and evaluate the performance using two metrics: (1)
the Adjusted Rand Index (ARI) and (2) Normalized
Mutual Information (NMI).

Evaluation methods. To the best of our knowledge,
our algorithm is the first dynamic version of DBSCAN,
so we compare it with several simple baselines. Specifi-
cally, the algorithms we evaluate are as follows:

. DYNAMICDBSCAN: the dynamic DBSCAN algo-
rithm proposed in this paper.

. EMZ: the near-linear time DBSCAN variant in-
troduced by [Esfandiari et al.| (2021), where hash
values for incoming points are computed once,
and the graph is recomputed after processing each
batch.

. EMZFIXEDCORE: a variant of the EMZ algo-

rithm which we propose and describe later.

SKLEARN: the standard DBSCAN implementation

from the scikit-learn machine learning library (]Ee—

|dregosa et al., |2011b).

For both DYNAMICDBSCAN and EMZ, we set the
hyperparameters k = 10 and ¢ = 10 and € = 0.75. We
observe that the hyperparameters k£ and t are not sen-
sitive, noting that their theoretical values of O(log(n))
changes slowly with the number of data points. Hence,
setting k and ¢ to their theoretical values would not
significantly change the algorithm’s performance.

Results and analysis. We report the results in Ta-
ble 2l Due to the large memory requirement, we were
unable to run the SKLEARN algorithm on the KDD-
Cup99 and Covertype datasets. From these results,
it is evident that the DYyNAMICDBSCAN algorithm
achieves a faster running time on dynamic datasets,
with a similar performance when compared with the
baseline algorithms.

Comparison with a fixed core point set. In addi-
tion to the DYNAMICDBSCAN algorithm, we propose
another variant, EMZFIXEDCORE, which builds upon
the EMZ algorithm. The EMZFIXEDCORE algorithm
processes the initial batch of data using the EMZ
method, after which it keeps the set of core points
fixed. For subsequent updates, the algorithm treats
each arriving point as a non-core point and assigns it
to the same cluster as the first core point it collides
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with, determined by applying hash functions.

We conduct experiments on the blobs dataset under
two scenarios. In the first scenario, data points were
added in a random order. In the second, data points
were added cluster-by-cluster, meaning that all points
from cluster 1 were added before those from cluster 2,
and so on. We found that the running time of the algo-
rithms is unaffected by the order of the incoming data
points. Figure [2 demonstrates that the EMZFIXED-
CORE algorithm exhibits a similar running time to
DynaMIcDBSCAN and performs well when the order
of the arriving data points is fully randomized. On the
other hand, when each cluster is added one at a time,
the EMZFIXEDCORE algorithm struggles to handle the
increasing number of clusters, resulting in significantly
poorer performance compared to DYNAMICDBSCAN.

6 DISCUSSION

To the best of our knowledge, we propose the first
dynamic version of the DBSCAN, capable of efficiently
handling evolving datasets with poly-logarithmic time
complexity with respect to the total number of updates.

For future work, one intriguing direction would be to
explore whether further reductions in the logarithmic
dependency can be achieved. Another promising di-
rection is the development of a dynamic version of
Hierarchical Density-Based Spatial Clustering of Ap-
plications with Noise (HDBSCAN) (Campello et al.,
2013)).
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A Proof of Lemma [1]

Although the proof of Lemma [1|is in [Esfandiari et al.| (2021, we provide the full proof for completeness:

Lemma 6 ((Esfandiari et al., 2021)). Given € > 0, the following holds for any two points x,y € R? and for a
hash function h:

1. Prih(z) =Nh(y)] > 1 — @’.
2. h(z) = h(y) = |z -yl < 2.

Proof. Fix a coordinate j € [d]. Observe that Pr[|Z27] # [“17]] is at most % By applying a union
bound over all coordinates, we obtain Pr[h(x) # h(y)] < @, proving the first part.

Now, suppose || — y||oc > 2¢. Then there must exist a coordinate j € [d] such that |x; — y;| > 2¢. This implies

that | 2057 ] o Y25 for any 1) > 0, which contradicts the assumption that h(z) = h(y). Hence, we conclude

that if h(z) = h(y), then || — y||co < 2¢, proving the second part of the lemma. This completes the proof
of Lemma Il [ |

B Deferred Details in |3| via Order-wise Comparison

In this section we present detailed derivations of the claim referenced in the proof of Lemma |3| Specifically, we
aim to prove the following:

.10 C“*”)ﬁ, it holds for sufficiently large n that

Claim 1. For any point © € X with dist (x, Ly(\)) > 2( NG

dist (z, L;(\)) > 4V/de.

A
Ry

This claim is critical to the proof of Lemma |3} as it shows that, given dist(y, L;()\)) > dist(z, L;()\)) — 2V/de, we
can conclude dist(y, Lg(\)) > 3 - dist(z, L())). To prove the claim, we will consider two cases: (1) d = ©(1) and
(2) d = ©(log®(n)) for any constant ¢ > 0.

B.1 Proof of Claim [1] for d = ©(1)

Taking d to be a constant, we will show that

1

w = (ﬁ)ﬁ ‘W ((10g(n)/n)251+d> and 2v/de = M2é -0 <(log(n)/n)251+d) .

Notice the parameter setup mentioned in Section [4.3.1] are:

2
o k> M - (%C) -w(log(n) - log*"*log(n)) for some a > 0;

2842d d 28
o k< My-\28+d .0 ((log(n))2ﬁ+d -n26+d Jog™7 log(n)> for some vy > 0;

o= 1 ( k )d.
T2 \nA(1-2C5,,/VE))
e {:=100log (%);

where Cj,, := Cj <log(t/5)\/dlog(n)).

First notice that we have:

Substituting the upper bound for k¥ < My - P (log(n))’é’ﬂ% - pTTa . log™ 7 log(n), we obtain:
5 1
dist(z, L;(\) _ [ 10Cq+/dlog(n)log(t/s) - log? log(n) )~
9 = BAd i 5 :
R11 /MQ)\ 26+d (log(n)) 2(28+d) ), 26+d
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Notice that the exponent of log(n) simplifies to:

(1_d>.1_(25+d—d).1_1
2 20284+d)) B \2028+d) ) B 28+d

which will lead us to obtain the order of w as:

(J\Z) » ((bgn(”)) 7 log? log(n)> .

For 2v/de, we have:

-

k
2/de = Vi (mu —2Cs /\/E)>

Substituting the upper bound for k, we obtain:

3 AP tog(n) P -10g ™ log(n) |
2Vde < Vd : ° : ; .
n)\(l - 206,n/\/E)

Observe that using the lower bound for k, we can estimate:

Gy Co (108(t/9)/dlog(m)) .
NG < \/1Og(n) o lon(n) = <logglog(n)) —0, as n— 0.

Hence approximating for small C:%‘ for sufficiently large n, we simplify:

1

e < Vd (Mzkml—l(log(n))widnzgid -log™? log(n)> R .

n

As the exponent of n becomes (% — 1) . é = fﬁ, the order of 2v/de is then:

Mj O ((k’g(”)) = log™ ¥ log(n)> .

n

dist(z, L £ (\))
2

In conclusion, both and 2v/de have the same asymptotic behaviour with respect to n, which is

dist(x,L;(\) .,
M, it involves

1 1
(C] ((bg(")) 2ﬁ+d); however, the constant factor for 2v/de is dependent on M3, while for

n

L .
(MLJ . Consequently, if we choose M5 sufficiently small and n large enough, we can ensure M > 2V/de.

This completes the proof. |

B.2 Proof of Claim [1| for d = ©(log°(n)) and Constant ¢ > 0

In this subsection, we analyse the order-wise comparison between and 2v/de with respect to d and n.
To account for the dependence on d, we use the following detailed parameter setup:

dist(a, L ; (\))
2

2 2 o %?ﬁ Bd  2B+2d 28
o 100 (100V)?*+ (&) (£2) - C2,,\/dlog(n) - log*** log(n) < b < (G ) 77 (&) T+d A 257 2554

log™ " log(n) for some a,~y > 0;
1

S o (R
® e =3 (m(1—2ca,n/\/2))  and
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e t:=100log (%);

where Cs , = Cy (log(t/ 9) dlog(n)). Using the upper bound for k, we now substitute into the expression for

dist@ L1 Q) ' vielding:

=

dist(z, Ly(\))

( A Ckﬂl) P10 Co log(t/6)+/dlog(n) - log? log(n)
5 > >

210 _
R, VE Ry (co log(t/&)édlog(n))l/z)m . (ﬁ)% Bt e
2

After simplifying the terms involving d, loglog(n), log(n), and n, the expression becomes:

n

where the exponent for % and loglog(n) follow from the same analysis as for d = ©(1), and the the exponent
for d comes from:

(1_ d N Bd >.1_(2ﬁ+d—d+ﬁd>_1_ 2+d
2 2(28+4d) 228+d)) B 2(283 + d)

B 228+d)

1
Next, using the approximation 1 — QCg’n/\/% ~ 1 for sufficiently large n, we simplify: 2v/de ~ Vd (n—k)\) 4.
Substituting the upper bound for k& into the expression for €, we obtain:

~2d
1 1 1 od 2B+d 2842 2
2z = Vi (1).(00 0(1/) dog<n>> ()T A s gt
2

n\ R

Simplifying further, we have:

2 251+d Y
2Vde = O (dm . <1og(n)) log™d 10%(”)) .

n

where the exponent of d arises from:

1 (1 2 8d 1, 1-5 _26+d+2(1-5) 2+d

1
2+<2d5+d_2ﬁ+d)'d:2 26+d  2028+d)  2028+4d)

Therefore, both M and 2v/de exhibit the same asymptotic behaviour with respect to d and n, namely:

1
dTerD . (log(n)> T5+d |
n

except for the loglogn factor. The presence of the loglogn dependency implies that for sufficiently large n, we
can ensure 3@ LrA) 2V/de
5 .

Lastly, we highlight that the regime of d = O(log®(n)) for a constant ¢ > 0 is essential for ensuring that the
volume of the cubes with side-length proportional to € used in density level estimation remains bounded, even
when n grows large. This completes the proof. |
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