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A bst r a ct

Gr a p h is a f u n d a m e nt al d at a str u ct ur e t o m o d el
i nt er c o n n e cti o ns b et w e e n e ntiti es. S et, o n t h e c o n-
tr ar y, st or es i n d e p e n d e nt el e m e nts. T o l e ar n gr a p h
r e pr es e nt ati o ns, c urr e nt Gr a p h N e ur al N et w or ks
( G N Ns) pri m aril y us e m ess a g e p assi n g t o e n c o d e
t h e i nt er c o n n e cti o ns. I n c o ntr ast, t his p a p er i n-
tr o d u c es a n o v el gr a p h-t o-s et c o n v ersi o n m et h o d
t h at bij e cti v el y tr a nsf or ms i nt er c o n n e ct e d n o d es
i nt o a s et of i n d e p e n d e nt p oi nts a n d t h e n us es
a s et e n c o d er t o l e ar n t h e gr a p h r e pr es e nt ati o n.
T his c o n v ersi o n m et h o d h ol ds d u al si g ni fi c a n c e.
Firstl y, it e n a bl es usi n g s et e n c o d ers t o l e ar n fr o m
gr a p hs, t h er e b y si g ni fi c a ntl y e x p a n di n g t h e d e-
si g n s p a c e of G N Ns. S e c o n dl y, f or Tr a nsf or m er,
a s p e ci fi c s et e n c o d er, w e pr o vi d e a n o v el a n d
pri n ci pl e d a p pr o a c h t o i nj e ct gr a p h i nf or m ati o n
l ossl essl y, diff er e nt fr o m all t h e h e uristi c str u c-
t ur al/ p ositi o n al e n c o di n g m et h o ds a d o pt e d i n pr e-
vi o us gr a p h tr a nsf or m ers. T o d e m o nstr at e t h e
eff e cti v e n ess of o ur a p pr o a c h, w e i ntr o d u c e P oi nt
S et Tr a nsf or m er ( P S T), a tr a nsf or m er ar c hit e ct ur e
t h at a c c e pts a p oi nt s et c o n v ert e d fr o m a gr a p h as
i n p ut. T h e or eti c all y, P S T e x hi bits s u p eri or e x pr es-
si vit y f or b ot h s h ort-r a n g e s u bstr u ct ur e c o u nti n g
a n d l o n g-r a n g e s h ort est p at h dist a n c e t as ks c o m-
p ar e d t o e xisti n g G N Ns. E xt e nsi v e e x p eri m e nts
f urt h er v ali d at e P S T’s o utst a n di n g r e al- w orl d p er-
f or m a n c e. B esi d es Tr a nsf or m er, w e als o d e vis e
a D e e ps et- b as e d s et e n c o d er, w hi c h a c hi e v es p er-
f or m a n c e c o m p ar a bl e t o r e pr es e nt ati v e G N Ns, af-
fir mi n g t h e v ers atilit y of o ur gr a p h-t o-s et m et h o d.

1. I nt r o d u cti o n

Gr a p h, c o m p os e d of i nt er c o n n e ct e d n o d es, h as a wi d e r a n g e
of a p pli c ati o ns a n d h as b e e n e xt e nsi v el y st u di e d. I n gr a p h
m a c hi n e l e ar ni n g, a c e ntr al f o c us is t o eff e cti v el y l e v er-
a g e n o d e c o n n e cti o ns. Vari o us ar c hit e ct ur es h a v e aris e n
f or gr a p h t as ks, e x hi biti n g si g ni fi c a nt di v er g e n c e i n t h eir
a p pr o a c h es t o utili zi n g a dj a c e n c y i nf or m ati o n.

T w o pri m ar y p ar a di g ms h a v e e v ol v e d f or e n c o di n g a dj a-
c e n c y i nf or m ati o n. T h e first p ar a di g m i n v ol v es m ess a g e
p assi n g b et w e e n n o d es vi a e d g es. N ot a bl e m et h o ds i n

t his c at e g or y i n cl u d e M ess a g e P assi n g N e ur al N et w or k
( M P N N) (Gil m er et al. , 2 0 1 7 ), a f o u n d ati o n al fr a m e w or k
f or G N Ns s u c h as G C N (Ki pf & Welli n g , 2 0 1 7 ), GI N (X u
et al. , 2 0 1 9 a ), a n d Gr a p h S A G E (H a milt o n et al. , 2 0 1 7 ).
S u b gr a p h- b as e d G N Ns ( Z h a n g & Li , 2 0 2 1 ; H u a n g et al. ,
2 0 2 3 b ; B e vil a c q u a et al. , 2 0 2 2 ; Qi a n et al. , 2 0 2 2 ; Fr as c a
et al. , 2 0 2 2 ; Z h a o et al. , 2 0 2 2 ; Z h a n g et al. , 2 0 2 3 a ) s el e ct
s u b gr a p hs fr o m t h e w h ol e gr a p h a n d r u n M P N N wit hi n
e a c h s u b gr a p h. T h es e m o d els a g gr e g at e m ess a g es fr o m
n ei g h b ors t o u p d at e t h e c e ntr al n o d es’ r e pr es e nt ati o ns. A d-
diti o n all y, Gr a p h Tr a nsf or m ers ( G Ts) i nt e gr at e a dj a c e n c y
i nf or m ati o n i nt o t h e att e nti o n m atri x (Mi al o n et al. , 2 0 2 1 ;
Kr e u z er et al. , 2 0 2 1 ; W u et al. , 2 0 2 1 ; D wi v e di & Br ess o n ,
2 0 2 0 ; Yi n g et al. , 2 0 2 1 ; S hir z a d et al. , 2 0 2 3 ) ( n ot e t h at s o m e
e arl y G Ts h a v e o pti o ns t o n ot us e a dj a c e n c y m atri x b y usi n g
o nl y p ositi o n al e n c o di n gs, b ut t h e p erf or m a n c e is si g nif-
i c a ntl y w ors e (D wi v e di & Br ess o n , 2 0 2 0 )). S o m e r e c e nt
G Ts e v e n dir e ctl y i n c or p or at e m ess a g e- p assi n g l a y ers i nt o
t h eir ar c hit e ct ur es (R a m p á s e k et al. , 2 0 2 2 ; Ki m et al. , 2 0 2 1 ).
I n s u m m ar y, t his p ar a di g m r eli es o n a dj a c e n c y r el ati o ns hi ps
t o f a cilit at e i nf or m ati o n e x c h a n g e a m o n g n o d es.

T h e s e c o n d p ar a di g m d esi g ns p er m ut ati o n- e q ui v ari a nt n e u-
r al n et w or ks t h at dir e ctl y t a k e a dj a c e n c y m atri c es as i n-
p ut. T his c at e g or y i n cl u d es hi g h- or d er Weisf eil er- L e m a n
t ests (M ar o n et al. , 2 0 1 9 a ), i n v ari a nt gr a p h n et w or ks (M ar o n
et al. , 2 0 1 9 b ), a n d r el ati o n al p o oli n g (C h e n et al. , 2 0 2 0 ).
A d diti o n all y, v ari o us st u di es h a v e e x pl or e d m a n u al f e at ur e
e xtr a cti o n fr o m t h e a dj a c e n c y m atri x, i n cl u di n g r a n d o m
w al k str u ct ur al e n c o di n g ( D wi v e di et al. , 2 0 2 2 a ; Li et al. ,
2 0 2 0 ), L a pl a ci a n m atri x ei g e n v e ct ors (Wa n g et al. , 2 0 2 2 ;
Li m et al. , 2 0 2 3 ; H u a n g et al. , 2 0 2 3 a ), a n d s h ort est p at h dis-
t a n c es (Li et al. , 2 0 2 0 ). H o w e v er, t h es e a p pr o a c h es t y pi c all y
s er v e as d at a a u g m e nt ati o n st e ps f or ot h er m o d els, r at h er
t h a n c o nstit uti n g a n i n d e p e n d e nt p ar a di g m.

B ot h p ar a di g ms h e a vil y r el y o n a dj a c e n c y i nf or m ati o n i n
gr a p h e n c o di n g. I n c o ntr ast, t his p a p er e x pl or es w h et h er
w e c a n gi v e u p a dj a c e n c y m atri x i n gr a p h m o d els w hil e
a c hi e vi n g c o m p etiti v e p erf or m a n c e. As s h o w n i n Fi g ur e 1 ,
o ur i n n o v ati v e gr a p h-t o-s et m et h o d c o n v erts i nt er c o n n e ct e d
n o d es i nt o i n d e p e n d e nt p oi nts, s u bs e q u e ntl y e n c o d e d b y a
s et e n c o d er li k e Tr a nsf or m er. L e v er a gi n g o ur s y m m etri c
r a n k d e c o m p ositi o n , w e br e a k d o w n t h e a u g m e nt e d a dj a-
c e n c y m atri x A + D i nt o Q Q T , w h er ei n Q is c o nstit ut e d
b y c ol u m n-f ull-r a n k r o ws, e a c h d e n oti n g a n o d e c o or di n at e .
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E
ncoder

S et E n c o d er
O(r) – e q ui v ari a nt 

Tr a nsf or m er

𝑟 di m e n si o ns

Fi g ur e 1. O ur m et h o d c o n v erts t h e i n p ut gr a p h t o a p oi nt s et first
a n d e n c o di n g it wit h a s et e n c o d er. O ( r ) d e n ot es t h e s et of r -
di m e nsi o n ort h o g o n al tr a nsf or m ati o ns.

T his r e pr es e nt ati o n e n a bl es us t o e x pr ess t h e pr es e n c e of
e d g es as i n n er pr o d u cts of c o or di n at e v e ct ors ( Q i a n d Q j ).
C o ns e q u e ntl y, i nt erli n k e d n o d es c a n b e tr a nsf or m e d i nt o
i n d e p e n d e nt p oi nts a n d s u p pl e m e nt ar y c o or di n at es wit h o ut
i nf or m ati o n l oss. T h e or eti c all y, t w o gr a p hs ar e is o m or p hi c
iff t h e t w o c o n v ert e d p oi nt s ets ar e e q u al u p t o a n ort h o g o-
n al tr a nsf or m ati o n ( b e c a us e f or a n y Q Q T = A + D , Q R
is als o a s ol uti o n w h er e R is a n y ort h o g o n al m atri x). T his
e q ui v al e n c e e m p o w ers us t o e n c o d e t h e s et wit h c o or di n at es
i n a n ort h o g o n al-tr a nsf or m ati o n- e q ui v ari a nt m a n n er, a ki n
t o E( 3)- e q ui v ari a nt m o d els d esi g n e d f or 3 D g e o m etri c d e e p
l e ar ni n g. I m p ort a ntl y, o ur a p pr o a c h is v ers atil e, all o wi n g
f or usi n g a n y e q ui v ari a nt s et e n c o d er, t h er e b y si g ni fi c a ntl y
e x p a n di n g t h e d esi g n s p a c e of G N Ns. F urt h er m or e, f or
Tr a nsf or m er, a s p e ci fi c s et e n c o d er, o ur m et h o d off ers a
n o v el a n d pri n ci pl e d w a y t o i nj e ct gr a p h i nf or m ati o n l oss-
l essl y. I n A p p e n di x D , w e a d diti o n all y s h o w t h at it u ni fi es
v ari o us h e uristi c str u ct ur al/ p ositi o n al e n c o di n gs i n pr e vi o us
G Ts, i n cl u di n g r a n d o m w al k ( Li et al. , 2 0 2 0 ; D wi v e di et al. ,
2 0 2 3 ; R a m p á s e k et al. , 2 0 2 2 ), h e at k er n el (Mi al o n et al. ,
2 0 2 1 ), a n d r esist a n c e dist a n c e (Z h a n g et al. , 2 0 2 3 b ).

T o i nst a nti at e o ur m et h o d, w e i ntr o d u c e a n ort h o g o n al-
tr a nsf or m ati o n- e q ui v ari a nt Tr a nsf or m er, n a m el y P oi nt S et
Tr a nsf or m er ( P S T), t o e n c o d e t h e p oi nt s et. P S T pr o v a bl y
s ur p ass es e xisti n g m o d els i n l o n g-r a n g e a n d s h ort-r a n g e e x-
pr essi vit y. E xt e nsi v e e x p eri m e nts v erif y t h es e cl ai ms a cr oss
s y nt h eti c d at as ets, gr a p h pr o p ert y pr e di cti o n d at as ets, a n d
l o n g-r a n g e gr a p h b e n c h m ar ks. S p e ci fi c all y, P S T o ut p er-
f or ms all b as eli n es o n Q M 9 (W u et al. , 2 0 1 7 ) d at as et. M or e-
o v er, o ur gr a p h-t o-s et m et h o d is n ot c o nstr ai n e d t o o nl y o n e
s p e ci fi c s et e n c o d er. We als o pr o p os e a D e e ps et ( S e g ol &
Li p m a n , 2 0 2 0 )- b as e d m o d el, w hi c h o ut p erf or ms c o m p ar a-
bl e t o GI N ( X u et al. , 2 0 1 9 b ) o n o ur d at as ets.

Diff e r e n c es f r o m ei g e n d e c o m p ositi o n. N ot e t h at o ur
gr a p h-t o-s et m et h o d is disti n ct fr o m pr e vi o us a p pr o a c h es
t h at d e c o m p os e a dj a c e n c y m atri c es f or p ositi o n al e n c o d-
i n gs (D wi v e di et al. , 2 0 2 3 ; Wa n g et al. , 2 0 2 2 ; Li m et al. ,
2 0 2 3 ; B o et al. , 2 0 2 3 ). T h e k e y diff er e n c es r o ot i n t h at
pr e vi o us m et h o ds pri m aril y r eli e d o n ei g e n d e c o m p ositi o n
( E V D), w h er e as o ur m et h o d is b as e d o n s y m m etri c r a n k
d e c o m p ositi o n ( S R D). T h eir diff er e n c es ar e as f oll o ws:

• S R D e n a bl es a pr a cti c al c o n v ersi o n of gr a p h pr o bl e ms
i nt o s et pr o bl e ms. S R D of a m atri x is u ni q u e u p t o a si n gl e
ort h o g o n al tr a nsf or m ati o n, w hil e E V D is u ni q u e u p t o a
c o m bi n ati o n of ort h o g o n al tr a nsf or m ati o ns wit hi n e a c h
ei g e ns p a c e. T his diff er e n c e all o ws S R D- b as e d m o d els t o
e asil y m ai nt ai n s y m m etr y, e ns uri n g c o nsist e nt pr e di cti o ns
f or is o m or p hi c gr a p hs, w hil e E V D- b as e d m et h o ds (Li m
et al. , 2 0 2 3 ) str u g gl e b e c a us e t h e y n e e d t o d e al wit h e a c h
ei g e ns p a c e i n di vi d u all y, m a ki n g t h e m l ess s uit a bl e f or
gr a p h-l e v el t as ks w h er e ei g e ns p a c es v ar y b et w e e n gr a p hs.

• D u e t o t h e a d v a nt a g e of S R D, w e c a n utili z e s et e n c o d er
wit h c o or di n at es t o c a pt ur e gr a p h str u ct ur e, t h us e x p a n d-
i n g t h e d esi g n s p a c e of G N N. M or e o v er, o ur m et h o d pr o-
vi d es a pri n ci pl e d w a y t o a d d gr a p h i nf or m ati o n t o Tr a ns-
f or m ers. N ot e t h at pr e vi o us G Ts us u all y r e q uir e m ulti pl e
h e uristi c e n c o di n gs t o g et h er. B esi d es n o d e p ositi o n al e n-
c o di n gs, t h e y als o us e a dj a c e n c y m atri c es: Grit ( M a et al. ,
2 0 2 3 ) a n d gr a p hit (Mi al o n et al. , 2 0 2 1 ) us e r a n d o m w al k
m atri x ( n or m ali z e d a dj a c e n c y) as r el ati v e p ositi o n al e n-
c o di n g ( R P E). Gr a p h Tr a nsf or m er ( D wi v e di & Br ess o n ,
2 0 2 0 ), Gr a p h or m er (Yi n g et al. , 2 0 2 1 ), a n d S A N (Kr e u z er
et al. , 2 0 2 1 ) us e a dj a c e n c y m atri x as R P E. D wi v e di &
Br ess o n (2 0 2 0 )’s a bl ati o n s h o ws t h at a dj a c e n c y is cr u ci al.
G P S ( R a m p á s e k et al. , 2 0 2 2 ), E x p h or m er (S hir z a d et al. ,
2 0 2 3 ), hi g h er- or d er Tr a nsf or m er (Ki m et al. , 2 0 2 1 ), a n d
Gr a p h Vit/ M L P- Mi x er ( H e et al. , 2 0 2 3 ) e v e n dir e ctl y i n-
c or p or at e m ess a g e p assi n g bl o c ks w hi c h us e a dj a c e n c y
m atri x t o g ui d e m ess a g e p assi n g b et w e e n n o d es.

I n s u m m ar y, t his p a p er i ntr o d u c es a n o v el a p pr o a c h t o gr a p h
r e pr es e nt ati o n l e ar ni n g b y c o n v erti n g i nt er c o n n e ct e d gr a p hs
i nt o i n d e p e n d e nt p oi nts a n d s u bs e q u e ntl y e n c o di n g t h e m
usi n g a n ort h o g o n al-tr a nsf or m ati o n- e q ui v ari a nt s et e n c o d er
li k e o ur P oi nt S et Tr a nsf or m er. T his i n n o v ati v e a p pr o a c h
o ut p erf or ms e xisti n g m et h o ds i n b ot h l o n g- a n d s h ort-r a n g e
t as ks, as v ali d at e d b y c o m pr e h e nsi v e e x p eri m e nts.

2. P r eli mi n a r y

F or a m atri x Z ∈ R a × b , w e d e fi n e Z i ∈ R b as t h e i-t h r o w
( as a c ol u m n v e ct or), a n d Z i j ∈ R as its (i, j ) el e m e nt. F or a
v e ct or Λ ∈ R a , di a g ( Λ) ∈ R a × a is t h e di a g o n al m atri x wit h Λ
as its di a g o n al el e m e nts. A n d f or S ∈ R a × a , di a g o n al (S ) ∈
R a r e pr es e nts t h e v e ct or of its di a g o n al el e m e nts.

L et G = ( V, E, X ) d e n ot e a n u n dir e ct e d gr a p h . H er e, V =
{ 1 , 2 , 3 , ..., n} is t h e s et of n n o d es, E ⊆ V × V is t h e
s et of e d g es, a n d X ∈ R n × d is t h e n o d e f e at ur e m atri x,
w h os e v -t h r o w X v is of n o d e v . T h e e d g e s et E c a n als o b e
r e pr es e nt e d usi n g t h e a dj a c e n c y m atri x A ∈ R n × n , w h er e
A u v is 1 if t h e e d g e e xists (i. e., (u, v ) ∈ E ) a n d 0 ot h er wis e.
A gr a p h G c a n als o b e r e pr es e nt e d b y t h e p air (V, A, X ) or
(A, X ). T h e d e gr e e m atri x D is a di a g o n al m atri x wit h n o d e
d e gr e e (s u m of a r o w of m atri x A ) as t h e di a g o n al el e m e nts.

Gi v e n a p er m ut ati o n f u n cti o n π : { 1 , 2 , 3 , ..., n} →
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{ 1 , 2 , 3 , ..., n} , t h e p er m ut e d gr a p h is π (G )  =
(π (A ), π(X )), w h er e π (A ) ∈ R n × n , π(A ) π ( u ) π ( v ) = A u v ,

a n d π (X ) ∈ R n × d , π(X ) π ( v ) = X v f or all u, v ∈ V .
Ess e nti all y, t h e p er m ut ati o n π r ei n d e x e a c h n o d e v t o π (v )
w hil e pr es er vi n g t h e ori gi n al gr a p h str u ct ur e a n d n o d e
f e at ur es. T w o gr a p hs ar e is o m or p hi c iff t h e y c a n b e m a p p e d
t o e a c h ot h er t hr o u g h a p er m ut ati o n.

D e fi niti o n 2. 1. Gr a p hs G 1 = ( A 1 , X1 ) a n d G 2 = ( A 2 , X2 )
ar e is o m or p hi c, d e n ot e d as G 1 ≃ G 2 , if t h er e e xists a p er m u-
t ati o n π s u c h t h at π (A 1 ) = A 2 a n d π (X 1 ) = X 2 .

Is o m or p hi c gr a p hs c a n b e tr a nsf or m e d i nt o e a c h ot h er b y
m er el y r ei n d e xi n g t h eir n o d es. I n gr a p h t as ks, m o d els
s h o ul d assi g n t h e s a m e pr e di cti o n t o is o m or p hi c gr a p hs.

S y m m et ri c R a n k D e c o m p ositi o n ( S R D). D e c o m p osi n g a n
m atri x i nt o t w o f ull-r a n k m atri c es is w ell- k n o w n ( P u nt a n e n
et al. , 2 0 1 1 ). We f urt h er s h o w t h at a p ositi v e s e mi- d e fi nit e
m atri x c a n b e d e c o m p os e d i nt o a f ull-r a n k m atri x.

D e fi niti o n 2. 2. ( S y m m etri c R a n k D e c o m p ositi o n, S R D)
Gi v e n a (s y m m etri c) p ositi v e s e mi- d e fi nit e m atri x L ∈
R n × n of r a n k r , its S R D is Q ∈ R n × r , w h er e L = Q Q T .

As L = Q Q T , r a n k (Q ) = r a n k (L ) = r , w hi c h i m pli es t h at
Q m ust b e f ull c ol u m n r a n k. M or e o v er, t w o S R Ds of t h e
s a m e m atri x ar e e q u al u p t o a n ort h o g o n al tr a nsf or m ati o n.
L et O (r ) d e n ot e t h e s et of ort h o g o n al m atri c es i n R r × r .

P r o p ositi o n 2. 3. M atri c es Q 1 a n d Q 2 i n R n × r ar e S R D of
t h e s a m e m atri x iff t h er e e xists R ∈ O (r ), Q1 = Q 2 R .

S R D is cl os el y r el at e d t o ei g e n d e c o m p ositi o n. L et L =
U di a g ( Λ)U T d e n ot e t h e ei g e n d e c o m p ositi o n of L , w h er e
Λ ∈ R r is t h e v e ct or of n o n- z er o ei g e n v al u es, a n d U ∈
R n × r is t h e m atri x w h os e c ol u m ns ar e t h e c orr es p o n di n g
ei g e n v e ct ors. Q = U di a g ( Λ 1 / 2 ) yi el ds a n S R D of L , w h er e
t h e s u p ers cri pt d e n ot es el e m e nt- wis e s q u ar e r o ot o p er ati o n.

3. G r a p h as P oi nt S et

I n t his s e cti o n, w e pr es e nt o ur i n n o v ati v e m et h o d f or c o n v ert-
i n g gr a p hs i nt o s ets of p oi nts. We first s h o w t h at S y m m etri c
R a n k D e c o m p ositi o n ( S R D) c a n t h e or eti c all y a c hi e v e t his
tr a nsf or m ati o n: t w o gr a p hs ar e is o m or p hi c iff t h e s ets of
c o or di n at es g e n er at e d b y S R D ar e e q u al u p t o ort h o g o n al
tr a nsf or m ati o ns. A d diti o n all y, w e p ar a m et eri z e S R D f or b et-
t er r e al- w orl d p erf or m a n c e. Pr o of d et ails ar e i n A p p e n di x A .

3. 1. S y m m et ri c R a n k D e c o m p ositi o n f o r C o o r di n at es

A n at ur al a p pr o a c h t o br e a ki n g d o w n t h e i nt er c o n n e cti o ns
b et w e e n n o d es is t o d e c o m p os e t h e a dj a c e n c y m atri x. W hil e
pr e vi o us m et h o ds oft e n us e d ei g e n d e c o m p ositi o n o ut p uts as
s u p pl e m e nt ar y n o d e f e at ur es, t h es e f e at ur es ar e n ot u ni q u e.
C o ns e q u e ntl y, m o d els r el yi n g o n t h e m f ail t o pr o vi d e c o n-
sist e nt pr e di cti o ns f or is o m or p hi c gr a p hs, ulti m at el y l e a di n g

t o p o or g e n er ali z ati o n. T o a d dr ess t his, w e s h o w t h at S y m-
m etri c R a n k D e c o m p ositi o n ( S R D) c a n c o n v ert gr a p h-l e v el
t as ks i nt o s et-l e v el t as ks wit h p erf e ct ali g n m e nt. Si n c e S R D
o nl y a p pli es t o p ositi v e s e mi- d e fi nit e m atri c es, w e us e t h e
a u g m e nt e d a dj a c e n c y m atri x D + A , w hi c h is al w a ys p osi-
ti v e s e mi- d e fi nit e ( pr o of i n A p p e n di x A. 2 ).

T h e o r e m 3. 1. Gi v e n t w o gr a p hs G = ( V, A, X ) a n d
G ′ = ( V ′, A′, X′) wit h r es p e cti v e d e gr e e m atri c es D a n d
D ′, G ≃ G ′ iff ∃ R ∈ O (r ), {{ (X v , R Qv )| ∀v ∈ V }} =
{{ (X ′

v , Q′v )|v ∈ V ′}} , w h er e Q a n d Q ′ ar e t h e S R D of D + A
a n d D ′ + A ′ r es p e cti v el y, a n d r is t h e r a n k of Q .

I n t his t h e or e m, t h e gr a p h G = ( V, A, X ) is c o n v ert e d t o a
s et of p oi nts { (X v , Qv )|v ∈ V } , w h er e X v is t h e ori gi n al
n o d e f e at ur e of v , a n d Q v , t h e v -t h r o w of S R D of D + A ,
is t h e r - di m e nsi o n al c o or di n at e of n o d e v . C o ns e q u e ntl y,
t w o gr a p hs ar e is o m or p hi c iff t h eir p oi nt s ets ar e e q u al u p t o
a n ort h o g o n al tr a nsf or m ati o n. I nt uiti v el y, w e c a n i m a gi n e
t h at t h e gr a p h is m a p p e d i nt o a n r - di m e nsi o n al s p a c e, w h er e
e a c h n o d e h as a c o or di n at e, a n d t h e i n n er pr o d u ct b et w e e n
t w o c o or di n at es r e pr es e nts e d g e e xist e n c e. T his m a p pi n g
is n ot u ni q u e, si n c e w e c a n fr e el y r ot at e t h e c o or di n at es
t hr o u g h a n ort h o g o n al tr a nsf or m ati o n wit h o ut c h a n gi n g i n-
n er pr o d u cts. T his c o n v ersi o n c a n b e l o os el y li k e n e d t o t h e
r e v ers e pr o c ess of c o nstr u cti n g m ol e c ul ar gr a p h fr o m at o ms’
3 D c o or di n at es, w h er e E u cli d e a n dist a n c es b et w e e n at o ms
d et er mi n e n o d e c o n n e cti o ns i n t h e gr a p h.

L e v er a gi n g T h e or e m 3. 1 , w e c a n c o n v ert a gr a p h i nt o a
s et a n d e m pl o y a s et e n c o d er f or e n c o di n g it. O ur m et h o d
c o nsist e ntl y pr o d u c es r e pr es e nt ati o ns f or is o m or p hi c gr a p hs
w h e n t h e e n c o d er is ort h o g o n al tr a nsf or m ati o n-i n v ari a nt.
T h e m et h o d’s e x pr essi vit y hi n g es o n t h e s et e n c o d er’s a bilit y
t o diff er e nti at e n o n- e q u al s ets, wit h gr e at er e n c o d er p o w er
e n h a n ci n g o v er all p erf or m a n c e o n gr a p h t as ks.

3. 2. P a r a m et e ri z e d C o o r di n at es

I n t his s e cti o n, w e e n h a n c e S R D’s pr a cti c al p erf or m a n c e
t hr o u g h p ar a m et eri z ati o n. As s h o w n i n S e cti o n 2 , S R D
c a n b e i m pl e m e nt e d vi a ei g e n d e c o m p ositi o n: Q =
U di a g ( Λ 1 / 2 ), w h er e Λ ∈ R r d e n ot es n o n- z er o ei g e n v al u es
of t h e d e c o m p os e d m atri x, a n d U ∈ R n × r d e n ot es c orr e-
s p o n di n g ei g e n v e ct ors. T o p ar a m et eri z e S R D, w e r e pl a c e
t h e el e m e nt- wis e s q u ar e r o ot wit h a f u n cti o n f : R r → R r .
T his alt er ati o n f urt h er eli mi n at es t h e c o nstr ai nt of n o n-
n e g ati vit y o n ei g e n v al u es a n d e n a bl es t h e us e of v ari o us
s y m m etri c m atri c es c o nt ai ni n g a dj a c e n c y i nf or m ati o n t o
g e n er at e c o or di n at es. A d diti o n all y, f or m o d el fl e xi bilit y,
t h e c o or di n at es c a n i n cl u d e m ulti pl e c h a n n els, wit h e a c h
c h a n n el c orr es p o n di n g t o a disti n ct ei g e n v al u e f u n cti o n.

D e fi niti o n 3. 2. ( P ar a m et eri z e d S R D, P S R D) Wit h a d -
c h a n n el ei g e n v al u e f u n cti o n f :R r → R r × d a n d a n a dj a c e n c y
f u n cti o n Z :R n × n → R n × n pr o d u ci n g s y m m etri c m atri c es,
P S R D c o or di n at e of a gr a p h G = ( V, A, X ) is Q (Z (A ), f) ∈
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R n × r × d , w h os e i-t h c h a n n el is U di a g (f i ( Λ)) ∈ R n × r ,
w h er e Λ ∈ R r , U ∈ R n × r ar e n o n- z er o ei g e n v al u es a n d
c orr es p o n di n g ei g e n v e ct ors of Z (A ), a n d f i :R r → R r is t h e
i-t h c h a n n el of f .

I n t h e d e fi niti o n, Z m a ps a dj a c e n c y m atri x t o its v ari-
a nts li k e L a pl a ci a n m atri x, a n d f tr a nsf or ms ei g e n v al u es.
Q (Z (A ), f) u ∈ R r × d is n o d e u ’s c o or di n at e. Si mil ar t o
S R D, P S R D c a n als o c o n v ert t h e gr a p h is o m or p his m pr o b-
l e ms t o s et e q u alit y pr o bl e ms.

T h e o r e m 3. 3. Gi v e n a p er m ut ati o n- e q ui v ari a nt a dj a c e n c y
f u n cti o n Z , f or gr a p hs G = ( V, A, X ) a n d G ′ = ( V ′, A′, X′)

• If ei g e n v al u e f u n cti o n f is p er m ut ati o n- e q ui v ari a nt a n d
G ≃ G ′, t h e n t w o p oi nt s ets wit h P S R D c o or di n at es ar e
e q u al u p t o a n ort h o g o n al tr a nsf or m ati o n, i. e., ∃ R ∈ O (r ),
{{X v , RQ (Z (A ), f) v |v ∈ V }} = {{X ′

v ,Q (Z (A ′), f) v |v ∈ V ′}} ,
w h er e r is t h e r a n k of c o or di n at es.

• If Z is i nj e cti v e, f or all d ≥ 2 , t h er e e xists a c o nti n u o us
p er m ut ati o n- e q ui v ari a nt f u n cti o n f : R r → R r × d t h at if
t w o p oi nt s ets wit h P S R D c o or di n at es ar e e q u al u p t o a n
ort h o g o n al tr a nsf or m ati o n, G ≃ G ′.

Gi v e n p er m ut ati o n e q ui v ari a nt f a n d Z , t h e p oi nt s ets wit h
P S R D c o or di n at es ar e e q u al u p t o a n ort h o g o n al tr a nsf or m a-
ti o n f or is o m or p hi c gr a p hs. M or e o v er, t h er e e xists f m a ki n g
r e v ers e tr u e. T h er ef or e, w e c a n s af el y e m pl o y p er m ut ati o n-
e q ui v ari a nt ei g e n v al u e f u n cti o ns, e ns uri n g c o nsist e nt pr e-
di cti o ns f or is o m or p hi c gr a p hs. A n e x pr essi v e ei g e n v al u e
f u n cti o n als o all o ws f or t h e l ossl ess c o n v ersi o n of gr a p h-
l e v el t as ks i nt o s et pr o bl e ms. I n i m pl e m e nt ati o n, w e utili z e
D e e p S et ( S e g ol & Li p m a n , 2 0 2 0 ) d u e t o its u ni v ers al e x pr es-
si vit y f or p er m ut ati o n- e q ui v ari a nt s et f u n cti o ns. D et ail e d
ar c hit e ct ur e is s h o w n i n Fi g ur e 3 i n A p p e n di x G .

I n s u m m ar y, w e us e S R D a n d its p ar a m et eri z e d g e n er ali z a-
ti o n t o d e c o m p os e t h e a dj a c e n c y m atri x or its v ari a nts i nt o
c o or di n at es. T h us, w e tr a nsf or m a gr a p h i nt o a p oi nt s et
w h er e e a c h p oi nt r e pr es e nts a n o d e a n d i n cl u d es b ot h t h e
ori gi n al n o d e f e at ur e a n d t h e c o or di n at es as its f e at ur es.

4. P oi nt S et Tr a nsf o r m e r

O ur m et h o d, as d e pi ct e d i n Fi g ur e 1 , c o m pris es t w o st e ps:
c o n v erti n g t h e gr a p h i nt o a s et of i n d e p e n d e nt p oi nts a n d
e n c o di n g t h e s et. S e cti o n 3 d e m o nstr at es t h e bij e cti v e tr a ns-
f or m ati o n of t h e gr a p h i nt o a s et. T o e n c o d e t his p oi nt s et,
w e i ntr o d u c e a n o v el ar c hit e ct ur e, P oi nt S et Tr a nsf or m er
( P S T), d esi g n e d t o m ai nt ai n ort h o g o n alit y i n v ari a n c e a n d
d eli v er r e m ar k a bl e e x pr essi vit y. A d diti o n all y, t o hi g hli g ht
o ur m et h o d’s v ers atilit y, w e pr o p os e a D e e p S et ( S e g ol &
Li p m a n , 2 0 2 0 )- b as e d s et e n c o d er i n A p p e n di x K .

P S T’s ar c hit e ct ur e is d e pi ct e d i n Fi g ur e 4 i n A p p e n di x G .
P S T o p er at es wit h t w o t y p es of r e pr es e nt ati o ns f or e a c h
p oi nt: s c al ars, w hi c h r e m ai n i n v ari a nt t o c o or di n at e ort h o g o-

n al tr a nsf or m ati o ns, a n d v e ct ors, w hi c h a d a pt e q ui v ari a ntl y
t o c o or di n at e c h a n g es. F or a p oi nt i, its s c al ar r e pr es e nt ati o n
is s i ∈ R d , a n d its v e ct or r e pr es e nt ati o n is v i ∈ R r × d , w h er e
d is t h e hi d d e n di m e nsi o n, a n d r is t h e r a n k of c o or di n at es.
s i a n d v i ar e i niti ali z e d wit h t h e i n p ut n o d e f e at ur e X i a n d
P S R D c o or di n at es ( d et ail e d i n S e cti o n 3. 2 ) c o nt ai ni n g gr a p h
str u ct ur e i nf or m ati o n, r es p e cti v el y.

Si mil ar t o c o n v e nti o n al tr a nsf or m ers, P S T c o m pris es m ulti-
pl e l a y ers. E a c h l a y er i n c or p or at es t w o k e y c o m p o n e nts:

S c al a r- Ve ct o r Mi x e r. T his c o m p o n e nt, a ki n t o t h e f e e d-
f or w ar d n et w or k i n Tr a nsf or m er, i n di vi d u all y tr a nsf or ms
p oi nt f e at ur es. T o e n a bl e i nf or m ati o n e x c h a n g e b et w e e n
v e ct ors a n d s c al ars, w e e m pl o y t h e f oll o wi n g ar c hit e ct ur e.

s ′
i ← M L P 1 (s i ∥ di a g o n al (W 1 v T

i v i W
T
2 )), ( 1)

v ′
i ← v i di a g (M L P 2 (s i ))W 3 + v i W 4 ( 2)

H er e, W 1 , W2 , W3 , a n d W 4 ∈ R d × d ar e l e ar n a bl e m atri-
c es f or mi xi n g diff er e nt c h a n n els of v e ct or f e at ur es. A d di-
ti o n all y, M L P 1 : R 2 d → d a n d M L P 2 : R d → d r e pr es e nt t w o
m ulti-l a y er p er c e ptr o ns tr a nsf or mi n g s c al ar r e pr es e nt ati o ns.
T h e o p er ati o n di a g o n al (W 1 v T

i v i W 2 ) t a k es t h e di a g o n al el e-
m e nts of a m atri x, w hi c h tr a nsl at es v e ct ors t o s c al ars, w hil e
v i di a g (M L P 2 (s i )) tr a nsf or ms s c al ar f e at ur es i nt o v e ct ors.
As v T

i R T R v i = v T
i v i , ∀ R ∈ O (r ), t h e s c al ar u p d at e is

i n v ari a nt t o ort h o g o n al tr a nsf or m ati o ns of t h e c o or di n at es.
Si mil arl y, t h e v e ct or u p d at e is e q ui v ari a nt t o O (r ).

Att e nti o n L a y e r. A ki n t o or di n ar y att e nti o n l a y ers, t his
c o m p o n e nt c o m p ut e p air wis e att e nti o n s c or e t o li n e arl y
c o m bi n e p oi nt r e pr es e nt ati o ns.

Att e n i j = M L P ( ( W s
q s i ⊙ W s

k s j ) ∥ di a g o n al ( W v
q v T

i v j W v
k ) ) ( 3)

H er e, W s
q a n d W v

q d e n ot e t h e li n e ar tr a nsf or m ati o ns f or
s c al ars a n d v e ct ors q u eri es, r es p e cti v el y, w hil e W s

k a n d W v
k

ar e f or k e ys. T h e e q u ati o n c o m p ut es t h e i n n er pr o d u cts of
q u eri es a n d k e ys, si mil ar t o st a n d ar d att e nti o n m e c h a nis ms.
It is e as y t o s e e Att e ni j is als o i n v ari a nt t o O (r ).

T h e n w e li n e arl y c o m bi n e p oi nt r e pr es e nt ati o ns wit h att e n-
ti o n s c or es as t h e c o ef fi ci e nts:

s i ←
j

Att e n i j s
′
j , vi ←

j

Att e n i j v
′
j ( 4)

E a c h tr a nsf or m er l a y er is of ti m e c o m pl e xit y O (n 2 r ) a n d
s p a c e c o m pl e xit y O (n 2 + n r ).

P o oli n g. Aft er s e v er al l a y ers, w e p o ol all p oi nts’ s c al ar
r e pr es e nt ati o ns as t h e s et r e pr es e nt ati o n s .

s ← P o ol ({ s i |i ∈ V } ), ( 5)

w h er e P o ol is p o oli n g f u n cti o n li k e s u m, m e a n, a n d m a x.
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5. E x p r essi vit y

I n t his s e cti o n, w e d el v e i nt o t h e t h e or eti c al e x pr essi vit y
of o ur m et h o ds. O ur P S R D c o or di n at es a n d t h e P S T ar c hi-
t e ct ur e e x hi bit str o n g l o n g-r a n g e e x pr essi vit y, all o wi n g f or
ef fi ci e nt c o m p ut ati o n of dist a n c e m etri cs b et w e e n n o d es,
as w ell as s h ort-r a n g e e x pr essi vit y, e n a bli n g t h e c o u nti n g
of p at hs a n d c y cl es r o ot e d at e a c h n o d e. T h er ef or e, o ur
m o d el is m or e e x pr essi v e t h a n m a n y e xisti n g m o d els, i n-
cl u di n g GI N ( e q ui v al e nt t o t h e 1- W L t est) ( X u et al. , 2 0 1 9 b ),
P P G N ( e q ui v al e nt t o t h e 2- F W L t est, m or e e x pr essi v e i n
s o m e c as es) ( M ar o n et al. , 2 0 1 9 a ), G P S (R a m p á s e k et al. ,
2 0 2 2 ), a n d Gr a p h or m er (Yi n g et al. , 2 0 2 1 ) (t w o r e pr es e nt a-
ti v e gr a p h tr a nsf or m ers). M or e d et ails ar e i n A p p e n di x B .

5. 1. L o n g R a n g e E x p r essi vit y

T his s e cti o n d e m o nstr at es t h at t h e i n n er pr o d u cts of P S R D
c o or di n at es e x hi bits str o n g l o n g-r a n g e e x pr essi vit y, w hi c h
P S T i n h erits b y utili zi n g i n n er pr o d u cts i n att e nti o n l a y ers.

W h e n ass essi n g a m o d el’s c a p a cit y t o c a pt ur e l o n g-r a n g e
i nt er a cti o ns ( L RI), a k e y m e as ur e is its a bilit y t o c o m p ut e
s h ort est p at h dist a n c e (s p d) b et w e e n n o d es. Si n c e f or m all y
c h ar a ct eri zi n g L RI c a n b e c h all e n gi n g, w e f o c us o n a n al y z-
i n g m o d els’ p erf or m a n c e c o n c er ni n g t his s p e ci fi c m e as ur e.
We o bs er v e t h at e xisti n g m o d els v ar y si g ni fi c a ntl y i n t h eir
c a p a cit y t o c al c ul at e s p d. M or e o v er, w e fi n d a n i nt uiti v e
e x pl ai n ati o n f or t h es e diff er e n c es: s p d b et w e e n n o d es c a n
b e e x pr ess e d as s p d (i, j, A) = ar g mi n k { k |A k

i j > 0 } , a n d

t h e a bilit y t o c o m p ut e A K , t h e K -t h p o w er of t h e a dj a c e n c y
m atri x A , c a n s er v e as a str ai g htf or w ar d i n di c at or. Diff er e nt
m o d els n e e d diff er e nt n u m b er of l a y ers t o c o m p ut e A K .

P S R D c o o r di n at es. P S R D c o or di n at es c a n c a pt ur e ar bitr ar-
il y l ar g e s h ort est p at h dist a n c es t hr o u g h t h eir i n n er pr o d u cts
i n o n e st e p. T o ill ustr at e it, w e d e c o m p os e t h e a dj a c e n c y
m atri x as A = U di a g ( Λ)U T , a n d e m pl o y c o or di n at es as U
a n d U di a g ( Λ K ). T h eir i n n er pr o d u cts ar e as f oll o ws:

1 st e p

U di a g ( Λ K ) U T → A K ( 6)

T h e o r e m 5. 1. T h er e e xists p er m ut ati o n- e q ui v ari a nt f u n c-
ti o ns f k , k = 0 , 1 , 2 , ..., K, s u c h t h at f or all gr a p hs G =
(A, X ), t h e s h ort est p at h dist a n c e b et w e e n n o d e i, j is a
f u n cti o n of ⟨ Q(A, f 0 ) i , Q (A, f k ) j ⟩, k = 0 , 1 , 2 , ... K, w h er e
Q (A, f ) is t h e P S R D c o or di n at e d e fi n e d i n S e cti o n 3. 2 , K
is t h e m a xi m u m s h ort est p at h dist a n c e b et w e e n n o d es.

2- F W L. A p o w erf ul gr a p h is o m or p hi c t est, 2- F ol kl or e-
Weisf eil er- L e m a n Test ( 2- F W L), a n d its n e ur al n et w or k
v ersi o n P P G N ( M ar o n et al. , 2 0 1 9 a ) pr o d u c e n o d e p air r e p-
r es e nt ati o ns i n a m atri x X ∈ R n × n . X is i niti ali z e d wit h A .
E a c h l a y er u p d at es X wit h X X . S o i nt uiti v el y, c o m p uti n g
A K t a k es ⌈ l o g2 K ⌉ l a y ers.

⌈ l o g2 K ⌉ l a y ers

A → A 2 = A A → A 4 = A 2 A 2 → ... → A K = A K / 2 A K / 2 ( 7)

T h e o r e m 5. 2. L et c k (G ) i j d e n ot e t h e c ol or of n o d e t u pl e
(i, j ) of gr a p h G at it er ati o n k . Gi v e n gr a p hs G = ( A, X )
a n d G ′ = ( A ′, X′), f or all K ∈ N + , if t w o n o d e t u pl es (i, j )
i n G a n d (i′, j′) i n G ′ h a v e s p d (i, j, A) < s p d (i′, j′, A′) ≤
2 K , t h e n c K (G ) i j ≠ c K (G ′) i ′ j ′ .  M or e o v er, f or all
L > 2 K , t h er e e xists i, j, i′, j′, s u c h t h at s p d (i, j, A) >
s p d (i′, j′, A′) ≥ L w hil e c K (G ) i j = c K (G ′) i ′ j ′ .

I n ot h er w or ds, K it er ati o ns of 2- F W L c a n disti n g uis h p airs
of n o d es wit h diff er e nt s p ds, as l o n g as t h at dist a n c e is at
m ost 2 K . M or e o v er, K -it er ati o n 2- F W L c a n n ot diff er e nti-
at e all t u pl es wit h s p d > 2 K fr o m ot h er t u pl es wit h diff er e nt
s p ds, w hi c h i n di c at es t h at K -it er ati o n 2- F W L is eff e cti v e i n
c o u nti n g s h ort est p at h dist a n c es u p t o a m a xi m u m of 2 K .

M P N N. I nt uiti v el y, e a c h M P N N l a y er us es A X t o u p d at e
n o d e r e pr es e nt ati o ns X . H o w e v er, t his o p er ati o n i n g e n er al
c a n n ot c o m p ut e A K u nl ess t h e i niti al n o d e f e at ur e X = I .

K l a y ers

X → A X → A 2 X = A A X → ... → A K X = A A K − 1 X ( 8)

T h e o r e m 5. 3. A gr a p h p air e xists t h at M P N N c a n n ot dif-
f er e nti at e, b ut t h eir s ets of all- p air s p d ar e diff er e nt.

If M P N Ns c a n c o m p ut e s p d b et w e e n n o d e p airs, t h e y s h o ul d
b e a bl e t o disti n g uis h t his gr a p h p air fr o m t h e s ets of s p d.
H o w e v er, w e s h o w n o M P N Ns c a n disti n g uis h t h e p air, t h us
pr o vi n g t h at M P N Ns c a n n ot c o m p ut e s p d.

Gr a p h Tr a nsf or m ers ( G Ts) ar e k n o w n f or t h eir str o n g l o n g-
r a n g e c a p a citi es (D wi v e di et al. , 2 0 2 2 b ), as t h e y c a n a g-
gr e g at e i nf or m ati o n fr o m t h e e ntir e gr a p h t o u p d at e e a c h
n o d e’s r e pr es e nt ati o n. H o w e v er, a g gr e g ati n g i nf or m ati o n
fr o m t h e e ntir e gr a p h is n ot e q ui v al e nt t o c a pt uri n g t h e dis-
t a n c e b et w e e n n o d es, a n d s o m e G Ts als o f ail t o c o m p ut e
s p d b et w e e n n o d es. D et ails ar e i n A p p e n di x C . N ot e t h at
t his sli g htl y c o u nt er-i nt uiti v e r es ults is b e c a us e w e t a k e a
n e w p ers p e cti v e t o st u d y l o n g r a n g e i nt er a cti o n r at h er t h a n
s h o wi n g G Ts ar e w e a k i n l o n g r a n g e c a p a cit y.

B esi d es s h ort est p at h dist a n c es, o ur P S R D c o or di n at es als o
e n a bl es t h e u ni fi c ati o n of v ari o us str u ct ur e e n c o di n gs ( dis-
t a n c e m etri cs b et w e e n n o d es), i n cl u di n g r a n d o m w al k (Li
et al. , 2 0 2 0 ; D wi v e di et al. , 2 0 2 3 ; R a m p á s e k et al. , 2 0 2 2 ),
h e at k er n el ( Mi al o n et al. , 2 0 2 1 ), r esist a n c e dist a n c e (Z h a n g
& Li , 2 0 2 1 ; Z h a n g et al. , 2 0 2 3 b ). F urt h er i nsi g hts a n d d et ails
ar e s h o w n i n Ta bl e 5 i n A p p e n di x D .

5. 2. S h o rt R a n g e E x p r essiti vit y

T his s e cti o n s h o ws P S T’s e x pr essi vit y i n r e pr es e nt ati v e
s h ort-r a n g e t as ks: p at h a n d c y cl e c o u nti n g.

T h e o r e m 5. 4. A o n e-l a y er P S T c a n c o u nt p at hs of l e n gt h
1 a n d 2 , a t w o-l a y er P S T c a n c o u nt p at hs of l e n gt h 3 a n d
4 , a n d a f o ur-l a y er P S T c a n c o u nt p at hs of l e n gt h 5 a n d 6 .
H er e, “ c o u nt ” m e a ns t h at t h e (i, j ) el e m e nt of t h e att e nti o n
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m atri x i n t h e l ast l a y er c a n e x pr ess t h e n u m b er of p at hs
b et w e e n n o d es i a n d j .

T h er ef or e, wit h e n o u g h l a y ers, o ur P S T m o d els c a n c o u nt
t h e n u m b er of p at hs of l e n gt h ≤ 6 b et w e e n n o d es. F urt h er-
m or e, o ur P S T c a n als o c o u nt c y cl es.

T h e o r e m 5. 5. A o n e-l a y er P S T c a n c o u nt c y cl es of l e n gt h
3 , a t hr e e-l a y er P S T c a n c o u nt c y cl es of l e n gt h 4 a n d 5 , a n d
a fi v e-l a y er P S T c a n c o u nt c y cl es of l e n gt h 6 a n d 7 . H er e,

“ c o u nt ” m e a ns t h e r e pr es e nt ati o n of n o d e i i n t h e l ast l a y er
c a n e x pr ess t h e n u m b er of c y cl es i n v ol vi n g n o d e i.

T h er ef or e, wit h e n o u g h l a y ers, P S T c a n c o u nt t h e n u m b er of
c y cl es of l e n gt h ≤ 7 b et w e e n n o d es. Gi v e n t h at e v e n 2- F W L
is r estri ct e d t o c o u nti n g c y cl es u p t o l e n gt h 7 (F ür er , 2 0 1 7 ),
t h e c y cl e c o u nti n g p o w er of o ur P oi nt S et Tr a nsf or m er is at
l e ast o n p ar wit h 2- F W L.

6. R el at e d W o r k

G r a p h N e u r al N et w o r k wit h Ei g e n- D e c o m p ositi o n. O ur
a p pr o a c h e m pl o ys c o or di n at es d eri v e d fr o m t h e s y m m et-
ri c r a n k d e c o m p ositi o n ( S R D) of a dj a c e n c y or r el at e d m a-
tri c es, diff eri n g fr o m pri or st u di es t h at pri m aril y r el y o n
ei g e n d e c o m p ositi o n ( E V D). W hil e b ot h a p pr o a c h es h a v e
si mil ariti es, S R D tr a nsf or ms t h e gr a p h is o m or p his m pr o b-
l e m i nt o a s et pr o bl e m bij e cti v el y , w hi c h is c h all e n gi n g
f or E V D, b e c a us e S R D of a m atri x is u ni q u e u p t o a si n gl e
ort h o g o n al tr a nsf or m ati o n, w hil e E V D is u ni q u e u p t o m ul-
ti pl e ort h o g o n al tr a nsf or m ati o ns i n diff er e nt ei g e ns p a c es.
T his k e y t h e or eti c al diff er e n c e h as pr of o u n d i m pli c ati o ns f or
m o d el d esi g n. E arl y eff orts, li k e D wi v e di et al. (2 0 2 3 ), i ntr o-
d u c e ei g e n v e ct ors i nt o M P N Ns’ i n p ut n o d e f e at ur e ( Gil m er
et al. , 2 0 1 7 ), a n d s u bs e q u e nt w or ks, s u c h as Gr a p h Tr a ns-
f or m ers ( G Ts) (D wi v e di & Br ess o n , 2 0 2 0 ; Kr e u z er et al. ,
2 0 2 1 ), i n c or p or at e ei g e n v e ct ors as n o d e p ositi o n al e n c o d-
i n gs. H o w e v er, d u e t o t h e n o n- u ni q u e n ess of ei g e n v e ct ors,
t h es e m o d els pr o d u c e v ar yi n g pr e di cti o ns f or is o m or p hi c
gr a p hs, li miti n g t h eir g e n er ali z ati o n. Li m et al. (2 0 2 3 ) p ar-
ti all y s ol v e t h e n o n- u ni q u e n ess pr o bl e m. H o w e v er, t h eir
s ol uti o ns ar e li mit e d t o c as es wit h c o nst a nt ei g e n v al u e m ul-
ti pli cit y i n gr a p h t as ks d u e t o t h e pr o p ert y of E V D. O n
t h e ot h er h a n d, a p pr o a c h es li k e Wa n g et al. (2 0 2 2 ), B o
et al. (2 0 2 3 ), a n d H u a n g et al. (2 0 2 4 ) c o m pl et el y s ol v e n o n-
u ni q u e n ess a n d e v e n a p pl y p er m ut ati o n- e q ui v ari a nt f u n c-
ti o ns t o ei g e n v al u es, si mil ar t o o ur P S R D. H o w e v er, t h es e
m et h o ds ai m t o e n h a n c e e xisti n g M P N Ns a n d G Ts wit h
h e uristi c f e at ur es. I n c o ntr ast, w e p erf e ctl y ali g n gr a p h-
l e v el t as ks wit h s et-l e v el t as ks t hr o u g h S R D, all o wi n g us t o
c o n v ert ort h o g o n al-tr a nsf or m ati o n- e q ui v ari a nt s et e n c o d ers
t o gr a p h e n c o d ers a n d t o i nj e ct gr a p h str u ct ur e i nf or m ati o n
i nt o Tr a nsf or m ers i n a pri n ci pl e d w a ys.

E q ui v a ri a nt P oi nt Cl o u d a n d 3- D M ol e c ul e N e u r al N et-
w o r ks. E q ui v ari a nt p oi nt cl o u d a n d 3- D m ol e c ul e t as ks

s h ar e r es e m bl a n c es: b ot h i n v ol v e u n or d er e d s ets of 3- D c o-
or di n at e p oi nts as i n p ut a n d r e q uir e m o d els t o pr o d u c e pr e-
di cti o ns i n v ari a nt/ e q ui v ari a nt t o ort h o g o n al tr a nsf or m ati o ns
a n d tr a nsl ati o ns of c o or di n at es. S e v er al w or ks ( C h e n et al. ,
2 0 2 1 ; Wi n k els & C o h e n , 2 0 1 8 ; C o h e n et al. , 2 0 1 8 ; G ast ei g er
et al. , 2 0 2 1 ) i ntr o d u c e s p e ci ali z e d e q ui v ari a nt c o n v ol uti o n
o p er at ors t o pr es er v e pr e di cti o n s y m m etr y, y et ar e l at er s ur-
p ass e d b y m o d els t h at l e ar n b ot h i n v ari a nt a n d e q ui v ari a nt
r e pr es e nt ati o ns f or e a c h p oi nt, tr a ns mitti n g t h es e r e pr es e n-
t ati o ns b et w e e n n o d es. N ot a bl y, c ert ai n m o d els (S at orr as
et al. , 2 0 2 1 ; S c h ütt et al. , 2 0 2 1 ; D e n g et al. , 2 0 2 1 ; Wa n g &
Z h a n g , 2 0 2 2 ) dir e ctl y utili z e v e ct ors mirr ori n g i n p ut c o or di-
n at e c h a n g es as e q ui v ari a nt f e at ur es, w hil e ot h ers ( T h o m as
et al. , 2 0 1 8 ; B at z n er et al. , 2 0 2 2 ; F u c hs et al. , 2 0 2 0 ; H ut c hi n-
s o n et al. , 2 0 2 1 ; W orr all et al. , 2 0 1 7 ; Weil er et al. , 2 0 1 8 )
i n c or p or at e hi g h- or d er irr e d u ci bl e r e pr es e nt ati o ns of t h e
ort h o g o n al gr o u p, a c hi e vi n g pr o v e n u ni v ers al e x pr essi v-
it y (D y m & M ar o n , 2 0 2 1 ). O ur P oi nt S et Tr a nsf or m er
( P S T) si mil arl y l e ar ns b ot h i n v ari a nt a n d e q ui v ari a nt p oi nt
r e pr es e nt ati o ns. H o w e v er, d u e t o t h e s p e ci fi c c o n v ersi o n
of p oi nt s ets fr o m gr a p hs, P S T’s ar c hit e ct ur e v ari es fr o m
e xisti n g m o d els. W hil e tr a nsl ati o n i n v ari a n c e c h ar a ct eri z es
p oi nt cl o u ds a n d m ol e c ul es, gr a p h pr o p erti es ar e s e nsiti v e t o
c o or di n at e tr a nsl ati o ns i n o ur m et h o d. H e n c e, w e a d o pt i n-
n er pr o d u cts of c o or di n at es. A d diti o n all y, t h es e pri or w or ks
c e nt er o n 3 D p oi nt s p a c es, w h er e as o ur c o or di n at es e xist i n
hi g h- di m e nsi o n al s p a c e, r e n d eri n g e xisti n g m o d els a n d t h e-
or eti c al e x pr essi vit y r es ults b as e d o n hi g h- or d er irr e d u ci bl e
r e pr es e nt ati o ns i n c o m p ati bl e wit h o ur fr a m e w or k.

7. E x p e ri m e nts

I n o ur e x p eri m e nts, w e e v al u at e o ur m o d el a cr oss t hr e e
di m e nsi o ns: s u bstr u ct ur e c o u nti n g f or s h ort-r a n g e e x pr es-
si vit y, r e al- w orl d gr a p h pr o p ert y pr e di cti o n f or pr a cti c al p er-
f or m a n c e, a n d L o n g- R a n g e Gr a p h B e n c h m ar ks (D wi v e di
et al. , 2 0 2 2 b ) t o ass ess l o n g-r a n g e i nt er a cti o ns. O ur pri m ar y
m o d el, P oi nt S et Tr a nsf or m er ( P S T) wit h P S R D c o or di-
n at es d eri v e d fr o m t h e L a pl a ci a n m atri x, p erf or ms w ell
o n all t as ks. M or e o v er, o ur gr a p h-t o-s et m et h o d is a d a pt-
a bl e t o v ari o us c o n fi g ur ati o ns. I n a bl ati o n st u d y (s e e A p-
p e n di x H ), a n ot h er s et e n c o d ers P oi nt S et D e e p S et ( P S D S,
i ntr o d u c e d i n A p p e n di x K ), S R D c o or di n at es diff er e nt fr o m
P S R D, a n d c o or di n at es d e c o m p os e d fr o m t h e a dj a c e n c y m a-
tri x a n d n or m ali z e d a dj a c e n c y m atri x all d e m o nstr at e g o o d
p erf or m a n c e, hi g hli g hti n g t h e v ers atilit y of o ur a p pr o a c h.
Alt h o u g h P S T h as hi g h er ti m e c o m pl e xit y c o m p ar e d t o e x-
isti n g Gr a p h Tr a nsf or m ers a n d is sl o w er o n l ar g e gr a p hs,
it s h o ws si mil ar s c al a bilit y t o o ur b as eli n es i n r e al- w orl d
gr a p h pr o p ert y pr e di cti o n d at as ets (s e e A p p e n di x I). O ur
P S T us es f e w er or c o m p ar a bl e p ar a m et ers t h a n b as eli n es
a cr oss all d at as ets. D at as et d et ails, e x p eri m e nt s etti n gs, a n d
h y p er p ar a m et ers ar e pr o vi d e d i n A p p e n di x E a n d F .
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Ta bl e 1. N or m ali z e d M A E ( ↓ ) o n s u bstr u ct ur e c o u nti n g t as ks. F oll o wi n g H u a n g et al. (2 0 2 3 b ), m o d els c a n c o u nt t h e str u ct ur e if t h e t est
l oss ≤ 1 0 u nits ( y ell o w c ell i n t h e t a bl e), m e as ur e d usi n g a s c al e of 1 0 − 3 . T T: Tail e d Tri a n gl e. C C: C h or d al C y cl e, T R: Tri a n gl e- R e ct a n gl e.

M et h o d 2- P at h 3- P at h 4- P at h 5- p at h 6- p at h 3- C y cl e 4- C y cl e 5- C y cl e 6- C y cl e 7- c y cl e  T T  C C  T R

M P N N 1. 0 6 7. 3 1 5 9. 2 2 3 5. 3 3 2 1. 5 3 5 1. 5 2 7 4. 2 2 0 8. 8 1 5 5. 5 1 6 9. 8 3 6 3. 1 3 1 1. 4 2 9 7. 9
I D G N N 1. 9 1. 8 2 7. 3 6 8. 6 7 8. 3 0. 6 2. 2 4 9 4 9. 5 4 9. 9 1 0 5. 3 4 5. 4 6 2. 8
N G N N 1. 5 2. 1 2 4. 4 7 5. 4 8 2. 6 0. 3 1. 3 4 0. 2 4 3. 9 5 2. 2 1 0 4. 4 3 9. 2 7 2. 9
G N N A K 4. 5 4 0. 7 7. 5 4 7. 9 4 8. 8 0. 4 4. 1 1 3. 3 2 3. 8 7 9. 8 4. 3 1 1. 2 1 3 1. 1
I2 - G N N 1. 5 2. 6 4. 1 5 4. 4 6 3. 8 0. 3 1. 6 2. 8 8. 2 3 9. 9 1. 1 1. 0 1. 3
P P G N 0. 3 1. 7 4. 1 1 5. 1 2 1. 7 0. 3 0. 9 3. 6 7. 1 2 7. 1 2. 6 1. 5 1 4. 4

P S D S 2 .2 ± 0 .1 2 .6 ± 0 .4 4 .9 ± 0 .8 9 .9 ± 0 .5 1 5 .8 ± 0 .2 0 .6 ± 0 .7 2 .2 ± 0 .3 5 .8 ± 0 .6 2 5 .1 ± 0 .7 5 7 .7 ± 0 .3 6 .0 ± 1 .3 2 9 .8 ± 3 .0 5 6 .4 ± 4 .7

P S T 0 .7 ± 0 .1 1 .1 ± 0 .1 1 .5 ± 0 .1 2 .2 ± 0 .1 3 .3 ± 0 .3 0 .8 ± 0 .1 1 .9 ± 0 .2 3 .1 ± 0 .3 4 .9 ± 0 .3 8 .6 ± 0 .5 3 .0 ± 0 .1 4 .0 ± 0 .7 9 .2 ± 0 .9

7. 1. G r a p h s u bst r u ct u r e c o u nti n g

As C h e n et al. (2 0 2 0 ) hi g hli g ht, t h e a bilit y t o c o u nt s u b-
str u ct ur es is a cr u ci al m etri c f or ass essi n g e x pr essi vit y. We
e v al u at e o ur m o d el’s s u bstr u ct ur e c o u nti n g c a p a biliti es o n
s y nt h eti c gr a p hs f oll o wi n g H u a n g et al. (2 0 2 3 b ). T h e c o n-
si d er e d s u bstr u ct ur es i n cl u d e p at hs of l e n gt hs 2 t o 6, c y cl es
of l e n gt hs 3 t o 7, a n d ot h er s u bstr u ct ur es li k e t ail e d tri a n gl es
( T T), c h or d al c y cl es ( C C), a n d tri a n gl e-r e ct a n gl e ( T R). O ur
t as k i n v ol v es pr e di cti n g t h e n u m b er of p at hs ori gi n ati n g
fr o m e a c h n o d e a n d t h e c y cl es a n d ot h er s u bstr u ct ur es i n
w hi c h e a c h n o d e p arti ci p at es. We c o m p ar e o ur P oi nt S et
Tr a nsf or m er ( P S T) wit h e x pr essi v e G N N m o d els, i n cl u di n g
I D- G N Ns (Y o u et al. , 2 0 2 1 ), N G N Ns (Z h a n g & Li , 2 0 2 1 ),
G N N A K +( Z h a o et al. , 2 0 2 2 ), I2 - G N N(H u a n g et al. , 2 0 2 3 b ),
a n d P P G N ( M ar o n et al. , 2 0 1 9 a ). B as eli n e r es ults ar e fr o m
H u a n g et al. (2 0 2 3 b ), w h er e u n c ert ai nti es ar e u n k n o w n.

R es ults ar e i n Ta bl e 1 . F oll o wi n g H u a n g et al. (2 0 2 3 b ), a
m o d el c a n c o u nt a s u bstr u ct ur e if its n or m ali z e d t est M e a n
A bs ol ut e Err or ( M A E) is b el o w 1 0 − 2 ( 1 0 u nits i n t h e t a bl e).
R e m ar k a bl y, o ur P S T c o u nts all list e d s u bstr u ct ur es, w hi c h
ali g ns wit h o ur T h e or e m 5. 4 a n d T h e or e m 5. 5 , w hil e t h e
s e c o n d- b est m o d el, I 2 - G N N, c o u nts o nl y 1 0 o ut of 1 3 s u b-
str u ct ur es. P S D S c a n als o c o u nt 8 o ut of 1 3 s u bstr u ct ur es,
s h o w c asi n g t h e v ers atilit y of o ur gr a p h-t o-s et m et h o d.

7. 2. G r a p h p r o p e rti es p r e di cti o n

We c o n d u ct e x p eri m e nts o n f o ur r e al- w orl d gr a p h d at as ets:
Q M 9 ( W u et al. , 2 0 1 7 ), ZI N C, ZI N C-f ull (G ó m e z-
B o m b ar elli et al. , 2 0 1 6 ), a n d o g b g- m ol hi v (H u et al. , 2 0 2 0 ).
P S T e x c els i n p erf or m a n c e, a n d P S D S p erf or ms c o m p ar a bl e
t o GI N (X u et al. , 2 0 1 9 a ). P S T als o o ut p erf or ms all b as e-
li n es o n T U d at as ets (I v a n o v et al., 2 0 1 9 ) (s e e A p p e n di x J).

F or t h e Q M 9 d at as et, w e c o m p ar e P S T wit h v ari o us e x-
pr essi v e G N Ns, i n cl u di n g m o d els c o nsi d eri n g E u cli d e a n
dist a n c es ( 1- G N N, 1- 2- 3- G N N ( M orris et al. , 2 0 1 9 ),
D T N N ( W u et al. , 2 0 1 7 ), P P G N (M ar o n et al. , 2 0 1 9 a )) a n d
t h os e f o c usi n g s ol el y o n gr a p h str u ct ur e ( D e e p L R P (C h e n
et al. , 2 0 2 0 ), N G N N (Z h a n g & Li , 2 0 2 1 ), I2 - G N N (H u a n g

et al. , 2 0 2 3 b ), 2- D R F W L( 2) G N N (Z h o u et al. , 2 0 2 3 )). F or
f air c o m p arsi o n, w e i ntr o d u c e t w o v ersi o ns of o ur m o d el:
P S T wit h o ut E u cli d e a n dist a n c e ( P S T) a n d P S T wit h E u-
cli d e a n dist a n c e ( P S T *). R es ults i n Ta bl e 2 s h o w P S T o ut-
p erf or ms all b as eli n e m o d els wit h o ut E u cli d e a n dist a n c e
o n 1 1 o ut of 1 2 t ar g ets, wit h a n a v er a g e 1 1 % r e d u cti o n i n
l oss c o m p ar e d t o t h e str o n g est b as eli n e, 2- D R F W L( 2) G N N.
P S T * o ut p erf or ms all E u cli d e a n dist a n c e- b as e d b as eli n es
o n 8 o ut of 1 2 t ar g ets, wit h a n a v er a g e 4 % r e d u cti o n i n
l oss c o m p ar e d t o t h e str o n g est b as eli n e, 1- 2- 3- G N N. B ot h
m o d els r a n k s e c o n d i n p erf or m a n c e f or t h e r e m ai ni n g t ar-
g ets. P S D S wit h o ut E u cli d e a n dist a n c e als o o ut p erf or ms
b as eli n es o n 6 o ut of 1 2 t ar g ets.

F or ZI N C, ZI N C-f ull, a n d o g b g- m ol hi v d at as ets, w e h a v e
c o n d u ct e d a n e v al u ati o n of P S T a n d P S D S i n c o m p aris o n t o
a r a n g e of e x pr essi v e G N Ns a n d gr a p h tr a nsf or m ers ( G Ts).
T his s et of m o d els i n cl u d es e x pr essi v e M P N N a n d s u b gr a p h
G N Ns: GI N ( X u et al. , 2 0 1 9 b ), S U N (Fr as c a et al. , 2 0 2 2 ),
S S W L ( Z h a n g et al. , 2 0 2 3 a ), 2- D R F W L( 2) G N N (Z h o u
et al. , 2 0 2 3 ), CI N (B o d n ar et al. , 2 0 2 1 ), N G N N (Z h a n g
& Li , 2 0 2 1 ), a n d G Ts: Gr a p h or m er (Yi n g et al. , 2 0 2 1 ),
G P S ( R a m p á s e k et al. , 2 0 2 2 ), Gr a p h M L P- Mi x er (H e et al. ,
2 0 2 3 ), S p e cf or m er (B o et al. , 2 0 2 3 ), Si g n N et (Li m et al. ,
2 0 2 3 ), a n d Grit (M a et al. , 2 0 2 3 ). P erf or m a n c e r es ults
f or t h e e x pr essi v e G N Ns ar e s o ur c e d fr o m (Z h o u et al. ,
2 0 2 3 ), w hil e t h os e f or t h e Gr a p h Tr a nsf or m ers ar e e xtr a ct e d
fr o m (H e et al. , 2 0 2 3 ; M a et al. , 2 0 2 3 ; Li m et al. , 2 0 2 3 ). T h e
c o m pr e h e nsi v e r es ults ar e pr es e nt e d i n Ta bl e 3 . N ot a bl y, o ur
P S T o ut p erf or ms all b as eli n e m o d els o n ZI N C-f ull d at as ets,
a c hi e vi n g r e d u cti o ns i n l oss of 1 8 %. O n t h e o g b g- m ol hi v
d at as et, o ur P S T als o d eli v ers c o m p etiti v e r es ults, wit h o nl y
CI N a n d Gr a p h or m er s ur p assi n g it. O v er all, P S T d e m o n-
str at es e x c e pti o n al p erf or m a n c e a cr oss t h es e f o ur di v ers e
d at as ets, a n d P S D S als o p erf or ms c o m p ar a bl e t o r e pr es e nt a-
ti v e G N Ns li k e GI N (X u et al. , 2 0 1 9 a ).

7. 3. L o n g R a n g e G r a p h B e n c h m a r k

T o ass ess t h e l o n g-r a n g e c a p a cit y of o ur P oi nt S et Tr a ns-
f or m er ( P S T), w e c o n d u ct e d e x p eri m e nts usi n g t h e L o n g

7



G r a p h As P oi nt S et

Ta bl e 2. M A E ( ↓ ) o n t h e Q M 9 d at as et. * d e n ot es m o d els wit h 3 D c o or di n at es or f e at ur es as i n p ut. L R P: D e e p L R P ( C h e n et al. , 2 0 2 0 ).
D F: 2- D R F W L( 2) G N N ( Z h o u et al. , 2 0 2 3 ). 1 G N N: 1- G N N. 1 2 3: 1- 2- 3- G N N (M orris et al. , 2 0 1 9 ).

Tar g et  U nit  L R P N G N N I 2 G N N D F P S D S P S T 1 G N N * D T N N * 1 2 3 * P P G N * P S T *

µ 1 0 − 1 D 3. 6 4 4. 2 8 4. 2 8 3. 4 6 3 .5 3 ± 0 .0 5 3 .1 9 ± 0 .0 4 4. 9 3 2. 4 4 4. 7 6 2. 3 1 0 .2 3 ± 0 .0 1

α 1 0 − 1 a 3
0 2. 9 8 2. 9 0 2. 3 0 2. 2 2 2 .0 5 ± 0 .0 2 1 .8 9 ± 0 .0 4 7. 8 0 9. 5 0 2. 7 0 3. 8 2 0 .7 8 ± 0 .0 5

ε h o m o 1 0 − 2 m e V 6. 9 1 7. 2 1 7. 1 0 6. 1 5 6 .5 6 ± 0 .0 3 5 .9 8 ± 0 .0 9 8. 7 3 1 0. 5 6 9. 1 7 7. 5 1 2 .9 8 ± 0 .0 8

ε l u m o 1 0 − 2 m e V 7. 5 4 8. 0 8 7. 2 7 6. 1 2 6 .3 1 ± 0 .0 5 5 .8 4 ± 0 .0 8 9. 6 6 1 3. 9 3 9. 5 5 7. 8 1 2 .2 0 ± 0 .0 7

∆ ε 1 0 − 2 m e V 9. 6 1 1 0. 3 4 1 0. 3 4 8. 8 2 9 .1 3 ± 0 .0 4 8 .4 6 ± 0 .0 7 1 3. 3 3 3 0. 4 8 1 3. 0 6 1 1. 0 5 4 .4 7 ± 0 .0 9

R 2 a 2
0 1 9. 3 0 2 0. 5 0 1 8. 6 4 1 5. 0 4 1 4 .3 5 ± 0 .0 2 1 3 .0 8 ± 0 .1 6 3 4. 1 0 1 7. 0 0 2 2. 9 0 1 6. 0 7 0 .9 3 ± 0 .0 3

Z P V E 1 0 − 2 m e V 1. 5 0 0. 5 4 0. 3 8 0. 4 6 0 .4 1 ± 0 .0 2 0 .3 9 ± 0 .0 1 3. 3 7 4. 6 8 0. 5 2 1 7. 4 2 0 .2 6 ± 0 .0 1

U 0 m e V 1 1. 2 4 8. 0 3 5. 7 4 4. 2 4 3 .5 3 ± 0 .1 1 3 .4 6 ± 0 .1 7 6 3. 1 3 6 6. 1 2 1. 1 6 6. 3 7 3 .3 3 ± 0 .1 9

U m e V 1 1. 2 4 9. 8 2 5. 6 1 4. 1 6 3 .4 9 ± 0 .0 5 3 .5 5 ± 0 .1 0 5 6. 6 0 6 6. 1 2 3. 0 2 6. 3 7 3 .2 6 ± 0 .0 5

H m e V 1 1. 2 4 8. 3 0 7. 3 2 3. 9 5 3 .4 7 ± 0 .0 4 3 .4 9 ± 0 .2 0 6 0. 6 8 6 6. 1 2 1. 1 4 6. 2 3 3 .2 9 ± 0 .2 1

G m e V 1 1. 2 4 1 3. 3 1 7. 1 0 4. 2 4 3 .5 6 ± 0 .1 4 3 .5 5 ± 0 .1 7 5 2. 7 9 6 6. 1 2 1. 2 8 6. 4 8 3 .2 5 ± 0 .1 5

C v 1 0 − 2 c al/ m ol/ K 1 2. 9 0 1 7. 4 0 7. 3 0 9. 0 1 8 .3 5 ± 0 .0 9 7 .7 7 ± 0 .1 5 2 7. 0 0 2 4 3. 0 0 9. 4 4 1 8. 4 0 3 .6 3 ± 0 .1 3

Ta bl e 3. R es ults o n gr a p h pr o p ert y pr e di cti o n t as ks.

zi n c zi n c-f ull  m ol hi v
M A E ↓ M A E ↓ A U C ↑

GI N 0 .1 6 3 ± 0 .0 0 4 0 .0 8 8 ± 0 .0 0 2 7 7 .0 7 ± 1 .4 9

G N N- A K + 0 .0 8 0 ± 0 .0 0 1 – 7 9 .6 1 ± 1 .1 9

E S A N 0 .1 0 2 ± 0 .0 0 3 0 .0 2 9 ± 0 .0 0 3 7 8 .2 5 ± 0 .9 8

S U N 0 .0 8 3 ± 0 .0 0 3 0 .0 2 4 ± 0 .0 0 3 8 0 .0 3 ± 0 .5 5

S S W L 0 .0 8 3 ± 0 .0 0 3 0 .0 2 2 ± 0 .0 0 2 7 9 .5 8 ± 0 .3 5

D R F W L 0 .0 7 7 ± 0 .0 0 2 0 .0 2 5 ± 0 .0 0 3 7 8 .1 8 ± 2 .1 9

CI N 0 .0 7 9 ± 0 .0 0 6 0 .0 2 2 ± 0 .0 0 2 8 0 .9 4 ± 0 .5 7

N G N N 0 .1 1 1 ± 0 .0 0 3 0 .0 2 9 ± 0 .0 0 1 7 8 .3 4 ± 1 .8 6

Gr a p h or m er 0 .1 2 2 ± 0 .0 0 6 0 .0 5 2 ± 0 .0 0 5 8 0 .5 1 ± 0 .5 3

G P S 0 .0 7 0 ± 0 .0 0 4 - 7 8 .8 0 ± 1 .0 1

G M L P- Mi x er 0 .0 7 7 ± 0 .0 0 3 - 7 9 .9 7 ± 1 .0 2

S A N 0 .1 3 9 ± 0 .0 0 6 - 7 7 .7 5 ± 0 .6 1

S p e cf or m er 0 .0 6 6 ± 0 .0 0 3 - 7 8 .8 9 ± 1 .2 4

Si g n N et 0 .0 8 4 ± 0 .0 0 6 0 .0 2 4 ± 0 .0 0 3 -
Grit 0 .0 5 9 ± 0 .0 0 2 0 .0 2 4 ± 0 .0 0 3 -

P S D S 0 .1 6 2 ± 0 .0 0 7 0 .0 4 9 ± 0 .0 0 2 7 4 .9 2 ± 1 .1 8

P S T 0 .0 6 3 ± 0 .0 0 3 0 .0 1 8 ± 0 .0 0 1 8 0 .3 2 ± 0 .7 1

R a n g e Gr a p h B e n c h m ar k ( D wi v e di et al. , 2 0 2 2 b ). F oll o w-
i n g H e et al. (2 0 2 3 ), w e c o m p ar e d o ur m o d el t o a r a n g e of
b as eli n e m o d els, i n cl u di n g G C N ( Ki pf & Welli n g , 2 0 1 7 ),
GI N E ( X u et al. , 2 0 1 9 a ), G at e d G C N (Br ess o n & L a ur e nt ,
2 0 1 7 ), S A N (Kr e u z er et al. , 2 0 2 1 ), Gr a p h or m er (Yi n g et al. ,
2 0 2 1 ), G M L P- Mi x er, Gr a p h Vi T (H e et al. , 2 0 2 3 ), a n d
Grit ( M a et al. , 2 0 2 3 ). P S T o ut p erf or ms all b as eli n es o n
t h e P as c al V O C- S P a n d P e pti d es- F u n c d at as ets a n d a c hi e v es
t h e t hir d- hi g h est p erf or m a n c e o n t h e P e pti d es- Str u ct d at as et.
P S D S c o nsist e ntl y o ut p erf or ms G C N a n d GI N E. T h es e r e-
s ults s h o w c as e t h e r e m ar k a bl e l o n g-r a n g e i nt er a cti o n c a p-
t uri n g a biliti es of o ur m et h o ds a cr oss v ari o us b e n c h m ar k
d at as ets. N ot e t h at a c o nt e m p or ar y w or k ( T ö n s h off et al. ,
2 0 2 3 ) p oi nts o ut t h at e v e n v a nill a M P N Ns c a n a c hi e v e si m-
il ar p erf or m a n c e t o Gr a p h Tr a nsf or m ers o n L R G B wit h
b ett er h y p er p ar a m et ers, w hi c h i m pli es t h at L R G B is n ot a
ri g or b e n c h m ar k. H o w e v er, f or c o m p aris o n wit h pr e vi o us
w or k, w e m ai nt ai n t h e ori gi n al s etti n gs o n L R G B d at as ets.

Ta bl e 4. R es ults o n L o n g R a n g e Gr a p h B e n c h m ar k. * m e a ns usi n g
R a n d o m Wal k Str u ct ur al E n c o di n g ( D wi v e di et al. , 2 0 2 2 a ), a n d * *
m e a ns L a pl a ci a n Ei g e n v e ct or E n c o di n g ( D wi v e di et al. , 2 0 2 3 ).

M o d el P as c al V O C- S P P e pti d es- F u n c P e pti d es- Str u ct
F 1 s c or e ↑ A P ↑ M A E ↓

G C N 0 .1 2 6 8 ± 0 .0 0 6 0 0 .5 9 3 0 ± 0 .0 0 2 3 0 .3 4 9 6 ± 0 .0 0 1 3

GI N E 0 .1 2 6 5 ± 0 .0 0 7 6 0 .5 4 9 8 ± 0 .0 0 7 9 0 .3 5 4 7 ± 0 .0 0 4 5

G at e d G C N 0 .2 8 7 3 ± 0 .0 2 1 9 0 .5 8 6 4 ± 0 .0 0 7 7 0 .3 4 2 0 ± 0 .0 0 1 3

G at e d G C N * 0 .2 8 6 0 ± 0 .0 0 8 5 0 .6 0 6 9 ± 0 .0 0 3 5 0 .3 3 5 7 ± 0 .0 0 0 6

Tr a nsf or m er * * 0 .2 6 9 4 ± 0 .0 0 9 8 0 .6 3 2 6 ± 0 .0 1 2 6 0 .2 5 2 9 ± 0 .0 0 1 6

S A N * 0 .3 2 1 6 ± 0 .0 0 2 7 0 .6 4 3 9 ± 0 .0 0 7 5 0 .2 5 4 5 ± 0 .0 0 1 2

S A N * * 0 .3 2 3 0 ± 0 .0 0 3 9 0 .6 3 8 4 ± 0 .0 1 2 1 0 .2 6 8 3 ± 0 .0 0 4 3

Gr a p h G P S 0 .3 7 4 8 ± 0 .0 1 0 9 0 .6 5 3 5 ± 0 .0 0 4 1 0 .2 5 0 0 ± 0 .0 0 0 5

E x p h or m er 0 .3 9 7 5 ± 0 .0 0 3 7 0 .6 5 2 7 ± 0 .0 0 4 3 0 .2 4 8 1 ± 0 .0 0 0 7

G M L P- Mi x er - 0 .6 9 7 0 ± 0 .0 0 8 0 0 .2 4 7 5 ± 0 .0 0 1 5

Gr a p h Vi T - 0 .6 9 4 2 ± 0 .0 0 7 5 0 .2 4 4 9 ± 0 .0 0 1 6

Grit - 0 .6 9 8 8 ± 0 .0 0 8 2 0 .2 4 6 0 ± 0 .0 0 1 2

P S D S 0 .2 1 3 4 ± 0 .0 0 5 0 0 .5 9 6 5 ± 0 .0 0 6 4 0 .2 6 2 1 ± 0 .0 0 3 6

P S T 0 .4 0 1 0 ± 0 .0 0 7 2 0 .6 9 8 4 ± 0 .0 0 5 1 0 .2 4 7 0 ± 0 .0 0 1 5

8. C o n cl usi o n

We i ntr o d u c e a n o v el a p pr o a c h e m pl o yi n g s y m m etri c r a n k
d e c o m p ositi o n t o tr a nsf or m i nt er c o n n e ct e d n o d es i n gr a p h
i nt o i n d e p e n d e nt p oi nts wit h c o or di n at es. A d diti o n all y, w e
pr o p os e t h e P oi nt S et Tr a nsf or m er t o e n c o d e t h e p oi nt s et.
O ur a p pr o a c h d e m o nstr at es r e m ar k a bl e t h e or eti c al e x pr es-
si vit y a n d e x c els i n r e al- w orl d p erf or m a n c e, a d dr essi n g b ot h
s h ort-r a n g e a n d l o n g-r a n g e t as ks eff e cti v el y. It e xt e n ds t h e
d esi g n s p a c e of G N N a n d pr o vi d es a pri n ci pl e d w a y t o i nj e ct
gr a p h str u ct ur al i nf or m ati o n i nt o Tr a nsf or m ers.

9. Li mit ati o ns

P S T’s s c al a bilit y is still c o nstr ai n e d b y t h e Tr a nsf or m er
ar c hit e ct ur e. T o o v er c o m e t his, a c c el er ati o n t e c h ni q u es s u c h
as s p ars e att e nti o n a n d li n e ar att e nti o n c o ul d b e e x pl or e d,
w hi c h will b e o ur f ut ur e w or k.
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I m p a ct St at e m e nt

T his p a p er pr es e nts w or k w h os e g o al is t o a d v a n c e t h e fi el d
of gr a p h r e pr es e nt ati o n l e ar ni n g a n d will i m pr o v e t h e d esi g n
of gr a p h g e n er ati o n a n d pr e di cti o n m o d els. T h er e ar e m a n y
p ot e nti al s o ci et al c o ns e q u e n c es of o ur w or k, n o n e w hi c h w e
f e el m ust b e s p e ci fi c all y hi g hli g ht e d h er e.

A c k n o wl e d g e m e nt

Xi y u a n Wa n g a n d M u h a n Z h a n g ar e p arti all y s u p-
p ort e d b y t h e N ati o n al K e y R & D Pr o gr a m of C hi n a
( 2 0 2 2 Z D 0 1 6 0 3 0 0), t h e N ati o n al K e y R & D Pr o gr a m of
C hi n a ( 2 0 2 1 Z D 0 1 1 4 7 0 2), t h e N ati o n al N at ur al S ci e n c e
F o u n d ati o n of C hi n a ( 6 2 2 7 6 0 0 3), a n d Ali b a b a I n n o v ati v e
R es e ar c h Pr o gr a m. P a n Li is s u p p ort e d b y t h e N ati o n al
S ci e n c e F o u n d ati o n a w ar d II S- 2 2 3 9 5 6 5.

R ef e r e n c es

A ki b a, T., S a n o, S., Ya n as e, T., O ht a, T., a n d K o y a m a, M.
O pt u n a: A n e xt- g e n er ati o n h y p er p ar a m et er o pti mi z ati o n
fr a m e w or k. I n SI G K D D , 2 0 1 9.

B at z n er, S., M us a eli a n, A., S u n, L., G ei g er, M., M ail o a,
J. P., K or n bl ut h, M., M oli n ari, N., S mi dt, T. E., a n d
K o zi ns k y, B. E ( 3)- e q ui v ari a nt gr a p h n e ur al n et w or ks f or
d at a- ef fi ci e nt a n d a c c ur at e i nt er at o mi c p ot e nti als. N at ur e
c o m m u ni c ati o ns , 1 3( 1): 1 – 1 1, 2 0 2 2.

B e vil a c q u a, B., Fr as c a, F., Li m, D., Sri ni v as a n, B., C ai,
C., B al a m ur u g a n, G., Br o nst ei n, M. M., a n d M ar o n, H.
E q ui v ari a nt s u b gr a p h a g gr e g ati o n n et w or ks. I n I C L R,
2 0 2 2.

B o, D., S hi, C., Wa n g, L., a n d Li a o, R. S p e cf or m er: S p e ctr al
gr a p h n e ur al n et w or ks m e et tr a nsf or m ers. I n I C L R, 2 0 2 3.

B o d n ar, C., Fr as c a, F., Ott er, N., Wa n g, Y., Li ò, P., M o nt úf ar,
G. F., a n d Br o nst ei n, M. M. Weisf eil er a n d l e h m a n g o
c ell ul ar: C W n et w or ks. I n N e urI P S , 2 0 2 1.

B o urits as, G., Fr as c a, F., Z af eiri o u, S., a n d Br o nst ei n, M. M.
I m pr o vi n g gr a p h n e ur al n et w or k e x pr essi vit y vi a s u b-
gr a p h is o m or p his m c o u nti n g. T P A MI , 4 5( 1), 2 0 2 3.

Br ess o n, X. a n d L a ur e nt, T. R esi d u al g at e d gr a p h c o n v n ets,
2 0 1 7.

C h e n, H., Li u, S., C h e n, W., Li, H., a n d Jr., R. W. H. E q ui v-
ari a nt p oi nt n et w or k f or 3 d p oi nt cl o u d a n al ysis. I n C V P R ,
2 0 2 1.

C h e n, Z., C h e n, L., Vill ar, S., a n d Br u n a, J. C a n gr a p h
n e ur al n et w or ks c o u nt s u bstr u ct ur es ? I n N e urI P S , 2 0 2 0.

C o h e n, T. S., G ei g er, M., K ö hl er, J., a n d Welli n g, M. S p h er-
i c al c n ns. I n I C L R, 2 0 1 8.

D e n g, C., Lit a n y, O., D u a n, Y., P o ul e n ar d, A., Ta gli as a c c hi,
A., a n d G ui b as, L. J. Ve ct or n e ur o ns: A g e n er al fr a m e-
w or k f or s o( 3)- e q ui v ari a nt n et w or ks. I n I C C V, 2 0 2 1.

D wi v e di, V. P. a n d Br ess o n, X. A g e n er ali z ati o n of tr a ns-
f or m er n et w or ks t o gr a p hs, 2 0 2 0.

D wi v e di, V. P., L u u, A. T., L a ur e nt, T., B e n gi o, Y., a n d Br es-
s o n, X. Gr a p h n e ur al n et w or ks wit h l e ar n a bl e str u ct ur al
a n d p ositi o n al r e pr es e nt ati o ns. I n I C L R, 2 0 2 2 a.

D wi v e di, V. P., R a m p á s e k, L., G al ki n, M., P ar vi z, A., W olf,
G., L u u, A. T., a n d B e ai ni, D. L o n g r a n g e gr a p h b e n c h-
m ar k. I n N e urI P S , 2 0 2 2 b.

D wi v e di, V. P., J os hi, C. K., L u u, A. T., L a ur e nt, T., B e n gi o,
Y., a n d Br ess o n, X. B e n c h m ar ki n g gr a p h n e ur al n et w or ks.
J. M a c h. L e ar n. R es. , 2 4: 4 3: 1 – 4 3: 4 8, 2 0 2 3.

D y m, N. a n d M ar o n, H. O n t h e u ni v ers alit y of r ot ati o n
e q ui v ari a nt p oi nt cl o u d n et w or ks. I n I C L R, 2 0 2 1.

F e n g, J., C h e n, Y., Li, F., S ar k ar, A., a n d Z h a n g, M. H o w
p o w erf ul ar e k- h o p m ess a g e p assi n g gr a p h n e ur al n et-
w or ks. I n N e urI P S , 2 0 2 2.

F e y, M. a n d L e nss e n, J. E. F ast gr a p h r e pr es e nt ati o n l e ar ni n g
wit h p yt or c h g e o m etri c. C o R R , a bs/ 1 9 0 3. 0 2 4 2 8, 2 0 1 9.

Fr as c a, F., B e vil a c q u a, B., Br o nst ei n, M. M., a n d M ar o n, H.
U n d erst a n di n g a n d e xt e n di n g s u b gr a p h g n ns b y r et hi n k-
i n g t h eir s y m m etri es. I n N e urI P S , 2 0 2 2.

F u c hs, F., W orr all, D., Fis c h er, V., a n d Welli n g, M. S e( 3)-
tr a nsf or m ers: 3 d r ot o-tr a nsl ati o n e q ui v ari a nt att e nti o n
n et w or ks. N e urI P S , 2 0 2 0.

F ür er, M. O n t h e c o m bi n at ori al p o w er of t h e w eisf eil er-
l e h m a n al g orit h m. I n CI A C , v ol u m e 1 0 2 3 6, p p. 2 6 0 – 2 7 1,
2 0 1 7.

G ast ei g er, J., B e c k er, F., a n d G ü n n e m a n n, S. G e m n et: U ni-
v ers al dir e cti o n al gr a p h n e ur al n et w or ks f or m ol e c ul es.
I n N e urI P S , 2 0 2 1.

Gil m er, J., S c h o e n h ol z, S. S., Ril e y, P. F., Vi n y als, O., a n d
D a hl, G. E. N e ur al m ess a g e p assi n g f or q u a nt u m c h e m-
istr y. I n I C M L, 2 0 1 7.

G ó m e z- B o m b ar elli, R., D u v e n a u d, D., H er n á n d e z- L o b at o,
J. M., A g uil er a-I p arr a g uirr e, J., Hir z el, T. D., A d a ms,
R. P., a n d As p ur u- G u zi k, A. A ut o m ati c c h e mi c al d e-
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L., D es m ais o n, A., K ö pf, A., Ya n g, E. Z., D e Vit o, Z.,
R ais o n, M., Tej a ni, A., C hil a m k urt h y, S., St ei n er, B.,
F a n g, L., B ai, J., a n d C hi nt al a, S. P yt or c h: A n i m p er ati v e
st yl e, hi g h- p erf or m a n c e d e e p l e ar ni n g li br ar y. I n N e urI P S ,
p p. 8 0 2 4 – 8 0 3 5, 2 0 1 9.

P er e p e c h k o, S. a n d Vor o p a e v, A. T h e n u m b er of fi x e d l e n gt h
c y cl es i n a n u n dir e ct e d gr a p h. e x pli cit f or m ul a e i n c as e
of s m all l e n gt hs. M M C P , 1 4 8, 2 0 0 9.

P u nt a n e n, S., St y a n, G. P., a n d Is ot al o, J. M atri x tri c ks
f or li n e ar st atisti c al m o d els: o ur p ers o n al t o p t w e nt y.
S pri n g er, 2 0 1 1.

Qi a n, C., R att a n, G., G e erts, F., Ni e p ert, M., a n d M orris,
C. Or d er e d s u b gr a p h a g gr e g ati o n n et w or ks. I n N e urI P S ,
2 0 2 2.
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T ö n s h off, J., Rit z ert, M., R os e n bl ut h, E., a n d Gr o h e, M.
W h er e di d t h e g a p g o ? r e ass essi n g t h e l o n g-r a n g e gr a p h
b e n c h m ar k. C o R R , a bs/ 2 3 0 9. 0 0 3 6 7, 2 0 2 3.

Wa n g, H., Yi n, H., Z h a n g, M., a n d Li, P. E q ui v ari a nt a n d
st a bl e p ositi o n al e n c o di n g f or m or e p o w erf ul gr a p h n e ur al
n et w or ks. I n I C L R, 2 0 2 2.

Wa n g, X. a n d Z h a n g, M. Gr a p h n e ur al n et w or k wit h l o c al
fr a m e f or m ol e c ul ar p ot e nti al e n er g y s urf a c e. L o G , 2 0 2 2.

Weil er, M., G ei g er, M., Welli n g, M., B o o ms m a, W., a n d
C o h e n, T. 3 d st e er a bl e c n ns: L e ar ni n g r ot ati o n all y e q ui v-
ari a nt f e at ur es i n v ol u m etri c d at a. I n N e urI P S , 2 0 1 8.

Wij esi n g h e, A. a n d Wa n g, Q. A n e w p ers p e cti v e o n ” h o w
gr a p h n e ur al n et w or ks g o b e y o n d w eisf eil er-l e h m a n ? ”.
I n I C L R, 2 0 2 2.

Wi n k els, M. a n d C o h e n, T. S. 3 d g- c n ns f or p ul m o n ar y
n o d ul e d et e cti o n, 2 0 1 8.

W orr all, D. E., G ar bi n, S. J., T ur m u k h a m b et o v, D., a n d
Br ost o w, G. J. H ar m o ni c n et w or ks: D e e p tr a nsl ati o n a n d
r ot ati o n e q ui v ari a n c e. I n C V P R , 2 0 1 7.

W u, Z., R a ms u n d ar, B., F ei n b er g, E. N., G o m es, J., G e-
ni ess e, C., P a p p u, A. S., L es wi n g, K., a n d P a n d e, V. S.
M ol e c ul e n et: A b e n c h m ar k f or m ol e c ul ar m a c hi n e l e ar n-
i n g, 2 0 1 7.

W u, Z., J ai n, P., Wri g ht, M. A., Mir h os ei ni, A., G o n z al e z,
J. E., a n d St oi c a, I. R e pr es e nti n g l o n g-r a n g e c o nt e xt f or
gr a p h n e ur al n et w or ks wit h gl o b al att e nti o n. I n N e urI P S ,
2 0 2 1.

X u, K., H u, W., L es k o v e c, J., a n d J e g el k a, S. H o w p o w erf ul
ar e gr a p h n e ur al n et w or ks ? I n I C L R, 2 0 1 9 a.

X u, K., H u, W., L es k o v e c, J., a n d J e g el k a, S. H o w p o w erf ul
ar e gr a p h n e ur al n et w or ks ? I n I C L R, 2 0 1 9 b.

Yi n g, C., C ai, T., L u o, S., Z h e n g, S., K e, G., H e, D., S h e n,
Y., a n d Li u, T. D o tr a nsf or m ers r e all y p erf or m b a dl y f or
gr a p h r e pr es e nt ati o n ? I n N e urI P S , 2 0 2 1.

Y o u, J., S el m a n, J. M. G., Yi n g, R., a n d L es k o v e c, J.
I d e ntit y- a w ar e gr a p h n e ur al n et w or ks. I n A A AI , 2 0 2 1.

Z h a n g, B., F e n g, G., D u, Y., H e, D., a n d Wa n g, L. A
c o m pl et e e x pr essi v e n ess hi er ar c h y f or s u b gr a p h g n ns vi a
s u b gr a p h w eisf eil er-l e h m a n t ests. I n I C M L, 2 0 2 3 a.

Z h a n g, B., L u o, S., Wa n g, L., a n d H e, D. R et hi n ki n g t h e
e x pr essi v e p o w er of g n ns vi a gr a p h bi c o n n e cti vit y. I n
I C L R, 2 0 2 3 b.

Z h a n g, M. a n d Li, P. N est e d gr a p h n e ur al n et w or ks. I n
N e urI P S , 2 0 2 1.

Z h a n g, M., C ui, Z., N e u m a n n, M., a n d C h e n, Y. A n e n d-t o-
e n d d e e p l e ar ni n g ar c hit e ct ur e f or gr a p h cl assi fi c ati o n. I n
A A AI , 2 0 1 8.

Z h a o, L., Ji n, W., A k o gl u, L., a n d S h a h, N. Fr o m st ars
t o s u b gr a p hs: U plifti n g a n y G N N wit h l o c al str u ct ur e
a w ar e n ess. I n I C L R, 2 0 2 2.

Z h o u, J., F e n g, J., Wa n g, X., a n d Z h a n g, M. Dist a n c e-
r estri ct e d f ol kl or e w eisf eil er-l e m a n g n ns wit h pr o v a bl e
c y cl e c o u nti n g p o w er, 2 0 2 3.

1 1



G r a p h As P oi nt S et

A. P r o of

A. 1. P r o of of P r o p ositi o n 2. 3

T h e m atri c es Q T
1 Q 1 a n d Q T

2 Q 2 i n R r × r ar e f ull r a n k a n d t h us i n v erti bl e. T his all o ws us t o d eri v e t h e f oll o wi n g e q u ati o ns:

L = Q 1 Q T
1 = Q 2 Q T

2 ( 9)

Q 1 Q T
1 = Q 2 Q T

2 ⇒ Q T
1 Q 1 Q T

1 = Q T
1 Q 2 Q T

2 ( 1 0)

⇒ Q T
1 = ( Q T

1 Q 1 ) − 1 Q T
1 Q 2 Q T

2 ( 1 1)

⇒ ∃ R ∈ R m × m , QT1 = R Q T
2 ( 1 2)

⇒ ∃ R ∈ R m × m , Q1 = Q 2 R ( 1 3)

Q 1 Q T
1 = Q 2 R R T Q T

2 = Q 2 Q T
2 ⇒ Q T

2 Q 2 R R T Q T
2 Q 2 = Q T

2 Q 2 Q T
2 Q 2 ( 1 4)

⇒ R R T = ( Q T
2 Q 2 ) − 1 Q T

2 Q 2 Q T
2 Q 2 (Q T

2 Q 2 ) − 1 = I ( 1 5)

Si n c e R is ort h o g o n al, a n y t w o f ull r a n k Q m atri c es ar e c o n n e ct e d b y a n ort h o g o n al tr a nsf or m ati o n. F urt h er m or e, if t h er e
e xists a n ort h o g o n al m atri x R w h er e R R T = I , t h e n Q 1 = Q 2 R , a n d L = Q 1 Q T

1 = Q 2 R R T Q T
2 = Q 2 Q T

2 .

A. 2. M at ri x D + A is Al w a ys P ositi v e S e mi- D e fi nit e

∀ x ∈ R n ,

x T (D + A )x =
( i, j ) ∈ E

x i x j +
i ∈ V

(
j ∈ V

A i j )x
2
i ( 1 6)

=
( i, j ) ∈ E

x i x j +
1

2
( i, j ) ∈ E

x 2
i +

1

2
( i, j ) ∈ E

x 2
j ( 1 7)

=
1

2
( i, j ) ∈ E

(x i + x j )
2 ≥ 0 ( 1 8)

T h er ef or e, D + A is al w a ys p ositi v e s e mi- d e fi nit e.

A. 3. P r o of of T h e o r e m 3. 1

We r est at e t h e t h e or e m h er e:

T h e o r e m A. 1. Gi v e n t w o gr a p hs G = ( V, A, X ) a n d G ′ = ( V ′, A′, X′) wit h d e gr e e m atri c es D a n d D ′, r es p e cti v el y, t h e
t w o gr a p hs ar e is o m or p hi c (G ≃ G ′) if a n d o nl y if ∃ R ∈ O (r ), {{ (X v , R Qv )| ∀v ∈ V }} = {{ (X v , Q′v )|v ∈ V ′}} , w h er e r
d e n ot es t h e r a n k of m atri x Q , a n d Q a n d Q ′ ar e t h e s y m m etri c r a n k d e c o m p ositi o ns of D + A a n d D ′ + A ′ r es p e cti v el y.

Pr o of. T w o gr a p hs ar e is o m or p hi c ⇔ ∃ π ∈ Π n , π (A ) = A ′ a n d π (X ) = X ′.

N o w w e pr o v e t h at ∃ π ∈ Π n , π (A ) = A ′ a n d π (X ) = X ⇔ ∃ R ∈ O (r ), {{ (X v , R Qv )|v ∈ V }} = {{ (X v , Q′v )|v ∈ V ′}} .

W h e n ∃ π ∈ Π n , π (A ) = A ′ a n d π (X ) = X ′, as

π (Q )π (Q ) T = π (A + D ) = A ′ + D ′ = Q ′Q ′ T , ( 1 9)

a c c or di n g t o Pr o p ositi o n 2. 3 , ∃ R ∈ O (r ), π(Q )R T = Q ′. M or e o v er, π (X ) = X ′, s o

{{ (X v , R Qv )|v ∈ V }} = {{ (X ′
v , Q′v )|v ∈ V ′}} ( 2 0)

W h e n ∃ R ∈ O (r ), {{ (X v , R Qv )|v ∈ V }} = {{ (X ′
v , Q′v )|v ∈ V ′}} , t h er e e xists p er m ut ati o n π ∈ Π n , π (X ) =

X ′, π(Q )R T = Q ′. T h er ef or e,

π (A + D ) = π (Q )π (Q ) T = π (Q )R T R π (Q ) T = Q ′Q ′ T = A ′ + D ′ ( 2 1)
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As A = D + A − 1
2 di a g ((D + A ) 1⃗ ) , A ′ = D + A − 1

2 di a g ((D + A ) 1⃗ ) , w h er e 1⃗ ∈ R n is a n v e ct or wit h all el e m e nts = 1 .

π (A ) = A ′ ( 2 2)

A. 4. P r o of of T h e o r e m 3. 3

N o w w e r est at e t h e t h e or e m.

T h e o r e m A. 2. Gi v e n t w o gr a p hs G = ( V, A, X ) a n d G = ( V ′, A′, X′), a n d a n i nj e cti v e p er m ut ati o n- e q ui v ari a nt f u n cti o n
Z m a p pi n g a dj a c e n c y m atri x t o a s y m m etri c m atri x: ( 1) F or all p er m ut ati o n- e q ui v ari a nt f u n cti o n f , if G ≃ G ′, t h e n t h e
t w o s ets of P S R D c o or di n at es ar e e q u al u p t o a n ort h o g o n al tr a nsf or m ati o n, i. e., ∃ R ∈ O (r ), {{ X v , RQ (Z (A ), f) v |v ∈
V }} = {{ X ′

v , Q (Z (A ′), f) v |v ∈ V ′}} , w h er e r is t h e r a n k of A , Q , Q ′ ar e t h e P S R D c o or di n at es of A a n d A ′ r es p e cti v el y.
( 2) T h er e e xists a c o nti n u o us p er m ut ati o n- e q ui v ari a nt f u n cti o n f : R r → R r × 2 , s u c h t h at G ≃ G ′ if ∃ R ∈ O (r ), ∀ i =
1 , 2 , ..., d, {{ (X v , RQ (Z (A ), f1 ) v , RQ (Z (A ), f2 ) v )|v ∈ V }} = {{ (X ′

v , Q (Z (A ′), f1 ) v , Q (Z (A ′), f2 ) v )|v ∈ V ′}} , w h er e
f 1 : R r → R r a n d f 2 : R r → R r ar e t w o o ut p ut c h a n n els of f .

Pr o of. First, as Z is a n i nj e cti v e p er m ut ati o n e q ui v ari a nt f u n cti o n, f or all p er m ut ati o n π ∈ Π n

π (Z (A )) = Z (A ′) ⇔ Z (π (A )) = Z (A ′) ⇔ π (A ) = A ′. ( 2 3)

T h er ef or e, t w o m atri x ar e is o m or p hi c ⇔ ∃ π ∈ Π n , π(X ) = X ′, π(Z ) = Z ′, w h er e Z, Z ′ d e n ot e Z (A ), Z(A ′) r es p e cti v el y.

I n t his pr o of, w e d e n ot e ei g e n d e c o m p ositi o n as Z = U di a g ( Λ)U T a n d Z ′ = U ′di a g ( Λ ′)U ′ T , w h er e el e m e nts i n Λ a n d
Λ ′ ar e s ort e d i n as c e n di n g or d er. L et t h e m ulti pli cit y of ei g e n v al u es i n Z b e r 1 , r2 , ..., rl , c orr es p o n di n g t o ei g e n v al u es
λ 1 , λ2 , ..., λi .

( 1) If G ≃ G ′, t h er e e xists a p er m ut ati o n π ∈ Π n , π (X ) = X ′, π(Z ) = Z ′.

π (Z ) = Z ′ ⇒ Z ′ = π (U )di a g ( Λ) π (U ) T = U ′di a g ( Λ ′)U ′ T . ( 2 4)

π (U )di a g ( Λ) π (U ) T is als o a n ei g e n d e c o m p ositi o n of Z ′, s o Λ = Λ ′ as t h e y ar e b ot h s ort e d i n as c e n di n g or d er. M or e o v er,
si n c e π (U ), U ′ ar e b ot h m atri c es of ei g e n v e ct ors, t h e y c a n diff er o nl y i n t h e c h oi c e of b as es i n e a c h ei g e ns u bs p a c e. S o t h er e
e xists a bl o c k di a g o n al m atri x V wit h ort h o g o n al m atri x V 1 ∈ O (r 1 ), V2 ∈ O (r 2 ), ..., Vl ∈ O (r l ) as di a g o n al bl o c ks t h at
π (U )V = U ′.

As f is a p er m ut ati o n e q ui v ari a nt f u n cti o n,

Λ i = Λ j ⇒ ∃ π ∈ Π r , π(i) = j, π (j = i), π( Λ) = Λ ( 2 5)

⇒ ∃ π ∈ Π r , π(i) = j, π (j = i), π(f ( Λ)) = f (π ( Λ)) = f ( Λ) ( 2 6)

⇒ f ( Λ) i = f ( Λ) j ( 2 7)

T h er ef or e, f will pr o d u c e t h e s a m e v al u e o n p ositi o ns wit h t h e s a m e ei g e n v al u e. T h er ef or e, f c a n b e c o nsi d er as a bl o c k
di a g o n al m atri x wit h f 1 I r 1 , f2 I r 2 , ..., fl I r l

as di a g o n al bl o c ks, w h er e f i ∈ R is f ( Λ) p i , p i is a p ositi o n t h at Λ p i = λ i , a n d
I r is a n i d e ntit y m atri x ∈ R r × r .

T h er ef or e,
V di a g (f ( Λ)) = di a g (f 1 V 1 , f2 V 2 , ..., fl V l ) = di a g (f ( Λ)) V. ( 2 8)

T h er ef or e,

π (Q (Z, f ))V = π (U )di a g (f ( Λ)) V ( 2 9)

= π (U )V di a g (f ( Λ)) ( 3 0)

= U ′di a g (f ( Λ ′)) ( 3 1)

= Q (Z ′, f) ( 3 2)

As V V T = I, V ∈ O (r ),

∃ R ∈ O (r ), {{ X v , RQ (Z (A ), f) v |v ∈ V }} = {{ X ′
v , Q (Z (A ′), f) v |v ∈ V ′}} ( 3 3)
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( 2) We si m pl y d e fi n e f 1 is el e m e nt- wis e a bstr a ct v al u e a n d s q u ar e r o ot |.|, f 1 is el e m e nt- wis e a bstr a ct v al u e a n d s q u ar e

r o ot m ulti pli e d wit h its si g n s g n (|.|) |.|. T h er ef or e, f 1 , f2 ar e c o nti n u o us a n d p er m ut ati o n e q ui v ari a nt.

if ∃ R ∈ O (r ),

{{ X v , RQ (Z (A ), f1 ) v , RQ (Z (A ), f2 ) v |v ∈ V }} = {{ X ′
v , Q (Z (A ′), f1 ) v , Q (Z (A ′), f2 ) v |v ∈ V ′}} . t h e n t h er e e xist π ∈

Π n , s o t h at

π (X ) = X ′ ( 3 4)

π (U )di a g (f 1 ( Λ)) R T = U ′di a g (f 1 ( Λ ′)) ( 3 5)

π (U )di a g (f 2 ( Λ)) R T = U ′di a g (f 2 ( Λ ′)). ( 3 6)

T h er ef or e,

π (Z ) = π (U )di a g (f 1 ( Λ)) di a g (f 2 ( Λ)) π (U ′) T ( 3 7)

= π (U )di a g (f 1 ( Λ)) R R T di a g (f 2 ( Λ)) π (U ′) T ( 3 8)

= U ′di a g (f 1 ( Λ ′))di a g (f 2 ( Λ ′))U ′ T ( 3 9)

= Z ′. ( 4 0)

As π (Z ) = Z ′, π(X ) = X ′, t w o gr a p hs ar e is o m or p hi c.

A. 5. P r o of of T h e o r e m 5. 3

L et H l d e n ot e a cir cl e of l n o d es. L et G l d e n ot e a gr a p h of t w o c o n n e ct e d c o m p o n e nts, o n e is H ⌊ l /2 ⌋ a n d t h e ot h er is H ⌈ l /2 ⌉ .
O b vi o usl y, t h er e e xists a n o d e p air i n G l wit h s h ort est p at h dist a n c e e q u als t o i n fi nit y, w hil e H l d o es n ot h a v e s u c h a n o d e
p air. S o t h e m ultis et of s h ort est p at h dist a n c e is e as y t o disti n g uis h t h e m. H o w e v er, t h e y ar e r e g ul ar gr a p hs wit h n o d e d e gr e e
all e q u als t o 2 , s o M P N N c a n n ot disti n g uis h t h e m:

L e m m a A. 3. F or all n o d es v, u i n G l , H l , t h e y h a v e t h e s a m e r e pr es e nt ati o n pr o d u c e d b y k -l a y er M P N N, f or all k ∈ N .

Pr o of. We pr o of it b y i n d u cti o n.

k = 0 . I niti ali z ati o n, all n o d e wit h tri vi al n o d e f e at ur e a n d ar e t h e s a m e.

Ass u m e k − 1 -l a y er M P N N still pr o d u c e r e pr es e nt ati o n h f or all n o d e. At t h e k -t h l a y er, e a c h n o d e’s r e pr es e nt ati o n will b e
u p d at e d wit h its o w n r e pr es e nt ati o n a n d t w o n ei g h b ors r e pr es e nt ati o ns as f oll o ws.

h, {{ h, h }} ( 4 1)

S o all n o d es still h a v e t h e s a m e r e pr es e nt ati o n.

A. 6. P r o of of T h e o r e m 5. 2 a n d B. 3

Gi v e n t w o f u n cti o n f, g , f c a n b e e x pr ess e d b y g m e a ns t h at t h er e e xists a f u n cti o n ϕ ϕ ◦ g = f , w hi c h is e q ui v al e nt t o
gi v e n ar bitr ar y i n p ut H, G , f (H ) = f (G ) ⇒ g (H ) = g (G ). We us e f → g t o d e n ot e t h at f c a n b e e x pr ess e d wit h g . If
b ot h f → g a n d g → f , t h er e e xists a bij e cti v e m a p pi n g b et w e e n t h e o ut p ut of f t o t h e o ut p ut of g , d e n ot e d as f ↔ g .

H er e ar e s o m e b asi c r ul e.

• g → h ⇒ f ◦ g → f ◦ h .

• g → h, f → s ⇒ f ◦ g → s ◦ h .

• f is bij e cti v e, f ◦ g → g
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2-f ol kl or e Weisf eil er- L e m a n t est pr o d u c e a c ol or h t
i j f or e a c h n o d e p air (i, j ) at t-t h it er ati o n. It u p d at es t h e c ol or as f oll o ws,

h t + 1
i j = h as h (h t

i j , {{ (h t
i k , htk j )|k ∈ V }} ). ( 4 2)

T h e c ol or of t h e t h e w h ol e gr a p h is
h t

G = h as h ({{ h t
i j |(i, j ) ∈ V × V }} ). ( 4 3)

I niti all y, t u pl e c ol or h as h es t h e n o d e f e at ur e a n d e d g e b et w e e n t h e n o d e p air, h 0
i j → δ i j , Ai j , Xi , Xj .

We ar e g oi n g t o pr o v e t h at

L e m m a A. 4. F or all t ∈ N , h t
i j c a n e x pr ess A k

i j , k = 0 , 1 , 2 , ..., 2 t , w h er e A is t h e a dj a c e n c y m atri x of t h e i n p ut gr a p h.

Pr o of. We pr o v e it b y i n d u cti o n o n t.

• W h e n t = 0 , h 0
i j → A i j , Ii j i n i niti ali z ati o n.

• If t > 0 , ∀ t′ < t, h t ′

i j → A k ′

, k′ = 0 , 1 , 2 , ..., 2 t ′

. F or all k = 0 , 1 , 2 ,

h t
i j → h as h (h t

i j , {{ (h t
i k , htk j )|k ∈ V }} ) ( 4 4)

→ h as h (h t
i j , {{ (A

⌊ k / 2 ⌋
i k , A

⌈ k / 2 ⌉
k j )|k ∈ V }} ) ( 4 5)

→
k ∈ V

A
⌊ k / 2 ⌋
i k A

⌈ k / 2 ⌉
k j ( 4 6)

→ A k
i j ( 4 7)

T o pr o v e t h at t-it er ati o n 2- F W L c a n n ot c o m p ut e s h ort est p at h dist a n c e l ar g er t h a n 2 t ′

, w e ar e g oi n g t o c o nstr u ct a n e x a m pl e.

L e m m a A. 5. L et H l d e n ot e a cir cl e of l n o d es. L et G l d e n ot e a gr a p h of t w o c o n n e ct e d c o m p o n e nts, o n e is H ⌊ l /2 ⌋ a n d t h e
ot h er is H ⌈ l /2 ⌉ . ∀ K ∈ N + , 2- F W L c a n n ot disti n g uis h H lK

a n d G lK
, w h er e lK = 2 × 2 × ( 2 K ). H o w e v er, G lK

c o nt ai ns
n o d e t u pl e wit h 2 K + 1 s h ort est p at h dist a n c e b et w e e n t h e m w hil e H lK

d o es n ot, a n y m o d el c o u nt u p t o 2 K + 1 s h ort est
p at h dist a n c e c a n c o u nt it.

Pr o of. Gi v e n a fi x e d t, w e e n u m er at e t h e it er ati o ns of 2- F W L. Gi v e n t w o gr a p hs H lK
, G lK

, w e p artiti o n all t u pl es i n
e a c h gr a p h a c c or di n g t o t h e s h ort est p at h dist a n c e b et w e e n n o d es: c 0 , c1 , ..., cl , ..., c2 K , w h er e c l c o nt ai ns all t u pl es wit h
s h ort est p at h dist a n c e b et w e e n t h e m as l, a n d c > 2 K c o nt ai ns all t u pl es wit h s h ort est p at h dist a n c e b et w e e n t h e m l ar g er t h a n
2 K . We ar e g oi n g t o pr o v e t h at at k -t h l a y er k < = K , all c i , i ≤ 2 k n o d es h a v e t h e s a m e r e pr es e nt ati o n ( d e n ot e d as h k

i )
c 2 k + 1 , c2 k + 2 , ..., c2 K , c> K n o d es all h a v e t h e s a m e r e pr es e nt ati o n ( d e n ot e d as h k

2 k + 1 ).

I niti all y, all c 0 t u pl es h a v e r e pr es e nt ati o n h 0
0 , all c 1 t u pl es h a v e t h e s a m e r e pr es e nt ati o n h 0

1 i n b ot h gr a p h, a n d all ot h er t u pl es
h a v e t h e s a m e r e pr es e nt ati o n h 0

2 .

Ass u m e at k -t h l a y er, all c i , i ≤ 2 k n o d es h a v e t h e s a m e r e pr es e nt ati o n h k
i , c 2 k + 1 , c2 k + 2 , ..., c2 K , c> 2 K t u pl es all h a v e t h e

s a m e r e pr es e nt ati o n h k
2 k + 1 . At k + 1 -t h l a y er, e a c h r e pr es e nt ati o n is u p d at e d as f oll o ws.

h t + 1
i j ← h t

i j , {{ (h t
i v , htv j )|v ∈ V }} ( 4 8)

F or all t u pl es, t h e m ultis et h as lK el e m e nts i n t ot al.

F or c 0 t u pl es, t h e m ultis et h a v e 1 (h k
0 , hk0 ) as v = i, 2 (h k

t , hkt ) f or t = 1 , 2 , .., 2 k r es p e cti v el y as v is t h e k - h o p n ei g h b or of
i, a n d all el e m e nts l eft ar e (h k

2 k + 1 , hk2 k + 1 ) as v is n ot i n t h e k - h o p n ei g h b or of i.

F or c t , t = 1 , 2 , ..., 2 k t u pl es: t h e m ultis et h a v e 1 (h k
a , hkt − a ) f or a = 0 , 1 , 2 , .., t r es p e cti v el y as v is o n t h e s h ort est p at h

b et w e e n (i, j ), a n d 1 (h k
a , hk2 k + 1 ) f or a = 1 , 2 , ..., 2 k r es p e cti v el y, a n d 1 (h k

2 k + 1 , hka ) f or a = 1 , 2 , ..., 2 k r es p e cti v el y, wit h

ot h er el e m e nts ar e (h k
2 k + 1 , hk2 k + 1 ).
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F or c t , t = 2 k + 1 , 2 k + 2 , ..., 2 k + 1 t u pl es: t h e m ultis et h a v e 1 (h k
a , hkt − a ) f or a = t − 2 k , t − 2 k + 1 , ..., 2 k r es p e cti v el y

as v is o n t h e s h ort est p at h b et w e e n (i, j ), 1 (h k
a , hkt − a ) f or a ∈ { 0 , 1 , 2 , ..., t − 2 k − 1 } ∪ { 2 k + 1 , 2 k + 2 , ..., 2 k + 1 }

r es p e cti v el y as v is o n t h e s h ort est p at h b et w e e n (i, j ), a n d 1 (h k
a , hk2 k + 1 ) f or a = 1 , 2 , ..., 2 k r es p e cti v el y, a n d 1 (h k

2 k + 1 , hka )

f or a = 1 , 2 , ..., 2 k r es p e cti v el y, wit h ot h er el e m e nts ar e (h k
2 k + 1 , hk2 k + 1 ).

F or c t , t = 2 k + 1 + 1 , ..., 2 K , > 2 K : t h e m ultis et ar e all t h e s a m e : 2 (h k
a , hk2 k + 1 ) a n d 2 (h k

2 k + 1 , hka ) f or a = 1 , 2 , 3 , ..., 2 k ,
r es p e cti v el y.

A. 7. P r o of of T h e o r e m 5. 1

We c a n si m pl y c h o os e f k ( Λ) = Λ k . T h e n ⟨ Q(A, f 0 ) i , Q (A, f k ) j ⟩ = A k
i j . T h e s h ort est p at h dist a n c e is

s p d (i, j, A) = ar g mi n
k

{ k ∈ N |A k
i j > 0 } ( 4 9)

A. 8. P r o of of T h e o r e m 5. 4 a n d 5. 5

T his s e cti o n ass u m es t h at t h e i n p ut gr a p h is u n dir e ct e d a n d u n w ei g ht e d wit h n o s elf-l o o ps. L et A d e n ot e t h e a dj a c e n c y
m atri x of t h e gr a p h. N ot e t h at A T = A, A ⊙ A = A

A n L - p at h is a s e q u e n c e of e d g es [(i1 , i2 ), (i2 , i3 ), ..., (iL , iL + 1 )] , w h er e all n o d es ar e diff er e nt fr o m e a c h ot h er. A n L - c y cl e
is a n L - p at h e x c e pt t h at i1 = iL + 1 . T w o p at hs/ c y cl es ar e c o nsi d er e d e q ui v al e nt if t h eir s ets of e d g es ar e e q u al. T h e c o u nt of
L p at h fr o m n o d e u t o v is t h e n u m b er of n o n- e q ui v al e nt p at h es wit h i1 = u, i L + 1 = v . T h e c o u nt of L - c y cl e r o ot e d i n
n o d e u is t h e n u m b er of n o n- e q ui v al e nt c y cl es i n v ol v es n o d e u .

P er e p e c h k o & Vor o p a e v (2 0 0 9 ) s h o w t h at t h e n u m b er of p at h c a n b e e x pr essi v e wit h a p ol y n o mi al of A , w h er e A is t h e
a dj a c e n c y m atri x of t h e i n p ut u n w ei g ht gr a p h. S p e ci fi c all y, l et P L d e n ot e p at h m atri x w h os e (u, v ) el e m e nts d e n ot e t h e
n u m b er of L - p at h es fr o m u t o v , P er e p e c h k o & Vor o p a e v (2 0 0 9 ) pr o vi d es f or m ul a t o e x pr ess P L wit h A f or s m all L .

T his s e cti o n c o nsi d ers a w e a k e n v ersi o n of p oi nt cl o u d tr a nsf or m er. E a c h l a y er still c o nsists of s v- mi x er a n d m ulti- h e a d
att e nti o n. H o w e v er, t h e m ulti- h e a d att e nti o n m atri x t a k es t h e s c al ar a n d v e ct or f e at ur e b ef or e s v- mi x er f or Q, K a n d us e t h e
f e at ur e aft er s v- mi x er f or V .

At k -t h l a y er s v- mi x er:

s ′
i ← M L P 1 (s i ∥ di a g (W 1 v T

i v k
i W 2 )) ( 5 0)

v ′
i ← v i di a g (M L P 2 (s ′

i ))W 3 + v i W 4 ( 5 1)

Att e nti o n l a y er:
Y i j = M L P 3 (K i j ), Ki j = ( W s

q s i ⊙ W s
k s j )∥ di a g (W v

q v T
i v i W

v
k ), ( 5 2)

As s ′
i a n d v ′

i c a n e x pr ess s i , vi , s o t h e w e a k e n v ersi o n c a n b e e x pr ess e d wit h t h e ori gi n al v ersi o n.

s i ← M L P 4 (s ′
j ∥

j

Att e n i j s
′
j ) ( 5 3)

v i ← W 5 (v ′
j ∥

j

Att e n i j v
′
j ) ( 5 4)

L et Y k d e n ot e t h e att e nti o n m atri x at k -t h l a y er. Y k is a l e ar n a bl e f u n cti o n of A . L et Y k d e n ot e t h e p ol y n o mi al s p a c e of A
t h at Y k c a n e x pr ess. E a c h el e m e nt i n it is a f u n cti o n fr o m R n × n → R n × n

We ar e g oi n g t o pr o v e s o m e l e m m as a b o ut Y .

L e m m a A. 6. Y k ⊆ Y k + 1

Pr o of. As t h er e e xists r esi d u al c o n n e cti o n, s c al ar a n d v e ct or r e pr es e nt ati o ns of l a y er k + 1 c a n al w a ys c o nt ai n t h os e of l a y er
k , s o att e nti o n m atri x of l a y er k + 1 c a n al w a ys e x pr ess t h os e of l a y er k .

L e m m a A. 7. If y 1 , y2 , ..., ys ∈ Y k , t h eir h a d a m ar d pr o d u ct y 1 ⊙ y 2 ⊙ ... ⊙ y s ∈ Y k .
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Pr o of. As (y 1 ⊙ y 2 ⊙ ... ⊙ y s ) i j =
s
l= 1 (y l ) i j is a el e m e nt- wis e p ol y n o mi al o n c o m p a ct d o m ai n, a n M L P ( d e n ot e d as

g ) e xists t h at t a k es (i, j ) el e m e nts of t h e y 1 , y2 , ..., ys t o pr o d u c e t h e c orr es p o n di n g el e m e nts of t h eir h a d a m ar d pr o d u ct.
Ass u m e g 0 is t h e M L P 3 i n E q u ati o n 5 3 t o pr o d u c e t h e c o n c at e n ati o n of y 1 , y2 , .., ys , us e g ◦ g 0 (t h e c o m p ositi o n of t w o
ml ps) f or t h e M L P 3 i n E q u ati o n 5 3 pr o d u c es t h e h a d a m ar d pr o d u ct.

L e m m a A. 8. If y 1 , y2 , ..., ys ∈ Y k , t h eir li n e ar c o m bi n ati o n
s
l= 1 a l y l ∈ Y k , w h er e a l ∈ R .

Pr o of. As (
s
l= 1 a l y l ) i j =

s
l= 1 a l (y l ) i j is a el e m e nt- wis e li n e ar l a y er ( d e n ot e d as g ). Ass u m e g 0 is t h e M L P 3 i n

E q u ati o n 5 3 t o pr o d u c e t h e c o n c at e n ati o n of y 1 , y2 , .., ys , us e g ◦ g 0 f or t h e M L P 3 i n E q u ati o n 5 3 pr o d u c es t h e li n e ar
c o m bi n ati o n.

L e m m a A. 9. ∀ s > 0 , As ∈ Y 1 .

Pr o of. As s h o w n i n S e cti o n 5. 1 , t h e i n n er pr o d u ct of c o or di n at es c a n pr o d u c e A s .

L e m m a A. 1 0. ∀ y 1 , y2 , y3 ∈ Y k , s ∈ N + , d(y 1 )y 2 , y2 d (y 1 ), d(y 1 )y 2 d (y 3 ), y1 A s , As y 1 , y1 A s y 2 ∈ Y k

Pr o of. A c c or di n g t o E q u ati o n 5 0 a n d E q u ati o n 5 2 , s ′
i at k -t h l a y er c a n e x pr ess y i i f or all y ∈ Y k . T h er ef or e, at k + 1 -t h

l a y er i n E q u ati o n 5 2 , M L P 3 c a n first c o m p ut e el e m e nt (i, j ) ( y 2 ) i j fr o m s i , sj , vi , vj , t h e n m ulti pl y (y 2 ) i j wit h (y 1 ) i i fr o m
s i , (y 3 ) j j fr o m s j a n d t h us pr o d u c e d (y 1 )y 2 , y2 d (y 1 ), d(y 1 )y 2 d (y 3 ).

M or e o v er, a c c or di n g t o E q u ati o n 5 3 , v i at k + 1 -t h l a y er c a n e x pr ess k (y 1 ) i k v k , k (y 2 ) i k v k . S o at k + 1 -t h l a y er, t h e (i, j )
el e m e nt c a n e x pr ess ⟨ k (y 1 ) i k v k , vj ⟩, ⟨v i , k (y 1 ) j k v k ⟩, ⟨(y 1 ) i k v k , k (y 2 ) j k v k ⟩, c orr es p o n ds t o y 1 A s , As y 2 , y1 A s y 2 ,
r es p e cti v el y.

T h er ef or e,

L e m m a A. 1 1. • ∀ s > 0 , l > 0 , ai > 0 , ⊙ l
i = 1 A a i ∈ Y 1 .

• ∀ s 1 , s2 > 0 , l > 0 , A s 1 d (⊙ l
i = 1 A a i ), d(⊙ l

i = 1 A a i )A s 1 , d(⊙ l1
i = 1 A b i )A s 1 d (⊙ l2

i = 1 A b i ) ∈ Y 2 .

• ∀ s 1 , s2 , s3 > 0 , A s 1 d (⊙ l
i = 1 A a i )

T h er ef or e, w e c o m e t o o ur m ai n t h e or e m.

T h e o r e m A. 1 2. T h e att e nti o n m atri x of 1-l a y er P S T c a n e x pr ess P 2 , 2-l a y er P S T c a n e x pr ess P 3 , 3-l a y er P S T c a n e x pr ess
P 4 , P5 , 5-l a y er P S T c a n e x pr ess P 6 .

Pr o of. As s h o w n i n ( P er e p e c h k o & Vor o p a e v , 2 0 0 9 ),

P 2 = A 2 ( 5 5)

O nl y o n e ki n d b asis ⊙ l
i = 1 A a i . 1-l a y er P S T c a n e x pr ess it.

P 3 = A 3 + A − A d (A 2 ) − d (A 2 )A ( 5 6)

T hr e e ki n d of b asis ⊙ l
i = 1 A a i (A 3 , A), A s 1 d (⊙ l

i = 1 A a i )(A d (A 2 )), a n d d (⊙ l
i = 1 A a i )A s 1 . 2-l a y er P S T c a n e x pr ess it.

P 4 = A 4 + A 2 + 3 A ⊙ A 2 − d (A 3 )A − d (A 2 )A 2 − A d (A 3 ) − A 2 d (A 2 ) − A d (A 2 )A ( 5 7)

F o ur ki n ds of b asis ⊙ l
i = 1 A a i (A 4 , A2 , A⊙ A 2 ), A s 1 d (⊙ l

i = 1 A a i ) (A d (A 3 ), A2 d (A 2 )), d (⊙ l
i = 1 A a i )A s 1 (d (A 3 )A, d (A 2 )A 2 ),

a n d A s 1 d (⊙ l
i = 1 A a i )A s 3 (A d (A 2 )A ). 3-l a y er P S T c a n e x pr ess it.
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P 5 = A 5 + 3 A 3 + 4 A ( 5 8)

+ 3 A 2 ⊙ A 2 ⊙ A + 3 A ⊙ A 3 − 4 A ⊙ A 2 ( 5 9)

− d (A 4 )A − d (A 3 )A 2 − d (A 2 )A 3 + 2 d (A 2 ) 2 A − 2 d (A 2 )A − 4 d (A 2 )A ( 6 0)

− A d (A 4 ) − A 2 d (A 3 ) − A 3 d (A 2 ) + 2 A d (A 2 ) 2 − 2 A d (A 2 ) − 4 A d (A 2 ) ( 6 1)

+ d (A 2 )A d (A 2 ) ( 6 2)

+ 3( A ⊙ A 2 )A ( 6 3)

+ 3 A (A ⊙ A 2 ) ( 6 4)

− A d (A 3 )A − A d (A 2 )A 2 − A 2 d (A 2 )A ( 6 5)

+ d (A d (A 2 )A )A ( 6 6)

( 6 7)

B asis ar e i n

• Y 1

– ⊙ l
i = 1 A a i : A 5 , A3 , A, A2 ⊙ A 2 ⊙ A, A ⊙ A 3 , A ⊙ A 2 .

• Y 2

– A s 1 d (⊙ l
i = 1 A a i ):A d (A 4 ), A2 d (A 3 ), A3 d (A 2 ), A d(A 2 ) 2 , A d(A 2 ), A d(A 2 ).

– d (⊙ l
i = 1 A a i )A s 1 : A d (A 4 ), A2 d (A 3 ), A3 d (A 2 ), A d(A 2 ) 2 , A d(A 2 ), A d(A 2 ).

– d (⊙ l1
i = 1 A a i )A s 1 d (⊙ l1

i = 1 A b i ): d (A 2 )A d (A 2 ).

– A s 1 (⊙ l
i = 1 A a i ): A (A ⊙ A 2 ).

– (⊙ l
i = 1 A a i )A s 1 : (A ⊙ A 2 )A

• Y 3 :

– A s Y 2 : A d (A 3 )A , A d (A 2 )A 2 , A 2 d (A 2 )A .

– d (Y 2 )A s : d (A d (A 2 )A )A

3-l a y er P S T c a n e x pr ess it.
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F or m ul a f or 6 - p at h m atri x is q uit e l o n g.

P 6 = A 6 + 4 A 4 + 1 2 A 2 ( 6 8)

+ 3 A ⊙ A 4 + 6 A ⊙ A 2 ⊙ A 3 + A 2 ⊙ A 2 ⊙ A 2 − 4 A 2 ⊙ A 2 + 4 4 A ⊙ A 2 ( 6 9)

− d (A 5 )A − d (A 4 )A 2 − d (A 3 )A 3 − 5 d (A 3 )A − d (A 2 )A 4 − 7 d (A 2 )A 2 ( 7 0)

+ 2 d (A 2 ) 2 A 2 + 4( d (A 2 ) ⊙ d (A 3 ))A ( 7 1)

− A d (A 5 ) − A 4 d (A 2 ) − A 3 d (A 3 ) − 5 A d (A 3 ) − A 2 d (A 4 ) − 7 A 2 d (A 2 ) ( 7 2)

+ 2 A 2 d (A 2 ) 2 + 4 A (d (A 2 ) ⊙ d (A 3 )) ( 7 3)

+ d (A 2 )A d (A 3 ) + d (A 3 )A d (A 2 ) + d (A 2 )A 2 d (A 2 ) ( 7 4)

+ 2( A ⊙ A 3 )A + 2( A ⊙ A 2 ⊙ A 2 )A + ( A 2 ⊙ A 2 ⊙ A )A − 3( A ⊙ A 2 )A + ( A ⊙ A 3 )A ( 7 5)

+ ( A ⊙ A 2 )A 2 + 2( A ⊙ A 2 )A 2 − (A ⊙ A 2 )A ( 7 6)

+ 2 A (A ⊙ A 3 ) + 2A (A ⊙ A 2 ⊙ A 2 ) + A (A 2 ⊙ A 2 ⊙ A ) − 3 A (A ⊙ A 2 ) + A (A ⊙ A 3 ) ( 7 7)

+ A 2 (A ⊙ A 2 ) + 2A 2 (A ⊙ A 2 ) − A (A ⊙ A 2 ) ( 7 8)

− 8 A ⊙ (A (A ⊙ A 2 )) − 8 A ⊙ ((A ⊙ A 2 )A ) ( 7 9)

− 1 2 d (A 2 )(A ⊙ A 2 ) − 1 2( A ⊙ A 2 )d (A 2 ) ( 8 0)

− A d (A 4 )A − A d (A 2 )A 3 − A 3 d (A 2 )A − A d (A 3 )A 2 − A 2 d (A 3 )A − A 2 d (A 2 )A 2 ( 8 1)

− 1 0 A d (A 2 )A + 2 A d (A 2 ) 2 A ( 8 2)

+ d (A 2 )A d (A 2 )A + A d (A 2 )A d (A 2 ) ( 8 3)

− 3 A ⊙ (A d (A 2 )A ) ( 8 4)

− 4 A d ((A ⊙ A 2 )A ) − 4 A d (A (A ⊙ A 2 )) ( 8 5)

+ 3 A (A ⊙ A 2 )A ( 8 6)

− 4 d (A (A ⊙ A 2 ))A − 4 d ((A ⊙ A 2 )A )A ( 8 7)

+ d (A d (A 3 )A )A + d (A d (A 2 )A )A 2 + d (A d (A 2 )A 2 )A + d (A 2 d (A 2 )A )A ( 8 8)

+ A d (A d (A 3 )A ) + A 2 d (A d (A 2 )A ) + A d (A 2 d (A 2 )A ) + A d (A d (A 2 )A 2 ) ( 8 9)

+ A d (A d (A 2 )A )A ( 9 0)

( 9 1)

B asis ar e i n

• Y 1

– ⊙ l
i = 1 A a i : A 6 , A4 , A2 , A ⊙ A 4 , A ⊙ A 2 ⊙ A 3 , A2 ⊙ A 2 ⊙ A 2 , A2 ⊙ A 2 , A ⊙ A 2 .

• Y 2

– A s 1 d (⊙ l
i = 1 A a i ):A d (A 5 ), A 4 d (A 2 ), A 3 d (A 3 ), A d (A 3 ), A 2 d (A 4 ), A 2 d (A 2 ), A 2 d (A 2 ) 2 , A (d (A 2 ) ⊙ d (A 3 )).

– d (⊙ l
i = 1 A a i )A s 1 : d (A 5 )A , d (A 4 )A 2 , d (A 3 )A 3 , d (A 3 )A , d (A 2 )A 4 , d (A 2 )A 2 , d (A 2 ) 2 A 2 , (d (A 2 ) ⊙ d (A 3 ))A .

– d (⊙ l1
i = 1 A a i )A s 1 d (⊙ l1

i = 1 A b i ): d (A 2 )A d (A 3 ), d (A 3 )A d (A 2 ), d (A 2 )A 2 d (A 2 ).

– A s 1 (⊙ l
i = 1 A a i ): A (A ⊙ A 3 ), A (A ⊙ A 2 ⊙ A 2 ), A (A 2 ⊙ A 2 ⊙ A ), A (A ⊙ A 2 ), A (A ⊙ A 3 ), A 2 (A ⊙ A 2 ),

A 2 (A ⊙ A 2 ), A (A ⊙ A 2 ).

– (⊙ l
i = 1 A a i )A s 1 : (A ⊙ A 3 )A , (A ⊙ A 2 ⊙ A 2 )A , (A 2 ⊙ A 2 ⊙ A )A , (A ⊙ A 2 )A , (A ⊙ A 3 )A , (A ⊙ A 2 )A 2 ,

(A ⊙ A 2 )A 2 , (A ⊙ A 2 )A

– Y 2 ⊙ Y 2 : A ⊙ ((A ⊙ A 2 )A ), A ⊙ ((A ⊙ A 2 )A ).

– d (Y 1 )Y 1 : d (A 2 )(A ⊙ A 2 )

– Y 1 d (Y 1 ): (A ⊙ A 2 )d (A 2 )

• Y 3 :

1 9
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– A s Y 2 : A d (A 4 )A , A d (A 2 )A 3 , A 3 d (A 2 )A , A d (A 3 )A 2 , A 2 d (A 3 )A , A 2 d (A 2 )A 2 , A d (A 2 )A , A d (A 2 ) 2 A ,
A d (A 2 )A d (A 2 ), A (A ⊙ A 2 )A .

– Y 2 A s : d (A 2 )A d (A 2 )A .

– Y 3 ⊙ Y 3 : A ⊙ (A d (A 2 )A ).

– d (Y 2 )Y 2 : d (A d (A 2 )A )A ,d (A (A ⊙ A 2 ))A ,d ((A ⊙ A 2 )A )A

– Y 2 d (Y 2 ):A d ((A ⊙ A 2 )A ),A d (A (A ⊙ A 2 ))

• Y 4 :

– d (Y 3 )Y 3 : d (A d (A 3 )A )A , d (A d (A 2 )A )A 2 , d (A d (A 2 )A 2 )A , d (A 2 d (A 2 )A )A .

– Y 3 d (Y 3 ): A d (A d (A 3 )A ), A 2 d (A d (A 2 )A ), A d (A 2 d (A 2 )A ), A d (A d (A 2 )A 2 ).

• Y 5 :

– A s 1 d (Y 3 )A s 2 :A d (A d (A 2 )A )A

5-l a y er P S T c a n e x pr ess it.

C o u nt c y cl e is cl os el y r el at e d t o c o u nti n g p at h. A L + 1 c y cl e c o nt ai ns e d g e (i, j ) c a n b e d e c o m p os e d i nt o a L - p at h fr o m i
t o j a n d e d g e (i, j ). T h er ef or e, t h e v e ct or of c o u nt of c y cl es r o ot e d i n e a c h n o d e C L + 1 = di a g o n al (A P L )

T h e o r e m A. 1 3. T h e di a g o n al el e m e nts of att e nti o n m atri x of 2-l a y er P S T c a n e x pr ess C 3 , 3-l a y er P S T c a n e x pr ess C 4 ,
4-l a y er P S T c a n e x pr ess C 5 , C6 , 6-l a y er P S T c a n e x pr ess C 7 .

Pr o of. It is a dir e ct c o nj e ct ur e of T h e or e m A. 1 2 as C L + 1 = di a g o nl (A P L ) a n d ∀ k, P L ∈ Y k ⇒ A P L ∈ Y k + 1

B. E x p r essi vit y C o m p a risi o n wit h Ot h e r M o d els

Al g orit h m A is c o nsi d er e d m or e e x pr essi v e t h a n al g orit h m B if it c a n diff er e nti at e b et w e e n all p airs of gr a p hs t h at al g orit h m
B c a n disti n g uis h. If t h er e is a p air of li n ks t h at al g orit h m A c a n disti n g uis h w hil e B c a n n ot a n d A is m or e e x pr essi v e t h a n B,
w e s a y t h at A is stri ctl y m or e e x pr essi v e t h a n B. We will first d e m o nstr at e t h e gr e at er e x pr essi vit y of o ur m o d el b y usi n g
P S T t o si m ul at e ot h er m o d els. S u bs e q u e ntl y, w e will est a blis h t h e stri ct n ess of o ur m o d el b y pr o vi di n g a c o n cr et e e x a m pl e.

O ur tr a nsf or m er i n c or p or at es i n n er pr o d u cts of c o or di n at es, w hi c h n at ur all y all o ws us t o e x pr ess s h ort est p at h dist a n c es a n d
v ari o us n o d e-t o- n o d e dist a n c e m etri cs. T h es e c o n c e pts ar e dis c uss e d i n m or e d et ail i n S e cti o n 5. 1 . T his n at ur all y l e a ds t o
t h e f oll o wi n g t h e or e m, w hi c h c o m p ar es o ur P S T wit h GI N (X u et al. , 2 0 1 9 a ).

T h e o r e m B. 1. A k -l a y er P oi nt S et Tr a nsf or m er is stri ctl y m or e e x pr essi v e t h a n a k -l a y er GI N.

Pr o of. We first pr o v e t h at o n e P S T l a y er c a n si m ul at e a n GI N l a y er.

Gi v e n n o d e f e at ur es s i a n d v i . Wit h o ut l oss of g e n er alit y, w e c a n ass u m e t h at o n e c h a n n el of v i c o nt ai ns U di a g ( Λ 1 / 2) . T h e
s v- mi x er c a n si m ul at e a n M L P f u n cti o n a p pli e d t o s i . L e a di n g t o s ′

i . A GI N l a y er will t h e n u p d at e n o d e r e pr es e nt ati o ns as
f oll o ws,

s i ← s ′
i +

j ∈ N ( i )

s ′
j ( 9 2)

B y i n n er pr o d u cts of c o or di n at es, t h e att e nti o n m atri x c a n e x pr ess t h e a dj a c e n c y m atri x. B y s etti n g W s
q , W s

k = 0 , a n d
W v

q , W v
k b e a di a g o n al m atri x wit h o nl y t h e di a g o n al el e m e nts at t h e r o w c orr es p o n di n g t h e t h e c h a n n el of U di a g ( Λ 1 / 2) .

K i j = ( W s
q s i ⊙ W s

k s j )∥ di a g o n al (W v
q v T

i v j W
v
k ) → ⟨ di a g ( Λ 1 / 2) U i , di a g ( Λ 1 / 2) U j ⟩ = A i j ( 9 3)

L et M L P e x pr ess a n i d e ntit y f u n cti o n.

Att e n i j = M L P (K i j ) → A i j ( 9 4)
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T h e att e nti o n l a y er will pr o d u c e

s i ←
j

A i j s
′
j =

j ∈ N ( i )

s ′
j ( 9 5)

wit h r esi d u al c o n n e cti o n, t h e l a y er c a n e x pr ess GI N

s i ← s ′
i + s i = s ′

i +
j ∈ N ( i )

s ′
j ( 9 6)

M or e o v er, as s h o w n i n T h e or e m 5. 3 , M P N N c a n n ot c o m p ut e s h ort est p at h dist a n c e, w hil e P S T c a n. S o P S T is stri ctl y m or e
e x pr essi v e.

M or e o v er, o ur tr a nsf or m er is stri ctl y m or e e x pr essi v e t h a n s o m e r e pr es e nt ati v e gr a p h tr a nsf or m ers, i n cl u di n g
Gr a p h or m er ( Yi n g et al. , 2 0 2 1 ) a n d G P S wit h R W S E as str u ct ur al e n c o di n g (R a m p á s e k et al. , 2 0 2 2 ).

T h e o r e m B. 2. A k -l a y er P oi nt S et Tr a nsf or m er is stri ctl y m or e e x pr essi v e t h a n a k -l a y er Gr a p h or m er a n d a k -l a y er G P S.

Pr o of. We first pr o v e t h at k -l a y er P oi nt S et Tr a nsf or m er is m or e e x pr essi v e t h a n a k -l a y er Gr a p h or m er a n d a k -l a y er G P S.

I n i niti ali z ati o n, b esi d es t h e ori gi n al n o d e f e at ur e, Gr a p h or m er f urt h er a d d n o d e d e gr e e f e at ur es a n d G P S f urt h er utili z e
R W S E. O ur P S T c a n a d d t h es e f e at ur es wit h t h e first s v- mi x er l a y er.

s ′
i ← M L P 1 (s i ∥ di a g o n al (W 1 v T

i v i W
T
2 )) ( 9 7)

H er e, di a g o n al (W 1 v i v
T
i W T

2 ) a d d c o or di n at e i n n er pr o d u cts, w hi c h c a n e x pr ess R W S E ( di a g o n al el e m e nts of r a n d o m w al k
m atri x) a n d d e gr e e (s e e A p p e n di x D ), t o n o d e f e at ur e.

T h e n w e ar e g oi n g t o pr o v e t h at o n e P S T l a y er c a n e x pr ess o n e G P S a n d o n e Gr a p h or m er l a y er. P S T’s att e nti o n m atri x is as
f oll o ws,

Att e n i j = M L P (K i j ),  Ki j = ( W s
q s i ⊙ W s

k s j )∥ di a g o n al (W v
q v T

i v j W
v
k ) → ⟨ di a g ( Λ 1 / 2) U i , di a g ( Λ 1 / 2) U j ⟩ ( 9 8)

T h e H a d a m ar d pr o d u ct (W s
q s i ⊙ W s

k s j ) wit h M L P c a n e x pr ess t h e i n n er pr o d u ct of n o d e r e pr es e nt ati o ns us e d i n Gr a p h or m er
a n d G P S. T h e i n n er pr o d u ct of c o or di n at es c a n e x pr ess a dj a c e n c y m atri x us e d i n G P S a n d Gr a p h or m er a n d s h ort est p at h
dist a n c e us e d i n Gr a p h or m er. T h er ef or e, P S T’ att e nti o n m atri x c a n e x pr ess t h e att e nti o n m atri x i n G P S a n d Gr a p h or m er.

T o pr o v e stri ct n ess, Fi g ur e 2( c) i n ( Z h a n g et al. , 2 0 2 3 b ) pr o vi d es a n e x a m pl e. As P S T c a n c a pt ur e r esist a n c e dist a n c e
a n d si m ul at e 1- W L, s o it c a n diff er e nti at e t h e t w o gr a p hs a c c or di n g t o T h e or e m 4. 2 i n ( Z h a n g et al. , 2 0 2 3 b ). H o w e v er,
Gr a p h or m er c a n n ot disti n g uis h t h e t w o gr a p hs, as pr o v e d i n ( Z h a n g et al. , 2 0 2 3 b ).

F or G P S, T w o gr a p hs i n Fi g ur e 2( c) h a v e t h e s a m e R W S E: R W S E is

di a g o n al ( Û di a g ( Λ̂ k ) Û T ), k = 1 , 2 , 3 , ..., ( 9 9)

w h er e t h e ei g e n d e c o m p ositi o n of n or m ali z e d a dj a c e n c y m atri x D − 1 / 2 A D − 1 / 2 is Û . B y c o m p ut ati o n, w e fi n d t h at t w o
gr a p hs s h ar e t h e s a m e Λ̂ . M or o e v er, di a g o n al ( Û di a g ( Λ̂ k ) Û T ) ar e e q u al i n t w o gr a p hs f or k = 0 , 1 , 2 , ..., 9 , w h er e 9 is t h e
n u m b er of n o d es i n gr a p hs. Λ k a n d di a g o n al ( Û di a g ( Λ̂ k ) Û T ) wit h l ar g er k ar e o nl y li n e ar c o m bi n ati o ns of Λ k a n d t h us
di a g o n al ( Û di a g ( Λ̂ k ) Û T ) f or k = 0 , 1 , ..., 9 . S o t h e R W S E i n t h e t w o gr a p hs ar e e q u al a n d e q ui v al e nt t o si m pl y assi g ni n g
f e at ur e h 1 t o t h e c e nt er n o d e a n d f e at ur e h 2 t o ot h er n o d es i n t w o gr a p hs. T h e n G P S si m pl y r u n a m o d el b e a s u b m o d ul e of
Gr a p h or m er o n t h e gr a p h a n d t h us c a n n ot diff er e nti at e t h e t w o gr a p hs eit h er.

E v e n a g ai nst a hi g hl y e x pr essi v e m et h o d s u c h as 2- F W L, o ur m o d els c a n s ur p ass it i n e x pr essi vit y wit h a li mit e d n u m b er of
l a y ers:

T h e o r e m B. 3. F or all K > 0 , a gr a p h e xists t h at a K -it er ati o n 2- F W L m et h o d f ails t o disti n g uis h, w hil e a 1 -l a y er P oi nt
S et Tr a nsf or m er c a n.

Pr o of. It is a dir e ct c or oll ar y of T h e or e m 5. 2 .
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C. S o m e G r a p h Tr a nsf o r m e rs F ail t o C o m p ut e S h o rt est P at h Dist a n c e

First, w e d e m o nstr at e t h at c o m p uti n g i n n er pr o d u cts of n o d e r e pr es e nt ati o ns al o n e c a n n ot a c c ur at el y d et er mi n e t h e s h ort est
p at h dist a n c e w h e n t h e n o d e r e pr es e nt ati o ns ar e p er m ut ati o n- e q ui v ari a nt. C o nsi d er Fi g ur e 2 as a n ill ustr ati o n. I n c as es w h er e
n o d e r e pr es e nt ati o ns e x hi bit p er m ut ati o n- e q ui v ari a n c e, n o d es v 2 a n d v 3 will s h ar e i d e nti c al r e pr es e nt ati o ns. C o ns e q u e ntl y,
t h e p airs (v 1 , v2 ) a n d (v 1 , v3 ) will yi el d t h e s a m e i n n er pr o d u cts of n o d e r e pr es e nt ati o ns, d es pit e h a vi n g diff er e nt s h ort est
p at h dist a n c es. C o ns e q u e ntl y, it b e c o m es e vi d e nt t h at t h e att e nti o n m atri c es of s o m e Gr a p h Tr a nsf or m ers ar e i n c a p a bl e of
a c c ur at el y c o m p uti n g t h e s h ort est p at h dist a n c e.

T h e o r e m C. 1. G P S wit h R W S E ( R a m p á s e k et al. , 2 0 2 2 ) a n d Gr a p h or m er wit h o ut s h ort est p at h dist a n c e e n c o di n g c a n n ot
c o m p ut e s h ort est p at h dist a n c e wit h t h e el e m e nts of a dj a c e n c y m atri x.

Pr o of. T h eir a dj a c e n c y m atri x el e m e nts ar e f u n cti o ns of t h e i n n er pr o d u cts of n o d e r e pr es e nt ati o ns a n d t h e a dj a c e n c y m atri x.

Att e n i j = ⟨s i , sj ⟩||A i j . ( 1 0 0)

T his el e m e nt is e q u al f or t h e n o d e p air (v 1 , v2 ) a n d (v 1 , v3 ) i n Fi g ur e 2 . H o w e v er, t w o p airs h a v e diff er e nt s h ort est p at h
dist a n c es.

F urt h er m or e, w hil e Gr a p h Tr a nsf or m ers g at h er i nf or m ati o n fr o m t h e e ntir e gr a p h, t h e y m a y n ot h a v e t h e c a p a cit y t o
e m ul at e m ulti pl e M P N Ns wit h j ust a si n gl e tr a nsf or m er l a y er. T o a d dr ess t his, w e i ntr o d u c e t h e c o n c e pt of a v a nill a Gr a p h
Tr a nsf or m er , w hi c h a p pli es a st a n d ar d Tr a nsf or m er t o n o d es usi n g t h e a dj a c e n c y m atri x f or r el ati v e p ositi o n al e n c o di n g.
T his l e a ds us t o t h e f oll o wi n g t h e or e m.

T h e o r e m C. 2. F or all k ∈ N , t h er e e xists a p air of gr a p h t h at k + 1 -l a y er M P N N c a n diff er e nti at e w hil e k -l a y er M P N N
a n d k -l a y er v a nill a Gr a p h Tr a nsf or m er c a n n ot.

Pr o of. L et H l d e n ot e a cir cl e of l n o d es. L et G l d e n ot e a gr a p h of t w o c o m p o n e nts, o n e is H ⌊ l /2 ⌋ a n d t h e ot h er is H ⌈ l /2 ⌉ .
L et H ′

l d e n ot e a d di n g a u ni q u e f e at ur e 1 t o a n o d e i n H l ( as all n o d es ar e s y m m etri c f or e v e n l, t h e s el e cti o n of n o d e d o es
n ot m att er), a n d G ′

l d e n ot e a d di n g a u ni q u e f e at ur e 1 t o o n e n o d e i n G l . All ot h er n o d es h a v e f e at ur e 0 . N o w w e pr o v e t h at

L e m m a C. 3. F or all K ∈ N , (K + 1) -l a y er M P N N c a n disti n g uis h H ′
4 ( K + 1 ) a n d G ′

4 ( K + 1 ) , w hil e K -l a y er M P N N a n d
K -l a y er v a nill a Gr a p h Tr a nsf or m er c a n n ot disti n g uis h.

Gi v e n H ′
4 ( K + 1 ) , G ′

4 ( K + 1 ) , w e assi g n e a c h n o d e a c ol or a c c or di n g t o its dist a n c e t o t h e n o d e wit h e xtr a l a b el 1 : c 0 (t h e
l a b el e d n o d e its elf), c 1 (t w o n o d es c o n n e ct e d t o t h e l a b el e d n o d e), c 2 (t w o n o d es w h os e s h ort est p at h dist a n c e t o t h e l a b el e d
n o d e is 2 ),..., c K (t w o n o d es w h os e s h ort est p at h dist a n c e t o t h e l a b el e d n o d e is K ), c > K ( n o d es w h os e s h ort est p at h dist a n c e
t o t h e l a b el e d n o d e is l ar g er t h a n K ). N o w b y si m ul ati n g t h e pr o c ess of M P N N, w e pr o v e t h at at k -t h l a y er k < = K ,
∀ i ≤ k , c i n o d es h a v e t h e s a m e r e pr es e nt ati o n ( d e n ot e d as h k

i ), r es p e cti v el y, c k + 1 , ck + 2 , ..., cK , c> K n o d es all h a v e t h e
s a m e r e pr es e nt ati o n ( d e n ot e d as h k

k + 1 ).

I niti all y, all c 0 n o d es h a v e r e pr es e nt ati o n h 0
0 , all ot h er n o d es h a v e r e pr es e nt ati o n h 0

1 i n b ot h gr a p h.

Ass u m e at k -t h l a y er, ∀ i ≤ k , c i n o d es h a v e t h e s a m e r e pr es e nt ati o n h k
i , r es p e cti v el y, c k + 1 , ck + 1 , ..., cK , c> K n o d es all

h a v e t h e s a m e r e pr es e nt ati o n h k
k + 1 . At k + 1 -t h l a y er, c 0 n o d e h a v e t w o n ei g h b ors of r e pr es e nt ati o n h k

1 . all c i , 1 < i < = k

n o d e t w o n ei g h b ors of r e pr es e nt ati o ns h k
i − 1 a n d h k

i + 1 , r es p e cti v el y. c k + 1 n o d es h a v e t w o n ei g h b ors of r e pr es e nt ati o n h k
k a n d

h k
k + 1 . All ot h er n o d es h a v e t w o n ei g h b ors of r e pr es e nt ati o n h k

k + 1 . S o c i , i ≤ k + 1 n o d es h a v e t h e s a m e r e pr es e nt ati o n

( d e n ot e d as h k + 1
i ), r es p e cti v el y, c k + 1 + 1 , ..., cK , c> K n o d es all h a v e t h e s a m e r e pr es e nt ati o n ( d e n ot e d as h k

k + 1 ).

T h e s a m e i n d u cti o n als o h ol ds f or K -l a y er v a nill a gr a p h tr a nsf or m er.

H o w e v er, i n t h e K + 1 -t h m ess a g e p assi n g l a y er, o nl y o n e n o d e i n G 4 ( K + 1 ) is of s h ort est p at h dist a n c e K + 1 t o t h e l a b el e d
n o d e. It als o h a v e t w o n ei g h b ors of r e pr es e nt ati o n h K

K . W hil e s u c h a n o d e is n ot e xist i n H 4 ( K + 1 ) . S o (K + 1 )-l a y er M P N N
c a n disti n g uis h t h e m.

T h e iss u e wit h a v a nill a Gr a p h Tr a nsf or m er is t h at, alt h o u g h it c oll e cts i nf or m ati o n fr o m all n o d es i n t h e gr a p h, it c a n o nl y
d et er mi n e t h e pr es e n c e of f e at ur es i n 1- h o p n ei g h b ors. It l a c ks t h e a bilit y t o r e c o g ni z e f e at ur es i n hi g h er- or d er n ei g h b ors,
s u c h as t h os e i n 2- h o p or 3- h o p n ei g h b ors. A str ai g htf or w ar d s ol uti o n t o t his pr o bl e m is t o m a n u all y i n cl u d e t h e s h ort est
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Fi g ur e 2. T h e f ail ur e of usi n g i n n er pr o d u cts of p er m ut ati o n- e q ui v ari a nt n o d e r e pr es e nt ati o ns t o pr e di ct s h ort est p at h dist a n c e. v 2

a n d v 3 h a v e e q u al n o d e r e pr es e nt ati o ns d u e t o s y m m etr y. T h er ef or e, ( v 1 , v2 ) a n d ( v 1 , v3 ) will h a v e t h e s a m e i n n er pr o d u cts of n o d e
r e pr es e nt ati o ns b ut diff er e nt s h ort est p at h dist a n c e.

Ta bl e 5. C o n n e cti o n b et w e e n e xisti n g str u ct ur al e m b e d di n gs a n d o ur p ar a m et eri z e d c o or di n at es. T h e ei g e n d e c o m p ositi o n ar e ˆA ← Û Λ̂ Û ,
D − A ← Ũ Λ̃ Ũ T , A ← U Λ U T . d i d e n ot e t h e d e gr e e of n o d e i.

M et h o d D es cri pti o n C o n n e cti o n

R a n d o m w al k m atri x ( Li
et al. , 2 0 2 0 ; D wi v e di et al. ,
2 0 2 3 ; R a m p á s e k et al. ,
2 0 2 2 )

k -st e p r a n d o m w al k m atri x is (D − 1 A ) k , w h os e
el e m e nt (i, j ) is t h e pr o b a bilit y t h at a k -st e p r a n-
d o m w al k st arti n g fr o m n o d e i e n ds at n o d e j .

( D − 1 A ) k
i j

= ( D − 1 / 2 ( ˆA ) k D 1 / 2 ) i j

=
d j

d i
⟨ Û i , di a g ( Λ̂ k ) Û j ⟩

H e at k er n el m atri x ( Mi-
al o n et al. , 2 0 2 1 )

H e at k er n el is a s ol uti o n of t h e h e at e q u ati o n. Its
el e m e nt (i, j ) r e pr es e nt h o w m u c h h e at diff us e
fr o m n o d e i t o n o d e j

(I + Ũ ( di a g ( e x p ( − t Λ̃ ) ) − I ) Ũ T ) i j

= δ i j + ⟨ Ũ i , ( di a g ( e x p ( − t Λ̃ ) ) − I ) Ũ j ⟩

R esist a n c e dis-
t a n c e (Z h a n g  &  Li ,
2 0 2 1 ; Z h a n g et al. , 2 0 2 3 b )

Its el e m e nt (i, j ) is t h e r esist a n c e b et w e e n n o d e
i, j c o nsi d eri n g t h e gr a p h as a n el e ctri c al n et w or k.
It is als o t h e ps e u d o-i n v ers e of l a pl a ci a n m atri x L ,

( Ũ di a g ( Λ̃ − 1 ) Ũ T ) i j

= ⟨ Ũ i , di a g ( Λ̃ − 1 ) Ũ j ⟩

E q ui v ari a nt a n d st a bl e
l a pl a ci a n P E (Wa n g et al. ,
2 0 2 2 )

T h e e n c o di n g of n o d e p air i, j is ∥ 1 K ⊙ (U i − U j )∥ ,
w h er e 1 K m e a ns a v e ct or ∈ R r wit h its el e m e nts
c or es p o n di n g t o K l ar g est ei g e n v al u e of L

∥ 1 K ⊙ ( U i − U j ) ∥ 2

= ⟨ U i , di a g ( 1 K ) U i ⟩
+ ⟨ U j , di a g ( 1 K ) U j ⟩

− 2 ⟨ U i , di a g ( 1 K ) U j ⟩

D e gr e e a n d n u m b er of tri-
a n g ul ar ( B o urits as et al. ,
2 0 2 3 )

d i is t h e n u m b er of e d g es, a n d ti is t h e n u m b er of
tri a n g ul ar r o ot e d i n n o d e i.

d i = ⟨ U i , di a g ( Λ 2 ) U j ⟩ .

t i = ⟨ U i , di a g ( Λ 3 ) U j ⟩

p at h dist a n c e as a f e at ur e. H o w e v er, o ur a n al ysis hi g hli g hts t h at a g gr e g ati n g i nf or m ati o n fr o m t h e e ntir e gr a p h is i ns uf fi ci e nt
f or c a pt uri n g l o n g-r a n g e i nt er a cti o ns.

D. C o n n e cti o n wit h St r u ct u r al E m b e d di n gs

We s h o w t h e e q ui v al e n c e b et w e e n t h e str u ct ur al e m b e d di n gs a n d t h e i n n er pr o d u cts of o ur P S R D c o or di n at es i n Ta bl e 5 .
T h e i n n er pr o d u cts of P S R D c o or di n at es c a n u nif y a wi d e r a n g e of p ositi o n al e n c o di n gs, i n cl u di n g r a n d o m w al k ( Li et al. ,
2 0 2 0 ; D wi v e di et al. , 2 0 2 3 ; R a m p á s e k et al. , 2 0 2 2 ), h e at k er n el (Mi al o n et al. , 2 0 2 1 ), a n d r esist a n c e dist a n c e (Z h a n g & Li ,
2 0 2 1 ; Z h a n g et al. , 2 0 2 3 b ).

E. D at as ets

We s u m m ari z e t h e st atisti cs of o ur d at as ets i n Ta bl e 6 . S y nt h eti c is t h e d at as et us e d i n s u bstr u ct ur e c o u nti n g t as ks pr o vi d e d
b y H u a n g et al. (2 0 2 3 b ), t h e y ar e r a n d o m gr a p h wit h t h e c o u nt of s u bstr u ct ur e as n o d e l a b el. Q M 9 (W u et al. , 2 0 1 7 ),
ZI N C ( G ó m e z- B o m b ar elli et al. , 2 0 1 6 ), a n d o g b g- m ol hi v ar e t hr e e d at as ets of m ol e c ul es. Q M 9 us e 1 3 q u a nt u m c h e mistr y
pr o p ert y as t h e gr a p h l a b el. It pr o vi d es b ot h t h e gr a p h a n d t h e c o or di n at es of e a c h at o m. ZI N C pr o vi d es gr a p h str u ct ur e
o nl y a n d ai m t o pr e di ct c o nstr ai n e d s ol u bilit y. O g b g- m ol hi v is o n e of O p e n Gr a p h B e n c h m ar k d at as et, w hi c h ai ms t o
us e gr a p h str u ct ur e t o pr e di ct w h et h er a m ol e c ul e c a n i n hi bits HI V vir us r e pli c ati o n. We f urt h er us e M U T A G, P T C- M R,
P R O T EI N S, a n d I M D B- BI N A R Y fr o m T U d at a b as e ( I v a n o v et al., 2 0 1 9 ). M U T A G c o m pris es 1 8 8 m ut a g e ni c ar o m ati c
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Ta bl e 6. St atisti cs of t h e d at as ets. # N o d es a n d # E d g es d e n ot e t h e n u m b er of n o d es a n d e d g es p er gr a p h. I n s plit c ol u m n, ’ fi x e d’ m e a ns t h e
d at as et us es t h e s plit pr o vi d e d i n t h e ori gi n al r el e as e. Ot h er wis e, it is of t h e f or m al tr ai ni n g s et r ati o/ v ali d r ati o/t est r ati o.

# Gr a p hs # N o d es # E d g es  Tas k M etri c S plit

S y nt h eti c 5, 0 0 0 1 8. 8 3 1. 3  N o d e R e gr essi o n  M A E 0. 3/ 0. 2/ 0. 5.
Q M 9 1 3 0, 8 3 1 1 8. 0 1 8. 7  R e gr essi o n  M A E 0. 8/ 0. 1/ 0. 1
ZI N C 1 2, 0 0 0 2 3. 2 2 4. 9  R e gr essi o n  M A E fi x e d

ZI N C-f ull 2 4 9, 4 5 6 2 3. 2 2 4. 9  R e gr essi o n  M A E fi x e d
o g b g- m ol hi v 4 1, 1 2 7 2 5. 5 2 7. 5  Bi n ar y cl assi fi c ati o n  A U C fi x e d

M U T A G 1 8 8 1 7. 9 3 9. 6 cl assi fi c ati o n  A c c ur a c y 1 0-f ol d cr oss v ali d at ai o n
P T C- M R 3 4 4 1 4. 3 1 4. 7 cl assi fi c ati o n  A c c ur a c y 1 0-f ol d cr oss v ali d ati o n

P R O T EI N S 1 1 1 3 3 9. 1 1 4 5. 6 cl assi fi c ati o n  A c c ur a c y 1 0-f ol d cr oss v ali d at ai o n
I M D B- BI N A R Y 1 0 0 0 1 9. 8 1 9 3. 1 cl assi fi c ati o n  A c c ur a c y 1 0-f ol d cr oss v ali d at ai o n
P as c al V O C- S P 1 1, 3 5 5 4 7 9. 4 2 7 1 0. 5  N o d e Cl assi fi c ati o n  M a cr o F 1 fi x e d
P e pti d es-f u n c 1 5, 5 3 5 1 5 0. 9 3 0 7. 3  Cl assi fi c ati o n  A P fi x e d

P e pti d es-str u ct 1 1 5, 5 3 5 1 5 0. 9 3 0 7. 3  R e gr essi o n  M A E fi x e d

Ta bl e 7. H y p er p ar a m et ers of o ur m o d el f or e a c h d at as et. # w ar m m e a ns t h e n u m b er of w ar m u p e p o c hs, # c os d e n ot es t h e n u m b er of c osi n e
a n n e ali n g e p o c hs, g n d e n ot es t h e m a g nit u d e of t h e g a ussi a n n ois e i nj e ct e d i nt o t h e p oi nt c o or di n at es, hi d di m d e n ot es hi d d e n di m e nsi o n,
bs m e a ns b at c h si z e, lr r e pr es e nts l e ar ni n g r at e, a n d # e p o c h is t h e n u m b er of e p o c hs f or tr ai ni n g.

d at as et # w ar m # c os  w d g n #l a y er hi d di m bs lr # e p o c h # p ar a m

S y nt h eti c 1 0 1 5 6 e- 4 1 e- 6 9 9 6 1 6 0. 0 0 0 6 3 0 0 9 6 1 k
q m 9 1 4 0 1 e- 1 1 e- 5 8 1 2 8 2 5 6 0. 0 0 1 1 5 0 1 5 8 7 k
ZI N C 1 7 1 7 1 e- 1 1 e- 4 6 8 0 1 2 8 0. 0 0 1 8 0 0 4 7 2 k
ZI N C-f ull 4 0 4 0 1 e- 1 1 e- 6 8 8 0 5 1 2 0. 0 0 3 4 0 0 5 8 2 k
o g b g- m ol hi v 5 5 1 e- 1 1 e- 6 6 9 6 2 4 0. 0 0 1 3 0 0 7 5 1 k
M U T A G 2 0 1 1 e- 7 1 e- 4 2 4 8 6 4 2 e- 3 7 0 8 2 k
P T C- M R 2 5 1 1 e- 1 1 e- 3 4 1 6 6 4 3 e- 3 7 0 1 5 k
P R O T EI N S 2 5 1 1 e- 7 3 e- 3 2 4 8 8 1. 5 e- 3 8 0 8 2 k
I M D B- BI N A R Y 3 5 1 1 e- 7 1 e- 5 3 4 8 6 4 3 e- 3 8 0 1 0 0 k
P as c al V O C- S P 5 5 1 e- 1 1 e- 5 4 9 6 6 0. 0 0 1 4 0 5 2 7 k
P e pti d e-f u n c 4 0 2 0 1 e- 1 1 e- 6 6 1 2 8 2 0. 0 0 0 3 8 0 1 3 3 7 k
P e pti d e-str u ct 4 0 2 0 1 e- 1 1 e- 6 6 1 2 8 2 0. 0 0 0 3 4 0 1 3 3 7 k

a n d h et er o ar o m ati c nitr o c o m p o u n ds. P R O T EI N S r e pr es e nts s e c o n d ar y str u ct ur e el e m e nts as n o d es wit h e d g es b et w e e n
n ei g h b ors i n a mi n o- a ci d s e q u e n c e or 3 D s p a c e. P T C i n v ol v es 3 4 4 c h e mi c al c o m p o u n ds, cl assif yi n g c ar ci n o g e ni cit y f or r ats.
I M D B- BI N A R Y f e at ur es e g o- n et w or ks f or a ct ors/ a ctr ess es i n m o vi e c oll a b or ati o ns, cl assif yi n g m o vi e g e nr e gr a p hs. We als o
us e t hr e e d at as ets i n L o n g R a n g e Gr a p h B e n c h m ar k ( D wi v e di et al. , 2 0 2 2 b ). T h e y c o nsists of l ar g er gr a p hs. P as c al V O C- S P
c o m es fr o m t h e c o m p ut er visi o n d o m ai n. E a c h n o d e i n it r e pr es e nt ati o n a s u p er pi x el a n d t h e t as k is t o pr e di ct t h e s e m a nti c
s e g m e nt ati o n l a b el f or e a c h n o d e. P e pti d e-f u n c a n d p e pti d e str u ct ar e p e pti d e m ol e c ul ar gr a p hs. Tas k i n P e pti d es-f u n c is t o
pr e di ct t h e p e pti d e f u n cti o n. P e pti d es-str u ct is t o pr e di ct 3 D pr o p erti es of t h e p e pti d e. P T C is a c oll e cti o n of 3 4 4 c h e mi c al
c o m p o u n ds r e pr es e nt e d as gr a p hs w hi c h r e p ort t h e c ar ci n o g e ni cit y f or r ats. T h er e ar e 1 9 n o d e l a b els f or e a c h n o d e.

F. E x p e ri m e nt al D et ails

O ur c o d e is a v ail a bl e i n s u p pl e m e nt ar y m at eri al. O ur c o d e is pri m aril y b as e d o n P y T or c h ( P as z k e et al. , 2 0 1 9 ) a n d P y G (F e y
& L e nss e n , 2 0 1 9 ). All o ur e x p eri m e nts ar e c o n d u ct e d o n N VI DI A R T X 3 0 9 0 G P Us o n a li n u x s er v er. We us e l 1 l oss f or
r e gr essi o n t as ks a n d cr oss e ntr o p y l oss f or cl assi fi c ati o n t as ks. We s el e ct t h e h y p er p ar a m et ers b y r u n ni n g o pt u n a ( A ki b a
et al. , 2 0 1 9 ) t o o pti mi z e t h e v ali d ati o n s c or e. We r u n e a c h e x p eri m e nt wit h 8 diff er e nt s e e ds, r e p orti n g t h e a v er a g e d r es ults at
t h e e p o c h a c hi e vi n g t h e b est v ali d ati o n m etri c. F or o pti mi z ati o n, w e us e A d a m W o pti mi z er a n d c osi n e a n n e ali n g s c h e d ul er.
H y p er p ar a m et ers f or d at as ets ar e s h o w n i n Ta bl e 7 . All P S T a n d P S D S m o d els ( e x c e pt t h es e i n a bl ati o n st u d y) d e c o m p os e
l a pl a ci a n m atri x f or c o or di n at es.

ZI N C, ZI N C-f ull, P as c al V O C- S P, P e pti d e-f u n c, a n d P e pti d e-str u ct h a v e 5 0 0 k p ar a m et er b u d g ets. Ot h er d at as ets h a v e
n o p ar a m et er li mit. Gr a p h or m er ( Yi n g et al. , 2 0 2 1 ) t a k es 4 7 0 0 0 k p ar a m et ers o n o g b g- m ol hi v. 1- 2- 3- G N N t a k es 9 2 9 k
p ar a m et ers o n q m 9. O ur P S T f oll o ws t h es e b u d g ets o n ZI N C, ZI N C-f ull a n d P as c al V O C- S P. H o w e v er, o n t h e p e pti d e-f u n c
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Ta bl e 8. R es ults o n p e pti d e-f u n c a n d p e pti d e-str u ct d at as et wit h 1 M p ar a m et er b u d g et.

p e pti d e-f u n c p e pti d e-str u ct

Gr a p h- M L P Mi x er 0 .6 9 7 0 ± 0 .0 0 8 0 0 .2 4 7 5 ± 0 .0 0 1 5
Gr a p h G P S 0 .6 5 3 5 ± 0 .0 0 4 1 0 .2 5 0 0 ± 0 .0 0 0 5
P S T 0 .6 9 8 4 ± 0 .0 0 5 1 0 .2 4 7 0 ± 0 .0 0 1 5

L a pl a ci a n M atri x

Deep
Set

R a n k 𝑟

E i g e n-
d e c o m p ositi o n

2 − 1 − 1 0 0 0
− 1 2 − 1 0 0 0
− 1 − 1 2 0 0 0
0 0 0 2 − 1 − 1
0 0 0 − 1 2 − 1
0 0 0 − 1 − 1 2

E i g e n v e ct or 𝑉

R a n k 𝑟

E i g e n v al u e Λ

R a n k 𝑟
Hi d d e n 

di m e n si o n 𝑑

#
n
o
d
e 

𝑛

Di a g o n al 
m atri c e

B at c h M atri x M ulti pli c ati o n

#
n
o
d
e 

𝑛

R a n k 𝑟
Hi d d e n 

di m e n si o n 𝑑

Fi g ur e 3. T h e pi p eli n e of p ar a m et eri z e d S R D. We first d e c o m p os e L a pl a ci a n m atri x or ot h er m atri c e f or t h e n o n- z er o ei g e n v al u e a n d
t h e c orr es p o n di n g ei g e n v e ct ors. T h e n t h e ei g e n v al u e is tr a nsf or m e d wit h D e e p S et (S e g ol & Li p m a n , 2 0 2 0 ). M ulti pl y t h e tr a nsf or m e d
ei g e n v al u e a n d t h e ei g e n v e ct or l e a ds t o c o or di n at es.

a n d p e pti d e-str u ct d at as ets, w e fi n d t h at hi d d e n di m e nsi o n is q uit e cr u ci al f or g o o d p erf or m a n c e. S o w e us e a c o m p ar a bl e
n u m b er of hi d d e n di m e nsi o n a n d tr a nsf or m er l a y ers. T his l e a ds t o a b o ut 1 M p ar a m et ers b e c a us e o ur P S T e m pl o ys t w o s ets
of p ar a m et ers ( o n e f or s c al ar a n d o n e f or v e ct or), w hi c h r es ult e d i n t wi c e t h e p ar a m et ers wit h t h e s a m e hi d d e n di m e nsi o n
a n d n u m b er of tr a nsf or m er l a y ers. We c o n d u ct e x p eri m e nts wit h b as eli n es wit h l ar g er hi d d e n di m e nsi o ns f or t h es e d at as ets.
T h e r es ults ar e s h o w n i n Ta bl e 8 . W h e n t h e P S T a n d b as eli n es ar e all t o 1 M p ar a m et ers, o ut P S T o ut p erf or ms b as eli n es wit h
t h e s a m e p ar a m et er b u d g et 1 M, a n d o ur m et h o d is eff e cti v e o n t h e t w o d at as ets.

Ot h er d at as ets w e e x pl or e d d o n ot h a v e e x pli cit p ar a m et er c o nstr ai nts, a n d it’s w ort h n oti n g t h at o ur P S T h as f e w er
p ar a m et ers c o m p ar e d t o r e pr es e nt ati v e b as eli n es i n t h es e c as es. H y p er p ar a m et er C o n fi g ur ati o n:

O ur e x p eri m e nts i n v ol v e d t u ni n g s e v e n h y p er p ar a m et ers: d e pt h ( 4, 8), hi d d e n di m e nsi o n ( 6 4, 2 5 6), l e ar ni n g r at e ( 0. 0 0 0 1,
0. 0 0 3), n u m b er of w ar m u p e p o c hs ( 0, 4 0), n u m b er of c osi n e a n n e ali n g e p o c hs ( 1, 2 0), m a g nit u d e of G a ussi a n n ois e a d d e d
t o i n p ut ( 1 e- 6, 1 e- 4), a n d w ei g ht d e c a y ( 1 e- 6, 1 e- 1). We o bs er v e d t h at [ 1] als o us e d s e v e n h y p er p ar a m et ers i n t h eir s et u p.
B at c h si z e w as d et er mi n e d b as e d o n G P U m e m or y c o nstr ai nts a n d w as n ot a p ar a m et er t h at w e o pti mi z e d.

G. A r c hit e ct u r e

T h e ar c hit e ct ur e of p ar a m et eri z e d S R D is s h o w n i n Fi g ur e 3 . As ill ustr at e d i n S e cti o n 3. 2 , it first d o ei g e n d e c o m p ositi o n
f or n o n- z er o ei g e n v al u es a n d t h e c orr es p o n di n g ei g e n v e ct ors, t h e n us e D e e p S et ( S e g ol & Li p m a n , 2 0 2 0 ) t o pr o c ess t h e
ei g e n v al u es, l e a di n g t o c o or di n at es wit h m ulti pl e c h a n n els. T h e ar c hit e ct ur e of P S T is s h o w n i n Fi g ur e 4 . As ill ustr at e d i n
S e cti o n 4 , it is c o m p os e d of s c al ar- v e ct or mi x ers a n d att e nti o n l a y ers.

H. A bl ati o n

T o ass ess t h e d esi g n c h oi c es m a d e i n o ur P oi nt S et Tr a nsf or m er ( P S T), w e c o n d u ct e d a bl ati o n e x p eri m e nts. First, w e r e pl a c e
t h e P S R D c o or di n at es (s e e S e cti o n 3. 2 ) wit h S R D c o or di n at es, r es ulti n g i n a r e d u c e d v ersi o n r ef err e d t o as t h e P S T- g c
m o d el. A d diti o n all y, w e i ntr o d u c e d a v ari a nt c all e d P S T- o n el a y er, w hi c h is disti n ct fr o m P S T i n t h at it o nl y c o m p ut es
t h e att e nti o n m atri x o n c e a n d d o es n ot c o m bi n e i nf or m ati o n i n s c al ar a n d v e ct or f e at ur es. F urt h er m or e, P S T d e c o m p os e
L a pl a ci a n m atri x b y d ef a ult t o pr o d u c e c o or di n at es. P S T- a dj us es a dj a c e n c y m atri x i nst e a d. Si mil ar t o P S T, P S D S t a k es
n o d e c o or di n at es as i n p ut. H o w e v er, it us e D e e p S et ( S e g ol & Li p m a n , 2 0 2 0 ) r at h er t h a n tr a nsf or m er as t h e s et e n c o d er. F or
b ett er c o m p aris o n, w e als o us e o ur str o n g est b as eli n e o n Q M 9 d at as et, D F ( Z h o u et al. , 2 0 2 3 ).

T h e r es ults of t h e a bl ati o n st u d y c o n d u ct e d o n t h e Q M 9 d at as et ar e s u m m ari z e d i n Ta bl e 2 . N ot a bl y, P S T- g c e x hi bits o nl y

2 5



G r a p h As P oi nt S et

𝑟 = 𝑉

Att e nti o n

( a) ( b)
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  𝑑   𝑊

  M L P

𝑠

  M L P
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  𝑊   𝑊   𝑊  𝑊
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⟨⋅,⋅⟩

  M L P

Att e n

𝑠 𝑣

Fi g ur e 4. Ar c hit e ct ur e of P oi nt S et Tr a nsf or m er ( P S T) ( a) P S T c o nt ai ns s e v er al l a y ers. E a c h l a y er is c o m p os e d of a n s c al ar- v e ct or
(s v)- mi x er a n d a n att e nti o n l a y er. ( b) T h e ar c hit e ct ur e of s v- mi x er. ( c) T h e ar c hit e ct ur e of att e nti o n l a y er. s i a n d s ′

i d e n ot e t h e s c al ar
r e pr es e nt ati o ns of n o d e i, a n d v⃗ i a n d v⃗ ′

i d e n ot e t h e v e ct or r e pr es e nt ati o ns. x i is t h e i niti al f e at ur es of n o d e i. Q i a n d p oi nt c o or di n at es of
n o d e i pr o d u c e d b y p ar a m et eri z e d S R D i n S e cti o n 3. 2 .

Ta bl e 9. A bl ati o n st u d y o n q m 9 d at as et.

µ α ε h o m o ε l u m o ∆ ε  R 2 Z P V E U 0 U  H  G  C v

U nit 1 0 − 1 D 1 0 − 1 a 3
0 1 0 − 2 m e V 1 0 − 2 m e V 1 0 − 2 m e V a 2

0 1 0 − 2 m e V m e V m e V m e V  m e V 1 0 − 2 c al/ m ol/ K

P S T 3 .1 9 ± 0 .0 4 1 .8 9 ± 0 .0 4 5 .9 8 ± 0 .0 9 5 .8 4 ± 0 .0 8 8 .4 6 ± 0 .0 7 1 3 .0 8 ± 0 .1 6 0 .3 9 ± 0 .0 1 3 .4 6 ± 0 .1 7 3 .5 5 ± 0 .1 0 3 .4 9 ± 0 .2 0 3 .5 5 ± 0 .1 7 7 .7 7 ± 0 .1 5

P S T - o n el a y er 3 .7 2 ± 0 .0 2 2 .2 5 ± 0 .0 5 6 .6 2 ± 0 .1 1 6 .6 7 ± 0 .0 7 9 .3 7 ± 0 .1 5 1 5 .9 5 ± 0 .2 9 0 .5 5 ± 0 .0 1 3 .4 6 ± 0 .0 6 3 .5 0 ± 0 .1 4 3 .5 0 ± 0 .0 3 3 .4 5 ± 0 .0 7 9 .6 2 ± 0 .2 4

P S T- g c 3 .3 4 ± 0 .0 2 1 .9 3 ± 0 .0 3 6 .0 8 ± 0 .1 1 6 .1 0 ± 0 .1 0 8 .6 5 ± 0 .1 0 1 3 .7 1 ± 0 .1 2 0 .4 0 ± 0 .0 1 3 .3 8 ± 0 .1 3 3 .4 3 ± 0 .1 2 3 .3 3 ± 0 .0 8 3 .2 9 ± 0 .1 1 8 .0 4 ± 0 .1 5

P S T- a dj 3 .1 6 ± 0 .0 2 1 .8 6 ± 0 .0 1 6 .3 1 ± 0 .0 6 6 .1 0 ± 0 .0 5 8 .8 4 ± 0 .0 1 1 3 .6 0 ± 0 .0 9 0 .3 9 ± 0 .0 1 3 .5 9 ± 0 .1 2 3 .7 3 ± 0 .0 8 3 .6 5 ± 0 .0 6 3 .6 0 ± 0 .0 1 6 7 .6 2 ± 0 .2 1

P S T- n or m a dj 3 .2 2 ± 0 .0 4 1 .8 5 ± 0 .0 2 5 .9 7 ± 0 .2 3 6 .1 5 ± 0 .0 7 8 .7 9 ± 0 .0 4 1 3 .4 2 ± 0 .1 5 0 .4 1 ± 0 .0 1 3 .3 6 ± 0 .2 5 3 .4 1 ± 0 .2 4 3 .4 6 ± 0 .1 8 3 .3 8 ± 0 .2 3 8 .1 0 ± 0 .1 2

P S D S 3 .5 3 ± 0 .0 5 2 .0 5 ± 0 .0 2 6 .5 6 ± 0 .0 3 6 .3 1 ± 0 .0 5 9 .1 3 ± 0 .0 4 1 4 .3 5 ± 0 .0 2 0 .4 1 ± 0 .0 2 3 .5 3 ± 0 .1 1 3 .4 9 ± 0 .0 5 3 .4 7 ± 0 .0 4 3 .5 6 ± 0 .1 4 8 .3 5 ± 0 .0 9

D F 3 .4 6 2 .2 2 6 .1 5 6 .1 2 8 .8 2 1 5 .0 4 0 .4 6 4 .2 4 4 .1 6 3 .9 5 4 .2 4 9 .0 1

a sli g ht i n cr e as e i n t est l oss c o m p ar e d t o P S T, a n d e v e n o ut p erf or ms P S T o n 4 o ut of 1 2 t ar g et m etri cs, hi g hli g hti n g t h e
eff e cti v e n ess of t h e Gr a p h as P oi nt S et a p pr o a c h wit h v a nill a s y m m etri c r a n k d e c o m p ositi o n. I n c o ntr ast, P S T- o n el a y er
p erf or ms si g ni fi c a ntl y w ors e, u n d ers c ori n g t h e a d v a nt a g es of P S T o v er pr e vi o us m et h o ds t h at a u g m e nt a dj a c e n c y m atri c es
wit h s p e ctr al f e at ur es. P S T- a dj a n d P S T- n or m a dj a c hi e v es si mil ar p erf or m a n c e t o P S T, ill ustr ati n g t h at t h e c h oi c e of m atri x
t o d e c o m p os e d o es n ot m att er. D e e p S et p erf or ms w ors e t h a n P S T, b ut it still o ut p erf or ms o ur str o n g est b as eli n e D F, s h o wi n g
t h e p ot e nti al of c o m bi ni n g s et e n c o d ers ot h er t h a n tr a nsf or m er wit h o ur c o n v erti o n fr o m gr a p h t o s et. O n t h e l o n g-r a n g e
gr a p h b e n c h m ar k, P S T m ai nt ai ns a si g ni fi c a nt p erf or m a n c e e d g e o v er P S T- o n el a y er. H o w e v er, it’s w ort h n oti n g t h at t h e g a p
b et w e e n P S T a n d P S T- g c wi d e ns, f urt h er c o n fir mi n g t h e eff e cti v e n ess of g c i n m o d eli n g l o n g-r a n g e i nt er a cti o ns.

I. S c al a bilit y

We pr es e nt tr ai ni n g ti m e p er e p o c h a n d G P U m e m or y c o ns u m pti o n d at a i n Ta bl e 1 1 a n d Ta bl e 1 2 . D u e t o ar c hit e ct ur e, P S T
h as hi g h er ti m e c o m pl e xit y t h a n e xisti n g Gr a p h Tr a nsf or m ers a n d d o es n ot s c al e w ell o n l ar g e gr a p hs li k e p as c al v o c-s p
d at as et. H o w e v er, o n t h e ZI N C d at as et, P S T r a n ks as t h e s e c o n d f ast est m o d el, a n d its m e m or y c o ns u m pti o n is c o m p ar a bl e
t o e xisti n g m o d els wit h str o n g e x pr essi vit y, s u c h as S U N a n d S S W L, a n d n ot a bl y l o w er t h a n P P G N.

J. R es ults o n T U d at as ets

F oll o wi n g t h e s etti n g of F e n g et al. (2 0 2 2 ), w e t est o ur P S T o n f o ur T U d at as ets (I v a n o v et al., 2 0 1 9 ). T h e r es ults ar e s h o w n
i n Ta bl e 1 3 . B as eli n es i n cl u d e W L s u btr e e k er n el (S h er v as hi d z e et al. , 2 0 1 1 ), GI N (X u et al. , 2 0 1 9 a ), D G C N N (Z h a n g et al. ,
2 0 1 8 ), Gr a p h S N N (Wij esi n g h e & Wa n g , 2 0 2 2 ), G N N- A K + (Z h a o et al. , 2 0 2 2 ), a n d t hr e e v ari a nts of K P- G N N (F e n g et al. ,
2 0 2 2 ) ( K P- G C N, K P- Gr a p h S A G E, a n d K P- GI N). We us e 1 0-f ol d cr oss- v ali d ati o n, w h er e 9 f ol ds ar e f or tr ai ni n g a n d 1 f ol d
is f or t esti n g. T h e a v er a g e t est a c c ur a c y is r e p ort e d. O ur P S T c o nsist e ntl y o ut p erf or ms o ur b as eli n es.
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Ta bl e 1 0. A bl ati o n st u d y o n L o n g R a n g e Gr a p h B e n c h m ar k d at as et.

M o d el P as c al V O C- S P P e pti d es- F u n c P e pti d es- Str u ct

P S T 0 .4 0 1 0 ± 0 .0 0 7 2 0 .6 9 8 4 ± 0 .0 0 5 1 0 .2 4 7 0 ± 0 .0 0 1 5

P S T- o n el a y er 0 .3 2 2 9 ± 0 .0 0 5 1 0 .6 5 1 7 ± 0 .0 0 7 6 0 .2 6 3 4 ± 0 .0 0 1 9

P S T- g c 0 .4 0 0 7 ± 0 .0 0 3 9 0 .6 4 3 9 ± 0 .0 3 4 2 0 .2 5 6 4 ± 0 .0 1 2 0

Ta bl e 1 1. Tr ai ni n g ti m e p er e p o c h a n d G P U m e m or y c o ns u m pti o n o n zi n c d at as et wit h b at c h si z e 1 2 8.

P S T S U N S S W L P P G N  Gr a p h or m er  G P S S A N- G P S

Ti m e/s 1 5. 2 0 2 0. 9 3 4 5. 3 0 2 0. 2 1 1 2 3. 7 9 1 1. 7 0 7 9. 0 8
M e m or y/ G B 4. 0 8 3. 7 2 3. 8 9 2 0. 3 7 0. 0 7 0. 2 5 2. 0 0

K. P oi nt S et D e e p S et

B esi d es Tr a nsf or m er, w e als o pr o p os e a D e e p S et ( S e g ol & Li p m a n , 2 0 2 0 )- B as e d s et e n c o d er, P oi nt S et D e e p S et ( P S D S),
f or p oi nt s et t o ill ustr at e t h e v ers atilit y of o ur gr a p h-t o-s et m et h o d. Si mil ar t o P S T, P S D S als o o p er at es wit h p oi nts
c arr yi n g t w o t y p es of r e pr es e nt ati o ns: s c al ars, w hi c h r e m ai n i n v ari a nt t o c o or di n at e ort h o g o n al tr a nsf or m ati o ns, a n d v e ct ors,
w hi c h a d a pt e q ui v ari a ntl y t o c o or di n at e c h a n g es. F or a p oi nt i, its s c al ar r e pr es e nt ati o n is d e n ot e d b y s i ∈ R d , a n d its
v e ct or r e pr es e nt ati o n is d e n ot e d b y v i ∈ R r × d , w h er e d is t h e hi d d e n di m e nsi o n, a n d r is t h e r a n k of c o or di n at es. s i

is i niti ali z e d wit h t h e i n p ut n o d e f e at ur e X i , a n d v i is i niti ali z e d wit h t h e p ar a m et eri z e d c o or di n at es c o nt ai ni n g gr a p h
str u ct ur al i nf or m ati o n, as d et ail e d i n S e cti o n 3. 2 . Si mil ar t o D e e p S et, P S D S tr a nsf or ms p oi nt r e pr es e nt ati o ns i n di vi d u all y,
a g gr e g at es t h e m t o pr o d u c e gl o b al f e at ur e, a n d c o m bi n e gl o b al f e at ur es a n d i n di vi d u al p oi nt r e pr es e nt ati o ns t o u p d at e p oi nt
r e pr es e nt ati o ns.

S c al a r- Ve ct o r Mi x e r. T his c o m p o n e nt i n di vi d u all y tr a nsf or ms p oi nt r e pr es e nt ati o ns. T o e n a bl e t h e i nf or m ati o n e x c h a n g e
b et w e e n v e ct or a n d s c al ar f e at ur es, w e d esi g n a mi x er ar c hit e ct ur e as f oll o ws.

s ′
i ← M L P 1 (s i ∥ di a g o n al (W 1 v T

i v i W
T
2 )), ( 1 0 1)

v ′
i ← v i di a g (M L P 2 (s i ))W 3 + v i W 4 ( 1 0 2)

H er e, W 1 , W2 , W3 , a n d W 4 ∈ R d × d ar e l e ar n a bl e m atri c es f or mi xi n g diff er e nt c h a n n els of v e ct or f e at ur es. A d diti o n all y,
M L P 1 : R 2 d → d a n d M L P 2 : R d → d r e pr es e nt t w o m ulti-l a y er p er c e ptr o ns tr a nsf or mi n g s c al ar r e pr es e nt ati o ns. T h e o p er ati o n
di a g o n al (W 1 v T

i v i W 2 ) t a k es t h e di a g o n al el e m e nts of a m atri x, w hi c h tr a nsl at es v e ct ors t o s c al ars, w hil e di a g (M L P 2 (s i ))v i

tr a nsf or ms s c al ar f e at ur es i nt o v e ct ors. As v T
i R T R v i = v T

i v i , ∀ R ∈ O (r ), t h e s c al ar u p d at e is i n v ari a nt t o ort h o g o n al
tr a nsf or m ati o ns of t h e c o or di n at es. Si mil arl y, t h e v e ct or u p d at e is e q ui v ari a nt t o O (r ).

A g g r e g at o r. T his c o m p o n e nt a g gr e g at es i n di vi d u al p oi nt r e pr es e nt ati o ns f or gl o b al f e at ur es s, v, v s q .

s ←
i ∈ V

M L P 3 ( s i ) ( 1 0 3)

v ←
i ∈ V

v i W 5 ( 1 0 4)

v s q ←
i ∈ V

v i W 6 W 7 v T
i ( 1 0 5)

H er e, W 5 , W6 a n d W 7 ∈ R d × d d e n ot e t h e li n e ar tr a nsf or m ati o ns v e ct ors. M L P 3 : R d → R d is a n M L P c o n v erti n g s c al ars.
Gl o b al f e at ur e s ∈ R d is s c al ar, v R r × d is v e ct or, a n d v s q ∈ R r × r is t h e s u m of s q u ar e f or e a c h v e ct or.

P oi nt R e p r es e nt ati o n U p d at e. E a c h p oi nt r e pr es e nt ati o n is u p d at e d b y c o m bi ni n g gl o b al f e at ur es.

s i ← M L P 4 ( s i + s ) ( 1 0 6)

v i ← v s q v i + v W 8 ( 1 0 7)

s i is c o m bi n e d wit h gl o b al s c al ar s a n d tr a nsf or m e d wit h a n M L P M L P 4 : R d → R d . v i is c o m bi n e d wit h v s q a n d v wit h
li n e ar l a y er W 8 ∈ R d × d .
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Ta bl e 1 2. Tr ai ni n g ti m e p er e p o c h a n d G P U m e m or y c o ns u m pti o n o n p as c al v o c-s p d at as et wit h b at c h si z e 6.

P S T S U N S S W L P P G N  Gr a p h or m er  G P S S A N- G P S

Ti m e/s 1 5. 2 0 2 0. 9 3 4 5. 3 0 2 0. 2 1 1 2 3. 7 9 1 1. 7 0 7 9. 0 8
M e m or y/ G B 4. 0 8 3. 7 2 3. 8 9 2 0. 3 7 0. 0 7 0. 2 5 2. 0 0

Ta bl e 1 3. T U d at as et e v al u ati o n r es ult.

M et h o d M U T A G P T C- M R P R O T EI N S I M D B- B

W L 9 0. 4 ± 5. 7 5 9. 9 ± 4. 3 7 5. 0 ± 3. 1 7 3. 8 ± 3. 9

GI N 8 9. 4 ± 5. 6 6 4. 6 ± 7. 0 7 5. 9 ± 2. 8 7 5. 1 ± 5. 1

D G C N N 8 5. 8 ± 1. 7 5 8. 6 ± 2. 5 7 5. 5 ± 0. 9 7 0. 0 ± 0. 9

G r a p h S N N 9 1. 2 4 ± 2. 5 6 6. 9 6 ± 3. 5 7 6. 5 1 ± 2. 5 7 6. 9 3 ± 3. 3

GI N- A K + 9 1. 3 0 ± 7. 0 6 8. 2 0 ± 5. 6 7 7. 1 0 ± 5. 7 7 5. 6 0 ± 3. 7

K P- G C N 9 1. 7 ± 6. 0 6 7. 1 ± 6. 3 7 5. 8 ± 3. 5 7 5. 9 ± 3. 8

K P- G r a p h S A G E 9 1. 7 ± 6. 5 6 6. 5 ± 4. 0 7 6. 5 ± 4. 6 7 6. 4 ± 2. 7

K P- GI N 9 2. 2 ± 6. 5 6 6. 8 ± 6. 8 7 5. 8 ± 4. 6 7 6. 6 ± 4. 2

P S T 9 4. 4 ± 3. 5 6 8. 8 ± 4. 6 8 0. 7 ± 3. 5 7 8. 9 ± 3. 6

P o oli n g. Aft er s e v er al l a y ers, w e p o ol all p oi nts’ s c al ar r e pr es e nt ati o ns as t h e s et r e pr es e nt ati o n s .

s ← P o ol ({ s i |i ∈ V } ), ( 1 0 8)

w h er e P o ol is p o oli n g f u n cti o n li k e s u m, m e a n, a n d m a x.

2 8


